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Directions for Use 


This book is composed of chapters and their complements: 


— The chapters contain the fundamental concepts. Except for a few 
additions and variations, they correspond to a course given in the last 
year of a typical undergraduate physics program (Volume I) or of a 
graduate program (Volumes II and III). The 21 chapters are complete in 
themselves and can be studied independently of the complements. 


— The complements follow the corresponding chapter. Each is labelled 
by a letter followed by a subscript, which gives the number of the chapter 
(for example, the complements of Chapter V are, in order, Ay, By, Cy, 
etc.). They can be recognized immediately by the symbol e that appears 
at the top of each of their pages. 


The complements vary in character. Some are intended to expand the 
treatment of the corresponding chapter or to provide a more detailed 
discussion of certain points. Others describe concrete examples or in- 
troduce various physical concepts. One of the complements (usually the 
last one) is a collection of exercises. 


The difficulty of the complements varies. Some are very simple examples 
or extensions of the chapter. Others are more difficult and at the grad- 
uate level or close to current research. In any case, the reader should 
have studied the material in the chapter before using the complements. 


The complements are generally independent of one another. The student 
should not try to study all the complements of a chapter at once. In 
accordance with his/her aims and interests, he/she should choose a small 
number of them (two or three, for example), plus a few exercises. The 
other complements can be left for later study. To help with the choise, 
the complements are listed at the end of each chapter in a “reader’s 
guide”, which discusses the difficulty and importance of each. 


Some passages within the book have been set in small type, and these 
can be omitted on a first reading. 
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Foreword 


Quantum mechanics is a branch of physics whose importance has continually in- 
creased over the last decades. It is essential for understanding the structure and dynamics 
of microscopic objects such as atoms, molecules and their interactions with electromag- 
netic radiation. It is also the basis for understanding the functioning of numerous new 
systems with countless practical applications. This includes lasers (in communications, 
medicine, milling, etc.), atomic clocks (essential in particular for the GPS), transistors 
(communications, computers), magnetic resonance imaging, energy production (solar 
panels, nuclear reactors), etc. Quantum mechanics also permits understanding surpris- 
ing physical properties such as superfluidity or supraconductivity. There is currently a 
great interest in entangled quantum states whose non-intuitive properties of nonlocality 
and nonseparability permit conceiving remarkable applications in the emerging field of 
quantum information. Our civilization is increasingly impacted by technological appli- 
cations based on quantum concepts. This why a particular effort should be made in the 
teaching of quantum mechanics, which is the object of these three volumes. 

The first contact with quantum mechanics can be disconcerting. Our work grew 
out of the authors’ experiences while teaching quantum mechanics for many years. It 
was conceived with the objective of easing a first approach, and then aiding the reader 
to progress to a more advance level of quantum mechanics. The first two volumes, first 
published more than forty years ago, have been used throughout the world. They remain 
however at an intermediate level. They have now been completed with a third volume 
treating more advanced subjects. Throughout we have used a progressive approach to 
problems, where no difficulty goes untreated and each aspect of the diverse questions is 
discussed in detail (often starting with a classical review). 

This willingness to go further “without cheating or taking shortcuts” is built into 
the book structure, using two distinct linked texts: chapters and complements. As we 
just outlined in the “Directions for use”, the chapters present the general ideas and 
basic concepts, whereas the complements illustrate both the methods and concepts just 
exposed. 

Volume I presents a general introduction of the subject, followed by a second 
chapter describing the basic mathematical tools used in quantum mechanics. While 
this chapter can appear long and dense, the teaching experience of the authors has 
shown that such a presentation is the most efficient. In the third chapter the postulates 
are announced and illustrated in many of the complements. We then go on to certain 
important applications of quantum mechanics, such as the harmonic oscillator, which 
lead to numerous applications (molecular vibrations, phonons, etc.). Many of these are 
the object of specific complements. 

Volume II pursues this development, while expanding its scope at a slightly higher 
level. It treats collision theory, spin, addition of angular momenta, and both time- 
dependent and time-independent perturbation theory. It also presents a first approach 
to the study of identical particles. In this volume as in the previous one, each theoretical 
concept is immediately illustrated by diverse applications presented in the complements. 
Both volumes I and II have benefited from several recent corrections, but there have also 
been additions. Chapter XIII now contains two sections §§ D and E that treat random 
perturbations, and a complement concerning relaxation has been added. 
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Volume III extends the two volumes at a slightly higher level. It is based on the 
use of the creation and annihilation operator formalism (second quantization), which is 
commonly used in quantum field theory. We start with a study of systems of identical 
particles, fermions or bosons. The properties of ideal gases in thermal equilibrium are 
presented. For fermions, the Hartree-Fock method is developed in detail. It is the base 
of many studies in chemistry, atomic physics and solid state physics, etc. For bosons, the 
Gross-Pitaevskii equation and the Bogolubov theory are discussed. An original presen- 
tation that treats the pairing effect of both fermions and bosons permits obtaining the 
BCS (Bardeen-Cooper-Schrieffer) and Bogolubov theories in a unified framework. The 
second part of volume III treats quantum electrodynamics, its general introduction, the 
study of interactions between atoms and photons, and various applications (spontaneous 
emission, multiphoton transitions, optical pumping, etc.). The dressed atom method is 
presented and illustrated for concrete cases. A final chapter discusses the notion of quan- 
tum entanglement and certain fundamental aspects of quantum mechanics, in particular 
the Bell inequalities and their violations. 

Finally note that we have not treated either the philosophical implications of quan- 
tum mechanics, or the diverse interpretations of this theory, despite the great interest 
of these subjects. We have in fact limited ourselves to presenting what is commonly 
called the “orthodox point of view”. It is only in Chapter XXI that we touch on certain 
questions concerning the foundations of quantum mechanics (nonlocality, etc.). We have 
made this choice because we feel that one can address such questions more efficiently 
after mastering the manipulation of the quantum mechanical formalism as well as its nu- 
merous applications. These subjects are addressed in the book Do we really understand 
quantum mechanics? (F. Laloé, Cambridge University Press, 2019); see also section 5 of 
the bibliography of volumes I and II. 
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In the present state of scientific knowledge, quantum mechanics plays a fundamen- 
tal role in the description and understanding of natural phenomena. In fact, phenomena 
that occur on a very small (atomic or subatomic) scale cannot be explained outside the 
framework of quantum physics. For example, the existence and the properties of atoms, 
the chemical bond and the propagation of an electron in a crystal cannot be understood 
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in terms of classical mechanics. Even when we are concerned only with macroscopic 
physical objects (that is, whose dimensions are comparable to those encountered in ev- 
eryday life), it is necessary, in principle, to begin by studying the behavior of their various 
constituent atoms, ions, electrons, in order to arrive at a complete scientific description. 
Actually, there are many phenomena that reveal, on a macroscopic scale, the quantum 
behaviour of nature. It is in this sense that it can be said that quantum mechanics is the 
basis of our present understanding of all natural phenomena, including those traditionally 
treated in chemistry, biology, etc... 


From a historical point of view, quantum ideas contributed to a remarkable unifi- 
cation of the concepts of fundamental physics by treating material particles and radiation 
on the same footing. At the end of the nineteenth century, people distinguished between 
two entities in physical phenomena: matter and radiation. Completely different laws 
were used for each one. To predict the motion of material bodies, the laws of Newtonian 
mechanics (cf. Appendix III) were utilized. Their success, though of long standing, 
was none the less impressive. With regard to radiation, the theory of electromagnetism, 
thanks to the introduction of Maxwell’s equations, had produced a unified interpretation 
of a set of phenomena which had previously been considered as belonging to different 
domains: electricity, magnetism and optics. In particular, the electromagnetic theory of 
radiation had been spectacularly confirmed experimentally by the discovery of Hertzian 
waves. Finally, interactions between radiation and matter were well explained by the 
Lorentz force. This set of laws had brought physics to a point which could be considered 
satisfactory, in view of the experimental data at the time. 

However, at the beginning of the twentieth century, physics was to be marked by 
the profound upheaval that led to the introduction of relativistic mechanics and quantum 
mechanics. The relativistic “revolution” and the quantum “revolution” were, to a large 
extent, independent, since they challenged classical physics on different points. Classical 
laws cease to be valid for material bodies travelling at very high speeds, comparable to 
that of light (relativistic domain). In addition, they are also found to be wanting on 
an atomic or subatomic scale (quantum domain). However, it is important to note that 
classical physics, in both cases, can be seen as an approximation of the new theories, 
an approximation which is valid for most phenomena on an everyday scale. For exam- 
ple, Newtonian mechanics enables us to predict correctly the motion of a solid body, 
providing it is non-relativistic (speeds much smaller than that of light) and macroscopic 
(dimensions much greater than atomic ones). Nevertheless, from a fundamental point of 
view, quantum theory remains indispensable. It is the only theory which enables us to 
understand the very existence of a solid body and the values of the macroscopic parame- 
ters (density, specific heat, elasticity, etc...) associated with it. It is possible to develop a 
theory that is at the same time quantum and relativistic, but such a theory is relatively 
complex. However, most atomic and molecular phenomena are well explained by the 
non-relativistic quantum mechanics that we intend to examine here. 


This chapter is an introduction to quantum ideas and “vocabulary”. No attempt 
is made here to be rigorous or complete. The essential goal is to awaken the curiosity 
of the reader. Phenomena will be described which unsettle ideas as firmly anchored in 
our intuition as the concept of a trajectory. We want to render the quantum theory 
“plausible” for the reader by showing simply and qualitatively how it enables us to solve 
the problems which are encountered on an atomic scale. We shall later return to the 
various ideas introduced in this chapter and go into further detail, either from the point 
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of view of the mathematical formalism (Chap. II) or from the physical point of view 
(Chap. III). 

In the first section (§ A), we introduce the basic quantum ideas (wave-particle 
duality, the measurement process), relying on well-known optical experiments. Then 
we show (§ B) how these ideas can be extended to material particles (wave function, 
Schrédinger equation). We next study in more detail the characteristics of the “wave 
packet” associated with a particle, and we introduce the Heisenberg relations (§ C). 
Finally, we discuss some simple examples of typical quantum effects (§ D). 


A. Electromagnetic waves and photons 


A-1. Light quanta and the Planck-Einstein relations 


Newton considered light to be a beam of particles, able, for example, to bounce 
back upon reflection from a mirror. During the first half of the nineteenth century, the 
wavelike nature of light was demonstrated (interference, diffraction). This later enabled 
optics to be integrated into electromagnetic theory. In this framework, the speed of light, 
c, is related to electric and magnetic constants and light polarization phenomena can be 
interpreted as manifestations of the vectorial character of the electric field. 

However, the study of blackbody radiation, which electromagnetic theory could not 
explain, led Planck to suggest the hypothesis of the quantization of energy (1900): for an 
electromagnetic wave of frequency v, the only possible energies are integral multiples of 
the quantum hv, where h is a new fundamental constant. Generalizing this hypothesis, 
Einstein proposed a return to the particle theory (1905): light consists of a beam of 
photons, each possessing an energy hy. Einstein showed how the introduction of photons 
made it possible to understand, in a very simple way, certain as yet unexplained char- 
acteristics of the photoelectric effect. Twenty years had to elapse before the photon was 
actually shown to exist, as a distinct entity, by the Compton effect (1924). 

These results lead to the following conclusion: the interaction of an electromagnetic 
wave with matter occurs by means of elementary indivisible processes, in which the 
radiation appears to be composed of particles, the photons. Particle parameters (the 
energy E and the momentum p of a photon) and wave parameters (the angular frequency 
w = 2mv and the wave vector k, where |k| = 27/A, with v the frequency and X the 
wavelength) are linked by the fundamental relations: 





EB = hv = hw 


pa hike (Planck-Einstein relations) (A-1) 











where h = h/2rn is defined in terms of the Planck constant h: 


h ~ 6.62 10~** Joule x second (A-2) 


During each elementary process, energy and total momentum must be conserved. 


A-2. Wave-particle duality 


Thus we have returned to a particle conception of light. Does this mean that 
we must abandon the wave theory? Certainly not. We shall see that typical wave 
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phenomena such as interference and diffraction could not be explained in a purely particle 
framework. Analyzing Young’s well-known double-slit experiment will lead us to the 
following conclusion: a complete interpretation of the phenomena can be obtained only 
by conserving both the wave aspect and the particle aspect of light (although they seem 
a priori irreconcilable). We shall then show how this paradox can be resolved by the 
introduction of the fundamental quantum concepts. 


A-2-a. Analysis of Young’s double-slit experiment 


The device used in this experiment is shown schematically in Figure 1. The 
monochromatic light emitted by the source .Y falls on an opaque screen # pierced by 
two narrow slits F, and F, which illuminate the observation screen & (a photographic 
plate, for example). If we block F2, we obtain on & a light intensity distribution I; (zx) 
which is the diffraction pattern of F\. In the same way, when F is obstructed, the 
diffraction pattern of Fy is described by Ip(x). When the two slits F, and F2 are open at 
the same time, we observe a system of interference fringes on the screen. In particular, 
we note that the corresponding intensity I(x) is not the sum of the intensities produced 
by F, and F> separately: 


I(x) # 1,(z) + In(z) (A-3) 


How could one conceive of explaining, in terms of a particle theory (seen, in the 
preceding section, to be necessary), the experimental results just described? The exis- 
tence of a diffraction pattern when only one of the two slits is open could, for example, be 
explained as being due to photon collisions with the edges of the slit. Such an explanation 
would, of course, have to be developed more precisely, and a more detailed study would 
show it to be insufficient. Instead, let us concentrate on the interference phenomenon. 
We could attempt to explain it by an interaction between the photons which pass through 
the slit F and those which pass through the slit Fh. Such an explanation would lead to 
the following prediction: if the intensity of the source .Y (the number of photons emitted 
per second) is diminished until the photons strike the screen practically one by one, the 
interaction between the photons must diminish and, eventually, vanish. The interference 
fringes should therefore disappear. 

Before we indicate the answer given by experiment, recall that the wave theory 
provides a completely natural interpretation of the fringes. The light intensity at a point 
of the screen & is proportional to the square of the amplitude of the electric field at this 
point. If £,(2) and E(x) represent, in complex notation, the electric fields produced 
at x by slits F, and F» respectively (the slits behave like secondary sources), the total 
resultant field at this point when F, and F» are both open is!: 


E(x) = Fy(x) + E2(x) (A-4) 
Using complex notation, we then have: 

I(x) x |E(x)|? = |Ei(x) + E2(x)/? (A-5) 
Since the intensities I,(x) and Ip(x) are proportional, respectively, to |E\(x)|? and 
|E2(x)|?, formula (A-5) shows that I(x) differs from I,(x) + I2(x) by an interference 





1Since the experiment studied here is performed with unpolarized light, the vectorial character of 
the electric field does not play an essential role. For the sake of simplicity, we ignore it in this paragraph. 
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Figure 1: Diagram of Young’s double-slit light interference experiment (fig. a). Each of 
the slits F, and F2 produces a diffraction pattern on the screen E. The corresponding 
intensities are Iy(x) and I(x) (solid lines in figure b). When the two slits F, and 
Fy are open simultaneously, the intensity I(x) observed on the screen is not the sum 
I(x) + Ig(x) (dashed lines in figure b), but shows oscillations due to the interference 
between the electric fields radiated by F, and Fy (solid line in figure c). 





term which depends on the phase difference between EF, and E2 and whose presence 
explains the fringes. The wave theory thus predicts that diminishing the intensity of the 
source .Y will simply cause the fringes to diminish in intensity but not vanish. 

What actually happens when .Y emits photons practically one by one? Neither 
the predictions of the wave theory nor those of the particle theory are verified. In fact: 

(i) If we cover the screen & with a photographic plate and increase the exposure 
time so as to capture a large number of photons on each photograph, we observe when 
we develop them that the fringes have not disappeared. Therefore, the purely corpuscular 
interpretation, according to which the fringes are due to an interaction between photons, 
must be rejected. 

(ii) On the other hand, we can expose the photographic plate during a time so 
short that it can only receive a few photons. We then observe that each photon produces 
a localized impact on & and not a very weak interference pattern. Therefore, the purely 
wave interpretation must also be rejected. 

In reality, as more and more photons strike the photographic plate, the following 
phenomenon occurs. Their individual impacts seem to be distributed in a random man- 
ner, and only when a great number of them have reached & does the distribution of the 
impacts begin to have a continuous aspect. The density of the impacts at each point of & 
corresponds to the interference fringes: maximum on a bright fringe and zero on a dark 
fringe. It can thus be said that the photons, as they arrive, build up the interference 
pattern. 

The result of this experiment therefore leads, apparently, to a paradox. Within 
the framework of the particle theory, for example, it can be expressed in the following 
way. Since photon-photon interactions are excluded, each photon must be considered 
separately. But then it is not clear why the phenomena should change drastically ac- 
cording to whether only one slit or both slits are open. For a photon passing through 
one of the slits, why should the fact that the other is open or closed have such a critical 
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importance? 

Before we discuss this problem, note that in the preceding experiment we did not 
seek to determine through which slit each photon passed before it reached the screen. 
In order to obtain this information, we can imagine placing detectors (photomultipliers) 
behind F and Fy . It will then be observed that, if the photons arrive one by one, each 
one passes through a well-determined slit (a signal is recorded either by the detector 
placed behind F, or by the one covering F2 but not by both at once). But, obviously, 
the photons detected in this way are absorbed and do not reach the screen. Remove the 
photomultiplier which blocks F|, for example. The one which remains behind F» tells us 
that, out of a large number of photons, about half pass through F2. We conclude that 
the others (which can continue as far as the screen) pass through F\. But the pattern 
that they gradually construct on the screen is not an interference pattern, since F is 
blocked. It is only the diffraction pattern of F\. 


A-2-b. Quantum unification of the two aspects of light 


The preceding analysis shows that it is impossible to explain all the phenomena 
observed if only one of the two aspects of light, wave or particle, is considered. Now 
these two aspects seem to be mutually exclusive. To overcome this difficulty, it thus 
becomes indispensable to reconsider in a critical way the concepts of classical physics. 
We must accept the possibility that these concepts, although our everyday experience 
leads us to consider them well-founded, may not be valid in the new (“microscopic”) 
domain which we are entering. For example, an essential characteristic of this new 
domain appeared when we placed counters behind Young’s slits: when one performs a 
measurement on a microscopic system, one disturbs it in a fundamental fashion. This 
is a new property since, in the macroscopic domain, we always have the possibility of 
conceiving measurement devices whose influence on the system is practically as weak as 
one might wish. This critical revision of classical physics is imposed by experiment and 
must of course be guided by experiment. 

Let us reconsider the “paradox” stated above concerning the photon which passes 
through one slit but behaves differently depending on whether the other slit is open or 
closed. We saw that if we try to detect the photons when they cross the slits, we prevent 
them from reaching the screen. More generally, a detailed experimental analysis shows 
that it is impossible to observe the interference pattern and to know at the same time 
through which slit each photon has passed (cf. Complement Dy). Thus it is necessary, in 
order to resolve the paradox, to give up the idea that a photon inevitably passes through 
a particular slit. We are then led to question the concept, which is a fundamental one of 
classical physics, of a particle’s trajectory. 

Moreover, as the photons arrive one by one, their impacts on the screen gradually 
build up the interference pattern. This implies that, for a particular photon, we are not 
certain in advance where it will strike the screen. Now these photons are all emitted 
under the same conditions. Thus another classical idea has been destroyed: that the 
initial conditions completely determine the subsequent motion of a particle. We can 
only say, when a photon is emitted, that the probability of its striking the screen at x is 
proportional to the intensity I(x) calculated using wave theory, that is, to |E(zx)|?. 

After many tentative efforts that we shall not describe here, the concept of wave- 
particle duality was formulated. We can summarize it schematically as follows?: 





?It is worth noting that this interpretation of physical phenomena, generally considered to be “ortho- 
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(1) The particle and wave aspects of light are inseparable. Light behaves simul- 
taneously like a wave and like a flux of particles, the wave enabling us to calculate the 
probability of the manifestation of a particle. 

(ii) Predictions about the behavior of a photon can only be probabilistic. 

(iit) The information about a photon at time t is given by the wave E(r,t), which 
is a solution of Maxwell’s equations. We say that this wave characterizes the state of 
the photons at time ¢; (r,t) is interpreted as the probability amplitude of a photon 
appearing, at time t, at the point r. This means that the corresponding probability is 
proportional to |E(r, t)|?. 


Comments: 


(4) Since Maxwell’s equations are linear and homogeneous, we can use a su- 
perposition principle: if E, and FE, are two solutions of these equations, then 
E = dF, + A222 , where A; and Xz are constants, is also a solution. It is 
this superposition principle which explains wave phenomena in classical optics 
(interference, diffraction). In quantum physics, the interpretation of E(r,t) as a 
probability amplitude is thus essential to the persistence of such phenomena. 


(ii) The theory merely allows one to calculate the probability of the occurence of a 
given event. Experimental verifications must thus be founded on the repetition of 
a large number of identical experiments. In the above experiment, a large number 
of photons, all produced in the same way, are emitted successively and build up 
the interference pattern, according to the calculated probabilities. 


(iit) We are talking here about “the photon state” so as to be able to develop in 
§ B an analogy between E(r,t) and the wave function (r,t) that characterizes 
the quantum state of a material particle. This “optical analogy” is very fruitful. 
In particular, as we shall see in § D, it allows us to understand, simply and without 
recourse to calculation, various quantum properties of material particles. However, 
we should not push it too far and let it lead us to believe that it is rigorously correct 
to consider E(r,t) as characterizing the quantum state of a photon. 


Furthermore, we shall see that the fact that ~(r, t) is complex is essential in quan- 
tum mechanics, while the complex notation E(r, t) is used in optics purely for convenience 
(only its real part has a physical meaning). The precise definition of the (complex) quan- 
tum state of radiation can only be given in the framework of quantum electrodynamics, 
a theory which is simultaneously quantum mechanical and relativistic. We shall not 
consider these problems here (they will briefly be discussed in Complement Ky). 


A-3. The principle of spectral decomposition 


Armed with the ideas introduced in § A-2, we are now going to discuss another 
simple optical experiment, whose subject is the polarization of light. This will permit 
us to introduce the fundamental concepts which concern the measurement of physical 
quantities. 





dox”, is not unique; other interpretations have been proposed, which are still discussed among physicists. 
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Figure 2: A simple measurement experiment relating to the polarization of a light wave. 
A beam of light propagates along the direction Oz and crosses successively the polarizer 
P and the analyzer A; @ is the angle between Ox and the electric field of the wave 
transmitted by P. The vibrations transmitted by A are parallel to Ox. 





The experiment consists of directing a polarized monochromatic plane light wave 
onto an analyzer A. Oz designates the direction of propagation of this wave and ep, 
the unit vector describing its polarization (cf. Fig. 2). The analyzer A transmits light 
polarized parallel to Ox and absorbs light polarized parallel to Oy. 

The classical description of this experiment (a description which is valid for a 
sufficiently intense light beam) is the following. The polarized plane wave is characterized 
by an electric field of the form: 


E(r,t) = Ep ey et(*7-#) (A-6) 


where Ep is a constant. The light intensity I is proportional to |Eo|?. After its passage 


through the analyzer A, the plane wave is polarized along Oz: 
E' (r,t) = Ei, e, et(*2—+) (A-7) 


and its intensity I’, proportional to ||’, is given by Malus’ law: 


I'=I cos? 0 (A-8) 


[e, is the unit vector of the Oz axis and 0 is the angle between e, and e,]. 


What will happen on the quantum level, that is, when J is weak enough for the 
photons to reach the analyzer one by one? (We then place a photon detector behind 
this analyser.) First of all, the detector never registers a “fraction of a photon”. Either 
the photon crosses the analyzer or it is entirely absorbed by it. Next (except in special 
cases that we shall examine in a moment), we cannot predict with certainty whether a 
given incident photon will pass or be absorbed. We can only know the corresponding 
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probabilities. Finally, if we send out a large number N of photons one after the other, 
the result will correspond to the classical law, in the sense that about N cos? @ photons 
will be detected after the analyzer. 

We shall retain the following ideas from this description: 

(1) The measurement device (the analyzer, in this case) can give only certain 
privileged results, which we shall call eigen (or proper) results*. In the above experiment, 
there are only two possible results: the photon crosses the analyzer or it is stopped. 
One says that there is quantization of the result of the measurement, in contrast to the 
classical case [cf. formula (A-8)] where the transmitted intensity J’ can vary continuously, 
according to the value of 0, between 0 and I. 

(ii) To each of these eigen results corresponds an eigenstate. Here, the two eigen- 
states are characterized by: 


eee (A-9) 
or €p) = ey 

(e, is the unit vector of the Oy axis). Ife, = e,, we know with certainty that the photon 
will traverse the analyzer; if e, = e,, it will, on the contrary, definitely be stopped. 
The correspondence between eigen results and eigenstates is therefore the following. If 
the particle is, before the measurement, in one of the eigenstates, the result of this 
measurement is certain: it can only be the associated eigen result. 

(iit) When the state before the measurement is arbitrary, only the probabilities of 
obtaining the different eigen results can be predicted. To find these probabilities, one 
decomposes the state of the particles into a linear combination of the various eigenstates. 
Here, for an arbitrary e,, we write: 


€p = €z Cos O+e, sin 6 (A-10) 


The probability of obtaining a given eigen result is then proportional to the square of 
the absolute value of the coefficient of the corresponding eigenstate. 

The proportionality factor is determined by the condition that the sum of all these 
probabilities must be equal to 1. We thus deduce from (A-10) that each photon has a 
probability cos? 6 of traversing the analyzer and a probability sin? 6 of being absorbed 
by it (we know that cos? 6+ sin? 6 = 1). This is indeed what was stated above. This 
rule is called in quantum mechanics the principle of spectral decomposition. Note that 
the decomposition to be performed depends on the type of measurement device being 
considered, since one must use the eigenstates which correspond to it: in formula (A-10), 
the choice of the axes Ox and Oy is fixed by the analyzer. 

(iv) After passing through the analyzer, the light is completely polarized along ey. 
If we place, after the first analyzer A, a second analyzer A’, having the same axis, all 
the photons which traversed A will also traverse A’. According to what we have just 
seen in point (iz), this means that, after they have crossed A, the state of the photons 
is the eigenstate characterized by e,. There has therefore been an abrupt change in the 
state of the particles. Before the measurement, this state was defined by a vector E(r, t) 
which was collinear with e,. After the measurement, we possess an additional piece of 
information (the photon has passed) which is incorporated by describing the state by a 
different vector, which is now collinear with e,. This expresses the fact, already pointed 





’The reason for this name will appear in Chapter III. 
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out in § A-2, that the measurement disturbs the microscopic system (here, the photon) 
in a fundamental fashion. 


Comment: 


The certain prediction of the result when ep, = eg; or ep = ey is only a special case. 
The probability of one of the possible events is then indeed equal to 1. But, in order to 
verify this prediction, one must perform a large number of experiments. One must be 
sure that all the photons pass (or are stopped), since the fact that a particular photon 
crosses the analyzer (or is absorbed) is not characteristic of e, =e, (or ep = ey). 


B. Material particles and matter waves 


B-1. The de Broglie relations 


Parallel to the discovery of photons, the study of atomic emission and absorption 
spectra uncovered a fundamental fact, which classical physics was unable to explain: 
these spectra are composed of narrow lines. In other words, a given atom emits or 
absorbs only photons having well-determined frequencies (that is, energies). This fact 
can be interpreted very easily if one accepts that the energy of the atom is quantized, 
that is, it can take on only certain discrete values FE; (i = 1,2,...,n,...): the emission or 
absorption of a photon is then accompanied by a “jump” in the energy of the atom from 
one permitted value EF; to another £;. Conservation of energy implies that the photon 
has a frequency 1%; such that: 


Only frequencies which obey (B-1) can therefore be emitted or absorbed by the atom. 

The existence of such discrete energy levels was confirmed independently by the 
Franck-Hertz experiment. Bohr interpreted this in terms of privileged electronic orbits 
and stated, with Sommerfeld, an empirical rule which permitted the calculation of these 
orbits for the case of the hydrogen atom. But the fundamental origin of these quantization 
rules remained mysterious. 

In 1923, however, de Broglie put forth the following hypothesis: material particles, 
just like photons, can have a wavelike aspect. He then derived the Bohr-Sommerfeld 
quantization rules as a consequence of this hypothesis, the various permitted energy levels 
appearing as analogues of the normal modes of a vibrating string. Electron diffraction 
experiments (Davisson and Germer, 1927) strikingly confirmed the existence of a wavelike 
aspect of matter by showing that interference patterns could be obtained with material 
particles such as electrons. 

One therefore associates with a material particle of energy EF and momentum p, a 
wave whose angular frequency w = 27v and wave vector k are given by the same relations 
as for photons (cf. § A-1): 


(B-2) 


E= hv = hw 
p = hk 
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In other words, the corresponding wavelength is: 


21 h 
A= — = — (de Broglie relation) (B-3) 
\k| |p| 
Comment: 


The very small value of the Planck constant h explains why the wavelike nature 
of matter is very difficult to demonstrate on a macroscopic scale. Complement A, of this 
chapter discusses the orders of magnitude of the de Broglie wavelengths associated with 
various material particles. 


B-2. Wave functions. Schrodinger equation 


In accordance with de Broglie’s hypothesis, we shall apply the ideas introduced in 
§ A for the case of the photon to all material particles. Recalling the conclusions of this 
paragraph, we are led to the following formulation: 

(i) For the classical concept of a position and momentum, we must substitute the 
concept of a time-varying state. The quantum state of a particle such as the electron* is 
characterized by a wave function (r,t), which contains all the information it is possible 
to obtain about the particle. 

(ii) (r,t) is interpreted as a probability amplitude of the particle’s presence. Since 
the possible positions of the particle form a continuum, the probability dW (r,t) of the 
particle being, at time ¢, in a volume element d?r = dx dy dz situated at the point r 
must be proportional to d°r. It is therefore infinitesimal, and |q(r, ¢t)|? is interpreted as 
the corresponding probability density, with: 


dA(r,t) = C |W(r,t)[? der (B-4) 


where C is a normalization constant [see comment (7) at the end of § B-2]. 

(iii) The principle of spectral decomposition applies to the measurement of an 
arbitrary physical quantity: 

— The result found must belong to a set of eigen results {a}. 

— With each eigenvalue a is associated an eigenstate, that is, an eigenfunction 
wa(r). This function is such that, if J(r, to) = Wa(r) (where to is the time at which the 
measurement is performed), the measurement will always yield a. 

— For any (r,t), the probability Y, of finding the eigenvalue a for a measurement 
at time to is found by decomposing ~(r, to) in terms of the functions w,_(r): 


WP, to) = > ca Pal) (B-5) 


Then: 


cal? 


es (B-6) 


2 
a 


a 











4We shall not take into account here the existence of electron spin (cf. Chap. IX). 
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(the presence of the denominator ensures that the total probability is equal to unity: 


F=1), 


—If the measurement indeed yields a, the wave function of the particle immediately 
after the measurement is: 


W'(r, to) = Val) (B-7) 


(iv) The equation describing the evolution of the function w(r,t) remains to be 
written. It is possible to introduce it in a very natural way, using the Planck and 
de Broglie relations. Nevertheless, we have no intention of proving this fundamental 
equation, which is called the Schrddinger equation. We shall simply assume it. Later, 
we shall discuss some of its consequences (whose experimental verification will prove its 
validity). Besides, we shall consider this equation in much more detail in Chapter III. 

When the particle (of mass m) is subjected to the influence of a potential® V(r, t), 
the Schrédinger equation takes on the form: 





ine. v(r,t) = oes Av(r, t) + V(r, t) v(r, t) cl 


2m 











where A is the Laplacian operator 0?/Ox? + 0?/Oy? + 07/0z?. 
We notice immediately that this equation is linear and homogeneous in w. Consequently, 
for material particles, there exists a superposition principle which, combined with the 
interpretation of ~ as a probability amplitude, is the source of wavelike effects. Note, 
moreover, that the differential equation (B-8) is first-order with respect to time. This 
condition is necessary if the state of the particle at a time to, characterized by w(r, to), 
is to determine its subsequent state. 

Thus there exists a fundamental analogy between matter and radiation: in both 
cases, a correct description of the phenomena necessitates the introduction of quantum 
concepts, and, in particular, the idea of wave-particle duality. 


Comments: 


(i) For a system composed of only one particle, the total probability of finding the 
particle anywhere in space, at time t, is equal to 1: 


[eves =1 (B-9) 


Since dA(r,t) is given by formula (B-4), we conclude that the wave function 
w(r,t) must be square-integrable: 


fweaor d°r is finite (B-10) 





5V(r,t) designates a potential energy here. For example, it may be the product of an electric 
potential and the particle’s charge. In quantum mechanics, V(r, t) is commonly called a potential. 
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C. 


The normalization constant C' that appears in (B-4) is then given by the relation: 


5 = fear ar (B-11) 


(we shall later see that the form of the Schrédinger equation implies that C is 
time-independent). One often uses wave functions which are normalized, such 
that: 


fwaor dr=1 (B-12) 


The constant C’ is then equal to 1. 


(ii) Note the important difference between the concepts of classical states and 
quantum states. The classical state of a particle is determined at time t by the 
specification of six parameters characterizing its position and its velocity at time t: 
L,Y, Z% Vg, Vy, Vz. The quantum state of a particle is determined by an infinite 
number of parameters: the values at the various points in space of the wave 
function (r,t) which is associated with it. For the classical idea of a trajectory 
(the succession in time of the various states of the classical particle), we must 
substitute the idea of the propagation of the wave associated with the particle. 
Consider, for example, Young’s double-slit experiment, previously described for 
the case of photons, but which in principle can also be performed with material 
particles such as electrons. When the interference pattern is observed, it makes no 
sense to ask through which slit each particle has passed, since the wave associated 
with it passed through both. 


(iii) It is worth noting that, unlike photons, which can be emitted or absorbed 
during an experiment, material particles can neither be created nor destroyed. The 
electrons emitted by a heated filament for example already existed in the filament. 
In the same way, an electron absorbed by a counter does not disappear; it becomes 
part of an atom or an electric current. Actually, the theory of relativity shows that 
it is possible to create and annihilate material particles: for example, a photon 
having sufficient energy, passing near an atom, can materialize into an electron- 
positron pair. Inversely, the positron, when it collides with an electron, annihilates 
with it, emitting photons. However, we pointed out in the beginning of this chapter 
that we would limit ourselves here to the non-relativistic quantum domain, and we 
have indeed treated time and space coordinates asymmetrically. In the framework 
of non-relativistic quantum mechanics, material particles can neither be created 
nor annihilated. This conservation law, as we shall see, plays a role of primary 
importance. The need to abandon it is one of the important difficulties encountered 
when one tries to construct a relativistic quantum mechanics. 


Quantum description of a particle. Wave packets 


In the preceding paragraph, we introduced the fundamental concepts necessary for the 
quantum description of a particle. In this paragraph, we are going to familiarize ourselves 
with these concepts and deduce from them several very important properties. We start 
with the very simple case of a free particle. 
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C-1. Free particle 


Consider a particle whose potential energy is zero (or has a constant value) at 
every point in space. The particle is thus not subjected to any force; it is said to be free. 
When V(r, t) = 0, the Schrédinger equation becomes: 
O he 
ihe w(r,t) = -—5— Ay(r, t) (C-1) 
ot 2m 


This differential equation is obviously satisfied by solutions of the form: 

w(r,t) = Aetkr-¥t) (C-2) 

(where A is a constant), on the condition that k and w satisfy the relation: 
2m 


Observe that, according to the de Broglie relations [see (B-2)], condition (C-3) expresses 
the fact that the energy EF and the momentum p of a free particle satisfy the equation, 
which is well-known in classical mechanics: 


(C-3) 


2 
p 

_P 4 
Sm (C-4) 

We shall come back later (§ C-3) to the physical interpretation of a state of the form 

(C-2). We already see that, since 


v(x, t)[? = [Al (C-5) 


a plane wave of this type represents a particle whose probability of presence is uniform 
throughout all space (see comment below). 

The principle of superposition tells us that every linear combination of plane waves 
satisfying (C-3) will also be a solution of equation (C-1). Such a superposition can be 
written: 


1 : 
wr, t) = 373 J sc etlk-r—w(k)t] dek (C-6) 


(27) 

(d°k represents, by definition, the infinitesimal volume element in k-space: dk, dk, dk,). 
g(k), which can be complex, must be sufficiently regular to allow differentiation inside the 
integral. It can be shown, moreover, that any square-integrable solution can be written 
in the form (C-6). 

A wave function such as (C-6), a superposition of plane waves, is called a three- 
dimensional “wave packet”. For the sake of simplicity, we shall often be led to study the 
case of a one-dimensional wave packet® of plane waves all propagating parallel to Oz. 
The wave function then depends only on zx and t: 


+oo 
W(et) = ef alkyel #4 ak (C7) 





6A simple model of a two-dimensional wave packet is presented in Complement Ey. Some general 
properties of three-dimensional wave packets are studied in Complement Fy, which also shows how, in 
certain cases, a three-dimensional problem can be reduced to several one-dimensional problems. 
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In the following paragraph, we shall be interested in the form of the wave packet at a 
given instant. If we choose this instant as the time origin, the wave function is written: 


v(e,0) = = | o(ke ak (C:8) 


We see that g(k) is simply the Fourier transform (cf. Appendix I) of (2,0): 


a(k) = = / db(a, 0) e7*** dr (C-9) 


Consequently, the validity of formula (C-8) is not limited to the case of the free particle: 
whatever the potential, (2,0) can always be written in this form. The consequences 
that we shall derive from this in §§ C-2 and C-3 below are thus perfectly general. It is 
not until § C-4 that we shall return explicitly to the free particle. 


Comment: 


A plane wave of type (C-2), whose modulus is constant throughout all space [cf 
(C-5)], is not square-integrable. Therefore, rigorously, it cannot represent a phys- 
ical state of the particle (in the same way as, in optics, a monochromatic plane 
wave is not physically realizable). On the other hand, a superposition of plane 
waves like (C-7) can be square-integrable. 


C-2. Form of the wave packet at a given time 


The form of the wave packet is given by the x-dependence of 7(x,0) defined by 
equation (C-8). Imagine that |g(k)| has the shape depicted in Figure 3, with a pronounced 
peak situated at k = kp and a width (defined, for example, at half its maximum value) 








of Ak. 
A |g 
Figure 3: Shape of the function |g(k)|, mod- 
ulus of the Fourier transform of W(x,0): we 
assume that it is centered at k = ko, where it 
reaches a maximum, and has a width of Ak. 
0 >k 











Let us begin by trying to understand qualitatively the behavior of w(z,0) through 
the study of a very simple special case. Let ~(x,0), instead of being the superposition 
of an infinite number of plane waves e*** as in formula (C-8), be the sum of only three 


Ak Ak 
plane waves. The wave vectors of these plane waves are ko, ko — oa kot+ =e9 and their 
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amplitudes are proportional, respectively, to 1, 1/2 and 1/2. We then have: 


(a) = 7 [em + Lellto4#)2 4 1 (lor 
7 im os f are (S*)| (C-10) 


We see that |~()| is maximum when x = 0. This result is due to the fact that, when x 
takes on this value, the three waves are in phase and interfere constructively, as shown in 
Figure 4. As one moves away from the value x = 0, the waves become more and more out 
of phase, and |1)(x)| decreases. The interference becomes completely destructive when 
the phase shift between e**o* and e#(*oF44/2)" is equal to 4 a: W(x) goes to zero when 
x =+ Az/2 , Ax being given by: 











Ag Ak = 41 (C-11) 


This formula shows that the smaller the width Ak of the function |g(k)|, the larger the 
width Az of the function |7(x)| (the distance between two zeros of |w(z)|). 


Comment: 


Formula (C-10) shows that |w(a)| is periodic in x and therefore has a series of maxima 
and minima. This arises from the fact that (x) is the superposition of a finite number 
of waves (here, three). For a continuous superposition of an infinite number of waves, 
as in formula (C-8), such a phenomenon does not occur, and |7(x,0)| can have only one 
maximum. 


Let us now return to the general wave packet of formula (C-8). Its form also results 
from an interference phenomenon: |1)(x,0)| is maximum when the different plane waves 
interfere constructively. 

Let a(k) be the argument of the function g(k): 


g(k) = |g(k)| eb (C-12) 
. ; 5a : Ak Ak 
Assume that a(k) varies sufficiently smoothly within the interval | ko — 3° ko + a 


where |g(k)| is appreciable; then, when Ak is sufficiently small, one can expand a(k) in 
the neighborhood of k = ko: 


da 


a(k) ~ a (ko) + (k — ko) Fa Li (C-13) 


which enables us to rewrite (C-8) in the form: 


etlkor+a(ko)] +00 


|g(k) | et *— ko) (2-20) dk (C-14) 
V2 ae 


V(z,0) ~ 
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Figure 4: The real parts of the three waves whose sum gives the function w(x) of (C-10). 
At x =0, the three waves are in phase and interfere constructively. As one moves away 
from x =0, they go out of phase and interfere destructively for « = +Ax/2. 

In the lower part of the figure, Re{w(x)} is shown. The dashed-line curve corresponds 
to the function [1 + cos (4Ex)], which, according to (C-10), gives |\p(ax)| (and therefore, 
the form of the wave packet). 





with: 


da 
Lo = — | C-15 
Ee | k=ko ( 
The form (C-14) is useful for studying the variations of |w(a,0)| in terms of x. 
When |a — xo| is large, the function of k which is to be integrated oscillates a very large 
number of times within the interval Ak. We then see (cf. Fig. 5-a, in which the real part 
of this function is depicted) that the contributions of the successive oscillations cancel 
each other out, and the integral over k becomes negligible. In other words, when z is 
fixed at a value far from x, the phases of the various waves which make up 7~(z,0) vary 
very rapidly in the domain Ak, and these waves destroy each other by interference. On 
the other hand, if x ~ zo, the function to be integrated over k oscillates hardly at all (cf. 
Fig. 5-b), and |2(x,0)| is maximum. 
The position x,4(0) of the center of the wave packet is therefore: 


ty OVS a= = | 2 (C-16) 


Actually the result (C-16) can be obtained very easily. An integral such as the 
one appearing in (C-8) will be maximum (in absolute value) when the waves having the 
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Re { |g] eS” 7} Re { [ed] ef -h- 0) 3 





besaral'S |x — x9] < 


Ae es Api 


Figure 5: Variations with respect to k of the function to be integrated over k in order to 
obtain w(a,0). In figure (a), x is fixed at a value such that |x — xo| > 1/Ak, and the 
function to be integrated oscillates several times within the interval Ak. In figure (b), x 
is fited such that |x — 29| < 1/Ak, and the function to be integrated hardly oscillates, so 
that its integral over k takes on a relatively large value. Consequently, the center of the 
wave packet [point where |w(x,0)| is mazimum] is situated at x = x0. 





largest amplitude (those with k close to ko) interfere constructively. This occurs when 
the k-dependent phases of these waves vary only slightly around k = ko. To obtain 
the center of the wave packet, one then imposes (stationary phase condition) that the 
derivative with respect to k of the phase is zero for k = kg. In the particular case which 
we are studying, the phase of the wave corresponding to k is kr+-a(k). Therefore, xj,(0) 
is that value of x for which the derivative x + da/dk is zero at k = ko. 

When x moves away from the value zo, |¢(x,0)| decreases. This decrease becomes 
appreciable if e#(*—*0)(*—*0) oscillates approximately once when k traverses the domain 
Ak, that is, when: 


Ak . (2-29) x1 (C-17) 
If Az is the approximate width of the wave packet, we therefore have: 
Ak . Ax 21 (C-18) 


We are thus brought back to a classical relation between the widths of two functions 
which are Fourier transforms of each other. The important fact is that the product 
Az . Ak has a lower bound; the exact value of this bound clearly depends on the precise 
definition of the widths Ax and Ak. 

A wave packet such as (C-7) thus represents the state of a particle whose probabil- 
ity of presence, at the time t = 0, is practically zero outside an interval of approximate 
width Az centered at the value x9. 
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Comment: 


The preceding argument could lead one to believe that the product Az . Ak is 
always of the order of 1 [cf. (C-17)]. Let us stress the fact that this is a lower 
limit. Although it is impossible to construct wave packets for which the product 
Az . Ak is negligible compared to 1, it is perfectly possible to construct packets 
for which this product is as large as desired [see, for example, Complement Gy, 
especially comment (77) of § 3-c]. This is why (C-18) is written in the form of an 
inequality. 


C-3. Heisenberg relations 


In quantum mechanics, inequality (C-18) has extremely important physical con- 
sequences. We intend to discuss these now (we shall stay, for simplicity, within the 
framework of a one-dimensional model). 

We have seen that a plane wave e*(*0%—“0t) corresponds to a constant probability 
density for the particle’s presence along the Oz axis, for all values of t. This result can be 
roughly expressed by saying that the corresponding value of Az is infinite. On the other 
hand, only one angular frequency wo and one wave vector kg are involved. According to 
the de Broglie relations, this means that the energy and momentum of the particle are 
well-defined: EF = hwo and p = hko. Such a plane wave can, moreover, be considered to 
be a special case of (C-7), for which g(k) is a “delta function” (cf. Appendix IT): 


g(k) = 6(k — ko) (C-19) 


The corresponding value of Ak is then zero. 

This property can also be interpreted in the following manner, using the principle 
of spectral decomposition (cf. §§ A-3 and B-1). To say that a particle, described at t = 0 
by the wave function ~(a2,0) = Ae**”, has a well-determined momentum, is to say that 
a measurement of the momentum at this time will definitely yield p = Ak. From this we 
deduce that e’** characterizes the eigenstate corresponding to p = hk. Since there exists 
a plane wave for every real value of k, the eigenvalues which one can expect to find in 
a measurement of the momentum on an arbitrary state include all real values. In this 
case, there is no quantization of the possible results: as in classical mechanics, all values 
of the momentum are allowed. 

Now consider formula (C-8). In this formula, ~(x,0) appears as a linear superpo- 
sition of the momentum eigenfunctions in which the coefficient of e*** is g(k). We are 
thus led to interpret |g(k)|? (to within a constant factor) as the probability of finding 
p = hk if one measures, at t = 0, the momentum of a particle whose state is described 
by w(az,t). In reality, the possible values of p, like those of x, form a continuous set, 
and |g(k)|? is proportional to a probability density: the probability dA(k) of obtaining a 
value between hk and h(k+dk) is, to within a constant factor, |g(k)|? dk. More precisely, 
if we rewrite formula (C-8) in the form: 


b(2,0) = a / D(p) e?*!" dp (C-20) 


we know that w(p) and ~(,0) satisfy the Parseval-Plancherel relation (cf. Appendix I): 
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+00 +oo 
/ I(x, 0)? de = / FBP)? ap (C-21) 


—oco —oo 


1 
If the common value of these integrals is C, dP (x) = CG \b(ax,0)|? dx is the probability 
of the particle being found, at t = 0, between x and x + dz. In the same way: 


TA(p) = ZlH(0)!? dp (C-22) 


is the probability that the measurement of the momentum will yield a result included 
between p and p+ dp [relation (C-21) then insures that the total probability of finding 
any value is indeed equal to 1]. 

Now let us go back to the inequality (C-18). We can write it as: 


Ax. Apzh (C-23) 


(Ap = hAk is the width of the curve representing |¢(p)|). Consider a particle whose state 
is defined by the wave packet (C-20). We know that its position probability at t = 0, is 
appreciable only within a region of width Az about zo: its position is known within an 
uncertainty Az. If one measures the momentum of this particle at the same time, one 
[? 


A A = 
will find a value between po + > and po — of since |w(p)|? is practically zero outside 


this interval: the uncertainty in the momentum is therefore Ap. The interpretation of 
relation (C-23) is then as follows: it is impossible to define at a given time both the 
position of the particle and its momentum to an arbitrary degree of accuracy. When 
the lower limit imposed by (C-23) is reached, increasing the accuracy in the position 
(decreasing Ax) implies that the accuracy in the momentum diminishes (Ap increases), 
and vice versa. This relation is called the Heisenberg relation (or sometimes uncertainty 
relation, for historical reasons). 

We know of nothing like this in classical mechanics. The limitation expressed 
by (C-23) arises from the fact that h is not zero. It is the very small value of h on the 
macroscopic scale which renders this limitation totally negligible in classical mechanics 
(an example is discussed in detail in Complement By). 


Comment: 


The inequality (C-18) with which we started is not an inherently quantum mechanical 
principle. It merely expresses a general property of Fourier transforms, numerous appli- 
cations of which can be found in classical physics. For example, it is well known from 
electromagnetic theory that there exists no packet of electromagnetic waves for which 
one can define the position and the wavelength with infinite accuracy at the same time. 
Quantum mechanics enters when one associates a wave with a material particle and 
requires that the wavelength and the momentum satisfy de Broglie’s relation. 


C-4. Time evolution of a free wave packet 


Until now, we have been concerned only with the form of a wave packet at a given 
instant; in this paragraph, we are going to study its time evolution. Let us return, 
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therefore, to the case of a free particle whose state is described by the one-dimensional 
wave packet (C-7). 


A given plane wave ei (kx—wt) 


propagates along the Oz axis with the velocity: 


Volk) = (C-24) 


Ww 
k 
since it depends on z and t only through (« — ; t); V(k) is called the phase velocity of 
the plane wave. 

We know that in the case of an electromagnetic wave propagating in a vacuum, 
V, is independent of k and equal to the speed of light c. All the waves making up a 
wave packet move at the same velocity, so that the packet as a whole also moves with 


the same velocity, without changing its shape. On the other hand, we know that this is 
not true in a dispersive medium, where the phase velocity is given by: 


(C-25) 


n(k) being the index of the medium, which varies with the wavelength. 
The case that we are considering here corresponds to a dispersive medium, since 
the phase velocity is equal to [cf. equation (C-3)]: 


hk 


V,(k) = — C-26 

ol) = (C-26) 

We shall see that when the different waves have unequal phase velocities, the velocity 
hk 

of the maximum x,y of the wave packet is not the average phase velocity i. = oar 
0 m 


contrary to what one might expect. 

As we did before, we shall begin by trying to understand qualitatively what hap- 
pens, before taking a more general point of view. Therefore, let us return to the super- 
position of three waves considered in § C-2. For arbitrary t, w(z,t) is given by: 


W(x, t) = ae) cia ate = ell eo A) = (oe 


+ 


g(ko) i[kox—wot] Ak Aw 
= 1 Se 
oe e + cos 5 x 5 t 


We see that the maximum of |w(z,t)|, which was at z = 0 at t = 0, is now at point: 


eller = (oor 8) | 


(C-27) 


M— NIF 


— Aw 


=F; (C-28) 


xu (t) 


ww 
and not at point © = = t. The physical origin of this result appears in Figure 6. 
0 


Part a) of this figure represents the position at time t = 0 of three adjacent maxima 
(1), (2), (8), for the real parts of each of the three waves. Since the maxima denoted 
by the index (2) coincide at x = 0, there is constructive interference at this point, 
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Figure 6: Positions of the maxima of the three waves of Figure 4 at time t = 0 (fig. a) 
and at a subsequent time t (fig. b). At time t = 0, it is the maxima (2), situated at x = 0, 
which interfere constructively: the position of the center of the wave packet is x4(0) = 0. 
At time t, the three waves have advanced with different phase velocities V,. It is then the 
maxima (3) which interfere constructively and the center of the wave packet is situated at 
x =axy(t). We thus see that the velocity of the center of the wave packet (group velocity) 
is different from the phase velocities of the three waves. 





which thus corresponds to the position of the maximum of |w(x,0)|. Since the phase 
velocity increases with k [formula (C-26)], the maximum (3) of the wave | kg + oe 
will gradually catch up with that of the wave (ko), which will in turn catch up with that 
of the wave | ko — >). After a certain time, we shall thus have the situation shown in 
Figure 6-6: it will be the maxima (3) which coincide and thus determine the position of 


the maximum 2j,(t) of |w(x,t)|. We clearly see in the figure that x ,,(t) is not equal to 
= t, and a simple calculation again yields (C-28). 
0 
The shift of the center of the wave packet (C-7) can be found in an analogous 
fashion, by applying the “stationary phase” method. It can be seen from the form (C-7) 
of the free wave packet that, in order to go from w(x, 0) to ~(z2,t), all we need to do is 
change g(k) to g(k) et. The reasoning of § C-2 thus remains valid, on the condition 


that we replace the argument a(k) of g(k) by: 
a(k) — w(k)t (C-29) 
The condition (C-16) then gives: 


vault) = || 7 Fl. (C-30) 


We are thus brought back to result (C-28): the velocity of the maximum of the 
wave packet is: 


Va(ko) = Fl. (c-31) 
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Va(ko) is called the group velocityindexGroup velocity of the wave packet. With the 
dispersion relation given in (C-3), we obtain: 


Vo(ko) = a = 2V,,(ko) (C-32) 


This result is important, for it enables us to retrieve the classical description of the 
free particle, for the cases where this description is valid. For example, when one is 
dealing with a macroscopic particle (and the example of the dust particle discussed in 
Complement By; shows how small it can be), the uncertainty relation does not introduce 
an observable limit on the accuracy with which its position and momentum are known. 
This means that we can construct, in order to describe such a particle in a quantum 
mechanical way, a wave packet whose characteristic widths Ar and Ap are negligible. 
We would then speak, in classical terms, of the position x)¢(t) and the momentum po 


of the particle. But then its velocity must be v = Po ‘This is indeed what is implied 


m 
by formula (C-32), obtained in the quantum description: in the cases where Ax and Ap 
can both be made negligible, the maximum of the wave packet moves like a particle that 
obeys the laws of classical mechanics. 


Comment: 


We have stressed here the motion of the center of the free wave packet. It is also 
possible to study the way in which its form evolves in time. It is then easy to 
show that, if the width Ap is a constant of the motion, Av varies over time and, 
for sufficiently long times, increases without limit (spreading of the wave packet). 
The discussion of this phenomenon is given in Complement Gy, where the special 
case of a Gaussian wave packet is treated. 


D. Particle in a time-independent scalar potential 


We have seen, in § C, how the quantum mechanical description of a particle reduces 
to the classical description when Planck’s constant h can be considered to be negligible. 
In the classical approximation, the wavelike character does not appear because the wave- 


h 
length 4 = — associated with the particle is much smaller than the characteristic lengths 


of its motion. This situation is analogous to the one encountered in optics. Geometrical 
optics, which ignores the wavelike properties of light, constitutes a good approximation 
when the corresponding wavelength can be neglected compared to the lengths with which 
one is concerned. Classical mechanics thus plays, with respect to quantum mechanics, 
the same role played by geometrical optics with respect to wave optics. 

In this paragraph, we are going to be concerned with a particle in a time-independent 
potential. What we have just said implies that typically quantum effects (that is, those 
of wave origin) should arise when the potential varies appreciably over distances shorter 
than the wavelength, which cannot then be neglected. This is why we are going to study 
the behavior of a quantum particle placed in various “square potentials”, that is, “step 
potentials”, as shown in Figure 7-a. Such a potential, which is discontinuous, clearly 
varies considerably over intervals of the order of the wavelength, however small it is: 
quantum effects must therefore always appear. Before beginning this investigation, we 
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shall discuss some important properties of the Schrédinger equation when the potential 
is not time-dependent. 
D-1. Separation of variables. Stationary states 


The wave function of a particle whose polential energy V(r) is not time-dependent 
must satisfy the Schrodinger equation: 


9 ‘ig 
ihe W(r,t) = oe Ad(r,t) + V(r) d(r, t) (D-1) 


D-1-a. Existence of stationary states 


Let us see if there exist solutions of this equation of the form: 


V(r, t) = lr) x) (D-2) 
Substituting (D-2) into (D-1), we obtain: 


ints) A) — xy [5 008)] + OVE) OC) (D-3) 





If we divide both sides by the product y(r) y(t), we find: 


ih dx(t) 1 he 
ae = Bess [Bre 2000] + V0) vo 
This equation equates a function of t only (left-hand side) and a function of r only (right- 
hand side). This equality is only possible if each of these functions is in fact a constant, 
which we shall set equal to iw, where w has the dimensions of an angular frequency. 
Setting the left-hand side equal to hw, we obtain for y(t) a differential equation 
which can easily be integrated to give: 


x(t) = Ae" (D-5) 


In the same way, y(r) must satisfy the equation: 


—<— Ag(r) + V(r) plr) = hw g(x) (D-6) 


If we set A = 1 in equation (D-5) [which is possible if we incorporate, for example, the 
constant A in y(r)], we achieve the following result: the function 


(r,t) = p(r)e™" (D-7) 


is a solution of the Schrédinger equation, on the condition that y(r) is a solution of (D-6). 
The time and space variables are said to have been separated. 

A wave function of the form (D-7) is called a stationary solution of the Schrodinger 
equation: it leads to a time-independent probability density |7)(r, t)|? = |y(r)|?. In a sta- 
tionary function, only one angular frequency w appears; according to the Planck-Einstein 
relations, a stationary state is a state with a well-defined energy E = hw (energy eigen- 
state). In classical mechanics, when the potential energy is time-independent, the total 
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energy is a constant of the motion; in quantum mechanics, there exist well-determined 
energy states. 
Equation (D-6) can therefore be written: 





[5 4+ VO)] ve) = Bole) (D8) 
H le) = Byte) (-9) 











where 4 is the differential operator: 





h2 
H=—,_ A+ V(x) (D-10) 








Af is a linear operator since, if A; and Az are constants, we have: 





A [Ai gi (r) + AQ o(r) = MA egi(r) + A2Aya(r) (D-11) 


Equation (D-9) is thus the eigenvalue equation of the linear operator H: the application of 
FH to the “eigenfunction” y(r) yields the same function, multiplied by the corresponding 
“eigenvalue” E. The allowed energies are therefore the eigenvalues of the operator H. We 
shall see later that equation (D-9) has square-integrable solutions y(r) only for certain 
values of E (cf. § D-2-c and § 2-c of Complement Hy): this is the origin of energy 
quantization. 


Comment: 


Equation (D-8) [or (D-9)] is sometimes called the “time-independent Schrédinger 
equation”, as opposed to the “time-dependent Schrédinger equation” (D-1). We stress 
their essential difference: equation (D-1) is a general equation which gives the evolution 
of the wave function, whatever the state of the particle; on the other hand, the eigenvalue 
equation (D-9) enables us to find, amongst all the possible states of the particle, those 
which are stationary. 


D-1-b. Superposition of stationary states 


In order to distinguish between the various possible values of the energy E (and 
the corresponding eigenfunctions y(r)), we label them with an index n. Thus we have: 


FH pn(v) = En Pri) (D-12) 
and the stationary states of the particle have as wave functions: 
Vn(r,t) = yn(r) e*Bnt/* (D-13) 


Wn(r,t) is a solution of the Schrédinger equation (D-1). Since this equation is linear, it 
has a whole series of other solutions of the form: 


VEDSY. eee Oe” (D-14) 


n 
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where the coefficients c, are arbitrary complex constants. In particular, we have: 
V(r, 0) = SJ en Pn(t) (D-15) 
n 


Inversely, assume that we know w(r, 0), the state of the particle at t = 0. We shall 
see later that any function w(r,0) can always be decomposed in terms of eigenfunctions 
of H, as in (D-15). The coefficients c, are therefore determined by w(r,0). The cor- 
responding solution (r,t) of the Schrédinger equation is then given by (D-14). It is 
simply obtained by multiplying each term of (D-15) by the factor e~*”*/", where E,, is 
the eigenvalue associated with y,,(r). We stress the fact that these phase factors differ 
from one term to another. It is only in the case of stationary states that the t-dependence 
involves only one exponential [formula (D-13)]. 


D-2. One-dimensional “square” potentials. Qualitative study 


We said at the beginning of § D that in order to display quantum effects we were 
going to consider potentials that varied considerably over small distances. We shall limit 
ourselves here to a qualitative study, so as to concentrate on the simple physical ideas. A 
more detailed study is presented in the complements of this chapter (Complement Hy). To 
simplify the problem, we shall consider a one-dimensional model, in which the potential 
energy depends only on x (the justification for such a model is given in Complement Fy). 


D-2-a. Physical meaning of a square potential 


We consider a one-dimensional problem with a potential of the type shown in 
Figure 7-a. The Ox axis is divided into a certain number of constant-potential regions. 
At the border of two adjacent regions the potential makes an abrupt jump (discontinuity). 
Actually, such a function cannot really represent a physical potential, which must be 
continuous. We use it to represent schematically a potential energy V(x) which actually 
has the shape shown in Figure 7-b: there are no discontinuities, but V(x) varies very 
rapidly in the neighborhood of certain values of x. When the intervals over which these 
variations occur are much smaller than all other distances involved in the problem (in 
particular, the wavelength associated with the particle), we can replace the true potential 
by the square potential of Figure 7-a. This is an approximation, which would cease to 
be valid, for example, for a particle having too high an energy, whose wavelength would 
be very short. 

The predictions of classical mechanics concerning the behavior of a particle in a 
potential such as that of Figure 7 are easy to determine. For example, imagine that 
V(za) is the gravitational potential energy. Figure 7-b then represents the real profile 
of the terrain on which the particle moves: the corresponding discontinuities are sharp 
slopes, separated by horizontal plateaus. Notice that, if we fix the total energy E of the 
particle, the domains of the Ox axis where V > E are forbidden to it (its kinetic energy 
E. = E —V must be positive). 
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potential 
0 >x 
Real 
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0 > xX 
Force F 
c 
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Figure 7: Square potential (fig. a) which schematically represents a real potential (fig. b) 
for which the force has the shape shown in figure c. 





Comment: 


dV (xz) 





The force exerted on the particle is F(x) = — In Figure 7-c, we have 


depicted this force, obtained from the potential V(x) of Figure 7-b. It can be 
seen that this particle, in all the regions where the potential is constant, is not 
subjected to any force. Its velocity is then constant. It is only in the frontier zones 
between these plateaus that a force acts on the particle and, depending on the 
case, accelerates it or slows it down. 


D-2-b. Optical analogy 


We are going to consider the stationary states (§ D-1) of a particle in a one- 
dimensional “square” potential. 

In a region where the potential has a constant value V, the eigenvalue equation 
(D-9) is written: 


soa + v p(x) = Ey(x) (D-16) 
a + an (B - v)| (x) =0 (D-17) 


Now, in optics, there exists a completely analogous equation. Consider a trans- 
parent medium whose index n depends neither on r nor on time. In this medium, there 
can be electromagnetic waves whose electric field E(r,t) is independent of y and z and 
has the form: 


E(r,t) =e E(x)e"*™ (D-18) 
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where e is a unit vector perpendicular to Ox; E(x) must then satisfy: 
a 
ra oe | E(x) =0 (D-19) 
We see that equations (D-17) and (D-19) become identical if we set: 


2m n?? 
Te =e 





(D-20) 


Moreover, at a point « where the potential energy V [and, consequently, the in- 
dex n given by (D-20)] is discontinuous, the boundary conditions for y(x) and E(x) are 
the same: these two functions, as well as their first derivatives, must remain continuous 
(cf. Complement Hy, § 1-b). The structural analogy between the two equations (D-17) 
and (D-19) thus enables us to associate with a quantum mechanical problem, correspond- 
ing to the potential of Figure 7-a, an optical problem: the propagation of an electromag- 
netic wave of angular frequency 2 in a medium whose index n has discontinuities of 
the same type. According to (D-20), the relation between the optical and mechanical 
parameters is: 


n(Q) 2mc?(E — V) (D-21) 


~ hk 

For the light wave, a region where EF > V corresponds to a transparent medium 
whose index is real. The wave is then of the form e***. 

What happens when V > E? Formula (D-20) gives a pure imaginary index. In 
relation (D-19), n? is negative and the solution is of the form e~?*: it is the analogue 
of an “evanescent wave”. Certain aspects of the situation recall the propagation of an 
electromagnetic wave in a metallic medium’. 

Thus we can transpose the well-known results of wave optics to the problems which 
we are studying here. It is important, however, to realize that this is merely an analogy. 
The interpretation that we give for the wave function is fundamentally different from 
that which classical wave optics attributes to the electromagnetic wave. 


D-2-c. Examples 
Q. Potential step and barrier 


Consider a particle of energy FE which, coming from the region of negative x, arrives 
at the potential “step” of height Vo shown in Figure 8. 

If E > VW (the case in which the classical particle clears the potential step and 
continues towards the right with a smaller velocity), the optical analogy is the following: 
a light wave propagates from left to right in a medium of index n: 


Cc 
= —V2mME D-22 
ny AQ m ( ) 
at x = 21, there is a discontinuity, and the index, for x > 21, is: 
c 





TThis analogy should not be pushed too far, since the index n of a metallic medium has both a real 
and a complex part (in a metal, an optical wave continues to oscillate as it damps out). 
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Figure 8: Potential step. 








We know that the incident wave coming from the left splits into a reflected wave and a 
transmitted wave. Let us transpose this result to quantum mechanics: the particle has 
a certain probability P of being reflected, and only the probability 1— Y of pursuing 
its course towards the right. This result is contrary to what is predicted by classical 
mechanics. 

When E < Vo, the index nz, which corresponds to the region x > x 1, becomes 
pure imaginary, and the incident light wave is totally reflected. The quantum prediction 
therefore coincides at this point with that of classical mechanics. Nevertheless, the 
existence, for x > 21, of an evanescent wave, shows that the quantum particle has a 
non-zero probability of being found in this region. 

The role of this evanescent wave is more striking in the case of a potential barrier 
(Fig. 9). For E < W, a classical particle would always turn back. But, in the corre- 
sponding optical problem, we would have a layer of finite thickness, with an imaginary 
index, surrounded by a transparent medium. If this thickness is not much greater than 
the range 1/p of the evanescent wave, part of the incident wave is transmitted into the 
region x > £2. Therefore, even for EF < Vo, we find a nonzero probability of the particle 
crossing the barrier. This is called the “tunnel effect”. 


B. Potential well 


The function V(z) now has the form shown in Figure 10. The predictions of 
classical mechanics are the following: when the particle has a negative energy FE (but 
greater than — Vo), it can only oscillate between x; and x2, with kinetic energy E, = 
E + Vo; when the particle has a positive energy and arrives from the left, it undergoes an 





Figure 9: Potential barrier. 
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V(x) 


Figure 10: Potential well. 








abrupt acceleration at x, then an equal deceleration at x2, and then continues towards 
the right. 

In the optical analogue of the case — Vp < E < 0, the indices n; and nz, which 
correspond to the regions « < x, and x > 2&2, are imaginary, while the index n2, which 
characterizes the interval [21,2], is real. Thus we have the equivalent of a layer of air, 
for example, between two reflecting media. The different waves reflected successively at 
x, and x2 destroy each other through interference, except for certain well-determined 
frequencies (“normal modes”) that allow stable stationary waves to be established. From 
the quantum point of view, this implies that the negative energies are quantized’, while, 
classically, all values included between — Vo and 0 are possible. 

For E > 0, the indices n1, nz and nz are real: 


cl 
RLS REG p 2nE (D-24) 
cl 


Since ng is greater than n; and nz, the situation is analogous to that of a layer of glass in 
air. In order to obtain the reflected wave for x < x1, or the transmitted wave in the region 
x > £2, it is necessary to superpose an infinite number of waves that arise from successive 
reflections at x, and x2 (multiple wave interferometer analogous to a Fabry-Perot). We 
then find that, for certain incident frequencies, the wave is entirely transmitted. From 
the quantum point of view, the particle thus has, in general, a certain probability of 
being reflected. However, there exist energy values, called resonance energies, for which 
the probability of transmission is 1 and, consequently, the probability of reflection is 0. 

These few examples show how much the predictions of quantum mechanics can 
differ from those of classical mechanics. They also clearly stress the primordial role of 
potential discontinuities (which represent, schematically, rapid variations). 


CONCLUSION 


In this chapter we have introduced and discussed, in a qualitative and intuitive 
manner, certain fundamental ideas of quantum mechanics. We shall later return to 





8The allowed energy values are not given by the well-known condition: #2 — 21 = kA2/2, for it is 
necessary to take into account the existence of evanescent waves, which introduce a phase shift upon 
reflection at x = x1 and x = x2 (cf. Complement Hy, § 2-c). 
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these ideas (Chap. III) so as to present them in a more precise and systematic way. 
Nevertheless, it is already clear that the quantum description of physical systems differs 
radically from the one given by classical mechanics (although the latter constitutes, in 
numerous cases, an excellent approximation). We have limited ourselves in this chapter 
to the case of physical systems composed of only one particle. The description of these 
systems at a given time is, in classical mechanics, founded on the specification of six 
parameters, which are the components of the position r(t) and the velocity v(t) of the 
particle. All the dynamical variables (energy, linear momentum, angular momentum) are 
determined by the specification of r(t) and v(t). Newton’s laws enable us to calculate 
r(t) through the solution of second-order differential equations with respect to time. 
Consequently, they fix the values of r(t) and v(t) for any time ¢ when they are known 
for the initial time. 

Quantum mechanics uses a more complicated description of phenomena. The 
dynamic state of a particle, at a given time, is characterized by a wave function. It 
no longer depends on only six parameters, but on an infinite number [the values of 
w(r,t) at all points r of space]. Moreover, the predictions of the measurement results 
are now only probabilistic (they yield only the probability of obtaining a given result 
in the measurement of a dynamical variable). The wave function is a solution of the 
Schrédinger equation, which enables us to calculate (r,t) from 7(r,0). This equation 
implies a principle of superposition which leads to wave effects. 

This upheaval in our conception of mechanics was imposed by experiment. The 
structure and behavior of matter on an atomic level are incomprehensible in the frame- 
work of classical mechanics. The theory has thereby lost some of its simplicity, but it 
has gained a great deal of unity, since matter and radiation are described in terms of 
the same general scheme (wave-particle duality). We stress the fact that this general 
scheme, although it runs counter to our ideas and habits drawn from the study of the 
macroscopic domain, is perfectly consistent. No one has ever succeeded in imagining 
an experiment that could violate the uncertainty principle (cf. Complement Dy of this 
chapter). In general, no observation has, to date, contradicted the fundamental princi- 
ples of quantum mechanics. Nevertheless, at present, there is no global theory including 
quantum phenomena within general relativity (gravity) and, of course, nothing prevents 
the possibility of a new upheaval. 


References and suggestions for further reading: 


Description of physical phenomena which demonstrate the necessity of introducing 
quantum mechanical concepts: see the subsection “Introductory work — quantum 
physics” of section 1 of the bibliography; in particular, Wichmann (1.1) and Feynman 
III (1.2), Chaps. 1 and 2. 

History of the development of quantum mechanical concepts: references of sec- 
tion 4 of the bibliography, in particular, Jammer (4.8); also see references (5.11) and 
(5.12), which contain numerous references to the original articles. 

Fundamental experiments: references to the original articles can be found in sec- 
tion 3 of the bibliography. 

The problem of interpretation in quantum mechanics: section 5 of the bibliogra- 
phy; in particular, the “Resource Letter” (5.11), which contains many references. 
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Analogies and differences between matter waves and electromagnetic waves: Bohm 
(5.1), Chap. 4; in particular, the table “Summary on Probabilities” at the end of the 
chapter. 

See also the articles by Schrédinger (1.25), Gamow (1.26), Born and Biem (1.28), 
Scully and Sargent (1.30). 
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COMPLEMENTS OF CHAPTER I, READER’S GUIDE 


A; : ORDER OF MAGNITUDE OF THE WAVE- 
LENGTHS ASSOCIATED WITH MATERIAL 
PARTICLES 


Br; : CONSTRAINTS IMPOSED BY THE UNCER- 
TAINTY RELATION 


Cr; : HEISENBERG RELATION AND ATOMIC 
PARAMETERS 


These three complements provide very simple but 
fundamental comments on the order of magnitude 
of quantum parameters. 





Dr; : AN EXPERIMENT 
HEISENBERG RELATIONS 


ILLUSTRATING THE 


Discussion of a simple thought-experiment that 


attempts to invalidate the complementarity 
between the particle and the wave aspects of light 


(easy, but could be reserved for further study). 





E; : A SIMPLE TREATMENT OF A TWO- 
DIMENSIONAL WAVE PACKET 


Fr : THE RELATION BETWEEN ONE- AND 
THREE-DIMENSIONAL PROBLEMS 
Gr : ONE-DIMENSIONAL GAUSSIAN WAVE 


PACKET: SPREADING OF THE WAVE PACKET 


Complements on wave packets (§ C of Chapter I): 

E; : reveals in a simple, qualitative way the 
relation that exists between the lateral extension 
of a two-dimensional wave packet and the angular 
dispersion of the wave vectors (easy). 

Fy; : generalization to three dimensions of the 
results of § C of Chapter I; shows how the study 
of a particle in three-dimensional space can, in 
certain cases, be reduced to one-dimensional 
problems (a little more difficult). 

G, : treats in detail a special case of wave 
packets for which one can calculate exactly the 
properties and the evolution (some difficulties in 
the calculation, but conceptually simple). 





H; : STATIONARY STATES OF A PARTICLE IN 
ONE-DIMENSIONAL SQUARE POTENTIALS 


Takes up in a more quantitative way the ideas 
of § D-2 of Chapter I. Strongly recommended, 
since square potentials are often used to illustrate 
simply the implications of quantum mechanics 
(numerous complements and excercizes proposed 
later in this book rely on the results of Hy). 





J; : BEHAVIOR OF A WAVE PACKET AT A 
POTENTIAL STEP 


More precise study, for a special case, of the 
quantum behavior of a particle in a square 
potential. Since the particle is sufficiently well 
localized in space (wave packet), one can follow 
its “motion” (average difficulty; important for the 


physical interpretation of the results). 





K; : EXERCISES 
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Complement A, 


Order of magnitude of the wavelengths associated with material 
particles 


De Broglie’s relation: 


A (1) 
Pp 
shows that, for a particle of mass m and speed v, the smaller m and v, the longer the 
corresponding wavelength. 
To show that the wave properties of matter are impossible to detect in the macro- 
scopic domain, take as an example a dust particle, of diameter 1 yz and mass m ~ 
10-' kg. Even for such a small mass and a speed of v ~ 1 mm/s, formula (1) gives: 


6.6 x 10-34 


= To-18 x 10-3 meter = 6.6 x 10716 meter = 6.6 x 107° A (2) 


a 
Such a wavelength is completely negligible on the scale of the dust particle. 
Consider, on the other hand, a thermal neutron, that is, a neutron 
(mn ~ 1.67 x 10-2” kg) with a speed v corresponding to the average thermal energy 
at the (absolute) temperature T. v is given by the relation: 


1 p 3 
5 Min = pos 3 keT (3) 





where kg is the Boltzmann constant (kg ~ 1.38 x 10~?° joule/degree). The wavelength 
corresponding to such a speed is: 
h h 


eS 4 
P V3mnkel ( ) 


For T ~ 300°K, we find: 
Aw 14 A (5) 


that is, a wavelength which is of the order of the distance between atoms in a crystal 
lattice. A beam of thermal neutrons falling on a crystal therefore gives rise to diffraction 
phenomena analogous to those observed with X-rays. 

Let us now examine the order of magnitude of the de Broglie wavelengths associated 
with electrons (m. ~ 0.9 x 107° kg). If one accelerates an electron beam through a 
potential difference V (expressed in volts), one gives the electrons a kinetic energy: 


E=qV =1.6 x 10~'° V joule (6) 
2 
(q = 1.6 x 10~!® coulomb is the electron charge.) Since E = 5 the associated 
Me 
wavelength is equal to: 
h h 
Se et (7) 
p 2n,.E 
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that is, numerically: 








6.6 x 10734 
= = = meter ~ —= 34 (8) 
V2 x 0.9 x 10 x 1.6 x 10-19 V VV 


With potential differences of several hundreds of volts, one again obtains wavelengths 
comparable to those of X-rays, and electron diffraction phenomena can be observed with 
crystals or crystalline powders. 

The large accelerators currently available are able to impart considerable energy 
to particles. This takes us out of the non-relativistic domain to which we have thus 
far confined ourselves. For example, electron beams are easily obtained for which the 
energy! exceeds 1 GeV = 10° eV (1 eV = 1 electron-volt = 16 x 10~!° joule), while the 
electron rest mass is equal to mec? ~ 05 x 10° eV. This means that the corresponding 
speed is very close to the speed of light c. Consequently, the non-relativistic quantum 
mechanics which we are studying here does not apply. However, the relations: 


E=h (9-a) 
h 
ate (9-b) 


remain valid in the relativistic domain. On the other hand, relation (7) must be modified 
since, relativistically, the energy E of a particle of rest mass mo is no longer p?/2mo, but 
instead: 


E = 4/p?c? + m2ct (10) 


In the example considered above (an electron of energy 1 GeV), mec? 


pared to E, and we obtain: 


is negligible com- 


he 6.6 x 10-*4 x 3 x 108 exis 
AS = FT exjoae = 12x 10 m = 1.2 fermi (11) 


(1 fermi = 10~-!° m). With electrons accelerated in this way, one can explore the struc- 
ture of atomic nuclei and, in particular, the structure of the proton; nuclear dimensions 
are of the order of a fermi. 


Comments: 


(4) We want to point out a common error in the calculation of the wavelength 
of a material particle of mass mp # 0, whose energy E is known. This error 
consists of calculating the frequency v using (9-a) and, then, by analogy with 
electromagnetic waves, of taking c/v for the de Broglie wavelength. Obviously, the 
correct reasoning consists of calculating, for example from (10) (or, in the non- 
relativistic domain, from the relation E = p?/2m) the momentum p associated 
with the energy F and then using (9-b) to find A. 





1Translator’s note: In the United States, the unit Gev is sometimes written BeV. 
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(ii) According to (9-a), the frequency v depends on the origin chosen for the en- 
ergies. The same is true for the phase velocity V, = : = vx. Note, on the other 


d d 
hand, that the group velocity Vg = oe an does not depend on the choice of 


dk 
the energy origin. This is important in the physical interpretation of Vg. 


(iii) Strictly speaking, relation (1) would predict a wavelength that always tends 
to infinity when the velocity of the particle tends to zero, whatever its mass is. 
Let us nevertheless consider again the dust particle introduced above. Even when 
that particle has a velocity as low as v ~ 107? mm/s = 10~® u/s, its wavelength 
is already of the order of its diameter (1 4). It is obviously impossible to ensure 
that the velocity of a dust particle does not exceed such a low limit; therefore, 
even if it is at rest, its wavelength remains negligible with respect to its size. By 
contrast, for a particle such as the electron or the neutron, the quantum effects 
can appear much more easily. 


References and suggestions for further reading: 


Wichmann (1.1), Chap. 5; Eisberg and Resnick (1.3), § 3.1. 
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Complement B, 


Constraints imposed by the uncertainty relations 





1 Macroscopic system ... 1... 2... eee ee ee ee ee es 39 


2 Microscopic system ........ 2.2.00 ee eee eee wees 40 





We saw in § C-3 of Chapter I that the position and momentum of a particle cannot be 
simultaneously defined with arbitrary precision: the corresponding uncertainties Ax and 
Ap must satisfy the uncertainty relation: 


Az: Ap h (1) 


Here we intend to evaluate numerically the importance of this constraint. We shall show 
that it is completely negligible in the macroscopic domain and that it becomes, on the 
other hand, crucial on the microscopic level. 


1. Macroscopic system 


Let us take up again the example of a dust particle (cf, Complement A;), whose diameter 
is on the order of 1 4 and whose mass m ~ 107!° kg, having a speed v = 107° m/sec. 
Its momentum is then equal to: 


p= mv ~ 10718 joule sec/m (2) 


If its position is measured to within 0.01, for example, the uncertainty Ap in the 
momentum must satisfy: 


a 10-34 


Ap ~ —~ 
P= Ar 10-8 


= 10~°° joule sec/m (3) 





Thus the uncertainty relation introduces practically no restrictions in this case 
since, in practice, a momentum measurement device is incapable of attaining the required 
relative accuracy of 1078. 

In quantum terms, the dust particle is described by a wave packet whose group 
velocity is v = 107? m/sec and whose average momentum is p = 10~18 joule sec/m. But 
one can then choose such a small spatial extension Az and momentum dispersion Ap that 
they are both totally negligible. The maximum of the wave packet then represents the 
position of the dust particle, and its motion is identical to that of the classical particle. 
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2. Microscopic system 


Now let us consider an atomic electron. The Bohr model describes it as a classical 
particle. The allowed orbits are defined by quantization rules which are assumed a 
priori: for example, the radius r of a circular orbit and the momentum p = mv of the 
electron travelling in it must satisfy: 


pr =nh (4) 


where n is an integer. 

For us to be able to speak in this way of an electron trajectory in classical terms, 
the uncertainties in its position and momentum must be negligible compared to r and p 
respectively: 


Ar <r (5-a) 
Ap <p (5-b) 
which would mean that: 
Ar A 
Oe, P = <1 (6) 
r Pp 


Now the uncertainty relation imposes: 


Az A h 
ee gS (7) 
r Pp rp 
If we use formula (4) to replace rp by nf on the right-hand side, this inequality can be 
written as: 
1 
Az Ap Se (8) 
rp n 
We then see that (8) is incompatible with (6), unless n >> 1. The uncertainty 
relation thus makes us reject the semi-classical picture of the Bohr orbits (see § C-2 of 
Chapter VII). 


References and suggestions for further reading: 


Bohm (5.1), Chap. 5, § 14. 


40 


@ HEISENBERG RELATION AND ATOMIC PARAMETERS 





Complement C, 
Heisenberg relation and atomic parameters 


The Bohr orbit has no physical reality when coupled with the Heisenberg relation (cf. 
Complement By). We shall study later (Chap. VII) the quantum theory of the hydrogen 
atom. However, we can already show how the Heisenberg uncertainty relation enables 
one to understand the stability of atoms and even to derive simply the order of magnitude 
of the dimensions and the energy of the hydrogen atom in its ground state. 

Let us consider an electron in the Coulomb field of a proton, which we shall assume 
to be stationary at the origin of the coordinate system. When the two particles are 
separated by a distance r, the potential energy of the electron is: 


¢ i 
Aregr 





Vy (1) 
where q is its charge (exactly opposite to that of the proton). We shall set: 
2 


q 2 
= 2 
At eE9 ( ) 





Assume that the state of the electron is described by a spherically symmetric wave 
function whose spatial extent is characterized by ro (this means that the probability of 
presence is practically zero beyond 279 or 379). The potential energy corresponding to 
this state is then on the order of: 
eo 


Vry- (3) 


0 
For it to be as low as possible, it is necessary to take rg as small as possible. This means 
that the wave function must be as concentrated as possible about the proton. 

But it is also necessary to take the kinetic energy into account. This is where 
the uncertainty principle comes in: if the electron is confined within a volume of linear 
dimension 79, the uncertainty Ap in its momentum is at least of the order of A/ro. In 
other words, even if the average momentum is zero, the kinetic energy T associated with 
the state under consideration is not zero: 

= 1 h? 


T > Pee = ———7 A 2 jan 
~ om! ) 2mr2 





(4) 


If we reduce ro in order to decrease the potential energy, the minimum kinetic energy (4) 
increases. 
The lowest total energy compatible with the uncertainty relation is thus the min- 
imum of the function: 
ie e? 


Enin = fe V=>—5-— 5 
", 2mr2 ro (5) 


This minimum is obtained for: 
h2 
Tro = ag = 3 
me 
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Figure 1: Variation with respect to ro (extension of the wave function) of the potential 
energy V, the kinetic energy T, and the total energy T + V of a hydrogen atom. The 
functions T and V vary inversely, so the total energy passes through a minimum value for 
some value of T and V. The corresponding value ao of ro gives the order of magnitude 
of the hydrogen atom’s size. 





and is equal to: 


me? 


Re (7) 


Expression (6) is the one found in the Bohr model for the radius of the first 
orbit, and (7) gives correctly the energy of the ground state of the hydrogen atom (see 
Chap. VII; the wave function of the ground state is indeed e~"/ *0), Such quantitative 
agreement can only be accidental, since we have been reasoning on the basis of orders 
of magnitude. However, the preceding calculation reveals an important physical idea: 
because of the uncertainty relations, the smaller the extension of the wave function, the 
greater the kinetic energy of the electron. The ground state of the atom results from a 
compromise between the kinetic energy and the potential energy. 

We stress the fact that this compromise, based on the uncertainty relations, is 
totally different from what would be expected in classical mechanics. If the electron 
moved in a classical circular orbit of radius rg, its potential energy would be equal to: 


Ey = — 


Va = -— (8) 


TO 


The corresponding kinetic energy is obtained by equating the electrostatic force and the 
centrifugal force!: 


2 2 
e€ UV 
<< =m— (9) 
a) TO 





In fact, the laws of classical electromagnetism indicate that an accelerated electron radiates, which 
already forbids the existence of stable orbits. 
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which gives: 


1 1 e? 
T= =mv? = -— 
BE See 


The total energy would then be equal to: 


1 e? 
Ee = Te + Vel ey ais 
2709 


(11) 


The most favorable energetic situation would occur at rg = 0, which would give an in- 
finite binding energy. Thus, we can say that it is the uncertainty relations that enables 
us to understand, as it were, the existence of atoms. 


References and suggestions for further reading: 


Feynman III (1.2), § 2-4. The same type of reasoning applied to molecules: 


Schiff (1.18), first section of § 49. 
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Complement D, 
An experiment illustrating the Heisenberg relations 


Young’s double-slit experiment, which we analyzed in § A-2 of Chapter I, led us to the 
following conclusions: both wave and particle aspects of light are needed to explain the 
observed phenomena; but they seem to be mutually exclusive, in the sense that it is 
impossible to determine through which slit each photon has passed without destroying, by 
this very operation, the interference pattern. The wave and particle aspects are sometimes 
said to be complementary. 

We are going to consider Young’s double-slit experiment again to demonstrate 
how complementarity and uncertainty relations are intimately related. To try to cast 
doubt on the uncertainty relation, one can imagine more subtle devices than the one of 
Chapter I, which used photomultipliers placed behind the slits. We shall now analyze 
one of these devices. 

Assume that the plate #, in which the slits are pierced, is mounted so that it 
can move vertically in the same plane. Thus, it is possible to measure the vertical 
momentum transferred to it. Consider (Fig. 1) a photon that strikes the observation 
screen & at point M (for simplicity, we choose a source .Y at infinity). The momentum 
of this photon changes when it crosses Y. Conservation of momentum implies that the 
plate Y absorbs the difference. But the momentum thus transferred to Y depends on 
the path of the photon; depending on whether it passed through F or Fy, the vertical 
transferred momentum is equal to: 


hv 


PS Se sin 4; (1) 
or: 
hv, 
p2= > ae sin 02 (2) 


h 
(2 is the photon’s momentum, 6, and 42 are the angles made by FM and F2M with 
c 


the incident direction. ) ‘ 

We then allow the photons to arrive one by one and gradually construct the inter- 
ference pattern on the screen &. For each one, we determine through which slit it has 
passed by measuring the momentum acquired by the plate Y. It therefore seems that 
interference phenomena can still be observed on & although we know through which slit 
each photon has passed. 

Actually, we shall see that the interference fringes are not visible with this device. 
The error in the preceding argument consists of assuming that only the photons have 
a quantum character. In reality, it must not be forgotten that quantum mechanics 
also applies to the plate Y (macroscopic object). If we want to know through which 
hole a photon has passed, the uncertainty Ap in the vertical momentum of Y must be 
sufficiently small for us to be able to measure the difference between p; and pg: 


Ap < | p2 — pi| (3) 
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Figure 1: Diagram of a device using a movable plate Y whose momentum is measured 
before and after the passage of the photon to determine whether the photon passed through 
F, or through F, before arriving at point M on the screen. 





But then the uncertainty relation implies that the position of Y is only known to within 
Az, with: 


h 


Az > ——— 
|p2 — p1| 


(4) 
If we designate by a the separation of the two slits and by d the distance between the 
plate Y and the screen &, and if we assume that 6; and 62 are small (d/a > 1), we find 


(Fig. 1): 


z—a/2 
d 
z+a/2 


sin Og ~ 0. ~ 7 (5) 


sin 01 [as 01 tae 





(x denotes the position of the point of impact M on &). Formulas (1) and (2) then give: 


V a 
|p2 — pil & — |02 —-01| ~ ~= (6) 
Cc d 


where \ = © is the wavelength of light. Substituting this value into formula (4), we 
Vv 


obtain: 


Anz ~ (7) 
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Ad 
But — is precisely the fringe separation we expect to find on &. If the vertical position 


of the slits F, and F» is defined only to within an uncertainty greater than the fringe 
separation, it is impossible to observe the interference pattern. 

The preceding discussion clearly shows that it is impossible to construct a quantum 
theory that is valid for light and not for material systems without running into serious 
contradictions. Thus, in the above example, if we could treat the plate FY as a classical 
material system, we could invalidate the complementarity of the two aspects of light, 
and, consequently, the quantum theory of radiation. Inversely, a quantum theory of 
matter alone would come up against analogous difficulties. In order to obtain an overall 
coherence, we must apply quantum ideas to all physical systems. 


References and suggestions for further reading: 


Bohm (5.1), Chaps. 5 and 6; Messiah (1.17), Chap. IV § III; Schiff (1.18), 
§ 4; Jammer (5.12), Chaps. 4 and 5; also see reference (5.7). 
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Complement E, 


A simple treatment of a two-dimensional wave packet 








1 Introduction: 455%. %: ae seq ee a ae Re ee ee aa 49 

2 Angular dispersion and lateral dimensions .......... 49 

3 DISCUSSION. si: j604ee45)6: be Seis DE era doe hy Bk Here Pees wens 51 
1. Introduction 


In § C-2 of Chapter I, we studied the shape of one-dimensional wave packets, obtained 
by superposing plane waves which all propagate in the same direction [formula (C-7)]. 
If this direction is that of the Ox axis, the resulting function is independent of y and z. 
It has a finite extension along Oz, but is not limited in the perpendicular directions: its 
value is the same at all points of a plane parallel to yOz. 

We intend to examine here another simple type of wave packets: the plane waves 
which we are going to combine have coplanar wave vectors, which are (nearly) equal in 
magnitude but have slightly different directions. The goal is to show how the angular 
dispersion leads to a limitation of the wave packet in the directions perpendicular to the 
average wave vector. 

We saw in § C-2 of Chapter I how, by studying the superposition of three specific 
waves of the one-dimensional packet, one can understand the most important aspects 
of the phenomena. In particular, this led to the fundamental relation (C-18) of that 
chapter. We are going to limit ourselves here to a simplified model of this type. The 
generalization of the results which we are going to find can be carried out in the same 
way as in Chapter I (see also Complement F'‘). 


2. Angular dispersion and lateral dimensions 


Consider three plane waves, whose wave vectors k,, kz and ks are shown in Figure 1. 
All three are in the xOy plane; kj is directed along Ox; kz and k3 are symmetric with 
respect to ki, the angle between each of them and k, being A6@, which we assume to be 
small. Finally, the projections of k,, kz and ks on Oz are equal: 


kig x kaw = k3x = ky | =k (1) 


The magnitudes of these three vectors differ only by terms which are second order in AQ, 
which we shall neglect. Their components along the Oy axis are: 


kiy = 0 
{ koy = —ksy ~ k AO (2) 


We shall choose, as in § C-2 of Chapter I, real amplitudes g(k) for waves, which satisfy 
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Figure 1: Arrangement of the wave vectors 
ki, kz and kg associated with three plane 
waves that will be superposed to construct a 
two-dimensional wave packet. 








the relations: 
1 
g(k2) = g(ks) = 59(k1) (3) 


This model represents schematically a more complex situation, in which one would 
have a real wave packet, as in equation (C-6) of Chapter I, with the following charac- 
teristics: all the wave vectors are perpendicular to Oz and have the same projection on 
Ox (only the component along Oy varies); the function |g(k)| has, with respect to this 
single variable k,, the shape shown in Figure 2; its width Ak, is related very simply to 
the angular dispersion 2A0: 








Aky = 2kA0 (4) 
; |g(k)| 
ris 
7 > Figure 2: The three values chosen for ky rep- 
Ef ‘ resent very schematically a peaked function 
qa 2S : \g(k)| (dashed line). 
- \ 
Bs 0 Se <4 
—kA@ k AO , 





The superposition of the three waves defined above yields: 


3 


p(a,y) = >— g(k;) e* 


w=1 


= g(ki) Jes +4 eet hare) +4 pois Rany 


= g(k,) e’*” [1 + cos(k Ad y)] (5) 


(there is no z-dependence, which is why this is called a two-dimensional wave packet). In 
order to understand what happens, we can use Figure 3, where we represent, for each of 
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mx 





Figure 3: Equal phase planes of the three waves associated with the three k vectors of 
Figure 1: these waves are in phase at y = 0, but interfere destructively at y = +27/Aky. 








the three components, the successive wave fronts corresponding to phase differences of 27. 
The function |w(, y)| has a maximum at y = 0: the three waves interfere constructively 
on the Ox axis. When we move away from this axis, |¢(x, y)| decreases (the phase shift 





between the components increases) and goes to zero at y = a where Ay is given by: 
A 
cos (i Ae +) =-1 (6) 
that is, for: 
k A@ Ay = 2n (7) 


The phases of the (kz) and (k3) waves are then in opposition with that of the (k,) wave 
(Fig. 3). Using (4), we can rewrite (7) in a form analogous to that of relation (C-11) of 
Chapter I: 


Ay - Ak, = 4n (8) 


Thus an angular dispersion of the wave vectors limits the lateral dimensions of 
the wave packets. Quantitatively, this limitation has the form of an uncertainty relation 
[formulas (7) and (8)]. 


3. Discussion 


Consider a plane wave with wave vector k propagating along Ox. Any attempt to limit its 
extension perpendicular to Ox causes an angular dispersion to appear, that is, transforms 
it into a wave packet analogous to the ones we are studying here. 


dl 
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ae 


Figure 4: When the uncertainty Ay is de- 
creased, the diffraction of the wave by the 
diaphragm increases the uncertainty Ak,. 





Imagine, for example, that we place in the path of the plane wave a screen pierced 


by a slit of width Ay. This will give rise to a diffracted wave (cf. Fig. 4). We know that 
the angular width of the diffraction pattern is given by: 


r 
2 Ad ~2— 
Ay 


(9) 
2 
where A = a 


| is the incident wavelength. This is indeed the same situation as above: 
formulas (7) and (9) are identical. 
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Complement F, 


The relationship between one- and three-dimensional problems 





1 Three-dimensional wave packet ..............6.6. 53 
l-a Simplecasés gig cede Pee hehe eco ee eed 53 
1-b Géneral case”, 2s) a5. 6 oes hd pcg ES ei es 54 
2 Justification of one-dimensional models ............ 56 





The space in which a classical or quantum particle moves is, of course, three-dimensional. 
This is why we wrote the Schrédinger equation (D-1) in Chapter I for a wave function 
w(r) that depends on the three components x, y, z of r. Nevertheless, we have repeatedly 
used in this chapter a one-dimensional model, in which only the x-variable is considered, 
without justifying this model in a very precise way. Therefore, this complement has 
two purposes: first (§ 1), to generalize to three dimensions the results given in § C of 
Chapter I; then (§ 2), to show how one can, in certain cases, rigorously justify the one- 
dimensional model. 


1. Three-dimensional wave packet 


1-a. Simple case 


Let us begin by considering a very simple case, for which the following two hy- 
potheses are satisfied: 

— the wave packet is free [V(r) = 0]; it can therefore be written as in equation (C-6) 
of Chapter I: 


1 : 
W(r,t) = wa J ots eilkr—w(k)t] q3z (1) 


(27) 
— moreover, the function g(k) is of the form: 
g(k) = gi lke) x ga(ky) x ga(kz) (2) 
Recall the expression for w(k) in terms of k: 


hk? h 
w(k) = a= a (he + kj + k2) (3) 


Substitute (2) and (3) into (1). It is possible to separate the three integrations with 
respect to kz, ky and k, to obtain: 


w(x, t) = ~1(2, t) x wo(y, t) x w3(z, t) (4) 
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with: 


L oe L “EW 
vi(z,t) = = | gi(ka) etlke ie dk, 


hk2 
w(ke) = 2m 





and analogous expressions for wo(y,t) and w3(z, t). 

w1(a,t) indeed has the form of a one-dimensional wave packet. In this particular 
case, W(r,t) is thus obtained simply by taking the product (4) of three one-dimensional 
wave packets, each evolving in a totally independent way. 


1-b. General case 


In the general case, where the potential V(r) is arbitrary, formula (1) is no longer 
valid. It is then useful to introduce the three-dimensional Fourier transform g(k,t) of 
the function w(r,t) by writing: 


di : 
V(r, t) = Ons? [ots ek dP (6) 
A priori, the t-dependence of g(k,t), which brings in V(r), is arbitrary. Moreover, there 
is no reason in general why we should be able to express g(k, t) in the form of a product, 
as in (2). In order to generalize the results of § C-2 of Chapter I, we make the following 
hypothesis about its k-dependence: |g(k,t)| is (at a given time ¢) a function that has a 
very pronounced peak for values of k close to kg and takes on a negligible value when 
the tip of k leaves a domain D;, centered at kp and of dimensions Ak,, Aky, Ak,. As 
above, we set: 


g(k, t) = |g(k, t)| ea) (7) 
so that the phase of the wave defined by the vector k can be written: 
&(k,r,t) =a(k,t)+k,-atky-ytk,-z (8) 


We can set forth an argument similar to that of § C-2 of Chapter I. First of all, the 
wave packet attains a maximum when all the waves, for which the tip of k is in Dx, are 
practically in phase, that is, when € varies very little within D,. In general, é(k,r,t) can 
be expanded about ko. Its variation between ko and k is, to first order in 6k = k — ko: 


5&(k, r,t) ~ dky se £02) + dky Es s(k,,0) 


Oke k=ko ky k=ko 
O 
aa okz C( kr, H| (9) 
Ok, m=ty 
that is, more concisely, using (8): 
6€(k, r, t) ~ ok- [Vi E(k, r, =k 
~ 6k: [r+ [Ve a(k, t)] x, | (10) 





1The symbol V designates a “gradient”: by definition, V f(x, y, z) is the vector whose coordinates are 
Of /Ox, Of /Oy, Of /Oz. The index k in V_ means that, as in (9), the differentiations must be performed 
with respect to the variables ky, ky and kz. 
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We see from (10) that the variation of €(k,r,¢) within the domain D,; will be minimal 
for: 


r=ry(t) = —[Ve atk, t)] 1, (11) 


We have seen that, under these conditions, |y(r,t)| is maximum. Relation (11) therefore 
defines the position ry,(t) of the center of the wave packet and constitutes the general- 
ization to three dimensions of equation (C-15) of Chapter I. 

In what domain D,, centered at rjy and of dimensions Ax, Ay, Az, does the wave 
packet (6) take on non-negligible values? |2(r,t)| becomes much smaller than |y(r yy, t)| 
when the various k waves destroy each other by interference, that is, when the variation of 
€(k,r,t) within the domain Dy is of the order of 27 (or roughly, of the order of 1 radian). 
Set dr =r —ry; if (11) is taken into account, relation (10) can be written: 


6&€(k,r,t) ~ 6k- 6r (12) 


The condition 6€(k,r,t) = 1 immediately gives us the relations which exist between the 
dimensions of D, and those of Dx: 


Ax . Ak, 2 1 
Ay . Aky 21 (13) 
Az . Ak, 21 


The Heisenberg relations then follow directly from the relation p = hk: 


Ax . Ap, &h 
Ay . Apy Zh 
Az. Ap, 2h (14) 


These inequalities constitute the generalization to three dimensions of (C-23) of Chap- 
ter I. 

Finally, note that the group velocity Vg of the wave packet can be obtained by 
differentiating (11) with respect to t: 


Ve = [Vi a(k, Neko (15) 


d 

dt 
In the special case of a free wave packet which does not, however, necessarily satisfy (2), 
we have: 


a(k, t) = a(k, 0) — w(k)t (16) 
where w(k) is given by (3). Formula (15) then gives: 


Vo = [Vie wb) kak, = (17) 


which is the generalization of equation (C-31) of Chapter I. 
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2. Justification of one-dimensional models 


When the potential is time-independent, we saw in § D-1 of Chapter I that it is possible 

to separate the time and space variables in the Schrédinger equation. This leads to the 

eigenvalue equation (D-8). We intend to show here how it is possible, in certain cases, 

to extend this method further and to separate as well the x, y, z variables in (D-8). 
Assume that the potential energy V(r) can be written: 


V(r) = Via, y, 2) = Vila) + Voy) + Valz) (18) 
and let us see if there exist solutions of the eigenvalue equation of the form: 


p(x, y,2) = pila) x poly) x va(z) (19) 


An argument analogous to the one set forth in Chapter I (§ D-1-a) shows that this is 
possible if: 


ha? 
5a FT Vi(2)} vil) = Fi vi (2) (20) 
2m da 
and if we have two other similar equations where z is replaced by y (or z), Vi by V2 (or 
V3), and £, by EF, (or E3). In addition, it is also necessary that the relation: 


E=E\+Eo+E3 (21) 


be satisfied. 

Equation (20) is of the same type as (D-8), but in one dimension. The z, y and z 
variables are separated?. 

What happens, for example, if the potential energy V(r) of a particle depends 
only on x? V(r) can then be written in the form (18), where V; = V and V2 = V3 = 0. 
Equations (20) in y and z correspond to the case already studied, in § C-1 of Chapter I, 
of the free particle in one dimension; their solutions are plane waves e**v'Y and e**'7. All 
that remains is to solve equation (20), which amounts to considering a problem in only 
one dimension; nevertheless, the total energy of the particle in three dimensions is now: 


h2 
BE=F,+— ([k4+K 22 
ta [ky + 2 (22) 


The one-dimensional models studied in Chapter I thus actually correspond to a particle 
in three dimensions moving in a potential V(r) that depends only on x. The solutions 
o(y) and y3(z) are then very simple and correspond to particles which are “free along 
Oy” or along Oz. This is why we have concentrated all our attention on the study of the 
x-equation. 





2It can be shown (cf. Chap. II, § F-4-a-@) that, when V(r) has the form (18), all the solutions of 
the eigenvalue equation (D-8) are linear combinations of those we find here. 
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In this complement, we intend to study a particular (one-dimensional) free wave packet, 
for which the function g(k) is Gaussian. The reason why this example is interesting lies 
in the fact that the calculations can be carried out exactly and to the very end. Thus, 
we can first verify, in this special case, the various properties of wave packets which we 
pointed out in § C of Chapter I. We shall then use these properties to study the variation 
in time of the width of this wave packet, which will reveal the phenomenon of spreading 
over time. 


1. Definition of a Gaussian wave packet 


Consider, in a one-dimensional model, a free particle [V(2) = 0] whose wave function at 
time t = 0 is: 


+00 2 / 
w(x,0) = ain eng (ko)? etkt dk (1) 
—co 


tka 


This wave packet is obtained by superposing plane waves e’*” with the coefficients: 


__ va —© (eke)? 
g(k, 0) — (27)3/4 e 4 (2) 


V2r 


which correspond to a Gaussian function centered at k = kp (and multiplied by a numer- 
ical coefficient which normalizes the wave function). This is why the wave packet (1) is 
called Gaussian. 

In the calculations that follow, we shall repeatedly come upon integrals of the type: 





+00 
I(a, 8) = : ee)" ag (3) 


where a and @ are complex numbers [note that, for the integral (3) to converge, we must 
have Re a? > 0]. The method of residues enables us to show that this integral does not 
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depend on £: 

(a, B) = I(a,0) (4) 
and that, when the condition — 7/4 < Arg a < + 7/4 is fulfilled (which is always 
possible if Re a? > 0), I(a,0) is given by: 

1 
(a, 0) = — I(1,0) (5) 
a 


Now all that remains is to evaluate I(1,0), which can be done classically, through a 
double integration in the zOy plane and a change into polar coordinates: 


+00 
1(1,0) -{ e© dé = Ja (6) 


Thus we have: 
+00 
y cH? gg = VE (7) 


with: — 7/4 < Arga<+7/4. 
Let us now calculate 7(x,0). To do this, let us group, in the exponents of (1), the 
k-dependent terms into a perfect square, by writing them in the form: 


a Bas a? Qc]? x 
— 7 (k — ko) + tka = —= RN + tkox — —5 (8) 
We can then use (7), which yields: 
9 \V4 
(2,0) = (=) aed (9) 
Ta 


We find, as could be expected, that the Fourier transform of a Gaussian function is also 
a Gaussian (cf. Appendix I). 
At time t = 0, the probability density of the particle is therefore given by: 


Iy(w,0)|? = 4/2, e-?#*/2” (10) 


Ta? 

The curve representing |w(2,0)|? is the familiar bell-shaped curve. The center of the 
wave packet [the maximum of |7)(a,0)|?] is situated at the point x = 0. This is indeed 
what we could have found if we had applied the general formula (C-16) of Chapter I 
since, in this particular case, the function g(k) is real. 


2. Calculation of Az and Ap; uncertainty relation 


It is convenient, when one is studying a Gaussian function f(x) = e-®’/>” to define its 
width Az by: 
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When 2 varies from 0 to + Az, f(x) is reduced by a factor of 1/\/e. This definition, 
which is, of course, arbitrary, has the advantage of coinciding with that of the “root- 
mean-square deviation” of the x variable (cf. Chap. III, § C-5). 

With this convention, we can calculate the width Az of the wave packet (10), 
which is equal to: 





a 


We can proceed in the same way to calculate the width Ak, since |g(k,0)|? is also a 
Gaussian function. This gives: 


1 


Ak = — 13- 

. (13-a) 
Or: 

h 
A = 1 -b 
fra (13-b) 
Thus we obtain: 
h 
Ax.Ap = = (14) 


2 


a result which is entirely compatible with the Heisenberg relation. 


3. Evolution of the wave packet 


3-a. Calculation of 7)(z, t) 


In order to calculate the wave function w(x,t) at time t, all we need to do is use 
the general formula (C-6) of Chapter I, which gives the wave function of a free particle. 
We obtain: 


+00 2 
a = 22 (Ke . tlka—w 
w(z,t) = aan ew F (k-ko)” gilka—w(k)t] gp. (15) 


with w(k) = hk? /2m (dispersion relation for a free particle). Let us show that, at time t, 
the wave packet still remains Gaussian. Expression (15) can be transformed by grouping, 
as above, all the k-dependent terms in the exponents into a perfect square. We can then 
use (7), and we find: 





7, _ hho] 
2a2\ */4 e’? He om 
= tKOx = a 
p(z,t) = ( 6 ) an242\ 1/4 . ss 9, 2iht oe) 
(« + ) ar + 
m2 
where y is real and independent of zx: 
hk 2ht 
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Let us calculate the probability density |2(a, t)|? of the particle at time t. We obtain: 


2 
2a? (x — hia: 
w(x, t)|? = 4/ SS ees (17) 
: ~ V ma? ' P Ah?t? 








242 
4h*t at + 
mat 5 
+0o 
Let us show that the norm of the wave packet, |ab(x, t)|? da, is not time- 


—oo 
dependent (we shall see in Chapter III that this property results from the fact that the 
Hamiltonian H of the particle is Hermitian). We could, to this end, use (7) again in order 
to integrate expression (17) from — oo to + co. It is quicker to observe from expression 
(15) that the Fourier transform of ~(x, t) is given by: 


g(k, t) =e)" g(k, 0) (18) 


g(k, t) therefore obviously has the same norm as g(k,0). Now the Parseval-Plancherel 
equality [cf relation (45) of Appendix I] tells us that ¢(a,t) and g(k,t) have the same 
norm, as do y(z,0) and g(k,0). From this we deduce that (x,t) has the same norm as 
w(a, 0). 


3-b. Velocity of the wave packet 


We see in (17) that the probability density |y(z, t)|? is a Gaussian function, cen- 
tered at x = Vot, where the velocity Vo is defined by: 


Y= (19) 


We could have expected this result, in view of the general expression (C-32) of 
Chapter I, which gives the group velocity Vg. 


3-c. Spreading of the wave packet 


Let us take up formula (17) again. The width Az(t) of the wave packet at time t, 
from definition (11), is equal to: 


a |. 4h?t? 


We see (cf. Fig. 1) that the evolution of the wave packet is not purely a simple 
displacement at a velocity Vo. The wave packet also undergoes a deformation. When ¢ 
increases from — co to 0, the width of the wave packet decreases, reaching a minimum 
at ¢ = 0. Then, as t continues to increase, A(t) grows without bound (spreading of the 
wave packet). 

It can be seen from (17) that the height of the wave packet also varies, but in 
opposition to the width, so the norm of w(x,t) remains constant. 

The properties of the function g(k,t) are completely different. In fact [cf. formula 


(18)]: 
g(r, t)| = |9(k, 0)| (21) 
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w(x, OP 
—> —> 
a ae, Se as 
t<0 t=0 t>0 


Figure 1: For negative t, the Gaussian wave packet decreases in width as it propagates. 
At time t = 0, it is a “minimum” wave packet: the product Ax. Ap is equal to h/2. Then, 
fort > 0, the wave packet spreads again as it propagates. 





Therefore, the average momentum of the wave packet (Ako) and its momentum dispersion 
(hAk) do not vary in time. We shall see later (cf. Chap. III) that this arises from the 
fact that the momentum is a constant of the motion for a free particle. Physically, it 
is clear that since the free particle encounters no obstacle, the momentum distribution 
cannot change. 

The existence of a momentum dispersion Ap = hAk = h/a means that the velocity 


A 
of the particle is only known to within Av = eee os Imagine a group of classical 
m a 
particles starting at time ¢ = 0 from the point x = 0, with a velocity dispersion equal 
Alt 
to Av. At time t, the dispersion of their positions will be dzq = Av |t| = leh. this 


dispersion increases linearly with t, as shown in Figure 2. Let us draw on the same graph 
the curve which gives the evolution in time of Az(t); when t becomes infinite, Az(t) 
practically coincides with dx. [the branch of the hyperbola which represents Az(t) has 
for its asymptotes the straight lines which correspond to 62. |. Thus, we can say that, 
when t is very large, there exists a quasi-classical interpretation of the width Az. On 
the other hand, when ¢ approaches 0, Ax(t) takes on values which differ more and more 
from 6x. The quantum particle must indeed constantly satisfy the Heisenberg relation 
Az - Ap > h/2 which, since Ap is fixed, imposes a lower limit on Ax. This corresponds 
to what can be seen in Figure 2. 


Comments: 


(i) The spreading of a packet of free waves is a general phenomenon which is not 
limited to the special case studied here. It can be shown that, for an arbitrary free 
wave packet, the variation in time of its width has the shape shown in Figure 2 
(cf. exercise 4 of Complement Lyy1). 


(ii) In Chapter I, a simple argument led us in (C-17) to Av: Ak ~ 1, without making any 
particular hypothesis about g(k). We simply assumed that g(k) has a peak of width Ak 
whose shape is that of Figure 3 of Chapter I (which is indeed the case in this complement). 
Then how did we obtain Ax - Ak >> 1 (for example, for a Gaussian wave packet when t 
is large)? 


Of course, this is only an apparent contradiction. In Chapter I, in order to find 


61 


COMPLEMENT G, @ 








Figure 2: Variation in time of the width Ax of the wave packet of Figure 1. For large t, 
Ax approaches the dispersion 6x, of the positions of a group of classical particles which 
left « =0 at time t=0 with a velocity dispersion Ap/m. 
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Az: Ak ~ 1, we assumed in (C-13) that the argument a(k) of g(k) could be approximated 
by a linear function in the domain Ak. Thus we implicitly assumed a supplementary 
hypothesis: that the nonlinear terms make a negligible contribution to the phase of g(k) 
in the domain Ak. For example, for the terms which are of second order in (k — ko), it 
is necessary that: 


2 
Ak? saa < Qn (22) 
k=ko 


If, on the contrary, the phase a(k) cannot be approximated in the domain Ak by a linear 
function with an error much smaller than 27, we find when we return to the argument 
of Chapter I that the wave packet is larger than was predicted by (C-17). 


In the case of the Gaussian wave packet studied in the present complement, 


i nk? 
we have Ak ~ — and a(k) = a t. Consequently, condition (22) can be written 
a m, 


1\?h 
(<) at < 27. Indeed, we can verify from (20) that, as long as this condition is fulfilled, 
a/ m 


the product Az - Ak is approximately equal to 1. 
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We saw in Chapter I (cf. § D-2) the interest in studying the motion of a particle in a 
“square potential” whose rapid spatial variations for certain values of x introduce purely 
quantum effects. The shape of the wave functions associated with the stationary states 
of the particle was predicted by considering an optical analogy which enabled us to 
understand very simply how these new physical effects appear. 

In this complement, we outline the quantitative calculation of the stationary states 
of the particle. We shall give the results of this calculation for a certain number of simple 
cases, and discuss their physical implications. We limit ourselves to one-dimensional 
models (cf. Complement Fy). 


I: Behavior of a stationary wave function ¢() 


1-a. Regions of constant potential energy 


In the case of a square potential, V(x) is a constant function V(x) = V in certain 
regions of space. In such a region, equation (D-8) of Chapter I can be written: 
a 2m 
qw2 P() + Fa (E -—V) v(x) =0 (1) 
We shall distinguish between several cases: 


(i) E>V 
Let us introduce the positive constant k, defined by 
Hoke 


LoVe (2) 





The solution of equation (1) can then be written: 
v(x) = A eke + A’ e tke (3) 
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where A and A’ are complex constants. 


(ii) E<V 

This condition corresponds to regions of space which would be forbidden to the 
particle by the laws of classical mechanics. In this case, we introduce the positive constant 
p defined by: 


h2 fe 


ais 2m 





(4) 
and the solution of (1) can be written: 

v(x) = Be + Ble? (5) 
where B and B’ are complex constants. 


(itt) E = V. In this special case, y(a) is a linear function of x. 


1-b. Behavior of y(z) at a potential energy discontinuity 


How does the wave function behave at a point z = 21, where the potential V(z) 
is discontinuous? One might expect the wave function v(x) to behave strangely at this 
point, becoming itself discontinuous, for example. The aim of this section is to show that 
this is not the case: y(x) and dy/dz are continuous, and it is only the second derivative 
d?yp/dx? that is discontinuous at x = 21. 


Without giving a rigorous proof, let us try to understand this property. To do this, recall 
that a square potential must be considered (cf. Chap. I, § D-2-a) as the limit, when « —> 0, of 
a potential V.(x) equal to V(x) outside the interval [x1 — ¢,x1 + ¢], and varying continuously 
within this interval. Then consider the equation: 

da? 2m 

Gaz $e (®) + Fa LE — Velz)|ye(x) = 0 (6) 
where V-(x) is assumed to be bounded, independently of ¢, within the interval [x1 — ¢,21 + €]. 
Choose a solution y-(x) which, for x < x1 — ¢, coincides with a given solution of (1). The 
problem is to show that, when « —> 0, y-(x) tends towards a function y(x) which is continuous 
and differentiable at 2 = a1. Let us grant that y.(x) remains bounded', whatever the value of 


€, in the neighborhood of x = x1. Physically, this means that the probability density remains 
finite. Integrating (6) between x1 — 7 and x1 +n, we obtain: 








1 fay 4 9) — SEG, = 9 = 2 Wve) — Bele) ae (7 
dx daz h pests 
At the limit where « —> 0, the function to be integrated on the right-hand side of this expression 
remains bounded, owing to our previous assumption. Consequently, if 7 tends towards zero, the 
integral also tends towards zero, and: 


dy dy 
qa (tit) — Gy (a — 0) as (8) 





Thus, at this limit, dp/dz is continuous at x = x1, and so is y(z) (since it is the integral of a 
continuous function). On the other hand, dy / da? is discontinuous, and, as can be seen directly 





1This point could be proved mathematically from the properties of the differential equation (1). 
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2 
from (1), makes a jump at x = 21, which is equal to i (x1) ov [where oy represents the 


change in V(x) at x = ai]. 


Comment: 


It is essential, in the preceding argument, that V.(2) remain bounded. In certain 
exercises of Complement Ky, for example, the case is considered for which V(x) = 
a 6(x), an unbounded function whose integral remains finite. In this case, y(z) 
remains continuous, but dy/dz does not. 


1-c. Outline of the calculation 


The procedure for determining the stationary states in a “square potential” is 
therefore the following: in all regions where V(x) is constant, write y(x) in whichever 
of the two forms (3) or (5) is applicable; then “match” these functions by requiring the 
continuity of y(x) and of dy/dz at the points where V(z) is discontinuous. 


2. Some simple cases 


Let us now carry out the quantitative calculation of the stationary states, performed ac- 
cording to the method described above, for all the forms of the potential V(x) considered 
in § D-2-c of Chapter I. This will ensure that the form of the solutions is indeed the one 
predicted by the optical analogy. 


2-a. Potential steps 





Figure 1: Potential step. 








Set: 
2nE 
h ky (9) 
2n(E -— \ 
Sak (10) 
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The solution of (1) has the form (3) in the two regions I (x < 0) and II (x > 0): 


yr(a) = Ay ef*® + Ai eth (11) 


pu(x = Ay e’k2t 4! etka 12 
2 


Since equation (1) is homogeneous, the calculation method of § 1-c can only enable 
us to determine the ratios A{/A1, A2/Ai and A$/Aj. In fact, the two matching conditions 
at x = 0 do not suffice for the determination of these three ratios. This is why we shall 
choose AS = 0, which amounts to limiting ourselves to the case of an incident particle 








coming from x = — oo. The matching conditions then give: 
A, k—-k 
ee (13) 
A, k+ke 
A 2k 
2" (14) 
A, k+ke 


y1(x) is the superposition of two waves. The first one (the term in A;) corresponds 
to an incident particle, with momentum p = hk), propagating from left to right. The 
second one (the term in A‘) corresponds to a reflected particle, with momentum — hky, 
propagating in the opposite direction. Since we have chosen AS = 0, yu(x) consists of 
only one wave, which is associated with a transmitted particle. We shall see in Chapter III 
(cf. § D-1-c-8) how it is possible, using the concept of a probability current, to define the 
transmission coefficient T and the reflection coefficient R of the potential step (see also 
§ 2 of Complement By). These coefficients give the probability for the particle, arriving 











from x = — oo, to pass the potential step at « = 0 or to turn back. Thus we find: 
Aur 
=e 1 
R=|\3 (15) 
and, for? T: 
ko | Ao |? 
Ta t\| 16 
Bla (16) 
Taking (13) and (14) into account, we then have: 
Akyk2 
R=1-—_—, 17 
(ky + ky)? ( ) 
Aki ke 
T= —_* 18 
(ky + ky)? ( ) 





?The physical origin of the factor k2/k1, appearing in T is discussed in § 2 of Complement Jr. 
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It is easy to verify that R+T = 1: it is certain that the particle will be either transmitted 
or reflected. Contrary to the predictions of classical mechanics, the incident particle has 
a non-zero probability of turning back. This point was explained in Chapter I, using the 
optical analogy and considering the reflection of a light wave from a plane interface (with 
nm, > nz). Furthermore, we know that in optics, no phase delay is created by such a 
reflection; equations (13) and (14) do indeed show that the ratios A/A; and A2/Aj are 
real. Therefore, the quantum particle is not slowed down by its reflection or transmission 
(cf. Complement Jy, § 2). Finally, using (9), (10) and (18) it is easy to verify that, if 
E > Vo, we have T ~ 1: when the energy of the particle is sufficiently large compared 
to the height of the potential step, the particle clears this step as if it did not exist. 


B. Case where E < Vo; total reflection 
We then replace (10) and (12) by: 


2m(Vo — E) 
( a ae (19) 
yu(2) = By ef?* + Bs e P2% (20) 
For the solution to remain bounded when z —>+ +cx, it is necessary that: 
Bz =0 (21) 
The matching conditions at 2 = 0 yield in this case: 
; es 
Ay _ ea (22) 
Aj ky + tp2 
; 2k 
Pi oe (23) 
Aj ky + tp2 
The reflection coefficient R is then equal to: 
12 niece 
ra-|4i| = poe _1 (24) 
Aj ky + ip 








As in classical mechanics, the particle is always reflected (total reflection). Nevertheless, 
there is an important difference, which has already been pointed out in Chapter I. Because 
of the existence of the evanescent wave e 2", the particle has a non-zero probability 
of presence in the region of space which, classically, would be forbidden to it. This 
probability decreases exponentially with « and becomes negligible when x is greater 
than the “range” 1/p2 of the evanescent wave. Note also that the coefficient Aj /A, is 
complex. A certain phase shift appears upon reflection, which, physically, is due to the 
fact that the particle is delayed when it penetrates the x > 0 region (cf. Complement Jy, 
§ 1 and also By, § 3). This phase shift is analogous to the one that appears when light 
is reflected from a metallic type of substance; however, there is no analogue in classical 
mechanics. 
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Comment: 


When Vo —> +00, p2 —+ +00, so that (22) and (23) yield: 
At — —Aj 
a — 0 (25) 


In the x > 0 region, the wave, whose range decreases without bound, tends towards 
zero. Since (A; + A) —> 0, the wave function y(x) goes to zero at x = 0, so 
that it remains continuous at this point. On the other hand, its derivative, which 
changes abruptly from the value 2ikA, to zero, is no longer continuous. This is 
due to the fact that since the potential jump is infinite at z = 0, the integral of 
(7) no longer tends towards zero when 7 tends towards 0. 


2-b. Potential barriers 





@ Figure 2: Square potential barrier. 








a. Case where E > Vo; resonances® 


Using notations (9) and (10), we find, in the three regions I (x < 0), II (0 < « <1) 
and III (x > 1) shown in Fig. 2: 





gr(z) = A; e* 4 Al emit (26-a) 
yu(x) = A e?* + Ale *2# (26-b) 
vur(x) cs A3 eke 4 A e7 thie (26-c) 

Let us choose, as above, A; = 0 (incident particle coming from x = — oo). The 


matching conditions at x = 1 then give Ag and A‘ in terms of As, and those at x = 0 
give A, and Aj in terms of Ay and Aj (and, consequently, in terms of As). Thus we find: 








k? + ke . 
A, = |cos kyl —71 skh sin kyl eval A3 
k3 — ki . 
Al =i Dhke sin kal e’*1! Ag (27) 





3Vo can be either positive (the case of a potential barrier like the one shown in Figure 2) or negative 
(a potential well). 
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4E(E — Vo) 
4E(E — Vo) + Vo 
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Figure 3: Variations of the transmission coefficient T of the barrier as a function of its 
width (the height Vo of the barrier and the energy E of the particle are fixed). Resonances 
appear each time that | is an integral multiple of the half-wavelength m/k2, in region II. 





Aj /A,; and A3/A, enable us to calculate the reflection coefficient R and the transmission 
coefficient T of the barrier: 











Ail (k2 — k2)? sin? kol 

R=|7 | = 2 ae 7 2)2 gina (28-a) 
Aj Aky kp ie (k7 = kg) sin kal 
Hele 4k? k2 

T= = 28-b 
2 4k2k2 + (k? — k2)? sin? kal eee) 








It is then easy to verify that R+T = 1. Taking (9) and (10) into account, we have: 


4E(E — Vo) 


AE(E — Vo) + V2 sin? | V2m(E Vo) 1/h] 





T= (29) 


The variations with respect to | of the transmission coefficient T are shown in 
Figure 3 (with E and Vo fixed): T oscillates periodically between its minimum value, 


2 -1 
c + mE , and its maximum value, which is 1. This function is the analogue 
of the one describing the transmission of a Fabry-Perot interferometer. As in optics, the 
resonances (obtained when T = 1, that is, when kl = nz) correspond to the values of 
l which are integral multiples of the half-wavelength of the particle in region I. When 
E > Vo, the reflection of the particle at each of the potential discontinuities occurs 
without a phase shift of the wave function (cf. § 2-a-a). This is why the resonance 
condition k2l = nm corresponds to the values of | for which a system of standing waves 
can exist in region II. On the other hand, far from the resonances, the various waves which 
are reflected at x = 0 and x = / destroy each other by interference, so that the values 
of the wave function are small. A study of the propagation of a wave packet (analogous 
to the one in Complement Jr) would show that, if the resonance condition is satisfied, 
the wave packet spends a relatively long time in region II. In quantum mechanics this 
phenomenon is called resonance scattering. 
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B. Case where E < Vo; tunnel effect 


We must now replace (26-b) by (20), 2 still being given by (19). The matching 
conditions at x = 0 and x = / enable us to calculate the transmission coefficient of the 
barrier. In fact, it is unnecessary to perform the calculations again: all we must do is 
replace, in the equations obtained in § a, the wave vector ky by — ip2. We then have: 


2 








pr. |43 a 4E(W — E) (30) 
Atl 4B(Vo — E) + V2 sinh? | V2m(Va —E) i/h| 
with, of course, R= 1—T. When p2l > 1, we have: 
1 a 
Ts aie’) #) e Zeal (31) 
Vo 


We have already seen in Chapter I why, contrary to the classical predictions, the particle 
has a non-zero probability of crossing the potential barrier. The wave function in region IT 
is not zero, but has the behavior of an “evanescent wave” of range 1/p2. When 1 < 1/pe, 
the particle has a considerable probability of crossing the barrier by the “tunnel effect”. 
This effect has numerous physical applications: the inversion of the ammonia molecule 
(cf. Complement Gry), the tunnel diode, the Josephson effect, the a-decay of certain 
nuclei, etc... 


For an electron, the range of the evanescent wave is: 


1 1.96 = 
ae ean = 
where £ and VY are expressed in electron-volts (this formula is easily obtained by replacing, in 
formula (8) of Complement Ar, A = 27/k by 27/p2). Now consider an electron of energy 1 eV 
which encounters a barrier for which Vo = 2 eV and! =1 A. The range of the evanescent wave 
is then 1.96 A, that is, of the order of I: the electron must then have a considerable probability 
of crossing the barrier. Indeed, formula (30) gives in this case: 


T ~ 0.78 (33) 


The quantum result is radically different from the classical result: the electron has approximately 
8 chances out of 10 of crossing the barrier. 

Let us now assume that the incident particle is a proton (whose mass is about 1 840 times 
that of the electron). The range 1/p2 then becomes: 


(=) x 1.96 Bagg, oO TE (34) 
pz],  /1 840(Vo — E) VVo — E 





If we retain the same values: E = 1 eV, Vo = 2 eV, 1=1 As we find a range 1/p2, much smaller 
than J. Formula (31) then gives: 


T~4x10° (35) 


Under these conditions, the probability of the proton’s crossing the potential barrier is negligible. 
This is all the more true if we apply (31) to macroscopic objects, for which we find such small 
probabilities that they cannot possibly play any role in physical phenomena. 
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2-c. Bound states: square well potential 


Q. Well of finite depth 


V(x) 





Figure 4: Square well potential. 





We shall limit ourselves to studying the case — Vo < E < 0 (the case FE > 0 was 


included in the calculations of the preceding section 2-b-a@). 


In regions I (« <- <), II (- Se ee *), and ITI (« > =) shown in Fig. 4, we 


2 an 


have respectively: 
yi(z) = Bye’? + Bie’ 
yu(2) = A» eikx 1 Ab e tke 


yu(2) = Bz ef + BS eee 








with 
2mE 
p= — he 
ao 2m(E+ Vo) 
=A 
Since y(x) must be bounded in region I, we must have: 

By =0 

The matching conditions at « = -5 then give: 


. + ik 
Ao = ep tik)a/2 P B 
=e Qik 
—ik 
Ab = — en (etik)a/2 p—?t B 
; Dik 


2 1 


and those at « = a/2: 


(36-a) 
(36-b) 
(36-c) 


(37) 


(38) 


(39) 


(40) 
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Bz _ e ika : —ika 

By = dikp (Oth — (p — ik)? e~*] 
, 2 2 

zs = sin ka (41) 
1 p 


But v(x) must also be bounded in region III. Therefore, it is necessary that Bs = 0, 
that is: 


p—tk F 2ika 
ere (42) 
ptt 





Since p and k depend on E, equation (42) can only be satisfied for certain values 
of E. Imposing a bound on y(z) in all regions of space thus entails the quantization of 
energy. More precisely, two cases are possible: 


(4) if: 


pa tk _ 





ptik i (43) 
we have: 

r = tan (=) (44) 
Set: 





2mVv 
hee s a ae) (45) 


We then obtain: 


1 ka k2 +p? ke \? 
CO 1 2 — => — 4 
cos? ($) a 2 k? k ” 
2 


Equation (43) is thus equivalent to the system of equations: 


ka k 
cos (F) — io (47a) 


tan (=) >0 (47b) 








The energy levels are determined by the intersection of a straight line, having a slope 1/ko, 
with sinusoidal arcs (long dashed lines in Figure 5). Thus we obtain a certain number 
of energy levels, whose wave functions are even. This becomes clear if we substitute 
(43) into (40) and (41); it is easy to verify that BS = By and that Ap = Ad, so that 
y(—2) = 9(2). 
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>k 





ma 2nla 3n/a 4nla ky Sta 


Figure 5: Graphic solution of equation (42), giving the energies of the bound states of a 
particle in a square well potential. In the case shown in the figure, there exist five bound 
states, three even (associated with the points P of the figure), and two odd (points I). 








(ai) if: 
p— tk tka 
= 48 
ak =) 


a calculation of the same type leads to: 


k k 
sin (=) aa (49a) 





tan (F) <0 (49b) 


The energy levels are then determined by the intersection of the same straight line as 
before with other sinusoidal arcs (cf. short dashed lines in Figure 5). The levels thus 
obtained fall between those found in (7). It can easily be shown that the corresponding 
wave functions are odd. 


Comment: 
7 en 
If ko < —, that is, if: 
a 


mh? 


Vv <VU= > 
0 1 2maz 


(50) 
Figure 5 shows that there exists only one bound state of the particle, and this state has 
an even wave function. Then, if Vi < Vo < 4M, a first odd level appears, and so on: when 
Vo increases, there appear alternatively even and odd levels. If Vo >> Vi, the slope 1/ko 
of the straight line of Figure 5 is very small: for the lowest energy levels, we practically 
have: 


k= 
a 


where n is an integer, and consequently: 


2 272 
pe EE ey (52) 
2ma2 
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B. Infinitely deep well 


Assume V(x) to be zero for 0 < x < a and infinite everywhere else. Set: 


he (53) 


According to the comment made at the end of § 2-a-8 of this complement, (x) must be 
zero outside the interval [0,a], and continuous at x = 0, as well as at x = a. Now for 
O<a2a<a: 


p(x) = Atk? + A’ e the (54) 
Since y(0) = 0, it can be deduced that A’ = — A, which leads to: 
p(x) = 2iA sin ka (55) 


Moreover, y(a) = 0, so that: 
bse (56) 


a 


where n is an arbitrary positive integer. If we normalize function (55), taking (56) into 
account, we then obtain the stationary wave functions: 


Yn(x) = i[2sin () (57) 


with energies: 


2 2 72 
Pie (58) 


2ma2 


The quantization of the energy levels is thus, in this case, particularly simple. 


Comments: 


(z) Relation (56) simply expresses the fact that the stationary states are determined 
by the condition that the width a of the well must contain an integral number of 
half-wavelengths, 7/k. This is not the case when the well has a finite depth (cf. 
§ 2-c-a); the difference between the two cases arises from the phase shift of the 
wave function that occurs upon reflection from a potential step (cf. § 2-a-@). 

(i) It can easily be verified from (51) and (52) that, if the depth Vo of a finite well 
approaches infinity, we find the energy levels of an infinite well. 


References and suggestions for further reading: 


Eisberg and Resnick (1.3), Chap. 6; Ayant and Belorizky (1.10), Chap. 4; 
Messiah (1.17), Chap. II; Merzbacher (1.16), Chap. 6; Valentin (16.1), annex V. 
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Complement J; 


Behavior of a wave packet at a potential step 





1 Total reflection: E< Vo... 2... ee ee ee ee te ee ee 75 
2 Partial reflection: E>Vo . 1... 2 eee ee te ee ee ee 79 





In Complement Hy, we determined the stationary states of a particle in various 
“square” potentials. For certain cases (a step potential, for example), the stationary 
states obtained consist of unbounded plane waves (incident, reflected and transmitted). 
Of course, since they cannot be normalized, such wave functions cannot really represent a 
physical state of the particle. However, they can be linearly superposed to form normal- 
izable wave packets. Moreover, since such a wave packet is expanded directly in terms 
of stationary wave functions, its time evolution is very simple to determine. All we need 
to do is multiply each of the coefficients of the expansion by an imaginary exponential 


EB 
e?#t/P with a well-defined frequency z (chap. I, § D-1-b). 
1 


We intend, in this complement, to construct such wave packets and study their time 
evolution for the case where the potential presents a “step” of height Vo, as in Figure 1 of 
Complement Hy. In this way, we shall be able to describe precisely the quantum behavior 
of the particle when it arrives at the potential step by determining the motion and the 
deformation of its associated wave packet. This will also enable us to confirm various 
results obtained in H; through the study of the stationary states alone (reflection and 
transmission coefficients, delay upon reflection, etc...). 

We shall set: 


2mnV 
Ve = Ko (1) 


and, as in Complement Hy, we shall distinguish between two cases, corresponding to k 
smaller or greater than Ko. 





1. Total reflection: E < Vo 


In this case, the stationary wave functions are given by formulas (11) and (20) of Com- 
plement Hy (k, will be simply called k here), the coefficients A;, Ai, Bo and Bé of these 
formulas being related by equations (21), (22) and (23) of Hy. 

We are going to construct a wave packet from these stationary wave functions 
by linearly superposing them. We shall choose only values of & less than Ko, so that 
the waves forming the packet undergo total reflection. To ensure this, we shall choose 
a function g(k) (which characterizes the wave packet) which is zero for k > Ko. We 
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are going to focus our attention on the negative region of the x-axis, to the left of the 
potential barrier. In Complement Hy, relation (22) shows that the coefficients A; and Aj 
of expression (11) for a stationary wave in this region have the same modulus. Therefore, 
we can set: 
Ay(R) 200 ©) 
Ai(k) 


with [cf. formula (19) of Hy]: 


tan 9(k) = VB (3) 


Finally, the wave packet which we are going to consider can be written, at time t = 0, 
for negative x: 


1 Ko . 
W(@,0) =e fab gf h)[e** +e Me (4) 


As in § C of Chapter I, we assume that |g(k)| has a pronounced peak of width Ak about 
the value k = ko < Ko. 

In order to obtain the expression for the wave function 7)(z,t) at any time t, we 
simply use the general relation (D-14) of Chapter I: 


LS i[ka—w(k)t] 
= dk g(k) etlke-# 
we) Tal a{k) 


Lge ~ifka+w(k)t+20(k)] 

+ | dk 9(k) € (5) 
where w(k) = hk?/2m. By construction, this expression is valid only for negative x. Its 
first term represents the incident wave packet; its second term, the reflected packet. For 
simplicity, we shall assume g(k) to be real. The stationary phase condition (cf. Chap. I, 
§ C-2) then enables us to calculate the position x; of the center of the incident wave 
packet. If, at k = ko, we set the derivative with respect to k of the argument of the first 
exponential equal to zero, we obtain: 


dw hko 
=¢|— =—“} 6 
i ‘lel. my 6) 


In the same way, the position x, of the center of the reflected packet is obtained by 
differentiating the argument of the second exponential. Differentiating equation (3), we 
find: 


K2—B 
k2 


dk dk 
= \/K2 — k? 7 
as JK — k ) 
that is: 


oe ae 


eee (8) 


[1 + tan? 6] do = t+ |< 
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Thus we have: 


dw do hko , 2 


ee | = _—— 9 
dk melee m  ./K2 —k2 " 


Formulas (6) and (9) enable us to describe more precisely the motion of the particle, 
localized in a region of small width Az centered at x; or x;. 

First of all, let us consider what happens for negative t. The center x; of the 
incident wave packet propagates from left to right with a constant velocity hko/m. On 
the other hand, we see from formula (9) that x, is positive, that is, situated outside the 
region x < 0 where expression (5) for the wave function is valid. This means that, for all 
negative values of x, the various waves of the second term of (5) interfere destructively: 
for negative t, there is no reflected wave packet, but only an incident wave packet like 
those we studied in § C of Chapter I. 

The center of the incident wave packet arrives at the barrier at time t = 0. During 
a certain interval of time around t = 0, the wave packet is localized in the region x ~ 0 
where the barrier is, and its form is relatively complicated. But, when t is sufficiently 
large, we see from (6) and (9) that it is the incident wave packet which has disappeared, 
and we are left with only the reflected wave packet. It is now 2x; which is positive, 
while x, has become negative: the waves of the incident packet interfere destructively 
for all negative values of x, while those of the reflected packet interfere constructively 
for x = x, < 0. The reflected wave packet propagates towards the left at a speed of 
— hko/m, opposite to that of the incident packet, whose mirror image it is; its form is 
unchanged!. Moreover, formula (9) shows that the reflection has introduced a delay 7, 
given by: 





set oo es 2m (10) 
dw/dk |,  hko./K2 — k2 
Contrary to what is predicted by classical mechanics, the particle is not instantaneously 
reflected. Note that the delay 7 is related to the phase shift 26(k) between the incident 
wave and the reflected wave for a given value of k. Nevertheless, it should be observed that 
the delay of the wave packet is not simply proportional to (ko), as would be the case for 
an unbounded plane wave, but to the derivative d6/dk evaluated at k = ko. Physically, 
this delay is due to the fact that, for t close to zero, the probability of presence of the 
particle in the region x > 0, which is classically forbidden, is not zero [evanescent wave, 
see comment (7) below]. It can be said, metaphorically, that the particle spends a time 


of the order of 7 in this region before retracing its steps. Formula (10) shows that the 
21.2 


closer the average energy 5 © of the wave packet is to the height Vo of the barrier, the 
m 





longer the delay 7. 


Comments: 


(i) Here we have focussed on the behavior of the wave packet for x < 0, but it is also 
possible to study what happens for x > 0. In this region, the wave packet can be written: 





lWe assume Ak to be small enough for the spreading of the wave packet to be negligible during the 
time interval considered. 
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Ko 
Wes) = He fae g(t) BE(R eMC (11) 
™ Jo 


where: 


p(k) = (KR -# (12) 


B3(k) is given by equation (23) of Complement H; when we replace Ai by 1, ki by 
k and p2 by p. An argument analogous to the one in § C-2 of Chapter I then shows 
that the modulus |7)(z, t)| of expression (11) is maximum when the phase of the function 
to be integrated over k is stationary. Now, according to expressions (22) and (23) of 
Hy, the argument of Bs is half that of A{, which, according to (2), is equal to — 20(k). 
Consequently, if we expand w(k) and 6(k) in the neighborhood of k = ko, we obtain, for 
the phase of the function to be integrated over k in (11): 


- = de Fal a Cae 7 =e (¢ Z =) (13) 


[we have used (10) and the fact that g(k) is assumed real]. From this we can deduce 
that |(a,t)| is maximum in the « > 0 region for? t = The time at which the wave 


packet turns back is therefore + /2, which gives us the same delay 7 upon reflection that 


we obtained above. We also see from expression (13) that, as soon as |t — 5 exceeds the 








time At defined by: 


BR Ap Ay nod (14) 
m 


where Ak is the width of g(k), the waves go out of phase and expression (11) for |w(z, t)| 
becomes negligible. Thus, the wave packet as a whole remains in the x > 0 region during 
an interval of time At of the order of: 


_ 1/Ak 
_ hko/m 





At (15) 


which corresponds approximately to the time it takes, in the x < 0 region, to travel a 
distance comparable to its width 1/Ak. 


(it) Since Ak is assumed to be much smaller than ko and Ko, the comparison of (10) and 
(15) shows that: 


At> 7 (16) 


The delay upon reflection thus involves, for the reflected wave packet, a displacement 
which is much smaller than its width. 





2Note that the phase (13) does not depend on x, contrary to what we found in Chapter I for a free 
wave packet. It follows that, in the x > 0 region, |~(z,t)| does not have a pronounced peak that moves 
with respect to time. 
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2. Partial reflection: E > Vo 


We now consider a function g(k) of width Ak, centered at a value k = ko > Ko, which 
is zero for k < Ko. The wave packet is formed in this case by superposing, with coeffi- 
cients g(k), the stationary wave functions whose expressions are given by formulas (11) 
and (12) of Complement Hy. We shall choose AS = 0 so as to have the particle arrive 
at the barrier from the negative region of the Ox axis, and we shall take A; = 1. The 
coefficients A{(k) and A2(k) are obtained from formulas (13) and (14) of Complement Hy 
(in which A, is replaced by 1, ki by k, and kz by \/k? — K@). 


In order to describe the wave packet by a single expression, valid for all values of x, we 
can use the Heaviside “step function” 0(x) defined by: 


A(x) =0 ifa <0 
W(x) =1 ifa>0 (17) 


The wave packet we are studying can then be written: 


dk etlka—w(k)t] 
v(a,t) = *) ae =f glk 


dk kK) Ai (k —i[ka+w(k)t] 
conf Beers 


7 woz dk g(k)Ag(k) el VP—KG 2-w(h)4) (18) 





It is composed of three wave packets: incident, reflected and transmitted. As in 
§ 1 above, the stationary phase condition gives the position of their respective centers 
Xj, L, and xz. Since A{(k) and Ao(k) are real, we find: 


Li Ako (19-a) 
m 
pea (19-b) 
m 
h 2 = 2 
ry = BVO ng (19-c) 


m 


A discussion analogous to that of (6) and (9) leads to the following conclusions: for 
negative t, only the incident wave packet exists; for sufficiently large positive t, only the 
reflected and transmitted wave packets exist (Fig. 1). Note that there is no delay, either 
upon reflection or upon transmission (this is due to the fact that the coefficients Aj (k) 
and A2(k) are real). 

The incident and reflected wave packets propagate with velocities of iko/m and 


—hko/m respectively. Let us assume Ak to be sufficiently small that, within the interval 


ko — oe ,ko + oe , we can neglect the variation of A}(k) compared to that of g(k). 


We can eh in the second term of (18), replace Aj(k) by A{(ko) and take it outside 
the integral. It is then easy to see that the reflected wave packet has the same form 
as the incident wave packet, being its mirror image. Its amplitude is smaller, however, 
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V(x) 
a 
0 x 
woo? 
—_> 
b 
woo? 
c 
0 ne 
wwoP » 
ie d 
we es 





Figure 1: Behavior of a wave packet at a potential step, in the case E > Vo. The potential 
is shown in figure a. In figure b, the wave packet is moving towards the step. Figure c 
shows the wave packet during the transitory period in which it splits in two. Interference 
between the incident and reflected waves are responsible for the oscillations of the wave 
packet in the x <0 region. After a certain time (fig. d), we find two wave packets. The 
first one (the reflected wave packet) is returning towards the left; its amplitude is smaller 
than that of the incident wave packet, and its width is the same. The second one (the 
transmitted wave packet) propagates towards the right; its amplitude is slightly greater 
than that of the incident wave packet, but it is narrower. 





since, according to formula (13) of Complement Hy, A‘ (ko) is less than 1. The reflection 
coefficient R is, by definition, the ratio between the probabilities of finding the particle in 
the reflected wave packet and in the incident packet. Therefore, we have R = |A{(ko)|?, 
which indeed corresponds to equation (15) of Complement Hy [recall that we have chosen 
Ai(ko) = 1. 

The situation is different for the transmitted wave packet. We can still use the fact 
that Ak is very small in order to simplify its expression: we replace A2(k) by Ao(ko), 
and \/k? — K@ by the approximation: 


d ins, 2 
[Pa Haw JB 1 + (bby) ae 


k 
~ got (k — ko) — (20) 
qo 


k=ko 
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with: 


go = \/ke — Kb (21) 


The transmitted wave packet can then be written: 


wilt) = Aalha)om*™ A [ak fk) een (22) 
V20 Ji 
Let us compare this expression to the one for the incident wave packet: 
vbs(a,t) = o?@ | a g(k) ete hole w(a 4 (23) 
Van JK 
We see that: 
jie(e,t)] = Aatbo) | vs( a, ¢) (24) 





The transmitted wave packet thus has a slightly greater amplitude than that of the 
incident packet: according to formula (14) of Complement Hy, A2(ko) is greater than 1. 
However, its width is smaller, since, if |¢);(z,t)| has a width Az, formula (24) shows that 
the width of |y,(2, t)| is: 


qo 
(Az); = a (25) 


The transmission coefficient (the ratio between the probabilities of finding the particle 
in the transmitted packet and in the incident packet) is thus the product of two factors: 


T = 2 |Aa(ko)? (26) 
0 


This indeed corresponds to formula (16) of Complement Hy, since A;(ko) = 1. Finally, 
note that, taking into account the contraction of the transmitted wave packet along the 
Ox axis, we can find its velocity: 


_ ko . qo _ Figo 


Vi 
: m ko m 


(27) 


References and suggestions for further reading: 


Schiff (1.18), Chap. 5, Figs. 16, 17, 18, 19; Eisberg and Resnick (1.3), § 6-3, 
Fig. 6-8; also see reference (1.32). 
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Complement K, 
Exercises 


1. A beam of neutrons of mass M,, (M,, ~ 167 107?" kg), of constant velocity and 
energy £L, is incident on a linear chain of atomic nuclei, arranged in a regular fashion as 
shown in the figure (these nuclei could be, for example, those of a long linear molecule). 
We call J the distance between two consecutive nuclei, and d, their size (d « 1). A 
neutron detector D is placed far away, in a direction which makes an angle of 8 with the 
direction of the incident neutrons. 


ie eet 
O 





O00 


a) Describe qualitatively the phenomena observed at D when the energy EF of the 
incident neutrons is varied. 

b) The counting rate, as a function of £, presents a resonance about EF = Fy. 
Knowing that there are no other resonances for E < E,, show that one can determine I. 
Calculate | for 6 = 30° and FE, = 13 10~?° joule. 

c) At about what value of E must we begin to take the finite size of the nuclei into 
account? 


2. Bound state of a particle in a “delta function potential” 


Consider a particle whose Hamiltonian H [operator defined by formula (D-10) of 
Chapter J] is: 


ie de 


2m dx? 


H= —a6(x) 
where a is a positive constant whose dimensions are to be found. 

a) Integrate the eigenvalue equation of H between —¢ and + «. Letting ¢ approach 
0, show that the derivative of the eigenfunction v(x) presents a discontinuity at x = 0 
and determine it in terms of a, m and y(0). 

b) Assume that the energy E of the particle is negative (bound state). v(x) can 
then be written: 


xr<0O g(r) =A, e+ Aj e ”* 
x>0 g(x) = Age’ + Abe ?* 





Express the constant pin terms of F and m. Using the results of the preceding question, 
calculate the matrix M defined by: 


(5) -™ (4) 
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Then, using the condition that y(x) must be square-integrable, find the possible values 
of the energy. Calculate the corresponding normalized wave functions. 

c) Plot these wave functions on a graph. Give an order of magnitude for their 
width Az. 

d) What is the probability dA(p) that a measurement of the momentum of the 
particle in one of the normalized stationary states calculated above will give a result 
included between p and p+ dp? For what value of p is this probability maximum? In 
what domain, of dimension Ap, does it take on non-negligible values? Give an order of 
magnitude for the product Az - Ap. 


3. Transmission of a “delta function” potential barrier 


Consider a particle placed in the same potential as in the preceding exercise. The 
particle is now propagating from left to right along the Ox axis, with a positive energy 
E. 

a) Show that a stationary state of the particle can be written: 


if 2<0 g(x) =e + Ae te 
if «¢>0 g(x) =Bet* 


where k, A and B are constants which are to be calculated in terms of the energy E, of 
d 
m and of a (watch out for the discontinuity in 7 at x =0). 
x 


b) Set — Ez, = —ma?/2h? (bound state energy of the particle). Calculate, in 
terms of the dimensionless parameter E/E ,, the reflection coefficient R and the trans- 
mission coefficient T of the barrier. Study their variations with respect to E; what 
happens when EF —+ co? How can this be interpreted? Show that, if the expression of T 
is extended for negative values of E, it diverges when EF —> — Fy, and discuss this result. 


4. Return to exercise 2, using this time the Fourier transform. 


a) Write the eigenvalue equation of H and the Fourier transform of this equation. 
Deduce directly from this the expression for G(p), the Fourier transform of y(x), in terms 
of p, FE, wand y(0). Then show that only one value of EF, a negative one, is possible. 
Only the bound state of the particle, and not the ones in which it propagates, is found 
by this method; why? Then calculate y(x) and show that one can find in this way all 
the results of exercise 2. 

b) The average kinetic energy of the particle can be written (cf. Chap. III): 


1 ss 2 j= 2 
Eee p’ |P(p)|" dp 
m —co 


Show that, when G(p) is a “sufficiently smooth” function, we also have: 


h2 +00 d2 
Ey = y* (x) oat ay 


2m Joo dx? 
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These formulas enable us to obtain, in two different ways, the energy EF, for a particle 
in the bound state calculated in a). What result is obtained? Note that, in this case, 
v(x) is not “regular” at x = 0, where its derivative is discontinuous. It is then necessary 
to differentiate y(z) in the sense of distributions, which introduces a contribution of the 
point x = 0 to the average value we are looking for. Interpret this contribution physically: 
consider a square well, centered at x = 0, whose width a approaches 0 and whose depth 
Vo approaches infinity (so that aVo = a), and study the behavior of the wave function in 
this well. 


5. Well consisting of two delta functions 


Consider a particle of mass m whose potential energy is 
V(x) = —a d(x) — a d(a — 1) a>0o0 


where / is a constant length. 
2,2 


a) Calculate the bound states of the particle, setting EF = — 5 e 
m 





. Show that the 


possible energies are given by the relation 


2 
e Ph = + (1 — “2: 
Lb 
2m 


where yz is defined by p = a Give a graphic solution of this equation. 


(1) Ground state. Show that this state is even (invariant with respect to reflection 
about the point x = 1/2), and that its energy Eg is less than the energy — Ey, introduced 
in problem 3. Interpret this result physically. Represent graphically the corresponding 
wave function. 

(ii) Excited state. Show that, when / is greater than a value to be specified, there 
exists an odd excited state, of energy Ey greater than — E,. Find the corresponding 
wave function. 

(iit) Explain how the preceding calculations enable us to construct a model which 
represents an ionized diatomic molecule (Hz, for example) whose nuclei are separated 
by a distance 1. How do the energies of the two levels vary with respect to 1? What 
happens at the limit where 1 —> 0 and at the limit where | —> oo? If the repulsion of 
the two nuclei is taken into account, what is the total energy of the system? Show that 
the curve that gives the variation with respect to | of the energies thus obtained enables 
us to predict in certain cases the existence of bound states of Ht, and to determine 
the value of J at equilibrium. The calculation provides a very elementary model of the 
chemical bond. 

b) Calculate the reflection and transmission coefficients of the system of two delta 
function barriers. Study their variations with respect to /. Do the resonances thus ob- 
tained occur when / is an integral multiple of the de Broglie wavelength of the particle? 
Why? 
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6. Consider a square well potential of width a and depth Vo (in this exercise, we shall 
use systematically the notation of § 2-c-a~ of Complement Hy). We intend to study the 
properties of the bound state of a particle in this well when its width a approaches zero. 

a) Show that there indeed exists only one bound state and calculate its energy F 
mVea" 


we find BF oa 


, that is, an energy which varies with the square of the area aVo 


of the well }. 


b) Show that p —> 0 and that Ay = AS ~ B,/2. Deduce from this that, in the 
bound state, the probability of finding the particle outside the well approaches 1. 

c) How can the preceding considerations be applied to a particle placed, as in ex- 
ercise 2, in the potential V(x) = — a d(x)? 


7. Consider a particle placed in the potential 


V(z)=0 if x>a 
V(iz7)=-VW if O<a2<a, 


with V() infinite for negative x. Let y(a) be a wave function associated with a station- 
ary state of the particle. Show that y(a) can be extended to give an odd wave function 
which corresponds to a stationary state for a square well of width 2a and depth Vo (cf. 
Complement Hy, § 2-c-a). Discuss, with respect to a and Vo, the number of bound states 
of the particle. Is there always at least one such state, as for the symmetric square well? 


8. Consider, in a two-dimensional problem, the oblique reflection of a particle from a 
potential step defined by: 


V(z,y)=0 ifa<0 

V(z,y)=Vo ifa>0 
Study the motion of the center of the wave packet. In the case of total reflection, interpret 
physically the differences between the trajectory of this center and the classical trajectory 


(lateral shift upon reflection). Show that, when Vo —> + oo, the quantum trajectory 
becomes asymptotic to the classical trajectory. 
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CHAPTER II THE MATHEMATICAL TOOLS OF QUANTUM MECHANICS 





This chapter is intended to be a general survey of the basic mathematical tools 
used in quantum mechanics. We shall give a simple condensed presentation aimed at 
facilitating the study of subsequent chapters for readers unfamiliar with these tools. We 
make no attempt to be mathematically complete or rigorous. We feel it preferable to limit 
ourselves to a practical point of view, uniting in a single chapter the various concepts 
useful in quantum mechanics. In particular, we wish to stress the convenience of the 
Dirac notation for carrying out the various calculations to be performed. 

In this spirit, we shall try to simplify the discussion as much as possible. Neither 
the general definitions nor the rigorous proofs which would be required by a mathemati- 
cian are to be found here. For example, we shall sometimes speak of infinite-dimensional 
spaces and reason as if they had a finite number of dimensions. Moreover, many terms 
(square-integrable function, basis, etc...) will be employed with a meaning which, al- 
though commonly used in physics, is not exactly the one used in pure mathematics. 

We begin in § A by studying the wave functions introduced in Chapter I. We 
show that these wave functions belong to an abstract vector space, which we call the 
“wave function space #”. This study will be carried out in detail as it introduces some 
basic concepts of the mathematical formalism of quantum mechanics: scalar products, 
linear operators, bases, etc... Starting in § B, we shall develop a more general formalism, 
characterizing the state of a system by a “state vector” belonging to a vector space: the 
“state space &”. Dirac notation, which greatly simplifies calculations in this formalism, 
is introduced. § C is intended to study the idea of a representation. § D is particularly 
recommended to the reader who is unfamiliar with the diagonalization of an operator: this 
operation will be constantly useful to us in what follows. In § E, we treat two important 
examples of representations. In particular, we show how the wave functions studied in 
§ A are the “components” of state vectors in a particular representation. Finally, we 
introduce in § F the concept of a tensor product. This concept will be illustrated more 
concretely by a simple example in Complement Dyy. 


A. Space of the one-particle wave function 


The probabilistic interpretation of the wave function (r,t) of a particle was given in 
the preceding chapter: |2(r, t)|? d?r represents the probability of finding, at time t, the 
particle in a volume d?r = da dydz about the point r. As the total probability of finding 
the particle somewhere in space is equal to 1, we must have: 


[erweor=1 (A-1) 


where the integration extends over all space. 

Thus, we are led to studying the set of square-integrable functions. These are 
functions for which the integral (A-1) converges '. 

From a physical point of view, it is clear that the set L? is too wide in scope: 
given the meaning attributed to |w(r,t)|?, the wave functions that are actually used 
possess certain properties of regularity. We can only retain the functions (r,t) which 
are everywhere defined, continuous, and infinitely differentiable (for example, to state 
that a function is really discontinuous at a given point in space has no physical meaning, 





1This set is called L? by mathematicians and it has the structure of a Hilbert space 
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since no experiment enables us to have access to real phenomena on a very small scale, 
say of 107°° m). It is also possible to confine ourselves to wave functions that have a 
bounded domain (which makes it certain that the particle can be found within a finite 
region of space, for example inside the laboratory). We shall not try to give a precise, 
general list of these supplementary conditions: we shall call FY the set of wave functions 
composed of sufficiently regular functions of L? (¥Y is a subspace of L). 


A-1. Structure of the wave function space 7 
A-1-a. F is a vector space 


It can easily be shown that ¥ satisfies all the criteria of a vector space. As an 
example, we demonstrate that if Y(r) and wo(r) € F, then?: 


V(r) = Arpi(r) + AaWe2(r) € F (A-2) 
where A; and Az are two arbitrary complex numbers. 
In order to show that u(r) is square-integrable, expand |(r)|?: 
[wo(r)|? = [Aa dre)? + [AvP ba)? + AT Az bi (e)da(e) + ALAd Yr (4) v3 (P) (A-3) 


The first two terms of the right-hand side of (A-3) are square integrable, since 71 and w2 belong 

to #. The sum of the third and fourth terms is real, and its modulus has an upper limit: 
2lA1||Az|a(r)|I2(r)| < [Aa |Aa| []ou(e)? + [boy 7] 

(this inequality is obtained by writing that [1 (r) + e’*2(r)]? is necessarily positive, whatever 

the real value of a). The function |y(r)|? is therefore smaller that a sum of functions whose 

integrals converge, so that its integral also converges. 


A-1-b. The scalar product 


a. Definition 


With each pair of elements of ¥, y(r) and 7)(r), taken in this order, we associate 
a complex number, denoted by (y, w), which, by definition, is equal to: 





(A-4) 





(3%) = / Pr g(r) Wr) 








(y,w) is the scalar product of w(r) by v(x) [this integral always converges if y and 
belong to F]. 


B. Properties 
They follow from definition (A-4): 


(p,%) = (v, 9)" (A-5) 
(p, Ard + Ava) = Ar(y, W1) + Aa(y, V2) (A-6) 
(A1gi + Azge, 0) = AT(¥1, P) + AZ(H2, Y) (A-7) 








?The symbol € signifies: “belongs to”. 
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The scalar product is linear with respect to the second function of the pair, antilinear 
with respect to the first one. If (y,W) = 0, y(r) and w(r) are said to be orthogonal. 











(bv) = fi ar [(x)/? (A-8) 





is a real, positive number, which is zero if and only if W(r) = 0. 

/(w, W) is called the norm of w(r) [it can easily be verified that this number has all 
the properties of a norm]. The scalar product chosen above thus permits the definition 
of anorm in ¥. 

Let us finally mention the Schwarz inequality (cf. Complement Arr): 


(v1, P2)| < V(Y1, V1) V (2, v2) (A-9) 


This becomes an equality if and only if the two functions y and w2 are proportional. 


A-1-c. Linear operators 
Q. Definition 


A linear operator A is, by definition, a mathematical entity which associates with 
every function W(r) € ¥ another function ~'(r), the correspondence being linear: 


p(x) = Av (r) (A-10-a) 
A[Arvi(r) + A2pa(r)] = Ar Adi (r) + A2Ayo(r) (A-10-b) 
Let us cite some simple examples of linear operators: 
— the parity operator IT, whose definition is: 
ITyp(x, y, 2) = ~(- 2,02) (A-11) 


— the operator that performs a multiplication by x, which we shall call X, and 
which is defined by: 


XV(2,y, z) =x W(2,y, z) (A-12) 


— finally, the operator that we shall call D,, which differentiates with respect to 2, 
and whose definition is: 


_ W(z, 4,2) (A-13) 


DzW(2, y, 2) Da 


[the two operators X and D,, acting on a function w(r) € F, can transform it into a 
function which is no longer necessarily square-integrable]. 


B. Product of operators 
Let A and B be two linear operators. Their product AB is defined by: 





(AB)Y(r) = A[BY(r)] (A-14) 
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B is first allowed to act on w(r), which gives y(r) = Buw(r), then A operates on the new 
function g(r). 

In general, AB # BA. We call the commutator of A and B the operator written 
[A, B] and defined by 








[A,B] = AB — BA (A-15) 








We shall calculate, as an example, the commutator [X, D,]. In order to do this, we shall 
take an arbitrary function 7(r): 





[X, De] Y(r) = (25- - 5-2) Hn) 
0 0 
=a u(r) — 2 fovtr) 
0 0 
=22- Wr) — or) — 2 or) = — vr) (A-16) 
Ox Ox 
Since this is true for all #(r), it can be deduced that: 
[X,Dz]= -1 (A-17) 
A-2. Discrete orthonormal bases in ¥: {ui(r)} 
A-2-a. Definition 
Consider a countable set of functions of ¥, labeled by a discrete index 7 (i = 1, 2, 
feasts cute) s 
u(r) € F, uwl(r)e F, ..., u(r) € F, 


— The set {u;(r)} is orthonormal if: 


fincidas - dr tau 8s (A-18) 


where 6;;, the Kronecker delta function, is equal to 1 for 1 = 7 and to O for 1 7. 
— It constitutes a basis® if every function 7(r) € F can be expanded in one and 
only one way in terms of the { u,(r) }: 





pr) = > cj ui(r) (A-19) 











A-2-b. Components of a wave function in the { u;(r) } basis 


Multiply the two sides of (A-19) by u¥(r) and integrate over all space. From (A-6) 
and (A-18)*: 





3When the set {u;(r)} constitutes a basis, it is sometimes said to be a complete set of functions. It 
must be noted that the word complete is used with a meaning different from the one it usually has in 
mathematics. 

“To be totally rigorous, one should make certain that one can interchange ) and [oe We shall 


a 
systematically ignore this kind of problem. 
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(u;,~) = (1.38 «) = yaaa) 


v 


=) 8 =e (A-20) 


that is: 








hea / ar uf(r) v(x) (A-21) 








The component c; of W(r) on u;(r) is therefore equal to the scalar product of w(r) 


by u,(r). Once the { u;(r) } basis has been chosen, it is equivalent to specify w(r) or the 
set of its components c; with respect to the basis functions. The set of numbers c; is said 
to represent w(r) in the { u;(r) } basis. 


A-2-c. 


g(r 


vr 
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Comments: 


(i) Note the analogy with an orthonormal basis {e1, e2, e3} of the ordinary three- 
dimensional space, R?. The fact that e:, e2 and e3 are orthogonal and unitary can 
indeed be expressed by: 


e,-e;= dij; (i, 7 = 1, 2, 8) (A-22) 


Any vector V of R? can be expanded in this basis: 


3 
V= Vi ey (A-23) 
t=1 
with 
uw=e-V (A-24) 


Formulas (A-18), (A-19) and (A-21) thus generalize, as it were, the well-known formulas, 
(A-22), (A-23) and (A-24). However, it must be noted that the v; are real numbers, while 
the c; are complex numbers. 


(it) The same function ~(r) obviously has different components in two different bases. 
We shall study the problem of a change in basis later. 


(itt) We can also, in the { u:(r) } basis, represent a linear operator A by a set of numbers 


which can be arranged in the form of a matrix. We shall take up this question again in 
§ C, after we have introduced Dirac notation. 


Expression for the scalar product in terms of the components 


Let y(r) and W(r) be two wave functions which can be expanded as follows: 

)= >> be u(r) 
i 

y= gg y(r) (A-25) 
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Their scalar product can be calculated by using (A-6), (A-7) and (A-18): 


(y,y) = oy biui, >~ Cjuj | = S- bj cj (ua, Us) 
i J ug 

S © dies 55 

tJ 


I 


that is: 


p) = De bee; (A-26) 











In particular: 


= Dalal (A-27) 














The scalar product of two wave functions (or the square of the norm of a wave 
function) can thus be very simply expressed in terms of the components of these func- 
tions in the { u;(r) } basis. 


Comment: 


Let V and W be two vectors of R?, with components v; and w,;. The analytic expression 
of their scalar product is well-known: 


V-W= S° Ui Wi (A-28) 


Formula (A-26) can therefore be considered to be a generalization of (A-28). 


A-2-d. Closure relation 


Relation (A-18), called the orthonormalization relation, expresses the fact that the 
functions of the set {u;(r) } are normalized to 1 and orthogonal with respect to each 
other. We are now going to establish another relation, called the closure relation, which 
expresses the fact that this set constitutes a basis. 

If {u,(r) } is a basis of ¥, there exists an expansion such as (A-19) for every 
function w(r) € ¥. Substitute into (A-19) expression (A-21) for the various components 
c; [the name of the integration variable must be changed, since r already appears in 
(A-19)}: 


= 2 c, u;(r) = )= Do(uisd) u(r) 


= = | i dr! ut(r’) cr) ve) ue) (A-29) 
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Interchanging Ss and i d?r’, we obtain: 


p(r) = / dr’ wr’) bs u;(r) ute) (A-30) 


a 


do, ui(r) us (zr’) is therefore a function F(r,r’) of r and of r’ such that, for every function 
(xr), we have: 


w(r) = i: d?r’ w(r’) F(r,r’) (A-31) 


Equation (A-31) is characteristic of the function 6(r — r’) (cf. Appendix II). From this 
it can be deduced that: 





S> us(r) uj (r’) = d(r - 1’) (A-32) 


a 











Reciprocally, if an orthonormal set { u;(r) } satisfies the closure relation (A-32), it 
constitutes a basis. Any function w(r) can indeed be written in the form: 


db(r) = / ar! (er) 6(r — r') (A-33) 


Substituting (A-32) for 6(r—r’) into this expression, we obtain formula (A-30). To return 
to (A-29), all we must do is again interchange summation and integration. This equation 
then expresses the fact that w(r) can always be expanded in terms of the u;(r) and gives 
the coefficients of this expansion. 


Comment: 


We shall re-examine the closure relation using the Dirac notation in § C, and we shall 
see that it can be given a simple geometric interpretation. 


A-3. Introduction of “bases” not belonging to + 


The { u,(r) } bases studied above are composed of square-integrable functions. It 
can also be convenient to introduce “bases” of functions not belonging to either ¥ or 
L?, but in terms of which any wave function 7(r) can nevertheless be expanded. We are 
going to give examples of such bases and we shall show how it is possible to extend to 
them the important formulas established in the preceding section. 


A-3-a. Plane waves 


For simplicity, we treat the one-dimensional case. We shall therefore study square- 
integrable functions w(x) which depend only on the x variable. In Chapter I we saw the 
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advantage of using the Fourier transform ~(p) of w(x): 


(x) = af. dp %(p) e?*/" (A-34-a) 





+0O 


Vp) =a fae (aye (A-34-b) 


Consider the function v,(x), defined by: 





Up(Z) => Vinh gain (A-35) 


v,(x) is a plane wave, with the wave vector p/h. The integral over the whole x axis of 


1 
|vp(x) |? = ae diverges. Therefore v,(z) ¢ #,. We shall designate by {v,(x) } the set 
7 


of all plane waves, that is, of all functions v,(a#) corresponding to the various values of 

p. The number p, which varies continuously between — co and + co, will be considered 

as a continuous index which permits us to label the various functions of the set { vp(x) } 

[recall that the index 7 used for the set { u,;(r) } considered above was discrete]. 
Formulas (A-34) can be rewritten using (A-35): 











+00 _ 
wea) = ff dp: B(e)-%(2) (A-36) 
-_ i +oo 
Blo) = (wr) = f de v3(«) (2) (A-37) 


These two formulas can be compared to (A-19) and (A-21). Relation (A-36) expresses 
the idea that every function w(x) € ¥, can be expanded in one and only one way in 
terms of the v,(z), that is, the plane waves. Since the index p varies continuously and not 


discretely, the summation S° appearing in (A-19) must be replaced by an integration 


over p. Relation (A-37), like (A-21), gives the component (p) of u(x) on vp(z) in the 
form of a scalar product? (vp, w). The set of these components, which correspond to the 


various possible values of p, constitutes a function of p, w(p), the Fourier transform of 
V(2). 

Thus, y)(p) is the analogue of c;. These two complex numbers, which depend either 
on p or on i, represent the components of the same function w(x) in two different bases: 
{ vp(z) } and {uj(c) . 

This point also appears clearly if we calculate the square of the norm of w(z). 
According to Parseval’s relation [Appendix I, formula (45)], we have: 





+00 _ 
(1,4) = f dp [D(»)? (A-38) 


—oco 














5We have only defined the scalar product for two square-integrable functions, but this definition can 
easily be extended to cases like this one, provided that the corresponding integral converges. 
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a formula which resembles (A-27), if we replace c; by w(p) and S° by / dp. 


Let us show that the v,(x) satisfy a closure relation. Using the formula [cf Ap- 
pendix IT, equation (34)]: 





1 +oo i 
— dk e'*” = d(u) (A-39) 
27 S66 
we find: 
ee * 1 . dp iB x—a’ 
i dp vp(x) vz (2’) = = / 3° n(t—@) — §(z — ') (A-40) 











This formula is the analogue of (A-32) with, again, the substitution of ih dp for x. 


Finally, let us calculate the scalar product (vp, vp) in order to see if there exists 
an equivalent of the orthonormalization relation. Again using (A-39), we obtain: 


(poy) = fo ae v2) vp) 


J —oo 


that is: 











1 dx pe ee 
(op, 0—)) = 5 fF ethO' — 5p-p) (A-41) 





Compare (A-41) and (A-18). Instead of having two discrete indices 1 and j and a Kro- 
necker delta 6;;, we now have two continuous indices p and p’ and a delta function of the 
difference between the indices, 6(p — p’). Note that if we set p = p’, the scalar product 
(Up, Up) diverges; again we see that v,(x) ¢ F,. Although this constitutes a misuse of 
the term, we shall call (A-41) an “orthonormalization” relation. It is also sometimes said 
that the vp,(x) are “orthonormalized in the Dirac sense”. 

The generalization to three dimensions presents no difficulties. We consider the 
plane waves: 


1 \3/2 | 
Up(r) — (=) ep r/h (A-42) 


The functions of the {v,(r) } basis now depend on the three continuous indices pz, py, 
pz, condensed into the notation p. It is then easy to show that: 


u(r) = fap Bp) vl (A-43) 
BP) = (vps) = f ar vp(e) ve) (A-44) 
(9.0) = f a» PP) HO) (A-45) 
/ dp vp(r) vs (r’) = 6(r —r’) (A-46) 
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(Up, Up’) = 6(p — Pp’) (A-47) 
They represent the generalizations of (A-36), (A-37), (A-38), (A-40) and (A-41). 
Thus the v,(r) can be considered to constitute a “continuous basis”. All the formu- 


las established above for the discrete basis { u;(r) } can be extended to this continuous 
basis, using the correspondence rules summarized in table (II-1). 





L1oOp 


3 
Doe / ce Table (II-1) 


a 








bi + 6(p — p’) 





A-3-b. “Delta functions” 


In the same way, let us introduce a set of functions of r, { &,(r) }, labeled by the 
continuous index rp (condensed notation for xo, yo, 20) and defined by: 








Ero (x) = 4(r — ro) (A-48) 








{ &r,(r) } represents the set of delta functions centered at the various points ro of space; 
&r,(r) is obviously not square-integrable: €.,(r) ¢ F. 
Then consider the following relations, which are valid for every function ~(r) € F: 


w(e) = far» oro) 6a =r) (A-49) 

W(ro) = jer d(ro — Vr) v(r) (A-50) 
They can be rewritten, using (A-48), in the form: 

w(e) = f aro W(r0) gol (A-51) 

(to) = Ero, 8) = f ar €,(2) ve (A-52) 


(A-51) expresses the fact that every function w(r) € ¥ can be expanded in one and only 
one way in terms of the &,,(r). (A-52) shows that the component of w(r) on the function 
&r,(r) (we are dealing here with real basis functions) is precisely the value 7)(ro) of w(r) 
at the point ro. (A-51) and (A-52) are analogous to (A-19) and (A-21): we simply replace 


the discrete index i by the continuous index ro, and y. by i, d?ro. 
i 
wW(ro) is therefore the equivalent of c;: these two complex numbers, which depend 


either on ro or on i, represent the components of the same function w(r) in two different 


bases: { &,(r) } and { u;(r) }. 
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Formula (A-26) becomes here: 














(v,#) = i; dro p"(t0) V(to) (A-53) 


We see that the application of (A-26) to the case of the continuous basis { &,, (r) } results 


in the definition (A-4) of the scalar product. 


Finally, note that the €,.,(r) satisfy “orthonormalization” and closure relations of 


the same type as those for the up(r). Thus we have [formula (28) of Appendix T]]: 











and: 














/ Pro x(t) &,(r!) = i se ie ae Soe SE) (A-54) 


(a / d?r 6(r — 10) 5(r — 44) = 5(to — r4) (A-55) 


All the formulas established for the discrete basis { u,(r) } can be generalized for 


the continuous basis { €;, (1) }, using the correspondence rules summarized in Table (II-2). 
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1OYo 
3 
Le / eto Table (II-2) 


643 o> 5(ro = rp) 











Important comment: 


The usefulness of the continuous bases that we have just introduced is revealed 
more clearly in what follows. However, we must not lose sight of the following 
point: a physical state must always correspond to a square-integrable wave function. 
In no case can vp(r) or €,,(r) represent the state of a particle. These functions are 
nothing more than intermediaries, very useful in calculations involving operations 
on the wave functions 7(r) which are used to describe a physical state. 


An analogous situation is encountered in classical optics, where the plane 
monochromatic wave is a mathematically very useful, but physically unrealizable, 
idealization. Even the most selective filters always permit the passage of a fre- 
quency band Av, which may be very small but is never exactly zero. 

The same holds true for the functions €,,(r). We can imagine a square- 
integrable wave function, localized about ro, for example: 


9 (2) = 51) (= 20) = 5) = 20) (y — yo) 5 (z 20) 


1 
where the 6) are functions which have a peak of width ¢ and amplitude —, 
E 


+00 
centered at x9, yo or 2g, such that } 5) (x—2x9) dx = 1 (see § 1-b of Appendix II 
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for examples of such functions). When ¢ —> 0, é{) (r) —> &,(r), which is no 
longer square-integrable. However, it is impossible to have a physical state that 
corresponds to this limit: as localized as the physical state of a particle may be, ¢ 
is never exactly zero. 


A-3-c. Generalization: continuous “orthonormal” bases 
Qa. Definition 


Generalizing the results obtained in the two preceding paragraphs, we shall call a 
continuous “orthonormal” basis, a set of functions of r, { wa(r) }, labeled by a continuous 
index a, which satisfy the two following relations, called orthonormalization and closure 
relations: 














(ua, war) = f Pr w3(t) wart) = 5(a~ a!) (A-56) 
[ee Walr) wi (r’) = 6(r — 1’) (A-57) 
Comments: 


(i) If a = a’, (Wa, Wa) diverges. Therefore, wa(r) ¢ F. 
(ii) @ can represent several indices, as is the case for ro and p in the above examples. 


(iit) It is possible to imagine a basis that includes both functions u;(r), labeled by a 
discrete index, and functions wa(r), labeled by a continuous index. In this case, the set 
of u;(r) does not form a basis; the set of wa(r) must be added to it. 


Let us cite an example of this situation. Consider the case of the square well studied in 
§ D-2-c of Chapter I (see also Complement Hr). As we shall see later, the set of stationary 
states of a particle in a time-independent potential constitutes a basis. For E < 0, we 
have discrete energy levels, to which correspond square-integrable wave functions labeled 
by a discrete index. But these are not the only possible stationary states. Equation (D- 
17) of Chapter I is also satisfied, for all E > 0, by solutions which are bounded but which 
extend over all space and are thus not square-integrable. 


In the case of a “mixed” (discrete and continuous) basis, { u(r), wa(r) }, the or- 
thonormalization relations are: 


(ui, uy) - Oi4 
(Wa, War) = (a — a’) (A-58) 
(wi, Wa) =0 


And the closure relation becomes: 
So u(r) ux(r’) + j, da Wa(r) wi (r’) = 6(r — 1’) (A-59) 
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B. Components of a wave function w(r) 


We can always write: 
pr) = ; d’r’ p(x’) d(x -1’) (A-60) 


Using the expression for 6(r — r’) given by (A-57), and assuming that we can reverse the 


order of 7 d?r’ and i da, we obtain: 


ve) = fda] far wx!) ve] wale (A-61) 


that is: 





2 / dace (A-62) 











with: 





i=) = i ar! wh(r!) de) (A-63) 











(A-62) expresses the fact that every wave function 7(r) has a unique expansion in terms 
of the wa(r). The component c(qa) of w(r) on wa(r) is equal, according to (A-63), to the 
scalar product (wa, w). 


y Expression for the scalar product and the norm in terms of the components 


Let y(r) and w(r) be two square-integrable functions whose components in terms 
of the w,(r) are known: 


g(r) = f da 8(a) wale) (A-64) 
u(r) = f da’ ea’) war) (A-65) 
Calculate their scalar product: 
(0) = far (2) oe) 
= / de / da Beta cla / Cette) (A-66) 
The last integral is given by (A-56): 
CHS i: 2 if da? Ba) cal) ae 
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that is: 








(vv) = fda b*(a) e(a) (A-67) 








In particular: 








(8,0) = f da lela)? (A-68) 








All the formulas of § A-2 can thus be generalized, using the correspondence rules 
of table (II-3). 





toa 
Dat / oe Table (IL-3) 


04 oO d(a = a’) 











The most important formulas established in this section are assembled in table 
(II-4). Actually, it is not necessary to remember them in this form: we shall see that the 
introduction of Dirac notation enables us to rederive them very simply. 
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Table (II-4) 





Discrete basis { u;(r) } 


Continuous basis { wa(r) } 





Ortho- 


normalization 


relation 


(ui, uy) = 0:5 


(Wa; Wa’) = 6(a — a’) 





Closure 
relation 


Slui(r) uf (x!) = 6(r — 1’) 


a 


fio wale) wi (e') = err! 





Expansion 
of a wave 
function 7(r) 


V(r) = DY ci Ui(r) 


v(e) = fda e(a) walt) 





Expression 
for the 
components 


of w(r) 


c= (ui) = [oerusee) vr) 


cf) = (Wat) = fear w(t) #) 





Scalar product 


(9,%) = ye 


(v,#) = : da B(a) (a) 





Square of the 
norm 








(wy, v) = ys les|? 





(,¥) = / da |e(a)[? 





B. State space. Dirac notation 


B-1. Introduction 


In Chapter I, we stated the following postulate: the quantum state of a particle is 
defined, at a given instant, by a wave function ~(r). The probabilistic interpretation of 
this wave function requires that it be square-integrable. This requirement led us to study 
the #-space (§ A). We then found, in particular, that the same function w(r) can be 
represented by several distinct sets of components, each one corresponding to the choice 
of a basis [table (II-5)]. This result can be interpreted in the following manner: { c; }, or 
w(p), or c(a), characterizes the state of a particle just as well as the wave function 7(r) 
(if the basis being used has been specified previously]. Furthermore, 7(r) itself appears, 
in table (II-5), on the same footing as {c;}, u(p) and c(a): the value y(ro) which the 
wave function takes on at a point ro of space can be considered as its component with 


respect to a specific function €,,(r) of a particular basis (the 6 function basis). 
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Basis Components of 1(r) 
uz(r) G,t=1,2,.., 7, .. 
Up(r) ¥(p) 

Ero (¥) v(20) 

Wa(r) c(a 











Table (II-5) 


We thus find ourselves in a situation which is analogous to the one encountered in 
ordinary space, R*: the position of a point in space can be described by a set of three 
numbers, which are its coordinates with respect to a system of axes defined in advance. 
If one changes axes, another set of coordinates corresponds to the same point. But the 
geometrical vector concept and vector calculation enable us to avoid referring to a system 
of axes; this considerably simplifies both formulas and reasoning. 

We are going to use a similar approach here: each quantum state of a particle will 
be characterized by a state vector, belonging to an abstract space, &é,, called the state 
space of a particle. The fact that the space ¥ is a subspace of L? means that é is a 
subspace of a Hilbert space. We are going to define the notation and the rules of vector 
calculation in 6,. 

Actually, the introduction of state vectors and the state space does more than 
merely simplify the formalism. It also permits a generalization of the formalism. Indeed, 
there exist physical systems whose quantum description cannot be given by a wave func- 
tion: we shall see in Chapters IV and IX that this is the case when the spin degrees 
of freedom are taken into account, even for a single particle. Consequently, the first 
postulate that we shall set forth in Chapter III will be the following: the quantum state 
of any physical system is characterized by a state vector, belonging to a space € which is 
the state space of the system. 

Therefore, in the rest of this chapter, we are going to develop a vector calculus in &. 
The concepts which we are going to introduce and the results which we shall obtain are 
valid for whatever physical system we might consider. Nevertheless, to illustrate these 
concepts and results, we shall apply them to the simple case of a (spinless) particle, since 
this is the case we have previously considered. 

We shall begin, in this paragraph, by defining the Dirac notation, which will prove 
to be very useful in the formal manipulations which we shall have to perform. 


B-2. “Ket” vectors and “bra” vectors 
B-2-a. Elements of &: kets 
a. Notation 


Any element, or vector, of space & is called a ket vector, or, more simply, a ket. It 
is represented by the symbol | ), inside which is placed a distinctive sign which enables 
us to distinguish the corresponding ket from all others, for example: | ¢ ). 

In particular, since the concept of a wave function is now familiar to us, we shall 
define the space é; of the states of a particle by associating with every square-integrable 
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function ~(r) a ket vector | w) of &: 
Wr)eF = |p) (B-1) 


Afterwards, we shall transpose into &, the different operations that we introduced for 
YF. Although ¥ and &, are isomorphic, we shall carefully distinguish between them 
in order to avoid confusion and to reserve the possibilities of generalization mentioned 
above in § B-1. We stress the fact that an r-dependence no longer appears in | ~); only 
the letter ~ appears, to remind us with which function it is associated. ~(r) will be 
interpreted (§ E) as the set of the components of the ket |) in a particular basis, r 
playing the role of an index [cf. § A-3-b and table (II-5)]. Consequently, the procedure 
which we are adopting here consists in initially characterizing a vector by its components 
in a privileged coordinate system, which will later be treated on the same footing as all 
other coordinate systems. 

We shall designate by &, the state space of a (spinless) particle in only one dimen- 
sion, that is, the abstract space constructed as in (B-1), but using wave functions that 
depend only on the x variable. 


Bs Scalar product 


With each pair of kets |y) and |w), taken in this order, we associate a complex 
number, which is their scalar product, (| ¢),|)), and which satisfies the various proper- 
ties described by equations (A-5), (A-6) and (A-7). We shall later rewrite these formulas 
in Dirac notation after we have introduced the concept of a “bra”. 

In &,, the scalar product of two kets will coincide with the scalar product defined 
above for the associated wave functions. 


B-2-b. Elements of the dual space ¢* of &: bras 
Q. Definition of the dual space &* 


Recall, first of all, the definition of a linear functional defined on the kets | w) of 
&. A linear functional y is a linear operation which associates a complex number with 
every ket | wy): 


lwyEe€ —~ number x(}v)) 
xX(Ar| 1) + Az] 2 )) = Arx(1 1 )) + A2x(| 2 )) (B-2) 


Linear functional and linear operator must not be confused. In both cases, one is dealing 
with linear operations, but the former associates each ket with a complex number, while the 
latter associates another ket. 


It can be shown that the set of linear functionals defined on the kets |w) € & 
constitutes a vector space, which is called the dual space of € and which will be symbolized 
by &*. 

B. Bra notation for the vectors of &* 


Any element, or vector, of the space &* is called a bra vector, or, more simply, a 
bra. It is symbolized by ( |. For example, the bra (x | designates the linear functional 
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x and we shall henceforth use the notation (y|) to denote the number obtained by 
causing the linear functional (| € &* to act on the ket |W) € @: 





XY) = (xl¥) (B-3) 











The origin of this terminology is the word “bracket”, used to denote the symbol ( | ). 
Hence the name “bra” for the left-hand side ( | , and the name “ket” for the right-hand side | ) 
of this symbol. 


B-2-c. Correspondence between kets and bras 
Qa. To every ket corresponds a bra 


The existence of a scalar product in & will now enable us to show that we can 
associate, with every ket |y) € &, an element of &*, that is, a bra, which will be denoted 
by (¢|. 

The ket |y) does indeed enable us to define a linear functional: the one that 
associates (in a linear way), with each ket |y~) € &, a complex number equal to the 
scalar product (|y),|#)) of |w) by |w~). Let (y| be this linear functional; it is thus 
defined by the relation: 


(eld) =(1¢),1¥)) (B-4) 














B. This correspondance is antilinear 
In the space &, the scalar product is antilinear with respect to the first vector. In 
the notation of (B-4), this is expressed by: 
(Ar] 1) + Az] G2), 1%)) = AT (141), 1) +A (G2), 1%) 
= Ai (yi |) + Aa (G20) 
= (AT (yi 1+ A (v2 1) 1¥) (B-5) 


It appears from (B-5) that the bra associated with the ket Ai| y1 ) + Az2| v2 ) is the 
bra Aj (gi | + A3 (2 |: 








A1| 1) + Az] G2) => AT (G1 | + AB (H2 | (B-6) 








The ket => bra correspondence is therefore antilinear. 


Comment: 


If \ is a complex number, and |) a ket, A| w) is a ket (€ is a vector space). We 
are sometimes led to write it as | Aw): 


|Av) =A) (B-7) 


One must then be careful to remember that (A7| represents the bra associated 
with the ket |Xw). Since the correspondence between a bra and a ket is antilinear, 
we have: 


(Ap| = A*(H| (B-8) 
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(e) 
ee 






Figure 1: E(x) is a function having a peak 
at x = xo (of width « and amplitude 1/e), 
whose integral between —oo and +00 is equal 
to 1. 


warren 
a pw 


xo 





Y. Dirac notation for the scalar product 


We now have at our disposal two distinct notations for designating the scalar 
product of |) by |y~): (Jv), |W)) or (y| we), (| being the bra associated with the ket 
|). Henceforth we shall use only the (Dirac) notation: (y|w). Table (II-6) summarizes, 
in Dirac notation, the properties of the scalar product, already given in § A-1-b. 








(ely) =(vler (B-9) 
(pl Aid + Aad2) = Ar (| 1) + A2 (P| 2) (B-10) 
(Aryi + Aopa |W) = At (yi |W) + AZ (v2) (B-11) 
(w|w) real, positive; zero if and only if |~) =0 (B-12) 











Table (II-6) 


é. Is there a ket to correspond to every bra? 


Although to every ket there corresponds a bra, we shall see, in two examples chosen in 
F, that it is possible to find bras that have no corresponding kets. We shall later show why 
this difficulty does not hinder us in quantum mechanics. 


(4) Counter-examples chosen in ¥ 


For simplicity, we shall reason in one dimension. 
+00 


Let (x) be a sufficiently regular real function, such that i dx E)(x) = 1, and 
having the form of a peak of width ¢ and amplitude 1/e, centered at x = Zo [see Fig. 1; €) (x) 
is, for example, one of the functions considered in § 1-b of Appendix II]. If « 4 0, ef) (x) € F, 
(the square of its norm is of the order of 1/e). Denote by | ek? ) the corresponding ket: 


fa) <=> |€&)) (B-13) 


106 


B. STATE SPACE. DIRAC NOTATION 





Ife 4 0, |e) € &,. Let (€3 ef) | be the bra associated with this ket; for every |7) € &, we 
have: 


+oo 
(2 |v) = (2,0) = / de €x) v(a) (B-14) 


Now let ¢ approach zero. On the one hand: 


Lim foo(@) = Exo(2) ¢ Fe (B-15) 


[the square of the norm of E(x), which is of the order of 1/e, diverges when ¢ —+ 0]; therefore: 


Lim |) ¢ & (B-16) 
e670 


On the other hand, when « —+ 0, integral (B-14) approaches a perfectly well-defined limit, 
~(zo) [since, for sufficiently small ¢, w(x) can be replaced in (B-14) by ~(zo) and removed from 
the integral]. Consequently, (€{°) | approaches a bra which we shall denote by (E29 |: (Exo | is 
the linear functional which associates, with every ket |W) of &, the value w(xo) taken on by 
the associated wave function at the point xo: 


Lim (£50) | = (&20 | € & 
If |b) € be, (Exo |v) = (a0) (B-17) 


Thus we see that the bra (2, | exists, but no ket corresponds to it. 
In the same way, let us consider a plane wave which is truncated outside an interval of 
width L: 
1 L 


L 
vs) (a) = aa eral Ge 5 SORTS (B-18) 


with the function yh) (x) going rapidly to zero outside this interval (while remaining continuous 
and differentiable). We shall denote by | vS%” ) the ket associated with yh) (x): 


wv) (2) € Fr > |UM VEG (B-19) 


The square of the norm of | uh ), which is practically equal to L/27h, diverges if L —> oo. 
Therefore: 


Lim |uS)) ¢ & (B-20) 
L- oo 


Now let us consider the bra (yi) | associated with | us% dy, For every | wy) € &, we have: 


1 +L/2 
V Qrh —L/2 


When L — ov, (yh) |w) has a limit: the value %(po) of the Fourier transform %(p) of (2) 


for p= po. Therefore, when L —>+ oo, (ys) | tends towards a perfectly well-defined bra (po |: 


dae P97!" ah() (B-21) 





(uD |b) = (ow) 


Lim (fp) | = (vpo | € Se 
Loo 


If |b) € Se , (Up |v) = P(po) (B-22) 
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Here again, no ket corresponds to the bra ( Upo |. 


(ii) Physical resolution of the preceding difficulties 

This dissymmetry of the correspondence between kets and bras is related, as the preceding 
examples show, to the existence of “continuous bases” for ¥,. Since the functions constituting 
these “bases” do not belong to ¥,, we cannot associate a ket of & with them. However, their 
scalar product with an arbitrary function of ¥, is defined, and this permits us to associate 
with them a linear functional in &,, that is, a bra belonging to &. The reason for using such 
“continuous bases” lies in their usefulness in certain practical calculations. The same reason 
(which will become more apparent in what follows) leads us here to reestablish the symmetry 
between kets and bras by introducing “generalized kets”, defined using functions that are not 
square-integrable, but whose scalar product with every function of ¥, exists. In what follows, 
we shall work with “kets” such as | €z, ) or | Upp ), associated with €,,(x) or up, (x). It must not be 
forgotten that these generalized “kets” cannot, strictly speaking, represent physical states. They 
are merely intermediaries, useful in calculations involving certain operations to be performed on 
the true kets of the space &,, which actually characterize realizable quantum states. 

This method poses a certain number of mathematical problems, which can be avoided 
by adopting the following physical point of view: |€z9 ) (or | Upo )) actually denotes | ef? ) (or 


| yh) )) where ¢ is very small (or L is very large) compared to all the other lengths in the problem 


we are considering. In all the intermediary calculations where | eX) (or ow )) appears, the 
limit « = 0 (or L —> oo) is never attained, so that one is always working in &,. The physical 
result obtained at the end of the calculation depends very little on the value of ¢, as long as € 
is sufficiently small with respect to all the other lengths: it is then possible to neglect ¢, that is, 
to set ¢ = 0, in the final result (the procedure to be used for L is analogous). 

The objection could be raised that, unlike { E29 (x) } and { Up, (x) }, { ef) (x) } and { yh) (x) } 


are not orthonormal bases, insofar as they do not rigorously satisfy the closure relation. In fact, 
they fulfill it approximately. For example, the expression | dxo e&) (x) @&) (x’) is a function of 


(a —2') which can serve as an excellent approximation for 6(x—2’). Its graphical representation 
1 
is practically a triangle of base 2¢ and height —, centered at x — x’ = 0 (Appendix II, § 1-c-iv). 


€ 
If ¢ is negligible compared to all the other lengths in the problem, the difference between this 
expression and 6(x — z’) is physically inappreciable. 


In general, the dual space &* and the state space & are not isomorphic, except, 
of course, if & is finite-dimensional®: although to each ket | ~) of € there corresponds a 
bra (q| in &*, the converse is not true. Nevertheless, we shall agree to use, in addition 
to vectors belonging to & (whose norm is finite), generalized kets with infinite norms but 
whose scalar product with every ket of & is finite. Thus, to each bra (| of &*, there will 
correspond a ket. But generalized kets do not represent physical states of the system. 


B-3. Linear operators 
B-3-a. Definitions 


They are the same as those of § A-1-c. 
A linear operator A associates with every ket |w) € & another ket |)’ € &, the 





It is true that the Hilbert space L? and its dual space are isomorphic; however, we have taken for 


the wave function space ¥ a subspace of L?, which explains why ¥* is “larger” than F. 
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correspondence being linear: 


|v’) =Aly) (B-23) 
A(Ai | 1) + Az | 2)) = AL Al 1) + A2 Al y2) (B-24) 


The product of two linear operators A and B, written AB, is defined in the fol- 
lowing way: 


(AB) |v) = A(B | Y)) (B-25) 


B first acts on |) to give the ket B |); A then acts on the ket B |). In general, 
AB # BA. The commutator [A, B] of A and B is, by definition: 


[A, B] = AB- BA (B-26) 


Let |) and |) be two kets. We call the matriz element of A between | y) and 
|w), the scalar product: 


(p| (Al ?)) (B-27) 


Consequently, this is a number which depends linearly on |) and antilinearly on | ¢). 


B-3-b. Examples of linear operators: projectors 
a. Important comment about Dirac notation 


We have begun to sense, in the preceding, the simplicity and convenience of the 
Dirac formalism. For example, (| denotes a linear functional (a bra), and (71 | W2), the 
scalar product of two kets | y ) and | #2). The number associated by the linear functional 
(y| with an arbitrary ket |~) is then written simply by juxtaposing the symbols (¢ | 
and |w): (~|w). This is the scalar product of | w) by the ket | ~) corresponding to (| 
(which is why it is useful to have a one-to-one correspondence between kets and bras). 

Now assume that we write (| and |) in the opposite order: 


Iv) (e| (B-28) 


We shall see that if we abide by the rule of juxtaposition of symbols, this expression 
represents an operator. Choose an arbitrary ket |v) and consider: 


Ib) (elx) (B-29) 


We already know that (|x) isa complex number; consequently, (B-29) is a ket, obtained 
by multiplying |w) by the scalar (y|y). |W) (w|, applied to an arbitrary ket, gives 
another ket: it is an operator. 

Thus we see that the order of the symbols is of critical importance. Only complex 
numbers can be moved about with impunity, because of the linearity of the space & and 
of the operators which we shall use. Indeed, if \ is a number: 


Ib) A=AlY) 

(plA=2A(Y| 

Ad |v) = AA |v) (where A is a linear operator) 
(eIAlY) =A(eld) = (yly)Aa 
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(B-30) 


But, for kets, bras and operators, the order must always be carefully respected in writing 
the formulas: this is the price that must be paid for the simplicity of the Dirac formalism. 


B. The projector Py, onto a ket |) 


Let |W) be a ket which is normalized to one: 


(v|y)=1 (B-31) 
Consider the operator Py, defined by: 

Py=l|v)(v| (B-32) 
and apply it to an arbitrary ket |p): 

Pulg)=|¥) (vole) (B-33) 


Py, acting on an arbitrary ket | y), gives a ket proportional to |7). The coefficient of 
proportionality (w |) is the scalar product of | y) by |). 

The “geometrical” significance of Py is therefore clear: it is the “orthogonal pro- 
jection” operator onto the ket | w). 

This interpretation is confirmed by the fact that Fy = Py (projecting twice in 
succession onto a given vector is equivalent to projecting a single time). To see this, we 
write: 


Py = Py Py =o) (old) (v| (B-34) 
In this expression, (w|w) is a number, which is equal to 1 [formula (B-31)]. Therefore: 
Py =|) (ol = Py (B-35) 
y. Projector onto a subspace 
Let |y1), | v2), «5 |Gq), be q normalized vectors which are orthogonal to each 
other: 
(giles) =5; 3 45=1,2,..¢ (B-36) 


We denote by & the subspace of & spanned by these q vectors. 
Let P, be the linear operator defined by: 


Py = Di lei) (gil (B-37) 


Calculating P?: 


PF= DIDI le) (vel ey) (v5 (B-38) 


i=1 j=l 
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we get, using (B-36): 


PE= ODT le) (va lb = Yo lve) (eel = Pa (B-39) 


i=1 j=1 


P, is therefore a projector. It is easy to see that P, projects onto the subspace &, 
since for any |) € &: 


Pylb) = D7 li) (eel) (B-40) 


P, acting on | 7) gives the linear superposition of the projections of | q) onto the various 
|y,;), that is, the projection of | ~) onto the subspace &. 


B-4. Hermitian conjugation 
B-4-a. Action of a linear operator on a bra 


Until now, we have only defined the action of a linear operator A on kets. We are 
now going to see that it is also possible to define the action of A on bras. 

Let (y| be a well-defined bra, and consider the set of all kets |~). With each of 
these kets can be associated the complex number (y|(A|w)), already defined above as 
the matrix element of A between | y) and |). Since A is linear and the scalar product 
depends linearly on the ket, the number (y|(A|¢)) depends linearly on |). Thus, for 
fixed (y| and A, we can associate with every ket |) a number which depends linearly 
on |). The specification of (w~| and A therefore defines a new linear functional on the 
kets of &, that is, a new bra belonging to &*. We shall denote this new bra by (y| A. 
The relation which defines (y|A can thus be written: 





(ylA)lY) =(¢lAly)) (B-41) 











The operator A associates with every bra (y| anew bra {y|A. Let us show that 
the correspondence is linear. In order to do this, consider a linear combination of bras 


(p1| and (pe |: 
(x | = Ar (y1| + A2 (2 | (B-42) 


(which means that (x|w) = A1 (yi |W) + A2 (yo |w)). From (B-41), we have: 


(xlA)1o) = (xl(Alv)) 
= ri (pi (Al e)) +A2 (v2 (Al )) 
= Ai ((1| A) |W) + A2 ((¥2| A) ¥)) (B-43) 


Since | ~) is arbitrary, it follows that: 


(x|A= (1 (¢1| 4+ A2 (Ye2|) A 
=A1(1|A+r2(¢2|A (B-44) 
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A, ly’) = Aly) 


Figure 2: Definition of the adjoint operator A‘ of an operator A using the correspondence 
between kets and bras. 





Equation (B-41) therefore defines a linear operation on bras. The bra ( y| A is the 
bra which results from the action of the linear operator A on the bra (|. 


Commments: 


(i) From definition (B-41) of (y|A, we see that the place of the parenthesis in 
the symbol defining the matrix element of A between |p) and |) is of no im- 
portance. Therefore, we shall henceforth designate this matrix element by the 
notation (y|A|w): 


(VlAld) = (elAlY) = (el (Ald) (B-45) 


(i) The relative order of (y| and A is very important in the notation (y|A (cf. 
§ 3-b-a above). One must write (y| A and not A(y|: (y|A acting on a ket |) 
gives a number (y|A|~w); (y|A is therefore indeed a bra. On the other hand, 
A(y|, acting on a ket |W), would give A (y|w), that is, an operator (the operator 
A multiplied by the number (y|w)). We have not defined any mathematical 
object of this sort: A(y| therefore has no meaning. 


B-4-b. The adjoint operator At of a linear operator A 


We are now going to see that the correspondence between kets and bras, studied 
in § B-2-c, enables us to associate with every linear operator A another linear operator 
At, called the adjoint operator (or Hermitian conjugate) of A. 

Let |) then be an arbitrary ket of &. The operator A associates with it another 
ket |b’) = Al) of & (Fig. 2). 


To the ket |) corresponds a bra (y |; in the same way, to | wy’) corresponds ( ¢" |. 
This correspondence between kets and bras thus permits us to define the action of the 
operator Alt on the bras: the operator A‘ associates with the bra (7 | corresponding to the 
ket (|, the bra (w’ | corresponding to the ket | wy’) = A|w). We write: (| = (w| At. 
Let us show that the relation (w’ | = (w| At is linear. We know that, to the bra 
At (1 |+ Az (2 |, corresponds the ket A} | v1) + A3 | We) (the correspondence between a 
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bra and a ket is antilinear). The operator A transforms Aj | 1 )+A3 | W2 ) into Ay A| a1 )+ 
AZ Al we) = AT|v,) + A$|v5). Finally, to this ket corresponds the bra: A; (1 | + 
r2 (wh | = Ar (1 | AT + Az (2 | AT. From this we conclude that: 





(ar (ar | + Ae (2 |) AT = Ar (br | AT + Aza (2 | AT (B-46) 


Al is therefore a linear operator, defined by the formula: 











[y= Ald) — (¥'l= (44! (B-47) 





From (B-47), it is easy to deduce another important relationship satisfied by the 
operator A‘. Using the properties of the scalar product, one can always write: 


W'le)=(elvy (B-48) 


where |) is an arbitrary ket of &. Using expressions (B-47) for |~’) and (w’|, we 
obtain: 











(vlAT]y) =(vlAld)* (B-49) 





a relation which is valid for all | y) and | ~). 


Comment about notation: 


We have already mentioned a notation which can lead to confusion: | Aw) 
and (Aw|, where is a scalar [formulas (B-7) and (B-8)]. The same problem 
arises with the expressions | Aw) and (Aw |, where A is a linear operator. | A) 
is another way of designating the ket A|w): 


|Ap)=Alp) (B-50) 
(Aw| is the bra associated with the ket | Aw). Using (B-50) and (B-57), we see 
that: 

(Av|=(y|4l (B-51) 


When a linear operator A is taken outside the bra symbol, it must be replaced by 
its adjoint At (and placed to the right of the bra). 


B-4-c. Correspondence between an operator and its adjoint 


By using (B-47) or (B-49), it is easy to show that: 


(Athi =A (B-52) 
OA =ahAt (where is a number) (B-53) 
(A+ B)t = At+ Bt (B-54) 


113 


CHAPTER II THE MATHEMATICAL TOOLS OF QUANTUM MECHANICS 





Now let us calculate (AB)'. To do this, consider the ket |y) = AB|w). Write it 
in the form |y) = Alyx), setting |y) = B|w). Then: 


(| = (d| (AB) = (x| At = (o| Bal 


since (x| = (w|B". From this, we deduce that: 











(AB)i = Btat (B-55) 





Note that the order changes when one takes the adjoint of a product of operators. 


Comment: 
Since (At) = A, we can write, using (B-51): 


(Atp| = (pl (ATT = (lA 


Thus the left-hand side of (B-41) can be rewritten in the form (At y|w). In the 
same way, the right-hand side of this same equation can be put, with the notation of 
(B-50), into the form (y| Aw). From this results the following relation, sometimes 
used to define the adjoint operator At of A: 


(Alo |d) = (plA¥) (B-56) 


B-4-d. Hermitian conjugation in Dirac notation 


In the preceding section, we introduced the concept of an adjoint operator by using 
the correspondence between kets and bras. A ket | y) and its corresponding bra (4 | are 
said to be “Hermitian conjugates” of each other. The operation of Hermitian conjugation 
is represented by the wavy arrows in Figure 2; we see that it associates At with A. This 
is the reason why A? is also called the Hermitian conjugate operator of A. 

The operation of Hermitian conjugation changes the order of the objects to which 
it is applied. Thus we see in Figure 2 that A|~) becomes (w| At. The ket |~) is 
changed into (7 |, the operator A into At, and the order is reversed. In the same way, 
we saw in (B-55) that the Hermitian conjugate of a product of two operators is equal 
to the product of the Hermitian conjugates taken in the opposite order. Finally, let us 
show that: 


(Ju) (vt = |v) (ul (B-57) 


(Ju) is replaced by (u|, and (v| by |v), and the order is changed). Applying relation 
(B-49) to the operator | u)(v|, we find: 


(vI(lu) Coli] ye) = [el Qu) (ol) le)l* (B-58) 


Now, if we use property (B-9) of the scalar product: 


[eldu) (oper =(eluy* (old) = (ble) (uly) 
=(¥| (le) (alle) (B-59) 
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By comparing (B-58) and (B-59), we can derive (B-57). 

The result of the operation of Hermitian conjugation on a constant remains to be 
found. We see from (B-6) and (B-53) that this operation simply transforms \ into * 
(complex conjugation). This is in agreement with the fact that (y|w)* = (w|¢). 

To summarize, the Hermitian conjugate of a ket is a bra, and vice versa; that of 
an operator is its adjoint; that of a number, its complex conjugate. In Dirac notation, 
the operation of Hermitian conjugation is very simple to perform; it suffices to apply the 
following rule: 





RULE 
To obtain the Hermitian conjugate (or the adjoint) of any expression 
composed of constants, kets, bras and operators, one must: 
the constants by their complex conjugates 
the kets by the bras associated with them 
the bras by the kets associated with them 
the operators by their adjoints 


— Replace 


— Reverse the order of the factors (the position of the constants, nevertheless, 
is of no importance). 











EXAMPLES 

A(u|Alv)|w) (| is an operator (A and (u|A|v) are numbers). The adjoint 
of this operator is obtained by using the preceding rule: |~)(w|(v|At|w)A*, which 
can also be written \* (v| AT|w)|w) (w|, changing the position of the numbers \* and 
(v| AT lu). 

In the same way, A| wv) (v|w) isa ket (A and (v|w) are constants). The conjugate 
bra is (w|u) (u|A*, which can also be written A* (w|v) (u|. 


B-4-e. Hermitian operators 


An operator A is said to be Hermitian if it is equal to its adjoint, that is, if: 


A=At (B-60) 
Combining (B-60) and (B-49), we see that a Hermitian operator satisfies the rela- 

tion: 
(dlAle) = (plAly)* (B-61) 


which is valid for all |g) and |). 
Finally, for a Hermitian operator, (B-56) becomes 


(Ay|) =(y¢|Ay) (B-62) 


We shall treat Hermitian operators in more detail later, when we consider the 
problem of eigenvalues and eigenvectors. Moreover, we shall see in Chapter III that 
Hermitian operators play a fundamental role in quantum mechanics. 
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If formula (B-57) is applied to the case where |u) = |v) = 
projector Py =|) (| is Hermitian: 


yw), we see that the 
Ph = 14) (1 = Py (B-63) 


Comment: 


The product of two Hermitian operators A and B is Hermitian only if [A, B] = 0. Indeed, 
if A= At and B = B’, it can be shown using (B-55) that (AB)' = BTA’ = BA, which 
is equal to AB only if [A, B] = 0. 


C. Representations in state space 


C-1. Introduction 


C-1-a. Definition of a representation 


Choosing a representation means choosing an orthonormal basis, either discrete 
or continuous, in the state space &. Vectors and operators are then represented in this 
basis by numbers: components for the vectors, matrix elements for the operators. The 
vectorial calculus introduced in § B then becomes a matrix calculus with these numbers. 
The choice of a representation is, in theory, arbitrary. Actually, it obviously depends on 
the particular problem being studied: in each case, one chooses the representation that 
leads to the simplest calculations. 


C-1-b. Aim of section C 


Using the Dirac notation, and for any arbitrary & space, we are going to treat 
again all the concepts introduced in §§ A-2 and A-3 for discrete and continuous bases of 
Ff. 

We shall write the two characteristic relations of a basis in Dirac notation: the 
orthonormalization and closure relations. Then we shall show how, using these two 
relations, it is possible to solve all specific problems involving a representation and the 
transformation from one representation to another. 


C-2. Relations characteristic of an orthonormal basis 
C-2-a. Orthonormalization relation 


A set of kets, discrete {| u,;) } or continuous {| we ) }, is said to be orthonormal if 
the kets of this set satisfy the orthonormalization relation: 





(uj | uy ) = ig (C-1) 








or 





(We | We) = (a — a’) (C-2) 
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It can be seen that, for a continuous set, (wa | Wa ) does not exist: the | wa ) have 
an infinite norm and therefore do not belong to &. Nevertheless, the vectors of & can be 
expanded on the | wa). It is useful, consequently, to accept the | wa ) as generalized kets 
(see the discussions in §§ A-3 and B-2-c). 


C-2-b. Closure relation 


A discrete set, {|u;)}, or a continuous one, {| wa) }, constitutes a basis if every 
ket |w) belonging to & has a unique expansion on the | wu; ) or the | we ): 





Iw) = deus) (C-3) 











I) = fac c(a) | wa) (C-4) 





Let us assume, moreover, that the basis is orthonormal. Then perform the scalar 
multiplication on both sides of (C-3) with (u, |, and on both sides of (C-4) with (wy |. 
We obtain, using (C-1) or (C-2), expressions for the components c; or c(a’): 

(uj|v) =o (C-5) 
(war |W) = e(a’) (C-6) 
Then replace in (C-3) ¢; by (u; |), and in (C-4) c(a) by (wa|w): 


|e) =S> clus) = So (us| b) | ua) 


v 


= Shed (octvy= (Sole ont) (C-7) 


Jv) = fda e(a)| wa) = fda (wa |v) |) 
= fea | wa) (wa 8) = (f der |) (wa!) 18) (C8) 


[since, in (C-7), we can place the number (wu; | 7) after the ket | u;); in the same way, in 
(C-8), we can place the number (wa |) after the ket | wa )). 


Thus, we see two operators appear, S- |u;)(uw;| and | da | wa) {wa |. They act 
i 
on every ket |) belonging to & to give the same ket |w). Since |w) is arbitrary, it 
follows that: 





Pray = Dols) (us| = 1 (C-9) 


a 


Plwa} = [oe | Wa) (Wo | = 1 (C-10) 











where 1 denotes the identity operator in &. Relation (C-9), or (C-10), is called the 
closure relation. Conversely, let us show that relations (C-9) and (C-10) express the fact 
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that the sets {|u,;)} and {| wa) } constitute bases. For every |) belonging to &, we 
can write: 


[Y) = D1) = Peay Yd = Dole) (us) 


with: 
c= (ui l¥) (C-12) 


In the same way: 
Iv) = 118) = Peugy|¥) = f dax|wa) (we |) 
= [ew c(a) | Wa ) (C-13) 


with: 
e(a) = (wal) (C-14) 


Thus, every ket |) has a unique expansion on the | u;) or on the | wa). Each of 
these two sets therefore forms a basis, a discrete one or a continuous one. We also see 
that relation (C-9), or (C-10), spares us the need of memorizing expressions (C-12) and 
(C-14) for the components c; and c(a). 


Comments: 
(4) We shall see later (§ E) that, in the case of the ¥-space, relations (A-32) and (A-57) 
can easily be deduced from (C-9) and (C-10). 


(4¢) Geometrical interpretation of the closure relation. 


From the discussion of § B-3-b, we see that So lui) (ui | is a projector: the 


projector onto the subspace &’ spanned by |w1),|u2),...,|ui),... If the |us) form a 


basis, every ket of & can be expanded on the | u;); the subspace &” is then identical 


with the &-space itself. Consequently, it is reasonable for a | us )( ui | to be equal to 


the identity operator: projecting onto & a ket which belongs to & does not modify this 
ket. The same argument can be applied to Joo | We) (Wa |. 


We can now find an equivalent of the closure relation for the three-dimensional 
space of ordinary geometry, R°. If e1, eg and e3 are three orthonormal vectors of this 
space, and P,, P: and P3 are the projectors onto these three vectors, the fact that { e1, 
e2, e3 } forms a basis in R? is expressed by the relation 


Pi+P2+ Ps =1 (C-15) 


On the other hand, { e1, e2 } constitutes an orthonormal set but not a basis of R?. 
This is expressed by the fact that the projector P, + P2 (which projects onto the plane 
spanned by e; and e2) is not equal to 1; for example: (Pi + P2) e3 = 0. 
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Table (II-7) summarizes the only fundamental formulas required for any calculation 
in the {|u,;) } or {| wa) } representation. 











{| u;) } representation {| wa) } representation 
(ui | Uj) = dij (Wa | War) = d(a — a’) 
Peay = Yi lus) (us| = 1 Plagy= fda: |e) (ta |= 1 











Table (II-7) 


C-3. Representation of kets and bras 
C-3-a. Representation of kets 


In the {| u;) } basis, the ket |) is represented by the set of its components, that 
is, by the set of numbers c; = (u;|w). These numbers can be arranged vertically to 
form a one-column matrix (with, in general, a countable infinity of rows): 


: (C-16) 
(ui |p) 


In the continuous { | wa ) } basis, the ket | =) is represented by a continuous infinity 
of numbers, c(a) = (wa|t), that is, by a function of a. It is then possible to draw a 
vertical axis, along which are placed the various possible values of a. To each of these 
values corresponds a number, (we | ¢): 


a (te I) (C-17) 


C-3-b. Representations of bras 
Let (y| be an arbitrary bra. In the {|u;)} basis, we can write: 


(el = (yl1 = (| Pray = Doel us) (us | (C-18) 


u 


(y| has a unique expansion on the bras (u;|. The components of (|, (y|u:), are the 
complex conjugates of the components b; = (u;|y) of the ket | ~) associated with (|. 


119 


CHAPTER II THE MATHEMATICAL TOOLS OF QUANTUM MECHANICS 





In the same way, we obtain, in the {| wa ) } basis: 


(l= (P11 = (el Phagy = f da (| a) (we (C-19) 


The components of (y|, (y~| wa), are the complex conjugates of the components b(a) = 
(Waly) of the ket |y~) associated with (|. 

We have agreed to arrange the components of a ket vertically. Before describing 
how to arrange the components of a bra, let us show how the closure relation enables us to 
find simply the expression for the scalar product of two kets in terms of their components. 
We know that we can always place 1 between (| and | ¢)) in the expression for the scalar 
product: 


(elv) = (pl Lld) = (el Pray lY) 
= Dilelus) (uly) => drei (C-20) 


In the same way: 


(elo) = (el1|o) = (¢| Pros l¥) 
= [da (p|wa)(wal¥) = f dar b*(a) fa) (C-21) 


Let us arrange the components (p|u;) of the bra (y| horizontally, to form a row 
matrix (having one row and an infinite number of columns): 


((y|ur) (plue) --- (elu) ---) (C-22) 


Using this convention, (|) is the matrix product of the column matrix which repre- 
sents |w) and the row matrix which represents (y|. The result is a matrix having one 
row and one column, that is, a number: 

In the {| wa) } basis, (y| has a continuous infinity of components (y|wa). The 
various values of @ are placed along a horizontal axis. To each of these values corresponds 
a component (y| wa) of bra (|: 


( sees (py |wa) ... --e ) (C-23) 


Comment: 


In a given representation, the matrices which represent a ket | ~) and the associated bra 
(w| are Hermitian conjugates of each other (in the matrix sense): one passes from one 
matrix to the other by interchanging rows and columns and taking the complex conjugate 
of each element. 
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C-4. Representation of operators 
C-4-a. Representation of A by a “square” matrix 


Given a linear operator A, we can, ina {|u;)} or {| wa) } basis, associate with 
it a series of numbers defined by: 





Aij = (ui |Al uy) (C-24) 
or} A(a,a’) = (we| Al wa) (C-25) 














These numbers depend on two indices and can therefore be arranged in a “square” 
matrix having a countable or continuous infinity of rows and columns. The usual con- 
vention is to have the first index fix the rows and the second, the columns. Thus, in the 
{|u;)} basis, the operator A is represented by the matrix: 


Ay Aig «++ Aaj + 
Agi Ag +++ Aoj ++ 
— (C-26) 


We see that the jth column is made up of the components, in the {| wu; )} basis, of the 
transform A|w,;) of the basis vector | wu; ). 
For a continuous basis, we draw two perpendicular axes. To a point that has a’ 
for its abscissa and a for its ordinate, there corresponds the number A(a, a’): 
/ 


a 
ey 


(C-27) 


Let us use the closure relation to calculate the matrix which represents the operator 
AB in the {| u; ) } basis: 
(u;|AB|u;) = (u;|AIB|u; ) 
= (uj | AP{u,3B | u; ) 


=F (ui | Al ue) (ue | Bus) (C-28) 
k 


The convention chosen above for the arrangement of the elements A;; [or A(a,a’)] is 
therefore consistent with the one relating to the product of two matrices: (C-28) expresses 
the fact that the matrix representing the operator AB is the product of the matrices 
associated with A and B. 
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C-4-b. Matrix representation of the ket |v’) = A|w) 


The problem is the following: knowing the components of |~) and the matrix 
elements of A in a given representation, how can we calculate the components of |W’) = 
A|w) in the same representation? 

In the {| u;) } basis, the coordinate cj of |’) are given by: 


& = (ui |b") = (us| Ald) (C-29) 
If we simply insert the closure relation between A and |), we obtain: 
c= (us| AD) = (u5| AP(u,3 10) 
= So (ui | Alay) (uj |) 
j 
= Age (C-30) 
j 
For the {| wa) } basis, we obtain, in the same way: 
c'(a) = (wal) = (wal Al v) 
= faa! (1m [Altar ) (wor 18) 
3 / ae Ataval wots) (C-31) 
The matrix expression for |’) = A|q) is therefore very simple. We see, for example 


from (C-30), that the column matrix representing |’) is equal to the product of the 
column matrix representing | ~) and the square matrix representing A: 


cl Ai Aig «++ Atj ++ C4 
Cb Am Aza -:: Ao; oie C2 
Cc Ag Aj Aij -°: . (C-32) 
: Ci 
C-4-c. Expression for the number (vy | A| 7) 


By inserting the closure relation between (y| and A and again between A and 
|), we obtain: 
— for the {| u,; ) } basis: 


(PIAlY) = ( 9] Pru jAPruj}1¥) 
= Doe lee) (ue lA lay) (uy 1) 


= Ag 63 (C-33) 
LJ 
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~ for the {| wa ) } basis: 
(PIAl PD) = (| Pew jAPiw} 1 Y) 
= ff dada! (g| a) (Wa | Altar) (war |W) 


= fi dedi! Ft a) Alaa vele) (C-34) 


In the matrix formalism, the interpretation of these formulas is as follows: {y| A |) 
is a number, that is, a matrix with one row and one column, obtained by multiplying 
the column matrix representing | w ) first by the square matrix representing A and then 
by the row matrix representing (y|. For example, in the {| u;) } basis: 


Ai Alo sfods A1j Sia C1 
Ao Ago Sets Aaj ae C2 
. ‘ . es 


Comments: 


(4) It can be shown in the same way that the bra (y| A is represented by a row matrix, 
the product of the square matrix representing A by the row matrix representing (| [the 
first two matrices of the right-hand side of (C-35)]. Again we see the importance of the 
order of the symbols: the expression A (y| would lead to a matrix operation which is 
undefined (the product of a row matrix by a square matrix). 


(it) From a matrix point of view, equation (B-41) which defines (y|A merely expresses 
the associativity of the product of the three matrices that appear in (C-35). 


(iit) Using the preceding conventions, we express | ~) (w| by a square matrix: 


C1 CiC] C1Ca °° cic; see 
C2 C2Cq C2Cz +++ C2CF +++ 
(ch Ch CF ++) 7 : : : (C-36) 
aK oe * 
Ci CiCy CiCg *°* CiCz + °° 


This is indeed an operator, while (7|w), the product of a column matrix by a row 
matrix, is a number. 


C-4-d. Matrix representation of the adjoint At of A 


Using (B-49), we obtain easily: 
(Alig = (ug | AT] uz) = (uj | Alui)* = 43, (C-37) 


123 


CHAPTER II THE MATHEMATICAL TOOLS OF QUANTUM MECHANICS 





or 
Al(a,a’) = (we | AT| we) = (we | Alwe)* = A*(a’, a) (C-38) 


Therefore, the matrices representing A and A? in a given representation are Hermitian 
conjugates of each other, in the matrix sense: one passes from one to the other by 
interchanging rows and columns and then taking the complex conjugate. 

If A is Hermitian, At = A, and we can then replace (A');; by Aj;; in (C-37), and 
At(a,a’) by A(a, a’) in (C-38): 


Ais = Aj; (C-39) 

A(a,a’) = A*(a’,a) (C-40) 

A Hermitian operator is therefore represented by a Hermitian matrix, that is, one in 

which any two elements which are symmetric with respect to the principal diagonal are 

complex conjugates of each other. In particular, for i = j or a = a’, (C-39) and (C-40) 
become: 

Ai; = Aj, (C-41) 

A(a, a) = A*(a, a) C-42) 


— 


The diagonal elements of a Hermitian matrix are therefore always real numbers. 


C-5. Change of representations 
C-5-a. Outline of the problem 


In a given representation, a ket (or a bra, or an operator) is represented by a 
matrix. If we change representations, that is, bases, the same ket (or bra, or operator) 
will be represented by a different matrix. How are these two matrices related? 

For the sake of simplicity, we shall assume here that we are going from one discrete 
orthonormal basis { | u; ) } to another discrete orthonormal basis { | t, ) }. In § E, we shall 
study an example of changing from one continuous basis to another continuous basis. 

The change of basis is defined by specifying the components ( u, | t, ) of each of the 
kets of the new basis in terms of each of the kets of the old one. We shall set: 


Sik = (Ui | te) (C-43) 


S is the matrix of the basis change (transformation matrix). If St denotes its Hermitian 
conjugate: 


(Se = (Gig =e te) (C-44) 


The following calculations can be performed very easily, and without memorization, 
by using the two closure relations: 


Pou = Diu) (us| = 1 (C-45) 
Le S> [te ) (te | =1 (C-46) 
k 
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and the two orthonormalization relations: 


(uj | uy) = di (C-47) 
(tk | ti ) = Op (C-48) 
Comment: 


The transformation matrix, $, is unitary (Complement Cy). That is, it satisfies: 


sigs=sst=I (C-49) 
where J is the unit matrix. Indeed, we see that: 
(StS) x1 = Dara te |i) (ui | tr) 
= ee | t1) = de (C-50) 


In the same way: 


(S5")i5 = DY SeaShj = D7 (us te) (te | rey) 


k k 
= (ui | uy) = di; (C-51) 
C-5-b. Transformation of the components of a ket 


To obtain the components (t,x |) of a ket |w) in the new basis from its compo- 
nents (u;|¢) in the old basis, one simply inserts (C-45) between (t, | and | w): 


(tel) = (te |L)b) = (tel Pray |) 


= es 
The inverse expressions can be derived in the same way, using (C-46): 


(us|b) = (us| 1] o) = (us| Pry |) 
= So (ui te) (tel) 
k 


=S0 Siz (te |v) (C-53) 
k 
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C-5-c. Transformation of the components of a bra 


The principle of the calculation is exactly the same. For example: 


(v|te) = (bl Dl te) = (0 | Pray 
= DEC lus) (a8 | te) 


= ys (| ui) Six (C-54) 


tr) 





C-5-d. Transformation of the matrix elements of an operator 


If, in (t, | A|t;), we insert (C-45) between (t,| and A, and again between A and 
|t,), we obtain: 


(te | Alt) = (te | PrujA Pra} | tr) 
= So (te | us) (us | Al uy) (uy tr) (C-55) 
ij 


that is: 


An = >_ Sh, Aig Sit (C-56) 


ij 
In the same way: 
Ais = (ui | Aluj) = (us| Pee} A Prey} | us) 
=S > (ui | te) (te | Alte) (tr | u;) 
k,l 


=> Six An Sf, (C-57) 
k,l 


D. Eigenvalue equations. Observables 
D-1. Eigenvalues and eigenvectors of an operator 
D-1-a. Definitions 


|w) is said to be an eigenvector (or eigenket) of the linear operator A if: 





A|b) =Al¥) (D-1) 











where A is a complex number. We are going to study a certain number of properties of 
equation (D-1), the eigenvalue equation of the linear operator A. In general, this equation 
possesses solutions only when » takes on certain values, called eigenvalues of A. The set 
of the eigenvalues is called the spectrum of A. 

Note that, if |W) is an eigenvector of A with the eigenvalue A, a|¢) (where a is 
an arbitrary complex number) is also an eigenvector of A with the same eigenvalue: 


A(a|%)) = aA|p) = ad|p) = A(a|)) (D-2) 
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To rid ourselves of this ambiguity, we could agree to normalize the eigenvectors to 1: 
(vlpy)=1 (D-3) 


But this does not completely remove the ambiguity, since e”? |), where 6 is an arbitrary real number, 
has the same norm as |w). We shall see below that, in quantum mechanics, the physical predictions 


obtained using | 7) or e*? |) are identical. 


The eigenvalue ) is called non-degenerate (or simple) when its corresponding eigen- 
vector is unique to within a constant factor, that is, when all its associated eigenkets are 
collinear. On the other hand, if there exist at least two linearly independent kets which 
are eigenvectors of A with the same eigenvalue, this eigenvalue is said to be degenerate. 
Its degree (or order) of degeneracy is then the number of linearly independent eigen- 
vectors associated with it (the degree of degeneracy of an eigenvalue can be finite or 
infinite). For example, if is g-fold degenerate, there correspond to it g independent 
kets | vt) (¢ = 1, 2, ...g) such that: 


A\p')=Aly") (D-4) 
But then every ket |<) of the form: 


g 


[ey =e |e) (D-5) 


i=l 
is an eigenvector of A with the eigenvalue A, whatever the coefficients c;, since: 


g 


Alb)=Q) GAlW) =r Delo) = Al) (D-6) 


wl i= 


Consequently, the set of eigenkets of A associated with A constitutes a g-dimensional 
vector space (which can be infinite-dimensional), called the “eigensubspace” of the eigen- 
value A. In particular, it is equivalent to say that is non-degenerate or to say that its 
degree of degeneracy is g = 1. 


To illustrate these definitions, let us choose the example of a projector (§ B-3-b): Py =|) (w| 
(with (w|w) = 1). Its eigenvalue equation is written: 
Pule)=Al¢) 
that is: 


Iv) (ble) =Alye) (D-7) 


The ket on the left-hand side is always collinear with |), or zero. Consequently, the eigenvectors of 
Py are: on the one hand, | 7) itself, with an eigenvalue of X = 1; on the other hand, all the kets | ¢) 
orthogonal to |7), for which the associated eigenvalue is \ = 0. The spectrum of Py, therefore includes 
only two values: 1 and 0. The first one is simple, the second, infinitely degenerate (if the state space 
considered is infinite-dimensional). The eigensubspace associated with \ = 0 is the supplement” of |w) 
(see § D-2-c). 





“In a vector space &, two subspaces 1 and é are said to be supplementary if all kets |) of & can 
be written |) = |%1)+| 2) where | 71) and | #2) belong, respectively, to 6, and é, and if 6 and & 
are disjoint (no common non-zero ket; the expansion |) = | ¥1)+|w2) is then unique). Actually, there 
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Comments: 


(4) Taking the Hermitian conjugate of both sides of equation (D-1), we obtain: 
(py) AT =A (p| (D-8) 


Therefore, if |) is an eigenket of A with an eigenvalue X, it can also be said that 
(w| is an eigenbra of At with an eigenvalue \*. However, let us stress the fact 
that, except in the case where A is Hermitian (§ D-2-a), nothing can be said a 
priori about (| A. 


(ii) To be completely rigorous, one should solve the eigenvalue equation (D-1) in the 
space &. That is, one should consider only those eigenvectors | 7) which have a finite 
norm. In fact, we shall be obliged to use operators for which the eigenkets do not satisfy 
this condition (§ E). Therefore, we shall grant that vectors which are solutions of (D-1) 
can be “generalized kets”. 


D-1-b. Finding the eigenvalues and eigenvectors of an operator 


Given a linear operator A, how does one find all its eigenvalues and the correspond- 
ing eigenvectors? We are concerned with this question from a purely practical point of 
view. We shall consider the case where the state space is of finite dimension N, and we 
shall grant that the results can be generalized to an infinite-dimensional state space. 

Let us choose a representation, for example {| wu; ) }, and let us project the vector 
equation (D-1) onto the various orthonormal basis vectors | u; ): 


(uj|A|y) =A (uly) (D-9) 
Inserting the closure relation between A and |), we obtain: 

do (ui Al uz) (uy |b) =r (ul Y) (D-10) 

j 
With the usual notation: 
(ui|v) = 

(ui | Al uj) = Aig (D-11) 
equations (D-10) can be written: 

do Aig C7 = A Gi (D419) 
or ? 

S> [Aix — Adj] eg = 0 (D-13) 


J 
(D-13) can be considered to be a system of equations where the unknowns are the c;, the 


components of the eigenvector in the chosen representation. This system is linear and 
homogeneous. 





exists an infinity of sub-subspaces 62 supplementary to a given subspace 61. One can fix & by forcing 
it to be orthogonal to é,. This shall be done throughout this book, even though the word “orthogonal” 
will not be explicitly written before supplement. 

Example: In ordinary three-dimensional space, if 61 is a plane P, 62 can be any arbitrary straight 
line, not contained in P. The orthogonal supplement of é1 is the straight line passing through the origin 
and orthogonal to P. 
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Q. The characteristic equation 


The system (D-13) consists of N equations (i = 1, 2, ..., N) with N unknowns c; 
(j = 1, 2,..., N). Since it is linear and homogeneous, it has a non-trivial solution (the 
trivial solution is the one for which all the c; are zero) if and only if the determinant of 
the coefficients is zero. This condition is written: 





Det [o/ — AI] =0 (D-14) 











where & is the N x N matrix of elements A;; and J is the unit matrix. 

Equation (D-14), called the characteristic equation (or secular equation), enables 
us to determine all the eigenvalues of the operator A, that is, its spectrum. (D-14) can 
be written explicitly in the form: 


Ai-A Ap Ai3 ++: AN 
Ag} Agzg—X Aoz +++ Aon 
=0 (D-15) 


Ani An2 Anz ++: AnN-A 


This is an Nth order equation in A; consequently, it has N roots, real or complex, 
distinct or identical. It is easy to show, by performing an arbitrary change of basis, that 
the characteristic equation is independent of the representation chosen. Therefore, the 
eigenvalues of an operator are the roots of its characteristic equation. 


B. Determination of the eigenvectors 


Now let us choose an eigenvalue Ao, a solution of the characteristic equation (D-14), 
and let us look for the corresponding eigenvectors. We are going to distinguish between 
two cases: 

(i) First, assume that Ag is a simple root of the characteristic equation. We can 
then show that the system (D-13), when A = Xo, is comprised of (N — 1) independent 
equations, the Nth one following from the preceding ones and hence redundant. But 
we have N unknowns; there is therefore an infinite number of solutions, but all the c; 
can be determined in a unique way in terms of one of them, say c,. If we fix c,, we 
obtain for the (NV — 1) other c; a system of (N — 1) linear, inhomogeneous equations (the 
“right-hand side” of each equation is the term in c,) with a non-zero determinant [the 
(N — 1) equations are independent]. The solution of this system is of the form: 


c= ay C1 (D-16) 


since the initial system (D-13) is linear and homogeneous. af is, of course, equal to 1 
by definition, and the (N — 1) coefficients ay for 7 # 1 are determined from the matrix 
elements A;; and Ao. The eigenvectors associated with Ao differ only by the value chosen 
for c;. They are therefore all given by: 


| wo(c1)) = Ds a c1| uz) = c1 | bo) (D-17) 


with: 


|Yo) => af |u;) (D-18) 


J 
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Therefore, when Xo is a simple root of the characteristic equation, only one eigenvector 
corresponds to it (to within a constant factor): it is a non-degenerate eigenvalue. 


(ii) When Xo is a multiple root of order q > 1 of the characteristic equation, there 
are two possibilities: 

— in general, when A = Xo, the system (D-13) is still composed of (N — 1) inde- 
pendent equations. Only one eigenvector then corresponds to the eigenvalue 9. The 
operator A cannot be diagonalized in this case: the eigenvectors of A are not sufficiently 
numerous for one to be able to construct with them alone a basis of the state space. 

— nevertheless, when A = Xo, it may happen that the system (D-13) has only 
(N — p) independent equations (where p is a number greater than 1 but not larger than 
q). To the eigenvalue Ao there then corresponds an eigensubspace of dimension p, and Ao 
is a p-fold degenerate eigenvalue. Let us assume, for example, that, for \ = Ao, (D-13) 
is composed of (N — 2) linearly independent equations. These equations enable us to 
calculate the coefficients c; in terms of any two of them, for example c, and cg: 


cy = Bp +73 ce (D-19) 


(obviously: 62 = y2 =1; 7) = B§ = 0). All the eigenvectors associated with \o are then 
of the form: 


| Yo(c1,¢2)) = e1 Ivo) tee |) (D-20) 
with: 


Wo) = D7 BP lus) 
Wo) = Doe | u; ) (D-21) 


The vectors | Wo(c1, C2) ) do indeed constitute a two-dimensional vector space, this being 
characteristic of a two-fold degenerate eigenvalue. 

When an operator is Hermitian, it can be shown that the degree of degeneracy 
p of an eigenvalue 2 is always equal to the multiplicity q of the corresponding root in 
the characteristic equation. Since, in most cases, we shall be studying only Hermitian 
operators, we shall only need to know the multiplicity of each root of (D-14) to obtain 
immediately the dimension of the corresponding eigensubspace. Thus, in a space of finite 
dimension N, a Hermitian operator always has N linearly independent eigenvectors (we 
shall see later that they can be chosen to be orthonormal): this operator can therefore 
be diagonalized (§ D-2-b). 


D-2. Observables 
D-2-a. Properties of the eigenvalues and eigenvectors of a Hermitian operator 


We shall now consider the very important case in which the operator A is Hermi- 
tian: 


A‘=A (D-22) 


(i) The eigenvalues of a Hermitian operator are real. 
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Taking the scalar product of the eigenvalue equation (D-1) by | 7), we obtain: 


(bl Alb) =A (v]o) (D-23) 
But (~|A|w) is a real number if A is Hermitian, as we see from: 
(DIAId)* = (ol AT]d) = (HIAld) (D-24) 


where the last equation follows from hypothesis (D-22). Since (~|A|w) and (|) are 
real, equation (D-23) implies that A must also be real. 


If A is Hermitian, we can, in (D-8), replace A by At and X by A*, since we have 
just shown that \ is real. Thus we obtain: 


(pl A=A(o| (D-25) 


which shows that (w| is also an eigenbra of A with the real eigenvalue \. Therefore, 
whatever the ket | y): 


(PlAle)=A(vly) (D-26) 
The Hermitian operator A is said to act on the left in (D-26). 


(ii) Two eigenvectors of a Hermitian operator corresponding to two different eigenvalues 
are orthogonal. 


Consider two eigenvectors | 7) and | py) of the Hermitian operator A: 


Aly) =Al|v) (D-27-a) 

Ale)=rl¢) (D-27-b) 
Since A is Hermitian, (D-27-b) can be written in the form: 

(pl|A=pn(¢| (D-28) 
Then multiply (D-27-a) by (y| on the left and (D-28) by | w) on the right: 

(ylAlY) =A (ely) (D-29-a) 

(yl|Ald) =H (ely) (D-29-b) 
Subtracting (D-29-b) from (D-29-a), we find: 

(A-p) (ely) =90 (D-30) 


Consequently, if (A — 4) 4 0, | ~) and |) are orthogonal. 


D-2-b. Definition of an observable 


When @& is finite-dimensional, we have seen (§ D-1-b) that it is always possible 
to form a basis with the eigenvectors of a Hermitian operator. When @& is infinite- 
dimensional, this is no longer necessarily the case. This is why it is useful to introduce 
a new concept, that of an observable. 
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Consider a Hermitian operator A. For simplicity, we shall assume that the set of 
its eigenvalues forms a discrete spectrum { adn ; n = 1, 2, ... }, and we shall indicate later 
the modifications that must be made when all or part of this spectrum is continuous. 
The degree of degeneracy of the eigenvalue a, will be denoted by gp (if gn = 1, an is 
non-degenerate). We shall denote by |w%,) (¢ = 1, 2, .... gn) gn linearly independent 
vectors chosen in the eigensubspace é;, of an: 


Alwi)san|¥i) 5 @=1 2% Gn (D-31) 


We have just shown that every vector belonging to &,, is orthogonal to every vector 
of another subspace &,,, associated with ay: # ay; therefore: 


(vt |v.) =0 for n #n’ and arbitrary i and j (D-32) 


Inside each subspace &,, the | 7?, ) can always be chosen orthonormal, that is, such 
that: 


(wi Oh) = a3 (D-33) 


If such a choice is made, the result is an orthonormal system of eigenvectors of A: 
the | Wt) satisfy the relations: 











(Bi Die) = Onn div (D-34) 


obtained by regrouping (D-32) and (D-33). 





By definition, the Hermitian operator A is an observable if this orthonormal system 
of vectors forms a basis in the state space. This can be expressed by the closure relation: 


S> So uh) (vil =a (D-35) 


n=1 i=l 














Comments: 


(i) Since the gn vectors | Wt,) (¢ = 1, 2, ..., gx) which span the eigensubspace &, 
of ay, are orthonormal, the projector P,, onto this subspace &,, can be written (cf. 


§ B-3-b-y): 
Gn 

Pa = >> [hy (bi | (D-36-a) 
i=l 


The observable A is then given by: 


Hey iP (D-36-b) 


(it is easy to verify that the action of both sides of this equation on all the kets 
| pt) gives the same result). 
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(ti) Relation (D-35) can be generalized to include cases where the spectrum of eigenvalues 
is continuous by using the rules given in table (II-3). For example, consider a Hermitian 
operator whose spectrum is composed of a discrete part {an (degree of degeneracy gn)} 
and a continuous part a(v) (assumed to be non-degenerate): 


Ald. yaad fe) 4 We Ly pe 
pS TD oge (D-37-a) 
Aldy)=alv) |W) 3; U<v<w (D-37-b) 


The vectors can always be chosen in such a way that they form an “orthonormal” system: 


(wh |i) = Sandia 
(Ww |dr) = 6(v — Vv’) 


(dn |p) =0 (D-38) 
A will be said to be an observable if this system forms a basis, that is, if: 
In : ; v2 
SLi + fave l=a (D-39) 
n i=l v1 
D-2-c. Example: the projector P,, 


Let us show that Py = |W) (| (with (w|~) = 1) is an observable. We have 
already pointed out (§ B-4-e) that it is Hermitian, and that its eigenvalues are 1 and 0 
(§ D-1-a); the first one is simple (associated eigenvector: | w)), the second one is infinitely 
degenerate (associated eigenvectors: all kets orthogonal to | w)). 

Consider an arbitrary ket |) in the state space. It can always be written in the 
form: 


le) = Py |v) + (1 — Py) |¢) (D-40) 


Now, Py |v) is an eigenket of Py with the eigenvalue 1. Since P? = Py, we have: 


Pu(Py ley) = Pp |v) = Pu le) (D-41) 


Moreover, (1 — Py) |v) is also an eigenket of Py, but with the eigenvalue 0, as we see 
from: 


Py( — Py) |p) = (Pp — P3) |e) =0 (D-42) 


Every ket |) can thus be expanded on these eigenkets of Py; therefore, Py is an ob- 
servable. 
We shall see in § E-2 two other important examples of observables. 


D-3. Sets of commuting observables 
D-3-a. Important theorems 
a. Theorem I 


If two operators A and B commute, and if |W) is an eigenvector of A, B |wW) is 
also an eigenvector of A, with the same eigenvalue. 
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We know that, if | 7) is an eigenvector of A, we have: 
A|yv)=a|yp) (D-43) 
Applying B to both sides of this equation, we obtain: 
BA|}) =aB|v) (D-44) 


Since we assumed that A and B commute, we also have, replacing BA on the left-hand 
side by AB: 


A(B |b)) = a(B |v) (D-45) 


This equation expresses the fact that B | 1) is an eigenvector of A, with the eigenvalue 
a; the theorem is therefore proved. 

Two cases may then arise: 

(i) If a is a nondegenerate eigenvalue, all the eigenvectors associated with it are 
by definition colinear, and B | w) is necessarily proportional to | ~). Thus | w) is also an 
eigenvector of B. 

(ii) If a is a degenerate eigenvalue, it can only be said that B|w) belongs to the 
eigensubspace &, of A, corresponding to the eigenvalue a. Therefore, for any |W) € &, 
we have: 


B\pye& (D-46) 


&, is said to be globally invariant (or stable) under the action of B. Theorem I can also 
be stated in another form: 


Theorem I’: If two operators A and B commute, every eigensubspace of A is 
globally invariant under the action of B. 


B. Theorem IT 


If two observables A and B commute, and if |W.) and |w2) are two eigenvectors 
of A with different eigenvalues, the matriz element (|B \|tb2) ts zero. 
If | 1) and | ~2) are eigenvectors of A, we can write: 


A |d1) = a1 |Y1) 
A | 2) = a2 | p2) (D-47) 


According to theorem I, the fact that A and B commute means that B |w2) is an 
eigenvector of A, with the eigenvalue az. B | 2) is therefore (cf. § D-2-a) orthogonal to 
| y ) (eigenvector of eigenvalue a; # a2), which can be written: 


(¥1|Bly2) =0 (D-48) 


The theorem is then proved. Another proof can be given, which does not involve theorem 
I: since the operator [A, B] is zero, we have: 


(#1 |(AB— BA) | 2) =0 (D-49) 
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Using (D-47) and the Hermiticity of A [cf equation (D-25)], we obtain: 


(w1|AB| v2) = a1 (41 | Bl 2) 
(Y1|BA| 2) = a2 (y1| Bl v2) (D-50) 


and (D-49) can be rewritten in the form: 
(a1 — a2) (41 | Bl y2) = 0 (D-51) 


Since, by hypothesis, (a; — a2) is not zero, we can deduce (D-48) from this equality. 


y. Theorem LI (fundamental) 


If two observables A and B commute, one can construct an orthonormal basis of 
the state space with eigenvectors common to A and B. 

Consider two commuting observables, A and B. In order to simplify the notation, 
we shall assume that their spectra are entirely discrete. Since A is an observable, there 
exists at least one orthonormal system of eigenvectors of A which forms a basis in the 
state space. We shall denote these vectors by | u’, ): 


Alla \ =a, (ae) = ado a. 
Dit (D-52) 


Qn is the degree of degeneracy of the eigenvalue a,,, that is, the dimension of the corre- 
sponding eigensubspace 6,,. We have: 


(ul, | ub, ) = Onn Six? (D-53) 


What does the matrix look like which represents B in the {|u?,) } basis? We know (cf. 
theorem II) that the matrix elements (u!,|B|u%,) are zero when n # n’ (on the other 
hand, we can say nothing a priori about what happens for n = n’ and i 4 7’). Let us 
arrange the basis vectors | u!, ) in the order: 

Jul), 02), oy Lug) ¢ [ub), oy |W) 5s Jab), 
We then obtain for B a “block-diagonal” matrix, that is, of the form: 











Ey E2 E3 
Badi-ce' 7) Oe FO)! 1 
&5 0 Ye Se 78 2/0 0 (D-54) 
&3 0 0 0 

0 0 0 
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(only the dotted square parts contain non-zero matrix elements). The fact that the 
eigensubspaces &,, are globally invariant under the action of B (cf. § D-3-a-a) is evident 
from this matrix. 

Two cases can then arise: 

(4) When a, is a nondegenerate eigenvalue of A, there exists only one eigenvector 
|u, ) of A, of eigenvalue a, (the index 7 in | u,) is then unnecessary): the dimension g, 
of &, is then equal to 1. In the matrix (D-54), the corresponding “block”, then reduces 
toal x 1 matrix, that is, to a simple number. In the column associated with | u, ), all 
the other matrix elements are zero. This expresses the fact (cf. § D-3-a-a-i) that | un ) 
is an eigenvector common to A and B. 

(it) When a, is a degenerate eigenvalue of A (g, > 1), the “block” which represents 
B in &,, is not, in general, diagonal: the | u%,) are not, in general, eigenvectors of B. 

It can be seen, nevertheless, that, since the action of A on each of the g, vectors 
| ut, ) reduces to a simple multiplication by a, the matrix representing the restriction of 
A to within &,, is equal to a,JI (where I is the gn xX gy, unit matrix). This expresses the 
fact that an arbitrary ket of &, is an eigenvector of A with the eigenvalue a,,. The choice 
in &, of a basis such as {|u?,) ; i= 1, 2, ..., gn } is therefore arbitrary. Whatever 
this basis, the matrix representing the operator A in &,, is always diagonal and equal to 
ay,JI. We shall use this property to obtain a basis of &,, composed of vectors that are also 
eigenvectors of B. 

The matrix representing B in &,,, when the basis chosen is: 

{lu}; ¢= 1,2, ., nj 
has for its elements: 


(mn) _ 7,4 j 
By” = (up| Blu; ) (D-55) 
This matrix is Hermitian (pe = o), since B is a Hermitian operator. It is therefore 
diagonalizable, that is, one can find in &, a new basis {|vt,); i= 1, 2, ..., gn} in 
which B is represented by a diagonal matriz: 
(wh |B] oh) = BY 6, (D-56) 


This means that the new basis vectors in &,, are eigenvectors of B: 
B\v,,) = By” |v) (D-57) 


As we saw above, these vectors are automatically eigenvectors of A with an eigenvalue a, 
since they belong to &,,. Let us stress the fact that the eigenvectors of A associated with 
degenerate eigenvalues are not necessarily eigenvectors of B. What we have just shown 
is that it is always possible to choose, in every eigensubspace of A, a basis of eigenvectors 
common to A and B. 

If we perform this operation in all the subspaces &;,, we obtain a basis of &, formed 
by eigenvectors common to A and B. The theorem is therefore proved. 


Comments: 


(<4) From now on, we shall denote by | ul») the eigenvectors common to A and B. 
A [ee a) = an | ui») 


B | the ) = bp | as) (D-58) 
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The indices n and p which appear in | eis ) enable us to specify the eigenvalues a, 
and b, of A and B. The additional index 7 will eventually be used to distinguish 
between the different basis vectors which correspond to the same eigenvalues ay, 
and b, (§ D-3-b below). 


(ii) The converse of theorem III is very simple to prove: if there exists a basis of 
eigenvectors common to A and B, these two observables commute. From (D-58), 
it is easy to deduce: 


AB [ir = bp A | us») = op an eee 
BA | tira) = an B | us») = an bp as (D-59) 


and, subtracting these equations: 
[A, B] |unp) =0 (D-60) 


This relation is valid for all 7, n and p. Since, by hypothesis, the vectors | up) 
form a basis, (D-60) entails [A, B] = 0. 


(tii) We shall occasionally solve the eigenvalue equation of an observable C’ such 
that: 


C=A+B avec [A, B] =0 (D-61) 


where A and B are also observables. 


When one has found a basis {| ui, ,,) } of eigenvectors common to A and B, 
the problem is solved, since we see immediately that | uj, ,, ) is also an eigenvector 
of C, with an eigenvalue a, + by. The fact that {|u;,,,) } constitutes a basis 
is obviously essential: this allows us, for example, to show simply that all the 
eigenvalues of C’' are of the form ay, + bp. 


D-3-b. Complete® sets of commuting observables (C.S.C.O.)° 


Consider an observable A and a basis of & composed of eigenvectors | u!,) of A. 
If none of the eigenvalues of A is degenerate, the various basis vectors of & can be 
labelled by the eigenvalue a, (the index i in | u!,) being in this case unnecessary). All 
the eigensubspaces &, are then one-dimensional. Therefore, specifying the eigenvalue 
determines in a unique way the corresponding eigenvector (to within a constant factor). 
In other words, there exists only one basis of & formed by the eigenvectors of A (we shall 
not consider here as distinct two bases whose vectors are proportional). It is then said 
that the observable A constitutes, by itself, a C.S.C.O. 

If, on the other hand, one or several eigenvalues of A are degenerate, the situation 
is different. Specifying a, is no longer always sufficient to characterize a basis vector, 
since several independent vectors correspond to any degenerate eigenvalue. In this case, 





8The word “complete” is used here in a sense which is totally unrelated to those referred to in the 
note 3 of § A-2-a, p. 91. This use of the word “complete” is customary in quantum mechanics. 

°To have a good understanding of the important concepts introduced in this section, the reader 
should apply them to a concrete example such as the one discussed in Complement Hy; (solved exercises 
11 and 12). 
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the basis of eigenvectors of A is obviously not unique. One can choose any basis inside 
each of the eigensubspaces &,, of dimension greater than 1. 

Let us then choose another observable B which commutes with A, and let us 
construct an orthonormal basis of eigenvectors common to A and B. By definition, A 
and B form a C.S.C.O. if this basis is unique (to within a phase factor for each of the 
basis vectors), that is, if, to each of the possible pairs of eigenvalues {a,,b, }, there 
corresponds only one basis vector. 


Comment: 


In § D-3-a, we constructed a basis of eigenvectors common to A and B by solving the 
eigenvalue equation of B inside each eigensubspace é;, of € . For A and B to constitute 
a C.S.C.O., it is necessary and sufficient that, inside each of these subspaces, all the gn 
eigenvalues of B be distinct. Since all the vectors of &, correspond to the same eigenvalue 
ay of A, the gn vectors | v?,) can then be distinguished by the eigenvalue of B which is 
associated with them. Note that it is not necessary that all the eigenvalues of B be 
non-degenerate: vectors |v‘, ) belonging to two distinct subspaces 6, can have the same 
eigenvalue for B. Moreover, if all the eigenvalues of B were non-degenerate, B alone 
would constitute a C.S.C.O. 


If, for at least one of the possible pairs { ap, bp }, there exist several independent 
vectors which are eigenvectors of A and B with these eigenvalues, the set { A, B} is 
not complete. Let us add to it, then, a third observable C, which commutes with both 
A and B. We can then use the same argument as in § D-3-a above, generalizing it in 
the following way. When to a pair { an, bp }, there corresponds only one vector, this 
vector is necessarily an eigenvector of C. If there are several vectors, they form an 
eigensubspace &,,», in which it is possible to choose a basis formed by vectors which are 
also eigenvectors of C. One can thus construct, in the state space, an orthonormal basis 
formed by eigenvectors common to A, B and C. A, B and C form a C.S.C.O. if this 
basis is unique (to within multiplicative factors). Specifying a possible set of eigenvalues 
{ Gn, bp, cr } of A, B, C then characterizes only one of the vectors of this basis. If this is 
not the case, one adds to A, B, C an observable D which commutes with each of these 
three operators, and so on. In general, we are thus led to the following: 

By definition, a set of observables A, B, C... is called a complete set of commuting 
observables if 

(i) all the observables A, B, C... commute by pairs, 

(ii) specifying the eigenvalues of all the operators A, B, C... determines a unique 
(to within a multiplicative factor) common eigenvector. 


An equivalent way of saying this is the following: 
A set of observables A, B, C... is a complete set of commuting observables if there exists 
a unique orthonormal basis of common eigenvectors (to within phase factors). 
C.S.C.O/s play an important role in quantum mechanics. We shall see numerous 
examples of them (see, in particular, § E-2-d). 
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Comments: 


(i) If { A, B} is a C.S.C.O., another C.S.C.O. can be obtained by adding to it 
any observable C, on the condition, of course, that it commutes with A and B. 
However, it is generally understood that one is confined to “minimal” sets, that 
is, those which cease to be complete when any one of the observables is omitted. 


(ii) Let { A, B, C...} be a C.S.C.O.. Since the specification of the eigenvalues a,, 


bn, Cr... determines a unique ket of the corresponding basis (to within a constant 
factor), this ket is sometimes denoted by | an, bp, Cr, .--)- 


(iii) For a given physical system, there exist several distinct complete sets of 
commuting observables. We shall see a particular example of this in § E-2-d. 


E. Two important examples of representations and observables 


In this paragraph, we shall return to the #-space of wave functions of a particle, or, more 
exactly, to the state space &, which is associated with it, and which we shall define in 
the following way. Let there correspond to every wave function w(r) a ket |) belonging 
to &,; this correspondence is linear. Moreover, the scalar product of two kets coincides 
with that of the functions which are associated with them: 


(lb) = i ar g*(r) V(r) (E41) 


é, is thus the state space of a (spinless) particle. 

We are going to define and study, in this space, two representations and two 
operators which are particularly important. In Chapter III we shall associate them with 
the position and the momentum of the particle under consideration. They will enable us, 
moreover, to apply and illustrate the concepts which we have introduced in the preceding 
sections. 


E-1. The {|r)} and {|p) } representations 
E-1-a. Definition 
In §§ A-3-a and A-3-b, we introduced two particular “bases” of ¥: {&,(r) } and 
{ Up, (r) }. They are not composed of functions belonging to F: 
Exot) = dle — 40) (E-2-a) 
Up (t) = (27h) ~8/? enPo (E-2-b) 


However, every sufficiently regular square-integrable function can be expanded in one or 
the other of these “bases”. 

This is why we shall remove the quotation marks and associate a ket with each of 
the functions of these bases (cf. § B-2-c). The ket associated with €,,(r) will be denoted 
simply by |ro), and that associated with vp,(r), by | po ): 





&ro(r) = | ro) (E-3-a) 
Upo(t) = | Po) (E-3-b) 
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Using the bases { &,(r) } and {vp,(r) } of #, we thus define in &, two represen- 
tations: the {|ro)} representation and the {|po)} representation. A basis vector of 
the first one is characterized by three “continuous indices” x9, yo and zg, which are the 
coordinates of a point in three-dimensional space; for the second, the three indices are 
also the components of an ordinary vector po. 


E-1-b. Orthonormalization and closure relations 


Let us calculate (ro |r’o). Using the definition of the scalar product in &: 


(rolr'o) = f dr &3,(2) E(t) = 6(t0 -1"o) (E-4-a) 


where relation (A-55) has been used. In the same way: 


(po|p’o) = / d°r vt, (t) vp,(t) = 6(po — p's) (4b) 


using (A-47). The bases which we have just defined are therefore orthonormal in the 
extended sense. 

The fact that the set of the |ro ) or that of the | po ) constitutes a basis in é, can be 
expressed by a closure relation in &,. This is written in an analogous manner to (C-10), 
integrating here, however, over three indices instead of one. 

We therefore have the fundamental relations: 





(ro|r’o) =4(ro— ro) (a) (Po|P’o) = 4(Po— P’o)— (¢) 


E-5 
[ero lt0) (ro|=1 (b) [0 |po) (po|=1 (d) oa 














E-1-c. Components of a ket 


Consider an arbitrary ket |), corresponding to the wave function y~(r). The 
preceding closure relations enable us to write it in either of these two forms: 


|v) = f ero |t0) (r01¥) (E-6-a) 

|v) = f po |po) (pol¥) (E-6-b) 
The coefficients (rq |) and (po|w) can be calculated using the formulas: 

(ro|w) = far &,(0) ve) (E-7-) 

(pole) = far vg, (2) ven (E-7-b) 
We then find: 

(ro|¥) = ¥(r0) (E-8-a 

(Po|’) = (Po) E-8- 
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where 7(p is the Fourier transform of 7(r). 

The value W(ro) of the wave function at the point ro is thus shown to be the com- 
ponent of the ket |) on the basis vector |ro) of the {|ro) } representation. The “wave 
function in momentum space” ~(p) can be interpreted analogously. The possibility of 
characterizing | ~~) by w(r) is thus simply a special case of the results of § C-3-a. 

For example, for |) =|po), formula (E-8-a) gives: 


(ro | Po) = Up, (to) = (Qrh) 3/2 ehPoto (E-9) 


For |w) = |r’o), the result is indeed in agreement with the orthonormalization relation 
(E-5-a): 


(ro |2’0) = &%9(t0) = 5(P0 — r’0) (E-10) 


_ Now that we have reinterpreted the wave function w(r) and its Fourier transform 
w(p), we shall denote the basis vectors of the two representations we are studying here 
by |r) and |p), instead of |ro) and | po). Formulas (E-8) can then be written: 


(r|o) = v(x) (E-8-a) 

(p|v) = v(p) (E-8-b) 
and the orthonormalization and closure relations (E-5) become: 

(r|r’)=6@—r') (a) (p|p’)=d(p—p’) (ce) 


fetris) l=1 (b) [elp)(p|=1 (d) (E-5) 


Of course, r and p are still considered to represent two sets of continuous indices, { x, y, 
z }and { pz, py, pz }, which fix the basis kets of the {|r)} and {|p) } representations 
respectively. 


Now let { u;(r) } be an orthonormal basis of ¥. With each u;(r) is associated a ket | u;) of Er. 
The set {| u,;) } forms an orthonormal basis in é;; it therefore satisfies the closure relation: 


So lui) (us| = 1 (B-11) 
i 
Evaluate the matrix element of both sides of (E-11) between |r) and |r’): 
So (elas) (ule) = (elle!) = (re) (E-12) 
i 
According to (E-8-a) and (E-5-a), this relation can be written: 
S> ui(r) ux(r’) = d(r — 7’) (E-13) 
i 


The closure relation for the { u;(r) } [formula (A-32)] is therefore simply the expression in the {|r) } 


representation of the vectorial closure relation (E-11). 


E-1-d. The scalar product of two vectors 


We have defined the scalar product of two kets of é, as being equal to that of the 
associated wave functions in ¥Y [equation (E-1)]. In light of the discussion in § E-1-c, 
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this definition appears simply as a special case of formula (C-21). (E-1) can, in fact, be 
derived by inserting the closure relation (E-5-b) between (y| and | q): 


(oly) = f &r (lr) (rly) (E14) 


and by interpreting the components (r|~) and (r|q)) as in (E-8-a). 
If we place ourselves in the {|p)} representation, a well-known property of the 
Fourier transform is demonstrated (Appendix I, § 2-c): 


(olv)= | &p(elp) (pid) 
= / dp B*(p) Bp) (E-15) 


E-1-e. Changing from the { |r) } representation to the { |p) } representation 


This is accomplished using the method indicated in § C-5, the only difference 
arising from the fact that we are dealing here with two continuous bases. Changing from 
one basis to the other brings in the numbers: 


(|p) = (p|r)* = (2nh)~9/? enP™ (E-16) 
A given ket | 7) is represented by (r|~) = 7(r) in the {|r) } representation and 
by (p|¥) = W(p) in the {|p) } representation. We already know [relations (E-2-b) and 


(E-7-b)] that w(r) and 7(p) are related by a Fourier transform. This is indeed what the 
formulas for the representation change yield: 


(rly) = fp (rip) (ple) 


that is: 

w(r) = (2nh)-3?? / d®p ehP* F(p) (E-17) 
Inversely: 

(ply) = far (pir) (r1¥) 
that is: 

Bp) = (2nh)- 8? far eo RP* y(e) (E-18) 


By applying the general formula (C-56), one can easily pass from the matrix ele- 
ments (r’| A|r) = A(r’,r) of an operator A in the {|r)} representation to the matrix 
elements (p’|A|p) = A(p’,p) of the same operator in the {|p) } representation: 


A(p’, p) = (2nn)-* f abr f ate! en(Pr-P'r’) A(r’,r) (E-19) 
An analogous formula enables one to calculate A(r’,r) from A(p’,p). 
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E-2. The R and P operators 
E-2-a. Definition 


Let |~) be an arbitrary ket of & and let (r|w) = v(r) = v(2,y,z) be the 
corresponding wave function. Using the definition of the operator X, the ket: 


|y') =X |) (E-20) 


is represented, in the {|r)} basis, by the function (r|w’) = w’(r) = w'(z,y, z) such 
that: 


w' (x,y, 2) =X W(a, y, 2) (E-21) 


In the { |r) } representation, the X operator therefore coincides with the operator 
which multiplies by x. Although we characterize X by the way in which it transforms 
the wave functions, it is an operator which acts in the state space &,. We can introduce 
two other operators, Y and Z, in an analogous manner. Thus we define X, Y and Z by 
the formulas: 





(r|X|b) =a (r|p) (E-22-a) 
(rl¥|e)=y rly) (E-22-b) 
(r|Z|p) =z (rly) (E-22-c) 








where the numbers x, y, z are precisely the three indices which label the ket |r). X, 
Y and Z will be considered to be the “components” of a “vector operator” R: for the 
moment, we shall treat this simply as a condensed notation, suggested by the fact that 
x,y, z are the components of the ordinary vector r. 

Manipulation of the X, Y, Z operators is particularly simple in the {|r)} rep- 
resentation. For example, in order to calculate the matrix element (y|X |), all we 
need to do is insert the closure relation (E-5-b) between (y| and X and use definition 
(E-22-a): 





(ol X10) = far (ole) (1X18) 
= [aro eve) (E-23) 


Similarly, we define the vector operator P by its components P,, Py, Pz, whose 
action, in the {|p) } representation, is given by: 











(p| Px |) = px (p|v) (E-24-a) 
(P| Py|b) = py (Ply) (E-24-b) 
(p|P.|v) = pz (P|) (E-24-c) 





where pz, Py, Pz are the three indices which appear in the ket |p). 
Let us ascertain how the P operator acts in the {|r) } representation. To do so 
(cf. § C-5-d), we use the closure relation (E-5-d) and the transformation matrix (E-16) 
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to obtain: 


(r| Pe|v)= f ap (lp) (P| Ps 18) 


= (2uh)-3/? i d®p oP p, Bp) (E-25) 


= h 
We recognize in (E-25) the Fourier transform of p, ¥(p), that is 1 yr) [Appendix I, 
i Ox 
relation (38a)]. Therefore: 


(r|P |b) = 2 viele) (E-26) 


a 
In the {|r)} representation, the P operator coincides with the differential operator 


(h/i)V applied to the wave functions. The calculation of a matrix element such as 
(y|P.|w) in the {|r)} representation is therefore performed in the following manner: 


(| Pelv) = f ar (pir) (r] Pel¥) 
= ferem|Fe| vo (E27) 


Placing ourselves in the {|r) } representation, we can also calculate the commu- 
tators between the X, Y, Z, Py, Py, P, operators. For example: 


(r| [X, Pe] |b) = (| (X Pe — PeX)|¥) 


=a (P| Pel) — 9 (1X19) 
h oO ho 
= ih(r|b) ee20) 


This calculation is valid for all |) and for any ket of the |r) basis. Thus one finds!®: 
[XP Sah (E-29) 


In the same way, we find all the other commutators between the components of R and 
those of P. The result can be written in the form: 





[Ri Ry) = 0 
[Ri, Pj] = ihdis 











where Ri, Ro, R3, and P;, Po, P3 designate respectively X, Y, Z and Py, Py, Pz. 
Formulas (E-30) are called canonical commutation relations. 





10The commutator [X, P,] is an operator, and it should, actually, be written [X, P,] = iil. However, 
we shall often replace the identity operator 1 by the number 1, except when it is important to make the 
distinction. 
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E-2-b. R and P are Hermitian 
In order to show that X, for example, is a Hermitian operator, we can use formula 
(E-23): 


* 


(ol x18) = fare) eve) = | fer ole) 2 v"(r) 
= (¥|X|p)" (E31) 


From § B-4-e, we know that equation (E-31) is characteristic of a Hermitian operator. 

Similar proofs show that Y and Z are also Hermitian. For P,, Py and P,, the 
{|p) } representation can be used, and the calculations are then analogous to the pre- 
ceding ones. 


It is interesting to show that P is Hermitian by using equation (E-26), which gives its 
action in the {|r) } representation. Consider, for example, formula (E-27) and integrate it by 
parts: 


+00 
(olPelv) = f ay ac f ax g'(r) 2 ver) 


= 4 fay ae {[eo vo] =f ae ve) 2 ew} (F-32) 


co 


Since the integral which yields the scalar product (y|w) is convergent, y*(r) w(r) approaches 
zero when x —+ too. The first term on the right hand side of (E-32) is therefore equal to zero, 
and: 





(olPelv)=—3 far ve) Zo 


= [5 fare re Zo 


=(v|Pe|y)* (E-33) 


* 


It can be seen that the presence of the imaginary number 7 is essential. The differential oper- 


ator —., acting on the functions of ¥, is not Hermitian, because of the sign change which is 


Ox 
introduced by the integration by parts. However, io is Hermitian, as is Se 
xv i Ox 
E-2-c. Eigenvectors of R and P 
Consider the action of the X operator on the ket |ro ); according to (E-22-a), we 
have: 
(r|X|ro) = 2 (r|ro) = 2 6(v — ro) = Xo (x — Yo) = 20 (r |r) (E-34) 


This equation expresses the fact that the components, in the { |r) } representation, 
of the ket X |ro ) are equal to those of the ket |rq) multiplied by zo. We therefore have: 


X |ro) = Xo |ro) (E-35) 
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An analogous argument shows that the kets |r) are also eigenvectors of the Y and Z 
operators. Omitting the index zero which then becomes unnecessary, we can write: 





X|r)=a |r) 
¥ |r) = ylr) (E-36) 
Z\|v) =z|r) 











The kets |r) are therefore the eigenkets common to X, Y and Z. Thus the notation 
|r) which we chose above is justified: each eigenvector is labelled by a vector r, whose 
components x, y, z represent three continuous indices which correspond to the eigenvalues 
of X,Y, Z. 

Similar arguments can be elaborated for the P operator, placing ourselves, this 
time, in the representation { |p) }. We then obtain: 





P, |P) = Px |P) 
Py |P) = Py |P) (E-37) 
P,|p) = pz |P) 











Comment: 


This result can also be derived from equation (E-26), which gives the action of P 
in the {|r) } representation. Using (E-9), we find: 


a) h oO i 
=—>z- = — — (2rh)~3/? enPt 
I PIPI= ape ager 
= pz (2nh)~3/? ehP* = p, (r|p) (E-38) 


All the components of the ket P,|p) in the {|r)} representation can be 
obtained by multiplying those of |p) by the constant p,: |p) is an eigenket of P, 
with the eigenvalue p,. 


E-2-d. R and P are observables 


Relations (E-5-b) and (E-5-d) express the fact that the {|r)} vectors and the 
{ |p) } vectors constitute bases in &. Therefore, R and P are observables. 

Moreover, the specification of the three eigenvalues x, yo, zo of X, Y, Z uniquely 
determines the corresponding eigenvector |ro ): in the {|r) } representation, its coordi- 
nates are 6(x — 29)6(y — yo)6(z — 2). The set of the three operators X, Y, Z therefore 
constitutes a C.S.C.O. in 6. 

It can be shown in the same way that the three components P,, Py, P, of P also 
constitute a C.S.C.O. in &,. 

Note that, in é,, X does not constitute a C.S.C.O. by itself. When the xo index 
is fixed, yo and zg can take on any real values. Thus, each eigenvalue xg is infinitely 
degenerate. On the other hand, in the state space &, of a one-dimensional problem, X 
constitutes a C.S.C.O.: the eigenvalue 29 uniquely determines the corresponding eigenket 
|ao), its coordinates being 6(x — xo) in the { |x) } representation. 
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Comment: 


We have found two C.S.C.O’s in &, {X, Y, Z} and { Pz, Py, P. }. We shall encounter 
others later. Consider, for example, the set { X, Py, Pz }: these three observables com- 
mute (equations (E-30)); moreover, if the three eigenvalues xo, po, and po, are fixed, 
there corresponds to them only one ket, whose associated wave function is written: 


1 2 : 
Vx0 Py P02 (x,y,z) = 6(x — x0) a eh (P0yy + Po. 2) (E-39) 


F. Tensor product of state spaces!! 


F-1. Introduction 


We introduced the state space of a physical system using the concept of a one- 
particle wave function. However, our reasoning has involved sometimes one- and some- 
times three-dimensional wave functions. Now it is clear that the space of square-integrable 
functions is not the same for functions of one variable w(x) as for functions of three vari- 
ables ~(r): & and &, are therefore different spaces. Nevertheless, & appears to be 
essentially a generalization of &,. Does there exist a more precise relation between these 
two spaces? 

In this section, we are going to define and study the operation of taking the tensor 
product of vector spaces!?, and apply it to state spaces. This will answer, in particular, 
the question we have just asked: &, can be constructed from &, and two other spaces, 
é, and &,, which are isomorphic to it (§ F-4-a below). 

In the same way, we shall be concerned later (Chapters IV and IX) with the 
existence, for certain particles, of an intrinsic angular momentum or spin. In addition 
to the external degrees of freedom (position, momentum), which are treated using the 
observables R and P defined in &;,, it will be necessary to take into account the internal 
degrees of freedom and to introduce spin observables which act in a spin state space &. 
The state space & of a particle with spin will then be seen to be the tensor product of 
é, and &,. 

Finally, the concept of a tensor product of state spaces allows us to solve the 
following problem. Let (S)) and (S2) be two isolated physical systems (they are, for 
example, sufficiently far apart that their interactions are perfectly negligible). The state 
spaces which correspond to (5;) and ($2) are, respectively, é, and &2. Now let us 
assume that we consider the set of these two systems to form one physical system (S$) 
(this becomes indispensable when they are close enough to interact). What is then the 
state space & of the global system (S')? 

It can be seen from these examples how useful the definitions and results of this 
section are in quantum mechanics. 


F-2. Definition and properties of the tensor product 


Let & and & be two!® spaces, of dimension N; and N2 respectively (Ni and No 
can be finite or infinite). Vectors and operators of these spaces will be assigned an index, 





11This section is not necessary for the understanding of Chapter III. One can study it later when it 
becomes necessary to use tensor products (Complement Dyy, or Chapter IX). 

12This operation is sometimes called the “Kronecker product” 

13The following definitions can casily be extended to the tensor product of a finite number of spaces. 
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(1) or (2), depending on whether they belong to & or &. 


F-2-a. Tensor product space & 
Q. Definition 


By definition, the vector space & is called the tensor product of & and é): 
E=6,® &% (F-1) 


if there is associated with each pair of vectors, | (1) ) belonging to &, and | y(2)) be- 
longing to &, a vector of &, denoted by": 


|e(1)) @| x(2)) (F-2) 


which is called the tensor product of | y(1)) and | x(2)), this correspondence satisfying 
the following conditions: 
(4) It is linear with respect to multiplication by complex numbers: 


[A | e(1) )] ® |x(2)) = AL] eC)) @ 1 x(2))] 
| e(1) ) ® [uw |x(2))] = #[] ¢)) @1x(2))] (F-3) 


(ii) It is distributive with respect to vector addition: 
| (1) ) ® [I x1(2)) + | x2(2))] =1¢C)) ® 1 x1(2)) +1¢Q)) ® | x2(2)) 
[| e1(1) ) + | y2(1) )] ® | x(2)) = | yr) ) ® | x(2)) + | y21)) ® Lx(2)) (F-4) 


(iit) When a basis has been chosen in each of the spaces 6 and &2, {| u;(1) ) } for 
&, and {|v;(2))} for &, the set of vectors | u;(1) ) @ | v,(2)) constitutes a basis in &. If 
N, and No are finite, the dimension of & is consequently N,No. 





B. Vectors of & 


(4) Let us first consider a tensor product vector, | p(1) )@|x(2)). Whatever | y(1) ) 
and | x(2) ) may be, they can be expressed in the {| u;(1)) } and {|2(2) ) } bases respec- 
tively: 


|p(1)) = SS a; | us(1) ) 
|x(2)) = Sy by | vi(2) ) (F-5) 
i 


Using the properties described in § F-2-a-a, the expansion of the vector | y(1) ) ®| x(2)) 
in the {| w;(1) ) ® | v:(2)) } basis can be written: 


| e(1)) @|x(2)) = $5 aby | us(1)) @ | (2) ) (F-6) 


il 





l4This vector can be written either | y(1)) @ | x(2)) or | x(2)) ® | (1) ); the order of the two vectors 
is of no importance. 
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Therefore, the components of a tensor product vector are the products of the com- 
ponents of the two vectors of the product. 

(ii) There exist in € vectors which are not tensor products of a vector of &, by a 
vector of &. Since {| u;(1) ) @ | v:(2) ) } constitutes by hypothesis a basis in &, the most 
general vector of € is expressed by: 


|e) = D5 ca | us(1)) @ | er(2)) (EZ) 
al 


Given N, N2 arbitrary complex numbers c,, it is not always possible to put them in 
the form of products, a;b;, of N; numbers a; and Nz numbers b;. Therefore, in general, 
vectors | y(1)) and | x(2)) of which |w) is the tensor product do not exist. However, 
an arbitrary vector of € can always be decomposed into a linear combination of tensor 
product vectors, as is shown by formula (F-7). 


Y. The scalar product in & 

The existence of scalar products in &, and &) permits us to define one in & as well. 
We first define the scalar product of | y(1) x(2)) = | y(1)) @ | x(2)) by | y’(1) x’(2)) = 
| p'(1) ) ® | x’(2) ) by setting: 


(e"(1) x'(2) |e) x(2)) = Ce") Le) ) (x/(2) 1x2) ) (F-8) 


For two arbitrary vectors of &, we simply use the fundamental properties of the scalar 
product [equations (B-9), (B-10) and (B-11)], since each of these vectors is a linear 
combination of tensor product vectors. 

Notice, in particular, that the basis {|u;(1) v:(2)) = | us(1)) @ | u:(2)) } is or- 
thonormal if each of the bases { | u;(1)) } and {| v;(2) ) } is: 


(war (L) wre (2) | ws) e(2) ) = (ter (1) | ue) ) (ov (2) | (2) ) 
= Oi Ou (F-9) 


F-2-b. Tensor product of operators 


(4) First, consider a linear operator A(1) defined in 6. We associate with it a 
linear operator A(1) acting in &, which we call the extension of A(1) in &, and which 
is characterized in the following way: when A(1) is applied to a tensor product vector 
| ~(1)) @| x(2)), one obtains, by definition: 


A(1)[]e()) @1x(2))] = [AG e())] @ | x(2)) (F-10) 


The hypothesis that A(1) is linear is then sufficient for determining it completely. 
An arbitrary vector |) of & can be written in the form (F-7). Definition (F-10) then 
gives the action of A(1) on | 7): 


A(L)|b) = 35 cit [AQ) |ui(1) )] @ | (2) ) (F-11) 


il 


We obtain in an analogous manner the extension B(2) of an operator B(2) initially 
defined in 6&9. 
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(ii) Now let A(1) and B(2) be two linear operators acting respectively in é| and 
6. Their tensor product A(1) ® B(2) is the linear operator in &, defined by the following 
relation which describes its action on the tensor product vectors: 


[A() ® B(2) ] []e)) ®1x(2))] = [AG@)1¢Q))] @ [B@)1 x(2))] (F-12) 


Here also, this definition is sufficient for characterizing A(1) ® B(2). 


Comments: 


(4) The extensions of operators are special cases of tensor products: if 1(1) and 1(2) are 
the identity operators in 6; and &2 respectively, A(1) and B(2) can be written: 


A(1) = A(1) @ 1(2) 
1(1) @ B(2) (F-13) 


b 
S 
I 


Inversely, the tensor product A(1) ® B(2) coincides with the ordinary product of 
two operators A(1) and B(2) of &: 


A(1) @ B(2) = A(1)B(2) (F-14) 


(ii) It is easy to show that two operators such as A(1) and B(2) commute in &: 


[A(1), B(2)] = 0 (F-15) 


We must verify that A(1)B(2) and B(2)A(1) yield the same result when they act on an 
arbitrary vector of the {| u;(1) ) @ | w(2) ) } basis: 


A(1) BQ) |w(1)) @ | (2) = AQ) || ws(1)) @ [B@)|0(2))]] 

Pe a )|e1(2))] (F-16) 
B(2)A() [w(1)) 8 |x(2)) = BQ)|[AG) |u(1))] ®|x2))] 

= [AG)|u(1))] @ [B@) |w12))] (F-17) 


(itt) The projector onto the tensor product vector | p(1) x(2)) = | (1) ) ®| x(2) ), which 
is an operator acting in &, is obtained by taking the tensor product of the projectors 


onto | g(1)) and | x(2))): 


| e(1) x(2)) (eC) x(2) |= 19) ) (eC) 1 @ 1x2) (x2) | (F-18) 


This relation follows immediately from the definition of the scalar product in &. 


(iv) Just as with vectors, there exist operators in & which are not tensor products of an 
operator of 6, and an operator of 6%. 


F-2-c. Notations 


In quantum mechanics, the notation generally used is a simplified version of the 
one which we have defined here. This is the one we shall adopt, but it is important to 
interpret it correctly in the light of the preceding discussion. 
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First of all, the symbol ® which indicates the tensor product is omitted, and the 
vectors or operators which are to be multiplied tensorially are simply juxtaposed: 


|e(1) )|x(2)) means | y(1)) @| x(2)) (F-19) 
A(1)B(2) means A(1) ® B(2) (F-20) 


Moreover, the extension in & of an operator of 6, or & is written in the same way as 
this operator itself: 


A(1) means A(1) or A(1) (F-21) 


No confusion is possible in (F-19): until now we have never written two kets one 
after the other as we do here. Notice in particular that the expression |7))|p), where 
|w) and |~) belong to the same space &, is not defined in this space: it represents a 
vector of the space which is the tensor product of & by itself. 

On the other hand, the notation in (F-20) and (F-21) is slightly ambiguous, espe- 
cially in the latter, where two different operators are represented by the same symbol. 
However, it will be possible in practice to distinguish between them by the vector to 
which this symbol is applied: depending on whether it is a vector of & or of é1, we shall 
be dealing with A(1), or with A(1) in a strict sense. As for formula (F-20), it poses no 
problem when 6 and &) are different, since we have, until now, defined only products 
of operators which act in the same space. Moreover, A(1)B(2) can be considered to be 
an ordinary product of operators of &, if A(1) and B(2) are interpreted as designating, 
in fact, A(1) and B(2) [equation (F-14)]. 


F-3. Eigenvalue equations in the product space 


The vectors of & which are tensor products of a vector of &, and a vector of é 
play an important role in the discussion above. We shall see that this is also the case for 
the extensions to & of operators acting in é; and &9. 


F-3-a. Eigenvalues and eigenvectors of extended operators 
a. Eigenvalue equation of A(1) 


Consider an operator A(1), for which we know, in 4}, all the eigenstates and 
eigenvalues. We shall assume, for example, that the whole spectrum of A(1) is discrete: 


A(1)|%n(1)) =@n1Yn(1)) 5 $=1,2,---) On (F-22) 
We want to solve the eigenvalue equation of the extension of A(1) in &: 
AQ) |b) =Alvy) 3 [vee (F-23) 


It can immediately be seen, from (F-10), that every vector of the form | yt,(1) ) | x(2)) 
is an eigenvector of A(1) with the eigenvalue a,, whatever | x(2)}) may be, since: 


A(1) | ¥n(1)) |x(2)) = [A() 1¥2,4) )] 1x(2)) 
= an | %2,(1) ) 1 x(2)) (F-24) 
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Let us show that, when A(1) is an observable in 6}, all the solutions of (F-23) can 
be obtained in this way. The set of the | y,(1)) then forms a basis in 6. Consequently, 
the orthonormal system of vectors | #%;!) such that: 


| wn’) = | eh. (L) ) | (2) ) (F-25) 


(where {| v(2)) } is a basis of 6) forms a basis in &. We therefore have an orthonormal 
basis constituted by the eigenvectors of A(1) in &, {| Wt!) }, which means that equation 
(F-23) is solved. 

The following conclusions can be drawn: 

— If A(1) is an observable in &,, it is also an observable in &. This results from the 
fact that the extension of A(1) is Hermitian and from the fact that {| ~%!) } constitutes 
a basis in &. 

— The spectrum of A(1) is the same in & as in &: the same eigenvalues a, appear 
n (F-22) and in (F-24). 

— Nevertheless, an eigenvalue a, which is g,-fold degenerate in &, has, in &, a 
degree of degeneracy No x gn. We known that the eigensubspace associated with a, is 
spanned in & by the kets | w%") = | wt,(1))|vi(2)) with n fixed andi = 1, 2, ..., gnj 1 = 
1, 2, ..., No. Therefore, even if a, is simple in &}, it is (No-fold) degenerate in &. 


The projector onto the eigensubspace corresponding to an eigenvalue a, is written, in & 
[ef. (F-18)): 
Sold’) (be = Lal en() (1) | @ | eu(2)) (vx(2) | 
ijl 


= Shoko (1)| @ 12) (F-26) 


using in & the closure relation relative to the {| (2) ) } basis. It is therefore the extension of 
the projector P,( os lyi.(d (1) | which is associated with ay in 64. 


3. Eigenvalue equation of A(1) + B(2) 


We shall often need to solve, in a tensor product space such as &, eigenvalue 
equations for operators of the form: 


C = A(1) + B(2) (F-27) 


where A(1) and B(2) are observables whose eigenvalues and eigenvectors are known in 
é, and & respectively: 


A(1) | gn (1) ) = an | Yn(1) ) 
B(2) | xp(2) ) = bp | xp(2) ) (F-28) 


[to simplify the notation, we assume the spectra of A(1) and B(2) to be discrete and 
non-degenerate in 6 and 63]. 
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A(1) and B(2) commute [formulas (F-16) and (F-17)], and the |y,(1)) | xp(2) ), 
which form a basis in &, are eigenvectors common to A(1) and B(2): 


A(1) | en(1)) | Xp(2)) = an | Pn (1) ) | Xp(2) ) 


B(2) | Gn(1) ) | Xp(2) ) = bp | n(1) ) | Xp (2) ) (F-29) 
They are also eigenvectors of C: 
C'| Gn(1)) | Xp(2) ) = (an + bp) | Yn (1) ) | Xp(2) ) (F-30) 


This gives us directly the solution of the eigenvalue equation of C. 


Therefore: the eigenvalues of C = A(1) + B(2) are the sums of an eigenvalue of 
A(1) and an eigenvalue of B(2). One can find a basis of eigenvectors of C which are 
tensor products of an eigenvector of A(1) and an eigenvector of B(2). 


Comment: 


Equation (F-30) shows that the eigenvalues of C are all of the form cnp = an + bp. If 
two different pairs of values of n and p which give the same value for cnp do not exist, 
Cnp is non-degenerate (recall that we have assumed a, and bp, to be non-degenerate in 
& and é& respectively). The corresponding eigenvector of C’ is necessarily the tensor 
product | ~n(1))|xp(2)). If, on the other hand, the eigenvalue cn» is, for example, two- 
fold degenerate (there exist m and q such that cmq = Cnp), all that can be asserted is 
that every eigenvector of C corresponding to this eigenvalue is written: 


A] en(1)) 1 Xp(2)) + #1 en (1) ) | xn(2)) (F-31) 


where and yz are arbitrary complex numbers. In this case, therefore, there exist eigen- 
vectors of C' which are not tensor products. 


F-3-b. Complete sets of commuting observables in & 


We are finally going to show that if a C.S.C.O. has been chosen in both spaces 61 
and &, obtaining one in @ is straightforward. 

As an example, let us consider the case where A(1) constitutes a C.S.C.O. by itself 
in 6, and the C.S.C.O. in & is composed of two observables, B(2) and C(2). This means 
(cf. § D-3-b) that all the eigenvalues a, of A(1) are nondegenerate in é): 


A(1) | en(1)) = an | en (1) ) (F-32) 


the ket | y,(1) ) being unique to within a constant factor. On the other hand, in 62, some 
of the eigenvalues b, of B(2) are degenerate, as are some of the eigenvalues (c,) of C(2). 
Nevertheless, the basis of eigenvectors common to B(2) and C(2) is unique in &, since 
there exists only one ket (to within a constant factor) which is an eigenvector of B(2) 
and of C(2) with the eigenvalues b, and c,, fixed: 


B(2) | Xpr(2) ) = bp | Xpr(2) ) 
C(2) | Xpr(2) ) = er | Xpr(2) ) (F-33) 
| Xpr(2) ) unique to within a constant factor 
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In &, each of the eigenvalues a, is No-fold degenerate (cf. § F-3-a). Therefore, 
A(1) no longer forms a C.S.C.O. by itself. Similarly, there exist N; linearly independent 
kets which are eigenvectors of B(2) and C(2) with the eigenvalues b, and c, respectively, 
and the set { B(2), C(2) } is not complete either. However, we saw in § F-3-a that the 
eigenvectors which are common to the three commuting observables A(1), B(2) and C(2) 


are the | Yn(1) Xpr(2)) = | n(1) ) | Xpr(2) ): 


A(1) | Pn(1) Xpr(2) ) = an | Pn(1) Xpr(2) ) 
B(2) | Gn(1) Xpr (2) ) = bp | Pn(1) Xpr (2) ) 
C(2) | en(1) Xpr(2) ) = er | Yn (1) Xpr(2) ) (F-34) 


The system { | gn (1) Xpr(2) ) } constitutes a basis in &, since this is the case for {| ~,(1) ) } 
and {|xXpr(2))} in & and & respectively. Moreover, if a set of three eigenvalues 
{ Gn, bp, cr } is chosen, only one vector | y,(1) Xpr(2)) corresponds to it. A(1), B(2) 
and C(2) therefore constitute a C.S.C.O. in &. 

The preceding argument can be generalized without difficulty: by joining two sets 
of commuting observables which are complete in &, and & respectively, one obtains a 
complete set of commuting observables in &. 


F-4. Applications 
F-4-a. One- and three-dimensional particle states 
Q. State spaces 


Consider again, in the light of the preceding discussion, the problem posed in the 
introduction (§ F-1): how are &, and &, related? 

&, is the state space of a particle moving in one dimension, that is, the state space 
associated with the wave functions p(x). In &, the observable X which was studied in 
§ E-2 constitutes a C.S.C.O. by itself (§ E-2-d); its eigenvectors are the basis kets of the 
{|x)} representation. A vector |) of &, is characterized, in this representation, by a 
wave function y(x) = (x|q); in particular, the basis ket |) corresponds to the wave 
function €,,(a) = 6(% — Xo). 

In the same way, it is possible to introduce the spaces é, and & associated with 
the wave functions x(y) and w(z). The observable Y forms a C.S.C.O. in &,, as does Z 
in &,. The corresponding eigenvectors are the basis kets of the {| y) } and {| z)} repre- 
sentations of &, and &, respectively. A vector |) of &, (or |w) of &,) is characterized 
in the {|y)} (or {|z) } representation by a function x(y) = (y|x) (or w(z) = (z|w)). 
The function which corresponds to the basis ket | yo ) (or | zo )) is 6(y— yo) (or 6(z—Z0)). 


Let us then form the tensor product: 


We obtain a basis in &,,, from the tensor product of the {|z)}, {|y)} and {|z)} 
bases. We shall denote it by {|2,y,z) }, with: 


|z,y,z)=|)|y) 12) (F-36) 
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The basis kets are simultaneous eigenvectors of the X, Y and Z operators extended into 
Exyz: 

X|a,y,2)=2@|x,y,z) 

Y|a,y,2)=y|2,y,2) 

Z|2,y,z) =2|2,y,2) (F-37) 


Therefore, &y, coincides with &,, the state space of a three-dimensional particle, and 
|x,y,z) with |r): 


|x,y,z) =|r)=|")ly) 14) (F-38) 


where x, y, z are precisely the cartesian coordinates of r. 


There exist in & kets |y yw) =|y)|x)|w) that are the tensor products of three 
kets, one of &,, one of &, and one of &. The components in the {|r) } representation 
are then [cf. formula (F-8)]: 


(rlpxw) = (arly) (y|x) (z|w) (F-39) 


The associated wave functions are thus factorized: v(x) x(y) w(z). This is the case for 
the basis vectors themselves: 


(r|ro) = 6(v — ro) = 6(a — 20) 5(y — yo) 6(z — 20) (F-40) 


Note that the most general state of & is not such a product. It is written: 


jv) = fdr dyads be,u52) |o)2) (F-41) 


In v(2,y,z) = (2,y,z|W), the z-, y- and z-dependences cannot, in general, be factorized: 
each of the wave functions associated with the kets of é, is a wave function with three 
variables. 

The results of § F-3 thus enable us to understand why X, which constitutes a 
C.S.C.O. by itself in &, no longer has this property in 6, (cf. § E-2-d): the eigenvalues 
of its extension in é, are the same as in &,, but they become infinitely degenerate 
because 6, and &, are infinite-dimensional. Starting with a C.S.C.O. in &, & and &, 
we construct one for é: {X,Y,Z}, for example, but also { P,, Y,Z} since P, forms a 
C.8.C.O. in &, or { Py, Py, Z }, ete... 


B. An important application 
Let us try to solve in & the eigenvalue equation of an operator H such that: 
H=H,+H,+ H, (F-42) 
where H,, Hy and H, are the extensions of observables acting respectively in &, &, and 


&,. In practice, one recognizes that H,, for example, is the extension of an observable of 
&, because it is constructed using only the operators X and P,. Using the reasoning of 


155 


CHAPTER II THE MATHEMATICAL TOOLS OF QUANTUM MECHANICS 





§ F-3-a-6, one first looks for the eigenvalues and eigenvectors of H, in é,, Hy in & and 
HA, in &,: 

Hz | ~n) = Ey | Pn) 

Hy | Xp) = EG | xp) 

H, |W, ) = Et | wr) (F-43) 


The eigenvalues of H are then all of the form: 
EPR Bs Be (F-44) 


with an eigenvector that is the tensor product | Yn) |Xp)|W,r); the wave function asso- 
ciated with this vector is the product: 


Yn(2) Xp(y) Wr(z) = (@|¥n) (¥| Xp) (Z| Hr) 


This is the type of situation that was considered in Complement Fy (§ 2) for 
the justification of the study of one-dimensional models. There, we were dealing with 
differential operators acting on wave functions: 


2 
fas" nay (F-45) 
2m 


This equation can be decomposed as in (F-42) in the particular case where the potential 
can be written: 


V(r) = Vi(z) + Valy) + Va(z) (F-46) 


F-4-b. States of a two-particle system 


Consider a physical system which is made up of two (spinless) particles. We shall 
distinguish between them by numbering them (1) and (2). To describe the system quan- 
tum mechanically, we can generalize the concept of a wave function, introduced for the 
case of one particle. A state of the system can be characterized, at a given time, by 
a function of six spatial variables W(r1,re) = (21, y1, 21; £2, y2, 22). The probabilis- 
tic interpretation of such a two-particle wave function is the following: the probability 
dA(r1,r2), at the given time, of finding particle (1) in the volume d?r, = da, dy; dz, 
situated at the point r1, and particle (2) in the volume d3rg = dx dy2 dz2 about ra, is: 


dA(ri,r2) =C |ab(r1,12)|? d?r, d'ro (F-47) 


The normalization constant C' is obtained by imposing the condition that the total proba- 
bility must be equal to 1 (conservation of the number of particles; cf. § B-2 of Chapter I): 


1 
C = [ein dro \w(r1,¥%2)|? (F-48) 
and the observables X1, Yi, Z; can be defined in &,,. Similarly, in the state space &, 


of particle (2), we introduce the {|r2) } representation and the observables X2, Y2, Z. 
Take the tensor product: 


Eris = Cr, ® Evy (F-49) 
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The set of vectors: 
|t1,r2) =|r1) |r2) (F-50) 


forms a basis in &,,+,. Consequently, every ket |) of this space can be written: 


lv)= fen d’rz (t1,82) |r1, 42) (F-51) 
with 
v(t1,r2) = (r1,r2|¥) (F-52) 


Moreover, the square of the norm of |) is equal to: 


(blp) = if Pry Bry [eb(rar2)/? (F-53) 


For it to be finite, w(r1,r2) must be square-integrable. Therefore, a wave function 
wW(r1,¥2) is associated with each ket of &,,,,: the state space of a two-particle system 
is the tensor product of the spaces which correspond to each of the particles. A C.S.C.O. 
is obtained in &,,,, by joining, for example, X1, Y1, 7 and Xe, Y2, Zo. 


Assume that the state of the system is described by a tensor product ket: 


|v) =|v1) | v2) (F-54) 
The corresponding wave function can then be factorized: 
¥risr2) = (ri,r2|e) = (ri | y1) (r2| v2) = dr(r1) Ya(r2) (F-55) 


In this case, one says that there is no correlation between the two particles. We shall analyze 
later (Complement Dir) the physical consequences of such a situation. 


The preceding can be generalized: when a physical system is composed of the union 
of two or several simpler systems, its state space is the tensor product of the spaces which 
correspond to each of the component systems. 


References and suggestions for further reading: 


Section 10 of the bibliography contains references to a certain number of mathematical 
texts, listed by subject. Under each heading, they are ranked, as much as possible, in order of 
increasing difficulty. See also the quantum mechanics texts (sections 1 and 2 of the bibliogra- 
phy), which treat the mathematical problems at many different levels. They also contain other 
references. 

For a very simple approach to the fundamental mathematical concepts needed to under- 
stand Chapter II (vector spaces, operators, diagonalization of matrices, etc.), the reader can 
consult, for example: Arfken (10.4), Chap. 4; Bak and Lichtenberg (10.3), Chap. I; Bass (10.1), 
vol. I, Chap. II to V. A more explicit application to quantum mechanics can be found in Jackson 
(10.5) (see, in particular, Chap. 5), Butkov (10.8), Chap. 10 (finite-dimensional linear spaces) 
and Chap. 11 (infinite-dimensional vector spaces, spaces of functions). See also Meijer and 
Bauer (2.18), Chap. 1, particularly the table at the end of this chapter. 
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COMPLEMENTS OF CHAPTER II, , READER’S GUIDE 


Air : THE SCHWARZ INEQUALITY 


Birr : REVIEW OF SOME USEFUL PROPERTIES 
OF LINEAR OPERATORS 


Cir : UNITARY OPERATORS 


Review of some definitions and useful mathemati- 
cal results (elementary level) intended for readers 
unfamiliar with these concepts; will serve as a 
reference later (especially Bjz). 





Diz : A MORE DETAILED STUDY OF THE {\r)} 
AND {|p)} REPRESENTATIONS 


Eryx : SOME GENERAL PROPERTIES OF TWO OB- 
SERVABLES, Q AND P, WHOSE COMMUTATOR 
IS EQUAL TO ih 


Complete § E of Chapter II. 
Dir: remains at the level of Chapter II and can 
be read immediately after it. 
Eyz: adopts a more general and a slightly more 
formal point of view. Introduces, in particular, 
the translation operator. May be reserved for 


ater study. 





Fr; : THE PARITY OPERATOR 





Discussion of the parity operator, particularly 


important in quantum mechanics; at the same 
time, a simple illustration of the concepts of 


Chapter II ; recommended for these two reasons. 





Gir : AN APPLICATION OF THE PROPERTIES 
OF THE TENSOR PRODUCT: THE TWO- 
DIMENSIONAL INFINITE WELL 


A simple application of the tensor product 
(§ F of Chapter II); can be considered as a worked 


exercise. 





Hy; : EXERCISES 


Solutions are given for exercises 11 and 12; their 
aim is to familiarize the reader with the properties 
of commuting observables and the concept of 
It is 
recommended that these exercises be done during 
the reading of § D-3 of Chapter IT. 


a C.S.C.O. in a very simple special case. 
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Complement Aj, 
The Schwarz inequality 


For any ket |) belonging to the state space E€, we have: 


(vl) real > 0 (1) 


(W|w) being equal to zero only when |) is the null vector [cf. equation (B-12) of Chap- 
ter II]. Using inequality (1), we shall derive the Schwarz inequality. This inequality states 
that, if |y1) and |y2) are any arbitrary vectors of €, then: 





l(vile2)|? < (yiler) (e2l¢2) (2) 











the equality being realized if and only if |y1) and |y2) are proportional. 
Given |p) and |y2), consider the ket |) defined by: 


|b) = lpr) + Alea) (3) 


where \ is an arbitrary parameter. Whatever \ may be: 


(lb) = (vilyi) + (pila) + A*(P2|e1) + AA* (Yaly2) = 0 (4) 
Let us chose for \ the value: 


_ (vali) 
= (p2|~2) ©) 


In (4), the second and third terms of the right-hand side are then equal, and opposite in 
value to the fourth term, so that (4) reduces to: 


(erleaMerler) . 4 (6) 


(yilg1) — Talons 


Since (y2|y~2) is positive, we can multiply this inequality by (y2|y2), to obtain: 


(vil) (vale) = (vile) (valyr) (7) 


which is precisely (2). In (7), the equality can only be realized if (|W) = 0, that is, 
according to (3), if |g1) = —A|y2). The kets |y1) and |y2) are then proportional. 


References: 


Bass I (10.1), § 5-3; Arfken (10.4), § 9-4. 
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Complement By, 


Review of some useful properties of linear operators 





1 Trace of an operator... . 2... 2... ee ee eee ee eee ee 163 
l-a Definition. . 4 2.6 2.8 ee hee ee ee ee eS 163 
1-b The trace isinvariant ................-..-0004 164 
l-c Important properties... .........0.2..2.02 00004 164 
2 Commutator algebra ............202.202050000- 165 
2-a Definition, 's.. sss 6 eS eS BAS Ae EA ee ee ES 165 
2-b Properties: 2. 4-5 e258 ¢% ace 2 os Set Oa ee res 165 
3 Restriction of an operator to a subspace ........... 165 
4 Functions of operators .........-0..00 0+ ee ee eee 166 
4-a Definition and simple properties ................ 166 
4-b An important example: the potential operator ........ 168 
4-c Commutators involving functions of operators. ........ 168 
5 Derivative of an operator... ........000 0002 eee 169 
5-a Definition: s.03. 5 2 ee ee a a ee ae 169 
5-b Differentiation rules ... 2... ......02.22.02- 00004 170 
5-c EXAM Pl6S ie ‘or5 nk in Bos a ke doe Se 170 
5-d An application: a useful formula ................ 171 





The aim of this complement is to review a certain number of definitions and useful 
properties of linear operators. 


1. Trace of an operator 


L-a. Definition 


The trace of an operator A, written Tr A, is the sum of its diagonal matrix elements. 
When a discrete orthonormal basis, {|u;)}, is chosen for the space €, one has, by 
definition: 


Tr A= 5° (uj|Alus) (1) 
For the case of a continuous orthonormal basis {|w_)}, one has: 


Tr A= Jeo (we|Alwe) (2) 


When € is an infinite-dimensional space, the trace of the operator A is defined only if 
expressions (1) and (2) converge. 
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1-b. The trace is invariant 


The sum of the diagonal elements of the matrix which represents an operator A in 
an arbitrary basis does not depend on this basis. 

Let us derive this property for the case of a change from one discrete orthonormal 
basis {|u;)} to another discrete orthonormal basis {|t;,)}. We have: 


do (uilAlus) = Do (us| = Ite) (te 


a a k 


Alui) (3) 





(where we have used the closure relation for the |t,) states). The right-hand side of (3) 
is equal to: 


S| (walt) (tel Alas) = 52 (te Aless) (uate) (4) 


i,k i,k 


(since it is possible to change the order of two numbers in a product). We can then replace 
do; |us) (us| in (4) by 1 (closure relation for the |u;) states), and we obtain, finally: 


do (uilAlus) = So tel Alte) (5) 


a k 


We have therefore demonstrated the property of invariance for this case. 


Comment: 


If the operator A is an observable, Tr A can therefore be calculated in a basis of 
eigenvectors of A. The diagonal matrix elements are then the eigenvalues a,, of A 
(degree of degeneracy g,) and the trace can be written: 


TrA= Soon An (6) 


1-c. Important properties 
TrAB=TrBA (7a) 
Tr ABC = TrBCA=TrCAB (7b) 


In general, the trace of the product of any number of operators is invariant when a cyclic 
permutation is performed on these operators. 
Let us prove, for example, relation (7a): 


TrAB = S>(uilABlus) = So(uil Ales) (us| Blea) 


= > (uj| Blu) (u;|Alu;) = d(uj|BAlus) =TrBA (8) 


(twice using the closure relation on the {|u;)} basis). Relation (7a) is thus proved; its 
generalization (7b) presents no difficulty. 
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2. Commutator algebra 
2-a. Definition 


The commutator [A, B] of two operators is, by definition: 


[A,B] = AB- BA (9) 
2-b. Properties 
[A, B] = -[B, A] (10) 
[A, (B+ C)] = [A, B] + [A, C] (11) 
[A, BC] = [A, BJC + BIA, C] (12) 
(A, [B, C]] + [B, [C, A]] + [C,[A, B]] = 0 (13) 
[A, B]t = (Bl, Al] (14) 


The derivation of these properties is straightforward: it suffices to compare both sides of 
each equation after having written them out explicitly. 


3: Restriction of an operator to a subspace 


Let P, be the projector onto the q-dimensional subspace €, spanned by the q orthonormal 
vectors |i): 


q 
bg S> lpi) (Pi (15) 
i=l 

By definition, the restriction Ag of the operator A to the subspace €, is: 

Aq = P, AP; (16) 
If |qb) is an arbitrary ket, it follows from this definition that: 

Aq\) = P,Alva) (17) 
where: 

Iva) = Ply) (18) 


is the orthogonal projection of |y) onto Ey. Consequently, to make Ay act on an arbitrary 
ket |), one begins by projecting this ket onto €,; then one lets the operator A act on 
this projection, retaining only the projection in €, of the resulting ket. The operator Ay 
which transforms any ket of E, into a ket belonging to this same subspace, is therefore 
an operator whose action has been restricted to €,. 

What can be said about the matrix which represents Ay? Let us choose a basis 
{|ux)} whose first gq vectors belong to €, (they are, for example, the |y,)), the others 
belonging to the supplementary subspace. We have: 


(uj|Aqluj) = (us|PaAPale;) (19) 
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that is: 


V4) — J lAluy) if i 7<¢ 

(ui|Aglus) = { 0 if one of the two indices i or 7 is greater than q 0) 
Therefore, the matrix which represents A, is, as it were, “cut out” of the one which 
represents A. One retains only the matrix elements of A associated with basis vectors 
|u;) and |u;), both belonging to €,, the other matrix elements being replaced by zeros. 


4. Functions of operators 


4-a. Definition and simple properties 


Consider an arbitrary linear operator A. It is not difficult to define the operator 
A”: it is the operator which corresponds to n successive applications of the operator 
A. The definition of the operator A~', the inverse of A, is also well known: A7! is the 
operator (if it exists) which satisfies the relations: 


A‘A=AA+=1 (21) 


How can we define, in a more general way, an arbitrary function of an operator? 
To do this, let us consider a function F of a variable z. Assume that, in a certain domain, 
F can be expanded in a power series in z: 


F(z) =o faz” (22) 


By definition, the corresponding function of the operator A is the operator F(A) defined 
by a series which has the same coefficients f,,: 


F(A) = 30 fn A” (23) 
n=0 
For example, the operator e4 is defined by: 
Aa as as wats + A" /nl + (24) 
= z oo I+. I+. 


We shall not consider the problems concerning the convergence of the series (23), which 
depends on the eigenvalues of A and on the radius of convergence of the series (22). 
Note that if F(z) is a real function, the coefficients f, are real. If, moreover, A is 
Hermitian, we see from (23) that F(A) is Hermitian. 
Let |ya) be an eigenvector of A with eigenvalue a: 


Ala) = a|a) (25) 
Applying the operator n times in succession, we obtain: 
A" |¢a) = a" |pa) (26) 
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Now let us apply series (23) to |yq); we obtain: 


A)|~a) = > ha "|~a) = F(a@)|~a) (27) 


This leads to the following rule: when |y,) is an eigenvector of A with the eigenvalue a, 
l~a) is also an eigenvector of F(A), with the eigenvalue F(a). 

This property leads to a second definition of a function of an operator. Let us 
consider a diagonalizable operator A (this is always the case if A is an observable), 
and let us choose a basis where the matrix associated with A is actually diagonal (its 
elements are then the eigenvalues a; of A). F(A) is, by definition, the operator which is 
represented, in this same basis, by the diagonal matrix whose elements are F'(a;). 

For example, if o,, is the matrix 


a Cea, (28) 


it follows directly that: 
o, _fe 90 
le G 1 i 7) 


Comment: 
Attention should be given, when functions of operators are used, with respect to 


the order of the operators. For example, the operators e4e?, ePe4, and e4** are 
not, in general, equal when A and B are operators and not numbers. Consider: 


Sos a => <* (30) 





! 
pq PT 
Ba a Ba AP 
-y 31 
Pp 
ge (32) 


! 
Pp P- 


When A and B are arbitrary, the right-hand sides of (30), (31) and (32) have no 
reason to be equal (see exercise 7 of Complement Hyz). However, when A and B 
commute, we have: 


[A, B] = 0 => ete? = eFe4 = e418 (33) 


(an obvious relation if the diagonal matrices that represent e4 and e? are con- 
sidered in a basis of eigenvectors common to A and B). 
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4-b. An important example: the potential operator 


In one-dimensional problems, we shall often have to consider “potential” operators 
V(X) (so called because they correspond to the classical potential energy V(z) of a 
particle placed in a force field), where V(X) is a function of the position operator X. 

It follows from the preceding section that V(X) has as eigenvectors the eigenvectors 
|x) of X, and we have simply: 


V(X)|x) = V(a)|a) (34) 
The matrix elements of V(X) in the {|x)} representation are therefore: 
(x|V(X)|a") = V(a)6(2 — 2") (35) 


Applying (34) and using the fact that V(X) is Hermitian (the function V(z) is 
real), we obtain: 


(2|V(X) |b) = V(2) (lh) = V(2)o(@) (36) 


This equation shows that in the {|x)} representation, the action of the operator V(X) is 
simply multiplication by V(2). 

The generalization of (34), (35) and (36) to three-dimensional problems can be 
performed without difficulty; in this case, we obtain: 


V(R)|r) = V(r)|r) (37) 

(r|V(R)|r’) = Vir)d(r — 2’) (38) 

(r|V(R)|v) = V(r) v(x) (39) 
4-c. Commutators involving functions of operators 


Definition (23) shows that A commutes with every function of A: 
[A, F(A)] =0 (40) 
Similarly, if A and B commute, so do F(A) and B: 
[B, A] =0 => [B, F(A)] =0 (41) 


What will be the commutator of an operator with a function of another operator 
that does not commute with it? We shall restrict ourselves here to the case of the X and 
P operators, whose commutator is equal to: 


[X, P] =ih (42) 
Using relation (12), we can calculate: 
[X, P?] = [X, PP] =[X, PJP + P[X, P] = 2ihP (43) 
More generally, let us show that: 


[X, P"] =thn P™? (44) 
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If we assume that this equation is verified, we obtain: 
[X, P+] = |X, PP”] = |X, P]|P" + P[X, P”] 
= ih P" + iin PP""' = if(n+1)P” (45) 


Relation (44) is therefore established by recurrence. 
Now let us calculate the commutator [X, F(P)]: 


SFOS hel) ane (46) 


If F’(z) denotes the derivative of the function F(z), we recognize in (46) the definition 
of the operator F’(P). Therefore: 





[X, F(P)] = ih F’(P) (47) 








An analogous argument would have enabled us to obtain the symmetric relation: 








[P, G(X)] = —ihG@"(X) (48) 








Comments: 


(i) The preceding argument is based on the fact that F(P) (or G(X)) depends 
only on P (or on X). It is more difficult to calculate a commutator such as 
[X, &(X, P)], where ®(X, P) is an operator which depends on both X and 
P: the difficulties arise from the fact that X and P do not commute. 


(iz) Equations (47) and (48) can be generalized to the case of two operators A 
and B which both commute with their commutator. An argument modeled 
on the preceding one shows that, if we have: 


[A, C] = [B,C] =0 (49) 
with: 

C = [A,B] (50) 
then: 


[A, F(B)] = [A, B]F"(B) (51) 


5. Derivative of an operator 


5-a. Definition 
Let A(t) be an operator which depends on an arbitrary variable t. By definition, 
dA 
the derivative ae of A(t) with respect to ¢ is given by the limit (if it exists): 


dA _ |, Ate+ At) - AW 


dt At>0 At ) 
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The matrix elements of A(t) in an arbitrary basis of t-independent vectors |u;) are 
functions of t: 








(ui|Aluj) = Aaj(t) (53) 
d d 
Let us call Ga = (u a ) the matrix elements of _ It is easy to verify the 
relation: 
dA d 
ee SA 54 
( dt ). des on) 


dA 
Thus we obtain a very simple rule: to obtain the matrix elements representing ap all we 


must do is take the matrix representing A and differentiate each of its elements (without 
changing their places). 


5-b. Differentiation rules 


They are analogous to the ones for ordinary functions: 


d “ dG 
50 
qh + @) = ae (55) 
d dG 
5 (FG) = G+ F (56) 


Nevertheless, care must be taken not to modify the order of the operators in formula 
(56). 

Let us prove, for example, the second of these equations. The matrix elements of 
FG are: 


(ui|FG]u;) = S> (uil Flue) (uelGlu;) (57) 
k 


We have seen that the matrix elements of d(#'G)/dt are the derivatives with respect to 
t of those of (FG). Thus we have, taking the derivative of the right-hand side of (57): 


([aFolles) =| ") 


k 
%)) (58) 


z (us| 


This equation is valid for any i and j. Formula (56) is thus established. 


d dF G 
dt aq Fo) 4 dt. ‘dt 

















tux) (ue|Gluj) + (ual Flex) (us 





dG 
dt 














5-c. Examples 


Let us calculate the derivative of the operator e4*. By definition, we have: 


eft = ‘2 ae (59) 


! 
n- 
n=0 
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Taking the derivative of the series term by term, we obtain: 





d te oo tr-l gn 
di — 27 n! 
oO (Age? 


=e (n — 1)! 





x on A (60) 


We recognize inside the brackets the series that defines e4* (taking as the summation 
index p= n-—1). The result is therefore: 
a At = ped =eAtA (61) 
dt 
In this simple case involving only one operator, it is unnecessary to pay attention to the 
order of the factors: e4¢ and A commute. 
This is not the case if one is interested in taking the derivative of an operator such 
as e4teBt_ Applying (56) and (61), we obtain: 


d 
qlee) = Ae“ eBt a eft Be® (62) 


The right-hand side of this equation can be transformed into e4! Ae?! + e4t Be®* or 
e4t AcPt + e4t e?*B, for example. However, we can never obtain (unless, of course, A 
and B commute) an expression such as (A + B)e“4*e?!. In this case, the order of the 
operators is therefore important. 


Comment: 


Even when the function involves only one operator, taking the derivative can- 
not always be performed according to the rules valid for ordinary functions. For 


d 
example, when A(t) has an arbitrary time-dependence, the derivative age is 


dA 
generally not equal to ape It can be seen by expanding e“) in a power series 


dA 
in A(t) that A(t) and ae must commute for the equality to hold. 


5-d. An application: a useful formula 


Consider two operators A and B which, by hypothesis, both commute with their 
commutator. In this case, we shall derive the relation: 
eAre2 — eAtB o3 14.8] (63) 


(sometimes called Glauber’s formula). 
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Let us define the operator F(t), a function of the real variable t, by: 


F(t) = e4* eB (64) 
We have: 

dF At ,Bt 1 ,At BoBt At p,—At 

aa Ae e?* +e Be?’ = (A+ ee Be“) F(t) (65) 


Since A and B commute with their commutator, formula (51) can be applied in order to 
calculate: 


le", B\ =?A, Ble** (66) 
Therefore: 
et B= Bet + t[A, Ble** (67) 


Multiply both sides of this equation on the right by e~4*. Substituting the relation so 
obtained into (65), we obtain: 


od = (A +B+i%A, B)) F(}) (68) 


The operators A+ B and [A, B] commute by hypothesis. We can therefore integrate the 
differential equation (68) as if A+ B and [A, B] were numbers. This yields: 


F(t) = F(Q)eA+ 8) aA Ble (69) 
Setting t = 0 in (64), we see that F(0) = 1, and we obtain for any time ¢: 

F(t) = e(AtB)tt 5 [A,B]? (70) 
Let us then set t = 1; we obtain equation (63), which is thus proven. 


Comment: 


When the operators A and B are arbitrary, equation (63) is not in general valid: 
it is necessary that both A and B commute with [A, B]. This condition may seem 
very restrictive. Actually, in quantum mechanics, one often encounters operators 
whose commutator is a number: for example, X and P, or the operators a and at 
of the harmonic oscillator (cf. Chap. V). 


References: 


See the subsections “General texts” and “Linear algebra — Hilbert spaces” of section 
10 of the bibliography. 
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Complement Cy 


Unitary operators 








1 General properties of unitary operators ............ 173 
l-a Definition and simple properties ................ 173 
1-b Unitary operators and change of bases ............. 174 
l1-c Unitary: matrices? o:-2 ksAei eee we ee hk ed 176 
1-d Eigenvalues and eigenvectors of a unitary operator ...... 176 
2 Unitary transformations of operators ............. 177 
3 The infinitesimal unitary operator ............... 178 
1. General properties of unitary operators 
1l-a. Definition and simple properties 


By definition, an operator U is unitary if its inverse U~! is equal to its adjoint Ut: 


uty =uut=1 (1) 


_ Consider two arbitrary vectors |) and |w2) of €, and their transforms Ji) and 
|w2) under the action of U: 


[b1) = Ul) 

lb2) = Ulbe) (2) 
Let us calculate the scalar product (q1|¢2); we obtain: 

(di lbe) = (br UT |e) = (br a2) (3) 


The unitary transformation associated with the operator U therefore conserves the scalar 
product (and, consequently, the norm) in €. When € is finite-dimensional, moreover, this 
property is characteristic of a unitary operator. 


Comments: 
(i) If A is a Hermitian operator, the operator T = e*4 is unitary, since: 
Tt =e-i4' =e tA (4) 
and therefore: 
ING Se Ae* ail 
TTt = ei4e44 = 1 (5) 


(obviously, —i1A commutes with 7A). 
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(ii) The product of two unitary operators is also unitary. If U and V are unitary, 
we have: 


utu =uut=1 

Viv=aVVi=1 (6) 
Let us now calculate: 

(UV)'(UV) =ViUltUV =Viv=1 

(UV)(UV)i = UVVtUt =UUtT=1 (7) 


These equations indeed show that the product operator UV is unitary. This 
property, moreover, was foreseeable: when two transformations conserve the 
scalar product, so does the successive application of these two transforma- 
tions. 


(iit) In the ordinary three-dimensional space of real vectors, we are familiar with 
operators which conserve the norm and the scalar product: rotations, sym- 
metry operations with respect to a point, to a plane, etc. In this case, where 
the space is real, these operators are said to be orthogonal. Unitary operators 
constitute the generalization of orthogonal operators to complex spaces (with 
an arbitrary number of dimensions). 


1-b. Unitary operators and change of bases 


a. Let {|v;)} be an orthonormal basis of the state space €, assumed to be discrete. 
Call |0;) the transform of the vector |v;) under the action of a unitary operator U: 


vi) = Ulu) (8) 
Since the operator U is unitary, we have: 
(05|03) = (vilvg) = 4: (9) 


The |0;) vectors are therefore orthonormal. Let us show that they constitute a basis of €. 
To do so, consider an arbitrary vector |y) of €. Since the set {|v;)} constitutes a basis, 
the vector Ut|q) can be expanded on the |v;): 


U" |) = S\ cilvs) (10) 
Applying the operator U to this equation, we obtain: 
UU! |p) = > alla) (11) 


and, therefore: 


1b) = So ex|&:) (12) 


4 
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This equation expresses the fact that any vector |W) can be expanded on the vectors |%;), 
which therefore constitute a basis. Thus we can state the following result: a necessary 
condition for an operator U to be unitary is that the vectors of an orthonormal basis of 
€, transformed by U, constitute another orthonormal basis. 


8. Conversely, let us show that this condition is sufficient. By hypothesis, we then 
have: 


|v.) = U|vi) 
(0; |05) = 5a, 


>- lé:) Gi] = 1 (13) 


i 
and therefore: 

(8j|UT = (a, | (14) 
Let us calculate: 


UtU|v,;) = UT |a,) = dl) (v;|UT|0;) 


= hs) G16) = Db) 


= |v) (15) 
Relation (15), which is valid for all i, expresses the fact that the operator U'U is the 


identity operator. Let us show, in the same way, that UU? = 1. To do this, consider the 
action of Ut on a vector |v): 


UT vi) = Des) (vs U7 lve) 
= de |vj) (Oj|vs) (16) 
We then have: 
UU |v;) = > Ue) (6; |v:) 
= Doles) Biles) 


= |vi) (17) 
We deduce from this that UU? = 1: the operator U is therefore unitary. 
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1-c. Unitary matrices 
Let: 
Uiz = (vilU v5) (18) 


be the matrix elements of U. How can one see from the matrix representing U if this 
operator is unitary? 
Relation (1) gives us: 


(viJUTU|vj) = S—(viUT vg) (ve|U 05) (19) 
k 
that is: 
SUR Us = 545 (20) 
k 


When a matrix is unitary, the sum of the products of the elements of one column and 
the complex conjugates of the elements of another column is 


— zero if the two columns are different, 
— equal to 1 if they are not. 


Let us cite some examples in which this rule can be easily verified. 


Examples: 


(t) The matrix which represents a rotation through an angle @ about Oz, in ordinary 
three-dimensional space: 


cos@ —sin@ 0 


R(P) = | sind cosé@ 0 (21) 
0 0 1 


1 
(ii) The rotation matrix in the state space of a spin 5 particle (cf. Chap. IX): 


en S(4T) ogg 2 pg 0-2) gin B 
1/2 
RV (a, B,¥) = i B i B (22) 
e27-®) gin = e2 (+1) cog = 
2 2 
1-d. Eigenvalues and eigenvectors of a unitary operator 


Let |W) be a normalized eigenvector of the unitary operator U with eigenvalue u: 


Ulu) = Ulu) (23) 
The square of the norm of the vector U|q),,) is: 
(Wu|UTU bu) = u*u(dulpu) = ur (24) 
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Since the unitary operator conserves the norm, we have, necessarily, u*u = 1. The 
eigenvalues of a unitary operator must therefore be complex numbers of modulus 1: 


u=e'? where y, is real (25) 
Consider two eigenvectors |7,,) and |t,-) of U; we then have: 
(bulbur) = (bulUTU bur) = ural (buldu’) 
= flu P) ultbu) (26) 


When the eigenvalues u and wu’ are different, we see from (26) that the scalar product 
(ulvur) must be zero: two eigenvectors of a unitary operator corresponding to different 
eigenvalues are orthogonal. 


2. Unitary transformations of operators 


We saw in § 1-b that a unitary operator U permits the construction, starting with one 
orthonormal basis {|v,;)} of €, of another one, {|é;)}. In this section, we are going to 
define a transformation that acts, not on the vectors, but on the operators. 

By definition, the transform A of the operator A will be the operator which, in the 
{|%;)} basis, has the same matrix elements as the operator A in the {|v,;)} basis: 


(i|Al8;) = (vil Ale) (27) 
Substituting (8) into this equation, we obtain: 
(viJUtAU|w;) = (vilAlv) (28) 
Since 7 and 7 are arbitrary, we have: 
U'AU=A (29) 
or, multiplying this equation on the left by U and on the right by U?: 
A=UAU' (30) 


Equation (30) can be taken to be the definition of the transform A of the operator A 
by the unitary transformation U. In quantum mechanics, such transformations are often 
used: a first example is given in Complement Fy of this chapter (§ 2-a). 

How can the eigenvectors of A be obtained from those of A? Let us consider an 
eigenvector |p.) of A, with an eigenvalue a: 


Alfa) = a|Pa) (31) 
Let |¢,) be the transform of |y,) by the operator U: |g.) = U|y~,). We then have: 
Alga) = (UAU')U|pa) = UA(UTU) |p) 
= UA|~a) = aU |Pa) 


= alGa) (32) 
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\~a) is therefore an eigenvector of A, with eigenvalue a. This can be generalized to the 
following rule: the eigenvectors of the transform A of A are the transforms |¢,) of the 
eigenvectors |y,) of A; the eigenvalues are unchanged. 


Comments: 
(i) The adjoint of the transform A of A by U is the transform of At by U: 
(A)t = (UAU')t = UAtUt = AT (33) 
In particular, it follows from this relation that, if A is Hermitian, A is also. 
(ii) Similarly, we have: 
(A)? = UAUtU AUt = UAAUt = A? 
and, in general: 
(Aye =A" (34) 
Using definition (23) of Complement By, we can easily show that: 
F(A) = F(A) (35) 


where F(A) is a function of the operator A. 


3. The infinitesimal unitary operator 


Let U(e) be a unitary operator which depends on an infinitely small real quantity ¢; by 
hypothesis, U(e) —> 1 when e —> 0. Expand U(e) in a power series in e: 


U(e)=1+eG+... (36) 


We then have: 


Ul(e)=1+eGt+..... (37) 
and: 
U(e) Ul(e) = UT(e)U(e) = 14+ e(G4+G%)+... (38) 


Since U(e) is unitary, the first-order terms in € on the right-hand side of (38) are zero; 
we therefore have: 


G+cGt=0 (39) 


This relation expresses the fact that the operator G is anti-Hermitian. It is convenient 
to set: 


F =iG (40) 
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so as to obtain the equation: 
F-F'=0 (41) 


which states that F is Hermitian. An infinitesimal unitary operator can therefore be 
written in the form: 


U(e) =1—-teF (42) 


where F' is a Hermitian operator. 
Substituting (42) into (30), we obtain: 


A=(l—ieF)A(1 + ieF') = (1 —ieF)A(1 + ieF) (43) 
and, therefore: 
A-A=-ie|F, A] (44) 


The variation of the operator A under the transformation U is, to first order in ¢, pro- 
portional to the commutator [F, A]. 
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1.‘ The {|r)} representation 


1l-a. The R operator and functions of R 
Let us calculate the matrix elements, in the {|r)} representation, of the X, Y, Z 


operators. Using formula (E-2-c) of Chapter II and the orthogonality relations of the 
kets |r), we immediately obtain: 


(r|X |r’) = x 6(r -r’) 

(rl¥ |r’) =y o(r -r') 

(r|Z|r’) = z 6(r —r’) (1) 
These three equations can be condensed into one: 


(r|R|r’) =r 6(r —1r’) (2) 


The matrix elements, in the {|r)} representation, of a function F(R) are also very 
simple [cf. equation (27) of Complement Byy]: 


(r|F(R)|r’) = F(x) or -r') (3) 
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1-b. The P operator and functions of P 


Let us calculate the matrix element (r|P,|r’): 


(r|P, |r’) = i dp (r|P,[p) (plr’) 
= [ee pe(t|p) (plr’) 


1 +00 ; , 
TR J 66 


1 oe t , 
pee RPuy-y') 
‘ ke ape | 


1 eee a z—2' 
«aaa f, aoe 


From this, it follows that, using the integral form of the “delta function” and its derivative 
[cf. Appendix II, equations (34) and (53)]: 





(r|Pale’) = ow 2!) Bly —y/) (2-2) (5) 


The matrix elements of the other components of P could be obtained in an analogous 
fashion. 

Let us verify that the action of P, in the {|r)} representation can indeed be derived 
from formula (5). To do so, let us calculate: 


(rLPalw) = f ar! (elPate) (ee) (6 
From (5): 
(rlPelwy =F foe alja! f aty—v) ay! foe — 2) vay',2*) de (7) 


Using the relation (48) of Appendix II: 
[wu du=~ fou) Fw du =f") (8) 
and taking u = x’ — x, we obtain: 
ho 
Piya. = 
(rIPelv) = = ola, 9,2) (9) 
which is indeed equation (E-26) of Chapter II. 
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What is the value of the matrix element (r|G(P)|r’) of a function G(P) of the P 
operator? An analogous calculation gives us: 


(r|G(P) |r") = / dp (r|G(P)|p) (pIr’) 


= (2nh)~8 if d?p G(p) PGP )/h 


= (2nh)~3/2 G(r -r’) (10) 
where G(r) is the inverse Fourier transform of the function G(p): 
Gtx) = 2any-2” f Pp eb? * Gp) (11) 
1-c. The Schrédinger equation in the {|r)} representation 


In Chapter III, we shall introduce the Schrédinger equation, which is of fundamen- 
tal importance in quantum mechanics: 


ad 
the (oO) = Hv) (12) 


where H is the Hamiltonian operator, which we shall define in that chapter. For a 
(spinless) particle in a scalar potential V(r) [cf. equation (B-42) of Chapter III]: 


H= =P +V(R) (13) 


Let us write this equation in the {|r)} representation, that is, using the wave 
function (r,t), defined by: 


V(r, t) = (rlv(t)) (14) 


Projecting (12) onto |r), in the case where H is given by formula (13), we obtain: 


O 1 
the eld) = Fy TIP’ Y@) + IV (R)iv@) (15) 
The quantities involved in this equation can be expressed in terms of w(r,t), since: 
0 0 
5 tld) = S08) (16) 
(r|V(R)|W(t)) = Va) va, ) (17) 


h 
The matrix element (r|P?|) can be calculated by using the fact that P acts like —V in 
i 


the {|r)} representation: 


(r/P?|w(d)) = (el(Pe + Py + Pid) 


fa 0? 0? 
= -W? (sa on ay 7 5a) p(x, y, z,t) 


= —h?Auv(r, t) (18) 
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The Schrédinger equation then becomes: 





nove, i= 54 a vin) w(r,t) (19) 











This is indeed the wave equation introduced in Chapter I (§ B-2). 


2. The {|p)} representation 


2-a. The P operator and functions of P 


We obtain without difficulty formulas analogous to (2) and (3): 


(p|P|p’) = p 6(p — p’) (20) 

(p|G(P)|p’) = G(p) 5(p — p’) (21) 
2-b. The R operator and functions of R 

Arguments analogous to those of § 1 yield the formulas corresponding to (5) and 

(10): 

(p|X|p’) = th 0"(pe — pl.) O(Py — pi) 5(pz — p’) (22) 
and: 

(p|F(R)|p’) = (20h) -*/? F(p — p’) (23) 
with: 

F(p) = (2h) ~9/? ii dre" bP F(x) (24) 
2-c. The Schrédinger equation in the {|p)} representation 


Let us introduce the “wave function in the {|p)} representation” by: 


¥(p, t) = (plv()) (25) 


Using (12), we shall look for the equation giving the time evolution of %(p, t). Projecting 
(12) onto the ket {|p)}, we obtain: 


nS (plw(t) 7 5 (PIP? WW()) + (pIV(R)|d(4)) (28) 


Now we have: 


Split) = Sap, 2) (27) 
(p|P?|v(t)) = p* dp, t) (28) 
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The quantity which remains to be calculated is: 


(pIV(R)|v(t)) = / dp! (p|V(R) |p") (p’ b(t) 


Using (23), we find: 


(p|V(R)|v(t)) = 2 


mh) 3/? [evr —p’) ¥(p’,t) 


where V(p) is the Fourier transform of V(r): 


Vp) = (2h) 3/2 / Bren kP* V(r) 


The Schrodinger equation in the {|p)} representation is therefore written: 





2 


Om _ Pp 





D(p, t) + (2mh) 3? / d°p'V(p — p’) Up’, t) 








Comment: 


(29) 


(30) 


(31) 


(32) 


Since 71(p,t) is the Fourier transform of (r,t) [¢f. formula (E-18) of Chapter II], 
it would have been possible to find equation (32) by taking the Fourier transforms 
of both sides of equation (19). 
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In quantum mechanics, one often encounters two operators whose commutator is 
equal to ih. This is the case, for example, when these two operators correspond to the two 
classical conjugate quantities gq; and p; (q, the coordinate in a system of orthonormal 


axes, and the conjugate momentum p,; = Bast § 3-a of Appendix III). In quantum 
mechanics, one associates with g; and p; operators Q; and P; that satisfy the relation: 
[Qi, Pi] = ih (1) 


In § E of Chapter II, we encountered such operators: X and P,. In this comple- 
ment, we shall take a more general point of view and show that it is possible to establish 
a whole series of important properties relative to two observables P and Q whose com- 
mutator is equal to if. All these properties are just consequences of the commutation 
relation (1). 


1. The operator S(\): definition, properties 
We shall consider two observables P and Q, satisfying the relation: 
[Q, P] = ih (2) 
and we shall define the operator $(A), which depends on the real parameter \, by: 
S(A) = e7AP/A (3) 
This operator is unitary; it is easy to verify the relations: 
ST(A) = S71(A) = S(-A) (4) 
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Let us calculate the commutator [Q, S(\)]. We can apply formula (51) of Comple- 
ment Byy, since [Q, P] = 7 commutes with Q and P: 


(2, $(a)] = 18 (—Fe-PF™ =a 50) (5) 
This relation can also be written: 


QS(A) = SAJ[Q + A] (6) 


Finally, note that: 


S(A) S(u) = S(A + p) (7) 
2. Eigenvalues and eigenvectors of Q 
2-a. Spectrum of Q 


Assume that Q has a non-zero eigenvector |g), with eigenvalue q: 


Ql) = ala) (8) 
Apply equation (6) to the vector |g). This yields: 
QS(A)|q) = S(A)(Q + A)Ia) 
= S(A)(q+ A)la) = (4+ A)S(A)|a) (9) 


This equation expresses the fact that S(A)|q) is another non-zero eigenvector of Q, 
with an eigenvalue of (q+) (S(A)|q) is non-zero because S(A) is unitary). Thus, starting 
with an eigenvector of Q, one can, by applying S(A), construct another eigenvector of X, 
with any real eigenvalue (A can indeed take on any real value). The spectrum of Q is 
therefore a continuous spectrum, composed of all possible values on the real axis!. 


2-b. Degree of degeneracy 


From now on, we shall assume, for simplicity, that the eigenvalue q of Q is non- 
degenerate (the results which we shall derive can be generalized to the case where q is 
degenerate). Let us show that if g is non-degenerate, all the other eigenvalues of Q are 
also non-degenerate. Let us assume, for example, that the eigenvalue q+ A is two-fold 
degenerate, and we shall show that we arrive at a contradiction. There would then exist 
two orthogonal eigenvectors, |g + A,a@) and |g + 4, 3), corresponding to the eigenvalue 
qt: 


(q+, Bla+A,a) =0 (10) 





1This shows that in a space € of finite dimension N, there are no observables Q and P, whose 
commutator is equal to ih. The number of eigenvalues of @ could not be simultaneously less than or 
equal to N and infinite. 

This result can be derived directly, moreover, by taking the trace of relation (2): Tr {QP}—Tr{PQ} = 
Trih. When N is finite, the traces on the left-hand side of this equation exist: they are finite and equal 
numbers [cf. Complement By, formula (7a)]._ The equation becomes 0 = Tr {ih} = Nih, which is 
impossible. 
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Consider the two vectors S(—A)|q + A,a) and $(—A)|q+ A, 6). They are, according to 
(9), two eigenvectors of Q, with an eigenvalue of g+ 4 — A = q. They are not collinear, 
since they are orthogonal; their scalar product can be written, using the fact that S(A) 
is unitary: 

(q+ A, BIST(—A)S(—A)|q + A, a) = (¢ +A, Blg +A, a) = 0 (11) 
We reach the conclusion that q is at least two-fold degenerate, which is contrary to the 


initial hypothesis. Consequently, all the eigenvalues of Q must have the same degree of 
degeneracy. 


2-c. Eigenvectors 


We shall fix the relative phases of the different eigenvectors of Q with respect to 
the eigenvector |0), of eigenvalue 0, by setting: 


lq) = S(q)|0) (12) 
Applying $(A) to both sides of (12) and using (7), we obtain: 
S(A)|a) = S(A)S(q)10) = SCA + @)10) = la + A) (13) 
The adjoint expression of (13) is written: 
(glS*(A) = (a +A (14) 
or, using (4) and replacing \ by —A: 


(q|SQ) = (q-Al (15) 


3. The {|q)} representation 


Since Q is an observable, the set of its eigenvectors {|g)} constitutes a basis of €. It is 
possible to characterize each ket by its “wave function in the {|qg)} representation”: 


(q) = (al) (16) 


3-a. The action of Q in the {|q)} representation 


Let us calculate, in the {|¢)} representation, the wave function associated with the 
ket Q|). It is written: 


(qlQ|) = a{qlv) = ava) (17) 


[using (8) and the fact that Q is Hermitian]. The action of Q in the {|g)} representation 
is therefore simply a multiplication by gq. 
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3-b. The action of S(X) in the {|q)} representation; the translation operator 


The wave function in the {|qg)} representation associated with the ket S(A)|w) is 
written [formula (15)]: 


(alS(A) Ib) = (a - Al’) = (a - A) (18) 


The action of the operator S(A) in the {|g)} representation is therefore a translation of 
the wave function over a distance \ parallel to the q-axis”. For this reason, $(A) is called 
the translation operator. 


3-c. The action of P in the {|q)} representation 


When ¢ is an infinitely small quantity, we have: 


S(-e) = e#P/Pa a4 icP + O(e?) (19) 
Consequently: 
(qS(—e) lb) = ¥(q) +4 (alPld) + Ole?) (20) 


On the other hand, equation (18) yields: 


(1S(—e) lb) = (q+ €) (21) 
Comparison of (20) and (21) shows that: 


It follows that: 
(alPhs) =“ Lim, .p¥@+ 2) —¥@) 


hd 


= Gap (23) 


hd 

The action of P in the {|q)} representation is therefore that of — aa Equation (E-26) of 
1 daq 

Chapter II is thus generalized. 

4. The {|p)} representation. The symmetric nature of the P and Q observables 


Relation (23) enables us to obtain easily the wave function v,(q) associated, in the {|q)} 
representation, with the eigenvector |p) of P with an eigenvalue of p: 


Up(q) = (qlp) = (2rh)~1/? exra (24) 





?The function f(a — a) is the function which, at the point « = x9 + a, takes on the value f(xo). It 
is therefore the function obtained from f(x) by a translation of +a. 
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We can therefore write: 


+00 - 
pe) = (2nhy- 9? fag ebPAa) (25) 


co 


A ket |q) can be defined by its “wave function in the {|p)} representation”: 


&(p) = (pl) (26) 


Using the adjoint relation of (25), we obtain: 


a +00 F 
Bp) = (anh)? [ag en bey (a) (27) 


—oo 


~(p) is therefore the Fourier transform of 7(q). 
The action of the P operator in the {|p)} representation corresponds to a multi- 
plication by p; that of the Q operator corresponds, as can easily be shown using (27), to 


the operation the : 


Thus we obtain symmetrical results in the {|q)} and {|p)} representations. This 
is not surprising: in our hypotheses, it is possible to exchange the P and Q operators, 
simply changing the sign of the commutator in relation (2). Instead of introducing the 
operator S(\), we could therefore have considered T(A’) defined by: 


T(x) = eb O/h (28) 


and we could have developed the same arguments, replacing P by Q and i by —i every- 
where. 


References: 


Messiah (1.17), Vol. I, § VIII-6; Dirac (1.13), § 25; Merzbacher (1.16), Chap. 14, 
§ 7. 
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1. The parity operator 
1-a. Definition 


Consider a physical system whose state space is €,. The parity operator II is 
defined by its action on the basis vectors! |r) of Ey: 


T|r) = |—r) (1) 
The matrix elements of II are therefore, in the {|r)} representation: 

Tile y= iar) =oe +r’) (2) 
Consider an arbitrary vector |w) of €;: 

jw) = freee) (3) 
If the variable change r’ = —r is performed, |1)) can be written: 

jw) = far w(—r)|-2) (a) 
Now calculate II|w); we obtain: 


Tk) = / Pr! p(—r') Ir") (5) 





‘Care must be taken not to confuse | — ro) and —|ro). The former is an eigenvector of R, with 
eigenvalue —ro and wavefunction £_r,(r) = 6(r+ro). The latter is an eigenvector of R with eigenvalue 
ro and wavefunction —€;,(r) = —d(r — ro). 
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Comparison of (3) and (5) shows that the action of II in the {|r)} representation is to 
change r to —r: 


(r|IT}y) = ¥(-) (6) 


Now let us consider a physical system .Y whose state vector is |y); II|~) describes 
the physical system obtained from .¥ by reflection through the origin of the axes. 


1-b. Simple properties of IT 
The operator II? is the identity operator. From (1) we have: 

|r) = (Hr) = 11] — r) = |r) (7) 
that is, since the kets |r) form a basis of E;: 

W’=1 (8a) 
or: 

=i1-* (8b) 
It is easy to show by recurrence that the operator II” is: 


— equal to 1 when n is even 
— equal to IT when n is odd 


We can rewrite (6) in the form: 
(r|IT}b) = (-r |) (9) 
Since this equation is valid for all |), it can be deduced that: 
(rll = (=r (10) 
Moreover, the Hermitian conjugate expression of (1) is written: 
(r|II' = (—r| (11) 
Since the kets |r) form a basis, it follows from (10) and (11) that I is Hermitian: 
I =1 (12) 
Combining this equation with (8b), we obtain: 
Te ai (13) 
II is therefore unitary as well. 
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1-c. Eigensubspaces of II 


Let |y,) be an eigenvector of II, with an eigenvalue of p,;. Applying (8a), we 
obtain: 


en) = lpn) = pe len) (14) 


We therefore have p? = 1: the eigenvalues of I are limited to 1 and —1. Since the space 
Ey is infinite-dimensional, we immediately see that these eigenvalues are degenerate. An 
eigenvector of II with the eigenvalue + 1 will be said to be even; an eigenvector with the 
eigenvalue —1, odd. 

Consider the two operators P, and P_ defined by: 


Bui 5 (i +1) 

pe 5 (i _11) (15) 
These operators are Hermitian; using (8a), it is easy to show that: 

Poa: 

Pe Se (16) 


P, and P_ are thus the projectors onto two subspaces of €,, which we shall call €, and 
€_. Let us calculate the products P,P_ and P_P,; we obtain: 


1 
P.P_=7@+N-0-)=0 


1 
P_P, = 7(1-1+-I’) =0 (17) 





The two subspaces €, and €_ are therefore orthogonal. Let us show that they are also 
supplementary. We see immediately from definition (15) that: 


P,+P_=1 (18) 


For all |w) € €, we have, therefore: 


|b) = (Py + P_)|b) = |b4) + |¥_-) (19) 
with: 

|b+) = Pry) 

|p-) = P_|p) (20) 


Let us calculate the products ITP, and ILP_; we obtain: 
1 1 


1 1 
IP. = 51(1—H) = 5 


5 (Il — 1) = —P_ (21) 
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These equations enable us to show that the vectors |w+) and |_) introduced in (20) are 
even and odd, respectively: 


TI}yp+) = UP |b) = Pyld) = |v+) 
T|y_) = ILP_|b) = —P.|w) = —|b-) (22) 


The spaces €, and €_ are therefore the eigensubspaces of IH, with the eigenvalues + 1 
and —1. In the {|r)} representation, equations (22) can be written: 


(rlp+) = V(r) = (PID |b+) = Y+(-4) 
(rljp_) = p(x) = —(r| | p_) = —p_(-r) (23) 


The wave functions w,(r) and ~_(r) are even and odd, respectively. 

Relation (19) expresses the fact that any ket |W) of €, can be decomposed into a 
sum of two eigenvectors of II, |W) and |w_), belonging respectively to the even subspace 
€, and the odd subspace €_. Therefore, II is an observable. 


2. Even and odd operators 


2-a. Definitions 


In § 2 of Complement Cy, we defined the concept of a unitary transformation of 
operators. In the case of II [which is indeed unitary; see (13)], the transformed operator 
of an arbitrary operator B is written: 


B=TBi (24) 
and satisfies the relation [cf. equation (27) of Complement Cy]: 
(r[Blr’) = (-r|B| —r') (25) 


The operator B is said to be the parity transform of B. 
In particular, if: B = +B the operator B is said to be even 
if: B = —B the operator B is said to be odd. 


An even operator B, therefore satisfies: 
B, = UA, (26) 
or, multiplying this equation on the left by II and using (8a): 
IIB, = BI (27) 
[1, By] = 0 (28) 


An even operator is therefore an operator that commutes with II. It can be seen, similarly, 
that an odd operator B_ is an operator that anticommutes with IT: 


IIB_ + B_Il=0 (29) 
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2-b. Selection rules 


Let By be an even operator. Let us calculate the matrix element (y|B+|w); by 
hypothesis, we have: 


(y|B+|b) = (PHB LTP) = (y"| By |v’) (30) 
with: 

ly’) = Ty) 

|b") = Te) (31) 


If one of the two kets, |y) and |y), is even and the other odd (|y’) = +|y), |’) = + 
relation (30) yields: 


(e|B+ Ib) = —(| Bal) = 0 (32) 


Hence the rule: the matrix elements of an even operator are zero between vectors of 
opposite parity. 
If, now, B_ is odd, relation (30) becomes: 


(elB_ |b) = —(y'|B_|v’) (33) 


which is zero when |y) and |y) are both either even or odd. Hence the rule: the matrix 
elements of an odd operator are zero between vectors of the same parity. In particular, the 
diagonal matrix element (w|B_|) (the mean value of B_ in the state |); cf. Chapter III, 
§ C-4) is zero if |W) has a definite parity. 





v)), 





2-c. Examples 


Q. The X, Y, Z operators 


In this case, we have: 
ILX |r) = 1X|z,y, z) = rl] |z, y, z) 
=a|—2,-y,-z)=2|-Yr) (34) 
and: 
XIil|r) = X| —r) = X| — 2, -y, —2) 
= —2|—2,—y,—2z) = —2|—r) (35) 
Adding these two equations together, we obtain: 
(ILX + XII)|r) =0 (36) 
or, since the vectors |r) form a basis: 
IX + XII = 0 (37) 


X is therefore odd. 
The proofs are the same for Y and Z; R is therefore an odd operator. 
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B. The Py, Py, Pz operators 
Let us calculate the ket II|p); we obtain: 


T|p) = (27h) ~3/? / d3re'PT/" TT |r) 
= (2mh)-97? f aProtP*/M —r) 
= (my / ain PAE 


=|) 2) (38) 


We then have, using an argument analogous to the one developed in a: 


ITP, |p) = px| — p) 


P,I|p) = —pz| — p) (39) 
and: 
IP, + PI =0 (40) 


The P operator is odd. 


Y- The parity operator 


II obviously commutes with itself; it is an even operator. 


2-d. Functions of operators 


Let B, be an even operator. Using relation (8a), we obtain: 


riper — (1By1)(11B,1) ... (IB}I) = BY (41) 
eS 
n factors 
An even operator raised to the nth power is even. Hence, any operator F'(B,) is even. 


Let B_ be an odd operator; let us calculate the operator IB” II: 


nen = (B_M)(11B_M1).... (IB_I) = (-1)"(B_)" (42) 
ee 
n factors 
An odd operator raised to the nth power is even if n is even, odd if n is odd. Consider 
an operator F'(B_); this operator is even if the corresponding function F(z) is even, odd 


if it is odd. In general, F(B_) has no definite parity. 
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3: Eigenstates of an even observable B+ 


Let us consider an arbitrary even observable B, and an eigenvector |y») of B+ with an 
eigenvalue b. Since By is even, it commutes with II. Applying the theorems of § D-3-a 
of Chapter II, we obtain the following results: 

a. If b is a non-degenerate eigenvalue, |) is necessarily an eigenvector of II; it 
is therefore either an even or an odd vector. The mean value (y,|B_|y,) of any odd 
observable B_, such as R, P, etc..., is then zero. 

B. If bis a degenerate eigenvalue corresponding to the eigensubspace €), the vectors 
of € do not all necessarily have a definite parity. II|y,) may be a vector which is non- 
collinear with |y,); it is nevertheless a vector which has the same eigenvalue b. Moreover, 
it is possible to find a basis of eigenvectors common to II and B, in every subspace €). 


4. Application to an important special case 


We shall often need to find the eigenstates of a Hamiltonian operator H, acting in €,, of 
the form: 
Pp? 
H =—+V(R) (43) 
2m 

Since the P operator is odd, the P? operator is even. When, in addition, the 
function V(r) is even (V(r) = V(—r)), the operator H is even. According to what we 
have just seen, it is then possible to look for the eigenstates of H among the even or odd 
states. This often simplifies the calculations considerably. 

We have already encountered a certain number of cases where the Hamiltonian H 
is even: the square well, the infinite well (cf. Complement Hy). We shall study others: 
the harmonic oscillator, the hydrogen atom, etc... It is easy to verify in all these special 
cases the properties which we have derived. 


Comment: 


If H is even, and if one of its eigenstates |y_,) which has no definite parity (i.e. 
II|y~p,) is non-collinear to |y,;)) has been found, it can be asserted that the corre- 
sponding eigenvalue is degenerate: since II commutes with H, II|y;,) is an eigen- 
vector of H with the same eigenvalue as |v»). 


References and suggestions for further reading: 


Schiff (1.18), § 29; Roman (2.3), § 5-3 d; Feynman I (6.3), Chap. 52; Sakurai (2.7), 
Chap. 3; articles by Morrison (2.28), Feinberg and Goldhaber (2.29), Wigner (2.30). 
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Complement G;, 


An application of the properties of the tensor product: the 
two-dimensional infinite well 





1 Definition; eigenstates... 1... . 2. ee ee ee ee ee ee es 201 
2 Study of the energy levels ..................2.6. 202 
2-a Ground state. s..eave 8) pon be ek ae ee, Bowe ee 2a eles 202 
2-b First excited states... 0... ee ee ee ee 203 
2-c Systematic and accidental degeneracies ............ 203 





In Complement Hy (§ 2-c) we have already studied, in a one-dimensional problem, 
the stationary states of a particle placed in an infinite potential well. By using the concept 
of a tensor product (cf. Chap. II, § F), we shall be able to generalize this discussion to 
the case of a two-dimensional infinite well (the introduction of a third dimension would 
not involve any additional theoretical difficulty). 


1. Definition; eigenstates 


We shall consider a particle of mass m, restricted to a plane xOy, inside a “square box” 
of edge a: its potential energy V(x, y) becomes infinite when one of its coordinates x or 
y leaves the interval [0, a]: 


V(a,y) = Voo(2) + Voo(y) (1) 
with: 
Vio() =0 if O<u<a 
= +00 if u<O or u>a (2) 


The Hamiltonian of the quantum particle is then (Chap. III, § B-5): 
1 
H = =—(P2+P? X Y 
pc (P2 + P2) + Voo(X) + Vool¥) (3) 


which can be written: 





H=H,+ Hy (4) 
with: 
pap Voo (X) 
* "Iam * - 
1 2 
A, = Sa Voo(Y) (5) 
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We thus find ourselves in the important special case mentioned in Chapter II (§ F-4-a-,), 
and we can consider the eigenstates of H in the form: 


|®) = |x |P)y (6) 
with: 


Ay|~)c = Exlp)e 3 |\P)a © Ex 


Ay|p)y oe Ey|ly)y ; IP)y € €y (7) 
We then have: 


H|®) = E|®) 
with: 
E=EH,+ Ey (8) 


We have therefore reduced a two-dimensional problem to a one-dimensional prob- 
lem, which, moreover, has already been solved (cf. Complement Hy). Applying the 
results of this complement, and formulas (7) and (8), we therefore see that: 

— the eigenvalues of H are of the form: 

1 Doge OK 058 
Enp = San” +p \r h (9) 
where n and p are positive integers. 

— to these energies correspond eigenstates |®,,,) which can be written in the form 
of tensor products: 


In, p) = |Pn)« lYp)y (10) 


whose normalized wave function is: 


Dy lS, y) = (n(x) Poly) 
2 NTL |. pry 
fe 


= — sin —— si 
a a a 


(11) 


It is easy to verify that these wave functions vanish at the edges of the “square box” (x 
or y = 0 or a), where the potential energy becomes infinite. 


2. Study of the energy levels 


2-a. Ground state 


n and pare strictly positive integers!. The ground state is therefore obtained when 
n= 1, p=1. Its energy is: 
nh 


maz 





fyi = 


’ 


(12) 


This value is attained only for n = p= 1. The ground state is therefore not degenerate. 





1The values n = 0 or p = 0 are excluded as they give null wave functions (therefore impossible to 
normalize). 
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2-b. First excited states 


The first excited state is obtained either for n = 1 and p = 2 or for n = 2 and 
p= 1. Its energy is: 
5 7h? 
F,,2 = fa = 5 (13) 
2 ma 
This state is two-fold degenerate, since |®1,2) and |®2 1) are independent. 
The second excited state corresponds to n = p = 2; it is not degenerate, and its 
energy is: 


1h 


ma? 





Eg29=4 (14) 


The third excited state corresponds to n = 1, p= 3 and n = 3, p= 1, etc. 


2-c. Systematic and accidental degeneracies 


The general observation can be made that all levels for which n ¥ p are degenerate, since: 


En,p = Ep,n (15) 


This degeneracy is related to a symmetry of the problem. The square well under consid- 
eration is symmetric with respect to the first bisectrix of the zOy plane. This is expressed by 
the fact that the Hamiltonian H is invariant under the exchange’: 


XOY 
Py © Py (16) 


If an eigenstate of H is known whose wave function is ®(zx, y), the state which corresponds to 
®'(x,y) = ®(y, x) is also an eigenstate of H with the same eigenvalue. Consequently, if the 
function ®(z, y) is not symmetric with respect to x and y, the eigenvalue associated with it is 
necessarily degenerate. This is the origin of the degeneracy (15): for n 4 p, ®n,p(z,y) is not 
symmetric with respect to x and y [formula (11)]. This interpretation is corroborated by the 
fact that if the symmetry is destroyed by choosing a well whose widths along Ox and along Oy 
are different (being equal to a and b respectively), the corresponding degeneracy disappears, 
and formula (9) becomes: 


242 2 2 
wh fn Dp 
En,p = > (G+5), (17) 
which implies: 
Ep,n # En,p (18) 


Such degeneracies, whose origin lies in a symmetry of the problem, are called systematic 
degeneracies. 





2TIn the state space, an operator could be defined to correspond to a reflection about the first bisectrix. 
It could then be shown that, in the present case, this operator commutes with H. 
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Comment: 


The other symmetries of the two-dimensional square well do not create systematic degen- 
eracies because the eigenstates of H are all invariant with respect to them. For example, 
for arbitrary n and p, ®n,»(x,y) is simply multiplied by a phase factor if x is replaced 
by (a — x) and y by (a — y) (symmetry with respect to the center of the well). 


Degeneracies may also arise which are not directly related to the symmetry of the prob- 
lem. They are called accidental degeneracies. For example, in the case which we have 
discussed, it so happens that E5,5 = E7,1 and E7,4 = Eg1. 


@ EXERCISES 


Complement Hy 


Exercises 


Dirac notation. Commutators. Eigenvectors and eigenvalues 


1. |yn) are the eigenstates of a Hermitian operator H (H is, for example, the Hamiltonian 
of some physical system). Assume that the states |y,,) form a discrete orthonormal basis. 
The operator U(m, n) is defined by: 


U(m, n) = |m) (en! 

a. Calculate the adjoint U'(m, n) of U(m, n). 
b. Calculate the commutator [H, U(m, n)]. 

c. Prove the relation: 


U(m, n)U'(p, q) = OngU(m, p) 


d. Calculate Tr {U(m, n)}, the trace of the operator U(m, n). 


e. Let A be an operator, with matrix elements Amn = (~m|Alvn). Prove the relation: 


A= S> Amn U(m, n) 


m,n 


f. Show that Apg = Tr{AU'(p, q)}. 


2. In a two-dimensional vector space, consider the operator whose matrix, in an 
orthonormal basis {|1), |2)}, is written: 


_f0 -i4 
“uli 0 
a. Is oy Hermitian? Calculate its eigenvalues and eigenvectors (giving their normalized 


expansion in terms of the {|1), |2)} basis). 


b. Calculate the matrices that represent the projectors onto these eigenvectors. Then 
verify that they satisfy the orthogonality and closure relations. 


c. Same questions for the matrices: 
2 iv2 
M = 
(ia *s) 


and, in a three-dimensional space 


; 0 J/2 0 
0 -vy2 0 
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3. The state space of a certain physical system is three-dimensional. Let {|u1), |w2), |w3) } 
be an orthonormal basis of this space. The kets |qo) and |y1) are defined by: 


1 L 1 
Ivo) = Fylu) + Zea) + plus) 





Iti) = ) 


: |u1) | 
—|u,) + —|u 
var ga 
a. Are these kets normalized? 


b. Calculate the matrices pp and p; representing, in the {|w1), |u2), |ug)} basis, the 
projection operators onto the state |w) and onto the state |i1). Verify that these 
matrices are Hermitian. 


4. Let K be the operator defined by K = |p) (q|, where |y) and |) are two 
vectors of the state space. 


a. Under what condition is kK Hermitian? 
b. Calculate K?. Under what condition is K a projector ? 


c. Show that K can always be written in the form K = AP; Pp where 4 is a constant 
to be calculated and P,; and P, are projectors. 


5. Let P, be the orthogonal projector onto the subspace €), P2 the orthogonal 
projector onto the subspace €2. Show that, for the product P,P: to be an orthogonal 
projector as well, it is necessary and sufficient that P, and Pj commute. In this case, 
what is the subspace onto which P; P2 projects? 


6. The o, matrix is defined by: 
ae ji ) 
=~ Merb) 
Prove the relation: 
e°= — Tcosat+io, sina 


where IJ is the 2 x 2 unit matrix. 


7. Establish, for the o, matrix given in exercise 2, a relation analogous to the one 
proved for o, in the preceding exercise. Generalize for all matrices of the form: 


Oy = Adz + [Oy 
with: 
M+ p=1 
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Calculate the matrices representing e?’7*, (e’7*)? and e(?=+7y), Is e?#7= equal to 
(e!7)?? et(getoy) to e!F2 etFy? 


8. Consider the Hamiltonian H of a particle in a one-dimensional problem, defined 
by: 


1 
H=—P xX 
2m | ) 


where X and P are the operators defined in § E of Chapter II, which satisfy the relation: 
[X, P] =ih. The eigenvectors of H are denoted by |yn): H|yn) = Enlyn), where n is a 
discrete index. 


a. Show that: 
(Yn|Plen') = a(Pn|X|~n') 


where a is a coefficient which depends on the difference between FE, and Ey). 
Calculate a (hint: consider the commutator [X, H]). 


b. From this, deduce, using the closure relation, the equation: 


h2 
Yo (En — En')?|(en|X len)? = Ta (enlP* len) 


n! 


9. Let H be the Hamiltonian operator of a physical system. Denote by |y,) the 
eigenvectors of H, with eigenvalues E,: 


a. For an arbitrary operator A, prove the relation: 
(Ynl[A, H]|~n) = 0 


b. Consider a one-dimensional problem, where the physical system is a particle of 
mass m with potential energy V(X). In this case, H is written: 


1 
H =P? +V(X) 
2m 


a. In terms of P, X and V(X), find the commutators: [H, P], [H, X] and [H, XP]. 


3. Show that the matrix element (y,|P|~n) (which we shall interpret in Chapter III 
as the mean value of the momentum in the state |y,)) is zero. 

P?2 

=—|~n) (the mean value of the kinetic 


y. Establish a relation between FE, = (Pnl5 
m 


dv 
energy in the state |y,)) and (yn|X ax ln). Since the mean value of the potential 


energy in the state |y,) is (gn|V(z)|y~n), how is it related to the mean value of the 
kinetic energy when: 


V(X) =VoX® 
(s =2,4,6...; Vo > 0)? 
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10. Using the relation (x|p) = (27h)~1/2e'?*/", find the expressions of («|X P|w) 
and (2|PX|) in terms of (x). Can these results be found directly by using the fact 


Ad 
that in the {|x)} representation, P acts like Fan" 
idx 


Complete sets of commuting observables, C.S.C.O. 


11. Consider a physical system whose three-dimensional state space is spanned by the 
orthonormal basis formed by the three kets |wi), |w2), |w3). In the basis of these three 
vectors, taken in this order, the two operators H and B are defined by: 


1 0 O 100 
H=huo | 0-1 0 B=b{001 
0 0 -l 010 
where wo and b are real constants. 
a. Are H and B Hermitian? 
b. Show that H and B commute. Give a basis of eigenvectors common to H and B. 


c. Of the sets of operators: {H}, {B}, {H, B}, {H?, B}, which form a C.S.C.O.? 


12. In the same state space as that of the preceding exercise, consider two operators 
L, and S defined by: 
L,\u1) = |us) L,\u2) = 0 L,|u3) = —|us) 
S|ur) = |us) S'|u2) = |u2) Suz) = |u1) 


a. Write the matrices that represent, in the {|u1), |w2), |ug)} basis, the operators L,, 
L?, S, S?. Are these operators observables? 


b. Give the form of the most general matrix which represents an operator which 
commutes with L,. Same question for £2, then for $?. 


c. Do L?2 and S form a C.S.C.O.? Give a basis of common eigenvectors. 


Solution of exercise 11 


a. H and B are Hermitian because the matrices which correspond to them are sym- 
metric and real. 


b. |ui) is an eigenvector common to H and B. We therefore have H B|u;) = BH|u1). 
We see, then, that for H and B to commute, it is sufficient that the restrictions of 
these operators to the subspace €2, spanned by |uz) and |ug), commute. Now, in 
this subspace, the matrix representing H is equal to —hwoI (where I is the 2 x 2 
unit matrix), which commutes with all 2 x 2 matrices. H and B therefore commute 
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(this result could, of course, be obtained by calculating directly the matrices HB 
and BH). The restriction of B to €2 is written: 


01 
Pe,BPe, =b( § ‘ 


The normalized eigenvectors of this 2 x 2 matrix are easy to obtain; they are: 


1 
[|u2) + |u3)] (eigenvalue + b) 


|p2) = V2 


[|w2) — |us)] (eigenvalue — b) 


al 
IPs) = 5 


These vectors are automatically eigenvectors of H since €2 is the eigensubspace of 
AT corresponding to the eigenvalue —hwo. To summarize, the eigenvectors common 
to H and B are given by: 


eigenvalue of H_ eigenvalue of B 


\p1) = |u1) hw b 
lp2) = Salle) + (cig) Fess b 
Ips) = Salles) = ‘4 


These vectors are the only (to within, of course, a phase factor) normalized eigen- 
vectors common to H and B. 


. It can be seen from the above table that H has a two-fold degenerate eigenvalue; it 
is therefore not a C.5S.C.O. Similarly, B also has a two-fold degenerate eigenvalue 
and is therefore not a C.S.C.O.: an eigenvector of B with the eigenvalue b can be 


1 1 1 
|pi), or |p2), or Falun) + valu) + qlua)s for example. On the other hand, the 


set of the two operators H and B does constitute a C.S.C.O. We see from the above 
table that no two vectors |p;) have the same eigenvalues for both H and B. This 
is why, as has already been pointed out, the system of normalized eigenvectors 
common to H and B is unique (to within phase factors). Note that within the 
eigensubspace €2 of H associated with the eigenvalue —fwg, the eigenvalues of B 
are distinct (b and —b). Similarly, in the eigensubspace of B spanned by |p,) and 
|p2), the eigenvalues of H are distinct (fw and —fwo). 


H? has three eigenvectors with the eigenvalue h?w, |pi), |p2) and |p3). It is easy 
to see that H? and B do not constitute a C.S.C.O., since two linearly independent 
eigenvectors |p;) and |pe) correspond to the pair of eigenvalues {h?w?, b}. 
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Solution of exercise 12 


a. Let us use the rule for constructing the matrix of an operator: “in the nth column 
of the matrix, write the components of the operator transform of the nth basis 
vector”. We obtain easily: 


10 0 001 
L,=|00 0 S={[010 
00-1 100 
100 100 
I2= 1000 S?=|{010 
001 001 


These matrices are symmetric and real, and therefore Hermitian. Since the space 
is finite-dimensional, they can be diagonalized and therefore represent observables. 


b. Let M be an operator that commutes with L,. M cannot (cf. Chap. II, § D-3- 
a) have any matrix elements between |u1) and |uzg), or between |ug) and |u3), or 
between |u;) and |ug) (eigenvectors of L, with different eigenvalues). The matrix 
which represents M is therefore necessarily diagonal, that is, of the form: 


M11 0 0 
[M, L,] =0 —= M= 0 mag O 
0 0 M33 


Let N be an operator that commutes with L?. The matrix representing N can 
have elements between |u;) and |u3) (eigenvectors of L? with the same eigenvalue), 
but none between |uz) and |u1) or |ug). N is therefore written: 


ni 0 713 
[N, L2] =0 —— N=1{ 0 nae 0 
n31 0 733 


It is therefore less restrictive to impose the condition that an operator commute 
with L? than with L,: N is not necessarily a diagonal matrix. It can only be said 
that N does not mix the vectors of the subspace F2 spanned by |ui) and |u3) with 
those of the one-dimensional subspace spanned by |w2). This property, moreover, 
appears very clearly if the matrix N’ which represents the operator N is written 
in the {|w1), |u3), |ue)} basis (changing the order of the basis vectors): 


mii m3 «O 
N'= | nai n33 0 
0 0 n22 


Finally, since $? is the identity operator, any 3 x 3 matrix commutes with S?, and 
its most general form is: 


Pir Pio Pig 
[P, $7] =0 — P= {| Pa Poo Pog 
P31 P32 P33 
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c. |ug) is an eigenvector common to L? and §. In the subspace F2 spanned by |w1) 
and |ug), L2 and S are written: 


10 
Pell Ps = Oj ) 


01 
PF,S PF, = iG 7 


The eigenvectors of the latter matrix are: 


lao) = sll) + |us)) 
las) = sll) — |us)] 


and the basis of eigenvectors common to L? and S' is: 


vector eigenvalue of L? eigenvalue of S 
|a1) = |u2) 0 1 
1 
= —=|\u1) + |u 1 1 
|q2) Al! 1) + |us)] 
1 
[]u1) — |us)] 1 I 


lqs) = a 


No two lines are alike in the table of eigenvalues of L2 and S: these two operators 
therefore form a C.S.C.O. (this is not, however, the case for either one of them 
taken alone). 
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CHAPTER III THE POSTULATES OF QUANTUM MECHANICS 





A. Introduction 


In classical mechanics, the motion of any physical system is determined if the position 
r(x, y, z) and velocity v(«, y, Z) of each of its points are known as a function of time. In 
general (Appendix III), to describe such a system, one introduces generalized coordinates 
qi(t) (¢ = 1,2,..., N), whose derivatives with respect to time, q;(¢), are the generalized 
velocities. Specifying the q;(t) and ;(t) enables us to calculate, at any given instant, the 
position and velocity of any point of the system. Using the Lagrangian L(q,q;,t), one 
defines the conjugate momentum p; of each of the generalized coordinates q;: 


aL 


ea A-1 





The q;(t) and p,(t) (¢ = 1,2,..., N) are called the fundamental dynamical variables. 
All the physical quantities associated with the system (energy, angular momentum, etc.) 
can be expressed in terms of the fundamental dynamical variables. For example, the total 
energy of the system is given by the classical Hamiltonian H (q;,p;,t). The motion of 
the system can be studied by using either Lagrange’s equations or the Hamilton-Jacobi 
canonical equations, which are written: 








= A-2 
dt Op; ( a 
en ete ee A-2b 
dt Odi (A-2b) 


In the special case of a system consisting of a single physical point of mass m, the 

q; are simply the three coordinates of this point, and the q; are the components of its 

velocity v. If the forces acting on this particle can be derived from a scalar potential 

V(r,t), the three conjugate momenta of its position r (that is, the components of its 

linear momentum p) are equal to the components of its mechanical momentum mv. The 
total energy is then written: 

p? 
E=——+4Vi(r,t) (A-3) 


2m 


and the angular momentum with respect to the origin: 
L£=rxp (A-4) 


Since H(r, p,t) = (p?/2m) + V(r,t), the Hamilton-Jacobi equations (A-2) take on the 
well-known form: 


dr p 


dt a a (A-5a) 
dp 
aT (A-5b) 
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The classical description of a physical system can therefore be summarized as 
follows: 


(2) The state of the system at a fixed time to is defined by specifying N generalized 
coordinates q;(to) and their N conjugate momenta p;(to). 


(ii) The value, at a given time, of the various physical quantities is completely deter- 
mined when the state of the system at this time is known: knowing the state of the 
system, one can predict with certainty the result of any measurement performed 
at time to. 


(iit) The time evolution of the state of the system is given by the Hamilton-Jacobi equa- 
tions. Since these are first-order differential equations, their solution {q;(t), p;(t)} 
is unique if the value of these functions at a given time to is fixed, {q;(to), pi(to) }- 
The state of the system is known for all time if its initial state is known. 


In this chapter, we shall study the postulates on which the quantum description of 
physical systems is based. We have already introduced them, in a qualitative and partial 
way, in Chapter I. Here we shall discuss them explicitly, within the framework of the 
formalism developed in Chapter II. These postulates will provide us with an answer to 
the following questions (which correspond to the three points enumerated above for the 
classical description): 


(2) How is the state of a quantum system at a given time described mathematically? 


(ii) Given this state, how can we predict the results of the measurement of various 
physical quantities? 


(iit) How can the state of the system at an arbitrary time ¢ be found when the state at 
time to is known? 


We shall begin by stating the postulates of quantum mechanics (§ B). Then we 
shall analyze their physical content and discuss their consequences (§§ C, D, E). 


B. Statement of the postulates 


B-1. Description of the state of a system 


In Chapter I, we introduced the concept of the quantum state of a particle. We 
first characterized this state at a given time by a square-integrable wave function. Then, 
in Chapter IT, we associated a ket of the state space €, with each wave function: choosing 
|W) belonging to €, is equivalent to choosing the corresponding function w(r) = (r|w). 
Therefore, the quantum state of a particle at a fixed time is characterized by a ket of the 
space €,. In this form, the concept of a state can be generalized to any physical system. 





First Postulate: At a fixed time to, the state of an isolated physical system is 
defined by specifying a ket |wW(to)) belonging to the state space €. 











It is important to note that, since € is a vector space, this first postulate implies a 
superposition principle: a linear combination of state vectors is a state vector. We shall 
discuss this fundamental point and its relations to the other postulates in § E. 
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B-2. Description of physical quantities 


We have already used, in § D-1 of Chapter I, a differential operator H related to 
the total energy of a particle in a scalar potential. This is simply a special case of the 
second postulate. 





Second Postulate: Every measurable physical quantity A is described by an 
operator A acting in €; this operator is an observable. 











Comments: 


(i) The fact that A is an observable (cf. Chap. II, § D-2) will be seen below 
(§ B-3) to be essential. 

(ii) Unlike classical mechanics (cf. § A), quantum mechanics describes in a fun- 
damentally different manner the state of a system and the associated physical 
quantities: a state is represented by a vector, a physical quantity by an op- 


erator. 
B-3. The measurement of physical quantities 
B-3-a. Possible results 


The connection between the operator H and the total energy of the particle ap- 
peared in § D-1 of Chapter I in the following form: the only energies possible are the 
eigenvalues of the operator H. Here as well, this relation can be extended to all physical 
quantities. 





Third Postulate: The only possible result of the measurement of a physical 
quantity A is one of the eigenvalues of the corresponding observable A. 











Comments: 


(i) A measurement of A always gives a real value, since A is by definition Her- 
mitian. 


(iz) If the spectrum of A is discrete, the results that can be obtained by measuring 
A are quantized (§ C-2). 


B-3-b. Principle of spectral decomposition 


We are going to generalize and discuss in more detail the conclusions of § A-3 of 
Chapter I, where we analyzed a simple experiment performed on polarized photons. 

Consider a system whose state is characterized, at a given time, by the ket |w), 
assumed to be normalized to 1: 


(dlp) =1 (B-1) 
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We want to predict the result of the measurement, at this time, of a physical quantity 
A associated with the observable A. This prediction, as we already know, is of a proba- 
bilistic sort. We are now going to give the rules that allow us to calculate the probability 
of obtaining any given eigenvalue of A. 


Q. Case of a discrete spectrum 


First, let us assume that the spectrum of A is entirely discrete. If all the eigenvalues 
ay of A are non-degenerate, there is associated with each of them a unique (to within a 
constant factor) eigenvector |u,): 


Altin) = dn|Un) (B-2) 


Since A is an observable, the set of the |u,), which we shall take to be normalized, 
constitutes a basis in €, and the state vector |W) can be written: 


lv) = S— calttn) (B-3) 


n 


We postulate that the probability P(a,) of finding a, when A is measured is: 


P(an) = len|? = [(unly) |? (B-4) 





Fourth Postulate (case of a discrete non-degenerate spectrum): When the 
physical quantity A is measured on a system in the normalized state |), 
the probability P(a,) of obtaining the non-degenerate eigenvalue ay of the 
corresponding observable A is: 


Plan) = |(unlv)l? 


where |u,,) is the normalized eigenvector of A associated with the eigenvalue 
An. 











If, now, some of the eigenvalues a, are degenerate, several orthonormalized eigen- 
vectors |u?,) correspond to them: 


Alut,) = an|uh); 1=1,2,...9n (B-5) 


|W) can still be expanded on the orthonormal basis {|u?,)}: 


Wb) = 2S fad) (B-6) 


n i=l 
In this case, the probability P(a,,) becomes: 
gn : In ; 
Plan) = dole? = do | (uid)? (B-7) 
i=1 i=1 
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(B-4) is then seen to be a special case of (B-7), which can therefore be considered to be 
the general formula. 





Fourth Postulate (case of a discrete spectrum): When the physical quantity A 
is measured on a system in the normalized state |W), the probability P(a,) of 
obtaining the eigenvalue a,, of the corresponding observable A is: 


(an) = uh) 


where gn is the degree of degeneracy of a, and {|u!,)} (i= 1,2,..., gn) is an 
orthonormal set of vectors which forms a basis in the eigensubspace €,, 
associated with the eigenvalue a, of A. 











For this postulate to make sense, it is obviously necessary that, if the eigenvalue 
ay, is degenerate, the probability P(a,,) be independent of the choice of the {|u},)} basis 
in €,. To verify this, consider the vector: 


jen) = Se at) (BS) 


where the coefficients c!, are the same as those appearing in the expansion (B-6) of |w): 
Cy = (un lv) (B-9) 


|Wn) is the part of |W) which belongs to €,, that is, the projection of |~) onto €,. This 
is, moreover, what we find when we substitute (B-9) into (B-8): 


vn) = aay ul, |b) = Pal) (B-10) 
where: 
gn 
P= > uh) ae] (B-11) 
i=l 


is the projector onto €, (§ B-3-b of Chapter II). Let us now calculate the square of the 
norm of |q,). From (B-8): 


(Dnlvn) = ye ep (B-12) 
Therefore, P(a,) is the square of the norm of |Wn) = P|), the projection of |q) onto 


E,. From this expression, it is clear that a change in the basis in €, does not affect 
P(an). This probability is written: 


Plan) = (b|PLPal) (B-13) 
or, using the fact that P,, is Hermitian (P' = P,,) and that it is a projector (P? = P,,): 
P(an) = (|Pal) (B-14) 
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B. Case of a continuous spectrum 


Now let us assume that the spectrum of A is continuous and, for the sake of sim- 
plicity, non-degenerate. The system, orthonormal in the extended sense, of eigenvectors 
|Ua) of A: 


Alva) = alve) (B-15) 


forms a continuous basis in €, in terms of which |) can be expanded: 


je) = f dac(a)}vs) (B-16) 


Since the possible results of a measurement of A form a continuous set, we must define a 
probability density, just as we did for the interpretation of the wave function of a particle 
(§ B-2 of Chapter I). The probability dP(a) of obtaining a value included between a and 
a+da is given by: 

dP(a) = pla) da 
with: 


p(a) = |e(a)? = |(veleb) |? (B-17) 





Fourth Postulate (case of a continuous non-degenerate spectrum): When the 
physical quantity A is measured on a system in the normalized state |w), 
the probability dP(a@) of obtaining a result included between a and a+ da 
is equal to: 


AP(a) = |(vql)|? da 


where |vq) is the eigenvector corresponding to the eigenvalue a of the 
observable A associated with A. 











Comments: 


(i) It can be verified explicitly, in each of the cases considered above, that the 
total probability is equal to 1. For example, starting with formula (B-7), we 
find: 


ys Pig) = Sy eh? = (pl) =1 (B-18) 


n i=l 


since |w) is normalized. This last condition is therefore indispensable if the 
statements we have made are to be coherent. Nevertheless, it is not essential: 
if it is not fulfilled, it suffices to replace (B-7) and (B-17), respectively, by: 


1 o 412 
Plan) = (|b) d, len | (B-19) 
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and: 


1 2 
p(a) = wip (B-20) 


(ii) For the fourth postulate to be coherent, it is necessary for the operator A 
associated with any physical quantity to be an observable: it must be possible 
to expand any state on the eigenvectors of A. 

(iit) We have not given the fourth postulate in its most general form. Starting 
with the discussion of the cases we have envisaged, it is simple to extend the 
principle of spectral decomposition to any situation (continuous degenerate 
spectrum, partially continuous and partially discrete spectrum, etc...). In 
§ E, and later in Chapter IV, we shall apply this fourth postulate to a certain 
number of examples, pointing out certain implications of the superposition 
principle mentioned in § B-1. 


on An important consequence 


Consider two kets |y) and |w’) such that: 
je") = el |) (B-21) 
where @ is a real number. If |) is normalized, so is |W’): 
(WI) = (ble? hb) = (lv) (B-22) 


The probabilities predicted for an arbitrary measurement are the same for |w) and |b’) 
since, for any |u?,): 


[ur le’)? = Jee? ur bb)? = [Cup ed)? (B-23) 
Similarly, we can multiply |q) by a constant factor: 
Iw") = ae |) (B-24) 


without changing any of the physical results: since each coefficient c’,, or c(a), is multipled 
by the same factor in both the numerator and denominator of (B-19) and (B-20), there 
appear two factors of |a|? that cancel each other. Therefore, two proportional state vectors 
represent the same physical state. 

Care must be taken to interpret this result correctly. For example, let us assume 
that: 


|b) = Aili) + Az|h2) (B-25) 


where Aj and Az are complex numbers. It is true that e”!|y,) represents, for all real 61, 
the same physical state as |), and e*”|w2) represents the same state as |72). But, in 
general: 


I) = Are ahi) + Ave? |aho) (B-26) 
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does not describe the same state as |x) (we shall see in § E-1 that the relative phases of 
the expansion coefficients of the state vector play an important role). This is not true 
for the special case where 0; = 62 + 2n7, that is, where: 


|e) =e [Ar |b1) + Az|t2)] = e°* |_p) (B-27) 


In other words: a global phase factor does not affect the physical predictions, but the 
relative phases of the coefficients of an expansion are significant. 


B-3-c. Reduction of the wave packet 


We have already introduced this concept in speaking of the measurement of the 
polarization of photons in the experiment described in § A-3 of Chapter I. We are now 
going to generalize it, confining ourselves, nevertheless, to the case of a discrete spectrum 
(we shall take up the case of a continuous spectrum in § EF). 

Assume that we want to measure, at a given time, the physical quantity A. If the 
ket |), which represents the state of the system immediately before the measurement, is 
known, the fourth postulate allows us to predict the probabilities of obtaining the vari- 
ous possible results. But when the measurement is actually performed, it is obvious that 
only one of these possible results is obtained. Immediately after this measurement, we 
cannot speak of the “probability of having obtained” this or that value: we know which 
one was actually obtained. We therefore possess additional information, and it is under- 
standable that the state of the system after the measurement, which must incorporate 
this information, should be different from |). 

Let us first consider the case where the measurement of A yields a simple eigenvalue 
ay, of the observable A. We then postulate that the state of the system immediately after 
this measurement is the eigenvector |u,,) associated with a,: 


ns (B-28) 


Comments: 


(1) We have been speaking about states “immediately before” the measurement 
(|w)) and “immediately after” (|u,)). The precise meaning of these expres- 
sions is the following: assume that the measurement takes place at the time 
to > 0, and that we know the state |wW(0)) of the system at the time t = 0. 
The sixth postulate (see § B-4) describes how the system evolves over time, 
that is, enables us to calculate from |7(0)) the state |wW(to)) “immediately be- 
fore” the measurement. If the measurement has yielded the non-degenerate 
eigenvalue ay, the state |y’(t1)) at a time t; > to must be calculated from 
|W’(to)) = |un), the state “immediately after” the measurement, using the 
sixth postulate to determine the evolution of the state vector between the 
times to and t, (Fig. 1). 


(ii) If we perform a second measurement of A immediately after the first one 
(that is, before the system has had time to evolve), we shall always find the 
same result a,, since the state of the system immediately before the second 
measurement is |u,,), and no longer |). 
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Measurement giving 
the result a,, 





lu,) nS lw(t)) 


lyO)) AR |wit)) 





a 
0 to t 


Figure 1: When a measurement at time to of the observable A gives the result an, the 
state vector of the system undergoes an abrupt modification and becomes |u,). This new 
initial state then evolves. 





When the eigenvalue a,, given by the measurement is degenerate, postulate (B-28) 
can be generalized as follows. If the expansion of the state |w) immediately before the 
measurement is written, with the same notation as in section B-3-b: 


Ww) = Sve fut) (B-29) 


n i=l 
the modification of the state vector due to the measurement is written: 


gn 


ye as 2 (B-30) 


Chg jg tl 
D2 len? 
i=1 


gn ci jut.) is the vector |7),) defined above [formula (B-8)], that is, the projection of |) 
onto the eigensubspace associated with a,. In (B-30), we normalized this vector since it 
is always more convenient to use state vectors of norm 1 [comment (7) of § B-3-b above]. 


With the notation of (B-10) and (B-11), we can therefore write (B-30) in the form: 


(an) Pr, |) 


= B-31 
yy CIPAID) ee 





Fifth Postulate: If the measurement of the physical quantity A on the system 
in the state |) gives the result an, the state of the system immediately after the 


Pal) ; 
TPAD of |y) onto the 


measurement is the normalized projection, 


eigensubspace associated with an. 











The state of the system immediately after the measurement is therefore always 
an eigenvector of A with the eigenvalue a,. We stress the fact, however, that it is not 
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an arbitrary ket of the subspace E,, but the part of |y) that belongs to €, (suitably 
normalized, for convenience). In the light of § B-3-b-y above, equation (B-28) can be 
seen to be a special case of (B-30). When g,, = 1, the summation over i disappears from 
(B-30), which becomes: 
1 . 
iArg(cn) |un) (B-32) 


—Cn|Un) =e 


len | 
This ket indeed describes the same physical state as |un). 


B-4. Time evolution of systems 


We have already presented, in § B-2 of Chapter I, the Schrédinger equation for 
one particle. Here we shall write it in the general case. 





Sitth Postulate: The time evolution of the state vector |y(t)) is governed 
by the Schrédinger equation: 


_d 
ihF WO) = AOWO) 


where H(t) is the observable associated with the total energy of the system. 











AT is called the Hamiltonian operator of the system, as it is obtained from the 
classical Hamiltonian (Appendix III and § B-5 below). 


B-5. Quantization rules 
We are finally going to discuss how to construct, for a physical quantity A already 


defined in classical mechanics, the operator A which describes it in quantum mechanics. 


B-5-a. Statement 


Let us first consider a system composed of a single particle, without spin, subjected 
to a scalar potential. In this case: 





With the position r(x, y, z) of the particle is associated the observable 
R(X,Y,Z). With the momentum p(pz, py, pz) of the particle is associated the 
observable P(P,, Py, Pz). 











Recall that the components of R and P satisfy the canonical commutation relations 
(Chap. II, equations (E-30)]: 


[Ri, Rj] = [P,P] => 0 
[Ri, Pj] = ih dy; (B-33) 


Any physical quantity A related to this particle is expressed in terms of the funda- 
mental dynamical variables r and p: A(r,p,t). To obtain the corresponding observable 
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A, one could simply replace', in the expression for A(r,p,t), the variables r and p by 
the observables R and P: 


A(t) = A(R,P,t) (B-34) 


However, this mode of action would be, in general, ambiguous. Assume, for exam- 
ple, that in A(r, p,t) there appears a term of the form: 


r-P= Lpz+ Ypy + Zpz (B-35) 


In classical mechanics, the scalar product r- p is commutative, and one can just as well 
write: 


Pl = Pel + PyY + pzz (B-36) 


But when r and p are replaced by the corresponding observables R and P, the operators 
obtained from (B-35) and (B-36) are not identical [see relations (B-33)]: 


R-P4P-R (B-37) 
Moreover, neither R.- P nor P - R is Hermitian: 
(R-P)i=(XP,+YP,+ZP,)'=P-R (B-38) 


To the preceding postulates, therefore, must be added a symmetrization rule. For exam- 
ple, the observable associated with r - p will be: 


5(R-P+P-R) (B-39) 


which is indeed Hermitian. For an observable which is more complicated than R- P, an 
analogous symmetrization is to be performed. 





The observable A which describes a classically defined physical quantity A 
is obtained by replacing, in the suitably symmetrized expression for A, r and p 
by the observables R and P respectively. 











We shall see, however, that there exist quantum physical quantities that have 
no classical equivalent and which are therefore defined directly by the corresponding 
observables (this is the case, for example, for particle spin). 


Comment: 


The preceding rules, and commutation rules (B-33) in particular, are valid only in 
cartesian coordinates. It would be possible to generalize them to other coordinate 
systems; however, they would no longer have the same simple form as they do 
above. 





1See, in Complement By, the definition of a function of an operator. 
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B-5-b. Important examples 
Q. The Hamiltonian of a particle in a scalar potential 


Consider a (spinless) particle of charge g and mass m, placed in an electric field 
derived from a scalar potential U(r). The potential energy of the particle is therefore 
V(r) = qU(x), and the corresponding classical Hamiltonian is written [Appendix III, 
formula (29)]: 


2 


H(r,p) = ~ 4+ V(r) (B-40) 
with: 
dr 
p=m_ = mv (B-41) 


where v is the particle’s velocity. 

No difficulties are presented by the construction of the quantum operator H cor- 
responding to H. No symmetrization is necessary, since neither P* = P? + P? + P? nor 
V(R) involves products of non-commuting operators. We therefore have: 


Pp? 
A = — R B-42 
= +V(R) (B-42) 
V(R) is the operator obtained by replacing r by R in V(r) (cf. Complement Byy, § 4). 
In this particular case, the Schrédinger equation, given in the sixth postulate, 
becomes: 
d 2 


ins 160) = | + VERY] [v(0) (B-43) 


B. The Hamiltonian of a particle in a vector potential 


If the particle is now placed in an arbitrary electromagnetic field, the classical 
Hamiltonian becomes [Appendix III, relation (66)]: 


1 
H(r,p) = 5 (p- aA(r))? + UC, 8) (B-44) 
where U(r,t) and A(r,t) are the scalar and vector potentials which describe the electro- 
magnetic field, and where p is given by: 


dr 
p=ms, + qA(r,t) = mv + qA(r,t) (B-45) 
Once again, since A(r,¢) depends only on r and the parameter t (and not on p), 
construction of the corresponding quantum operator A(R, t) presents no problem. The 
Hamiltonian operator H is then given by: 


H(t) = = IP — gA(R,))? + V(R, 2) (B-46) 
with: 
V(R,t) = qU(R, t) (B-47) 
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and the Schrédinger equation is written: 


1 


im WH(t)) = i= IP -9A(R, 0)? +V(R, of s(t) (B-48) 


Comment: 


Care must be taken not to confuse p (the momentum of the particle, also called the 
conjugate momentum of r) with mv (the mechanical momentum of the particle): 
the difference between these two quantities appears clearly in (B-45). In quantum 
mechanics, there of course exists an operator associated with the velocity of the 
particle which is written here: 


1 
ye ems (B-49) 
m 
Hf is then given by: 
H(t) = mv? + V(R,t) (B-50) 


It is the sum of two terms, one corresponding to the kinetic energy and the other 
to the potential energy of the particle. 


However, it is the conjugate momentum p and not the mechanical momentum 
mv that becomes in quantum mechanics the operator P satisfying the canonical 
commutation relations (B-33). 


C. The physical interpretation of the postulates concerning observables and their 
measurement 


C-1. The quantization rules are consistent with the probabilistic interpretation of the 
wave function 


It is natural to associate the observables R and P, whose action was defined in 
§ E of Chapter II, with the position and momentum of a particle. First of all, each of 
the observables X,Y, Z and P,, Py, P, possesses a continuous spectrum, and experiments 
indeed show that all real values are possible for the six position and momentum variables. 
Moreover, we shall see that applying the fourth postulate to the case of these observables 
enables us to re-derive the probabilistic interpretation of the wave function as well as 
that of its Fourier transform (see §§ B-2 and C-3 of Chapter I). 

Let us consider, for simplicity, the one-dimensional problem. If the particle is in 
the normalized state |w), the probability that a measurement of its position will yield a 
result included between x and x + dz is equal to [formula (B-17)]: 


AP(x) = |(x|p)|?dx (C-1) 


where |z) is the eigenket of X with the eigenvalue x. We again find that the square of the 
modulus of the wave function w(x) = (2|w) is the particle’s position probability density. 
Now, to the eigenvector |p) of the observable P corresponds the plane wave: 


as (C-2) 





(z|p) = oe 
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and we have seen (§ C-3 of Chapter I) that the de Broglie relations associate with this 
wave a well-defined momentum which is precisely p. In addition, the probability of 
finding, for a particle in the state |w), a momentum between p and p+ dp is: 


dP(p) = | (pl) |?dp = |b(p)|?dp (C-3) 
This is indeed what we found in § C-3 of Chapter I. 


C-2. Quantization of certain physical quantities 


As we have already pointed out, the third postulate enables us to explain the 
quantization observed for certain quantities, such as the energy of atoms. But it does 
not imply that all quantities are quantized, since observables exist whose spectrum is 
continuous. The physical predictions based on the third postulate are therefore not at 
all obvious a priori. For example, when we study the hydrogen atom (Chap. VII), we 
shall start from the total energy of the electron in the Coulomb potential of the proton, 
from which we shall deduce the Hamiltonian operator. Solving its eigenvalue equation, 
we shall find that the bound states of the system can only correspond to certain discrete 
energies which we shall calculate. Thus we shall not only explain the quantization of the 
levels of the hydrogen atom, but also predict the possible energy values, which can be 
measured experimentally. We stress the fact that these results will be obtained using the 
same fundamental interaction law used in classical mechanics in the macroscopic domain. 


C-3. The measurement process 


The fourth and fifth postulates pose a certain number of fundamental problems 
which we shall not consider here (see section 5 of the bibliography of volumes I and II, 
or for instance Do we really understand quantum mechanics? by F. Laloé, Cambridge 
University Press, 2019). There is, in particular, the question of the “fundamental” per- 
turbation involved in the observation of a quantum system (cf. Chap. I, §§ A-2 and A-3). 
The origin of these problems lies in the fact that the system under study is treated in- 
dependently from the measurement device, although their interaction is essential to the 
observation process. One should actually consider the system and the measurement de- 
vice together as a whole. This raises delicate questions concerning the details of the 
measurement process. 

We shall content ourselves with pointing out that the nondeterministic formulation 
of the fourth and fifth postulates is related to the problems that we have just mentioned. 
For example, the abrupt change from one state vector to another due to the measurement 
corresponds to the fundamental perturbation of which we have spoken. But it is impossi- 
ble to predict what this perturbation will be, since it depends on the measurement result, 
which is not known with certainty in advance?. 

We shall consider here only ideal measurements. To understand this concept, let 
us return, for example, to the experiment of § A-3 of Chapter I on polarized photons. It 
is clear that when we grant that all photons polarized in a certain direction traverse the 
analyzer, we assume that the analyzer is perfect. In practice, obviously, it also absorbs 
some of the photons that it should let through. We shall therefore make the hypothesis, 





?Except, obviously, in the case where one is sure of the result that will be found (probability equal 
to 1: the measurement does not modify the state of the system). 
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in the general case, that the measurement devices used are perfect: this amounts to 
assuming that the perturbation they provoke is due only to the quantum mechanical 
aspect of the measurement. Of course, real devices always present imperfections that 
affect the measurement and the system; but one can, in principle, constantly ameliorate 
them and thus approach the ideal limit defined by the postulates which we have stated. 


C-4. Mean value of an observable in a given state 


The predictions deduced from the fourth postulate are expressed in terms of proba- 
bilities. To verify them, it would be necessary to perform a large number of measurements 
under identical conditions. This means measuring the same quantity in a large number 
of systems which are all in the same quantum state. If these predictions are correct, 
the proportion of N identical experiments resulting in a given event will approach, as 
N — o, the theoretically predicted probability P of this event. Such a verification can 
only be carried out in the limit where N —> oo; in practice, N is of course finite, and 
statistical techniques must be used to interpret the results. 

The mean value of the observable? A in the state |W), which we shall denote by 
(A)y, or more simply by (A), is defined as the average of the results obtained when a 
large number N of measurements of this observable are performed on systems which are 
all in the state |). When |) is given, the probabilities of finding all the possible results 
are known. The mean value (A),, can therefore be predicted. We shall show that if |~) 
is normalized, (A), is given by the formula: 








(A)y = (IAlY) (C-4) 








First consider the case where the entire spectrum of A is discrete. Out of N 
measurements of A (the system being in the state |) each time), the eigenvalue a,, will 
be obtained \V(a,,) times, with: 


N (an) 


N N— co 


P(an) (C-5) 
and: 


S>M(an) = N (C-6) 


n 


The mean value of the results of these N experiments is the sum of the values found 
divided by N (when NV experiments have yielded the same result, this result will clearly 
appear NV times in this sum). It is therefore equal to: 


1 
W dan N (an) (C-7) 


Using (C-5), we see that when N —+ oo, this mean value approaches: 


(A) op — S° an P(an) (C-8) 





3We shall henceforth use the word “observable” to designate a physical quantity as well as the 
associated operator. 
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Now substitute into this formula expression (B-7) for P(a,): 


A)y = rand lut,) (ui, eb) (C-9) 


Since: 
Alu;,) = an|un) (C-10) 
(C-9) can be written in the form: 


A)y = SoS bl Alu,) (wi fb) 


n i=l 


Se uy ma] Ip) (C-11) 


= (lA 


n ti=1 





Since the {|u?,)} form an orthonormal basis of €, the expression in brackets is equal to 
the identity operator (closure relation), and we obtain formula (C-4). 

The argument is completely analogous for the case where the spectrum of A is 
continuous (for simplicity, we shall continue to assume it to be non-degenerate). Consider 
N identical experiments, and call dN(q@) the number of experiments which have yielded 
a result included between a and a+da. We have, similarly: 


dN (a) 


N N—+0o 





dP(a) (C-12) 


1 
The mean value of the results obtained is NW i, a dN(a), which, when N —+ oo, ap- 


proaches: 

(A)y = f a aP(a) (C13) 
Substitute into (C-13) the expression for dP(a) given by (B-17): 

(A)y = fa (Ulva) (val) do (Cu) 
We can use the equation: 


Alva) = a|va) (C-15) 


to transform (C-14) into: 


(A)y = / (U|Alva) (vel) do 


= (lA faa joa) eal] 1 (C-16) 


Using the closure relation satisfied by the states |v), we again find formula (C-4). 
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Comments: 


(i) (A), the average over a set of identical measurements, must not be confused 
with the time averages sometimes taken when dealing with time-dependent 
phenomena. 


(zi) If the ket |y) representing the state of the system is not normalized, formula 
(C-4) becomes [cf. comment (7) of § B-3-b]: 


_ (Aly) i 





(iti) In practice, to calculate (A), explicitly, one often places oneself in a particular 
representation. For example: 


(X)y = WIXI) 
= f ar (ohn) ixly) 


= jer w*(r) x v(r) (C-18) 


using the definition of the X operator [cf. Chap. II, relations (E-22)]. Simi- 
larly: 


(Pew = (w|Pelw) 
= fp F@) pF) (C-19) 


or, using the {|r)} representation: 
(Pay = f dr (we) (LP) 


= farv@ |} z00)| (C-20) 


i Ox 
. ; h 
since P is then represented by —V [formula (E-26) of Chapter II]. 
i 


C-5. The root mean square deviation 


(A) indicates the order of magnitude of the values of the observable A when the 
system is in the state |). However, this mean value does not give any idea of the 
dispersion of the results we expect when measuring A. Assume, for example, that the 
spectrum of A is continuous and that, for a given state |w), the curve representing the 
variation with respect to a of the probability density p(a) = |(va|w)|* has the shape 
shown in Figure 2. For a system in the state |y), nearly all the values that can be 
found when A is measured are included in an interval of width 6A containing (A), where 
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p(a) 


Figure 2: Variation with respect to a of the 
probability density p(a). The mean value 
(A) is the abscissa of the center of gravity 
of the area under the curve (it does not nec- 
essarily coincide with the abscissa am of the 
maximum of the function). 











the quantity 6A characterizes the width of the curve: the smaller 6A, the more the 
measurement results are concentrated about (A). 

How can we define, in a general way, a quantity which characterizes the dispersion 
of the measurement results about (A)? We might envisage the following method: for each 
measurement, take the difference between the value obtained and (A); then calculate the 
average of these deviations, dividing their sum by the number N of experiments. It is 
easy to see, however, that the result obtained would be zero; we have, obviously: 


(A — (A)) = (A) — (A) = 0 (C-21) 


By the very definition of (A), the average of the negative deviations balances exactly the 
average of the positive ones. 

To avoid this compensation, it suffices to define AA such that (AA)? is the mean 
of the squares of the deviations: 


(AA)? = ((A — (A))”) (C-22) 


By definition, we therefore introduce the root mean square deviation AA by setting: 








AA= V/((A- (A))?) (C-28) 








Using the expression for the mean value given in (C-4), we then have: 
AA= V/(o|(A — (A))?|¥) (C-24) 
This relation can also be written in a slightly different way: 
(A — (A))?) = ((A? — 2(A)A + (A)?)) 
= (A®) — 2(A)? + (A)? 
= (A?) — (A)? (C-25) 
The root-mean-square deviation AA is therefore also given by: 
AA= V/ (A?) — (A)? (C-26) 
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For example, in the case of the continuous spectrum of the observable A considered 
above, AA is given by: 


(aap = fi To — (AY? pla) de 


Co 





2 


- [rnin [oti on 


If definition (C-23) is applied to the observables R and P, it can be shown (Com- 
plement Cy), using their commutation relations, that for any state |W), one has: 


AX.AP, > h/2 
AY.AP, > h/2 (C-28) 


AZ.AP, > h/2 


In other words, we find the Heisenberg relations (§ C-3 of Chapter I) again, but with a 
precise lower limit, which arises from the precise definition of the uncertainties. 


C-6. Compatibility of observables 
C-6-a. Compatibility and commutation rules 


Consider two observables A and B which commute: 
[A, B] =0 (C-29) 


We shall assume for simplicity that both of their spectra are discrete. According to the 
theorem proved in § D-3-a of Chapter II, there exists a basis of the state space composed 
of eigenkets common to A and B, which we shall denote by |an, bp, i): 


Alan, bp,t) = Gn |@n, bp, 7) 
Blan, bp, t) = bp |an, bp, t) (C-30) 


(the index i allows us to distinguish, if necessary, between the different vectors corre- 
sponding to one pair of eigenvalues). Therefore, for any a,, and by (chosen, respectively, 
in the spectra of A and B), there exists at least one state |a,,, bp, +) for which a measure- 
ment of A will always give a, and a measurement of B will always give b,. Two such 
observables A and B which can be simultaneously determined are said to be compatible. 
On the other hand, if A and B do not commute, a state cannot in general* be a 
simultaneous eigenvector of these two observables. They are said to be incompatible. 


Let us examine more closely the measurement of two compatible observables on a system 
which is initially in an arbitrary (normalized) state |W). This state can always be written: 


14) = >> capalan, best) (C-31) 


pir 





4Some kets may be simultaneous eigenvectors of A and B. But there would not be a sufficient 
number of them to form a basis, as would be the case if A and B commuted. 
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First assume that we measure A and then, immediately afterwards, B (before the system 
has had time to evolve). Let us calculate the probability P(an,bp) of obtaining a, in the first 
measurement and b, in the second one. We begin by measuring A in the state |q); the probability 
of finding a, is therefore: 


P(an) = S len,p,i : 


Pt 


(C-32) 





When we then measure B, the system is no longer in the state |) but, if we have found ap, in 
the state |w),): 


1 ‘ 
Iai) < TF lenpal S| cn,p,ilans bps) (C-33) 
Cn,p,i 


Pt 





pst 


The probability of obtaining b, when it is known that the first measurement has yielded a, is 
therefore equal to: 


1 
Pan (bp) = Tiel is lena (C-34) 
pyr : 





The probability P(an, bp) sought corresponds to a “composite event”: to be in a favorable case, 
we must first find a, and then, having satisfied this first condition, find b,. Therefore: 


Plan, bp) = Plan) X Pan (bp) (C-35) 


Substituting into this formula expressions (C-32) and (C-34), we obtain: 
Plan, be) = > lenpal” (C-36) 


Moreover, the state of the system becomes, immediately after the second measurement: 


1 
[Pn n) sz) Cmspsiln, bps) (C-37) 


, (Xs len,p,il? i 
a 


Therefore, if we decide to measure either A or B again, we are sure of the result (an or bp): 
|wr ») is an eigenvector common to A and B with the eigenvalues a, and b, respectively. 

Let us now return to the system in the state |7), and let us measure the two observables 
in the opposite order (B, then A). What is the probability P(b,,an) of obtaining the same 
results as before? The reasoning is the same. We have here: 


P(bp, an) = P(bp) X Po, (an) (C-38) 


From (C-31), we see that: 


P(bp) = S> |Cn,p, : 


nyt 


(C-39) 





and that, after a measurement of B which yields b,, the state of the system becomes: 


1 ; 
lp) = ——. SS cralantes2) (C-40) 


i, lenge? ni 
nyt 
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Therefore: 
1 2 
Pp, (an) = ———> Cn,pyi C-41 
bp (an) Slenaa 2! pal (C-41) 
and finally: 
P(bp, an) = Dalen (C-42) 


If we have indeed found b, and then a,, the system has gone into the state: 


1 
ee ge (c- 


a 


When two observables are compatible, the physical predictions are the same, what- 
ever the order of performing the two measurements (provided that the time interval which 
separates them is sufficiently small). The probabilities of obtaining either a, then 6, or 
bp then a, are identical: 


P(an; bp )= P(bp, Qn) = Dlenal =D Mans bp, thy)? (C-44) 


Moreover, the state of the system immediately after the two measurements is in both 
cases (if the results are a, and b, for A and B respectively): 


Fa a onal pst) 
Ena 


New measurements of A or B will yield the same values again without fail. 

The preceding discussion thus leads to the following result: when two observables 
A and B are compatible, the measurement of B does not cause any loss of information 
previously obtained from a measurement of A (and vice versa) but, on the contrary, adds 
to it. Moreover, the order of measuring the two observables A and B is of no importance. 
This last point, furthermore, enables us to envisage the simultaneous measurement of 
A and B. The fourth and fifth postulates can be generalized to the case of such a 
simultaneous measurement, as can be seen from formulas (C-44) and (C-45). To the 
result {a,,b,} correspond the orthonormal eigenvectors |an,bp,i). From this, (C-44) and 
(C-45) can be seen to be applications of postulates (B-7) and (B-30). 

On the other hand, if A and B do not commute, the preceding arguments are 
no longer valid. To understand this in a simple way, imagine that the state space € 
is replaced by the two-dimensional space of real vectors. The vectors |w;) and |ug) in 
Figure 3 are eigenvectors of A with eigenvalues a; and ag respectively; |v,) and |v) are 
eigenvectors of B with eigenvalues b; and bz respectively. Each of the two sets {|u1), |u2)} 
and {|v1), |v2)} forms an orthonormal basis in €. We shall therefore represent them in 
Figure 3 by two pairs of perpendicular unit vectors. The fact that A and B do not 
commute implies that these two pairs do not coincide. The physical system under study 
is initially in the normalized state |1)), which is represented in the figure by an arbitrary 


Drip) = |Ppn) = (C-45) 
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Figure 8: Diagram associated with the suc- 

cessive measurement of two non-compatible 

observables A and B. The state vector of 

the system is |y). The eigenvectors of A are 

|ur) and ug) (eigenvalues a, and az), which 

are different from those of B, |v1) and |v2) 
| Tr) (eigenvalues by and b2). 





[v,) 





unit vector. We measure A and find, for example, a1; the system goes into the state |u1). 
We then measure B and find, for example, b2; the state of the system becomes |v2): 


16) 2) perry 22 Joe) (C-46) 


If, on the other hand, we perform the measurements in the opposite order, obtaining the 
same results: 


i ey is (C-47) 


The final state of the system is not the same in both cases. We also see from Figure 3 
that: 


P(a1, b2) = |OHi |? x |OK2|? 

P(b2, a1) = |OH2|? x |OK, |? (C-48) 
Although |O/1| = |OK9|, in general |OHy| 4 |OH| and: 

P(b2, a1) # P(ar, b2) (C-49) 


Therefore: two incompatible observables cannot be measured simultaneously. It can be 
seen from (C-46) and (C-47) that the second measurement causes the information supplied 
by the first one to be lost. If, for example, after the sequence represented in (C-46), we 
measure A again, we can no longer be sure of the result since |v2) is not an eigenvector 
of A. All that was gained by the first measurement of A is thus lost. 


C-6-b. Preparation of a state 


Let us consider a physical system in the state |y) and measure the observable A 
(whose spectrum we assume to be discrete). 
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If the measurement yields a non-degenerate eigenvalue a,,, the state of the system 
immediately after this measurement is the corresponding eigenvector |u,,). In this case, 
it suffices to know the result of this measurement to be able to determine unambiguously 
the state of the system after this measurement, as it does not depend on the initial ket. 


As we have already noted, at the end of § B-3-c, this is due to the fact that ian lem) 
Cn 
represents the same physical state as |u,,) itself. 
The same does not hold true when the eigenvalue a, found in the measurement is 
degenerate. In: 
1 gn 


wh) = = — 5 tl.) (C-50) 


Slee 
t 


the absolute values of the coefficients c’, and their relative phases are significant (§ B-3- 
b-y). Since the c’, are fixed when the initial state |w) is specified, the state |!,) after 
the measurement therefore depends on |p). 

However, we saw in § C-6-a that two compatible observables A and B can be 
measured simultaneously. If the result (a, bp) of this combined measurement corresponds 
to only one eigenvector |a,,6,) common to A and B, there is no summation over i in 
formula (C-37), which becomes: 

Win) = oe Hans br) aes 
ln,p| 
This state is physically equivalent to |a,,,b,). Again, specifying the result of the measure- 
ment uniquely determines the final state of the system, which is therefore independent 
of the initial ket |q). 

If there are associated with (a,,b,) several eigenvectors |a,,bp,i) of A and B, 
we can go back to the first argument, measuring, at the same time as A and B, a third 
observable C' which is compatible with both of them. We then arrive at the following con- 
clusion: for the state of the system after a measurement to be completely defined uniquely 
by the result obtained, this measurement must be made on a complete set of commuting 
observables (§ D-3-b of Chapter II). This is the property which justifies physically the 
introduction of the concept of a C.S.C.O. 

The methods that can be used to prepare a system in a well-defined quantum state 
are analogous, in principle, to those used to obtain polarized light. When a polarizer is 
placed in the path of a light beam, the outgoing light is polarized along a direction which 
is characteristic of the polarizer and therefore independent of the state of polarization of 
the incoming light. Similarly, we can construct devices, intended to prepare a quantum 
system, in such a way that they only allow the passage of one state, corresponding to 
a particular eigenvalue for each of the observables of the complete set chosen. We shall 
study a concrete example of the preparation of a quantum system in Chapter IV (§ B-1). 


Comment: 


The measurement of a C.S.C.O. enables us to prepare only one of the basis states 
associated with this C.S.C.O. However, it is obvious that changing the set of 
observables allows us to obtain other states of the system. We shall see explicitly 
in a concrete example, in § B-1 of Chapter IV, that we can prepare in this way 
any state of the space €. 
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D. The physical implications of the Schrodinger equation 


The Schrédinger equation plays a fundamental role in quantum mechanics since, accord- 
ing to the sixth postulate stated above, it is the equation that governs the time evolution 
of the physical system. In this section, we shall study in detail the most important 
properties of this equation. 


D-1. General properties of the Schrédinger equation 
D-1-a. Determinism in the evolution of physical systems 


The Schrédinger equation: 


d 

the OO) = AIO) (D-1) 
is of first order in t. Consequently, given the initial state |q)(to)), the state |W(t)) at any 
subsequent time t is determined. There is no indeterminacy in the time evolution of 
a quantum system. Indeterminacy appears only when a physical quantity is measured, 
the state vector then undergoing an unpredictable modification (cf. fifth postulate). 
However, between two measurements, the state vector evolves in a perfectly deterministic 
way, in accordance with equation (D-1). 


D-1-b. The superposition principle 


Equation (D-1) is linear and homogeneous. It follows that its solutions are linearly 
superposable. 

Let |w1(t)) and |y2(t)) be two solutions of (D-1). If the initial state of the system 
is |W(to)) = Ar|Wi(to)) + A2|We(to)) (where Ay and Ag are two complex constants), to 
it corresponds, at time t, the state |(t)) = A1|y1(t)) + A2|Weo(t)). The correspondence 
between |w(to)) and |~(t)) is therefore linear. We shall later study (Complement Fy) 
the properties of the linear operator U(t, to) which transforms |1(to)) into |)(t)): 


|W(t)) = ULE, to) (to) (D-2) 
D-1-c. Conservation of probability 
Q. The norm of the state vector remains constant 


Since the Hamiltonian operator H(t) that appears in (D-1) is Hermitian, the square 
of the norm of the state vector, (w(t)|~(t)), does not depend on t as we shall now show: 


Owe) = [Fel] we) + wo! [@)| (D:3) 
According to (D-1), we can write: 

d 1 

Sha) = Law) (D-4) 


Taking the Hermitian conjugates of both sides of (D-4), we find: 


d 1 1 
5 WO) = -Z WOM = -—WOlH® (D-5) 
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since H(t) is Hermitian (it is an observable). Substituting (D-4) and (D-5) into (D-3), 
we obtain: 


d 1 1 
5 WOWO) = jE WOH OWO) + -WOHOWO) 


=0 (D-6) 


The property of the norm conservation is very useful in quantum mechanics. For 
example, it becomes indispensable when we interpret the square of the modulus |q(r, t)|? 
of the wave function of a spinless particle as being the position probability density. The 
fact that the state |W(to)) of the particle is normalized at time to is expressed by the 
relation: 


(ab(to)|(to)) = i ar jb(r, to)? = 1 (D-7) 


where 7(r, to) = (r|w(to)) is the wave function associated with |w(to)). Equation (D-7) 
means that the total probability of finding the particle somewhere in all space is equal 
to 1. The property of conservation of the norm which we have just proved is expressed 
by the equation: 


((t)W(t)) = / dr |yb(,t)|2 = (ab(to)|eb(to)) = 1 (D-8) 


where |¢(t)) is the solution of (D-1) corresponding to the initial state |¢)(to)). In other 
words, time evolution does not modify the global probability of finding the particle in all 
space, which always remains equal to 1. Thus |~(r, t)|? can be interpreted as a probability 
density. 


B. Local conservation of probability. Probability densities and probability currents 


In this paragraph, we shall confine ourselves to the case of a physical system 
composed of only one (spinless) particle. 
In this case, if w(r,¢) is normalized, 


p(t, t) = |e(r, ¢)|? (D-9) 


is a probability density: the probability dP(r,t) of finding, at time ¢, the particle in an 
infinitesimal volume d?r located at point r is equal to: 


dP(r,t) = p(r,t) d?r (D-10) 


We have just shown that the integral of p(r,t) over all space remains constant for all 
time (and equal to 1 if w is normalized). This does not mean that p(r,t) must be 
independent of t at every point r. The situation is analogous to the one encountered 
in electromagnetism. If, in an isolated physical system, there is a charge distributed in 
space with the volume density p(r,t), the total charge [the integral of p(r,t) over all 
space] is conserved in time. However, within the system, the spatial distribution of this 
charge may vary, giving rise to electric currents. 
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In fact, this analogy can be carried further. Global conservation of electrical charge 
is based on local conservation. If the charge Q contained within a fixed volume V varies 
over time, the closed surface S which limits V must be traversed by an electric current. 
More precisely, the variation dQ during a time dt of the charge contained within V is 
equal to —I dt, where J is the intensity of the current traversing S, that is, the flux of the 
vector current density J(r,t) leaving S. Using classical vector analysis, we can express 
local conservation of electrical charge in the form: 


& ott.) div Ite, f) 0 (D-11) 
We are going to show that it is possible to find a vector J(r,t), a probability current, which 
satisfies an equation identical to (D-11): there is then local conservation of probability. 
It is as if we were dealing with a “probability fluid” whose density and motion were 
described by p(r,t) and J(r,t). If the probability of finding the particle in the (fixed) 
volume d?r about r varies over time, it means that the probability current has a non-zero 
flux accross the surface which limits this volume element. 

First of all, let us assume that the particle under study is subjected to a scalar 
potential V(r,¢). Its Hamiltonian is then: 


p2 
H=— 7 
a t V(R,¢) (D-12) 


and the Schrédinger equation is written, in the {|r)} representation (see Complement Dy): 


a he? 
in V(r, t) = —5— AVE, 1) + V(r, 8) YO) (D-13) 


V(r,t) must be real for H to be Hermitian. The complex conjugate equation of (D-13) 
is therefore: 
ny" (e,0) = — AW") + VON UO (0-1) 
4p =—— r r . 
ot ? 2m x ? ? 
Multiply both sides of (D-13) by w*(r,t) and both sides of (D-14) by —w(r,t). Add the 
two equations thus obtained. It follows that: 


h2 

RS f(r, UC, )] =~ Wty —vAv' (D-15) 
that is: 

e. t a * A Ay* =0 D-16 

Solr, t) + 5 "Cr, Daw, t) — vr) Avr 1) = (D-16) 
If we set: 

h 
J(r,t) = Imi [py* Vp —pVy"] 
2 Re G (Gv»)] (D-17) 
m u 
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equation (D-16) can be put into the form of (D-11) since: 


div J(r,t) =V-J 


= 55 [(Vo) (Ve) +o" (V2) - (VY) (Vd) —¥ (V20") 
- me eee] (D-18) 


We have therefore proved the equation of local conservation of probability and have found 
the expression for the probability current in terms of the normalized wave function w(r, t). 


Comment: 


The form of the probability current (D-17) can be interpreted as follows. J(r,t) appears 
as the mean value, in the state |(t)), of an operator K(r) given by: 


K(r) = 5 [lt) IP + Pir) (rl (D-19) 


Now the mean value of the operator |r) (r| is |¢(r,t)|?, that is, the probability den- 


sity p(r,t), and z is the velocity operator Y. Therefore, K is the quantum operator 
constructed, with the help of an appropriate symmetrization, from the product of the 
probability density and the velocity of the particle. This indeed corresponds to the vec- 
tor current density of a classical fluid (it is well known, for example, that the electrical 
current density associated with a fluid of charged particles is equal to the product of the 
charge volume density and the velocity of the particles). 


If the particle is placed in an electromagnetic field described by the potentials 
U(r,t) and A(r,t), we can use the preceding argument, starting with the Hamiltonian 
(B-46). We then find, in this case: 


1 h 

J(r,t) = —Re {e [tv - A] v} (D-20) 
m a 

We see that this expression can be obtained from (D-17), using the same rule as was 


used for the Hamiltonian: P is simply replaced by P — qA. 
Example of a plane wave. Consider a wave function of the form: 





w(r,t) = Aer) (D-21) 
21,2 
with: hw = . The corresponding probability density: 
m 
p(r,t) = |b(r, t)|? = |Al? (D-22) 


is uniform throughout all space and does not depend on time. The calculation of J(r, t) 
from (D-17) presents no difficulties and leads to: 


hk 
J(r,t) = |A)’—- = alt, t) ve (D-23) 
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hk 
where vg = — is the group velocity associated with the momentum fik (Chap. I, § C- 


4). We see that the probability current is indeed equal to the product of the probability 
density and the group velocity of the particle. In this case, p and J are time-independent: 
the flow of the probability fluid associated with a plane wave is in a steady state condition 
(since p and J do not depend on r either, this state is also homogeneous and uniform). 


D-1-d. Evolution of the mean value of an observable; relationship with classical mechanics 


Let A be an observable. If the state |~(t)) of the system is normalized (and we have 
just seen that this normalization is conserved for all t), the mean value of the observable 
A at the instant t is equal to”: 


(A) (4) = (MIAO) (D-24) 


We see that (A)(t) depends on ¢ through |w(t)) [and ((t)|], which evolve over time 
according to the Schrédinger equation (D-4) [and (D-5)]. Moreover, the observable A 
may depend explicitly on time, causing an additional variation of the mean value (A)(t) 
with respect to t. 

We intend to study, in this section, the evolution of (A)(t) and to show how this 
enables us to relate classical mechanics to quantum mechanics. 


Q. General formula 


Differentiating (D-24) with respect to t, we obtain: 


OAH) = | 5] Aloo) + wOLAE | F16)] 


+ WOIZSWO) (D-25) 


Using (D-4) and (D-5) for <Ww(i)) and <(w(0)] we find: 





<WOIAWWO) = WOAH — HO AW] WO) 
+ OI WO) (D-26) 
that is: 
d 1 OA 
SA) = FA He) + (D-27) 











Comment: 


The mean value (A) is a number which depends only on ¢. It is essential to un- 
derstand how this dependence arises. For example, consider the case of a spinless 





5The notation (A)(t) means that the mean value (A) of A is a number which depends on t. 
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particle. Let A(r,p,t) be a classical quantity. In classical mechanics, r and p de- 
pend on time (they evolve according to the Hamilton equations), so that A(r, p, t) 
depends on t explicitly, and implicitly through r and p. To the classical quantity 
A(r, p,t) corresponds the Hermitian operator A = A(R,P,t), obtained by replac- 
ing, in A, r and p by the operators R and P, and by symmetrizing the operators 
if necessary (quantization rules, see § B-5). The eigenstates and eigenvalues of R 
and P and, consequently, these observables themselves, no longer depend on t. The 
time dependence of r and p, which characterizes the time evolution of the classi- 
cal state, no longer appears in R and P, but in the quantum state vector |w(t)), 
associated in the {|r)} representation with the wave function 7(r,t) = (r|w(t)). 
In this representation, the mean value of A is written: 


(A) = / d?r y*(r,t)A (+ vt) w(r,t) (D-28) 


It is clear that integration over r leads to a number that only depends on t. With 
h 

regard to classical mechanics, it is this number [and not the operator A(r, —V, t)] 
i 


that must be compared with the value taken on by the classical quantity A(r, p, t) 
at time t (cf. § D-1-d-y below). 


B. Application to the observables R and P (Ehrenfest’s theorem) 


Now let us apply the general formula (D-27) to the observables R and P. We shall 
consider, for simplicity, the case of a spinless particle in a scalar stationary potential 
V(r). We then have: 

p2 
H = —+V(R) (D-29) 
2m 


so that we can write: 


d 1 1 Pe 

aR) = GAR A) = 5 (Re) (D-30) 
d 1 1 

SP) = qh a) = FIP. VR)) (031) 


The commutator that appears in (D-30) can easily be calculated from the canonical 
commutation relations; we obtain: 


re e|-* 


vie |e (D-32) 
2m m 


For the one in formula (D-31), the following generalization of formula (B-33) must be 
used [cf. Complement By, formula (48)]: 


[P, V(R)] = —ih VV(R) (D-33) 
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where VV(R) denotes the set of three operators obtained by replacing r by R in the 
three components of the gradient of the function V(r). Therefore: 





d 1 

—(R) = —(P 

a )=—®) ep 
<(P) = -(VV(R)) (D-35) 











These two equations express Ehrenfest’s theorem. Their form recalls that of the classical 
Hamilton-Jacobi equations for a particle (Appendix ITI, § 3): 


d 1 
Be £55 D-36 
di. a ( ) 


“Pp = -VVi(r) (D-36b) 


which reduce, in this simple case, to Newton’s well-known equation: 


dp d?r 


y. Discussion of Ehrenfest’s theorem; classical limit 


Let us analyze the physical meaning of Ehrenfest’s theorem, that is, equations (D- 
34) and (D-35). We shall assume that the wave function w(r,t) describing the state of 
the particle is a wave packet like those studied in Chapter I. (R) then represents a set of 
three time-dependent numbers {(X), (Y), (Z)}. We shall call the point (R)(£) the center 
of the wave packet® at the instant t. The set of points corresponding to various values 
of t constitutes the trajectory of the center of the wave packet. Recall, however, that one 
can never rigorously speak of the trajectory of the particle itself, whose state is described 
by the wave packet as a whole, which inevitably has a certain spatial extension. We see, 
nevertheless, that if this extension is much smaller than the other distances involved in 
the problem, we can approximate the wave packet by its center. In this limiting case, 
there is no appreciable difference between the quantum and classical descriptions of the 
particle. 

It is therefore important to know the answer to the following question: does the 
motion of the center of the wave packet obey the laws of classical mechanics? This answer 
is supplied by Ehrenfest’s theorem. Equation (D-34) expresses the fact that the velocity 
of the center of the wave packet is equal to the average momentum of this wave packet 


d 
divided by m. Consequently, the left-hand side of (D-35) can be written maa {R), so 


that the answer to the preceding question will be affirmative if the right-hand side of 
(D-35) is equal to the classical force F.; at the point where the center of the wave packet 
is situated: 


F. = [-VV(r)|r=(R) (D-38) 





6 The center and the maximum of a wave packet are, in general, distinct. They coincide, however, if 
the wave packet has a symmetrical shape (§ C-5, Fig. 2). 
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In fact, the right-hand side of (D-35) is equal to the average of the force over the whole 
wave packet, and, in general: 


(VV(R)) 4 [VV (r)]-=cR) (D-39) 


(in other words, the mean value of a function is not equal to its value for the mean 
value of the variable). Strictly speaking, the answer to the question we asked is therefore 
negative. 


Comment: 


It is easy to convince ourselves of (D-39) if we consider a concrete example. Let us choose, 
for simplicity, a one-dimensional model, and assume that: 


V(x) = Ax” (D-40) 


where A is a real constant and n, a positive integer. From this we deduce the operator 
associated with V (2): 


V(X) = AX" (D-41) 


The left-hand side of (D-39) can be written (replacing V by “) An(X"—1). As for the 
x 
right-hand side, it is equal to: 


=| n-1 n—-1 

— = [Anz ‘ee = An(X D-42 
Seb eceay = DR Teme = AX) (D-42) 
Now we know that in general (X"~') # (X)"~'; for example, for n = 3, we have 


(X?) # (X)? (since the difference between these two quantities enters into the calculation 
of the root mean square deviation AX). 


Note however that for n = 1 or 2, (X"~') = (X)"~!. The two sides of (D-39) are then 
equal. The same holds true, moreover, for n = 0, in which case both sides are equal to 
zero. For a free particle (n = 0), or a particle placed in a uniform force field (n = 1) or 
in a parabolic potential well (n = 2, the case of a harmonic oscillator), the motion of the 
center of the wave packet therefore rigorously obeys the laws of classical mechanics. We 
have already established this result for the free particle (n = 0) (cf. Chapter I, § C-4). 


Although the two sides of (D-39) are not, in general, equal, there exist situations 
(called quasi-classical) where the difference between these two quantities is negligible: 
this is the case when the wave packet is sufficiently localized. To see this, let us write 
explicitly, in the {|r)} representation, the left-hand side of this equation: 


(VV(R)) = i ar pr(r,t) [VV (x)] W(r,t) 


= per a(x, t)|? VV (r) (D-43) 


Let us assume the wave packet to be highly localized: more precisely, |7)(r, t)|? takes on 
non-negligible values only within a domain whose dimensions are much smaller than the 
distances over which V(r) varies appreciably. Then, within this domain, centered about 
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(R), VV (vr) is practically constant. Therefore, in (D-43), WV(r) can be replaced by its 
value for r = (R) and taken outside the integral, which is then equal to 1, since w(r, t) 
is normalized. Thus we find that for sufficiently localized wave packets: 


(VV(R)) = [VV(r)] ey (D-44) 


In the macroscopic limit (where the de Broglie wavelengths are much smaller than the 
distances over which the potential varies’), wave packets can be made sufficiently small to 
satisfy (D-44) while retaining a good degree of definition for the momentum. The motion 
of the wave packet is then practically that of a classical particle of mass m placed in the 
potential V(r). The result that we have thus established is very important since it enables 
us to show that the equations of classical mechanics follow from the Schrédinger equation 
in certain limiting conditions satisfied, in particular, by most macroscopic systems. 


D-2. The case of conservative systems 


When the Hamiltonian of a physical system does not depend explicitly on time, the 
system is said to be conservative. In classical mechanics, the most important consequence 
of such a situation is the conservation of energy over time. It can also be said that the 
total energy of the system is a constant of the motion. We shall see in this section that 
in quantum mechanics as well, conservative systems possess important special properties 
in addition to the general properties of the preceding section. 


D-2-a. Solution of the Schrodinger equation 


First, let us consider the eigenvalue equation for H: 


Fn, 7) = En\Pn,r) (D-45) 


For simplicity, we assume the spectrum of H to be discrete; 7 denotes the set of indices 
other than n that are necessary for characterizing a unique vector |y,,,-) (in general, 
these indices will determine the eigenvalues of operators forming a C.S.C.O. with H). 
Since, by hypothesis, H does not depend explicitly on time, neither the eigenvalue FE, 
nor the eigenket |y,,,) is t dependent. 

First, we are going to show that, given the E,, and the |y,,,), it is very simple 
to solve the Schrédinger equation, that is, to determine the time evolution of any state. 
Since the |y,,,-) form a basis (H is an observable), it is always possible, for every value 
of t, to expand any state |w(t)) of the system in terms of the |y,,,): 


I(t)) = $5 en, x(t) en, 7) (D-46) 


with: 


Ca ht) = (Yn, r P(t) (D-47) 


Since the |y,,,-) do not depend on t, all the time dependence of |w(£)) is contained within 
the c,,,(t). To calculate the c,,-(t), let us project the Schrédinger equation onto each 





“See the order of magnitude of the de Broglie wavelengths associated with a macroscopic system in 
Complement Ay. 
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of the states |y,,-). This yields®: 


HE (Pn, rl¥(6)) = (Pn, LHD) (D-48) 
Since H is Hermitian, it can be deduced from (D-45) that: 

(On, rl = En(Pn,r| (D-49) 
so that (D-48) can be written in the form: 

inn, r(t) = En Cn, 7(t) (D-50) 
This equation can be integrated directly to give: 

GA Seer ee (D-51) 





When H does not depend explicitly on time, to find |wW(t)), given |w(to)), proceed 
as follows: 
(i) Expand |(to)) in terms of a basis of eigenstates of H: 


[2h(to)) = S20 en, r (to) Pn, 7) (D-52) 


Cn,7(to) is given by the usual formula: 


Cn, 7 (to) = (Pn,7|¥(to)) (D-53) 


(it) Now, to obtain |w(t)) for arbitrary ¢, multiply each coefficient c,,,(to) of the ex- 
pansion (D-52) by e~*#(t-to)/, where E,, is the eigenvalue of H associated with the 


state |~n, 7): 


[b(t)) = So) gE Gn, 3) (D-54) 











The preceding argument can easily be generalized to the case where the spectrum 
of H is continuous; formula (D-54) then becomes, with obvious notation: 


we) =2 : dE c,(E, to) e#t-t0)/¥ |g .) (D-55) 


D-2-b. Stationary states 


An important special case is that in which |7(to)) is itself an eigenstate of H. 
Expansion (D-52) of |¢b(to)) then involves only eigenstates of H with the same eigenvalue 
(for example, F,,): 


Iw(to)) = So en, (to) ben, x) (D-56) 





d 
In (D-48), (yn, 7| can be placed to the right of ae! since (yn,7| does not depend on t. 
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In formula (D-56), there is no summation over n, and the passage from |q(tg)) to |w(t)) 
involves only one factor e~*£(t-to)/”, which can be taken outside the summation over r: 


WoCE)) = Den, (to) oO)" J, ) 


T 


_ etn (t-to)/h Sy Cn, r(to) IYn, r) 


T 


= etEn(t-to)/h |2b(to)) (D-57) 


|zv(t)) and |:b(to)) therefore differ only by the global phase factor e~*£»(t-to)/h These 
two states are physically indistinguishable (cf. discussion in § B-3-b-y). From this we 
conclude that all the physical properties of a system which is in an eigenstate of H do 
not vary over time; the eigenstates of H are called, for this reason, stationary states. 


It is also interesting to see how conservation of energy in a conservative system 
appears in quantum mechanics. Let us assume that, at time to, we measure the energy 
of such a system and we find, for example: E;,. Immediately after the measurement, the 
system is in an eigenstate of H, with an eigenvalue of EF, (the postulate of the reduction 
of the wave packet). We have just seen that the eigenstates of H are stationary states. 
Therefore, the state of the system will no longer evolve after the first measurement and 
will always remain an eigenstate of H with an eigenvalue of Ex. It follows that a second 
measurement of the energy of the system, at any subsequent time ¢, will always yield the 
same result FE, as the first one. 


Comment: 


One passes from (D-52) to (D-54) by multiplying each coefficient c,,-(to) of (D-52) 
by e7?#n(t-to)/h. The fact that e~*£n(t-to)/P is a phase factor should not lead us 
to believe that |w(t)) and |(to)) are always physically indistinguishable. Actu- 
ally, expansion (D-52) involves, in general, several eigenstates of H with different 
eigenvalues. To these different possible values of E,, correspond different phase 
factors. This modifies the relative phases of the expansion coefficients of the state 
vector and leads, consequently, to a state |q(t)) which is physically distinct from 


|¢)(to)). 


Only in the case where a single value of n enters into (D-52) [the case where 
|W(to)) is an eigenstate of H] is the time evolution described by a single phase 
factor, which is then a global one, of no physical importance. In other words, 
there is physical evolution over time only if the energy of the initial state is not 
known with certainty. We shall come back later to the relation between time 
evolution and energy uncertainty (cf. § D-2-e). 
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D-2-c. Constants of the motion 


By definition, a constant of the motion is an observable A which does not depend 
explicitly on time and which commutes with H: 


(D-58) 


[A, H] =0 


For a conservative system, H is therefore itself a constant of the motion. 

Constants of the motion possess important properties which we are now going to 
derive. 

(i) If we substitute (D-58) into the general formula (D-27), we find: 


d d 
qe (4) = gq POIAO) = 0 (D-59) 


Whatever the state |~(t)) of the physical system, the mean value of A in this state does 
not evolve over time (hence the term “constant of the motion”). 

(it) Since A and H are two observables which commute, we can always find for 
them a system of common eigenvectors, which we shall denote by {|yp,p,7) }: 


F\n,p,7) = En |\Pnp,7) 
AlPn,p,r) = ap lPn,p,7) (D-60) 


We shall assume for simplicity that the spectra of H and A are discrete. The index 
T fixes the eigenvalues of observables which form a C.S.C.O. with H and A. Since the 
states |(Pn,p,r) are eigenstates of H, they are stationary states. If the system is in the state 
lYn,p,r) at the initial instant, it will therefore remain there indefinitely (to within a global 
phase factor). But the state |ynp»,-) is an eigenstate of A as well. Consequently, when 
A is a constant of the motion, there exist stationary states of the physical system (the 
states |~y,p,7)) that always remain, for all t, eigenstates of A with the same eigenvalue 
ap. The eigenvalues of A are called, for this reason, good quantum numbers. 

(it7) Finally, let us show that for an arbitrary state |1)(t)), the probability of finding 
the eigenvalue ay, when the constant of the motion A is measured, is not time-dependent. 
|w(to)) can always be expanded on the {|%n,p,-)} basis introduced above: 


[(to)) = DI dd npir (to) |Pn,p.7) (D-61) 
TR “pF 
From this we directly deduce: 


Ib(t)) = ye Ss > Cn,p,r(t) |Pn,p,r) (D-62) 


with: 
Cn,p,r(t) = Crp to) e thal ta)/e (D-63) 
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According to the postulate of spectral decomposition, the probability P(ap, to) of 
finding a, when A is measured at time to, on the system in the state |y(to)), is equal to: 


P(ap, to) = 2, Dalene (to)| (D-64) 
Similarly: 


P(dp, t) = 2s d, feet (D-65) 


Now we see from (D-63) that cp .»7(t) and Cn,p»,-(to) have the same modulus. Therefore, 
P(ap,t) = P(ap, to), which proves the property stated above. 


Comment: 


If all but one of the probabilities P(ap, to) are zero [leaving for example P(ax, to) 
non-zero and, moreover, necessarily equal to 1], the physical system at time to is 
in an eigenstate of A with an eigenvalue of a,. Since the P(a,,t) do not depend on 
t, the state of the system at time ¢ remains an eigenstate of A with an eigenvalue 
of Qk. 


D-2-d. Bohr frequencies of a system. Selection rules 


Let B be an arbitrary observable of the system under consideration (it does not 
necessarily commute with H). Formula (D-27) enables us to calculate the derivative 


d 
qi) of the mean value of B: 


d 1 OB 


= lB Al) + (ap) (D-66) 


For a conservative system, we know the general form (D-54) of |¢)(t)). Therefore, in this 


case, we can calculate explicitly ((t)|B|w(t)) (and not merely qy P)): 
The Hermitian conjugate expression of (D-54) is written (changing the summation 
indices): 


(WE) = SY eh gr (to) ef POW (oa (D-67) 


n’ 7! 


We can then, in (4(t)|B|¢(t)), replace |w(t)) and (w(t)| by expansions (D-54) and (D-67), 
respectively. Thus we obtain: 


(H() BW) = (BY) 
= elt) en lta) en Bho) eh BEV! 


(D-68) 
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From now on, we shall assume that B does not depend explicitly on time: the ma- 
trix elements (gn,7/|B|~n,r) are therefore constant. Formula (D-68) then shows that 
the evolution of (B)(t) is described by a series of oscillating terms, whose frequencies 
a [En — E,| a Ey — En 
27 h 7 h 
but independent of B and of the initial state of the system. The frequencies yyy are 
called the Bohr frequencies of the system. Thus, for an atom, the mean values of all the 
atomic quantities (electric and magnetic dipole moments, etc...) oscillate at the various 
Bohr frequencies of the atom. It is reasonable to imagine that only these frequencies can 
be radiated or absorbed by the atom. This remark allows us to understand intuitively the 
Bohr relation between the spectral frequencies emitted or absorbed and the differences 
in atomic energies. 

It can also be seen from (D-68) that, while the frequencies involved in the motion 
of (B)(t) are independent of B, the same does not hold true for the respective weights of 
these frequencies in the variation of (B). The importance of each frequency vp, depends 
on the matrix elements (Y,/,7'|B|Yn,-). In particular, if these matrix elements are zero 
for certain values of n and n’, the corresponding frequencies vj, are absent from the 
expansion of (B)(t), whatever the initial state of the system. This is the origin of the 
selection rules which indicate what frequencies can be emitted or absorbed under given 
conditions. To establish these rules, one must study the non-diagonal matrix elements 
(n # n’) of the various atomic operators such as the electric and magnetic dipoles, etc... 

Finally, the weights of the various Bohr frequencies also depend on the initial state, 
via ch, ,/(to) Cn, (to). In particular, if the initial state is a stationary state of energy Ex, 
the expansion of |y(to)) contains only one value of n (n = k) and c%, ,,(to) en, (to) can 
be non-zero only for n = n' = k. In this case, (B) is not time-dependent. 


= Vn/n are characteristic of the system under consideration 





Comment: 


It can be directly verified, using (D-68), that the mean value of a constant of 
the motion is always time-independent. We see that if B commutes with H, the 
matrix elements of B are zero between two eigenstates of H that correspond to 
different eigenvalues (cf. Chap. II, § D-3-a). It follows that (yy/,7--|B|yn,7) is zero 
for n' # n. The only terms of (B) that are non-zero are thus constant. 


D-2-e. The time-energy uncertainty relation 


We shall now see that for a conservative system, the greater the energy uncertainty, 
the more rapid the time evolution. More precisely, if At is a time interval at the end of 
which the system has evolved to an appreciable extent, and if AF denotes the energy 
uncertainty, At and AF satisfy the relation: 





At-AE>h (D-69) 











First, if the system is in an eigenstate of H, its energy is perfectly well-defined: 
AE = 0. But we have seen that such a state is stationary, meaning that it does not 
evolve in time; in a sense, its evolution time At is infinite [relation (D-69) indicates that 
when AF = 0, At must be infinite]. 
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Now let us assume that |wW(to)) is a linear superposition of two eigenstates of H, 
|y1) and |y2), with different eigenvalues FE, and E2: 


|2>(to)) = c1|y1) + calye) (D-70) 
Then: 
[W(t)) = ee 2 F0)/F 01) + eg e *B2(Et0)/F 50) (D-71) 


If we measure the energy, we find either FE, or Ey. The uncertainty of F is therefore of 
the order of: 


AE ~ |E2 — E\| (D-72) 


Now consider an arbitrary observable B which does not commute with H. The proba- 
bility of finding, in a measurement of B at time t, the eigenvalue b,, associated with the 
eigenvector |Um) (we assume, for simplicity, b,, to be non-degenerate) is given by: 


P(bma, t) = | (tem |b (t))|? = ler |? | (ttm ler) |? + |e2|? | (ttm |e) |? 
+2Re lesen ei(B2— Ei )(t—to)/h (tim ie2)" (um ke) (D-73) 


This equation shows that P(b,,t) oscillates between two extreme values, with the Bohr 


Ey —-E 
frequency 21 = a The characteristic evolution time of the system is therefore: 


h 
At ~ ———_— D-74 
| E> <a E\| ( ) 
and comparison with (D-72) shows that: AE: At ~ h. 
Let us now assume that the spectrum of H is continuous (and non-degenerate). 
The most general state |7)(to)) can be written: 


hp(to)) = i dE ¢(E) |ye) (D-75) 


where |yz) is the eigenstate of H with the eigenvalue E. Let us assume that |c(E)|? 
has non-negligible values only in a domain of width AE about Epo (Fig. 4). AE then 


represents the energy uncertainty of the system. |7)(t)) is obtained by using (D-55): 


I(t)) = ip dE (EB) eB E-t0)/F |) (D-76) 


The quantity P(b,,,t) introduced above, which represents the probability of finding the 
eigenvalue b,, when the observable B is measured on the system in the state |1(t)), is 
here equal to: 


P(Bras t) = (unl (8)) [2 = | [a8 cB) POV (uml) (D-77) 


In general, (um|pe) does not vary rapidly with EF when F varies about Eo. If AE is 
sufficiently small, the variation of (um|¢z), in integral (D-77), can be neglected relative 
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to that of c(£). One can then replace (um|ym) by (um|~x,) and take this quantity 
outside integral (D-77): 


2 
P(bm,t) & |(um|~x)|? | / dE c(E) e iE (t-to)/h (D-78) 


If this approximation is valid, we thus see that P(b,,t) is, to within a coefficient, the 
square of the modulus of the Fourier transform of c(£). According to the properties of 
the Fourier transform (cf. Appendix I, § 2-b), the width in t of P(bm,t), that is, At, is 
therefore related to the width AE of |c(E)|? by relation (D-69). 


Comment: 


(D-69) can be established directly for a free one-dimensional wave packet. One can 
associate with the momentum uncertainty Ap of this wave packet an energy uncertainty 
dE dE d 
AE = —Ap. Since EF = hw and p = hk, we have — = a 
dp dp dk 
group velocity of the wave packet (Chap. I, § C-4). Consequently: 


= vc, where vq is the 


AE = vg Ap (D-79) 


Now the characteristic evolution time At is the time taken by this wave packet, travelling 
at the velocity vc, to “pass” a point in space. If Az is the spatial extension of the wave 
packet, we therefore have: 


pee (D-80) 
uG 
From this we deduce, combining (D-79) and (D-80): 
AE.At ~ Az. Ap2zh (D-81) 


Relation (D-69) is often called the fourth Heisenberg uncertainty relation. It is 
clearly different, however, from the other three uncertainty relations which relate to the 
three components of R and P [formulas (14) of Complement Fy]. In (D-69), only the 
energy is a physical quantity like R and P; t, on the other hand, ts a parameter, with 
which no quantum mechanical operator is associated. 





lc(E)2 Figure 4: By superposing the stationary 
states |pp) with the coefficients c(E), we ob- 
tain a state |W) of the system where the en- 
ergy is not perfectly well-defined. The cor- 
responding uncertainty AE is given by the 
width of the curve that represents |c(E)|?. 
According to the fourth uncertainty relation, 
the evolution of the state |y)(t)) will be signif- 
icant after a time At such that AE. At = h. 
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E. The superposition principle and physical predictions 


The physical meaning of the first postulate remains to be examined. According to this 
postulate, the states of a physical system belong to a vector space and are, consequently, 
linearly superposable. 

One of the important consequences of the first postulate, when it is combined 
with the others, is the appearance of interference effects such as those which led us to 
wave-particle duality (Chap. I). Our understanding of these phenomena is based on the 
concept of probability amplitudes, which we shall examine here with the aid of some 
simple examples. 


E-1. Probability amplitudes and interference effects 
E-1-a. The physical meaning of a linear superposition of states 
Q. The difference between a linear superposition and a statistical mixture 


Let |w1) and |2) be two orthogonal normalized states: 


(dildi) = (Walye) = 1 
(v1 |2) = 0 (E-1) 


(|v1) and |w~2) could be, for example, two eigenstates of the same observable B associated 
with two different eigenvalues b; and 2). 

If the system is in the state |W,), we can calculate all the probabilities concerning 
the measurement results for a given observable A. For example, if |u,,) is the (normalized) 
eigenvector of A which corresponds to the eigenvalue a, (assumed to be non-degenerate), 
the probability P1(a,,) of finding a, when A is measured on the system in the state |) 
is: 


Pi (an) = |(un|v1)|? (E-2) 


An analogous quantity P2(a,) can be defined for the state |q)2): 


P2(an) = | (tr Ibe) |? (E-3) 
Now consider a normalized state |q) which is a linear superposition of |y) and 
Iba): 
|b) = Ail) + A2le2) 
JA? + [Agl? = 1 (E-4) 


It is often said that, when the system is in the state |), one has a probability |A1|? 
of finding it in the state |) and a probability |\2|? of finding it in the state |q2). 
The exact meaning of this manner of speaking is the following: if |) and |wW2) are 
two eigenvectors (here assumed to be normalized) of the observable B corresponding to 
different eigenvalues b; and bg, the probability of finding b; when B is measured is |A,|? 
and that of finding b2 is |\2|?. 

This could lead us to believe (wrongly, as we shall see), that a state such as (E-4) 
is a statistical mixture of the states |W) and |W.) with the weights |A,|? and |A2|?. In 
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other words, if we consider a large number N of identical systems, all in the state (E-4), 
we might imagine that this set of N systems in the state |W) was completely equivalent 
to another set composed of N|A;|? systems in the state |~,) and N|A2|? systems in the 
state |W2). Such an interpretation of the state |~) is erroneous and leads to inaccurate 
physical predictions, as we shall see. 

Assume that we are actually trying to calculate the probability P(a,) of finding 
the eigenvalue a, when the observable A is measured on the system in the state|w) given 
by (E-4). If we interpret the state |w) as being a statistical mixture of the states |) and 
|2) with the weights |A,|? and |A2|?, then we can obtain P(a,) by taking the weighted 
sum of the probabilities Pi (a,) and P2(a,) calculated above [formulas (E-2) and (E-3)): 


= 
P(an) = |Ai|?P1(an) + |Az|?P2(an) (E-5) 
Actually, the postulates of quantum mechanics unambiguously indicate how to calculate 
P(an). The correct expression for this probability is: 
Plan) = (unl)? (E-6) 


P(an) is therefore the square of the modulus of the probability amplitude (up|). We see 
from (E-4) that this amplitude is the sum of two terms: 


(Un|h) = Ai (Un|t1) + A2(Un| 2) (E-7) 


Thus we obtain: 


P(an) = [Ar (Un|y1) + A2(Un|b2)/? 
= [Aa]? |(unlda)|? + [Aa? (un lb2)? 
+ 2Re {A1A9 (Un|h1) (Un|b2)"} (E-8) 


Taking (E-2) and (E-3) into account, we find that the correct expression for P(a,) is 
therefore written: 


P(an) = |A1|?Pi(an) + |A2|?P2(an) + 2 Re {ArA3 (un|e1) (un|eh2)*} (E-9) 


This result is different from that of formula (E-5). 

It is therefore wrong to consider |w) to be a statistical mixture of states. Such 
an interpretation eliminates all the interference effects contained in the double product 
of formula (E-9). We see that it is not only the moduli of \; and 2 that play a role; 
the relative phase® of A, and Az is just as important, since it enters explicitly into the 
physical predictions, through the intermediary of A; 3. 





8. A concrete example 


Consider photons propagating along Oz whose polarization state is represented by 
the unit vector (Fig. 5): 


1 
e= va + ey) (E-10) 


°Multiplying |W) by a global phase factor e”° is equivalent to changing 1 and Az to Aye”? and Az e”?. 
It can be verified from (E-9) that such an operation does not modify the physical predictions, which 
depend only on |Ai|?, |A2|? and A1A3. 
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This state is a linear superposition of two orthogonal polarization states e, and ey. It 
represents light which is linearly polarized at an angle of 45° with respect to e, and ey. It 

7 _N 
5D 


V2 


N 
a aig photons in the state e,. If we place in the 


beam’s trajectory an analyzer whose axis e’ is perpendicular to e, we know that none 
of the N photons in the state e will pass through this analyzer. But, for the statistical 


would be absurd to assume that N photons in the state e are equivalent toN x 








2 
photons in the state e, and N x 








N N 
mixture z photons in the state e,, a photons in the state e, >, half the photons will 


pass through the analyzer. In this concrete example, it is clear that a linear superposition 








Figure 5: A simple experiment which illustrates the difference between a linear superposi- 
tion and a statistical mixture of states. If all the incident photons are in the polarization 
state: 


1 
e= va a ey) 


none of them will pass through an analyzer whose axis e' is perpendicular to e. If we had, 
on the contrary, a statistical mixture of photons polarized either along e, or along ey (in 
equal proportions; i.e., natural light), half of them would pass through the analyzer. 





such as (E-10), associated with light polarized at an angle of 45° with respect to e, and 
e,, is physically different from a statistical mixture of equal proportions of the states e, 
and e, associated with natural light (an unpolarized beam). 


We can also understand the importance of the relative phase of the expansion 
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coefficients of the state vector, by considering the four states: 


Bie ales ae) (E-11) 
Se gles =, (B-12) 
ae ales die ges) (E-13) 
ae gles 2965) (E-14) 


which differ only by the relative phase of the coefficients (this phase being equal to 0, 7, 
+5 and Fs respectively). These four states are physically quite different: the first two 


represent light which is polarized linearly along the bisectors of (e,,e,); the second two 
represent circularly polarized light (right and left respectively). 


E-1-b. Summation over the intermediate states 
Q. Prediction of measurement results in two simple experiments 


(i) Experiment 1. Imagine that the observable A has been measured, at a given 
time, on a physical system, and that the non-degenerate eigenvalue a has been found. 
If |wa) is the eigenvector associated with a, the physical system, immediately after the 
measurement, is in the state |uq). 

Before the system has had time to evolve, we measure another observable C' that 
does not commute with A. Using the notation introduced in § C-6-a, we denote by P,(c) 
the probability that this second measurement will yield the result c. Immediately before 
the measurement of C’, the system is in the state |u,). Therefore, if |v.) is the eigenvector 
of C associated with the eigenvalue c (assumed to be non-degenerate), the postulates of 
quantum mechanics lead to: 


Pale) = | (ve lta) |? (E-15) 


(ti) Experiment 2. We now imagine another experiment, in which we measure 
successively and very rapidly three observables A, B, C, which do not commute with 
each other (the time separating two measurements is too short for the system to evolve). 
Denote by P,(b,c) the probability, given that the result of the first measurement is a, 
that the results of the second and third will be b and c respectively. P,(b,c) is equal to 
the product of P,(b) (the probability that, the measurement of A having yielded a, that 
of B will yield b) and Py(c) (the probability that, the measurement of B having yielded 
b, that of C will yield c): 


Pa(b, c) = Pa(b) Py(c) (E-16) 
If all the eigenvalues of B are assumed to be non-degenerate and if |w,) denotes the 
corresponding eigenvectors, it follows that [using for P,(b) and P,(c) formulas analogous 
to (E-15)]: 

Pa(b, c) = |(velwe) |? (wolta) |” (E-17) 


256 


E. THE SUPERPOSITION PRINCIPLE AND PHYSICAL PREDICTIONS 





lw, ) 


Figure 6: Different possible “paths” for the state vector of the system when the system is 
allowed to evolve freely (without undergoing any measurement) between the initial state 
lua) and the final state |v.). In this case, we must add together the probability amplitudes 
associated with these different paths, and not their probabilities. 





B. The fundamental difference between these two experiments 


In both of these experiments, the state of the system after the measurement of the 
observable A is |uq) (the role of this measurement being to fix this initial state). It then 
becomes |v.) after the last measurement, that of the observable C' (for this reason, |v,) 
will be called the “final state”). It is possible in both cases to decompose the state of the 
system just before the measurement of C' in terms of the eigenvectors |w,) of B, and to 
say that between the state |u,) and the state |v), the system “can pass” through several 
different “intermediate states” |w»). Each of these intermediate states defines a possible 
“path” between the initial state |u,) and the final state |v.) (Fig. 6). 

The difference between the two experiments described above is the following. In 
the first one, the path that the system has taken between the state |u,) and the state |v.) 
is not determined experimentally [we measure only the probability P,(c) that, starting 
from |u,), it ends up in |v,)]. On the other hand, in the second experiment, this path is 
determined, by measuring the observable B [thus enabling us to obtain the probability 
P.(b,c) that the system, starting from |u,), passes through a given intermediate state 
|wy) and ends up finally in |v,)]. 

We could then be tempted, in order to relate P,(c) to Pa (b,c), to use the following 
argument: in experiment 1, the system is “free to pass” through all intermediate states 
|w,); it would then seem that the global probability P.(c) should be equal to the sum 
of all the probabilities P,(b, c) associated with each of the possible “paths”. Can we not 
then write: 


Pale) = S>Palb,c) (E-18) 
b 


As we shall see, this formula is wrong. Let us go back to the exact formula (E-15) 
for P.(c); this formula brings in the probability amplitude (v.|u,) which we can write, 
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using the closure relation for the states |wp): 


(velta) = >) (velwe) (wolta) (E-19) 


b 


Substitute this expression into (E-15): 
2 


Pale) = | (velwo) (wo|ua) 








b 
= SE M(velwe)|? (woltta) |? 


b 
+32 So (velwo) (woltta) (velwer)* (wer |tta)* (E-20) 


b bxb 


Using (E-17), we therefore obtain: 


Pale) = D5 Palb,c) +) Dd (velwe) (welta) (velwor)* (wer |ta)* (E-21) 
b 


b b¢b 


This equation enables us to understand why formula (E-18) is wrong: all the “cross 
terms” that appear in the square of the modulus of sum (E-19) are absent in (E-18). All 
the interference effects between the different possible paths are thus missing in (E-18). 

If, therefore, we want to establish a relation between these two experiments, we see 
that it is necessary to reason in terms of probability amplitudes. When the intermediate 
states of the system are not determined experimentally, it is the probability amplitudes, 
and not the probabilities, which must be summed. 

The error in the reasoning which led to the wrong relation (E-18) is obvious, 
moreover, if we remember the fifth postulate (reduction of the wave packet). In the second 
experiment, the measurement of the observable B must, in fact, involve a perturbation 
of the system under study: during the measurement its state vector undergoes an abrupt 
change (projection onto one of the states |w,)). It is this unavoidable perturbation which 
is responsible for the disappearance of interference effects. In the first experiment, on 
the other hand, it is incorrect to say that the physical system “passes through one or 
another of the states |w,)”; it would be more accurate to say that it passes through all 
the states |wy). 


Comments: 


(i) The preceding discussion resembles in every respect that of § A-2-a of Chap- 
ter I concerning Young’s double-slit experiment. To determine the probability 
that a photon emitted by the source will arrive at a given point M of the 
screen, one must first calculate the total electric field at M. In this problem, 
the electric field plays the role of a probability amplitude. When one is not 
trying to determine through which slit the photon passes, it is the electric 
fields radiated by the two slits, and not their intensities, that must be added 
together to obtain the total field at M (whose square yields the desired prob- 
ability). In other words, the field radiated by one of the slits at point M is 
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analogous to the probability amplitude for a photon, emitted by the source, 
to pass through this slit and to arrive at M. 


(ii) It is not necessary to retain the assumption that the measurements of A and 
C in experiment 1 and of A, B, C in experiment 2 are performed very close 
together in time. If the system has had time to evolve between two of these 
measurements, we can use the Schrédinger equation to determine the modifi- 
cation of the state of the system due to this evolution [cf. Complement Fy, 
comment (ii) of § 2]. 


E-1-c. Conclusion: The importance of the concept of probability amplitudes 


The two examples studied in §§ E-1-a and E-1-b demonstrate the importance of the 
concept of probability amplitudes. Formulas (E-5) and (E-18), as well as the arguments 
that lead to them, are incorrect since they represent an attempt to calculate a probability 
directly without first considering the corresponding probability amplitude. In both cases, 
the correct expression (E-8) or (E-20) has the form of a square of a sum (more precisely, 
the square of the modulus of this sum), while the incorrect formula (E-5) or (E-18) 
contains only a sum of squares (all the cross terms, responsible for interference effects, 
being omitted). 

From the preceding discussion, we shall therefore retain the following ideas: 


(2) The probabilistic predictions of quantum theory are always obtained by squaring 
the modulus of a probability amplitude. 


(ii) When, in a particular experiment, no measurement is made at an intermediate 
stage, one must never reason in terms of the probabilities of the various results 
that could have been obtained in such a measurement, but rather in terms of their 
probability amplitudes. 


(iti) The fact that the states of a physical system are linearly superposable means that a 
probability amplitude often presents the form of a sum of partial amplitudes. The 
corresponding probability is then equal to the square of the modulus of a sum of 
terms, and the various partial amplitudes interfere with each other. 


E-2. Case in which several states can be associated with the same measurement result 


In the preceding section, we stressed and illustrated the fact that, in certain cases, 
the probability of an event is given by the postulates of quantum mechanics in the form 
of a square of a sum of terms (more precisely, the square of the modulus of such a sum). 
Now the statement of the fourth postulate [formula (B-7)] involves a sum of squares (the 
sum of the squares of the moduli) when the measurement result whose probability is 
sought is associated with a degenerate eigenvalue. It is important to understand that 
these two rules are not contradictory but, on the contrary, complementary: each term of 
the sum of squares (B-7) can itself be the square of a sum. This is the first point on which 
we shall focus our attention in this section. Furthermore, this discussion will enable us to 
complete the statement of the postulates: we shall consider measurement devices whose 
accurary is limited (as is always, of course, the case) and see how to predict theoretically 
the possible results. Finally, we shall extend to the case of continuous spectra the fifth 
postulate of reduction of the wave packet. 
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E-2-a. Degenerate eigenvalues 


In the examples treated in § E-1, we always assumed that the results of the various 
measurements envisaged were simple, i.e. non-degenerate, eigenvalues of the correspond- 
ing observables. This hypothesis was intended to simplify these examples so that the 
origin of the interference effects appeared as clearly as possible. 

Now let us consider a degenerate eigenvalue a, of an observable A. The eigenstates 
associated with a, form a vector subspace of dimension g,,, in which an orthonormal basis 
{\ut,);i = 1,2, ..., gn} can be chosen. 

The discussion of § C-6-b shows that knowing a measurement of A has yielded ay, 
is not sufficient to determine the state of the physical system after this measurement. We 
shall say that several final states can be associated with the same result ay: if the initial 
state (the state before the measurement) is given, the final state after the measurement 
is perfectly well-defined; but if the initial state is changed, the final state is, in general, 
different (for the same measurement result a,). All final states associated with a, are 
linear combinations of the gy, orthonormal vectors |u?,), with 1 = 1,2, ..., gn- 

Formula (B-7) indicates unambiguously how to find the probability P(a,) that a 
measurement of A on a system in the state |q) will yield the result a,. One chooses 
an orthonormal basis, for example {|u’,); i = 1,2, ..., gr}, in the eigensubspace which 
corresponds to a»; one calculates the probability |(u?,|2)|? of finding the system in each 
of the states of this basis; P(a,) is then the sum of these g, probabilities. However, it 
must not be forgotten that each probability |(u!,|q)|? can be the square of the modulus of 
a sum of terms. Consider, for example, the case envisaged in § E-1-a-a@ and assume now 
that the eigenvalue a, of the observable A, whose probability P(a,) is to be calculated, 
is gn-fold degenerate. Formula (E-6) is then replaced by: 


Plan) =~ Kuhl)? (E-22) 
with: 
(uj |) = Ar (up lthr) + Av (uh |b2) (E-23) 


The discussion of § E-l-a-a remains valid for each of the terms of formula (E-22): 
|(u?,|2)|?, which is obtained from (E-23), is the square of a sum; P(a,) is then the sum 
of these squares. § E-1-b can similarly be generalized to the case where the eigenvalues 
of the observables measured are degenerate. 

Before summarizing the preceding discussions, we are going to study another im- 
portant situation where several final states are associated with the same measurement 
result. 


E-2-b. Insufficiently selective measurement devices 
Q. Definition 

Assume that, in order to measure the observable A in a given physical system, we have 
at our disposal a device which works in the following way: 


(i) This device can give only two different answers!°, which we shall denote, for convenience, 
by “yes” and “no”. 





10The following arguments can easily be generalized to cases where the device can give several different 
answers having characteristics similar to those described in (iz) and (7it). 
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(ii) If the system is in an eigenstate of A whose eigenvalue is included in a given interval A 
of the real axis, the answer is always “yes”; this is also the case when the state of the 
system is any linear combination of eigenstates of A associated with eigenvalues which are 
all included in A. 


(izi) If the state of the system is an eigenstate of A whose eigenvalue falls outside A, or any 
linear combination of such eigenstates, the answer is always “no”. 


A therefore characterizes the resolving power of the measurement device under consid- 
eration. If there exists only one eigenvalue a, of A in the interval A, the resolving power is 
infinite: when the system is in an arbitrary state, the probability P(yes) of obtaining the answer 
“ves” is equal to the probability of finding a, in a measurement of A; the probability P(no) 
of obtaining “no” is obviously equal to 1 — P(yes). If, on the other hand, A contains several 
eigenvalues of A, the device does not have a sufficient resolution to distinguish between these 
various eigenvalues: we shall say that it is insufficiently selective. We shall see how to calculate 
P(yes) and P(no) in this case. 

To be able to study the perturbation created by such a measurement on the state of the 
system, we are going to add the following hypothesis: the device transmits without perturbation 
the eigenstates of A associated with the eigenvalues of the interval A (as well as any linear 
combination of these eigenstates), while it “blocks” the eigenstates of A associated with the 
eigenvalues outside A (as well as all their linear combinations). The device thus behaves like a 
perfect filter for all states associated with A. 


B. Example 


Most measurement devices used in practice are insufficiently selective. For example, to 
measure the abscissa of an electron propagating parallel to the Oz axis, one can (Fig. 7) place 
in the zOy plane (Oy is perpendicular to the plane of the figure) a plate with a slit whose axis 
is parallel to Oy, the abscissas of the edges being x1 and x2. It can then be seen that any wave 
packet which is entirely included between the x = x1 and x = z2 planes (a superposition of 
eigenstates of X having eigenvalues x contained within the interval [x1, x2]) will enter the region 
to the right of the slit (“yes” answer); in this case, it will not undergo any modification. On the 
other hand, any wave packet situated below the x = x1 plane or above the x = x2 plane will be 
blocked by the plate and will not pass to the right (“no” answer). 





x 
Figure 7: Schematic drawing of a device for 
"2 measuring the abscissa x of a particle. Since 
the interval {21,72} ts necessarily non-zero, 
such a device is always imperfectly selective. 


x) 


% 








y. Quantum description 


For such an insufficiently selective device, several final states are possible after a mea- 
surement which has yielded the answer yes. They can be, for example, the various eigenstates 
of A that correspond to the eigenvalues contained in the interval A. 

The physical problem posed by such devices, and which we are now going to consider, 
consists of predicting the answer which will be obtained when a system in an arbitrary state 
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enters the device. For example, for the apparatus of Figure 7, what happens when we are dealing 
with a wave packet which is neither entirely contained between the x = x1 and x = x2 planes 
(in which case the answer is certainly yes) nor entirely situated outside this region (in which 
case the answer is certainly no)? We shall see that this is equivalent to measuring an observable 
whose spectrum is degenerate. 

Consider the subspace €,a spanned by all the eigenstates of A whose eigenvalues a, are 
contained within the interval A. The projector Pa onto this subspace is written (cf. § B-3-b-7 
of Chap. II): 


Pa= > So bed) (E24) 


an€A i=1 


(the eigenvalues a, of the interval A can be degenerate, hence the additional index 7; the vectors 
|u;,) are assumed to be orthonormal). €, is the subspace formed by all the possible states of 
the system after a measurement which has given the result yes. 

Referring to the definition of the measurement device, we see that the response will 
certainly be yes for any state belonging to Ea, that is, for any eigenstate of Pa with the 
eigenvalue of +1. The answer will certainly be no for any state belonging to the supplement of 
Ea, that is, for any eigenstates of Pa with the eigenvalue of 0. The yes and no answers which 
can be furnished by the measurement device therefore correspond to the eigenvalues +1 and 0 
of the observable Pa: it could be said that the device is actually measuring the observable Pa 
rather than A. 

In the light of this interpretation, the case of an insufficiently selective measurement device 
can be treated in the framework of the postulates which we have stated. The probability P(yes) 
of obtaining the answer yes is equal to the probability of finding the (degenerate) eigenvalue 
+1 of Pa. Now an orthonormal basis in the corresponding eigensubspace is constituted by the 
set of states |u’,) which are eigenstates of A with eigenvalues contained within the interval A. 
Applying formula (B-7) to the eigenvalue + 1 of the observable Pa, we therefore obtain (for a 
system in the state |w)): 


Ptyes) = > So Ale (E-25) 


an€A i=1 
Since there are only two possible answers, we obviously have: 
P(no) = 1 — P(yes) (E-26) 


The projector onto the eigensubspace associated with the eigenvalue +1 of the observable 
Py is Pa itself; formula (B-14) therefore gives here: 


P(yes) = (Pal) (E-27) 


[this formula is equivalent to (E-25)]. 

Similarly, since the device does not perturb states belonging to €,4 and blocks those of 
the supplement of €a, we find that the state of the system after a measurement which has given 
the result yes is: 


pe ey ew (E-28) 


Dae ah (wh |W) |? aneA imi 


1 


VJ W|Palv) 


that is: 


Iy') = Paly) (E-29) 
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When A contains only one eigenvalue a,, Pa reduces to P,,: formulas (B-14) and (B-31) are 
then seen to be special cases of formulas (E-27) and (E-29). 


E-2-c. Recapitulation: must one sum the amplitudes or the probabilities? 


There are therefore cases (§ E-1) where, to calculate a probability, one takes the 
square of a sum, because several probability amplitudes must be added together. In other 
cases (§ E-2), one takes a sum of squares, because several probabilities must be added 
together. It is clearly important not to confuse these different cases and to know, in a 
given situation, if it is the probability amplitudes or the probabilities themselves which 
must be summed. 

Young’s double-slit experiment will again furnish us with a very convenient physical 
example which will enable us to illustrate and summarize the preceding discussions. 
Imagine that we want to calculate the probability for a particular photon to strike the 
plate anywhere between two points M, and M2 having abscissas of x; and x2 (Fig. 8). 
This probability is proportional to the total light intensity received by this portion of the 
plate. It is therefore a “sum of squares”; more precisely, it is the integral of the intensity 
I(x) between x; and x2. But each term I(x) of this sum is obtained by squaring the 
electric field &(x) at x, which is equal to the sum of the electric fields &4(x) and &g(2) 
radiated at M by the slits A and B. I(z) is therefore proportional to |@4(x) + &p(2x)|?, 
that is, to the square of a sum. &4(x) and &p(zx) are the amplitudes associated with 
the two possible paths SAM and SBM which end at the same point M; they are added 
to obtain the amplitude at M since one is not trying to determine through which slit 
the photon passes. Then, to calculate the total light intensity received by the interval 
M, Mg, one adds the intensities which arrive at the various points of this interval. 

To sum up, the fundamental idea to be retained from the discussions of this section 
can be expressed schematically in the following way: 





Add the amplitudes corresponding to the same final state, then the 
probabilities corresponding to orthogonal final states. 














Figure 8: Young’s double-slit exper- 
iment. To calculate the probabil- 
ity density for detecting a photon 
at the point M, it is necessary to 
add the electric fields radiated by 
the slits A and B, then to square the 
field thus obtained (“square of the 
sum”). The probability of finding 
a photon in the interval [x1, x2] is 
now obtained by summing this prob- 
ability density between x1 and x2 
(“sum of squares”). 
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E-2-d. Application to the treatment of continuous spectra 


When the observable we want to measure has a continuous spectrum, only insufficiently 
selective devices can be used: it is impossible to imagine a physical device that could isolate a 
single eigenvalue belonging to a continuous set. We now show how the study of § E-2-b enables 
us to be more precise and complete in our treatment of observables with continuous spectra. 


Q. Example: measurement of the position of a particle 


Let W(r) = (r|w) be the wave function of a (spinless) particle. What is the probability of 
finding the abscissa of this particle within the interval [x1, x72] of the z-axis, using, for example, 
a measurement device like the one in Figure 7? 

The subspace €, associated with this measurement result is the space spanned by the 
kets |r) = |x, y, z) which are such that: 2; < x < x. Since these kets are orthonormal in the 
extended sense, application of the rule stated in § E-2-c above yields: 


P(a1 <a < a2) -| ae f ay f dz |{x,y, 21%)? 
-f dz J dy a dz |u(r)|? (E-30) 


Formula (E-27) obviously leads to the same result, since the projector Pa is written here: 


+00 +oo 
Px = ie ae fo ay [ dz |x, y,z) (x, y, 2| (E-31) 


and we therefore have: 








P(ai <x < x2) = (b|Palw) 


x2 +00 +00 
: i, dig / dy i a eee (E-32) 


To know the state |2’) of the particle after such a measurement, which has yielded the 
result yes, it suffices to apply formula (E-29): 


[b") = x Palv) 


1 xQ +oo +oo 
=f a fay fad everest) (B-33) 
XL —o0o —oo 


where the normalization factor N = ,/(~|P\|) is known [formula (E-32)]. Let us calculate the 
wave function w’(r) = (r|w’) associated with the ket |1)’): 


1 xQ +co +oo 
a= x fae fay fae eee) (B-34) 


Now (rlr’) = 6(r—r’) = 6(a—2’) 6(y—y’) 6(z—z'). The integrations over y’ and z’ can therefore 
be performed immediately: they amount to replacing y’ and z’ by y and z in the function to be 
integrated. Equation (E-34) thus becomes: 





w' (a, Y; z) ot x f dx’ O(a _ x’) v(a',y, z) (E-35) 


zy 
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If the point x is situated inside the interval of integration [x1, 2x2], the result is the same as if 
we were integrating x’ from —oo to +00: 


w' (x,y; 2) a 7 w(a, y, Z) for v1 < x < v2 (E-36) 


On the other hand, if x falls outside the interval of integration, 6(x — 2’) is zero for all values of 
x’ included in this interval, and: 


w' (x,y,z) =0 for «>a and «<2 (E-37) 


The part of 7(r) that corresponds to the interval accepted by the measurement device therefore 
persists, undeformed, immediately after the measurement [the factor 1/N simply ensures that 
y’(r) remains normalized]; the rest is suppressed by the measurement. The wave packet 7(r) 
representing the initial state of the particle is, as it were, “truncated” by the edges of the slit. 


Comments: 


(i) This example clearly reveals the concrete meaning of the “reduction of the wave 
packet”. 


(zi) Ifa large number of particles, all in the same state |W), enter the device successively, 
the result will sometimes be yes and sometimes be no [with the probabilities P(yes) 
and P(no)]. If the result is yes, the particle continues on its way, starting from the 
“truncated” state |’); if the result is no, the particle is absorbed by the screen. 


In the example we are considering here, the measurement device becomes all the more 
selective as x2 — x1 becomes smaller. We see, however, that it is impossible to make it perfectly 
selective because the spectrum of X is continuous: however narrow the slit may be, the interval 
[v1, 22] which it defines always contains an infinity of eigenvalues. Nevertheless, in the limiting 
case of a slit of an infinitely small width Az, we find the equivalent of formula (B-17), which 
was the expression of the fourth postulate in the case of a continuous spectrum. 


A A 
Let us choose 71 = xo — * and w= 20+ > (a slit of width Az centered at xo), and 


assume that the wave function w(r) varies very little within the interval Az. Then, in (E-30), 
we can replace |x(r)|? by |w(2o, y, z)|? and perform the integration over ca: 


Ar Ar +00 +00 P 
P | xo - s <a<aot+ > I Ax dy dz |W(zo, y, z)| (E-38) 


We indeed find a probability equal to the product of Az and a positive quantity which plays 
the role of a probability density at the point zo. The difference with formula (B-17) lies in the 
fact that the latter applies to the case of a continuous but non-degenerate spectrum, while here 
the eigenvalues of X are infinitely degenerate in €,; this is the origin of the integrals over y and 
z that appear in (E-38) (summation over the indices associated with the degeneracy). 


B. Postulate of reduction of wave packets in the case of a continuous spectrum 


In § B-3-c, we limited ourselves, in the statement of the fifth postulate, to the case of a 
discrete spectrum. Formula (E-33) and its accompanying discussion enable us to understand the 
form assumed by this postulate when a continuous spectrum is considered: one simply applies 
the results of § E-2-b concerning insufficiently selective devices. 

Let A be an observable with a continuous spectrum (assumed, for simplicity, to be non- 
degenerate). The notation is the same as in § B-3-b-8. 
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If a measurement of A on a system in the state |) has yielded the result ao to within 
Aa, the state of the system immediately after this measurement is described by: 


7 1 
= ——— _ Py, (ao E-39 
Ib") TlPaa loa) Th ‘Ac.(@0) |) (E-39) 
with: 
ao+ St 
Pxra(ao) -f hy da |va) (va| (E-40) 











Figures 9-a and 9-b illustrate this statement. If the function (va|w), representing |7)) in 
the {|va)} basis, has the form indicated in Figure 9-a, the state of the system immediately after 
the measurement is represented, to within a normalization factor, by the function of Figure 9b 
[the calculation is analogous in all respects to the one which derives (E-36) and (E-37) from 
(E-33)]. 





(vg lw) ( vg | Pag) lw) 





A 


Figure 9: Illustration of the postulate of reduction of wave packets in the case of a con- 
tinuous spectrum: one measures the observable A, with eigenvectors |v,) and eigenvalues 
a. The measurement device has a selectivity Aa. If the value found is ao to within Aa, 
the effect of the measurement on the wave function (va|\W) is to “truncate” it about the 
value ag (to normalize the new wave function, it is obviously necessary to multiply it by 
a factor larger than 1). 


0 OQ a 0 a 





We see that, even if Aa is very small, one can never actually prepare the system in the 
state |veg), which would be represented, in the {|vq)} basis, by (val|vag) = 6(a — ao). We can 
only obtain a narrow function centered at ao, since Aa is never exactly zero. 


References and suggestions for further reading: 


Development of quantum mechanical concepts: references of section 4 of the bib- 
liography, particularly Jammer (4.8). 

Discussion and interpretation of the postulates: references of section 5 of the 
bibliography; Von Neumann (10.10), Chaps. V and VI; Feynman III (1.2), § 2.6, 
Chap. 3 and § 8.3. 

Quantization rules using Poisson brackets: Dirac (1.13), § 21; Schiff (1.18), § 24. 

Probability and statistics: see the corresponding subsection of section 10 of the 
bibliography. 
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COMPLEMENTS OF CHAPTER III, READER’S GUIDE 


Aur PARTICLE IN AN_ INFINITE ONE- 
DIMENSIONAL POTENTIAL WELL 


Birr : STUDY OF THE PROBABILITY CURRENT 
IN SOME SPECIAL CASES 


Direct applications of Chapter III to simple cases. 
The accent is placed on the physical discussion of 
the results (elementary level). 





Cizr : ROOT MEAN SQUARE DEVIATIONS OF 
TWO CONJUGATE OBSERVABLES 


A little more formal; general proof of the Heisen- 
berg relations; may be skipped in a first reading. 





Dirr : MEASUREMENTS BEARING ON ONLY ONE 
PART OF A PHYSICAL SYSTEM 


Discussion of measurements bearing on only one 
part of a system; a rather simple but somewhat 
formal application of Chapter III; may be skipped 
on a first reading. 





(more complements on the next page) 
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Err : THE DENSITY OPERATOR 
Fizr : THE EVOLUTION OPERATOR 


Gir : THE SCHRODINGER AND HEISENBERG 
PICTURES 


Hirr : GAUGE INVARIANCE 


Jurr : PROPAGATOR FOR THE SCHRODINGER 
EQUATION 


Complements that serve as an introduction to a 
more advanced quantum mechanics course. Aside 
from Fyy;, which is simple, they are on a higher 
level than the rest of this book, but they are 
comprehensible if Chapter III has been read. May 
be reserved for subsequent study. 


En : definition and properties of the density op- 
erator, which is used in the quantum mechanical 
description of systems whose state is imperfectly 
known (statistical mixture of states). Fundamen- 
tal tool of quantum statistical mechanics. 


Fin : introduction of the evolution operator, 
which gives the quantum state of a system at an 
arbitrary instant ¢ in terms of its state at the 
instant to. 


Girt 
system 


describes the evolution of a quantum 
in a way that is different from, but 
that of Chapter III. The time 
dependence now appears in the observables and 


equivalent to, 
not in the state of the system. 


Hy : discussion of the quantum formalism in the 
case where the system is subject to an electro- 
magnetic field. Although the description of the 
system involves the electromagnetic potentials, 
the physical properties depend only on the values 
of the electric and magnetic fields; they remain 
invariant when the potentials describing the same 
electromagnetic field are changed. 


Ji : an introduction to a different way of ap- 
proaching quantum mechanics, based on a prin- 
ciple analogous to Huygens’ principle in classical 
wave optics. 





Kirt : UNSTABLE LEVELS, LIFETIMES 


Simple introduction to the important physical 
concepts of instability and lifetimes; easy, but can 
be skipped in a first reading. 





Li : EXERCISES 





(more complements on the neat page) 
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Mirr : BOUND STATES OF A PARTICLE IN A 
“POTENTIAL WELL” OF ARBITRARY SHAPE 


Nizx : UNBOUND STATES OF A PARTICLE IN 
THE PRESENCE OF A POTENTIAL WELL OR 
BARRIER OF ARBITRARY SHAPE 


Or11 :QUANTUM PROPERTIES OF A PARTICLE 
IN A ONE-DIMENSIONAL PERIODIC STRUCTURE 


Return to one-dimensional problems, considered 
from a more general point of view than in 


Chapter I and its complements. 


Mur 
well of the main results obtained in § 2-c of 


generalisation to an arbitray potential 


Complement Hy; recommended, since easy and 


physically important. 


Nut 
an arbitrary potential; a little more formal; the 


study of unbound stationary states in 


definitions and results of this complement are 
necessary for complement Ojrr. 


Orn : 
mental to solid state physics) of energy bands in a 


introduction of the concept (which is funda- 


potential having a periodic structure (this concept 
will be treated differently in Complement F xr); 
rather difficult, can be reserved for later reading. 
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Complement Ajj, 


Particle in an infinite potential well 





1 Distribution of the momentum values in a stationary state 271 
l-a_ Calculation of the function @,,(p) of (P), and, of AP... .. 271 
1-b Discussion :s i 2 ee Goo SS Si Gwe Sk SE i os 273 
2 Evolution of the particle’s wave function ........... 275 
2-a Wave function at the instantt ................. 276 
2-b Evolution of the shape of the wave packet ........... 276 
2-c Motion of the center of the wave packet ............ 277 
3 Perturbation created by a position measurement ...... 279 





In Complement H, (§ 2-c-8), we studied the stationary states of a particle in a 
one-dimensional infinite potential well. Here we intend to re-examine this subject from a 
physical point of view. This will allow us to apply some of the postulates of Chapter III 
to a concrete case. We shall focus in particular on the results obtained when the position 
or momentum of the particle is measured. 


1. Distribution of the momentum values in a stationary state 


1-a. Calculation of the function @,,(p) of (P), and, of AP 
We have seen that the stationary states of the particle correspond to the energies?: 
nen he 


B= (1) 


2ma? 


and to the wave functions: 


2. (nna 
Pn(x) = \/2sin (=) (2) 
a a 
(where a is the width of the well and n is any positive integer). 
Consider a particle in the state |y,), with energy E,. The probability of a mea- 
surement of the momentum P of the particle yielding a result between p and p + dp is: 


Pn(p)dp = |%,,(p)|? dp (3) 


with: 


1 PED NTx ° 
is = oo —ipx/hg 4 
Pale) = = | /2 sin (2) otra (4) 


lWe shall use the notation of Complement Hy. 
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This integral is easy to calculate; it is equal to: 


lt Be — esas dr 


- i 1 = 
Pr(P) = ae [ 





that is: 
Pal) = sf eB) [F (p- =) +(e (p+ =) . 
with: 
Fo) = = ; 


To within a proportionality factor, the function @,,(p) is the sum (or the difference) 


h h 
of two “diffraction functions” F € ee , centered at p = ae The “width” of 
a a 





these functions (the distance between the first two zeros, symmetric with respect to the 


4th 
central value) does not depend on n and is equal to <t" Their “amplitude” does not 
a 


depend on n either. 

The function inside brackets in expression (6) is even if n is odd, and odd if n is 
even. The probability density P,(p) given in (3) is therefore an even function of p in all 
cases, so that: 


+00 
P= ff Pi. (p) pdp = 0 (8) 


The mean value of the momentum of the particle in the energy state E,, is therefore zero. 
Let us calculate, in the same way, the mean value (P?),, of the square of the mo- 


hd 

mentum. Using the fact that in the {|x)} representation P acts like — aa and performing 
i dx 

an integration by parts, we obtain?: 


2 





2 
nah 
-(=) (9 
a 
?Result (9) could also be derived from (6) by performing the integral (P?)n = i (Pn (p)|?p? dp. 


This calculation, which presents no theoretical difficulties, is nevertheless not as direct as the one given 
here. 
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From (8) and (9), we get: 


Apes (10) 


n 
a 


The root mean square deviation therefore increases linearly with n. 


1-b. Discussion 


Let us plot, for different values of n, the curves giving the probability density 
P,(p). To do this, let us begin by studying the function inside brackets in expression 
(6). For the ground state (n = 1), it is the sum of two functions F, the centers of 
these two diffraction curves being separated by half their width (Fig. 1-a). For the first 
excited level (n = 2), the distance between these centers is twice as large, and in this 
case, moreover, the difference of two functions F’ must be taken (Fig. 2-a). Finally, for 
an excited level corresponding to a large value of n, the centers of the two diffraction 
curves are separated by a distance much greater than their width. 

















>?P 


Figure 1: The wave function G,(p), associated in the {|p)} representation with the ground 
state of a particle in an infinite well, is obtained by adding two diffraction functions 
F (dashed lines curves in figure a). Since the centers of these two functions F are 
separated by half their width, their sum has the shape represented by the solid-line curve 
in figure a. Squaring this sum, one obtains the probability density P1(p) associated with 
a measurement of the momentum of the particle (fig. b). 





Squaring these functions, one obtains the probability density P,(p) (cf. Fig. 1- 


h 
b and 2-b). Note that for large n the interference term between F (> mt) and 
a 


h 
F (o + =) is negligible (because of the separation of the centers of the two curves): 
a 
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>)P 


Figure 2: For the first excited level, the function G.(p) is obtained by taking the difference 
between two functions F’, which have the same width as in Figure 1-a but are now more 
widely separated (dash-line curves in figure a). The curve obtained in this way is the 
solid line in figure a. The probability density P2(p) then has two maxima located in the 
neighborhood of p= +2nh/a (fig. b). 








Pato) = 25 [P (pM) +a (n+ )] 


isi [Lr (r- ae (o+ =) (11) 


The function P,,(p) then has the shape shown in Figure 3. 
It can be seen that when n is large, the probability density has two symmetrical 





Ath h 
peaks, of width = centered at p= 4"""' Tt is then possible to predict with almost 


a a 
complete certainty the results of a measurement of the momentum of the particle in the 


h 
state |y,,): the value found will be nearly equal to gee or — a the relative accuracy? 
a a 


h 
improving as 7 increases (the two opposite values qe being equally probable). This is 
a 


simple to understand: for large n, the function y, (a), which varies sinusoidally, performs 
numerous oscillations inside the well; it can then be considered to be practically the sum 


nih 
of two progressive waves corresponding to opposite momenta p = +——. 





a 
When n decreases, the relative accuracy with which one can predict the possible 
values of the momentum diminishes. We see, for example, in Figure 2-b, that when n = 2, 





: Arh 
’The absolute accuracy is independent of n, since the width of the curves is always ——. 
a 
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Figure 8: When n is large (a very excited level), the probability density has two pro- 
nounced peaks, centered at the values p = +nah/a, which are the momenta associated 
with the classical motion at the same energy. 








the function P,,(p) has two peaks whose widths are comparable to their distance from 
the origin. In this case, the wave function undergoes only one oscillation inside the well. 
It is not surprising that, for this sinusoid “truncated” at x = 0 and x = a, the wavelength 
(and therefore, the momentum of the particle) is poorly defined. Finally, for the ground 
state, the wave function is represented by half a sinusoidal arc: the relative values of the 
wavelength and momentum of the particle are then very poorly known (Fig. 1-b). 


Comments: 


(7) 


Let us calculate the momentum of a classical particle of energy E,, given in 
(1); we have: 








D>) nn h? 
Im 2maz (12) 
that is: 
nth 
Del = £— (13) 
a 





When n is large, the two peaks of P,,(p) therefore correspond to the classical 
values of the momentum. 


We see that, for large n, although the absolute value of the momentum is well- 
defined, its sign is not. This is why AP, is large: for probability distributions 
with two maxima like that of Figure 3, the root mean square deviation reflects 
the distance between the two peaks; it is no longer related to their widths. 


2. Evolution of the particle’s wave function 


Each of the states |y,), with its wave function y,,(x), describes a stationary state, which 
leads to time-independent physical predictions. Time evolution appears only when the 
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state vector is a linear combination of several kets |y,,). We shall consider here a very 
simple case, for which at time t = 0 the state vector |y(0)) is: 


oil 


9p [le1) + I¢2)] (14) 


1%(0)) 


2-a. Wave function at the instant t 


Apply formula (D-54) of Chapter III; we immediately obtain: 


i ih, _oj Thy 
|b(t)) = ze |e *2ma?"|y1) + ema? "|y2) (15) 


V2 


or, omitting a global phase factor of |2(t)): 





1 iw 

WEST [ly1) + e7""*|2)] (16) 

with: 
E> = Ey 377h 

Sey © pe 2ma? (17) 

2-b. Evolution of the shape of the wave packet 
The shape of the wave packet is given by the probability density: 
oh. seg 1 4 
I(x, )P = SeR(a) + 593(e) + ele) yal) cos wait (18) 


We see that the time variation of the probability density is due to the interference term 
in yiy2. Only one Bohr frequency appears, v2; = (£2 — EF )/h, since the initial state 





2 
9; a ~; b PP c 








Figure 4: Graphical representation of the functions yp? (the probability density of the 
particle in the ground state), 3 (the probability density of the particle in the first excited 
state) and pipe (the cross term responsible for the evolution of the shape of the wave 
packet). 
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— 
—_ 
—_ 
t=0 0<t<al2a,, t=al2@,, 
“—-. S 
Kn N\. 
t=a/o, t= 32/2), t=2a/@,, 


Figure 5: Periodic motion of a wave packet obtained by superposing the ground state and 
the first excited state of a particle in an infinite well. The frequency of the motion is the 
Bohr frequency wo1/27. 





(14) is composed only of the two states |yi) and |y2). The curves corresponding to the 
variation of the functions y?, y% and ~1%2 are plotted in Figures 4-a, b and c. 

Using these figures and relation (18), it is not difficult to represent graphically the 
variation in time of the shape of the wave packet (cf. Fig. 5): we see that the wave packet 
oscillates between the two walls of the well. 


2-c. Motion of the center of the wave packet 


Let us calculate the mean value (X)(t) of the position of the particle at time t. It 
is convenient to take: 


X' =X -a/2 (19) 


since, by symmetry, the diagonal matrix elements of X’ are zero: 


(pi|X’|y1) « [ (« Ss = sin? (=) dz =0 


yy ay. Qra 
(y2|X"|p2) x i (« -— 5) sin? (==) dz = 0 (20) 
0 
We then have: 


(X')(t) = Re {e7'*"* (1 |X" pa) } (21) 
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with: 


(pil X'ly2) = (pil Xlp2) — 5 (eile) 


2 f _ mx , Qa 

=- x sin — sin ——dx 
a Jo a a 

16a 
= OR? (22) 
Therefore: 
a 16a 
(X)(t) = 3 cg gat (23) 








0 2a/@>, 


Figure 6: Time variation of the mean value (X) corresponding to the wave packet’s 
motion plotted in Figure 5. The dashed line represents the position of a classical particle 
moving with the same period. Quantum mechanics predicts that the center of the wave 
packet will turn back before reaching the wall, as explained by the action of the potential 
on the “edges” of the wave packet. 





The variation of (X)(t) is represented in Figure 6. In dashed lines, the variation 
of the position of a classical particle has been traced, for a particle moving to and fro in 
the well with an angular frequency of w2, (since it is not subjected to any force except 
at the walls, its position varies linearly with t between 0 and a during each half-period). 

We immediately notice a very clear difference between these two types of motion, 
classical and quantum mechanical. The center of the quantum wave packet, instead of 
turning back at the walls of the well, executes a movement of smaller amplitude and 
retraces its steps before reaching the regions where the potential is not zero. We see 
again here a result of § D-2 of Chapter I: since the potential varies infinitely quickly at 
x =0Oand x = a, its variation within a domain of the order of the dimension of the wave 
packet is not negligible, and the motion of the center of the wave packet does not obey the 
laws of classical mechanics (see also Chapter III, § D-1-d-y). The physical explanation 
of this phenomenon is the following: before the center of the wave packet has touched 
the wall, the action of the potential on the “edges” of this packet is sufficient to make it 
turn back. 
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Comment: 


The mean value of the energy of the particle in the state |w(t)) calculated in (15) 
is easy to obtain: 


(Hf) = 5B + 5B. = By (24) 
as is: 

(HP) = 5B} + 5B = (25) 
which gives: 

AH = SE, (26) 


Note in particular that (H), (H?) and AH are not time-dependent; this could 
have been foreseen, since H is a constant of the motion. In addition, we see from 
the preceding discussion that the wave packet evolves appreciably over a time of 
the order of: 
1 
At + — (27) 


W21 
Using (26) and (27), we find: 


3 ha ooh 
AAP! Pee eS 2 
eS 58) Sapo (28) 


We again find the time-energy uncertainty relation (§ D-2-e of Chapter III). 


3. Perturbation created by a position measurement 


Consider a particle in the state |y,). Assume that the position of the particle is measured 
at time t = 0, with the result « = a/2. What are the probabilities of the different results 
that can be obtained in a measurement of the energy, performed immediately after this 
first measurement? 

One must beware of the following false argument: after the measurement, the 
particle is in the eigenstate of X corresponding to the result found, and its wave function 
is therefore proportional to 6(a —a/2); if a measurement of the energy is then performed, 
the various values E,, can be found, with probabilities proportional to: 


fw 6 (« - 5) py (x) 


Using this incorrect argument, one would find the probabilities of all values of E,, corre- 
sponding to odd n to be equal. This is absurd, since the sum of these probabilities would 
then be infinite. 


2 2/a if nis odd 


= |n(2)/- 0 


2 den. Ss 
0 if n is even 
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This error results from the fact that we have not taken the norm of the wave 
function into account. To apply the fourth postulate of Chapter III correctly, it is 
necessary to write the wave function as normalized just after the first measurement. 
However it is not possible* to normalize the function 5(2 — a/2). The problem posed 
above must be stated more precisely. 

As we saw in § E-2-b of Chapter III, an experiment in which the measurement 
of an observable with a continuous spectrum is performed never yields any result with 
complete accuracy. For the case with which we are concerned, we can only say that: 

—-7 Sas 


: (30) 


mls 
NI] mM 
mle 
Nl om 


where € depends on the measurement device used but is never zero. 
If we assume ¢ to be much smaller than the extension of the wave function before 


the measurement (here a), the wave function after the measurement will be practically 


fe 0) (« = S) [6)(x) is the null function everywhere except in the interval defined 
in (30), where it takes on the value 1/<; cf. Appendix II, § l-a]. This wave function is 


indeed normalized since: 


[ex|ve 6) (o-$)) =1 (31) 





S(E,) 
2e€ 
a 
2a 
0 z n 


13 5 7 9 11 13 15 17 


Figure 7: Variation with n of the probability P(E,) of finding the energy Ey, after a 
measurement of the particle’s position has yielded the result a/2 with an accuracy of 
e(e <a). The smaller ec, the greater the probability of finding high energy values. 





What happens now if the energy is measured? Each value FE, can be found with 





4We see concretely in this example that a 6-function cannot represent a physically realizable state. 
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the probability: 


2 


P(E,) = [[ ex@ve 6 (2-2) ae 


Se es a (=) if n is odd 
e \nr 2a 


0 if n is even 





(32) 


The variation with respect to n of P(E,,), for fixed e« and odd n, is shown in 
Figure 7. This figure shows that the probability P(E,,) becomes negligible when n is 
much larger than a/e. Therefore, however small ¢ may be, the distribution of probabilities 
P(E,,) depends strongly on ¢. This is why, in the first argument, where we set ¢ = 0 at 
the beginning, we could not obtain the correct result. We also see from the figure that the 
smaller ¢ is, the more the curve extends towards large values of n. The interpretation of 
this result is the following: according to Heisenberg’s uncertainty relations (cf. Chap. I, 
§ C-3), if one measures the position of the particle with great accuracy, one drastically 
changes its momentum. Thus kinetic energy is transferred to the particle, the amount 
increasing as € decreases. 
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Study of the probability current in some special cases 





1 Expression for the current in constant potential regions . . 283 
2 Application to potential step problems ............ 284 
2-a Case where BH > Vo... 2. ee 284 
2-b Case: where. F< Vo.e fee Os ae en cara ee Pee tg ee 285 
3 Probability current of incident and evanescent waves, in 


the case of reflection from a two-dimensional potential step 285 





The probability current associated with a particle having a wave function 7(r, t) 
was defined in Chapter III by the relation: 


J(r,t) = a 


~ Wmi 


[P*(r, t)V vr, t) — cc] (1) 


(where c.c. is an abbreviation for complex conjugate). In this complement, we shall study 
this probability current in greater detail in some special cases: one- and two-dimensional 
“square” potentials. 


1. Expression for the current in constant potential regions 


Consider a one-dimensional problem, with a particle of energy EF placed in a constant 
potential Vo. In Complement Hy, we distinguished between several cases. 


(2) When E > Vo, the wave function is written: 





a(x) = Act? 4 Ale te (2) 
with: 
h2 2 
payee (3) 
2m 
Substituting (2) into (1), we obtain: 
hk 
ieee A 2 A’ 2 4 
Je == (|AP - [AF] (a) 


The interpretation of this result is simple: the wave function given in (2) corresponds to 





two plane waves of opposite momenta p = +hk with probability densities |A|? and |A’|?. 
(it) When F < Vo, we have: 
Ua) = Be + Brer (5) 
with: 
h2 2 
WeE= 22 (6) 





2m 
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Figure 1: Potential step of height Vo. 








Substituting (5) into (1), we obtain: 
h 
Jy = = [iB*B! +c.c] (7) 
m 


In this case, we see that the two exponential waves must both have non-zero coefficients 
for the probability current to be non-zero. 


2. Application to potential step problems 


Let us apply these results to the potential step problems studied in Complements Hy, 
and Jy. We shall therefore consider a particle of mass m and energy E propagating in 
the Ox direction and arriving at x = 0 at a potential step of height Vo (Fig. 1). 


2-a. Case where EF > Vo 


Apply formula (4) to wave functions (11) and (12) of Complement Hy, setting, as 
in that complement: 


A = 0 (8) 
In region I, the probability current is: 


_ hy 
om 


A= — [JAiP - 1447] (9) 


and in region II: 
hk 
Jy = —|Ao? (10) 
m 


J, is the difference of two terms, the first one corresponding to the incident current 
and the second, to the reflected current. The ratio of these two currents gives the 
reflection coefficient R of the barrier: 


2 
! 
Ay 


R=|2 
Ay 


(11) 





which is precisely formula (15) of Complement Hy. 
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Similarly, the transmission coefficient T of the barrier is the ratio of the transmitted 
current Jj; to the incident current; we therefore have: 


ka 2 


oe 


Ag 


T ee 
Ay 


(12) 








and we again find relation (16) of Complement Hy. 


2-b. Case where EF < Yo 


Since the expression for the wave function yi(a) is the same as in § 2-a, relation 
(9) is still valid. However, in region II, the wave function is: 


gu(z) = Bye?" (13) 
(since, in equation (20) of Complement Hy, Bz = 0]. Using (7), we thus obtain: 
Jy =0 (14) 


The transmitted flux is zero, as is consistent with relation (24) of Hy. 

How should we interpret the fact that, in region II, the probability current is 
zero while the probability of finding the particle in this region is not? Let us refer to 
the results obtained in § 1 of Complement Jy. We saw that part of the incident wave 
packet enters the classically forbidden region II, and then turns back, before setting out 
in the negative x direction (this incursion into region II being responsible for the delay 
upon reflection). In the steady state, we shall therefore have two probability currents in 
region II: a positive current corresponding to the entrance into this region of part of the 
incident wave packet; a negative current corresponding to the return towards region I of 
this part of the wave packet. These two currents are exactly equal, so the overall result 
is zero. 

In the case of a one-dimensional problem, the structure of the probability current 
of the evanescent wave is therefore masked by the fact that the two opposite currents 
balance. This is why we are going to consider a two-dimensional problem, for the case 
of oblique reflection, so as to obtain a non-zero current and interpret its structure. 


3. Probability current of incident and evanescent waves, in the case of reflection 
from a two-dimensional potential step 


We shall consider the following two-dimensional problem: a particle of mass m, moving 
in the xOy plane, has a potential energy V(x, y) which is independent of y and given by: 
V(z,y)=0 if x<0 
V(z,y)=Vo if «>0 (15) 
The present case corresponds to the one studied in § 2 of Complement Fy: the 
potential energy V(z,y) is the sum of a function V,(x) (potential energy of a one- 


dimensional step) and a function V2(y), which is zero here. We can therefore look for a 
solution of the eigenvalue equation of the Hamiltonian in the form of a product: 


p(x, y) = pi(x) poy) (16) 


285 


COMPLEMENT By, ®@ 





The functions y)(x) and w2(y) satisfy one-dimensional eigenvalue equations which cor- 
respond respectively to Vi(x) and V2(y) and to energies FE, and E2 such that: 


E,+ FE, = FE (total energy of the particle) (17) 


We shall assume FE, < Vo: the equation giving yi(2) therefore corresponds to 
total reflection in a one-dimensional problem, and we can use formulas (11) and (20) 
of Complement Hy. As for the function yo(y), it can be obtained immediately since it 
corresponds to the case of a free particle (V2 = 0): it is a plane wave. We therefore have, 
in region I (x < 0): 


yi(x, y) = Acilkettkyy) 3 A’ eil(—kaatkyy) (18) 


with: 


2mE, 2mE2 
ke =f ky =f (19) 


and, in region II (a > 0): 








pu(z,y) = Be Ps ety (20) 


with: 


Px = mes Fy) (21) 


Equations (22) and (23) of Hy give us the ratios A’/A and B/A. Introducing the 
parameter 0 defined by: 





Px Vo a Ey TT 

tan 9@=— =4/ ; 0<@a<— 22 

a ky Fy , Tes ep: ( ) 
we obtain: 

A’ ky — iPx —2i0 

a fe a 2 

A ky +p ° (23) 
and: 

B 2k . 

— = ——*_ = 2cos Oe” 24 

A ky +ipey ee 2) 


Let us apply relation (1), which defines the probability current. We obtain, in 
region I: 


hky 
(Ji)2 = ~~ (IA)? — |4’?] = 0 
- hk hk me 
(At)y = a |Ae*e? + Al e- thee |? = a |A|?_ [2 + 2cos(2k,x + 20)] 
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Figure 2: The sum of the probability cur- 
rents associated with the incident and re- 
flected waves yields a probability current par- 
allel to Oy. 








and in region II: 


(Jie =0 
Ji (26) 


hk hk 
(Jt)y = — |B? e727? = —* AJA)? cos? 6 e~2P2# 
m m 


In region I, only the (Jj), component of the probability current is non-zero; this compo- 
nent is the sum of two terms: 





ac. 
7 y, 
\ I 
ae \ ) 
\ / | 
\ 
Kd hy 
sh 4 aia ee > x 
0 


Figure 3: Because of the interference between the incident and reflected waves, the prob- 
ability current in region I is an oscillatory function of x; in region II, it decreases expo- 
nentially (evanescent wave). 





— the term proportional to 2|A|? which results from the sum of the currents of the 
incident and reflected waves (cf. Fig. 2); 

— the term containing cos(2k,x2 + 20), which represents an interference effect. be- 
tween the two waves; it is responsible for the oscillation of the probability current with 
respect to x (cf. Fig. 3). 

In region II, the probability current is again parallel to Oy. Its exponential decay 
corresponds to the decay of the evanescent wave. This probability current arises from 
the fact that the wave packets do enter the second region (cf. Fig. 4) and, before turning 
back, propagate in the Oy direction for a time of the order of the reflection delay 7 [cf. 
Complement Jy, equation (10)]. This penetration is also related to the lateral shift of the 
wave packet upon reflection (cf. Fig. 4). 
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Figure 4: The penetration of the particle into region II leads to a lateral shift upon 
reflection. 
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1 The Heisenberg relation for P andQ.............. 289 


2 The “minimum” wave packet ............6..0.006. 290 





Two conjugate observables P and Q are two observables whose commutator [Q, P] 
is equal to ih. We shall show in this complement that the root mean square deviations 
(cf. § C-5 of Chapter IIT) AP and AQ, for any state vector of the system under study, 
satisfy the relation: 


AP.AQ > (1) 


We shall then show that if the system is in a state where the product AP.AQ is ex- 
actly equal to i/2, the wave function associated with this state in the {|q)} representation 
is a Gaussian wave packet (as is the wave function in the {|p)} representation). 


1. The Heisenberg relation for P and Q 


Consider the ket: 


ly) = (Q + iAP) |p) (2) 


where ) is an arbitrary real parameter. For all A, the square of the norm (y|) is positive. 
This is written: 


(gly) = (WI(Q — iAP)(Q + iAP) |) 
= (dQ? |v) + (LIGAQP — iAPQ) |b) + (IAP? |) 
= (Q*) + id([Q, P]) + ?(P?) 
= (Q’) — M+ (P?) > 0 (3) 
The discriminant of this expression, of second order in X, is therefore negative or zero: 
W? — 4(P?) (Q?) <0 (4) 
and we have: 


2 2 he 
(PYAQ*) 2 > 
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Assuming |w) to be given, let us now introduce the two observables Q’ and P’ 
defined by: 


P! = P—(P) = P-(W|PI¥) 
Q = Q— (Q) = Q—- IQ) (6) 
P' and Q’ are also conjugate observables, since we have: 
[Q', P'] =[Q, P] =ih (7) 
Result (5), obtained above for P and Q, is therefore also valid for P’ and Q’: 
' ' h? 
(P?)(Q?) > 0 (8) 


In addition, referring to definition (C-23) (Chap. II) of the root mean square 
deviation and using (6), we see that: 


AP = 4/(P2) 


AQ = /(Q”) (9) 


Relation (8) can therefore also be written: 





AP.AQ > (10) 


wlo 











Thus, if two observables are conjugate (as is the case when they correspond to a 
classical position x; and its conjugate momentum p;), there exists an exact lower bound 
for the product AP.AQ. We thus generalize the Heisenberg uncertainty relation. 


Comment: 


This argument can easily be generalized to two arbitrary observables A and B. 
One obtains: 


AA.AB > sll, BI) (11) 


2. The “minimum” wave packet 


When the minimum value of the product AP.AQ is attained: 


AP.AQ = (12) 


the state vector |W) is said to correspond to a minimum wave packet for the observables 
PandQ. 
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According to the preceding argument, relation (12) requires that the square of the 
norm of the ket: 


|e’) = (Q! + iAP’)|p) (13) 


be a second-order polynomial in A with a double root Ao. When » = Xo, the ket |p’) is 
therefore zero: 


(Q’ + oP’) |v) = [Q — (Q) + o(P — (P))] lv) = 0 (14) 
On the other hand, if AP.AQ > h/2, the polynomial which gives (y’|y’) can never be 
equal to zero (it is positive for all ). 

Therefore, the necessary and sufficient condition for the product AP.AQ to take 
on its minimum value fi/2 is that the kets (Q — (Q))|w) and (P —(P))|w) be proportional. 


The proportionality coefficient —iAo can easily be calculated. When AQ.AP = hi/2, the 
equation: 


(e' le") = (AP)? — K+ (AQ)? = 0 (15) 
has for its double root: 


yh _ 2(AQ?? 
oO APPZ Oh 








(16) 


Let us write relation (14) in the {|q)} representation (for simplicity, we assume 
that the eigenvalues q of Q to be non-degenerate). Using the fact (cf. Complement Eyr) 


that in this representation, P acts like Fda’ we obtain: 
dq 
d : 
ry — (Q) — iro(P)} ¥(q) = 0 (17) 

with: 

(gq) = (aly) (18) 
To integrate equation (17), it is convenient to introduce the function 6(q) defined by: 

v(q) = e46(q — (Q)) (19) 


Substituting (19) into (17), we thus obtain a more simple equation: 


d 
4 + doh | 6(q) =0 (20) 
whose solution is: 
O(g) = Ce-¥ /Pr0h (21) 


(where C is an arbitrary complex constant). Substituting (16) and (21) into (19), we 
obtain: 


-| 583 | 
$(q) =CelP)a/he | 240 (22) 
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This function can be normalized by setting: 


—1/4 


C = [2n(AQ)?| (23) 


We thus arrive at the following conclusion: when the product AP.AQ takes on 
its minimum value fi/2, the wave function in the {|g)} representation is a Gaussian 
wave packet, obtained from the Gaussian function 6(q) by transformation (19) (which is 
equivalent to two changes of the origin, one on the g-axis and one on the p-axis). 


Comment: 
This argument in the {|q)} representation can be repeated in the {|p)} represen- 
tation. One then finds that the wave function ~(p) defined by: 


a tn  ecasiye 24 
Up) = lb) = = / age" H(a) (24) 


is also a Gaussian function, given by: 


p—{P) ‘ 


W(p) = [20(AP)?] 1/4 -i(Q)p/F o "mar a 


to within a phase factor exp(i(Q)(P)/h). 
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Measurements bearing on only one part of a physical system 





1 Calculation of the physical predictions. ............ 293 
2 Physical meaning of a tensor product state.......... 295 
3 Physical meaning of a state that is not a tensor product . . 296 





The concept of a tensor product, introduced in § F of Chapter II, enabled us to 
see how to construct, starting with the state spaces of two subsystems, that of the global 
system obtained by considering them together. We intend to pursue this study here, 
using the postulates of Chapter IIT to see what results can be obtained, when the state 
of the global system is known, from measurements bearing on only one subsystem. 


1. Calculation of the physical predictions 


Consider a system composed of two parts (1) and (2) (for example, a system of two 
electrons). If €(1) and €(2) are the state spaces of parts (1) and (2), the state space of the 
global system (1)+(2) is the tensor product €(1) @€(2). For example, the state of a two- 
electron system is described by a wave function of six variables, (x1, yi, 213 £2, Y2; 22); 
associated with a ket of E€.(1) @ (2) (cf. Chap. II, § F-4-b). 

It is possible to imagine measurements that bear on only one of the two parts 
[part (1), for example] of the global system. The observables A(1) corresponding to 
these measurements are defined in €(1) @ €(2) by extending! the observables A(1) acting 
only in €(1) (cf. Chap. II, § F-2-b): 


A(1) => A(1) = A(1) @ 1(2) (1) 


where 1(2) is the identity operator in €(2). 

The spectrum of A(1) in E(1) @ E(2) is the same as that of A(1) in €(1). On 
the other hand, we have seen that all the eigenvalues of A(1) are degenerate in €(1) @ 
€(2), even if none of the eigenvalues of A(1) is degenerate in €(1) [on the condition, of 
course, that the dimension of €(2) be greater than 1]. When a measurement is made on 
system (1) alone, the global system may therefore be in several different states after the 
measurement, whatever the result (the state after the measurement depends not only on 
the result but also on the state before the measurement). From a physical point of view, 
this multiplicity of states corresponds to the degrees of freedom of system (2), about 
which no information is sought in the measurement. 

Let P,,(1) be the projector, in €(1), onto the eigensubspace related to the eigenvalue 
Gp, of A(1): 


Pa(1) = buh) (00 () 





1¥For the sake of clarity, we shall adopt throughout this complement different notations for A(1) and 
its extension A(1). 
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where the kets |u’,(1)) are gy, orthonormal eigenvectors associated with a,. Let P,,(1) be 
the projector, in €(1) ® €(2), onto the eigensubspace related to the same eigenvalue ay, 
of A(1). P,(1) is obtained by extending P,,(1) into E(1) ®@ E(2): 


P,(1) = P,(1) @ 1(2) (3) 


To write the identity operator 1(2) of E(2), let us use the closure relation for an arbitrary 
orthonormal basis {|v,(2))} of E(2): 


1(2) = S |ve(2)) (ve(2)| (4) 


k 
Substituting (4) into (3) and using (2), we obtain: 


n 


Pr(1) = D5 So lui ve (2)) (ui, (Lox (2) (5) 
k 


i=l 


Thus, knowing the state |~) of the global system (assumed to be normalized to 1), 
we can calculate the probability P“)(a,,) of finding the result a, in a measurement of 
A(1) on part (1) of this system. Using general formula (B-14) of Chapter III, which here 
gives: 


PY (an) = (| Pn(1){v) (6) 
we find: 
Pan) = 32> [ui (Lo (2)|w)/? (7) 
i=1 k 


Similarly, the state |w’) of the system after the measurement can be calculated; according 
to formula (B-31) of Chapter III, it is given by: 


oan (8) 


(| Pa (1) |) 


that is, using (5): 


» YD lui, (1) vx (2) (ui, (Lve(2)|) 
ly’) = = 4 (9) 


n 


d7 D2 (un (Loe (2) 1)? 


1k 


Mes: 


=. 
Il 





& 


© 
Il 


Comments: 


(i) The choice of an orthonormal basis {|v,(2))} in E(2) is arbitrary. We see from 
(3), (6) and (8) that the predictions concerning subsystem (1) do not depend 
on this choice. Physically, it is clear that if no measurement is performed on 
system (2), no state or set of states of this system can play a preferential role. 
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(21) 


(iii) 


If the state |) before the measurement is a tensor product: 


Ib) = le) @ Ix(2)) (10) 


[where |y(1)) and |y(2)) are two normalized states of €(1) and €(2) respec- 
tively], it is easy to see, using (3) and (8), that the state |2)’) is also a tensor 
product: 


Ib") = |e’) ® |x(2)) (11) 
with: 
ayy = Pallet) a 


V (eC) |Pa() |e) 


The state of system (1) has therefore changed, but not that of system (2). 
If the eigenvalue a, of A(1) is non-degenerate in €(1) — or, more generally, if 
A(1) actually represents a complete set of commuting observables of €(1) — 
the index 7 is no longer necessary in formula (2) and those which follow. The 
state of the system after a measurement yielding the result a, can always 
be put in the form of a product of two vectors. This can be seen by writing 
relation (9) in the form: 


|’) = [un (1)) ® |x’(2)) (13) 
where the normalized vector |,‘(2)) of E(2) is given by: 


» [ve(2)) (un (L)vn(2)|h) 


Ix'(2)) = (14) 
D | (tn (1) vx (2) |b) |? 


Therefore, whatever the state |y) of the global system before the measure- 
ment, the state of the system after a measurement bearing on part (1) alone 
is always a tensor product when this measurement is complete with respect 
to part (1) [although partial as regards the global system (1) + (2)]. 


Physical meaning of a tensor product state 


To see what a product state represents physically, let us apply the results of the preceding 
paragraph to the particular case where the initial state of the global system is of the form 
(10). We immediately obtain, using (6) and (3): 


PO (an) = (p(1)x(2)|Pa(1) ® 1(2)|e(1)x(2)) (15) 


The very definition of the tensor product P,(1) @ 1(2) and the fact that |(2)) is nor- 
malized then allow us to write: 


PO (an) = (p(1)|Pa(1)1e(1)) (x(2)|1(2)1x(2)) 


= (9(1)|Pa(t)|e()) (16) 
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Pan) does not depend on |x(2)), but only on |y(1)). When the state of the global 
system has the form (10), all physical predictions relating to only one of the two systems 
do not, therefore, depend on the state of the other one and are expressed entirely in 
terms of |y(1)) [or of |y(2))], depending on whether it is system (1) alone [or system (2) 
alone] that is being observed. 

A product state |y(1)) ®|x(2)) can therefore be considered to represent the simple 
juxtaposition of two systems, one in the state |y(1)) and the other in the state |y(2)). 
In such a state, the two systems are also said to be uncorrelated (more precisely, the 
results of the two types of measurements, bearing either on one system or on the other, 
correspond to independent random variables). Such a situation is realized when the two 
systems have been separately prepared in the states |y(1)) and |y(2)) and then united 
without interacting. 


3. Physical meaning of a state that is not a tensor product 


Now consider the case in which the state of the global system is not a product state, 
that is, where |W) cannot be written in the form |y(1)) ® |x(2)). The predictions of 
measurement results bearing on only one of the two systems can then no longer be 
expressed in terms of a ket |y(1)) [or |x(2))] in which system (1) [or (2)] would be 
found. In this case, general formulas (6) and (7) must be used to find the probabilities 
of the various possible results. We assume here without proof that such a situation 
generally reflects the existence of correlations between systems (1) and (2). The results of 
measurements bearing on either system (1) or system (2) correspond to random variables 
which are not independent and can therefore be correlated. It can be shown, for example, 
that an interaction between the two systems transforms an initial state which is a product 
into one which is no longer a product: any interaction between two systems therefore 
introduces, in general, correlations between them. 

When the state of the global system is not a product |y(1)) @|x(2)), how can each 
partial system (1) or (2) be characterized, since the ket |y(1)) or |x(2)) can no longer 
be associated with it? This question is very important since, in general, every physical 
system has interacted with others in the past (even if it is isolated at the instant when 
it is being studied). The state of the global system: { system (1) + system (2) with 
which it has interacted in the past } is therefore not in general a product state, and it 
is not possible to associate a state vector |y(1)) with system (1) alone. To resolve these 
difficulties, one must describe system (1), not by a state vector, but by an operator, called 
the density operator. The corresponding formalism, fundamental to statistical quantum 
mechanics, is introduced in Complement Ey (cf. § 5-b). 

However, system (1) can always be described by a state vector after a complete 
set of measurements has been performed on it. We have seen that whatever the state 
of the global system (1) + (2) before the measurement, a complete measurement on 
system (1) places the global system in a product state [cf. formulas (13) and (14)]. The 
vector associated with (1) is the unique eigenvector (to within a multiplicative factor) 
associated with the results of the complete set of measurements done on it. This set of 
measurements has therefore erased all correlations resulting from previous interactions 
between the two systems. If, at the moment of measurement, system (2) is already far 
away and no longer interacting with system (1), it can then be completely forgotten if 
one is interested only in system (1). 
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Comment: 


Nervertheless, the quantum state |/(2)) reached by system (2) depends in general? 
on the result of the measurements performed on system (1). This is easy to check 
with (14), when the state |q) before the measurement is not a product state. Such 
a result may seem extremely surprising: how can the state of system (2) after a 
series of measurements made on system (1) change as a function of the result of 
measurements performed on an arbitrarily remote system (1), with which is does 
not interact any longer? To this “paradox”, studied in detail by many physicists, 
are attached the names of Einstein, Podolsky and Rosen; it is discussed in § F-1 
of Chapter XXI. 


References and suggestions for further reading: 


The Einstein-Podolsky-Rosen paradox/argument: see also Do we really under- 
stand quantum mechanics?, F. Laloé, Cambridge University Press (2018), as well the 
subsection “Hidden variables and paradoxes” of section 5 of the bibliography; Bohm 
(5.1), §§ 22.15 to 22.19; d’Espagnat (5.3), Chap. 7. 

Photons produced in the decay of positronium: Feynman III (1.2), § 18.3; Dicke 
and Wittke (1.14), Chap. 7. 





Recall that this is not the case when |2)) is a product state; cf. comment (ii) of § 1 
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1. Outline of the problem 


Until now, we have considered systems whose state is perfectly well known. We have 
shown how to study their time evolution and how to predict the results of various mea- 
surements performed on them. To determine the state of a system at a given instant, 
it suffices to perform on the system a set of measurements corresponding to a C.S.C.O. 
For example, in the experiment studied in § A-3 of Chapter I, the polarization state of 
the photons is perfectly well known when the light beam has traversed the polarizer. 

However, in practice, the state of the system is often not perfectly determined. This 
is true, for example, of the polarization state of photons coming from a source of natural 
(unpolarized) light, and also for the atoms of a beam emitted by a furnace at temperature 
T, where the atoms’ kinetic energy is known only statistically. The problem posed by 
the quantum description of such systems is the following: how can we incorporate into 
the formalism the incomplete information we possess about the state of the system, so 
that our predictions make maximum use of this partial information? To do this, we shall 
introduce here a very useful mathematical tool, the density operator, which facilitates 
the simultaneous application of the postulates of quantum mechanics and the results of 
probability calculations. 


2. The concept of a statistical mixture of states 


When one has incomplete information about a system, one typically appeals to the 
concept of probability. For example, we know that a photon emitted by a source of 
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natural light can have any polarization state with equal probability. Similarly, a system 
in thermodynamic equilibrium at a temperature T has a probability proportional to 
e—Fn/kT of being in a state of energy Ep. 

More generally, the incomplete information one has about the system usually 
presents itself, in quantum mechanics, in the following way: the state of this system 
may be either the state |~,) with a probability p; or the state |q2) with a probability 
p2, etc... Obviously: 


pitpot+...= > pp =1 (1) 
k 


We then say that we are dealing with a statistical mixture of states |w1), |¢2), .... with 
probabilities p,, pa, ... 

Now let us see what happens to the predictions concerning the results of measure- 
ments performed on this system. If the state of the system were |,), we could use the 
postulates stated in Chapter III to determine the probability of obtaining one or another 
measurement result. Since such a possibility (the state |w,)) has a probability of pz, it 
is clear that the results obtained must be weighted by the p, and then summed over the 
various values of k, that is, over all the states of the statistical mixture. 


Comments: 


(i) The various states |y), |¢2), ... are not necessarily orthogonal. However, 
they can always be chosen normalized; in this complement, we shall assume 
that this is the case. 


(ii) Note that, in the present case, probabilities intervene at two different levels: 


— first, in the initial information about the system (until now, we have not 
introduced probabilities at this stage: we considered the state vector to 
be perfectly well known, in which case all the probabilities p, are zero, 
except one, which is equal to 1); 

— again, when the postulates concerning the measurement are applied (lead- 
ing to probabilistic predictions, even if the initial state of the system is 
perfectly well known). 


There are thus two totally different reasons necessitating the introduction 
of probabilities: the incomplete nature of the initial information about the 
state of the system (such situations are also envisaged in classical statistical 
mechanics), and the (specifically quantum mechanical) uncertainty related to 
the measurement process. 

(iti) A system described by a statistical mixture of states (with the probability 
pr of the state vector being |7),)) must not be confused with a system whose 
state |w) is a linear superposition of states!: 


lv) = So cxlve) (2) 
k 





1We assume, in this comment (iii), that the states |7,) are orthonormal. This hypothesis is not 
essential but it simplifies the discussion. 
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It is often said in quantum mechanics, when the state vector is the ket |W) 
given in (2), that “the system has a probability |c;,|? of being in the state 


|e)”. 


If we want to be precise, this must be understood to mean that if we perform 
a set of measurements corresponding to a C.S.C.O. which has |W) as an 
eigenvector, the probability of finding the set of eigenvalues associated with 
|x) is |cx|?. But we have stressed, in § E-1 of Chapter III, the fact that 
a system in the state |) given in (2) is not simply equivalent to a system 
having the probability |c1|? of being in the state |q1), |ca|? of being in the state 
|we), etc... In fact, for a linear combination of |y,), there exist, in general, 
interference effects between these states (due to cross terms of the type cxcj,, 
obtained when the modulus of the probability amplitudes is squared) which 
are very important in quantum mechanics. 


We therefore see that it is impossible, in general, to describe a statistical 
mixture by an “average state vector” which would be a superposition of the 
states |y,). As we indicated earlier, when we take a weighted sum of prob- 
abilities, we can never obtain interference terms between the various states 
|W.) of a statistical mixture. 


3. The pure case. Introduction of the density operator 


To study the behavior of a statistical mixture of states, we have envisaged one method: 
calculation of the physical predictions corresponding to a possible state |~,); weighting 
the results so obtained by the probability pz, associated with this state and summation 
over k. Although correct in principle, this method often leads to clumsy calculations. We 
have indicated [comment (i7¢)] that it is impossible to associate an “average state vector” 
with the system. Actually, it is an “average operator” and not an “average vector” which 
permits a simple description of the statistical mixture of states: the density operator. 

Before studying this general case, we shall return to the simple case where the 
state of the system is perfectly known (all the probabilities pz, are zero, except one). The 
system is then said to be in a pure state. We shall show that characterizing the system by 
its state vector is completely equivalent to characterizing it by a certain operator acting 
in the state space, the density operator. The usefulness of this operator will become 
apparent in § 4, where we shall show that nearly all the formulas involving this operator, 
and derived for the pure case, remain valid for the description of a statistical mixture of 
states. 


3-a. Description by a state vector 


Consider a system whose state vector at the instant ¢ is: 
I(t) = So en(t)|un) (3) 
n 


where the {|u,,)} form an orthonormal basis of the state space, assumed to be discrete 
(extension to the case of a continuous basis presents no difficulties). The coefficients 
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Cn(t) satisfy the relation: 
do len(e)P =1 (4) 


which expresses the fact that |(t)) is normalized. 
If A is an observable, with matrix elements: 
(Un|AlUp) = Anp (5) 


the mean value of A at the instant t is: 


(A)(t) = (MOIAIY() = Lal) (6) 
Finally, the evolution of |¢(t)) is described by the Schrédinger equation: 


d 
ihe WO) = BOM) (7) 


where H(t) is the Hamiltonian of the system. 


3-b. Description by a density operator 


Relation (6) shows that the coefficients c,,(t) enter into the mean values through 
quadratic expressions of the type c(t) c,(t). These are simply the matrix elements of 
the operator |~(t)) (W(t)|, the projector onto the ket |wW(t)) (cf. Chap. II, § B-3-b), as 
can be seen from (3): 


(up|v(t)) (b(t) /un) = en (t) ep(t) (8) 
It is therefore natural to introduce the density operator p(t), defined by: 
p(t) = |b(t)) ((t)| (9) 


The density operator is represented in the {|u,,)} basis by a matrix called the density 
matrix whose elements are: 


Ppn(t) = (Up|p(t) lun) = en (t) ep(t) (10) 


We are going to show that the specification of p(t) suffices to characterize the 
quantum state of the system; that is, it enables us to obtain all the physical predictions 
that can be calculated from |(t)). Let us write formulas (4), (6) and (7) in terms of 
the operator p(t). According to (10), relation (4) indicates that the sum of the diagonal 
elements of the density matrix is equal to 1: 


S len (t) |? = 5 Pnn(t) = Tr p(t) = 1 (11) 


In addition, using (5) and (10), formula (6) becomes: 


(A)(t) = D2 (up|o(t) lun) (un|Alup) 
= S (up| p(t) Alup) 
= Tr {p(t) A} (12) 
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Finally, the time evolution of the operator p(t) can be deduced from the Schrédinger 
equation (7): 


sO = (G18) (ol + We) (Fw!) 


= FZ HOWO) WO + WO) WOO 


(—ih) 
1 
= 5 [H(), a(t) (13) 
i 
Therefore, in terms of the density operator, conservation of probability is expressed 
by: 
Tr p(t) = 1 (14) 


The mean value of an observable A is calculated using the formula: 


(A)(t) = Tr {o(t) A} = Tr {Ap(t)} (15) 


and the time evolution obeys the equation: 


in p(t) = (H(t), p(t) (16) 
For completeness, we must also indicate how to calculate from p(t) the probabilities P(a,,) 
of the various results a, which can be obtained in the measurement of an observable A 
at time t. Actually, formula (15) can be used to do this. We know [see equation (B-14) 
of Chapter II]] that P(a,,) can be written as a mean value, that of the projector P, onto 
the eigensubspace associated with ay: 


Plan) = (W(t) |Palb(t)) (17) 
Using (15), we therefore obtain: 

P(an) = Tr {Pn p(t)} (18) 
3-c. Properties of the density operator in a pure case 


In a pure case, a system can be described just as well by a density operator as by 
a state vector. However, the density operator presents a certain number of advantages. 

First of all, we see from (9) that two state vectors |y)(t)) and e?|w(t)) (where 6 is 
a real number), which describe the same physical state, correspond to the same density 
operator. Using this operator therefore eliminates the drawbacks related to the existence 
of an arbitrary global phase factor for the state vector. Moreover, we see from (14), 
(15) and (18) that the formulas using the density operator are linear with respect to it, 
while expressions (6) and (17) are quadratic with respect to |¢(t)). This is an important 
property which will be useful subsequently. 

Finally, let us mention some properties of p(t), which can be deduced directly from 
its definition (9): 


p'(t) = p(t) (19) 
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(the density operator is Hermitian) 
p(t) = p(t) (20) 
Trp) (21) 
These last two relations, which follow from the fact that p(t) is a projector, are true only 
in a pure case. We shall see later that they are not valid for a statistical mixture of 
states. 


4. A statistical mixture of states (non-pure case) 


4-a. Definition of the density operator 


We now return to the general case described in § 1, and consider a system for 
which (at a given instant) the various probabilities p1, po, ... pr, ... are arbitrary, on the 
condition that they satisfy the relations: 


0 < P15 P25 ++) Dky < 1 


> pe = 1 
k 


(22) 


Under these conditions, how does one calculate the probability P(a,) that a measurement 
of the observable A will yield the result a,,? 
Let: 


Pr(an) = (kl Prlbe) (23) 


be the probability of finding a, if the state vector were |y,). To obtain the desired 
probability P(a,), one must, as we have already indicated, weight Px(an) by pz and 
then sum over k: 


P(an) a So px Pr(an) (24) 
k 
Now, from (18), we have: 
Pr (Gn) = Tr {Pk Pat (25) 
where: 
pr = |We) (Wel (26) 


is the density operator corresponding to the state |y~,). Substituting (25) into (24), we 
have: 


P(an) = D> pe Tr {px Pn} 
k 
= Tr {en Pk P| 
k 
= Tr {pP,} (27) 
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where we have set: 


p= > pk pr (28) 
k 


We therefore see that the linearity of the formulas which use the density operator 
enables us to express all physical predictions in terms of p, the average of the density 
operators pz with weights pz; p is, by definition, the density operator of the system. 


Comment: 


An ensemble of pure states |¢;,) with probabilities p; leads to a single density operator p, but the 
reverse is not true in general: the same density operator can be interpreted as several different 
statistical mixtures of pure states. For instance, in a space of states with dimension N, a 
statistical mixture of the N states of a given basis |un) with the same probability 1/N leads to a 
density operator that is the unit operator, divided by N; but the same operator may be obtained 
with a statistical mixture of the kets of any other basis |v,). These various ensembles lead to the 
same probabilities P(an), and cannot be distinguished by measuring these probabilities. This 
situation is sometimes described as the “multiple preparations” of the same density operator. 


4-b. General properties of the density operator 


Since the coefficients pz, are real, p is obviously a Hermitian operator like each of 
the Pk- 
Let us calculate the trace of p; it is equal to: 
Trp= S> pe Tr Pk (29) 
k 
Now, as we saw in § 3-b, the trace of p, is always equal to 1; it follows that: 


Trop= So pp=1 (30) 
k 


Relation (14) is therefore valid in the general case. 

We have already given, in (27), the expression that enables us to calculate the 
probability P(a,) in terms of p. Using this expression, we can easily generalize formula 
(15) to statistical mixtures: 


(A) = S° anP (an) =Tr {pdr 


= Tr {pA} (31) 


[we have used formula (D-36-b) of Chapter II]. 

Now let us calculate the time evolution of the density operator. To do this, we shall 
assume that, unlike the state of the system, its Hamiltonian H(t) is perfectly well known. 
One can then easily show that if the system at the initial time to has the probability p, 
of being in the state |~,), then, at a subsequent time ¢, it has the same probability p, of 
being in the state |~,(t)) given by: 


in Wx) = H(t)|vx(t)) 
lve (to)) = lx) 


(32) 
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The density operator at the instant t will then be: 


p(t) = 1s Prp(t) (33) 
k 


with: 
pr(t) = |be(t)) (e(t)| (34) 
According to (16), px(t) obeys the evolution equation: 
d 
th pa(t) = [H(z), px(t)] (35) 


The linearity of formulas (33) and (35) with respect to p;(t) implies that: 
d 
ihe elt) = LA), o)] (36) 


We can therefore generalize to a statistical mixture of states all the equations of 
§ 3, with the exception of (20) and (21). We see that, since p is no longer a projector, 
we have, in general?: 


p #p (37) 
and, consequently: 
Tipe a (38) 


Moreover, it is sufficient that one of the equations, (20) or (21), be satisfied for us to be 
sure that we are dealing with a pure state. 
Finally, we see from definition (28) that, for any ket |u), we have: 


(ulp|u) = Se (ulpelu) 
k 
= SF rel (ule)? (39) 
k 
and consequently: 


(u|p|u) > 0 (40) 


p is therefore a positive operator. 





2Assume, for example, that the states |,) are mutually orthogonal. In an orthonormal basis in- 
cluding the |~,), p is diagonal and its elements are the p,. To obtain p?, we simply replace pz by 
Py: Relations (37) and (38) then follow from the fact that the pz, are always less than 1 (except in the 
particular case where only one of them is non-zero: the pure case). 
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4-c. Populations; coherences 


What is the physical meaning of the matrix elements p,, of p in the {|u,,)} basis? 
First, let us consider the diagonal element pyj,. According to (28), we have: 


k 


that is, using (26) and introducing the components: 


ch) = (un |e) (42) 


of |®,) in the {|u,)} basis: 


Pnn = So px 
k 


2 
is a positive real number, whose physical interpretation is the following: if the 


2 
of") 








(43) 


(k) 


Cn 





state of the system is |q,), this number is the probability of finding, in a measurement, 
this system in the state |u,,.). According to (41), if we take into account the indeterminacy 
of the state before the measurement, pny represents the average probability of finding 
the system in the state |u,). For this reason, pny is called the population of the state 
lun): if the same measurement is carried out N times under the same initial conditions, 
where N is a large number, Nyy systems will be found in the state |u,). It is evident 
from (43) that pny is a positive real number, equal to zero only if all the \c\*) |? 

A calculation analogous to the preceding one gives the following expression for the 
non-diagonal element pnp: 


are Zero. 


Pnp = S- pr chk) ol) (44) 
k 


ohh) lk is a cross term, of the same type as those studied in § E-1 of Chapter III. It 


reflects the interference effects between the states |u,,) and |u,) which can appear when 
the state |.) is a coherent linear superposition of these states. According to (44), pnp 
is the average of these cross terms, taken over all the possible states of the statistical 
mixture. In contrast to the populations, pn, can be zero even if none of the products 
ohh) lk is: while pny is a sum of real positive (or zero) numbers, pnp, is a sum of 
complex numbers. If pp, is zero, this means that the average (44) has cancelled out any 
interference effects between |u,) and |u,). On the other hand, if p,, is different from 
zero, a certain coherence subsists between these states. This is why the non-diagonal 
elements of p are often called coherences. 


Comments: 


(1) The distinction between populations and coherences obviously depends on 
the basis {|u,)} chosen in the state space. Since p is Hermitian, it is always 
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possible to find an orthonormal basis {|x;)} where p is diagonal. p can then 
be written: 


p= Som Ix1) bal (45) 
l 
Since p is positive [relation (40)] and Tr p = 1, we have: 
O<m<1 
S> m=1 
1 


p can thus be considered to describe a statistical mixture of the states |x7) 
with the probabilities 7 (there are no coherences between the states |yz)). 


(46) 


(iz) If the kets |u,) are eigenvectors of the Hamiltonian H, which is assumed to 
be time-independent: 


Hun) = En|tn) (47) 


we obtain directly from (36): 


d 
“ (48) 
th, Pro(t) = (En — Ep) Pnp 
that is: 
Pnn(t) = constant 
(49) 


Pnp\(t) = eh (Bp En)t y,4(0) 


The populations are constant, and the coherences oscillate at the Bohr fre- 
quencies of the system. 


(iit) Using (40), one can prove the inequality: 
PnnPpp 2 [Pnp|” (50) 
It follows, for example, that p can have coherences only between states whose 
populations are not zero. 


5. Use of the density operator: some applications 


5-a. System in thermodynamic equilibrium 


The first example we shall consider is borrowed from quantum statistical mechan- 
ics. Consider a system in thermodynamic equilibrium with a reservoir at the absolute 
temperature T. It can be shown that its density operator is then: 


p= Zr) @—H/kT (51) 


308 


@ THE DENSITY OPERATOR 





where H is the Hamiltonian operator of the system, k is the Boltzmann constant, and Z 
is a normalization coefficient chosen so as to make the trace of p equal to 1: 


Z= Tr (e H/T) (52) 


(Z is called the “partition function”). 
In the {|u,)} basis of eigenvectors of H, we have (cf. Complement Bry, § 4-a): 


Pnn = a (ile AMEE a. 


S97) ga E a (ke (53) 
and: 


pnp = Z7* (un|e-#/*F jp) 
= Ze Bel FT (ay, Up) 


=) (54) 


At thermodynamic equilibrium, the populations of the stationary states are exponentially 
decreasing functions of the energy (the lower the temperature T, the more rapid the 
decrease), and the coherences between stationary states are zero. 

More details on the use of the density operator in statistical mechanics and at 
thermal equilibrium are given in Appendix VI of Volume III. 


5-b. Separate description of part of a physical system. Concept of a partial trace 


We now return to the problem mentioned in § 3 of Complement Dr. Consider two 
different systems (1) and (2) and the global system (1) + (2), whose state space is the tensor 
product: 


€ = E(1) BE(2) (PD) 


Let {Jun(1))} be a basis of E(1) and {|v,(2))} a basis of €(2); the kets |un(1)) |vp(2)) form a 
basis of €. 

The density operator p of the global system is an operator which acts in €. We saw in 
Chapter II (cf. § F-2-b) how to extend into € an operator which acts only in €(1) [or €(2)]. 
We are going to show here how to perform the inverse operation: we shall construct from p an 
operator p(1) [or p(2)] acting only in €(1) [or €(2)]. This will enable us to make all the physical 
predictions about measurements bearing only on system (1), or on system (2). This operation 
will be called a partial trace with respect to (2) [or (1)]. 

Let us introduce the operator p(1) whose matrix elements are: 


(um(1)|o(1) [een (1) = $2 (ern (1) (ep(2)1) p (lune (1)) fev(2))) (56) 


Pp 


By definition, p(1) is obtained from p by performing a partial trace on (2): 
p(1) = Trap (57) 
Similarly, the operator: 


p(2) = Trip (58) 
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has matrix elements: 
(vp(2)|o(2)Ivp"(2)) = S> ((wn(4)I(%»(2)1) 0 (lun (2)) er (2))) (59) 


It is clear why these operations are called partial traces. We know that the (total) trace of p is: 


Tre = J) D> ( (em(1)1 vo(2)1)o(Ir(1)) le»(2))) (60) 


The difference between (60) and (56) [or (59)] is the following: for the partial traces, the indices 
n and n’ (or p and p’) are not required to be equal and the summation is performed only over 
p (or n). We have, moreover: 


Trp = Tri(Trep) = Tre(Trip) (61) 


p(1) and p(2) are therefore, like p, operators whose trace is equal to 1. It can be verified from 
their definitions that they are Hermitian, and that they satisfy all the general properties of a 
density operator (cf. § 4-b). 

Now let A(1) be an observable acting in €(1), and A(1) = A(1) ® 1(2) its extension in €. 
We obtain, using (31), the definition of the trace, and the closure relation on the {|un(1))|vp(2))} 
basis: 


(A(1)) = Tr {pA()} 


= SIH (un ()l(v9(2)1) (lene (1))1epr(2))) 


- x ((tn(1)| ep" (2)1) AQ) @ 1(2) (un(1))Ivp(2))) 
= > (um) le (2)1) (lew )dler(2))) 


(Un (1)|A(1) [un (1) (ep (2) [vp (2)) (62) 
Now: 
(Up: (2) up(2)) = Spp! (63) 
We can therefore write (62) in the form: 
(A(1)) = 5° [tester (tn (1) |A(1)/un(1)) (64) 


Inside the brackets on the right-hand side of (64), we recognize the matrix element of p(1) 
defined in (56). We therefore have: 


(A(1)) = $2 (un(1)|e(1) lune (L)) (ttn (1) A (2) [een (1) 


n,n! 


= S7(un(1)|e(1)A(L) [un(1)) 


= Tr {p(1)A(1)} (65) 
Let us compare this result with (31). We see that the partial trace p(1) enables us to 


calculate all the mean values (A(1)) as if the system (1) were isolated and had p(1) for a density 
operator. Making the same comment as for formula (17), we see that (1) also enables us to 


obtain the probabilities of all the results of measurements bearing on system (1) alone. 
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Comments: 


(7) 


(iii) 


We saw in Complement Dy that it is impossible to assign a state vector to system 
(1) [or (2)] when the state of the global system (1) + (2) is not a product state. 
We now see that the density operator is a much more simple tool than the state 
vector. In all cases (whether the global system is in a product state or not, whether 
it corresponds to a pure case or to a statistical mixture), one can always, thanks 
to the partial trace operation, assign a density operator to subsystem (1) [or (2)]. 
This permits us to calculate all the physical predictions about this subsystem. 


Even if p describes a pure state (Tr p? = 1), this is not in general true of the density 
operators p(1) and p(2) obtained from p by a partial trace. It can be verified from 
(56) [or (59)] that Tr {p?(1)} [or Tr {p?(2)}] is not generally equal to 1. This is 
another way of saying that it is not in general possible to assign a state vector to 
(1) [or (2)], except, of course, if the global system is in a product state. 


If the global system is in a product state: 


Ib) = le) )1x(2)) (66) 


we can verify directly that the corresponding density operator is written: 
p = o(1) ®7(2) (67) 


with: 


o(1) = |eQ))(eQ)| 
B Ix(2))(x(2)| (68) 


More generally, we can envisage states of the global system for which the density 
operator p can be factored as in (67) [o(1) and 7(2) can correspond to statistical 
mixtures as well as to pure cases]. The partial trace operation then yields: 


Tro {o(1) @ 7(2)} = o(1) 
Tr {o(1) ® 7(2)} = 7(2) (69) 


An expression such as (67) therefore represents the simple juxtaposition of a sys- 
tem (1), described by the density operator o(1), and a system (2), described by the 
density operator 7(2). 


Starting with an arbitrary density operator p [that cannot be factored as in (67)], 
let us calculate p(1) = Tre p and p(2) = Tri p. Then let us form the product: 


p = p(1) @ p(2) (70) 


Unlike the case envisaged in comment (i27), p’ is in general different from p. When 
the density operator cannot be factored as in (67), there is therefore a certain 
“correlation” between systems (1) and (2), which is no longer contained in the 
operator p’ of formula (70). 


If the evolution of the global system is described by equation (36), it is in general 
impossible to find a Hamiltonian operator relating to system (1) alone that would 
enable us to write an analogous equation for p(1). While the definition, at any 
time, of p(1) in terms of p is simple, the evolution of p(1) is much more difficult to 
describe. 
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References and suggestions for further reading: 


Articles by Fano (2.31) and Ter Haar (2.32). Using the density operator to study 
relaxation phenomena: Abragam (14.1), Chap. VIII; Slichter (14.2), Chap. 5; Sargent, 
Scully and Lamb (15.5), Chap. VII. 
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Complement Fi 


The evolution operator 





1 General properties... 1... 2.2... eee eee ee ee ee 313 


2 Case of conservative systems ..........06-0-00000. 315 





In § D-1-b of Chapter III, we saw that the transformation of |W(to)) (the state 
vector at the initial instant to) into |(t)) (the state vector at an arbitrary instant) is 
linear. There therefore exists a linear operator U(t, to) such that: 


|(t)) = U(E, to) |W(to)) (1) 
We intend to study here the principal properties of U(t, to), which is, by definition, 


the evolution operator of the system. 


1. General properties 
Since the ket |2(to)) is arbitrary, it is clear from (1) that: 
U(to, to) =1 (2) 


Also, substituting (1) into the Schrédinger equation, we obtain: 


ihSU(t,to)|(t0)) = H(U (eto) (C0) 8) 


from which, for the same reason as above: 


0 
tha Ult, to) = HUE, to) (4) 
The first-order differential equation (4) completely defines U(t,to), taking the initial 
condition (2) into account. Note, moreover, that (2) and (4) can be condensed into a 
single integral equation: 

t 


U(t,to) =1- Z H(t!)U(t, to)at! (5) 


Now let us consider the parameter to, which appears in U(t,to) as a variable 0’, 
just like t. We then write (1) in the form: 


w)) = UE e)YE@)) (6) 
But |7(t’)) can itself be obtained from a formula of the same type: 
we)) = UE”) b(t") (7) 
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Substitute (7) into (6): 

IW) = UE) UE) we")) (8) 
Since, moreover, |w(t)) = U(t,t”)|W(t”)), we deduce (|w(t”)) being arbitrary): 

U(t,t”) = U(t, tv’) U(t',".t”) (9) 
It is easy to generalize this procedure and to obtain: 

U(tn, ti) = U(tn, tn_1) ... U (ts, ta) U (te, t1) (10) 


where t1, to, ..., tn are arbitrary. If we assume that t, < tg < t3 <... < tn, formula (10) 
is simple to interpret: to go from ¢, to t,, the system progresses from t, to tg, then from 
ta to tz, ..., then, finally from t,_1 to ty. 

Set t’” =t in (9); taking (2) into consideration, we obtain: 


1 = U(t,t') U(t',t) (11) 
or, interchanging the roles of ¢ and t’: 

1 = U(t',t) U(t,t’) (12) 
We therefore have: 

U(t',t) =U-V(t,t’) (13) 


Now let us calculate the evolution operator between two instants separated by dt. 
To do this, write the Schrédinger equation in the form: 


d|b(t)) = [p(t + dé)) — |o(@)) 


= -LA(jo@yat (14) 
that is: 

jo(e + at) = [1 Far eae] [0(e) (15) 
We then obtain, using the very definition of U(t + dt, t): 

U(t+dt,t) =1- + H(t)dt (16) 


U(t+ dt, t) is called the infinitesimal evolution operator. Since H(t) is Hermitian, U(t + 
dt, t) is unitary (cf. Complement Cyy, § 3). It follows that U(t,t’) is also unitary since the 
interval [t, t’] can be divided into a very large number of infinitesimal intervals. Formula 
(10) then shows that U(t,t’) is a product of unitary operators; it is therefore a unitary 
operator. One can consequently write (13) in the form: 


Ut(t,t’) =U, ) = V(t’, t) (17) 


It is not surprising that the transformation U(t,t’) is unitary, that is, that it conserves 
the norm of vectors on which it acts. We saw in Chapter III (cf. § D-1-c) that the norm 
of the state vector does not change over time. 
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2. Case of conservative systems 


When the operator H does not depend on time, equation (4) can easily be integrated; 
taking the initial condition (2) into account, we obtain: 


U(t, to) = et to) /h (18) 


One can verify directly from this formula all the properties of the evolution operator 
cited in § 1. 

It is very simple to go from formula (D-52) to (D-54) of Chapter III using (18). It 
suffices to apply the operator U(t,to) to both sides of (D-52), noting that, since |p») 
is an eigenvector of H with the eigenvalue E,,: 


U(t, to) |\Yn,r) = e tH (tto)/Fln = eg Barton cf (19) 
Comments: 
(1) When H is time-dependent, one might be tempted to believe, by analogy with 


formula (18), that the evolution operator is equal to the operator V(t, to) 
defined by: 


t')dt’ 


V (t,t) =e FSi (20) 


Actually, this is not true, since the derivative of an operator of the form e? ©) 
is not in general equal to F’(t)e”) (cf. Complement Bn, § 5-c): 


RLV (tst0) # H(t)V(t, to) (21) 
Let us again consider the experiments described in § E-1-b of Chapter III. 
As we have already indicated [comment (27) of § E-1-b-(], it is not necessary 
to assume that the measurements of the various observables A, B and C 
are made very close together in time. When the system has had the time 
to evolve between two successive measurements, the variations of the state 
vector can easily be taken into account by using the evolution operator. If 
to, t; and t2 designate respectively the instants at which the measurements 
of A, B and C are performed, we then replace (E-15) by: 


Pa(c) = |(vclU (ta, to)|ua) |” (22) 
and (E-17) by: 
Pa(b, c) = |(velU (ta, t1) we) |? |(wo|U (ta, to) wa) |? (23) 


We then have, using (9): 
(ve|U (ta, to) |ta) = (ve|U (t2, t1) U(t1, to) |Ua) 
= Do (vclU (ta, t1) we) (we|U (er, to) |t4a) (24) 
b 
Substituting (24) into (22), we see, as in (E-21), that P,(c) is not equal to 
xe Palby c), 
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References and suggestions for further reading: 


The evolution operator is of fundamental importance in collision theory (see Chap- 
ter VIII) and time-dependent perturbation theory (see Chapter XIII), as well as in 
the study of the interactions between atoms and photons (see Chapter XX). 


316 


@ THE SCHRODINGER AND HEISENBERG PICTURES 





Complement Gj, 


The Schrédinger and Heisenberg pictures 





In the formalism developed in Chapter III, it is the time-independent operators 
which correspond to the observables of the system (cf. Chap. III, § D-1-d). For example, 
the position, momentum and kinetic energy operators of a particle do not depend on 
time. The evolution of the system is entirely contained in that of the state vector |w(t)) 
{here written |qs(t)), for reasons which will be evident later] and is obtained from the 
Schrédinger equation. This is why this approach is called the Schrédinger picture. 

Nevertheless, we know that all the predictions of quantum mechanics (probabilities, 
mean values) are expressed in terms of scalar products of a bra and a ket or matrix 
elements of operators. Now, as we saw in Complement Cy, these quantities are invariant 
when the same unitary transformation is performed on the kets and on the operators. 
This transformation can be chosen so as to make the transform of the ket |yg(t)) a time- 
independent ket. Of course, the transforms of the observables cited above then depend 
on time. We thus obtain the Heisenberg picture. 

To avoid confusion, in this complement, we shall systematically assign an index 
S to the kets and operators of the Schrédinger picture and an index H to those of 
the Heisenberg picture. The index S can be considered to be implicit in all the other 
complements and chapters where only the Schrédinger picture is used. 

The state vector |Wgs(t)) at the instant t is expressed in terms of |ygs(to)) by the 
relation: 


|ws(t)) = U(t, to) |Ws(to)) (1) 
where U(t, to) is the evolution operator (cf. Complement Fy). Since this operator is 
unitary, it is sufficient to perform the unitary transformation associated with the operator 
U'(t, to) to obtain a constant transformed vector |q77): 

|v) = Ul (t, to)|Ws(t)) = U'(t, to) U(t, to) |Ys(to)) 

= |bs(to)) (2) 
In the Heisenberg picture, the state vector, which is constant, is therefore equal to |7s(t)) 
at time to. 
The transform Aj;;(t) of an operator Ag(t) is given by (Complement Cy, § 2): 
An(t) = U'(t, to) As(t) U(E, to) (3) 


As we have already seen, Ay(t) generally depends on time, even if Ag does not. 

Nevertheless, there exists an interesting special case in which, if Ag is time- 
independent, the same is true of Ay: the case in which the system is conservative (Hg 
does not depend on time) and Ag commutes with Hg (Ag is then a constant of the 
motion; cf. Chap. III, § D-2-c). In this case, we have: 


U (Eto) =e ee ye (4) 


If the operator Ag commutes with Hg, it also commutes with U(t,to) (cf. Comple- 
ment Br, § 4-c), so that: 


Aun(t) = U'(E, to) U(t, to) As = As (5) 
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The operators Ag and Ay are therefore simply equal in this case (in particular, Hy = Hy, 
and the indices S and H are, in reality, unnecessary for the Hamiltonian). Since they 
are time-independent, we see that they indeed correspond to a constant of the motion. 

When Asg(t) is arbitrary, let us calculate the evolution of the operator A;,(t). Using 
relation (4) of Complement Fy, as well as its adjoint, we obtain: 





G Ault) = — ZU" (ito) Hs(t)As(t) U6 to) + O"(t to) BUG, t) 
+ ZU (t,to)As(t)Hs(tU(E, to) (6) 


In the first and last terms of this expression, let us insert between Ag and Hg the 
product U(t, to)U'(t, to), which is equal to the identity operator [formula (17) of Com- 
plement Fy]: 








© Ault) = ~qU"(t, to) Hs(QU(t to)U(, to) As(t)U(, to) 
+Ut(t, 19) 480 U(t, to) 
+ SUN (t,to)As(t)U(t,to)U*(t, to) Hs(t)U (isto) (7) 


According to definition (3), we finally obtain: 


ind Ante) = (AH) He) Dan (<;4s0) F (8) 


Comments: 


(i) Historically, the first picture was developed by Schrédinger, leading him to 
the equation which bears his name, and the second one, by Heisenberg, who 
calculated the evolution of matrices representing the various operators Ay (t) 
(hence the name “matrix mechanics”). It was not until later that the equiv- 
alence of the two approaches was proved. 


(ii) Using (8), one immediately obtains equation (D-27) of Chapter III as we shall 
now show. In the Heisenberg picture, the evolution of the mean value 


(A)(t) = (Ws(t)|As()|ds(t)) 


can be calculated, since: 


(A)(t) = (bo|An(t)|¥x) (9) 


On the right-hand side of (9), only Ay(t) depends on time, so (D-27) can be 
obtained directly by differentiation. Note, nevertheless, that equation (8) is 
more general than (D-27) since, instead of expressing the equality of two mean 
values (that is, two matrix elements of operators), it expresses the equality 
of two operators. 
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(iii) When the system under consideration is composed of a particle of mass m 
under the influence of a potential, equation (8) becomes very simple. We 
then have (confining ourselves to one dimension): 

P. 2 
Hs(t) = 5 + V(Xs,t) (10) 


2m 
and therefore [cf. formula (35) of Complement Cy]: 
Ree 
Huy(t) = > + V(Xu,t) (11) 
2m 


Substituting (11) into (8) and using the fact that [Xy, Py] = [Xs, Ps] = ih, 
we obtain, by an argument analogous to that of § D-1-d of Chapter III: 


d 1 
queue) = Pat) 
d OV 


These equations generalize the Ehrenfest theorem [cf. Chap. III, relations 
(D-34) and (D-35)]. They are similar to those giving the evolution of the 
classical quantities x and p [cf. Chap. III, relations (D-36a) and (D-36b)]. 
An advantage of the Heisenberg picture is that it leads to equations formally 
similar to those of classical mechanics. 


References and suggestions for further reading: 


The interaction picture: see exercise 15 of Complement Ly as well as § A-2 of 
Chapter XX; Messiah (1.17), Chap. VIII, § 14; Schiff (1.18), § 24; Merzbacher (1.16), 
Chap. 18, § 7. 
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Complement Hy 


Gauge invariance 








1 Outline of the problem: scalar and vector potentials asso- 
ciated with an electromagnetic field; concept of a gauge . . 321 
2 Gauge invariance in classical mechanics ............ 322 
2-a Newton’s equations. ...............0 02000004 322 
2-b The Hamiltonian formalism ................... 322 
3 Gauge invariance in quantum mechanics ........... 327 
3-a Quantization rules... 2... ...-2...0.02 0-00-0000. 327 
3-b Unitary transformation of the state vector; form invariance of 
the Schrédinger equation ................-00-.4 328 
3-c Invariance of physical predictions under a gauge transformation 331 
1. Outline of the problem: scalar and vector potentials associated with an 


electromagnetic field; concept of a gauge 


Consider an electromagnetic field, characterized by the values E(r; t) of the electric field 
and B(r;t) of the magnetic field at every instant and at all points in space: E(r;t) and 
B(r;¢) are not independent since they satisfy Maxwell’s equations. Instead of specifying 
these two vector fields, it is possible to introduce a scalar potential U(r;t) and a vector 
potential A(r;t) such that: 


O 
E(r;t) = —VU(r;t) — apa) (1) 


B(r;t) = V x A(x; ¢) 


It can be shown from Maxwell’s equations (cf. Appendix III, § 4-b-a) that there always 
exist functions U(r;t) and A(r;t) that allow E(r;t) and B(x; t) to be expressed in the 
form (1). All electromagnetic fields can therefore be described by scalar and vector 
potentials. However, when E(r;t) and B(r;t) are given, U(r;t) and A(r;t) are not 
uniquely determined. It can easily be verified that if we have a set of possible values for 
U(r;t) and A(r;t), we obtain other potentials U'(r;t) and A’(r;t) describing the same 
electromagnetic field by the transformation: 


U' (st) = U0st) - Zxl0s4) 
A'(r;t) = A(t; t) + Vx(r; t) (2) 


where x(r;¢) is an arbitrary function of r and t. This can be seen by replacing U(r; t) 
by U’(r;t) and A(r;t) by A’(r;t) in (1) and verifying that E(r;¢) and B(r;t) remain 
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unchanged. Moreover, it can be shown that relations (2) give all the possible scalar and 
vector potentials associated with a given electromagnetic field. 

When a particular set of potentials has been chosen to describe an electromagnetic 
field, a choice of gauge is said to have been made. As we just mentioned, an infinite num- 
ber of different gauges can be used for the same field, characterized by E(r; t) and B(r; t). 
When one changes from one to another, one is said to perform a gauge transformation. 

It often happens in physics that the equations of motion of a system involve, not 
the fields E(r; t) and B(r;t), but the potentials U(r; t) and A(r;t). We saw an example 
of this in § B-5-b of Chapter III, when we wrote the Schrédinger equation for a particle 
of charge gq in an electromagnetic field [cf. relation (B-48) of that chapter]. The following 
question can then be posed: do the physical results predicted by the theory depend 
only on the values of the fields E(r;t) and B(r;¢t) at all points in space, or do they also 
depend on the gauge used to write the equations? In the latter case, it would obviously be 
necessary, in order for the theory to make sense, to specify in which gauge the equations 
are valid. 

The aim of this complement is to answer this question. We shall see that in classical 
mechanics (§ 2), as in quantum mechanics (§ 3), physical results are not modified when a 
gauge transformation is performed. The scalar and vector potentials can then be seen to 
be calculation tools; actually, all that counts are the values of the electric and magnetic 
fields at all points in space. We shall express this result by saying that classical and 
quantum mechanics possess the property of gauge invariance. 


2. Gauge invariance in classical mechanics 


2-a. Newton’s equations 


In classical mechanics, the motion of a particle! of charge q and mass m placed in 
an electromagnetic field can be calculated from the force f exerted on it. This force is 
given by Lorentz’ law: 


f=q [E(r;t) +v x B(x; t)] (3) 


where v is the velocity of the particle. To obtain the equations of motion which allow 
one to calculate the position r(t) of the particle at any instant t, one substitutes relation 
(3) into the fundamental dynamical equation (Newton’s law): 


m<r(t) =f (4) 


In this approach, only the values of the electric and magnetic fields enter into the calcu- 
lation; therefore, the problem of gauge invariance does not arise. 
2-b. The Hamiltonian formalism 


Instead of adopting the point of view of the preceding section, one can use other 
equations of motion, the Hamilton-Jacobi equations. It is not difficult to show (cf. 





1For simplicity, we shall assume in this complement that the system under study is composed of 
a single particle. Generalization to a more complex system formed by several particles placed in an 
electromagnetic field presents no difficulties. 
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Appendix III) that the latter equations are completely equivalent to Newton’s equations. 
However, since we used the Hamiltonian formalism in Chapter III to quantize a physical 
system, it is useful to study how a gauge transformation appears in this formalism. 
Although the scalar and vector potentials do not enter into Newton’s equations, they 
are indispensable for writing those of Hamilton. The property of gauge invariance is 
therefore less obvious for this second point of view. 


Q. The dynamical variables of the system and their evolution 


To determine the motion of a particle subjected to the Lorentz force written in 
(3), one can use the Lagrangian?: 


1 
L(r,v;t) = 5m — q|U(r;t) —v- A(r;t)] (5) 
This expression permits the calculation of the momentum p, which is written: 
p= VVL(r,v;t) = mv + gA(r;t) (6) 


It is then possible to introduce the classical Hamiltonian: 
1 
H(r,p;t) = 5 |p — gA(r; t)]? + qU(x; t) (7) 


In the Hamiltonian formalism, the state of the particle at a given time is defined by its 
position r and its momentum p, which we shall call the fundamental dynamical variables, 
and no longer by its position and its velocity, as in § 2-a above (and as in the Lagrange 
point of view). The momentum p (conjugate momentum of the position r) must not be 
confused with the mechanical momentum 7: 


T= mv (8) 
They are indeed different since, according to (6): 
m =p —qA(r;t) (9) 


This relation allows us to calculate the mechanical momentum (and therefore the ve- 
locity) whenever the values of r and p are known. Similarly, all the other quantities 
associated with the particle (kinetic energy, angular momentum, etc...) are expressed in 
the Hamiltonian formalism as functions of the fundamental dynamical variables r and p 
(and, if necessary, of time). 

The evolution of the system is governed by Hamilton’s equations: 


—r(t) = VpH{r(¢), p(t); t] 

7 ° (10) 
qb) = ~VvHir), PO): 4] 

where H is the function of r and p written in (7). These equations give the values, for all 

times, of the fundamental dynamical variables if they are known at the initial instant. 





?We state without proof a certain number of results of analytical mechanics which are established 
in Appendix III. 
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To write equations (10), it is necessary to choose a gauge J, that is, a pair of po- 
tentials {U(r; t), A(rv;t)} describing the electromagnetic field. What happens if, instead 
of this gauge 7, we choose another one 7’, characterized by different potentials U'(r; t) 
and A’(r;t), but describing the same fields E(r;t) and B(r;t)? We shall label with a 
prime the values of the dynamical variables associated with the motion of the particle 
when the gauge chosen is 7’. As we pointed out in § a, Newton’s equations indicate 
that the position r and the velocity v take on, at every instant, values independent of 
the gauge. Consequently, we have: 


r’(t) = r(t) (11a) 
n'(t) = w(t) (11b) 


Now, from (9): 


I 


nm(t) = p(t) — gA[r(t); t] 
n'(t) = p'(t) — gA’[r(¢); 4] (12) 


Therefore, the values p(t) and p’(t) of the momentum in the gauges 7 and 7’ are 
different; they must satisfy: 


p(t) — gA'[r'(t); t] = p(t) — gA[r(t); 4] (13) 


If y(r;¢) is the function appearing in formulas (2) which govern the gauge transforma- 
tion from J to 7’, the values of the fundamental dynamical variables are transformed 
according to the formulas: 


r(h= rg) (14a) 
p’(t) = p(t) + gVx [rt #] (14b) 


In the Hamiltonian formalism, the value at each instant of the dynamical variables 
describing a given motion depends on the gauge chosen. Moreover, such a result is not 
surprising since, in (7) and (10), the scalar and vector potentials appear explicitly in the 
equations of motion for the position and momentum. 


B. “True physical quantities” and “non-physical quantities” 


(7) Definitions 

We have just seen, in relations (14) for example, that it is possible to distinguish 
between two types of quantities associated with the particle: those which, like r or z, 
have identical values at all times in two different gauges, and those which, like p, have 
values that depend on the arbitrarily chosen gauge. We are thus led to the following 
general definition: 

— A true physical quantity associated with the system under consideration is a 
quantity whose value at any time does not depend (for a given motion of the system) on 
the gauge used to describe the electromagnetic field. 

— A non-physical quantity, on the other hand, is a quantity whose value is modified 
by a gauge transformation; thus, like the scalar and vector potentials, it is seen to be a 
calculation tool, rather than an actually observable quantity. 
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The problem then posed is the following: in the Hamiltonian formalism, all the 
quantities associated with the system appear in the form of functions of the fundamental 
dynamical variables r and p; how can we know whether such a function corresponds to 
a true physical quantity or not? 


(ii) Characteristic relation of true physical quantities 

Let us first assume that a quantity associated with the particle is described, in the 
gauge J, by a function of r and p (which may depend on time) which we shall denote 
by F(r,p;t). If to this quantity corresponds, in another gauge 7’, the same function 
F(r’,p’;t), the quantity is clearly not truly physical [except in the special case where the 
function F depends only on r and not on p; see equations (14)]. Since the values of the 
momentum are different in the two gauges 7 and 7’, the same is obviously true for the 
values of the function F. 

To obtain the true physical quantities associated with the system, we must therefore 
consider functions G7z(r,p;t) whose form depends on the gauge chosen (this is why we 
label these functions with an index 7). We have already seen an example of such a 
function: the mechanical momentum 7 is a function of r and p via the vector potential 
A [cf. (9)]. In this case, the function is different in the two gauges 7 and 7’; that is, 
it is of the form 7.7(r,p;t). The definition given in (i) thus implies that the function 
G7z(r,p;t) describes a true physical quantity on the condition that: 


Gz |r(t), p(t); t] = Gz [r'(t), p’(d); ¢] (15) 


where r(t) and p(t) are the values taken on by the position and momentum in the gauge 
J, and r’(t) and p’(¢) are their values in the gauge 7’. If we substitute relations (14) 
into (15), we obtain: 


Gz [r(t), P(t); t] = Gz [r(t), P(t) + @V x(e(4); t); A] (16) 


This relation must be satisfied at every instant ¢ and for all possible motions of the 
system. Since, when ¢ is fixed, the values of the position and the momentum can be 
chosen independently, both sides of (16) must in fact be the same function of r and p, 
which is written: 


Gz lr, pit] =Gz |r, p+ qVx(%3 t); t] (17) 


This relation is characteristic of the functions G.7[r, p; ¢] associated with true phys- 
ical quantities. Therefore, if one considers the function G7/[r, p;t] for the gauge J’, and 
if one replaces p by p+ qVx(r;t) [where y(r;t) defines, according to (2), the gauge 
transformation from J to J’, one obtains a new function of r and p which must be 
identical to G7z|r,p;t]. If this is not the case, the function considered corresponds to a 
quantity which is not truly physical. 


(iit) Examples 

Let us give some examples of functions G.7|r,p;t] which describe true physical 
quantities. We have already encountered two: those corresponding to the position and 
to the mechanical momentum; the first is simply equal to r and the second to: 


m™7(r,p;t) = p — gA(r;t) (18) 
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Since relations (11) express the fact that r and 7 are true physical quantities, we know 
a priori that relation (17) is satisfied by the corresponding functions. 

However, let us verify this directly in order to familiarize ourselves with the use of this 
relation. As regards r, we are dealing with a function that does not depend on p and whose 
form does not depend on the gauge®; this immediately implies (17). As regards 7, relation (18) 
yields: 


mz(r,p;t) = p— gA(r;t) (19) 
Replace in this function p by p + qVx(r;t); we obtain the function: 

p+qVx(r;t) — gA'(r;t) = p — gA(z;t) (20) 
which is none other than 77(r, p;t); relation (17) is therefore satisfied. 


Other true physical quantities are the kinetic energy: 


1 
yar, Pit) = 5—[p - gA(rs 4)” (21) 
m 
and the moment, with respect to the origin, of the mechanical momentum: 
Ag(t, pst) =r x [p— gA(r;¢)]? (22) 
In general, we see that whenever a function of r and p has the form: 
Gz(r,p;t) = Flr, p — qA(r;t)] (23) 


(where F is a function whose form is independent of the gauge 7 chosen), we obtain a 
true physical quantity*. This result makes sense since (23) really expresses the fact that 
the values taken on by the quantity considered are obtained from those of r and 7, which 
we know to be gauge-invariant. 

Let us also give some examples of functions describing quantities that are not true 
physical quantities. In addition to the momentum p, we can cite the function: 


p” 


~ Im 


C(p) (24) 
which must not be confused with the kinetic energy written in (21), and, in general, any 
function of p alone (and, possibly, of the time). Similarly, the angular momentum: 


L(r,p)=rxp (25) 


cannot be considered to be a true physical quantity. Finally, let us cite the classical 
Hamiltonian, which, according to (7), is the sum of the kinetic energy y7(r, p;t), which 
is a true physical quantity, and the potential energy qU. Now, the latter [which should 
rigorously be written in the form of a gauge-dependent function U7(r;t)] is not a true 
physical quantity since, at every point in space, its value changes when the gauge is 
changed. 





3It is not difficult to verify that, in general, any function G(r, t) that depends only on r (and, possibly, 
on the time), and whose form is the same in any gauge 7 chosen, describes a true physical quantity. 

4One could also construct functions associated with true physical quantities in which the potentials 
are involved in a more complex way than in (23) (for example, the scalar product of the particle velocity 
and the electric field at the position of the particle). 
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3. Gauge invariance in quantum mechanics 


In Chapter III, we introduced the postulates of quantum mechanics by starting from the 
Hamiltonian formulation of classical mechanics. We are thus led to ask if the problem 
of gauge invariance, easily resolved in classical mechanics because of the existence of 
Newton’s equations, is more complex in the framework of quantum mechanics. The 
following question then arises: are the postulates stated in Chapter III valid for any 
arbitrarily chosen gauge J or only for a particular gauge? 

In answering this question, we shall be guided by the results obtained in the pre- 
ceding paragraph. Following the same type of reasoning, we shall see that there exists a 
close analogy between the consequences of a gauge transformation in the classical Hamil- 
tonian formalism and in the quantum mechanical formalism. We shall thus establish the 
gauge invariance of quantum mechanics. 

To do this, we shall begin (§ 3-a) by examining the results obtained when the 
quantization rules are applied in the same way in two different gauges. We shall then 
see (§ 3-b) that, like in classical mechanics, where the values of the dynamical variables 
generally change when the gauge is changed, a given physical system must be characterized 
by a mathematical state vector |wW) that depends on the gauge. To pass from a state 
vector corresponding to one gauge 7 to that of another gauge 7’, we use a unitary 
transformation. The form of the Schrédinger equation, however, always remains the 
same (as do Hamilton’s equations in classical mechanics). Finally, we shall examine the 
behavior, under a gauge transformation, of the observables associated with the system 
(§ 3-c). We shall see that the simultaneous modification of the state vector and the 
observables is such that the physical content of quantum mechanics does not depend on 
the gauge chosen. Moreover, we shall demonstrate this by showing that the density and 
the probability current values are gauge invariant. 


3-a. Quantization rules 


The state space of a (spinless) particle is always €,. However, we are clearly led 
by the results of § 2 above to expect that the operator associated with a given quantity 
may be different in two different gauges. We shall therefore label these operators with 
an index 7. 

The quantization rules associate, with the position r and the momentum p of the 
particle, operators R and P acting in €, such that: 


[X, Pe] = [¥, Py] = [4, P2] = oh (26) 
(where all the other commutators between components of R and P are zero). In the {|r)} 
representation, the operator R acts like a multiplication by r, and P like the differential 


operator —V. These rules are the same in all gauges. We can therefore write: 
i 


{ R,7 =Rz (27a) 

In fact, these equations enable us to omit the index 7 for the observables R and P, and 
we shall henceforth do so. 

The quantization of all other quantities associated with the particle is obtained 

as follows: in a given gauge, take the function of r and p giving the classical quantity 
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considered and (after having symmetrized, if necessary) replace r by the operator R and 
p by P. We thus obtain the operator which, in the gauge chosen, describes this quantity. 
Consider some examples: 

— The angular momentum operator, obtained from r x p, is the same in all gauges: 


Ly =Lz (28) 


— The operator associated with the mechanical momentum, on the other hand, 
depends on the gauge chosen. In the gauge J, it is given by: 


Il; = P — gA(R;t) (29) 
If the gauge is changed, it becomes: 
Il7, = P — qA’(R;t) (30) 
whose action in €; is different from that of II: 
Iz = Iz — gVx(R;t) (31) 
— Similarly, the operator’: 
Az =Rx Iz =R x [P — ¢A(R;4)] (32) 


which describes the moment of the mechanical momentum, explicitly involves the vector 
potential chosen. 
~ Finally, the Hamiltonian operator is obtained from formula (7): 


Hy = 5 (P-gA(R: 0] + gU(Bst) (33) 


It is obvious that in another gauge, it becomes a different operator, since: 


1 
Hy = 5—[P —9A'(R;i)|" + qU'(Rst) # Hy (34) 
3-b. Unitary transformation of the state vector; form invariance of the Schrédinger 
equation 


a. The unitary operator T,.(t) 

In classical mechanics, we denoted by {r(t), p(t)} and {r’(t), p’(t)} the values of the 
fundamental dynamical variables characterizing the state of the particle in two different 
gauges J and 7’. In quantum mechanics, we shall therefore denote by |2(t)) and |1'(t)) 
the state vectors relative to these two gauges, and the analogue of relations (14) is thus 
given by relations between mean values: 


W'OIRe Ib") = WOR eb) (35a) 
W'OIPa lv’) = YWOIPs + aVx(R; t)/Y() (35b) 


*It can be verified, by using the commutation relations of R and Iz, that it is not necessary to 
symmetrize expression (32). 
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Using (27), we immediately see that this is possible only if |w(t)) and |2’(t)) are two 
different kets. We shall therefore seek a unitary transformation T,(t) that enables us to 


go from |x(t)) to |y’(t)): 
W(t) = Oe) (36a) 
Ty (HT, (t) = TOT) = 1 (36b) 


Taking (27) into account, we see that equations (35) are satisfied for any |7(t)) on condition 
that: 


TA()R T,(t)=R (37a) 
{ Ti (t)P Ty(t) =P + qVx(R;t) (37b) 

Multiplying (37a) on the left by T,,(¢), we obtain: 
RT, (t) = Ty (t)R (38) 


The desired unitary operator commutes with the three components of R; it can therefore be 
written in the form: 


Ro=er? (39) 


where F(R; t) isa Hermitian operator. Relation (48) of Complement Br then allows us to write: 


[P, T (t)] = AV{ F(R; t) }Ty (0) (40) 


If we multiply this equation on the left by T(t) and substitute it into (37b), we easily obtain 
the relation: 


AV {F(R; t)} = ¢Vx(R;t) (41) 
which is satisfied when: 
F(R; t) = Fo(t) + $x(Rs 0) (42) 


Omitting the coefficient Fo(t), which corresponds, for the state vector |w(t)), to a global phase 
factor of no physical consequence, we obtain the operator T(t): 


T(t) = ef BX) (43) 


If, in (36a), Ty (t) is this operator, relations (35) are automatically satisfied. 


Comments: 


(i) In the {|r)} representation, relations (36a) and (43) imply that the wave 
functions (r,t) = (r|y(t)) and wv’ (r,t) = (r|w’(t)) are related by: 


w(t, t) = & POO U(r, t) (44) 


For the wave function, the gauge transformation corresponds to a phase change 
which varies from one point to another, and is not, therefore, a global phase 
factor. The gauge invariance of physical predictions obtained by using the 
wave functions w or y’, is therefore not obvious a priori. 
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(ii) If the system under study is composed of several particles having positions 


Yj, 2, ... and charges qu, qg, ..-, (43) must be replaced by: 


DG) STI OT Oe: 


= S [qix(Ri,t)+q2x(Re,t)+...] 


B. Time evolution of the state vector 


(45) 


Now let us show that if the evolution of the ket |q(t)) obeys, in the gauge 7, to 


the Schrédinger equation: 


n= W()) = Hz(t)|wW(t)) 


(46) 


the state vector |x)’(t)) given by (36) satisfies an equation of the same form in the gauge 


Oe: 
@ d / - 
ine (t)) = Hz (t)|v"(t)) 


where H.7/(t) is given by (34). 


To do this, let us calculate the left-hand side of (47); it is written: 
pd ay 4d 
hale ()) = wT {TOWO) 
= in{ F7()} WO) + AOL) 
that is, according to (43) and (46) °: 
inl" t)) =a { Sr(Rit)} KDW) + TA) Ha (Ol) 
= {-a5 x(Rs) + As} Ww’) 


where H(t) designates the transform of H.z(t) by the unitary operator T,,(t): 


Aig(t) = Te(tH (TU) 
Equation (47) will therefore be satisfied if: 
~ O 
Hy (t) = Ha) — aa x(R 2) 
Now H7(t) is given by: 


fig() = = [P —gA(Rid)]” + q(t) 





(47) 


(48) 


(49) 


(50) 


(51) 


(52) 


: O 
®The function x depends on R. and not on P; consequently x(R,¢) commutes with aix(B: t). This 


is why Ty (¢) can be differentiated as if x(R,t) were an ordinary function of the time and not an operator 


(cf. Complement By, comment of § 5-c). 
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where R and P designate the transforms of R and P by the unitary operator T,.(t). According 
to (37): 
{ R=T7,()RTi() =R (53a) 
P = T,(t)P Ti(t) = P — qVx(R3t) (53b) 
These relations, substituted into (52), indicate that: 


Hig (0) = 5—[P - gA(Rst) — aVx(R: 0)? + (Rit) (54) 


Using relations (2) to replace the potentials relative to the gauge 7 by those relative to 7’, we 
then obtain, using (34), relation (51). Therefore, the Schrédinger equation can be written in 
the same way in any gauge chosen. 


3-c. Invariance of physical predictions under a gauge transformation 


Q. Behavior of the observables 


Under the effect of the unitary transformation T\,(¢), any observable K is trans- 
formed into K, with: 


K = T,(t) K T}(e) (55) 
We have already seen, in (53), that while R is simply equal to R, P is not equal to P. 
Similarly, II.7 is different from II7 since: 


Il; = P — gA(R;t) 
= P —qVx(R;t) — gA(R;1t) 
= Ilz — qVx(R;t) (56) 
Taking (27a) and (31) into account, we see that relations (53a) and (56) imply that the 


observables R. and II7, associated with true physical quantities (position and mechanical 
momentum) are such that: 


Rz=R,7 ae 
IL, => Il7 


On the other hand, the momentum P (which is not a true physical quantity) does not 
satisfy an analogous relation, since, from (27b) and (53b): 


Py Py (58) 


We shall see that this result is a general one: in quantum mechanics, for every true 
physical quantity, there is an operator G7(t) that satisfies: 


Gz = Gy(t) (59) 


This relation is the quantum mechanical analogue of the classical relation (16). It shows 
that, except for the special case of R or a function of R alone, the operator corresponding 
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to a true physical quantity depends on the gauge J. We have already seen examples of 
this in (29) and (82). 

To prove (59), one need only apply the quantization rules stated in Chapter III to a 
function G(r, p;t) and use relation (17), the characteristic relation for true physical classical 
quantities. We therefore replace r and p by the operators R and P and obtain (if necessary, 
after a symmetrization with respect to these operators) the operator G'z(t). If the form of the 
function Gz depends on the gauge chosen, the operator G.7(t) also depends on 7. When the 
quantity associated with G.z is a true physical quantity, we have, according to (17): 

Gz|(R,P;t] = Gz/[R,P + qVx(R; t); ¢] (60) 
Applying the unitary transformation T,(t) to this relation, we obtain: 
Gz[R,P; t] = Gz [R,P + qVx(R; 1); 
= G7[R,P + qVx(R3 4); (61) 





That is, taking (53) into account: 
Gz[R, P; t] = Gz/[R, P; 1] (62) 
After symmetrizing, if necessary, both sides of this relation, we indeed obtain (59). 
Let us give some examples of true physical observables. In addition to R and 
IL 7, we can cite the moment Az of the mechanical momentum [cf. (32)], or the kinetic 
energy: 
II?, 1 2 
Tz =5~ =5—[P - A(R; 1t)] (63) 
2m 2m 


On the other hand, P and L are not true physical quantities; neither is the Hamiltonian, 
since relation (51) implies in general that: 


H(t) # Hz(t) (64) 


Comment: 

In classical mechanics, it is well known that the total energy of a particle moving in 
a time-independent electromagnetic field is a constant of the motion. It is indeed 
possible in this case to limit oneself to potentials which are also time-independent. 
We see from (51) that one then has: 


H,=Hy7 (65) 


In this particular case, H.7 is indeed a true physical observable which can therefore 
be interpreted to be the total energy of the particle. 


B. Probability of the various possible results of a measurement bearing on a true 
physical quantity 
Assume that at time ¢t we want to measure a true physical quantity. In the gauge 
J, the state of the system is described at this instant by the ket” |w), and the physical 





7We do not indicate the time dependence because all the quantities must be evaluated at the time t 
when we want to perform the measurement. 
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quantity, by the observable G7. Let |y,,) be an eigenvector of Gz, with the eigenvalue 
Qn (assumed, for simplicity, to be non-degenerate): 


Gz|Pn) =e InlYn) (66) 


As calculated in the gauge 7 from the postulates of quantum mechanics, the probability 
of obtaining g, in the measurement envisaged is equal to: 


Pr = (Pnlv)/? (67) 


What happens to this prediction when the gauge is changed? According to (59), 
the operator G7’ associated with the quantity under consideration in the new gauge 7’ 
can have the ket: 


len) = Tylon) (68) 
as an eigenvector, with the same eigenvalue g, as in (66). That is: 
Gz\¢n) =T,Gz Ts Ty|Pn) 
= Ty 9nln) = InlPn) (69) 


In the gauge 7’, gy, therefore still appears as a possible measurement result. Moreover, 
calculation of the corresponding probability yields the same value as in the gauge J, 
since, according to (36a) and (68): 


(nld’) = (Yall Trl) = (Pal) (70) 


We have thus verified that the postulates of quantum mechanics lead to gauge- 
invariant physical predictions: the possible results of any measurement and the associated 
probabilities are invariant under a gauge transformation. 


y. Probability density and current 

Let us calculate, from formulas (D-9) and (D-20) of Chapter III, the probability 
density p(r,t) and probability current J(r,t) in two different gauges 7 and 7’. For the 
first gauge, we have: 


p(r, t) = |(r, t)/? (71) 
and: 
J(r,t) = ~ Re {wee Fv = Aleit) veo} (72) 


Relation (44) immediately shows that: 
p(n, t) = |v’, 2)? = pr, b) (73) 


Moreover, it also implies that: 
1 Lp: h Wp: 
I(r,t) = + Re fet yr(eg rv — gA'(r; 0] efx ptr, i 
m a 


= Re {ee t) By — gA'(r;t) + qV x(t; 0] veo} (74) 


m 
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that is, taking (2) into account: 
J‘(r,t) = I(r, t) (75) 


The probability density and current are therefore invariant under a gauge transformation. 
This result could have been foreseen, moreover, from the conclusions of § 3-c-y above, 
since [cf. relation (D-19) of Chapter ITI] p(r,t) and J(r,t) can be considered to be mean 
values of the operators |r) (r| and: 


Ky(r) = = {|r) (rz + Iz|r) (rl} (76) 


It is not difficult to show that these two operators satisfy relation (59). They therefore 
describe true physical quantities whose mean values are gauge-invariant. 


References and suggestions for further reading: 


Messiah (1.17), Chap. XXI, §§ 20 to 22; Sakurai (2.7), § 8-1. 
Gauge invariance, extended to other domains, plays an important role in particle 
physics; see, for example, the article by Abers and Lee (16.35). 
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Propagator for the Schrodinger equation 
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1; Introduction 


Consider a particle described by the wave function ~(r,t). The Schrédinger equation 
0 
enables us to calculate ae t), that is, the rate of variation of (r,t) with respect to 


t. It therefore gives the time evolution of the wave function w(r,t), using a differential 
point of view. One might wonder if it is possible to adopt a more global (but equivalent) 
point of view that would allow us to determine directly the value w(rq,t) taken on by 
the wave function at a given point ro and a given time t from knowledge of the whole 
wave function 7(r, t’) at a previous time t’ (which is not necessarily infinitesimally close 
to t). 

To consider this possibility, we can take our inspiration from another domain of 
physics, electromagnetism, where both points of view are possible. Mazxwell’s equations 
(the differential point of view) give the rates of variation of the various components of the 
electric and magnetic fields. Huygens’ principle (the global point of view) permits the 
direct calculation, when a monochromatic field is known on a surface %, of the field at 
any point M: one sums the fields radiated at the point M by fictional secondary sources 
N,, No, N3, ... situated on the surface © and whose amplitude and phase are determined 
by the value of the field at N,, No, N3, ... (Fig. 1). 

We intend to show in this complement that there exists an analogue of Huygens’ 
principle in quantum mechanics. More precisely, we can write, for tg > t1: 


W(r2, te) = fen K (re, ta;r1,t1) v(t1, t1) (1) 


a formula whose physical interpretation is the following: the probability amplitude of 
finding the particle at re at the instant tg is obtained by summing all the amplitudes 
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Figure 1: In a diffraction experiment, Huy- 
gens’ principle permits the calculation of the 
electric field at the point M, as a sum of 
fields radiated by secondary sources Ni, No, 
N3, ... situated on a surface X. 








“radiated” by the “secondary sources” (r1,t1), (rj, ¢1)... situated in space-time on the 
surface t = t,, each of these sources contributing to a degree proportional to ~(r1,t1), 
W(r{,t1), ... (Fig. 2). We shall prove the preceding formula, calculate K, called the 
propagator for the Schrédinger equation, and study its properties. We shall then indicate 
very qualitatively how it is possible to present all of quantum mechanics in terms of K 
(the Lagrangian formulation of quantum mechanics; Feynman’s point of view). 





Figure 2: The probability amplitude (ro, tz) 

can be obtained by summing the contribu- 
” tions of the various amplitudes w(r1,t1), 
2 wW(ri,ti), etc... corresponding to a given 
r previous instant t,. With each of the ar- 
rows of the figure is associated a “propaga- 
tor” K (ra, ta;r1,t1), K (ro, ta; r4,t1), etc... 





2. Existence and properties of a propagator (2, 1) 


2-a. Existence of a propagator 


The problem is to link directly the states of the system at two different times. This 
is possible if we use the evolution operator introduced in Complement Fy, since we can 
write: 


|b(t2)) = U(ta, ta) |(ti)) (2) 


Given |y(t2)), it is easy to find the wave function w(ra, tz): 
W(r2, te) = (r2|(t2)) (3) 
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Substituting (2) into (3) and inserting the closure relation: 


/ reel (4) 
between U(t2,t1) and |2(t1)), we obtain: 
w(ra,ta) = fra (ralU (tata) Ie) (rale(t) 
= f ar eo|U (t,t) vet) (5 
The result is thus a formula identical to (1), on the condition that we set: 


(r2|U (te, t1)|t1) = K(re, ta; 11, tr) 


Moreover, since we want to use formulas of the type of (1) only for tg > ti, we can set 
K =0 for tg < tj. The exact definition of K then becomes: 


K (vo, tari, ti) = (re|U (te, t1) fr) O(t2 — 1) (6) 
where 6(t2 — t1) is the “step function”: 


O(t2 —t1) =1 if te>t 
O(t2 _ t1) =0 if to<t (7) 


The introduction of 0(t2 — t,) is of both physical and mathematical interest. From 
the physical point of view, it is a simple way of compelling the secondary sources situated 
on the surface t = t, of Figure 2 to “radiate” only towards the future. For this reason, 
K (ro, ta; 11, t1) as defined by (6) is called the retarded propagator. From the mathematical 
point of view, we shall see later that K(r2,t2;1r1,t1), because of the factor O(t2 — t1), 
obeys a partial differential equation whose right-hand side is a delta function, which is 
the equation that defines a Green’s function. 


Comments: 


(z) Note, however, that equation (5) remains valid even if tg < t,. It is possi- 
ble, moreover, to introduce mathematically an “advanced” propagator which 
would be different from zero only for tg < t; and which would also obey the 
equation defining a Green’s function. Since the physical meaning of such an 
advanced propagator is not obvious at this stage, we shall not study it here. 


(ii) When no ambiguity is possible, we shall simply write (2,1) for 
K (ro, to; 11, t1). 


2-b. Physical interpretation of (2, 1) 


This interpretation follows very simply from definition (6): (2,1) represents the 
probability amplitude that the particle, starting from point r;, at time t,, will arrive at 
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point ro at a later time tg. If we take as the initial state at time t, a state localized at 
point ry: 


|W (t1)) = |r1) (8) 
at time te, the state vector has become: 

|b(t2)) = U(te, tr) |h(t1)) = U (ta, ti) |r1) (9) 
The probability amplitude of finding the particle at point r2 at this time is then: 

(r2|(t2)) = (r2|U (ta, t1)|r1) (10) 


2-c. Expression for (2,1) in terms of the eigenstates of H 


Assume that the Hamiltonian H does not depend explicitly on time, and call |y,) 
and E,, its eigenstates and eigenvalues: 


A|Y~n) = En|Pn) (11) 


According to formula (18) of Fy, we have: 
Ut) =< ea (12) 


The closure relation: 


ys, lYn) (Pn| = 1 (13) 
enables us to write (12) in the form: 
U (to, t1) =e MHP "Ip,) (pn (14) 


that is, taking (11) into account: 


U (ta ti) = dpe rion) (en (15) 


To calculate K(2,1), it then suffices to take the matrix element of both sides of 
(15) between (r2| and |r) and to multiply it by O(t2 — t1). Since: 


(ral~n) = Yn (V2) (16) 
(Yn lt1) = Gn (1) (17) 


this leads to: 


K (ra, ta3t1,t1) = (te — t1) 9) ph (tr) en(r2) e Pn a) (18) 


n 
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2-d. Equation satisfied by / (2, 1) 
Yn(t2) e~*#nt2/" is a solution of the Schrédinger equation. We deduce from this 
that, in the {|r)} representation: 
0 h 
ino —H (rs, “v2)| Yn(t2)e Pn t2/h =0 (19) 
Ote v 


QO Oo 


O 
where V2 is a condensed notation which designates the three operators ——, ——-, —. 
Ox2 Oy2 Oz 


Let us then apply, to both sides of equation (18), the operator: 
0 h 
ih— —H —V 
Ota & i 2) 
which acts only on the variables rg and tz. We know [cf. Appendix II, relation (44)| 
that: 


0 
Oty O(t2 — t1) = d(t2 — t1) (20) 


Consequently, using (19), we obtain: 


h 
in. —H & v2) | K (ro, te;¥1,t1) = 
i 


Ot2 
ih (to — t1) S” ph (r1) Yn(re) etn -)/® (21) 


n 


Because of the presence of 6(t2 — t1), we can replace tz — t; by zero in the sum over n 
appearing on the right-hand side of (21). This makes the exponential equal to 1. We are 
thus left with the quantity S>,, yn(r2)y%,(r1), which, according to (13), (16) and (17), is 
equal to 6(r2 —r1) [taking the matrix element of (13) between (r2| and |r,)|. Finally, K 
satisfies the equation: 


in —H (ro 7v2)| K(re, ta} Yj, t1) = th (te ea t1) 6(r2 md ri) (22) 
2 1 


The solutions of equation (22), whose right-hand side is proportional to a four-dimensional 
“delta function”, are called Green’s functions. It can be shown that, to determine K (2, 1) 
completely, it suffices to associate with (22) the boundary condition: 


K(ro,te;r1,t1) =0 if tea<t, (23) 
Equations (22) and (23) have interesting implications, in particular with regard to 


perturbation theory, which we shall study in Chapter XI. 


3. Lagrangian formulation of quantum mechanics 


3-a. Concept of a space-time path 


Let us consider, in space-time, the two points (r1,¢,) and (re, te) (cf. Fig. 3; t is 
plotted as the abscissa, and the ordinate axis represents the set of the three spatial axes). 
Choose N intermediate times t,, (¢ = 1,2, ...,. N), evenly spaced between t; and to: 


ti < ta, <tay <.<tay_, <tay < ta (24) 
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Figure 3: Diagram associated with a “spacetime path”: one picks N intermediate times 
ta, (i = 1,2, ...,N) evenly spaced between ty and tz, and chooses for each of them a value 


of r. 





and, for each of them, a position rg, in space. We can thus construct, when N approaches 
infinity, a function r(¢) (which we shall assume to be continuous) such that: 


r(ti) =r1 (25a) 
r(t2) =re (25b) 


r(t) is said to define a space-time path between (r1,t1) and (rz, tz): such a path might be 
thought of as the trajectory of a physical point leaving point r; at time t; and arriving 
at ro at time to. 

3-b. Decomposition of K(2,1) into a sum of partial amplitudes 


We first return to the case where the number WN of intermediate times is finite. 
Formula (10) of Complement Fy; enables us to write: 


U (ta, t1) = U(te, tay) U (tans tani) U (tas; ta, ) U (te, ,t1) (26) 


We now take the matrix elements of both sides of (26) between (r2| and |r1) and insert 
the closure relation relative to the {|r)} representation for each intermediate time tg,. 
According to (6) and (24), we thus obtain: 


K(2,1) = are Ore, es [eros | eras K(2,an) K(an,an-1).. 
x K(a2,01) K(a1,1) (27) 
Now consider the product: 
K(2,an) K(an,an_-1)... K(a2, 01) K (a1, 1) (28) 


Generalizing the argument of § 2-b, we can interpret this term as being the probability 
amplitude for the particle, having left point 1 (r1,t1), to arrive at point 2 (re, ta), having 
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passed successively through all points a;(1rq,,tq,) of Figure 3. Note that, in formula (27), 
one is summing over all possible positions rg, at each time ta,. 

We now let N approach infinity!. A series of points a; then defines a space-time 
path between 1 and 2, and the product (28) associated with it becomes the probability 
amplitude for the particle to follow this path. Of course, the number of integrations in 
formula (27) becomes infinite. It is understandable, however, that the summation over 
the set of possible positions at each time should reduce to a summation over the set of 
possible paths. K(2,1) is thus seen to be a sum (in fact, an integral) that corresponds 
to the coherent superposition of the amplitudes associated with all possible space-time 
paths starting from 1 and ending at 2. 


3-c. Feynman’s postulates 


The concepts of a propagator and a space-time path permit a new formulation of 
the postulate concerning the time evolution of physical systems. We shall outline here 
such a formulation for the case of a spinless particle. 

We define K(2,1) directly as being the probability amplitude for the particle, 
starting from r; at time t,, to arrive at ro at time tg. We then postulate that: 


(1) K(2,1) is the sum of an infinity of partial amplitudes, one for each of the space-time 
paths connecting (r1,¢1) and (ro, t2). 


(ii) The partial amplitude Kp(2,1) associated with one of these paths I is determined 
in the following manner: let Sp be the classical action calculated along I, that is: 


Sp = / L(x, p, t) dt (29) 
(T) 
where L(r,p,t) is the Lagrangian of the particle (cf. ppendix III). Kp(2, 1) is then 
equal to: 
Ky(2,1) = Nen (30) 


where JN is a normalization constant (which can be determined explicitly). 


It can be shown that the Schrédinger equation follows as a consequence of these 
two postulates, which also lead to the canonical commutation relation between the com- 
ponents of the observables R and P. The two preceding postulates therefore permit 
a formulation of quantum mechanics which is different from that of Chapter III, but 
equivalent. 


3-d. The classical limit and Hamilton’s principle 


The formulation we have just evoked is particularly useful for discussing the rela- 
tion between quantum and classical mechanics. 

Consider a situation in which the actions Sp are much larger than hf. In this 
case, the variation ASp of the action between two different paths, even if its relative 





lTn this treatment, we make no attempt to be mathematically rigorous. 
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A 

value is small oer <1), is usually much larger than h. Consequently, the phase of 
r 

Ky(2, 1) varies rapidly, and the contributions to the global amplitude K(2,1) of most of 


the paths [ cancel out by interference. Let us assume, however, that there exists a path 
To for which the action is stationary (meaning that it does not vary, to first order, when 
one goes from Tp to another infinitesimally close path). The amplitude Kyp,(2,1) then 
interferes constructively with those of the paths next to Ig, since, this time, their phases 
remain practically equal. Consequently, when the actions Sp are much larger than h, 
one is in a “quasi-classical” situation: to obtain K(2,1), one can ignore all the paths 
except Ig and paths infinitely close to it; it can then be said that, between points 1 
and 2, the particle follows the trajectory [9. Now this is indeed the classical trajectory, 
defined by Hamilton’s principle as being the path along which the action is minimal. 
Feynman’s postulates therefore include, at the classical limit, Hamilton’s principle of 
least action. They enable us, moreover, to associate with it the following picture: it is 
the wave associated with a particle which, “exploring” the various possible paths, picks 
the one for which the action will be the smallest. 

The Lagrangian formulation of quantum mechanics presents numerous other ad- 
vantages, which we shall not examine in detail. Let us point out, for example, that it 
lends itself easily to relativistic generalization since one is already reasoning in space- 
time. Moreover, it can be applied to any classical system (not necessarily mechanical) 
governed by a variational principle (for example, a field). 

However, it has a certain number of drawbacks on the mathematical level (sum- 
mation over an infinite number of paths, the limit N —> oo, ...). 


References and suggestions for further reading: 


Feynman’s original article (2.38); Feynman and Hibbs (2.25); Bjorken and Drell 
(2.6), Chaps. 6 and 7. 
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1. Introduction 


Consider a conservative system (a system whose Hamiltonian H is time-independent). 
Assume that at time t = 0 the state of the system is one of the eigenstates |y,) of the 
Hamiltonian, of energy Ey: 


|Y(9)) = Yn) (1) 
with: 
A\ pn) = En\n) (2) 


In this case, the system remains indefinitely in the same state (a stationary state, § D-2-b 
of Chapter III). 

We shall study the hydrogen atom in Chapter VII by solving the eigenvalue equa- 
tion of its Hamiltonian, which is a time-independent operator. The states of the hydro- 
gen atom (that is, the possible values of its energy) which we shall find are in very good 
agreement with the experimentally measured energies. However, it is known that most 
of these states are actually unstable: if, at the instant t = 0, the atom is in an excited 
state (an eigenstate |y,) corresponding to an energy E,, greater than that of the ground 
state, which is the lowest energy state), it generally “falls back” into this ground state 
by emitting one or several photons. The state |y,) is not really, therefore, a stationary 
state in this case. 

This problem arises from the fact that, in calculations of the type used in Chap- 
ter VII, the system under study (the hydrogen atom) is treated as if it were totally 
isolated, while it is actually in constant interaction with the electromagnetic field. Al- 
though the evolution of the global system “atom + electromagnetic field” can be perfectly 
well described by a Hamiltonian, it is not rigorously possible to define a Hamiltonian for 
the hydrogen atom alone [cf. comment (v) of § 5-b of Complement Eyy;]. However, since 
the coupling between the atom and the field happens to be weak (it can be shown that its 


“force” is characterized by the fine structure constant a ~ 137” which we shall introduce 


in Chapter VII), the approximation consisting of completely neglecting the existence of 
the electromagnetic field is very good, except, of course, if we are interested precisely in 
the instability of the states. 
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Comments: 


(i) If, at the initial instant, a strictly conservative and isolated system is in a 
state formed by a linear combination of several stationary states, it evolves 
over time, and does not always remain in the same state. But its Hamiltonian 
is a constant of the motion, and consequently (cf. Chapter III, § D-2-c), the 
probability of finding one energy value or another is independent of time, as 
is the mean value of the energy. On the other hand, in the case of an unstable 
state, one state is transformed irreversibly into another, with a loss of energy 
for the system: this energy is taken away by the photons emitted!. 


(ii) The instability of the excited states of an atom is caused by the spontaneous 
emission of photons; the ground state is stable, since there exists no lower 
energy state. Recall, nevertheless, that atoms can also absorb light energy 
and so ascend to higher energy levels. 


We intend to indicate here how to take the instability of a state into account 
phenomenologically. The description will not be rigorous, as we shall continue to consider 
the system as if it were isolated. We shall try to incorporate this instability as simply as 
possible into the quantum description of the system. 

Complement Dxyj1 presents a more rigorous treatment of this problem, justifying 
the phenomenological approach used here. 


2. Definition of the lifetime 


Experiments show that the instability of a state can often be characterized by just one 
parameter 7, having the dimensions of a time, which is called the lifetime of the state. 
More precisely, if one prepares the system at time t = 0 in the unstable state |y,,), one 
observes that the probability P(t) of its still being excited at a later time t is equal to: 


P(t) =e /" (3) 


This result can also be expressed in the following way. Consider a large number VV 
of identical independent systems, all prepared at time t = 0 in the state |y,). At time 
t, there will remain N(t) = NV e~‘/7 in this state. Between times t and t + dt, a certain 
number dn(t) of systems leave the unstable state: 





SO ene 


dn(t) = N(t) — N(t+ dt) =-—P - 


(4) 
For each of the N(t) systems that are still in the state |y,) at time t, a probability can 
therefore be defined: 


= dn(t) dt 


N@) 7 ©) 





da(t) 


of their leaving this state during the time interval dt following the instant t. We see that 
1 
da(t) is independent of t: the system is said to have a probability per unit time — of 
T 
leaving the unstable state. 





lwhich, moreover, may also take away linear and angular momentum. 
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Comments: 


(i) Let us calculate the mean value of the time during which the system remains 
in the unstable state. It is equal to: 


me dt 
f per, (6) 
0 


T 


7 is therefore the mean time the system spends in the state |y,,); this is why 
it is called the lifetime of this state. 
For a stable state, P(t) is always equal to 1, and the lifetime 7 is infinite. 


(ii) A remarkable property of the lifetime 7 is that it does not depend on the 
procedure used to prepare the system in the unstable state, that is, on its 
previous “history”: the lifetime is a characteristic of the unstable state itself. 


(iit) According to the time-energy uncertainty relation (§ D-2-e of Chapter III), 
the time 7 characteristic of the evolution of an unstable state is associated 
with an uncertainty in the energy AF given by: 


Ag~= (7) 
T 
One indeed finds that the energy of an unstable state cannot be determined 
with arbitrary accuracy, but only to within an uncertainty of the order of AE. 
AF is called the natural width of this state. For the case of the hydrogen atom, 
the width of the various states is negligible compared to their separation. 
This explains why we can treat them, in a first approximation, as if they 
were stable. 


3. Phenomenological description of the instability of a state 


First let us consider a conservative system, prepared, at the initial time, in the eigenstate 
lyn) of the Hamiltonian H. According to the rule (D-54) of Chapter III, the state vector, 
at time t, becomes: 


ly(e)) =e My.) (8) 
The probability P,(t) of finding, in a measurement at time t, the system in the state 
|~n) is: 


Puello ey (9) 


l 
Since the energy F,, is real (H being an observable), this probability is constant and 
equal to 1: we again find that |y,,) is a stationary state. 
Let us examine what would happen if, in expression (9), we replaced the energy 
E,, by the complex number: 
/ . Yn 
EL =En- he (10) 


n 
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The probability P,,(¢) then becomes: 


‘ Yn 2 
P! (t) = en i(Bn— ih Pt /h = en Int (11) 


In this case, the probability of finding the system in the state |y,,) decreases exponentially 
with time, as in formula (3). Therefore, to take into account phenomenologically the 
instability of a state |y,) whose lifetime is 7, it suffices to add, as in (10), an imaginary 
part to its energy, and set: 


1 
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Comment: 


When E£,, is replaced by E/,, the norm of the state vector written in (8) becomes 
e—%t/? and therefore varies with time. This result is not surprising. We saw 
in § D-1-c of Chapter III that the conservation of the norm of the state vector 
arose from the Hermitian nature of the Hamiltonian operator; now, an operator 
whose eigenvalues are complex, as are the E/,, cannot be Hermitian. Of course, 
as we pointed out in § 1, this is due to the fact that the system under study is 
part of a larger system (it is interacting with the electromagnetic field) and its 
evolution cannot be described rigorously by means of a Hamiltonian. It is already 
rather remarkable that its evolution can be simply explained by introducing a 
“Hamiltonian” with complex eigenvalues. 
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Complement Ly 


Exercises 


1. In a one-dimensional problem, consider a particle whose wave function is: 


pia) =N 


e’Po xa/h 


where a and po are real constants and N is a normalization coefficient. 


a. 


b. 


Determine N so that w(a) is normalized. 


The position of the particle is measured. What is the probability of finding a result 
between ——& and feral 


v3 v3 


Calculate the mean value of the momentum of a particle which has w(a) for its 
wave function. 


2. Consider, in a one-dimensional problem, a particle of mass m whose wave function at 
time t is (a, t). 


a. 


At time t, the distance d of this particle from the origin is measured. Write, as a 
function of w(x,t), the probability P(do) of finding a result greater than a given 
length dp. What are the limits of P(do) when dy —> 0 and when dy —> cw? 


Instead of performing the measurement of question a, one measures the velocity uv 
of the particle at time t. Express, as a function of w(,t), the probability of finding 
a result greater than a given value vo. 


3. The wave function of a free particle, in a one-dimensional problem, is given at time 
t = 0 by: 


+00 
W(z, 0) = nf dke7lkl/ko eikx 


where kp and N are constants. 


a. 


What is the probability P(p1,0) that a measurement of the momentum, performed 
at time t = 0, will yield a result included between —p,; and +p)? Sketch the 
function P(p1, 0). 


What happens to this probability P(p1,t) if the measurement is performed at time 
t? Interpret. 


What is the form of the wave packet at time t = 0? Calculate for this time the 
product AX - AP; what is your conclusion? Describe qualitatively the subsequent 
evolution of the wave packet. 
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4. Spreading of a free wave packet 
Consider a free particle. 


a. Show, applying Ehrenfest’s theorem, that (X) is a linear function of time, the mean 
value (P) remaining constant. 


b. Write the equations of motion for the mean values (X*) and (X P+ PX). Integrate 
these equations. 


c. Show that, with a suitable choice of the time origin, the root mean square deviation 
AX is given by: 
1 
(AX)? = —(AP)3 t? + (AX)G 
m 


where (AX) and (AP)o are the root mean square deviations at the initial time. 


How does the width of the wave packet vary as a function of time (see § 3-c of 
Complement Gy)? Give a physical interpretation. 


5. Particle subjected to a constant force 

In a one-dimensional problem, consider a particle having a potential energy V(X) 
given by V(X) = —fX, where f is a positive constant [V(X) arises, for example, from 
a gravity field or a uniform electric field]. 


a. Write Ehrenfest’s theorem for the mean values of the position X and the momentum 
P of the particle. Integrate these equations; compare with the classical motion. 


b. Show that the root mean square deviation AP does not vary over time. 


c. Write the Schrodinger equation in the {|p)} representation. Deduce from it a rela- 
0 0 

tion between ay lle)? and ne |(p|2b(t))|?. Integrate the equation thus obtained; 
DP 


give a physical interpretation. 


6. Consider the three-dimensional wave function: 


[zl Iyl yi 


—|5o+5,t+ 
u(z, y, z) = Ne EB 2b ' 2c 
where a, b and c are three positive lengths. 
a. Calculate the constant N which normalizes w. 


b. Calculate the probability that a measurement of X will yield a result included 
between 0 and a. 


c. Calculate the probability that simultaneous measurements of Y and Z will yield 
results included respectively between —b and +b, and —c and +c. 


d. Calculate the probability that a measurement of the momentum will yield a result 
included in the element dp, dp, dp, centered at the point pz = py = 0; pz = fi/c. 
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7. Let w(x, y, z) = V(r) be the normalized wave function of a particle. Express in terms 
of w(r) the probability for: 


a. a measurement of the abscissa X, to yield a result included between x; and 29; 


b. a measurement of the component P, of the momentum, to yield a result included 
between p; and po; 


c. simultaneous measurements of X and P-, to yield: 
LyQUL<S wy 
pz 20 

d. simultaneous measurements of P,, Py, Pz, to yield: 
Pi S Px S p2 
p32 Py Spa 
Ds 2 Pz S Po 


Show that this probability is equal to the result of b when p3, ps —+ —0o; pa, 
po —> +00 


a 
v3 


e. a measurement of the component U = (X + Y + Z) of the position, to yield a 


result included between wu; and ug. 
8. Let J(r) be the probability current associated with a wave function w(r) describing 
the state of a particle of mass m [Chap. III, relations (D-17) and (D-19)]. 
a. Show that: 


m f arse = (P) 
where (P) is the mean value of the momentum. 


b. Consider the operator L (orbital angular momentum) defined by L = R x P. Are 
the three components of L Hermitian operators? Establish the relation: 


m [a'r [r x J(r)] = (L) 


9. One wants to show that the physical state of a (spinless) particle is completely defined 
by specifying the probability density p(r) = |W(r)|? and the probability current J(r). 


a. Assume the function ~(r) known and let €(r) be its argument: 
U(r) = Voters 


Show that: 


I(r) = “o(e) Vel) 


Deduce that two wave functions leading to the same density p(r) and current J(r) 
can differ only by a global phase factor. 
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b. Given arbitrary functions p(r) and J(r), show that a quantum state 7(r) can be 
associated with them only if V x v(r) = 0, where v(r) = J(r)/p(r) is the velocity 
associated with the probability fluid. 


c. Now assume that the particle is submitted to a magnetic field B(r) = V x A(r) 
[see Chap. III, definition (D-20) of the probability current in this case]. Show that: 


y=) nve(r) — g(r) 


and: 


10. Virial theorem 


a. In a one-dimensional problem, consider a particle with the Hamiltonian: 
Pp? 
A=—4V(X 
5, t V(X) 


where: 
V(X) = AX” 


Calculate the commutator [H, X P]. If there exists one or several stationary states 
|y) in the potential V, show that the mean values (T) and (V) of the kinetic and 
potential energies in these states satisfy the relation: 2(T) = n(V). 
b. In a three-dimensional problem, H is written: 
2 


P 
H=——+4V(R) 
2m 


Calculate the commutator [H,R-P]. Assume that V(R) is a homogeneous function 
of nth order in the variables X, Y, Z. What relation necessarily exists between the 
mean kinetic energy and the mean potential energy of the particle in a stationary 
state? 


Apply this to a particle moving in the potential V(r) = —e?/r (hydrogen atom). 


Recall that a homogeneous function V of nth degree in the variables x, y and z by 
definition satisfies the relation: 


Viar,ay,az) = a"V(2,y, 2) 
and satisfies Euler’s identity: 


ov OV OV 
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Cc. 


Consider a system of N particles of positions R; and momenta P;(i = 1,2,...N). 
When their potential energy is a homogeneous (nth degree) function of the set of 
components X;, Y;, Z;, can the results obtained above be generalized? Apply these 
results to an arbitrary molecule formed of nuclei of charges —Z;q and electrons 
of charge q. All these particles interact by pairs through Coulomb forces. In a 
stationary state of the molecule, what relation exists between the kinetic energy of 
the system of particles and their energy of mutual interaction? 


11. Two-particle wave function 


In a one-dimensional problem, consider a system of two particles (1) and (2) with 


which is associated the wave function w(x, £2). 


a. 


What is the probability of finding, in a measurement of the positions X, and X2 
of the two particles, a result such that: 


e<ay<ax+dz 
a <a < £8? 


. What is the probability of finding particle (1) between x and x + dz [when no 


observations are made on particle (2)]? 


. Give the probability of finding at least one of the particles between a and £. 
. Give the probability of finding one and only one particle between a and 3. 


. What is the probability of finding the momentum of particle (1) included between 


p' and p” and the position of particle (2) between a and 3? 


. The momenta P; and P2 of the two particles are measured; what is the probability 


of finding p' < py <p"; pl!” <p. <p”? 


. The only quantity measured is the momentum P, of the first particle. Calculate, 


first from the results of e and then from those of f, the probability of finding this 
momentum included between p’ and p”. Compare the two results obtained. 


. The algebraic distance X, — X2 between the two particles is measured; what is the 


probability of finding a result included between —d and +d? What is the mean 
value of this distance? 


12. Infinite one-dimensional well 


Consider a particle of mass m placed in the potential: 


V(x) =0 if O<a<a. 


V(x) = +00 if «<0 or x>a. 


lyn) are the eigenstates of the Hamiltonian H of the system, and their eigenvalues are 


Ey = 


nh? 


Saas (cf. Complement Hy). The state of the particle at the instant t = 0 is: 
ma 


|o(0)) = a1|y1) + a2|y2) + a3|y3) + aa|ya) 
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a. What is the probability, when the energy of the particle in the state |w(0)) is 


317 h? i 
=" 





measured, of finding a value smaller than 
ma 


b. What is the mean value and what is the root mean square deviation of the energy 
of the particle in the state |y(0))? 

c. Calculate the state vector |)(t)) at the instant t. Do the results found in a and b 
at the instant t = 0 remain valid at an arbitrary time t? 


272 
d. When the energy is measured, the result of a is found. After the measurement, 


ma 
what is the state of the system? What is the result if the energy is measured again? 


13. Infinite two-dimensional well (cf. Complement Gyr) 


In a two-dimensional problem, consider a particle of mass m; its Hamiltonian H 
is written: 


H=H,+ Hy 
with: 
P? la 
HA, =— xX A,==— Y 
ro SEtV(X) y= SHV) 


The potential energy V(x) [or V(y)] is zero when zx (or y) is included in the interval [0, 
a] and is infinite everywhere else. 


a. Of the following sets of operators, which form a C.S.C.O.? 
{H}, {Hx}, {He, Hy}, {H, He} 


b. Consider a particle whose wave function is: 
TX 7 20x 2a 

W(x, y) = N cos — cos OY iy ag <4 
a a a a 


when 0 < x <aand 0 < y <a, and is zero everywhere else (N is a constant). 


a. What is the mean value (H) of the energy of the particle? If the energy H is 
measured, what results can be found, and with what probabilities? 


8. The observable H, is measured; what results can be found, and with what 
242 


probabilities? If this measurement yields the result =—,, what will be the 
ma 
results of a subsequent measurement of H,, and with what probabilities? 
y. Instead of performing the preceding measurements, one now performs a simul- 
taneous measurement of H, and Py. What are the probabilities of finding: 
90h? 
pn, = on 
2ma? 


and: 
Po < Py < po +dp? 
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14. Consider a physical system whose state space, which is three-dimensional, is spanned 
by the orthonormal basis formed by the three kets |u1), |u2), |ug). In this basis, the 
Hamiltonian operator H of the system and the two observables A and B are written: 


1 0 0 Or 50) 0 1 0 
H=hw|0 2 0] 3; A=a4]0 01 ; B=b/1 0 0 
0 0 2 0 1 0 001 


where wo, a and b are positive real constants. 
The physical system at time t = 0 is in the state: 


1 1 1 
[0(0)) = Zehea) + sha) + 5 hus) 


a. At time t = 0, the energy of the system is measured. What values can be found, 
and with what probabilities? Calculate, for the system in the state |y(0)), the 
mean value (H) and the root mean square deviation AH. 


b. Instead of measuring H at time t = 0, one measures A; what results can be found, 
and with what probabilities? What is the state vector immediately after the mea- 
surement? 


c. Calculate the state vector |y(t)) of the system at time t. 


d. Calculate the mean values (A)(t) and (B)(t) of A and B at time t. What comments 
can be made? 


e. What results are obtained if the observable A is measured at time t? Same question 


for the observable B. Interpret. 


15. Interaction picture (It is recommended that Complement Fy and perhaps 


Complement Gy be read before this exercise is undertaken.) 
Consider an arbitrary physical system. Denote its Hamiltonian by Ho(t) and the 
corresponding evolution operator by Uo(t, t’): 


0 
the Volt, to) = Ho(t) Uott, to) 


Uo(to, to) = 1 
Now assume that the system is perturbed in such a way that its Hamiltonian becomes: 
H(t) = Ho(t) + W(t) 


The state vector of the system in the “interaction picture”, |~;(t)), is defined from the 
state vector |qs(t)) in the Schrédinger picture by: 


[br (t)) = US, to) les ()) 
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a. Show that the evolution of |7);(t)) is given by: 


in Wort) = W1(t)|wr(t)) 


where W7(t) is the transform of operator W(t) under the unitary transformation 
associated with U{ (t, to): 


W(t) = Ul (t, to) W (t)Uo(t, to) 


Explain qualitatively why, when the perturbation W(t) is much smaller than Ho(t), 
the motion of the vector |1);(t)) is much slower than that of | (t)). 


b. Show that the preceding differential equation is equivalent to the integral equation: 
1 t 
leu(t)) = Wet) + 5 fat’ Wilt eal) 
to 


where: |wr(to)) = |ws(t)). 


c. Solving this integral equation by iteration, show that the ket |q;(t)) can be ex- 
panded in a power series in W of the form: 


pro) = fas a fae witty + ap fae wiley faerie + brent) 


to 


16. Correlations between two particles 


(It is recommended that the Complement Ey be read in order to answer question 
e of this exercise.) 

Consider a physical system formed by two particles (1) and (2), of the same mass m, 
which do not interact with each other and which are both placed in an infinite potential 
well of width a (cf. Complement Hy, § 2-c). Denote by H(1) and H(2) the Hamiltonians 
of each of the two particles and by |y,,(1)) and |y,(2)) the corresponding eigenstates of 

2 q2n2h? 

an : 
ma? ma? 
global system, the basis chosen is composed of the states |y, pq) defined by: 


the first and second particle, of energies 








In the state space of the 


lYnq) = \¥n(1)) ® Yq(2)) 


a. What are the eigenstates and the eigenvalues of the operator H = H(1)+H(2), the 
total Hamiltonian of the system? Give the degree of degeneracy of the two lowest 
energy levels. 


b. Assume that the system, at time t = 0 is in the state: 


1 


Ip(0)) ) + Zalouga) + elener) + Zalpaye) 


1 
= veers 


a. What is the state of the system at time t? 
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3. The total energy H is measured. What results can be found, and with what 
probabilities? 


yy. Same questions if, instead of measuring H, one measures H(1). 


c. a. Show that |7(0)) is a tensor product state. When the system is in this state, 
calculate the following mean values: (H(1)), (H(2)) and (H(1) H(2)). Compare 
(H(1)) (H(2)) with (H(1) H(2)); how can this result be explained? 

38. Show that the preceding results remain valid when the state of the system is the 
state |¢)(t)) calculated in b. 


d. Now assume that the state |W(0)) is given by: 


|(0)) = Selous) a i Slewe) a Jgleaer) 


Show that |7(0)) cannot be put in the form of a tensor product. Answer for this 
case all the questions asked in c. 


e. a. Write the matrix, in the basis of the vectors |yn yp), that represents the density 
operator p(0) corresponding to the ket |7(0)) given in b. What is the density matrix 
p(t) at time t? Calculate, at the instant t = 0, the partial traces: 


p(1) = Trep and (2) = Trip 


Do the density operators p, p(1) and p(2) describe pure states? Compare p with 
p(1) ® p(2); what is your interpretation? 


8. Answer the same questions as in a, but choosing for |w(0)) the ket given in d. 


The subject of the following exercises is the density operator: they therefore assume 
the concepts and results of Complement Ej;; to be known. 


17. Let p be the density operator of an arbitrary system, where |y;) and 7, are the 
eigenvectors and eigenvalues of p. Write p and p? in terms of the |y;) and 7). What do 
the matrices representing these two operators in the {|x7)} basis look like — first, in the 
case where p describes a pure state and then, in the case of a statistical mixture of states? 
(Begin by showing that, in a pure case, p has only one non-zero diagonal element, equal 
to 1, while for a statistical mixture, p has several diagonal elements included between 0 
and 1.) Show that p corresponds to a pure case if and only if the trace of p? is equal to 
1. 


18. Consider a system whose density operator is p(t), evolving under the influence of a 
Hamiltonian H(t). Show that the trace of p? does not vary over time. Conclusion: can 
the system evolve so as to be successively in a pure state and a statistical mixture of 
states? 


19. Let (1) + (2) be a global system, composed of two subsystems (1) and (2). A and 
B denote two operators acting in the state space €(1) @ €(2). Show that the two partial 
traces Tr; {AB} and Tr; {BA} are equal when A (or B) actually acts only in the space 
E(1), that is, when A (or B) can be written: 


A=A(1) @1(2) [or B= B(1) @1(2)] 
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Application: if the operator H, the Hamiltonian of the global system, is the sum of two 
operators that act, respectively, only in €(1) and only in &(2): 


H = H(1) + H(2), 


d 
calculate the variation af p(1) of the reduced density operator p(1). Give the physical 


interpretation of the result obtained. 


References 


Exercise 5 


Fliigge (1.24), §§ 40 and 41; Landau and Lifshitz (1.19), § 22. 


Exercise 10 


Levine (12.3), Chap. 14; Eyring et al. (12.5), § 18 b 


Exercise 15 


See references of Complement Gy1. 
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REVISITING ONE-DIMENSIONAL PROBLEMS 


Now that we are more familiar with the mathematical formalism and 
the physical content of quantum mechanics, we can go in more detail into 
some of the results obtained in Chapter I. In the three complements that 
follow, we shall study in a general way the quantum properties of a particle 
subjected to a scalar potential’ of arbitrary form, confining ourselves for 
simplicity to one-dimensional problems. We shall first focus on the bound 
stationary states of a particle, whose energies form a discrete spectrum 
(Complement Myr), and then treat the unbound states corresponding to 
an energy continuum (Complement Ny). In addition, we shall examine a 
special case that is very important because of its applications, particularly 
in solid state physics, that of a periodic potential (Complément Oy). 





1The effects of a vector potentiel A will be studied later, in particular in Complement Evy. 
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Complement Mj 


Bound states in a “potential well” of arbitrary shape 





1 Quantization of the bound state energies ........... 359 


2 Minimum value of the ground state energy .......... 363 





In complement Hy, we studied, for a special case (finite or infinite “square” well), 
the bound states of a particle in a potential well. We derived certain properties of these 
bound states: a discrete energy spectrum and a ground state energy greater than the 
classical minimum energy. These properties are, in fact, general, and have numerous 
physical consequences, as we shall show in this complement. 

When the potential energy of a particle posesses a minimum (see Figure la), the 
particle is said to be placed in a “potential well”!. Before studying qualitatively the 
stationary states of a quantum particle in such a well, let us recall the corresponding 
motion of a classical particle. When its energy E., takes on the minimum possible value 
Ea = —Vo. (where Vo is the depth of the well), the particle is motionless at the point 
Mo whose abscissa is xg. In the case where —Vo < FE, < 0, the particle oscillates in 
the well, with an amplitude that increases with F,. Finally, when E,,; > 0, the particle 
does not remain in the well, but moves off towards infinity. The “bound states” of the 
classical particle therefore correspond to all negative energy values between —Vo and 0. 

For a quantum particle, the situation is very different. Well-defined energy states EF 
are stationary states whose wave functions v(x) are solutions of the eigenvalue equation 
of the Hamiltonian H: 


he sae 


55 + V(2)| ee) = Egla) (1) 


Such a second-order differential equation has an infinite number of solutions, whatever 
the value chosen for FE: if we pick arbitrary values of y(a) and its derivative at any given 
point, we can obtain y for any other value of x. Equation (1) alone cannot, therefore, 
restrict the possible energy values. However, we shall show that if, in addition, we impose 
certain boundary conditions on y(x), only a certain number of values of EF remain possible 
(quantization of energy levels). 


1. Quantization of the bound state energies 


We shall call “bound states of the particle” states whose wave functions v(x) satisfy 
the eigenvalue equation (1) and are square-integrable [indispensable if v(x) is actually to 
describe the physical state of a particle]. These are therefore stationary states, for which 
the position probability density |y(x)|? takes on non-negligible values only in a limited 
‘ +00 2 2 
region of space [for [°° da|y(a)| | 


to converge, |y(x)|? must approach zero sufficiently 





1 The potential energy, of course, is only defined to within a constant. Following the usual convention, 
we set the potential equal to zero at infinity. 
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rapidly when x —>+ +oo]. Bound states remind us of classical motion where the particle 
oscillates inside the well without ever being able to emerge (energy E. negative, but 
greater than —Vo). 

We shall see that in quantum mechanics, the fact that y(x) is required to be 
square-integrable implies that the possible energies form a discrete set of values which 
are also included between —Vo and 0. To understand this, let us return to the potential 
shown in Figure la. For simplicity, we shall assume that V (2) is identically equal to zero 
outside an interval [x, x2]. 

If x < x (region I), V(x) = 0, and the solution to equation (1) can immediately 
be written: 


-ifE>0: 

y1(2) = Aeike ae A’ e tke (2) 

with: 
2m 

k= > (3) 
-ifE<0: 

yr(x) = Be?® + Be ?* (4) 

with: 
2mE 

ee (5) 


We are looking for a square-integrable solution; we must therefore eliminate the form (2) 
in which y;(a) is a superposition of plane waves of constant modulus which cause the 
integral: 


ee 
[alee (6) 
—oo 

to diverge. Only possibility (4) remains, and we obtain our first result: the bound states 
of the particle all have a negative energy. In (4), we cannot retain the term in e7?*, 
which diverges when 1 —> —oo. We are therefore left with: 


yr(x) = ef” if r< 2x (7) 


[We have omitted the proportionality factor B since the homogeneity of equation (1) 
allows us to define y(x) to within a multiplicative coefficient]. 

The value of v(x) in the interval x1 < x < x2 (region II) is obtained by extending 
y1(x): we must look for the solution of equation (1) which is equal to e?™ for x = x 
and whose derivative at this point is equal to pe?*!. The function yy1(x) thus obtained 
depends on p and, of course, on the exact expression for V(x). Nevertheless, since (1) 
is a second-order differential equation, yy1(x) is determined uniquely by the preceding 
boundary conditions; it is, moreover, real (which enables us to trace curves such as those 
in Figures 1b, lc and 1d). 
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A Vix) 

















Figure 1: Potential well (fig. a) situated between the points x = x1 and x = x9. We 
choose a solution p(x) of the eigenvalue equation of H which, for x < x1, approaches 
zero exponentially when x —+ —oo. We then extend this solution to the entire x-axis. 
For an arbitrary energy value E, v(x) diverges like B(E)e?* when « —> +00: figure b 
represents the case where B(E) > 0; figure d, that where B(E) < 0. However, if the 
energy E is chosen so as to make B(E) = 0, y(ax) approaches zero exponentially when 
x —> +00 (fig. c), and v(x) is square-integrable. 





361 


COMPLEMENT My, @ 





All that now remains to be done is to obtain the solution when x > x2 (region III); 
this solution can be written: 


yui(x) = Be’* + Ble (8) 


where B and B’ are real constants determined by the two continuity conditions for y(z) 
and dy/dz at the point « = 22. B and B’ depend on p, as well as on the function V(z). 

We have therefore constructed a solution of equation (1), such as the one shown 
in Figure 1b. Is this solution square-integrable? We see from (8) that, in general, it is 
not, except when B is zero (this special case is shown in Figure 1c). Now, for a given 
function V(x), B is a function of E through the intermediary of p. The only values of E 
for which a bound state exists are therefore solutions of the equation B(E) = 0. These 
solutions £1, F2,... (cf. Fig. 2) form a discrete spectrum which, of course, depends on 
the potential V(x) chosen (we shall see in the following section that all the energies E; 
are greater than —Vo). 





E 





Figure 2: Graphical representation of the function B(E). The zeros of B(E) give the 
values of E for which p(x) is square-integrable (the situation in Figure 1c), that is, the 
energies E£,, Ey, £3, ... of the bound states; all these energies are included between —Vo 
and 0. 





We thus arrive at the following result: the bound state energy values possible for 
a particle placed in a potential well of arbitrary shape form a discrete set (it is often 
said that the bound state energies are quantized). This result can be compared to the 
quantization of electromagnetic modes in a cavity. There is no analogue in classical 
mechanics, where, as we have seen, all energy values included between —Vo and 0 are 
acceptable. In quantum mechanics, the lowest energy level FE, is called the ground state, 
the energy level Ez immediately above, the first excited state, the next energy level E3, 
the second excited state, etc. The following schematic diagram is often associated with 
each of these states: inside the potential well representing V (a), a horizontal line is drawn 
whose vertical position corresponds to the energy of the state and whose length gives an 
idea of the spatial extension of the wave function (this line actually covers the points of 
the axis which would be reached by a classical particle of the same energy). For the set 
of energy levels, we obtain a schematic diagram of the type shown of Figure 3. 

As we saw in Chapter I, the phenomenon of energy quantization was one of the 
factors which led to the introduction of quantum mechanics. Discrete energy levels appear 
in a very large number of physical systems: atoms (cf. Chap. VII, hydrogen atom), the 
harmonic oscillator (cf. Chap. V), atomic nuclei, etc. 
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Figure 3: Schematic representation of the bound states of a particle in a potential well. 
For each of these stationary states, one draws a horizontal line whose ordinate is equal to 
the energy of the corresponding level. The ends of this line are the points of intersection 
with the curve representing the potential V(x). The line is confined to the region of 
classical motion for the same energy, and gives an idea of the extension of the wave 
function. 





2. Minimum value of the ground state energy 


We now show that the energies Fy, EF, etc... are all greater than the minimum value 
—Vo of the potential energy V(x). We shall see how this result can be easily understood 
using Heisenberg’s uncertainty relation. 

If y(a) is a solution of (1), we obtain, multiplying this equation by y*(x) and 
integrating the relation thus obtained: 


h2 +00 d2 +00 9 
a dx e'(2) Ta p(x) + i. dz V(x) |p(x)| 


= ees 
= Bf dx |y(x)|? (9) 


For a bound state, the function v(x) can be normalized, and equation (9) can be 
written simply: 


E = (T)+(V) oD 
with: 
2  ptoo 2 2 too 
(Ty=-5— [ dey"z)Sa(2) = sf de] = ola) oY 








[where we have performed an integration by parts and used the fact that y(x) goes to 
zero when |x| —+ co] and: 


+00 
(Vv) = / de V(2)|y(2)? (12) 
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Relation (10) shows simply that EF is the sum of the mean value of the kinetic energy: 


P? 


oni ~) (13) 





(T) = (| 
and that of the potential energy: 


(V) = (lV (2)I9) (14) 


From relations (11) and (12), it follows immediately that: 


(T)>0 (15) 
+00 

(V)> f° de (-Ve) loa)? = -Vo (16) 
Consequently: 

E=(T)+(V)>W)>-=Vo (17) 


Since F is negative, as we showed in § 1, we see that, as in classical mechanics, the bound 
state energies are always between —Vo and 0. 

There exists, nevertheless, an important difference between the classical and quan- 
tum situations: while, in classical mechanics, the particle can have an energy equal to 
—Vp (case of a particle at rest at Mo) or slightly greater than —Vo (case of small oscil- 
lations), the same is not true in quantum mechanics, where the lowest possible energy 
is the energy EF, of the ground state, which is necessarily greater than —Vo (cf. Fig. 3). 
The Heisenberg uncertainty relations enable us to understand the physical origin of this 
result, as we now show. 

If we try to construct a state of the particle for which the mean potential energy 
is as small as possible, we see from (12) that we must choose a wave function which is 
practically localized at the point My. The root mean square deviation AX is then very 
small, so AP is necessarily very large. Since: 


(P*) = (AP)’ + (Py? 2 (AP)? (18) 


the kinetic energy (T) = (P?)/2m is thus also very large. Therefore, if the potential 
energy of the particle approaches its minimum, the kinetic energy increases without 
bound. The wave function of the ground state corresponds to a compromise, for which 
the sum of these two energies is a minimum. The ground state of the quantum particle 
is thus characterized by a wave function that has a certain spatial extension (cf. Fig. 3), 
and its energy is necessarily greater than —Vo. Unlike the situation in classical mechanics, 
there exists no well-defined energy state in quantum mechanics where the particle is “at 
rest” at the bottom of the potential well. 


Comment: 


Since the energy of the bound states is included between —Vo and 0, such states 
can exist only if the potential V(x) takes on negative values in one or several 
regions of the x-axis. This is why we have chosen for this complement a potential 
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A V(x) 








“ee Vo 





Figure 4: Potential well of depth —Vo situated between two potential barriers of height V; 
and Vz (assuming, for example, V, < V2). Classically, there exist particle states whose 
energy is between —Vo and V, that remain confined between the two barriers. In quantum 
mechanics, a particle whose energy is between 0 and V, can penetrate the barrier by the 
tunnel effect (§ 2-b-8 of Complement Hz); consequently, the bound states always have 
energies between —Vp and 0. 





“well” like the one shown in Figure la (while in the following complement, we shall 
not confine ourselves to the case of a potential well). 


However, there is nothing to prevent V(x) from being positive for certain values of 
x; for example, the “well” can be surrounded by potential “barriers” as is shown in 
Figure 4 (we shall always assume the potential to be zero at infinity). In this case, 
certain classical motions of positive energy remain bounded, while in quantum 
mechanics, the same reasoning as above shows that the bound states always have 
an energy between —Vo and 0. Physically, this difference arises from the fact that 
a potential barrier of finite height is never able to make a quantum particle turn 
back completely: the particle always has a non-zero probability of passing through 
by the tunnel effect. 


References and suggestions for further reading: 


Feynman III (1.2), § 16-6; Messiah (1.17), Chap. III, § I]; Ayant and Belorizky 
(1.10), Chap. IV, §§ 1, 2, 3; Schiff (1.18), § 8. 


365 


@ UNBOUND STATES OF A PARTICLE IN THE PRESENCE OF A POTENTIAL WELL OR BARRIER 





Complement Nj 


Unbound states of a particle in the presence of a potential well or 
barrier of arbitrary shape 





1 Transmission matrix M(k) 2... 6. ee ee ee ee 368 
l-a Definition of M(k) .. 2... ee 368 
1-b Properties of M(k). 2.2... ee 370 
2 Transmission and reflection coefficients ............ 372 
3 Byxamiple sisi ee eeite hes a aoe Wee ee Se Se Sele he 373 





In complement Myy;, we showed that bound states of a particle placed in a potential 
V(x) have negative energies! and that they exist only if V(x) is an attractive potential (a 
potential well which allows classical bounded motion). We had to reject positive energy 
values since they led to eigenfunctions y;(2) of the Hamiltonian H which, at infinity, 
behaved like superpositions of non square-integrable exponentials e****. Nevertheless, we 
saw as early as Chapter I, that, by superposing such functions linearly, one can construct 
square-integrable wave functions (x) (wave packets) which can therefore represent the 
physical state of a particle. It is clear that, since the states thus obtained involve several 
values of k (that is, of the energy), they are no longer stationary states; the wave function 
w(a) therefore evolves over time, propagating and becoming deformed. However, the fact 
that w(a) is already expanded in terms of the eigenfunctions y;(x) enables us to calculate 
this evolution very simply [as we did, for example, in complement Jj, where we used 
the properties of the y,(x) to calculate the transmission and reflection coefficients of a 
potential barrier, the delay upon reflection, etc.]. This is why, despite the fact that each 
of the yx(x) cannot alone represent a physical state, it is useful to study the positive 
energy eigenfunctions? of H, as we have already done, in complement Hy, for certain 
square potentials. 

In this complement, we are going to study in a general way (confining ourselves, 
nevertheless, to one-dimensional problems) the effect of a potential V(x) on the positive 
energy eigenfunctions yz(az). We shall assume nothing about the shape of V(a), which 
may present one or several barriers, wells, etc., except that V(x) goes to zero outside 
a finite interval [x1, x2] of the z-axis. We shall show that, in all cases, the effect of 
V(x) on the functions y;(x) can be described by a 2 x 2 matrix, M(k), which possesses 
a certain number of general properties. We shall thus obtain various results that are 
independent of the shape of the potential V(x) chosen. For example, we shall see that 
the transmission and reflection coefficients of a barrier (whether symmetrical or not) are 
the same for a particle coming from the left and for a particle of the same energy coming 
from the right. An additional aim of this complement Nyy; is to serve as the point of 








1Recall that we chose the energy origin so as to make V(x) zero at infinity. 

?One might also consider studying the non square-integrable negative energy eigenfunctions of H 
(those whose energies do not belong to the discrete spectrum obtained in complement Myz1). However, 
these functions diverge very rapidly (exponentially) at infinity, and one could not obtain square-integrable 
wave functions by linearly superposing them. 
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Figure 1: The potential V(x) under consid- 
eration varies in an arbitrary way within the 
interval —1/2 < x < 1/2 and goes to zero 
outside this interval. 








departure for the calculations of complement Oy], in which we study the properties of a 
particle in a periodic potential V(z). 


1. Transmission matrix M(k) 


1-a. Definition of 1/(k) 


In a one-dimensional problem, consider a potential V(x) which is zero outside an 
interval [z1, x2] of length J, but which varies in an arbitrary way inside this interval 
(Fig. 1). We choose the x origin to be in the middle of the interval [21, x2], so as to 
have V(x) vary only for |x| < 1/2. The equation satisfied by every wave function v(x) 
associated with a stationary state of energy EF is: 


{gat @lE- Vel} oe) =o (1) 


In the rest of this complement, we shall choose, to characterize the energy, the parameter 
k given by: 


2mE 


k= 5 (2) 





In the region « < —I/2, the function e**® satisfies equation (1); let us call vz (a) 
. l l 
the solution of this equation that is identical to e’** for x < “3° When x > +55 UR(2) is 


necessarily a linear combination of two independent solutions e’** and e~**® of (1). This 
gives us: 


if a< 7 : vp(z) = e*** (3a) 


l : 
if a> ks : vp(x) = F(k) e** + G(k) e7 *** (3b) 
where F(k) and G(k) are coefficients which depend on k, as well as on the shape of 
the potential under study. Similarly, we can introduce the solution v;,(x), which, for 
gz < —1/2, is equal to e~**: 


if r< 7 v,,(x) =e ** (4a) 
ff e>ty: — of(z) = P(e +E"(Re (4b) 
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The most general solution y;(a) of equation (1) (of second order in x), for a given 


value of E (that is, of k), is a linear combination of vz and v;: 


pr (x) = Avg(x) + A’ v;, (2) 
Relations (3a) and (4a) imply that: 

if r< = : yy (x) = Ae** + Ale te 
while relations (3b) and (4b) yield: 

if «> +5 yp(z) = Ae™** + A’ et 
with: 

A= F(k) A+ F'(k) A’ 

A’ = G(k) A+ G'(k) A’ 





By definition, the matrix M(k) is the 2 x 2 matrix: 


F(k) F"(k) 
M(k) = 
G(k) G'(k) 


which allows us to write relations (7) in the matrix form: 


(31) = (4) 


(6b) 


(9) 


M(k) therefore enables us to determine, given the behavior (6a) of the wave function to 
the left of the potential, its behavior (6b) to the right. We call M(k) the “transmission 


matrix” of the potential. 


Comment: 


The current associated with a wave function y(z) is: 





Ha) = 5 |o"@) Ee - ote) 


= dy" 
Wi dx 


dx 


Differentiating, we find: 





d A PO gies d?y* 
BI@)= 5 |e wSs - ow ZS 


Taking (1) into account, we obtain: 


qa?) =0 
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Therefore, the current J(x) associated with a stationary state is the same at all 
points of the z-axis. Note, moreover, that (12) is simply the one-dimensional 
analogue of the relation: 


div J(r) =0 (13) 


which is valid, according to relation (D-11) of Chapter III, for any stationary state 
of a particle moving in three-dimensional space. According to (12), the current 
J,(x) associated with y;,(a2) can therefore be calculated for any x, choosing either 
the form (6a) or the form (6b) of yz (2): 


Je(o) =" [lap -14'P] =“ [14 - 142] (14) 


1-b. Properties of M/(k) 


a. It is easy to show, using the fact that the function V(z) is real, that if p(w) is a 
solution of equation (1), so is y*(x). Now consider the function vj («), which is a solution 


of (1); comparison of (3a) and (4a) shows that it is identical to v4 (a) when x < We 


therefore have, for all x: 
up(2) = v;,(2) (15) 
Substituting relations (3b) and (4b) into this relation, we obtain: 


F*(k) = G'(k) (16) 
G*(k) = F'(k) (17) 


It follows that the matrix M(k) can be written in the simplified form: 
F(k) G*(k) 
M(k) = (18) 
G(k) F*(k) 


3B. We saw above [cf. (12)] that the probability current J(a) does not depend on 
x for a stationary state. We must therefore have [cf. (14)]: 


|A? —|A’? = |A? — |A’? (19) 
for any A and A’. Now relations (9) and (18) yield: 


|A? — |A’? = [F(k)A + G*(k)A’] [F*(k)A* + G(k) A] 
= See *(k)A* + F(k)A"] 
= [lF(A)? — |@(é)/] [IAP - 147] (20) 


Condition (19) is therefore equivalent to: 
[F()? — |G(k)P = Det M(ke) = 1 (21) 
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Comments: 


(1) We have made no particular assumptions about the shape of the potential. If 


(ii 


) 


it is even, that is, if V(~) = V(—a), the matrix M(k) possesses an additional 
property: it can be shown that G(k) is a pure imaginary. 


Relations (6) show that A and A’ are the coefficients of “incoming” plane 
waves, i.e. waves associated with particles arriving respectively from x = —oo 
and z = +00 and moving towards the zone of influence of the potential (in- 
cident particles). On the other hand, A and A’ are the coefficients corre- 
sponding to “outgoing” waves, associated with particles moving away from 
the potential (transmitted or reflected particles). It is useful to introduce the 
matrix S, which allows us to calculate the amplitude of the outgoing waves 
in terms of that of the incoming waves: 


(4) -a0 (8) 


S(k) can easily be expressed in terms of the elements of the matrix M(k), as 
we now show. The relations: 








A= F(k) A+ G*(k) A’ (23a) 
A' = G(k) A+ F*(k) A’ (23b) 
imply that: 
r_ 1 Al 
A= F*(k) [A — G(k) Al (24) 


Substituting this relation into (23a), we obtain: 


1 


a F*(k) 





| (FO) P*(&) ss G(k)G"(k)) A + G*(k) Al (25) 


Taking (21) into account, we can then write the matrix S(k): 





1 1 G*(k) 
(‘=z (26) 
ae) —G(k) 1 
It is easy to verify, using (21) again, that: 
S(k) St(k) = ST(k) S(k) =1 (27) 


S(k) is therefore unitary. This matrix plays an important role in collision 
theory; we could have proved its unitary property from that of the evolution 
operator (cf. Complement Fy), which simply expresses the conservation over 
time of the total probability of finding the particle somewhere on the Ox axis 
(norm of the wave function). 
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2. Transmission and reflection coefficients 


To calculate the reflection and transmission coefficients for a particle encountering the 
potential V(a), one should (as in complement Jz) construct a wave packet with the 
eigenfunctions of H which we have just studied. Consider, for example, an incident 
particle of energy E; coming from the left. The corresponding wave packet is obtained 
by superposing functions y,(«), for which we set A’ = 0, with coefficients given by a 
function g(k) which has a marked peak in the neighborhood of k = k; = ,/2mE;/h?. 
We shall not go into these calculations in detail here; they are analogous in every way to 
those of complement J. They show that the reflection and transmission coefficients are 
equal, respectively, to |A’(k;)/A(ki)|? and |A(k;)/A(k,) |?. 
Since A’ = 0, relations (22) and (26) yield: 


























7 1 
AK) = Fegy AW) 
G(k) 
/ 
== 2 
A'(k) = ~ Fag Alb) (28) 
The reflection and transmission coefficients are therefore equal to: 
A'(ki) |? | G(s) |? 
rh) = |atey| = [Pte a 
~ 2 
A(ki) 1 
T, (kj) = = 29b 
= Fae] Ree en 





[it is easy to verify that condition (21) insures that Ri(k;) + Ti (k;) = 1]. 
If we now consider a particle coming from the right, we must take A = 0, which 
gives: 








Atk) = I a) 
A'(k) = Pb A(k) (30) 


The transmission and reflection coefficients are now equal to: 


2 

















Pe ee 
and: 
_ | Alki) |? _ |G)? 








Comparison of (29) and (31) shows that T)(k;) = To(k;) and that Ri(k;) = Ro(k,): for 
a given energy, the transparency of a barrier (whether symmetrical or not) is therefore 
always the same for particles coming from the right and from the left. 

In addition, from (21) we have: 


|F'(k)| > 1 (32) 
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Figure 2: Square potential barrier. 








If (32) becomes an equality, the reflection coefficient is zero and the transmission coeffi- 
cient is equal to 1 (resonance). On the other hand, the inverse situation is not possible: 
since (21) imposes that |F'(k)| > |G(k)|, one can never have T = 0 and R= 1 [except in 
the case where F and G tend simultaneously towards infinity]. Actually, such a situation 
can only occur for k = 0. To see this, divide the function vz (a) defined in (3) by F(k). If 
F(k) goes to infinity, the wave function will be identically zero on the left hand side, and 
hence necessarily, by extension, zero on the right hand side. However, this is impossible 
unless k = 0 and F = -G. 


3. Example 


Let us return to the square potentials studied in § 2-b of complement Hy: in the region 
l l 
3 SB <5, V(z) is equal? to a constant Vo (see Figure 2, where Vo has been chosen 
to be positive). 
First, let us assume that F is smaller than Vo, and set: 


2m 
p= Fz (Vo =e) (33) 
An elementary calculation analogous to the one in complement Hy yields: 


De p? k2 
[cost pl+i sinh al ent 5 sinh pl 
p 
M(k) = , (34) 
k 
‘The sinh pl [cost pl—i 


2nVY\ 
ko = tae (35) 


(Vo is necessarily positive here, since we have assumed E < Vo). 











3In fact, we are considering here a barrier that is displaced relative to that of complement Hy, since 
we are assuming it to be situated between « = —I/2 and x = +1/2, instead of between x = 0 and x = l. 
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If now we assume that F > Vo, we set: 


B= BW) (36) 


2mV\ 
ko =4/€ ar (37) 


(where « = +1 if Vo > 0 and —1 if Vo < 0). We thus obtain: 














2 12 ; k2 
cos kil+i— sin x eo —ies 7 sin kil 
M(k) = (38) 
k2 2 102 / 
ie Sin Bl Joos Kl — i sin kl eit! 


It is easy to verify that the matrices M(k) written in (34) and (38) satisfy relations (16), 
(17) and (21). 


References and suggestions for further reading: 


Merzbacher (1.16), Chap. 6, §§ 5, 6 and 8; see also the references of comple- 
ment Mur. 
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Complement Oj; 


Quantum properties of a particle in a one-dimensional periodic 
structure 





1 Passage through several successive identical potential bar- 
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3 Quantization of energy levels in a periodic potential; effect 
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3-b Allowed energy bands: stationary states of the particle inside 
the lattices. gas 2 PoE PF Bch eb ge a hes ES oS eee 386 
3-c Forbidden bands: stationary states localized on the edges . . 390 





In this complement, we are going to study the quantum properties of a particle 
placed in a potential V(x) having a periodic structure. The functions V(x) which we 
shall consider will not necessarily be periodic in the strict sense of the term; it suffices 
for them to have the shape of a periodic function in a finite region of the z-axis (Fig. 1), 
that is, to be the result of juxtaposing N times the same motif at regular intervals [V(z) 
is truly periodic only in the limit N —> oo]. 

Such periodic structures are encountered, for example, in the study of a linear 
molecule formed by N atoms (or groups of atoms) which are identical and equally spaced. 
They are also encountered in solid state physics, when one chooses a one-dimensional 
model in order to understand the disposition of the energy levels of an electron in a 
crystal. If N is very large (as in the case of a linear macromolecule or a macroscopic 
crystal), the potential V(x) is given in a wide region of space by a periodic function, and 
the properties of the particle can be expected to be practically the same as they would be 
if V(x) were really periodic. However, from a physical point of view, the limit of infinite 
N is never attained, and we shall be concerned here with the case where N is arbitrary. 

To study the effect of the potential V(x) on an eigenfunction v(x) of the Hamilto- 
nian H, of eigenvalue EF, we shall introduce a 2 x 2 matrix, the iteration matrix Q, which 
depends on FE. We shall show that the behavior of y(x) is totally different depending 
on whether the eigenvalues of the iteration matrix are real or imaginary. Since these 
eigenvalues depend on the energy F chosen, we shall find it useful to distinguish between 
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domains of energy corresponding to real eigenvalues and those which lead to imaginary 
eigenvalues. The concept of an allowed or forbidden energy band will thus be introduced. 


Comments: 


(i) For the sake of convenience, we shall speak of a “potential barrier” to des- 


ignate the motif which, repeated N times, gives the potential V(«) (Fig. 1). 
However, this motif can also be a “potential well” or have an arbitrary shape. 
(ii) Common usage in solid state physics reserves the letter k to designate a 
parameter that appears in the expression of the stationary wave functions, 
and which is not simply proportional to the square root of the energy. To 
conform to this usage, we shall henceforth use a notation slightly different 
from that of Complement Ny1; we shall replace k by a, setting: 
2mME 
ae ea m) 
and we shall not introduce the letter k until later (we shall see that k is 
directly related to the eigenvalues of the matrix Q when they are complex). 


1. Passage through several successive identical potential barriers 


Consider a potential V(x) which is obtained by juxtaposing N barriers as in Figure 1: 
the first barrier is centered at x = 0, the second, at x = I, the third, at x = 21, ..., the 
last at x = (N —1)l. We intend to study the behavior, during passage through this set 
of barriers, of an eigenfunction y (x) which is a solution of the eigenvalue equation of 
i: 
doy 52 
lage t rE Viol} vale) =0 (2) 


where £ and a are related by (1). 











51 71 
2 2 





Figure 1: Potential V(x) having a periodic structure obtained by juxtaposing N times the 
same motif (N = 4 in the figure). 
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L-a. Notation 


To the left of the N barriers, that is, for « < V(x) is zero, and the general 


solution of equation (2) is: 
if 2<-. : go(x) = Age’ +Ajpe°@ (3a) 


Consider, as in § 1-a of Complement Nyy, the two functions v;,(a#) and v;,(a) which 
here become v,(x) and v/,(x). In the region of the first barrier, centered at x = 0, the 
general solution of (2) is written: 


if, = ; <a< Yolx) = Ai Vo(x) + A} vl, (2) (3b) 


Nilo 


Similarly, in the region of the second barrier, centered at x = 1, we obtain: 


l 31 
if 5 <a< 5 a(x) = Agva(x —1) + Ab vi (ax — 1) (3c) 
and, more generally, in the region of the nth barrier, centered at x = (n — 1)I: 


l I 
7 Sts(r-Yi+5 : 


Po(x) = An Vo [x — (n —1)I] + Al, of [2 — (n — DY (3d) 


if (n-1)l— 


Finally, to the right of the N barriers, that is, for 2 > (N—1)l+ : V(a) is again 


zero, and we have: 


l . 
if >(N-Vlt+5 : Yale) = Coe 4 + etal (3e) 


We must now match these various expressions for the wave function yq(x) at 


i ol l 
x Tp tp wy (N —1)E+ e This is what we shall do in the following section. 
1-b. Matching conditions 


The functions vg and v/, depend on the form of the potential chosen. We shall 
show, however, that it is simple to calculate them, and their derivatives as well, at the 
two edges of each barrier, by using the results of Complement Nyyr. 

To do so, let us imagine that all but one of the barriers are removed, leaving, for 
example, the nth one, centered at x = (n — 1)l. Solution (3d), always valid inside this 
barrier, must then be extended to the left and to the right by superposing plane waves. 
These waves are obtained by replacing, in formulas (6a) and (6b) of Ny, « by x—(n—1)1 
and k by a, and adding an index n to A, A’, A, A’. Thus we have, if the nth barrier is 
isolated: 


for < (n-1)l- 


Nilo 


A, falt—@™-DN 4 4 oe lz—-(m—- Dd] (4) 


/ 
n 
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l 
for >(n—1)l+ 5 
An etele—(n—-1)]] i AL oe tele—-(n—1)] (5) 


with: 


(3;) = mo(2) o 


where, with the change in notation taken into account, M(a) is the matrix M(k) intro- 
duced in Complement Nyy. Consequently, at the left edge of the nth barrier, the function 
a(x) defined in (3d) has the same value and the same derivative as the superposition of 
plane waves (4). Similarly, at the right edge of this barrier, it has the same value and the 
same derivative as (5). These results enable us to write simply the matching conditions 
in the periodic structure. 

At the left edge of the first barrier (that is, at 2 = —Il/2), it is sufficient to note 
that (3a) has the same value and the same derivative as A; e’°” + Aj e~**”, which yields 
directly: 


sete (7) 
At = Al 


(a result which was obvious from Nyq1). 

At the right edge of the first barrier, which is the same as the left edge of the 
second one, we must write that A, e* + Ai e~?* and Age?) 4+ Ab e~?#@—) have 
the same value and the same derivative, which yields: 


Ag = Ay eal 
(8) 


Al = Aj e7 i! 


l 
Similarly, at the junction of the nth and (n + 1)th barriers (« =nl— 3) we obtain, 


setting equal the value and derivative of (5) and those of the expression obtained by 
replacing n by n +1 in (4): 


Anti = An eral 
(9) 





Ani = A,e rw 


l 
Finally, at the right edge of the last barrier (« =(N-1)l+ 3) we must write 
that (3e) has the same value and the same derivative as the expression obtained by 


replacing n by N in (5), which yields: 


Co = An 
(10) 
Ch = Ary 
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1-c. Iteration matrix Q(a) 


Let us introduce the matrix D(a) defined by: 


cial 0 
D(a) = (11) 
0 etal 


It enables us to write the matching condition (9) in the form: 


(4) = 200(3) a 
that is, taking (6) into account: 
(i) =e ae) Ge (13) 


Iterating this equation and using (7), we obtain: 


(an) = Peoaecan” Ce) 





= a a)|” Ao 
= (D(a)m(a)]" (4) (14) 
Finally, the matching condition (10) can be transformed by using (6) and (14): 
(Gr) = Mla) (4) = atCa) [Dla ar(ay]** (2) (15) 
that is: 
C A 
e = M(a)D(a)M(a)D(a) ... D(a)M(a) ( > (16) 


N matrices M(a) 


Ao 
Al 
with each barrier, and another matrix D(a) with each interval between two successive 
barriers. 

Relations (13) and (14) demonstrate the importance of the role played by the 
matrix: 


Ci 
In this formula, which enables us to go from ( ) to ( y) ,amatrix M(a) is associated 
0 


Q(a) = D(a)M(a) (17) 


A An+ 
which enters to the nth power when one goes from Pee is , that is, when 
Ai Ant 


one performs a translation through a distance nl along the periodic structure. For this 
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reason, we shall call Q(q@) the “iteration matrix”. Using formula (18) of Complement Nyy 
and expression (11) for D(a), we obtain: 


tol F(q) tol G*(q) 
Qla)=| : (18) 
e*G(q) eto! F*(q) 


The calculation of [Q(a)]” is facilitated if we change bases so as to make Q(a) 
diagonal; for this reason we shall study the eigenvalues of Q(a). 


1-d. Eigenvalues of Q(a) 


Let A be an eigenvalue of Q(a). The characteristic equation of the matrix (18) is 
written: 


[e’ F(a) — A} fe F*(a) — A] — |G(a)/? =0 (19) 
that is, taking into account relation (21) of Complement Nyy: 
7-2’ X(a)+1=0 (20) 


where X(q) is the real part of the complex number e’™! F(a): 
1 
X(a) = Re [e* F(a)] = 51 Qa) (21) 


Recall [cf. Complement Nyy, relation (21)] that the modulus of F(a) is greater than 1; 
the same is therefore true of e’ F(a). 
The discriminant of the second-degree equation (20) is: 


A’ = [X(a)? -1 (22) 
Two cases may then arise: 
(7) If the energy F is such that: 

|X(a)| <1 (23) 


(for example, if, in Figure 2, a is between ap and a), one can set: 


X(a) = cos|k(a)l] (24) 
with: 
0< ka) <F (25) 


A simple calculation then shows that the eigenvalues of Q(a) are given by: 





h= etik(a)l (26) 


There are therefore two eigenvalues, which are complex conjugates and whose modulus 
is equal to 1. 
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1 
T 
i 
A 





> X(a) 


~ 
~~ 





Figure 2: Variation with respect to aw of the complex number e*™! F(a) = X(a) + iY (a). 
Since |F(a)| >1, the curve obtained in the complex plane falls outside the circle of unit 
radius centered at O. The following discussion shows that if |X(a)| is less than 1, that 
is, if the value of a chosen gives a point of the curve which is between the two vertical 
dashed lines of the figure, the corresponding energy falls in an “allowed band”; in the 
opposite case, it falls in a “forbidden band”. 





(iz) If, on the other hand, the energy F gives a value of @ such that: 


|X(a)| >1 (27) 
(for example, if, in Figure 2, a is between a, and az), one sets: 

X(a) = ¢ cosh{p(a)l] (28) 
with: 

pla) > 0 (29) 
and ¢ = +1 if X(q) is positive, e = —1 if X(q) is negative. We then find: 

dA = cetola)! (30) 





In this case, both eigenvalues of Q(a) are real, and they are each other’s inverse. 


2. Discussion: the concept of an allowed or forbidden energy band 


2-a. Behavior of the wave function ya(z) 


To apply (14), we begin by calculating the two column matrices A,(a@) and Ag(a) 
associated with the eigenvectors of Q(a) and corresponding respectively to the eigenval- 
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ues A; and Ag. We then decompose the column matrix (2) into the form: 


AY 
A 
Ar) = erla)Ar(@) + c2(a)Aa(ar) (31) 
1 
which enables us to obtain directly: 
An n-1 n-1 
aed At c1(a)Ai(@) + AZ “co (a) Ae(a@) (32) 


It is clear from this expression that the behavior of the wave function is very different 
depending on whether |X(qa)| is smaller or greater than 1 in the energy domain of the 
wave function. In the first case, formula (26) shows that the effect of traversing successive 
barriers is expressed in (32) by a phase shift in the components of the column matrix 
() onto Ai(@) and Ag(a). The behavior of ya(z) here recalls that of a superposition 
of imaginary exponentials. On the other hand, if the energy is such that |X(qa)| > 1, 
formula (30) indicates that only one of the two eigenvalues (for example, 1) has a 
modulus greater than 1. For n sufficiently large, we have, as a result: 


A iS 7 

(47) ow ert elma)! os (a) Ar (a) (33) 
nm 

A, and A’, therefore increase exponentially with n [except in the special case where 

ci(a) = 0]; the wave function y,(a) then increases in modulus as it traverses the succes- 

sive potential barriers, and its behavior recalls that of a superposition of real exponentials. 


2-b. Bragg reflection; possible energies for a particle in a periodic potential 


Depending on whether y,(a) behaves like a superposition of real or imaginary 
exponentials, the resulting phenomena can reasonably be expected to be different. 

Let us evaluate, for example, the transmission coefficient Ty(a) of the set of N 
identical barriers. For these N barriers, relation (15) shows that the matrix M(a)[Q(a)|*~! 
plays a role analogous to the one played by M(q) for a single barrier. Now, according to 
relation (29b) of Complement Ny, the transmission coefficient T(a) is expressed in terms 
of the element of this matrix which is placed in the first row and the first column [the 
inverse of Ty(q) is equal to the square of the modulus of this element]. What happens if 
the energy EF of the particle is chosen so as to make the eigenvalues of Q(q) real, that is, 
given by (30)? When N becomes sufficiently large, the eigenvalue Ay = ce?! becomes 
dominant, and the matrix [Q(a)|‘~! increases exponentially with N [as can also be seen 
from relation (33)]. Consequently, the transmission coefficient decreases exponentially: 


Tn (a) « eW2Nala (34) 


In this case, for large values of N, the set of N potential barriers reflects the particle 
practically without fail. This is explained by the fact that the waves scattered by the 
different potential barriers interfere totally destructively for the transmitted wave, and 
constructively for the reflected wave. This phenomenon can therefore be likened to Bragg 
reflection. Note, moreover, that this destructive interference for the transmitted wave 
can be produced even if the energy FE is greater than the height of the barrier (a case 
where, in classical mechanics, the particle is transmitted). 


382 


@ QUANTUM PROPERTIES OF A PARTICLE IN A ONE-DIMENSIONAL PERIODIC STRUCTURE 





Nevertheless, if the transmission coefficient of an isolated barrier is very close to 
1, we have |F(a)| ~ 1 [for example, in Figure 2, |F(a)| —> 1 if a, that is, the energy, 
approaches infinity]. The point representing the complex number e’“! F(a) is then very 
close to the circle of unit radius centered at O. Figure 2 shows that the regions of the 
energy axis where |X(a)| > 1, that is, where total reflection occurs, are very narrow 
and can practically be seen as isolated energy values. Physically, this is explained by 
the fact that, if the energy F of the incident particle is much larger than the amplitude 
of variation of the potential V(x), its momentum is well-defined, as is the associated 


wavelength. The Bragg condition | = ne (where n is an integer) then gives well-defined 
energy values. 

If, on the other hand, the energy EF of the particle falls in a domain where the 
eigenvalues are of modulus 1 as in (26), the elements of the matrix [Q(a)|‘~1 no longer 
approach infinity when N does. Under these conditions, the transmission coefficient 
Tn (a) does not approach zero when the number of barriers is increased. We are again 
dealing with a purely quantum mechanical phenomenon, related to the wave-like nature 
of the wave function, which enables it to propagate in the regular periodic potential 
structure without being exponentially attenuated. Note especially that the transmission 
coefficient Tv (a) is very different from the product of the individual transmission coef- 
ficients of the barriers taken separately (this product approaches zero when N —> oo 
since all the factors are smaller than 1). 

The quantization of energy levels for a particle placed in a series of identical and 
evenly spaced potential wells (i.e. a periodic potential V(a)) is another interesting prob- 
lem, particularly in solid state physics. It will be studied in detail in § 3, but we can 
already guess the form of the spectrum of possible energies. If we assume that the energy 
of the particle is such that |X(a)| > 1, equation (33) shows that the coefficients A, and 
Al become infinite when n —> oo. It is clear that this possibility must be rejected, since 
it means that the wave function does not remain bounded. The corresponding energies 
are therefore forbidden; hence, the name of forbidden bands given to the energy domains 
for which |X(a)| > 1. On the other hand, if the energy of the particle is such that 
|X(a)| <1, A, and A’, remain bounded when n —+ oo; the corresponding regions of 
the energy axis are called allowed bands. To sum up, the energy spectrum is composed 
of finite intervals inside which all the energies are acceptable, separated by regions all of 
whose energies are forbidden. 


3: Quantization of energy levels in a periodic potential; effect of boundary 
conditions 


Consider a particle of mass m placed in the potential V(x) shown in Figure 3. In the region 


a <a< NI+ . V(az) has the form of a periodic function, composed of a series of N + 1 


successive barriers of height Vo, centered at x = 0, I, 21, ..., Ni, Outside this region, V(x) 
undergoes arbitrary variations over distances comparable to J, then becomes equal to a positive 
constant value V.. In what follows, the region [0, NJ] will be called “inside the lattice” and the 


limiting regions 7 ~ -5 and x ~ NI+ 3? “ends (or edges) of the lattice”. 


Physically, such a function V(x) can represent the potential seen by an electron in a linear 
i 3] 
molecule or in a crystal (in a one-dimensional model). The potential wells at « = yo 
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p— Nee | > x 


0 I NI 


Figure 3: Variation with respect to x of the potential seen by an electron in a “one- 
dimensional crystal” and on its edges. Inside the crystal, the potential has a periodic 
structure; V(x) is maximum between the ions (barriers at x = 0, l, 21, ...) and minimum 
at the positions of the ions (wells at x = 1/2, 31/2, ...). On the edges of the crystal, V(x) 
varies in a more or less complicated way over a distance comparable to l, then rapidly 
approaches a constant value Vz. 





then correspond to the attraction of the electron by the various ions. Far from the crystal (or 
the molecule), the electron is not subjected to any attractive forces, which is why V(x) rapidly 


becomes constant outside the region a5 <a<NIi+ a 


The potential V(x) that we have chosen fits perfectly into the framework of Comple- 
ment My (apart from a change in the energy origin). We already know, therefore, that the 
bound states of the particle form a discrete spectrum of energies, all less than V.. However, the 
potential V(x) picked here also presents the remarkable peculiarity of having a periodic struc- 
ture of the type of those considered in § 1 above; relying on the results of this section, we shall 
show that the conclusions of Complement Mri take on a special form in this case. For example, 
in Complement Mir we stressed the fact that it is the boundary conditions [y(x) —> 0 when 
x —+ too] that introduce the quantization of the energy levels. The boundary conditions of the 
problem we are studying here, that is, the variation of the potential at the edges of the lattice, 
might thus be expected to play a critical role in determining the possible energies. Actually, this 
is not the case: we shall see that these energies depend practically only on the values of V(x) 
in the region where it is periodic, and not on the edge effects (on condition, of course, that the 
number of potential wells is sufficiently large). In addition, we shall verify the result obtained 
intuitively in § 2-b, showing that most of the possible energies are grouped in allowed energy 
bands. Only a few stationary states, localized near the edges, depend on a critical manner on 
the variation of V(x) in this region and can have an energy which falls in a forbidden band. 





We shall therefore proceed essentially as in Complement Mn, first examining precisely 
the conditions imposed on the wave function ya(x) of a stationary state. 


3-a. Conditions imposed on the wave function 


In the region where V(z) is periodic, relation (3d) gives the form of the wave function 
Ya(x); the coefficients A, and Aj, are determined from (32). To write (32) more explicitly, let 


384 


@ QUANTUM PROPERTIES OF A PARTICLE IN A ONE-DIMENSIONAL PERIODIC STRUCTURE 





us set: 
_ (file) 
cada) (710) 
th aha) 
c2(a@)A2(a) = é 5) (35) 


We then obtain: 


An = fila) AT * + fala) Ag7* 
Ay, = fila) AP * + fa(a) AS? (36) 





Now let us examine the boundary conditions on the wave function yq(x). First of all, to 
the left, far from the lattice, V(x) is equal to Ve and ya(x) is written in the form: 


Yaln) = Be? (37a) 
with: 
wa) = 4/22 (v. - B) (37b) 


(we eliminate the solution in e~““©”, which diverges when 2 —> —oo). The probability current 
associated with the function (37) is zero (cf. Complement Brrr). Now, for a stationary state, 
this current is independent of x [cf. Complement Nr, relation (12)]; it therefore remains zero 
at all x, even inside the lattice. According to relation (14) of Complement Ny, the coefficients 
Ay and A’, therefore necessarily have the same modulus. Thus, if we choose to express the 
boundary conditions on the left as relations between the coefficients Ai and Aj [that is, by 


writing that the expression for ya(x) for =; Ses ; is the extension of the wave function 
(37)], we find a relation of the form: 


Al 
eo en?) (38a) 
x(a) is a real function of a (and therefore of the energy E) which depends on the precise 
behavior of V(x) at the left-hand edge of the lattice [in what follows, we shall not need the 
exact expression for this function y(a@); the essential point is that the boundary conditions on 
the left have the form (38a)]. 
The same type of reasoning can obviously be applied on the right (2 —> +00). The 
boundary conditions are written: 
An+1 


SNH = gix'(o) (38b) 
Aly 41 





where the real function y'(a) depends on the behavior of V(x) on the right-hand edge of the 
lattice. 

To sum up, we can say that the quantization of the energy levels can be obtained in the 
following manner: 

— we start with two coefficients A; and Aj that satisfy (38a); this ensures that the function 
a(x) will remain bounded when x —+ —oo. Since ya(z) is defined to within a constant factor, 
we can choose, for example: 


A= eix(@)/2 
Al = eX)? (39) 
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— we then calculate, using (36), the coefficients A, and A’, so as to extend the wave 
function chosen throughout all the crystal. Note that the condition (39) implies that yq(z) is 
real (cf. Complement Nir, § 1-b); calculation of A, and A’, must therefore yield: 

AAs (40) 

— finally, we write that the coefficients An+1 and Ay,, satisfy (38b), a relation ensuring 
that ~a(x) will remain bounded when x —> +oo. In fact, relation (40) shows that the ratio 
An+1/A'y41 is automatically a complex number of unit modulus; condition (38b) therefore 
amounts to an equality between the phases of two complex numbers. We thus obtain a real 
equation in a, which has a certain number of real solutions giving the allowed energies. 

We are going to apply this method, distinguishing between two cases: real eigenvalues of 
Q(a) [the case where |X(a)| > 1] and imaginary ones [the case where |X (a)| < 1]. 


3-b. Allowed energy bands: stationary states of the particle inside the lattice 


First assume that the energy E is in a domain where |X(a)| < 1. 


a. Form of the quantization equation 


Taking (26) into account, relations (36) become: 


= i(n—1)k(a)l —i(n—-1)k(a)l 
An = filaje fala)e 
(41) 





Ay = fila) ei(r—1k(a)l baie, f(a) eTi(n-Dk(a)l 


We also know that the choice (39) of Ai and A{ implies that A‘, = A* for all n. Now, it is easy 
to show that relations (41) yield two complex conjugate numbers only if: 

fila) = f2(a) 

f2(a) = fila) (42) 
Condition (38b) can then be written: 

fi (a) ere) = f(a) x etx (&) (43) 

F3 (ox) P!NKOU + f(a) 

This equation in a gives the quantization of the energy levels. To solve it, let us set: 


fie" OCs peer 44) 
fila) e-'(@)/2 — f¥(a) ex! (@)/2 








O(a) = Arg { 


[O(a) can, in principle, be calculated from x(a), x’(a@) and the matrix Q(a)]. Equation (43) 
can then be written simply: 


e2iNR(a)l _ giO(a) 45) 


The energy levels are therefore given by: 





_ O(a) T 
with: 
p=0, 1, 2, ...,(N —1) 47) 


[the other values of p must be excluded, since condition (25) forces k(a) to vary within an 
interval of width 7/l]. We can already see that if N is very large, we can write equation (46) in 
the simplified form: 


k(a) (48) 


ab pe 
=PNI 
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B. Graphical solution; locating the energy levels 


If we substitute definition (24) of k(a) into (46), we obtain an equation in a that gives 
the allowed energies. To solve it graphically, let us begin by tracing the curve that represents 
the function X(a) = Re[e’“ F(a)]. Because of the imaginary exponential e'*’, we expect this 
curve to have an oscillatory behavior, of the type shown in Figure 4a. Since |F(a)| is greater 
than 1 [cf. Complement Ni, relation (32)], the amplitude of the oscillation is greater than 1, 
and the curve intersects the two straight lines X(a) = +1 at certain values ao, a1, Q2, ... of 
the variable a. We then eliminate all regions of the z-axis, bounded by these values, where the 
condition |X(a)| < 1 is not satisfied. Using the set of arcs of curves thus obtained for X(a), we 
must represent the function: 





a= ; Avena eG) (49) 


Taking into account the form of the Arc cosine function (cf. Fig. 5), we are led to the curve 
whose shape is shown in Figure 4b. Equation (46) indicates that the energy levels correspond to 





the intersections of this curve with the curves representing the functions sa) + Pap that is, 
if N > 1, with the horizontal lines whose equations are y = le (with p= 0, 1, 2,..., NM —1). 


NI 





AX(a) 
































b 
JN / 
7 ? 7 ! 
y, ) 7 
0 a a a, a3 ° a 


Figure 4: Variation with respect to a of X(a) = Re[F(a)e™] (see Fig. 2) and of k(a) = 
1 

7 Arecos X(a). The values of a (that is, of the energy E.) associated with stationary 
states are obtained (if N >> 1) by cutting the curve which represents k(a) with the 
horizontal lines whose equations are y = pr/Nl (p = 0,1, 2,...N—1). The allowed 
bands are thus revealed (intervals ay < a < ay, etc.); each includes N very close levels. 


The forbidden bands are represented by the shaded areas (a, < a < ag, etc...). 
The dashed-line curves correspond to the special case where V(x) = 0 (a free particle). 
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A Arc cos z 
+a 
Figure 5: The Arc cosine function. 
tH Zz 
-1 0 +1 








We thus obtain groups of N levels, associated with equidistant values of k(a) and situated 
in the allowed bands defined by ao < @ < a1, a2 < a < a3, etc. Between these allowed bands 
are the forbidden bands (we shall examine their properties in § c). 

If we consider a particular allowed band, we can locate each level according to the value 
of k(a) which corresponds to it. This leads to choosing k as the variable and considering a and, 


consequently, # as functions a(k) and E(k) of k. The variation of a with respect to k is given 
2.2 


directly by the curve of Figure 4b, so it suffices to evaluate the function to obtain the 





energy £(k). The corresponding curve has the shape shown in Figure 6. 


Comment: 


It is clear from Figure 4-b that, to a given value of k, correspond several values of a 
and therefore of the energy; this is why several arcs appear in Figure 6. Nevertheless, 





E(k) 


Figure 6: Variation of the energy with respect 
to the parameter k. The solid lines correspond 
to the energies for the first two allowed bands 
(the values of k which give the energy levels be- 
ing equidistant inside the interval 0 < k < 7/1). 
The dashed lines correspond to the special case 
where the potential V(x) is zero (a free parti- 
cle); the allowed bands are then contiguous, and 
there are no forbidden bands. 
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if, within a given allowed band, X(q) increases steadily from —1 to +1 (or decreases 
steadily from +1 to —1), only one energy level corresponds to each value of k for this 
band, and this band includes N energy levels. 


y. Discussion 


The preceding calculations show how, when we go from N = 1 to very high values of 
N, we move gradually from a set of discrete levels to allowed energy bands. Rigorously, these 
bands are formed by discrete levels, but their separation is so small for a macroscopic lattice 
that they practically constitute a continuum. When k is taken as a parameter, the density of 
states (the number of possible energies per unit interval of k) is constant and equal to NI/z. 
This property, which is very useful, explains why k is generally chosen as the variable. 

An important point appears in going from (46) to (48): when N is large, the edge effects 
of the lattice, which enter only through the intermediary of the functions x(a), y‘(a@) and, in 
(46), O(a), no longer play any role; only the form of the periodic potential inside the lattice is 
important in determining the possible energies. 

It is interesting to consider the two following limiting cases: 


(2) If V(x) = 0 (free particle), we have: 


F(a)=1 
(50) 
X(a) = cos al 
and we obtain: 
if ess: k(a) =a 
if Wee ots Se ae 
l l l 
etc... (51) 


(the corresponding broken line is shown in Figure 4b as a dashed line). Relation (50) shows 
that the condition |X(a)| < 1 is always satisfied: as we know, forbidden bands do not exist for 
a free particle. 

Figure 6 thus enables us to see the effect of the potential V(x) on the curve E(k). When 
forbidden bands appear, the curves representing the energy become deformed so as to have 
horizontal tangents for k = 0 and k = 7/I (edges of the band). Unlike what happens for a free 
particle, there exists a point of inflection for each band where the energy varies linearly with k. 


(ii) If the transmission coefficient T(a) is practically zero, we have [cf. Complement Ny, 
equations (29) and (21)]: 


|F(a)| > 1 (52) 


|G(a)| >1 


In Figure 2, the point representing the complex number e’™! F(a) is very far from the origin. We 
thus see in this figure that the regions of the a-axis where |X (a)| < 1 are extremely narrow. The 
allowed bands therefore shrink if the transmission coefficient of the elementary barrier decreases; 
in the limit of zero transmission, they reduce to individual levels in an isolated well. Inversely, 
as soon as the tunnel effect allows the particle to pass from one well to the next one, each of the 
discrete levels of the well gives rise to an energy band, whose width increases as the transmission 
coefficient grows. We shall return to this property in Complement F xr. 
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3-c. Forbidden bands: stationary states localized on the edges 


Q. Form of the equations; energy levels 


Let us now assume that a belongs to a domain where |X(a)| > 1. According to (30), 
relations (36) can then be written: 

















An =e" [fi(a) oD! + fo(a) em DEC)" 
(53) 
AL = ent [ fi(@) e(™—Nelayl 1 fi(@) ee Re) 
The fact that A’, = A* for all n means that we must have: 
file) = fir(a) 
(54) 
f2(a@) = fz (a) 
The quantization condition (38b) then takes on the form: 
An+1 _ fi (a) we f2(a) gene! etx (a) (55) 
Aya fila) + F3(@) enor 
that is: 
ener (a) (56) 
where the real function L(a) is defined by: 
* ix! (a) /2 _ —ix'(a)/2 
L(a) = fi (a) e fila)e (57) 


fx(a) &x')/2 — fo(a) eX (72 


—2Np(a)l 


Consider the case where N > 1; we then have e ~ 0, and equation (56) reduces 


L(a) =0 (58) 


The energy levels situated in the forbidden bands are therefore given by the zeros of the function 
L(a) (cf. Fig. 7). N enters neither into (57) nor into (58), so the number of these levels does 
not depend on N (unlike the number of levels situated in an allowed band). Consequently, when 
N > 1, it can be said that practically all the levels are grouped in the allowed bands. 


B. Discussion 


The situation here is radically different from the one encountered in § b: the number 
N, that is, the length of the lattice, plays no role (provided, nevertheless, that it is sufficiently 
large); on the other hand, definition (57) of L(a@) shows that the functions x(a) and x‘(a) 
play an essential role in the problem. Since we already know that these functions depend on 
the behavior of V(x) on the edges of the lattice, we expect to obtain states localized in these 
regions. 

This is indeed the case. Equations (57) and (58) offer two possibilities: 


(i) if fi(a) £0, the fact that L(a) = 0 requires that: 


fila) — fila) _ oix’ (a) 
fila) fila) = 
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AL(ar) 


Figure 7: Variation of L(a) with respect to 
a in a forbidden band. The zeros of L(a) 
give the stationary states which are localized 
on the edges of the lattice. 











Let us return to definition (35) of fi(a@) and f{(a); we see that relation (59) shows that the 
wave function constructed from the first eigenvector of Q(a) satisfies the boundary conditions 
on the right. This is easy to understand: if we start at x = 0 with an arbitrary wave function 
Al 
Ay 
two eigenvectors of Q(a); the coefficients An+1 and Ajy4 are then (if N >> 1) essentially given 


which satisfies the boundary conditions on the left, the matrix ( ) has components on the 


: . (Ana). ‘ 
by (33), which expresses the fact that the column matrix ( ie * /) is proportional to the column 
N+1 





matrix of the first eigenvector of Q(a). 

Note that since the eigenvalue A1(q) is greater than 1, the wave function grows exponen- 
tially when x increases. The stationary state given by the first eigenvector of Q(a) is therefore 
localized at the right end of the lattice. 


(iz) if fila) = 0, (54) gives f{(a) = 0, and definitions (35) imply that ci(a) = 0: the 
corresponding stationary state is associated with the second eigenvector of Q(a). Aside from 
the fact that this state is localized at the left end of the lattice, the conclusions obtained in (i) 
remain valid. 


References and suggestions for further reading: 


Merzbacher (1.16), Chap. 6, § 7; Fliigge (1.24), §§ 28 and 29; Landau and Lifshitz 
(1.19), § 104; see also solid state physics texts (section 13 of the bibliography). 
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In this chapter, we intend to illustrate the postulates of quantum mechanics, which 
we stated and discussed in Chapter III. We shall apply them to simple concrete cases, 
in which the dimension of the state space is finite (equal to two). The interest of these 
examples is not confined to their mathematical simplicity, which will allow a better 
understanding of the postulates and their consequences. It is also based on their physical 
importance: they exhibit typically quantum mechanical behavior which can be verified 
experimentally. 

In §§ A and B, we study the spin 1/2 case (which we shall take up again in more 
detail in Chapter IX). First, we describe (§ A-1) a fundamental experiment that revealed 
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the quantization of a simple physical quantity, the angular momentum. We shall see that 
the component along Oz of the angular momentum (or magnetic moment) of a neutral 
paramagnetic atom can take on only certain values, which belong to a discrete set. Thus, 
for a silver atom in its ground state, there are only two possible values (+f/2 and —h/2) 
for the component S, of its angular momentum: a silver atom in the ground state is 
said to be a spin 1/2 particle. In § A-2, we indicate how quantum mechanics describes 
the “spin variables” of such a particle. In situations where one can dispense with a 
quantum treatment of the “external variables” r and p, the state of the particle (“spin 
state space”) has only two dimensions. We shall then (§ B) be able to illustrate and 
discuss the quantum mechanical postulates in this particularly simple case: we shall first 
see how to prepare silver atoms in any desired arbitrary spin state, in a real experiment. 
We shall then show how the measurement of the physical values of the spin on such 
silver atoms enables us to verify the quantum mechanical postulates experimentally. By 
integrating the corresponding Schrédinger equation, we shall study the evolution of a spin 
1/2 particle in a uniform magnetic field (Larmor precession). Finally, in § C, we shall 
begin the study of two-level systems. Although these systems are not generally spin 1/2 
particles, their study leads to calculations very similar to those developed in §§ A and B. 
We shall treat in detail the effect of an external perturbation on the stationary states of a 
two-level system and use this very simple model to point out important physical effects. 


A. Spin 1/2 particle: quantization of the angular momentum 


A-1. Experimental demonstration 


First of all, we are going to describe and analyze the Stern-Gerlach experiment, 
which demonstrated the quantization of the components of an angular momentum (some- 
times called “space quantization”). 


A-1-a. The Stern-Gerlach apparatus 


The experiment consists of studying the deflection of a beam of neutral paramag- 
netic atoms (in this case, silver atoms) in a highly inhomogeneous magnetic field. The 
apparatus used is shown schematically! in Figure 1. 

Silver atoms contained in a furnace FE, heated to a high temperature, leave through 
a small opening and propagate in a straight line in the high vacuum existing inside the 
whole apparatus. A collimating slit F’ selects those atoms whose velocity is parallel 
to a particular direction that we shall choose for the Oy axis. The atomic beam thus 
constructed traverses the gap of an electromagnet A before condensing on a plate P. 

Let us describe the characteristics of the magnetic field B produced by the elec- 
tromagnet A. This magnetic field has a plane of symmetry (which we shall designate by 
yOz) that contains the initial direction Oy of the atomic beam. In the air-gap, it is the 
same at all points situated on any given line parallel to Oy (the edges of the electromag- 
net are parallel to Oy, and we neglect edge effects). B has no component along Oy. Its 
largest component is along Oz; it varies strongly with z: in Figure 1-b, the field lines are 
much closer together close to the north pole than close to the south pole of the magnet. 





1 We only indicate the most important characteristics of this equipment. A more detailed description 
of the experimental technique can be found in a textbook on atomic physics. 
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Figure 1: Schematic diagram of the Stern-Gerlach experiment. Figure a shows the trajec- 
tory of a silver atom emitted from the high-temperature furnace E. This atom is deflected 
by the gradient of the magnetic field created by the electromagnet A and then condenses 
at N on plate P. 

Figure b shows a cross section in the xOz plane of the electromagnet A; the lines of 
force of the magnetic field are shown in dashed lines. B, has been assumed to be positive 
and OB,/0z, negative. Consequently, the trajectory of figure a corresponds to a negative 
component M, of the magnetic moment, that is, to a positive component of S%, (y is 
negative for a silver atom). 





Of course, since the magnetic field has a conserved flux (divB = 0), it must also have a 
component along Ox which varies with the distance x from the plane of symmetry. 


A-1-b. Classical calculation of the deflection” 


Note, first, that the silver atoms, being neutral, are not subjected to the Lorentz 
force. On the other hand, they possess a permanent magnetic moment -@ (they are 
paramagnetic atoms); the resulting forces are derived from the potential energy: 


W=-M-B (A-1) 


The existence, for an atom, of an electronic magnetic moment /@ and an angular 
momentum f is due to two causes: the motion of the electrons about the nucleus (the 
corresponding rotation of the charges being responsible for the appearance of an orbital 
magnetic moment) and the intrinsic angular momentum, or spin, (cf. Chapter IX) of the 
electrons, with which is associated a spin magnetic moment. It can be shown (as we shall 





?We only give here an outline of the calculation. 
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Figure 2: The silver atom possesses a mag- 
netic moment M and an angular momentum 
S which are proportional. Consequently, the 
effect of a uniform maguetic field B is to 
cause M to turn about B with a constant 
angular velocity (Larmor precession). 





assume here without proof) that, for a given atomic level, M and ¥ are proportional®: 
M= 7S (A-2) 


The proportionality constant 7 is called the gyromagnetic ratio of the level under con- 
sideration. 

Before the atoms traverse the electromagnet, the magnetic moments of the silver 
atoms that form the atomic beam are oriented randomly (isotropically). Let us study 
the action of the magnetic field on one of these atoms, whose magnetic moment @ has 
a given direction at the entrance of the air-gap. From expression (A-1) for the potential 
energy, it is easy to deduce that the resultant of the forces exerted on the atom is: 


F=V(4-B) (A-3) 


(this resultant would be equal to zero if the field B were uniform), and that their total 
moment relative to the position of the atom is: 


T=4xB (A-4) 
The angular momentum theorem can be written: 


df 
dt 


3In the case of silver atoms in the ground state (like those of the beam), the angular momentum .7 
is simply equal to the spin of the outer electron, which is therefore solely responsible for the existence 
of the magnetic moment .@. This is because the outer electron has a zero orbital angular momentum, 
and the resultant orbital and spin angular momenta of the inner electrons are also zero. Moreover the 
experimental conditions realized in practice are such that effects linked to the spin of the nucleus are 
negligible. This is why the silver atom in the ground state, like the electron, has a spin 1/2. 


=r (A-5) 
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that is: 


" =7S7xB (A-6) 

The atom thus behaves like a gyroscope (Fig. 2): dA /dt is perpendicular to fF, 
and the angular momentum turns about the magnetic field, the angle 6 between 7 
and B remaining constant. The rotational angular velocity is equal to the product of 
the gyromagnetic ratio y and the modulus of the magnetic field. The components of 
M which are perpendicular to the magnetic field therefore oscillate around zero, the 
component parallel to B remaining constant. 

To calculate the force F [formula (A-3)], we can, to a very good approximation, 
neglect in the potential energy W the terms proportional to .@, and .@, and take .@, 
to be constant. This is because the frequency of oscillation due to the rotation of @ is 
so great that only the time-averaged values of .@, and -@, can play a role in W, and 
these are both zero. Consequently, it is as if the atom were submitted to the sole force: 


F’ = V(.M.B.) = Me VBz (A-7) 


In addition, the components of VB, along Ox and Oy are zero: 0B,/Oy = 0 because 
the magnetic field is independent of y (§ A-l-a above), and 0B,/0x = 0 at all points 
of the plane of symmetry yOz. The force on the atom is therefore parallel to Oz and 
proportional to .@,. Since it is this force that produces the deflection HN of the atom 
(Fig. 1), HN is proportional to .@, (and hence, to -%,). Consequently, measuring HN 
is equivalent to measuring 4, or SY. 

Since, at the entrance to the air-gap, the moments of the various atoms of the 
beam are distributed isotropically (all values of .@, included between |#| and —|.@| are 
found), we expect the beam to form a single pattern, symmetrical with respect to H, on 
the plate P. The upper bound N; and the lower bound N> of this pattern correspond 
in principle to the maximum value |.4@| and minimum value —|.4@| of @,. In fact, the 
dispersion of the velocities and the finite width of the slit F cause the atoms having a 
given value of .@, to condense, not at the same point, but in a spot centered about the 
deflection corresponding to the average velocity. 


A-1-c. Results and conclusions 


The results of the experiment (performed for the first time in 1922 by Stern and 
Gerlach) are in complete contradiction with the preceding predictions. 

We do not observe a single spot centered at H, but two spots (Fig. 3) centered at 
the points N; and N2, symmetrical with respect to H (the width of these two spots is 
due to the dispersion of the velocities, and to the width of the slit F). The predictions 
of classical mechanics are therefore shown to be invalidated by the experiment. 

Now let us see how these experimental results can be interpreted. Of the physical 
quantities associated with a silver atom, some correspond to its external degrees of free- 
dom (that is, are functions of its position r and its linear momentum p), and others, to 
its internal degrees of freedom (also called spin degrees of freedom) .@ or SY. 

Let us first show that, under these experimental conditions, it is not necessary to 
treat the external degrees of freedom quantum mechanically. To do this, we shall verify 
that it is possible, in order to describe the motion of the silver atoms, to construct wave 
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Figure 3: Spots observed on the plate P in the 


|P Stern-Gerlach experiment. The magnetic moments 
M of the atoms emitted from the furnace E are dis- 
tm, tributed randomly in all directions of space, so classi- 


cal mechanics predicts that a measurement of M, can 
yield with equal probability all values included between 
+|M| and —|M\. One should therefore observe only 
one large spot centered in H (dashed lines in the fig- 
ure). In reality, the result of the experiment is com- 
pletely different: two spots, centered at N, and No, 
7™ are observed. This means that a measurement of , 
can yteld only two possible results (quantization of the 
measurement result). 











packets whose width Az and momentum dispersion Ap, are negligible. Az and Ap, 
must satisfy the Heisenberg relation: 


Az.Ap, 2h (A-8) 


Numerically, the mass M of a silver atom is equal to 1.8 x 107? kg. Az and the velocity 
uncertainty Av, = Ap,/M must be such that: 


Az.Av, = a ~1079 M.KS.A. (A-9) 


Now what are the lengths and velocities involved in the problem? The width of the slit 
F is about 0.1 mm and the separation N,N2 of the two spots, that is several millimeters. 
The distance over which the magnetic field varies appreciably can be deduced from 
the values of the field in the middle of the air-zap (B ~ 104 gauss) and its gradient 
( oe ~ 10° gauss/cm), which yields B/ cB ~ 1mm. In addition, the velocity of the 
silver atoms leaving a furnace at an absolute temperature of 1000 °K is of the order of 
500 m/s. However well-defined the beam is, the dispersion of the velocities along Oz 
is not much less than several meters per second. It is then easy to find uncertainties 
Az and Av,, which, while satisfying (A-9), are negligible on the scale of the experiment 
being considered. As far as the external variables r and p of each atom are concerned, 
it is therefore not necessary to resort to quantum mechanics. It is possible to reason in 
terms of quasi-pointlike wave packets moving along classical trajectories. Consequently, 
it is correct to claim that measurement of the deflection HN constitutes a measurement 
of M@, or -S,. 

The results of the experiment thus lead us necessarily to the following conclusion: 
if we measure the component .~, of the intrinsic angular momentum of a silver atom in 
its ground state, we can find only one or the other of two values corresponding to the 
deflections HN, and HN2. We are therefore obliged to reject the classical image of a 
vector Y whose angle 6 with the magnetic field can take on any value: -%, is a quantized 
physical quantity whose discrete spectrum includes only two eigenvalues. When we study 
the quantum theory of angular momentum (Chap. VI), we shall see that these eigenvalues 
are +h/2 and —fh/2; we shall assume this here and say that the spin of the silver atom 
in its ground state is 1/2. 
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A-2. Theoretical description 


We are now going to show how quantum mechanics describes the degrees of freedom 
of a silver atom, that is, of a spin 1/2 particle. 

We do not yet possess all the necessary elements for the presentation of a deductive 
and rigorous theory of the spin 1/2 particle. Such a study will be developed in Chapter IX, 
in the framework of the general theory of angular momentum. We shall therefore be 
forced here to assume without proof a small number of results which will be proved later, 
in Chapter IX. Such a point of view is justified by the fact that the essential goal of the 
present chapter is to show the reader how to handle the quantum mechanical formalism 
in a simple and concrete case, and not to focus on the angular momentum aspect of 
the spin 1/2. The idea is to give precise examples of kets and observables, to show how 
physical predictions can be extracted from them and how to distinguish clearly between 
the various stages of an experiment (preparation, evolution, measurement). 

We saw in Chapter III that with every measurable physical quantity must be 
associated, in quantum mechanics, an observable, that is, a Hermitian operator whose 
eigenvectors can form a basis in the state space. We must therefore define the state 
space and the observables corresponding to the components of Y (.%,, %y, 7%, and, 
more generally, “%, = % -u, where u is an arbitrary unit vector), which we know from 
§ A-1 to be measurable. 


A-2-a. The observable S, and the spin state space 


With .~, we must associate an observable S$, which has, according to the results 
of the experiment described in § A-1 above, two eigenvalues, +h/2 and —h/2. We shall 
assume (see Chap. IX) that these two eigenvalues are not degenerate, and we shall denote 
by |+) and |—) the corresponding orthonormal eigenvectors: 


h 
S.1+) =+5 I+) 


(A-10) 
Bye-F | 
with: 
(H+) =(-l-}=1 
fee =0 veh 





S, alone therefore forms a C.S.C.O., and the spin state space is the two-dimensional 
space €, spanned by its eigenvectors |+) and |—). The fact that these eigenvectors form 
a basis of €, is expressed by the closure relation: 


eee Taal (A-12) 


The most general (normalized) vector of €, is a linear superposition of |+) and 


|-): 


|b) = al+) + Bl-) (A-13) 
with: 
jo|? + |B)? = 1 (A-14) 
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Figure 4: Definition of the polar angles 6 and 
y characterizing a unit vector u. 








In the |+),|—) basis, the matrix representing S', is diagonal and is written: 


Af 0 
($.)=5 (A-15) 
0 -1 
A-2-b. The other spin observables 


With the .~, and .%, components of .” will be associated the observables S$, and 
Sy. The operators S,; and S, must be represented in the {|+),|—)} basis by 2 x 2 
Hermitian matrices. 

We shall see in Chapter VI that in quantum mechanics, the three components of 
an angular momentum do not commute with each other but satisfy well-defined commu- 
tation relations. This will enable us to show that, in the case of a spin 1/2, with which we 
are concerned here, the matrices representing S, and Sy in the basis of the eigenvectors 
|+) and |—) of S, are the following: 


0 1 

(S) = 3 (A16) 
1 0 
O -i 

(S,) = 3 (A-17) 
a 0 


For the moment, we shall assume this result. 
As for the .“%, component of Y along the unit vector u, characterized by the polar 
angles @ and ¢ (Fig. 4), it is written: 


A= S-u= S,sindcosy + %, sin dsiny + SY, cosd (A-18) 
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Using (A-15), (A-16) and (A-17), we easily find the matrix that represents the 
corresponding observable Sy = S. u in the {|+),|—)} basis: 


(Su) = (Sz) sin 8 cos y + (S,) sin Osin y + (Sz) cos 0 


7 | cosd siné ei? 


(A-19) 


l| 


sin ef —cosé 


In what follows, we shall need to know the eigenvalues and eigenvectors of the 
observables Sz,5, and S,. The calculations that enable us to obtain them from the 
matrices (A-16), (A-17) and (A-19) are not difficult. We shall only present the results 
here. 

The S,,5, and S,, operators have the same eigenvalues, +f/2 and —h/2, as S,. 
This result could have been expected, since it is always possible to rotate the Stern- 
Gerlach apparatus as a whole so as to make the axis defined by the magnetic field parallel 
either to Ox, to Oy, or to u. Since all directions of space have the same properties, 
the phenomena observed on the plate of the apparatus must be unchanged under such 
rotations: the measurement of .%,, -%, or %, can therefore yield only one of two results: 
+h/2 or —h/2. 

As for the eigenvectors of S$,, S, and S,, we shall denote them respectively by 
|+)2, |), and |+),, (the sign in the ket is that of the corresponding eigenvalue). Their 
expansions on the basis of eigenvectors |+) of S, is written: 


1 



































crass ade A-20 
|=) a [|+) £1-)] (A-20) 
Hy = [IH £4) (A-21) 
+), = — ||+)+i- fs 
y /2 
0 iva oO ees 
lar ae = COS 9 ene |-+) + sin 2 e’? |—) (A-22a) 
|-)u = —sin ° e*¥/2/4) 4 cos : ef?/2|_) (A-22b) 
B. Illustration of the postulates in the case of a spin 1/2 


Using the formalism that we have just described, we are now going to apply the postulates 
of quantum mechanics to a certain number of experiments on silver atoms which can 
actually be performed with the Stern-Gerlach apparatus. We shall thus be able to discuss 
the consequences of these postulates in a concrete case. 


B-1. Actual preparation of the various spin states 


In order to make predictions about the result of a measurement, we must know the 
state of the system (here, the spin of a silver atom) immediately before the measurement. 
We are going to see how to prepare a beam of silver atoms so that they are all in a given 
spin state. 
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Figure 5: When we pierce a hole in the plate P at the position of the spot N,, the atoms 
that pass through this hole are all in the spin state |+). The Stern-Gerlach apparatus is 
then acting like a polarizer. 





B-1-a. Preparation of the states |+) and |—) 


Let us assume that we pierce a hole in the plate P of the apparatus represented 
in Figure l-a, at the position of the spot centered at N, (Fig. 3). The atoms which 
are deflected downward continue to condense about N2, while some of those which are 
deflected upward pass through the plate P (Fig. 5). Each of the atoms of the beam 
which propagates to the right of the plate is a physical system on which we have just 
performed a measurement of the observable S,, the result being +h/2. According to the 
fifth postulate of Chapter ITI, this atom is in the eigenstate corresponding to this result, 
that is, in the state |+) (since S, alone constitutes a C.S.C.O., the measurement result 
suffices to determine the state of the system after this measurement). The device in 
Figure 5 thus produces a beam of atoms which are all in the spin state |+). This device 
acts like an “atomic polarizer”, since it acts the same way on atoms as an ordinary 
polarizer does on photons. 

Of course, if we pierced the plate around N» and not around Nj, we would obtain 
a beam all of whose atoms would be in the spin state |—). 














B-1-b. Preparation of the states |+)z2, |+)y, |4)u 





The observable S, also constitutes a C.S.C.O. since none of its eigenvalues is 
degenerate. To prepare one of its eigenstates, we must simply select, after a measurement 
of S,, the atoms for which this measurement has yielded the corresponding eigenvalue. 
In practice, if we rotate the apparatus of Figure 5 through an angle of +7/2 about Oy, 
we obtain a beam of atoms whose spin state is |+), (Fig. 6). 

This method can be generalized: by placing the Stern-Gerlach apparatus so that 
the axis of the magnetic field is parallel to an arbitrary unit vector u, and piercing the 
plate either at N; or at No, we can prepare silver atoms in the spin state |+),, or |—),*. 


B-1-c. Preparation of the most general state 
We indicated above that the most general (normalized) ket of the spin state space 
is of the form: 


|) = al+) + B|-) (B-1) 


4The direction of the atomic beam is no longer necessarily Oy, but this is not important in what 
concerns us here. 
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Figure 6: When the apparatus of Figure 5 is rotated through 90° about Oy, we obtain a 
polarizer which prepares atoms in the spin state |+) x. 





with: 
jo)? + [6 =1 (B-2) 


Is it possible to prepare atoms whose spin state is described by the corresponding ket 
I)? 

We are going to show that there exists, for all |y), a unit vector u such that |1)) 
is collinear with the ket |+),. We therefore choose two complex numbers a and 3 which 
satisfy relation (B-2) but which are arbitrary in every other respect. Taking (B-2) into 
account, we find that there necessarily exists an angle 6 such that: 


cos~ = |al 


; (B-3) 
ins = |6| 
sin 2 = 
If, in addition, we impose: 
0<0<7 (B-4) 


8 
a 








the equation tan g i determines # uniquely. We already know that only the difference 


of the phases of a and ( enters into the physical predictions. Let us therefore set: 


yp = Arg B-Arga (B-5) 
y = Arg 8+ Arg a (B-6) 
We thus have: 
1 1 
Arg B= 5X ar a” 
(B-7) 
Arg a= a - ty 
2 2 


With this notation, the ket |y) can be written: 


NX 


eee 6, 
|) = e*2 |cos 5 e'2|+) + sin 3 e|-) (B-8) 
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If we compare this expression with formula (A-22a), we see that |y) differs from the ket 
|+). (which corresponds to the unit vector u characterized by @ and yw) only by the phase 
factor e*X/?, which has no physical significance. 

Consequently, to prepare silver atoms in the state |w), it suffices to place the Stern- 
Gerlach apparatus (with its plate pierced at N,) so that its axis is directed along the 
vector u whose polar angles are determined from a and £ by (B-3) and (B-5). 


B-2. Spin measurements 


We saw in § A that a Stern-Gerlach apparatus enables us to measure the component 
of the angular momentum .¥ of silver atoms along a given axis. We have just pointed 
out, in § B-1, that an apparatus of the same type can be used to prepare an atomic beam 
in a given spin state. Consequently, if we place two Stern-Gerlach magnets one after the 
other, we can verify experimentally the predictions of the postulates. The first apparatus 
acts like a “polarizer”: the beam coming out of it is composed of a large number of silver 
atoms all in the same spin state. This beam then enters the second apparatus, which 
is used to measure a specified component of the angular momentum : this is, as it 
were, the “analyzer” (note the analogy with the optical experiment described in § A-3 of 
Chapter I). We shall assume in this section that the spin state of the atoms of the beam 
does not evolve between the time they leave the “polarizer” and the time they enter the 
“analyzer”, that is, between the preparation and the measurement. It would be easy to 
forgo this hypothesis, by using the Schrédinger equation to determine the spin evolution 
between the moment of preparation and the moment of measurement. 


B-2-a. First experiment 


Let us choose the axes of the two apparatuses parallel to Oz (Fig. 7). The first one 
prepares the atoms in the state |+) and the second one measures .%,. What is observed 
on the plate of the second apparatus? 








Po 


Figure 7: The first apparatus (a “source” composed of the furnace Ey and the slit Fy, 
plus a “polarizer” formed by the magnet A, and the pierced plate P,) prepares the atoms 
in the state |+). The second one (an “analyzer” composed of the magnet Az and the 
plate P) measures the component .Y,. The result obtained is certain (+h/2). 





Since the state of the system under study is an eigenstate of the observable S, which 
we want to measure, the postulates indicate that the measurement result is certain: we 
find, without fail, the corresponding eigenvalue (+//2). Consequently, all the atoms of 
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the beam must condense into a single spot on the plate of the second apparatus, at the 
position corresponding to +f/2. 

This is indeed what is observed experimentally: all the atoms strike the second 
plate in the vicinity of Ni, none hitting near No. 


B-2-b. Second experiment 

Now let us place the axis of the first apparatus along the unit vector u, with polar 
angles 0, y = 7 (u is therefore contained in the xOz plane). The axis of the second 
apparatus remains parallel to Oz (Fig. 8). According to (A-22a), the spin state of the 
atoms when they leave the “polarizer” is (we ignore an irrelevant i factor multiplying 
whole ket): 


0 0 
|) = —cos 5 |-+) + sin 5 |—) (B-9) 


The “analyzer” measures -“, on these atoms. What are the results? 











B, / B, 











Po 








Figure 8: The first apparatus prepares the spins in the state |+), (u is the unit vector 
of the xOz plane that makes an angle 0 with Oz). The second one measures the , 
component. The possible results are +h/2 (probability cos? 0/2) and —h/2 (probability 
sin? 6/2). 





This time, we find that certain atoms condense at N,, and others at No, although 
they have all been prepared in the same way: there is an indeterminacy in the behavior 
of each of the atoms taken individually. The postulate of spectral decomposition merely 
enables us to predict the probability of each atom’s appearance at N; or N2. Since 
(B-9) gives the expansion of the spin state of an atom in terms of the eigenstates of 
the observable being measured, we can calculate directly that these probabilities are, 
respectively, cos? 9/2 and sin? 6/2. Thus, when enough atoms have condensed on the 
plate, we observe that the intensity of the spots at N; and N2 corresponds to numbers 
of atoms which are proportional, respectively, to cos? 6/2 and sin? 0/2. 


Comment: 


For any value of the angle 6 (except exactly 0 or 7), it is therefore always possible 
to find the two results +f/2 and —A/2 in a measurement of S,. This prediction 
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may seem to a certain extent paradoxical. For example, if 9 is very small, the 
spin at the exit of the first apparatus points in a direction which is practically 
Oz, and yet one can find —A/2 as well as +f/2 in a measurement of S$, (while, 
in classical mechanics, the result would be (ficos@)/2 ~ h/2). Nevertheless, the 
smaller 6, the smaller the probability of finding —h/2. Moreover, we shall see later 
[formula (B-11)] that the mean value of the results which would be obtained in a 
large number of identical experiments is (S,) = 2 cos 8, which corresponds to the 
classical result. 


B-2-c. Third experiment 


Let us take a “polarizer” positioned as in § B-2-b, so as to prepare atoms in the 
state (B-9), and let us rotate the “analyzer” until its axis is directed along Ox, so that 
it measures the .%, component of the angular momentum. 

To calculate the predictions of the postulates in this case, we must expand the 
state (B-9) in terms of the eigenstates of the observable S,, [formula (A-20)]. We find: 


a(t|~) = (cos : + sin 5) i cos(= — 5) 
(B-10) 

= CO oa Ue ep. Oe 

a(—|b) = poo oS Stl 5) 


The probability of finding the eigenvalue +h/2 of S,, is therefore cos” (F = £) and 
that of finding —(h/2), sin? (4 — $). 
It is possible to verify these predictions by measuring the intensity of the two spots 


on the plate situated at the exit of the second Stern-Gerlach apparatus. 


Comment: 


The fact that it is (4 — a) that enters in here is not at all surprising: in § B-2-b, 
the angle between the axes of the two apparatus was @; it became (F = 0) after 
rotation of the second apparatus. 


B-2-d. Mean values 


In the situation of § B-2-b, we find experimentally that, of a great number NV of 
atoms, N cos? 0/2 arrive at N, and N sin? 0/2, at No. The measurement of .Y, therefore 
yields +f/2 for each of the first group and —f/2 for each of the second. If we calculate 
the mean value of these results, we obtain: 


ea: a ee 
(Sz) = 47 3 XN cos 5 XN sin 3 


h 
= 5 0089 (B-11) 


It is easy to verify from formulas (B-9) and (A-10) that this is indeed the value of 
the matrix element (a|S,|w). 
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Similarly, the average of the measurement results obtained in the experiment of 
§ B-2-c is equal to: 


(Sa) = 5p [5 x Mos? (F - 5) - 5 <vsin’ (z-5)| 
h., 
= 5 sind (B-12) 


To calculate the matrix element (7|S,,|%), we can use the matrix (A-16) which represents 
Sz, in the {|+),|—)} basis. In this same basis, the ket |y) is represented by the column 


cos 0/2 
vector , and the bra (w| by the corresponding row vector. We therefore have: 


sin 0/2 


h 0 1 cos 9/2 
(b|Szlb) = 2 (cos/2 sind/2) 


1 0} \sing/2 


= Peay (B-13) 
2 
The mean value of .%, is indeed equal to the matrix element, in the state |W), of the 
associated observable Si. 

It is interesting to note that if we were dealing with a classical angular momentum 
of modulus /2 directed along the axis of the “polarizer”, its components along Ox and 
Oz would be precisely (f/2) sin @ and (h/2)cos@. More generally, if we calculate [using 
the same technique as in (B-13)] the mean values of S,, S, and S, in the state |+), 
[formula (A-22a)], we find: 


h 
u(t|Se|+)e = 5 sin 6 cos p 


h 
a(+|Sylhu= 5 sin Asin yp 








u(t|Sz|+)u = cos 0 (B-14) 
These mean values are equal to the components of a classical angular momentum of 
modulus fi/2 oriented along the vector u whose polar angles are @ and y. Therefore, we 
can also establish here a relation between classical mechanics and quantum mechanics 
through the mean values. However, we must not lose sight of the fact that a measurement 
of Ly, for example, on a given atom will never yield 2 sin @cos y: the only results which 
can be found are +h/2 and —h/2. Only in taking the average of values obtained in a 
large number of identical measurements (same state of the system, here |+),,, and same 
observable measured, here S,,) do we obtain 2 sin 0 cos y. 


Comment: 


It is useful to consider again at this stage the problem of external degrees of freedom 
(position, momentum). 
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No 





Figure 9: When the spin is in the state |+) (fig. a) or |—) (fig. b), the center of the wave 
packet follows a well-defined trajectory which can be calculated classically. When the spin 
state is a linear superposition of |+) and |—), the wave packet splits into two parts and 
it is no longer possible to say that the atom follows a classical trajectory (despite the fact 
that the spread of each of the packets is much smaller than the characteristic dimensions 
of the problem). 
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When a silver atom enters the second Stern-Gerlach apparatus in the spin state |W) given 
by (B-9), we have just seen that it is impossible to predict with certainty whether it will 
condense at Ni or No. It seems difficult to reconcile this indeterminacy with the idea of 
a perfectly well-determined classical trajectory, given the initial state of the system. 


In fact, this is not a real paradox. To say that the external degrees of freedom can be 
treated classically means only that it is possible to form wave packets which are much 
smaller than all the dimensions of the problem. It does not necessarily mean, as we shall 
see, that the particle itself follows a classical trajectory. 


Let us first consider a silver atom which enters the apparatus in the initial spin state |+). 
The wave function which describes the external degrees of freedom of this particle is a 
wave packet whose spread is very small and whose center follows the classical trajectory 
of Figure 9-a. Similarly, if the silver atom enters with the spin state |—), the center of 
the wave packet associated with it follows the classical trajectory of Figure 9-b. 


If we now consider an atom which enters with the spin state |) of formula (B-9), the 
corresponding initial state is a well-defined linear superposition of the two preceding 
initial states. Since the Schrédinger equation is linear, the wave function of the particle 
at a subsequent instant (Fig. 9-c) is a linear superposition of the two wave packets of 
Figures 9-a and 9-b. The particle therefore has a certain probability amplitude of being 
in one or the other of these two wave packets. We see that it does not follow a classical 
trajectory at all, unlike what happens to the centers of the two wave packets. Upon 
arrival on the screen, the wave function has non-zero values in two different regions, each 
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very localized, around the points N, and Nz. The particle can therefore appear either 
near N, or near No, and we cannot predict with certainty at which of these two points 
the appearance will occur. 


Note that the two wave packets of Figure 9-c do not represent two different particles; 
they represent only one particle, whose wave function has two parts, each of which is 
very localized about a different point. The two wave packets, moreover, have a well- 
defined phase relation because they arise from the same initial wave packet, split into 
two under the influence of the gradient of B. We could recombine them to form one wave 
packet again by removing the screen (that is, by not performing the measurement) and 
by submitting them to a new field gradient, whose sign would be the opposite of the first 
one. 


B-3. Evolution of a spin 1/2 particle in a uniform magnetic field 
B-3-a. The interaction Hamiltonian and the Schrodinger equation 


Consider a silver atom in a uniform magnetic field Bo, and choose the Oz axis 
along Bo. The classical potential energy of the magnetic moment M = 7.¥ of this atom 
is then: 


W= —_M : Bo = —M,Bo = -7Bo’z (B-15) 
where Bo is the modulus of the magnetic field. Let us set: 
wWo= —7 Bo (B-16) 


It is easy to see that wo has the dimensions of the inverse of a time, that is, of an angular 
velocity. 

Since we are quantizing only the internal degrees of freedom of the particle, ~% 
must be replaced by the operator S, and the classical energy (B-15) becomes an operator: 
it is the Hamiltonian H which describes the evolution of the spin of the atom in the field 
Bo: 


H=w0S; (B-17) 


Since this operator is time-independent, solving the corresponding Schrédinger 
equation amounts to solving the eigenvalue equation of H. We see that the eigenvectors 
of H are those of S,: 


fiw 
Hit) 4-14) 
(B-18) 
hwo 
A|-) = -— |- 
|-) = - 2 |} 
There are therefore two energy levels, Ei = +hwo/2 and E_ = —hwo/2 (Fig. 10). 


Their separation wg is proportional to the magnetic field; they define a single “Bohr 
frequency”: 


1 
¥4— = 7 (Ey - B)= (B-19) 


~ On 


409 


CHAPTER IV_ SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS 


I+) Figure 10: Energy levels of a spin 1/2, of 
gyromagnetic ratio y, placed in a magnetic 
field Bo parallel to Oz; wo is defined by wo = 


hog —yBo. 


tee 


Ey —t— 1) 








Comment: 


(i) If the field Bo is parallel to the unit vector u whose polar angles are @ and 
y, relation (B-17) must be replaced by: 


H = wSy (B-20) 


where S, =S-uis the component of S along u. 


(ii) For the silver atom, +¥ is negative; wo is therefore positive, according to (B-16). 
This explains the arrangement of the levels in Figure 10. 


B-3-b. Larmor precession 
Let us assume that, at time t = 0, the spin is in the state: 
eres 0 seeys 
|~(0)) = cos 3° P/*)4) + sin 5° ere |—\ (B-21) 
(we showed in § B-1-c that any state could be put in this form). To calculate the state 
|(t)) at an arbitrary instant t > 0, we apply the rule (D-54) given in Chapter III. In 
expression (B-21), |7(0)) is already expanded in terms of the eigenstates of the Hamil- 


tonian, and we therefore obtain: 


zt 


Oo ie ee 6 we _, 
|W(t)) = cos 5 e*? e@ +n |+) 4 sin 5 a cs | (B-22) 
or, using the values of E+ and E_: 
0 —i(p+wot)/2 _ 9 i(ytwot)/2 
|W(t)) = cos ae |-+) + sin 5° |—) (B-23) 


The presence of the magnetic field Bo therefore introduces a phase shift, proportional to 
the time, between the coefficients of the kets |+) and |-). 
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Comparing expression (B-23) for |wW(t)) with that for the eigenket |+),, of the 
observable S - u [formula (A-22a)], we see that the direction u(t) along which the spin 
component is +//2 with certainty is defined by the polar angles: 


O(t) = 0 (B21) 


p(t) = y+ wot 


The angle between u(t) and Oz (the direction of the magnetic field Bo) therefore remains 
constant, but u(t) revolves about Oz at an angular velocity of wo (proportional to the 
magnetic field). Thus, we find in quantum mechanics the phenomenon which we de- 
scribed for a classical magnetic moment in § A-1-b, and which bears the name of Larmor 
precession. 

From expression (B-17) for the Hamiltonian, it is obvious that the observable 
S is a constant of the motion. It can be verified from (B-23) that the probabilities of 
obtaining +h/2 or —h/2 in a measurement of this observable are time-independent. Since 
the modulus of e##(¥+0t)/2 is equal to 1, these probabilities are equal, respectively, to 
cos? 9/2 and sin? 6/2. The mean value of S, is also time-independent: 

(WISI) = 5 cose (B-25) 

On the other hand, S; and S, do not commute with H [it is easy to show this 
by using the matrices representing S,5, and S, which are given in (A-15), (A-16) and 
(A-17)]. Thus, formulas (B-14) here become: 





(WISI) =F sind cos(p + wot) 
(B-26) 





(WIS) =F sind sin(y + wot) 


In these expressions, we again find the single Bohr frequency wo /27 of the system. More- 
over, the mean values of S,, 5, and S, behave like the components of a classical angular 
momentum of modulus f/2 undergoing Larmor precession. 


C. General study of two-level systems 


The simplicity of the calculations presented in § B derives from the fact that the state 
space has only two dimensions. 

There exist numerous other cases in physics which, to a first approximation, can 
be treated just as simply. Consider, for example, a physical system having two states 
whose energies are close together and very different from those of all other states of the 
system. Assume that we want to evaluate the effect of an external perturbation (or of 
internal interactions previously neglected) on these two states. When the intensity of the 
perturbation is sufficiently weak, it can be shown (cf. Chap. XI) that its effect on the 
two states can be calculated, to a first approximation, by ignoring all the other energy 
levels of the system. All the calculations can then be perfomed in a two-dimensional 
subspace of the state space. 

In this section, we shall study certain general properties of two-level systems (which 
are not necessarily spin 1/2 particles). Such a study is interesting because it enables us, 
using a mathematically simple model, to bring out some general and important physical 
ideas (quantum resonance, oscillation between two levels, etc...). 
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C-1. Outline of the problem 
C-1-a. Notation 


Consider a physical system whose state space is two-dimensional (as we have al- 
ready pointed out, this is usually an approximation: under certain conditions, we can 
confine ourselves to a two-dimensional subspace of the state space). For a basis, we 
choose the system of the two eigenstates |y1) and |y2) of the Hamiltonian Hp whose 
eigenvalues are, respectively, E, and Fa: 


Ao|¢1) = Fi |¢1) 
Ao|p2) = Ee |~2) 


This basis is orthonormal: 
(vilos) =6y 5 t,7=1,2 (C-2) 


Assume that we want to take into account an external perturbation, or interactions 
internal to the system, initially neglected in Hp. The Hamiltonian becomes: 


(C-1) 


H=Ho+W (C-3) 
The eigenstates and eigenvalues of H will be denoted by |w+) and Ex: 

Als) = Ey|p+) 

A|p_) = E_|p-) 


Ho is often called the unperturbed Hamiltonian and W, the perturbation or coupling. 
We shall assume here that W is time-independent. In the {|y1), |y2)} basis of eigenstates 
of Ho (called unperturbed states), W is represented by a Hermitian matrix: 








(C-4) 


Wu Wie 
(W) = (C-5) 


Wo, Woe 


W,, and Woe are real. Moreover: 
Wiz = (Wa1)* (C-6) 


In the absence of coupling, F,; and EF» are the possible energies of the system, 
and the states |y1) and |y2) are stationary states (if the system is placed in one of 
these two states, it remains there indefinitely). The problem consists of evaluating the 
modifications that appear when the coupling W is introduced. 


C-1-b. Consequences of the coupling 


Q. E, and Eg are no longer the possible energies of the system 


A measurement of the energy of the system can yield only one of the two eigenvalues 
E, and E_ of H, which generally differ from EF; and EF. 

The first problem is to calculate Fy and E_ in terms of £), Fy and the matrix 
elements W;; of W. This amounts to studying the effect of the coupling on the energy 
levels. 
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B. ly1) and |y2) are no longer stationary states 


Since |y1) and |y2) are not generally eigenstates of the total Hamiltonian H, they 
are no longer stationary states. If, for example, the system at time t = 0 is in the 
state |yi), there is a certain probability YW 2(t) of finding it in the state |y2) at time ¢: 
W therefore induces transitions between the two unperturbed states. Hence the name 
“coupling” (between |y1) and |y2)) given to W. 

This dynamic aspect of the effect of W constitutes the second problem with which 
we shall be concerned. 


Comment: 


In Complement Cry, the two problems we have just cited are considered by introducing 
the concept of a fictitious spin. It can indeed be shown that the Hamiltonian H to be 
diagonalized has the same form as that of a spin 1/2 placed in a static magnetic field 
B, whose components B,, By and B, are simply expressed in terms of Fi, Ez and the 
matrix elements W,,;. In other words, with every two-level system (not necessarily a spin 
1/2), can be associated a spin 1/2 (called a fictitious spin) placed in a static field B 
and described by a Hamiltonian whose form is identical to that of the initial two level 
system. All the results related to two-level systems which we are going to establish in 
this section can be interpreted in a simple geometric way in terms of magnetic moment, 
Larmor precession, and the various concepts introduced in §§ A and B of this chapter 
in connection with spin 1/2 particles. This geometrical interpretation is developed in 
Complement Cry. 


C-2. Static aspect: effect of coupling on the stationary states of the system 
C-2-a. Expressions for the eigenstates and eigenvalues of H 


In the {|y1), |~2)} basis, the matrix representing H is written: 


£y+Wii Wie 
(H) = (C-7) 


Wo. Eo+Woe 


The diagonalization of matrix (C-7) presents no problems (it is performed in detail 
in Complement Bry). We find the eigenvalues: 


























1 1 
Eye 5 (1 + Wi + E2 + Wo2) + 5V (Fi + Wi — Eo — Wo2)? + 4|Wi2|? 
1 1 
E_= 5 (Ft Wii + E2 + Woz) 5 JV(E, + Wi — Eo — Wo2)? + 4|Wie/? (C-8) 


(it can be verified that if W = 0, Ey and E_ are identical? to E,; and E,). The 





5If Ey > 2, Ex, approaches FE; and E_ approaches E2 when W approaches zero. On the other 
hand, if Ey < Eo, E; approaches Hz and E_ approaches Ej. 
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eigenvectors associated with EF, and E_ are written: 
0 -iv/2 one. eiv/2 
b+) = cos ie ly.) + sin ze |y2) (C-9a) 
jp_) = ~sin5 € P/?\p1) + cos 5 eb? /? 59) (C-9b) 


where the angles @ and y are defined by: 


2|Wi2| ‘ 
tan 6 = —————___ with: 0<0<7 C-10 
Ey, + Wi — Es — Woe = ( ) 
Wai = |Wai| e’? (C-11) 
C-2-b. Discussion 


Q. Graphical representation of the effect of coupling 


All the interesting effects which we shall discuss later arise from the fact that the 
perturbation W possesses non-diagonal matrix elements Wi2 = W3, (if Wie = 0, the 
eigenstates of H are the same as those of Ho, the new eigenvalues being simply FE + Wi, 
and Ey + W22). To simplify the discussion, we shall therefore assume from now on that 
the matrix (W) is purely non-diagonal®, that is, that Wi; = W22 = 0. Formulas (C-8) 
and (C-10) then become: 











1 1 
By = (2, + Eo) + 5V (Ei — Ee)? + 4|Wi2|? 

2 2 C-12 

1 1 ( ms ) 
E_= 5 (FA Ea) 5 (Ey — E)? + 4|Wi2/? 

2|Wi2| 

t 6 = ——_ 0<@ C-13 
an B+ <O0<4 ( ) 


We now study the effect of the coupling W on the energies EF, and E_ in terms of 
the values of EF, and Ej. Assume that W712 is fixed and introduce the two parameters: 


1 
En = 5 (1 + E2) 
: (C-14) 
A= 5 (FA — E2) 


We see from (C-12) that the variation of E, and E_ with respect to E,, is extremely 
simple: changing F,, reduces to shifting the origin along the energy axis. Moreover, it 
can be verified from (C-9), (C-10) and (C-11) that the vectors |y+) and |_) do not 
depend on E,,,. We are therefore concerned only with the influence of the parameter A. 
Let us show on the same graph, in terms of A, the four energies Fy, Fo, £4 and E_. We 
obtain for FE, and E> two straight lines of slope +1 and —1 (shown in dashed lines in 
Figure 11). Substituting (C-14) into (C-12), we find: 


Bes Be JE |W (C-15) 





SIf Wi, and Woe are non-zero, we simply set: Ey = fi + Wi, E> = Eo + Woe. All the results 
obtained in this section then remain valid if we replace £; and E2 by E; and Ez. 
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Energies 








Figure 11: Variation of the energies Ey and E_ as a function of the energy difference 
A = (Fi — E2)/2. In the absence of coupling, the levels cross at the origin (dashed 
straight lines). Under the effect of the non-diagonal coupling W, the two perturbed levels 
“repel each other” and we obtain an “anti-crossing”: the curves giving E+ and E_ in 
terms of A are branches of a hyperbola (solid lines in the figure) whose asymptotes are 
the unperturbed levels. 





E_=8,, —/A?+|WiaP (C-16) 


When A varies, E+ and E_ describe the two branches of a hyperbola which is sym- 
metrical with respect to the coordinate axes and whose asymptotes are the two straight 
lines associated with the unperturbed levels; the minimum separation between the two 
branches is 2|Wj,| (solid lines in Figure 11)’. 


B. Effect of the coupling on the energy levels 


In the absence of coupling, the energies E, and EF» of the two levels “cross” at 
A = 0. It is clear from Figure 11 that under the effect of coupling, the two levels “repel 
each other”— that is, the energy values move further away from each other. The diagram 
in solid lines in Figure 11 is often called, for this reason, an anti-crossing diagram. 
Also, we see that, for any A, we always have: 


|E4 — B_| > |i — Ep 


This is a result that appears rather often in other domains of physics (for example, in 
electrical circuit theory): the coupling separates the normal frequencies. 





“It is clear from Figure 11 why, when W —> 0: 


Ex, — &,,E-—E2 if E, > E2 
By, — Eo,E~—E, if Ei < Ex. 
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Near the asymptotes, that is, for |A| >> |Wj2|, formulas (C-15) and (C-16) can be 
written in the form of a limited power series expansion in | Wf 


|: 
a) 
a) 


On the other hand, at the center of the hyperbola, for Fy = FE, (A = 0), formulas (C-15) 
and (C-16) yield: 





1 | Wi |? 





; (C-17) 











Ey = Em + |Wi2| 


(C-18) 
E_= En — |Wi| 


Therefore, the effect of the coupling is much more important when the two unperturbed 
levels have the same energy. The effect is then of first order, as can be seen from (C-18), 
while it is of second order when A > |Wj,] [formulas (C-17)]. 


y. Effect of the coupling on the eigenstates 
When (C-14) is used, formula (C-13) becomes: 


|Wi2| 
tan 6 = —— C-19 
an A ( ) 
It follows that, when A < |Wj| (strong coupling), 6 ~ 7/2; on the other hand, when 


A > |Wi2| (weak coupling), 6 ~ 0 (assuming A > 0). 
At the center of the hyperbola, when FE, = E, (A = 0), we have: 





= i eT te/2 7 + ee/2 . 
Ibs) ; vA | Iva) | \v2)| oe 
WW) = ae [-e lpr) + of*/Ie2)| 


while near the asymptotes (that is, for A >> |Wj2|), we have, to first order in |W12|/A: 


Wa) = 6% [hpr) + ote Align) +. 
(C-21) 





. IW. 
je) = oligo) ee Ei) +. 


In other words, for a weak coupling (Fy — E2 >> |Wi2|), the perturbed states differ 
very slightly from the unperturbed states. We see from (C-21) that to within a global 
phase factor e~*?/?, |) is equal to the state |y1) slightly “contaminated” by a small 
contribution from the state |y2). On the other hand, for a strong coupling (£; — Eo <« 
|Wi2|), formulas (C-20) indicate that the states |W.) and |w_) are very different from 
the states |y ) and |y2), since they are linear superpositions of them with coefficients of 
the same modulus. 

Thus, like the energies, the eigenstates undergo significant modifications in the 
neighborhood of the point where the two unperturbed states cross. 
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C-2-c. Important application: the phenomenon of quantum resonance 


When FE, = £2 = Em, the corresponding energy of Ho is two-fold degenerate. As 
we have just seen, the coupling Wj, lifts this degeneracy and, in particular, gives rise to 
a level whose energy is lowered by |W 2|. In other words, if the ground state of a physical 
system is two-fold degenerate (and sufficiently far from all the other levels), any (purely 
non-diagonal) coupling between the two corresponding states lowers the energy of the 
ground state of the system, which thus becomes more stable. 


As a first example of this phenomenon, we shall cite the resonance stabilization of 
the benzene molecule CgHg. Experiments show that the six carbon atoms are situated at 
the vertices of a regular hexagon, and we would expect the ground state to include three 
double bonds between neighboring carbon atoms. Figures 12-a and 12-b represent two 
possible dispositions of these bonds. The nuclei are assumed here to be fixed because of 
their high masses. Thus, the electronic states |y ) and |y2), associated with Figures 12- 
a and 12-b respectively, are different. If the structure of Figure 12-a were the only 
one possible, the ground state of the electronic system would have an energy of E,, = 
(yi1|H|y~i1), where H is the Hamiltonian of the electrons in the potential created by 
the nuclei. But the bonds can also be placed as shown in Figure 12-b. By symmetry, 
we have (y2|H|y2) = (y1|H|¢1), and we could conclude that the ground state of the 
molecule is doubly degenerate. However, the non-diagonal matrix element (y2|H|y1) of 
the Hamiltonian H is not zero. This coupling between the states |y1) and |e) gives rise 
to two distinct levels, one of which has an energy lower than F,,. The benzene molecule 
is therefore more stable than we would have expected. Moreover, in its true ground 
state, the configuration of the molecule cannot be represented either by Figure 12-a or 
by Figure 12-b: this state is a linear superposition of |y,) and |y2) [the coefficients of 
this superposition having, as in (C-20), the same modulus]. This is what is symbolized 
by the double arrow of Figure 12, commonly used by chemists. 





Figure 12: Two possible configurations of the 
double bonds in a benzene molecule. 





Another example is that of the (ionized) molecule Hj , composed of two protons 
p, and po and one electron. The two protons, because of their large masses, can be 
considered to be fixed. Let us call R the distance between them and |y;) and |y2), the 
states where the electron is localized around p; or around pg, its wave function being 
that of the hydrogen atom it would form with p; or po (Fig. 13). As above, the diagonal 
elements (y1|H|¢1) and (y2|H|p2) of the Hamiltonian are equal because of symmetry; we 
shall denote them by E,,(R). The two states |y~ ) and |y2) are not, however, stationary 
states, since the matrix element (y1|H|y2) is not zero. Here again, we obtain an energy 
level lower than £,,(2) and, in the ground state, the wave function of the electron is 
a linear combination of those of Figures 13-a and 13-b. The electron is thus no longer 
localized about one of the two protons alone, and it is this delocalization which, by 
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@ @ 
P2 Pi 


Figure 13: In the H} ion, the electron could logically be localized either around the 
proton pi (fig. a) or around the proton po (fig. b). In the ground state of the ion, the 
wave function of the electron is a linear superposition of the wave functions associated 
with figures a and b. Its probability of presence is symmetrical with respect to the plane 
bisecting p\p2. 





lowering its potential energy, is responsible for the chemical bond®. 


C-3. Dynamical aspect: oscillation of the system between the two unperturbed states 
C-3-a. Evolution of the state vector 
Let: 
W(t)) = ar(t)|\~1) + aa(t)|¢2) (C-22) 


be the state vector of the system at the instant t. The evolution of |7(t)) in the presence 
of the coupling W is given by the Schrédinger equation: 


h(t) = (Ho + WWW) (C-23) 


Let us project this equation onto the basis vectors |y~1) and |y2). We obtain, using 
(C-5) (where we have set Wy, = W22 = 0) and (C-22): 


wd 
aa (t) = yDEN ay (t) + Wi2 ag (t) 

d (C-24) 
thy, aa(t) = Wao a1 (t) + E> a(t) 

If |Wi2| 4 0, these equations form a linear system of homogeneous coupled differ- 
ential equations. The classical method of solving such a system reduces, in fact, to the 
application of rule (D-54) of Chapter III: look for the eigenvectors |W) (eigenvalue E,) 
and |w_) (eigenvalue E_) of the operator H = Ho + W [whose matrix elements are the 
coefficients of equations (C-24)], and decompose |¢)(0)) in terms of |¢+4) and |w_): 


[b(0)) = Als) + wld-) (C-25) 





8A more elaborate study of the ionized molecule H. ae will be presented in Complement Gxyq. 
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(where \ and y are fixed by the initial conditions). We then have: 
[b(t)) = A eH) + pee P/M) (C-26) 
[which enables us to obtain a(t) and a2(t) by projecting |q(t)) onto |y1) and |ye2)). 

It can be shown that a system whose state vector is the vector |W(t)) given in 
(C-26) oscillates between the two unperturbed states |y1) and |y2). To see this, we shall 
assume that the system at time t = 0 is in the state |y1): 

1(0)) = les) (C-27) 
and calculate the probability Y,2(t) of finding it in the state |y2) at time t. 


C-3-b. Calculation of Y12(t): Rabi’s formula 


As in (C-25), let us expand the ket |(0)) given in (C-27) on the {|w+), |w_)} 
basis. Inverting formulas (C-9), we obtain: 


0 _ 9 
18(0)) = box) =e? [eos 5] w,) ~ sin 5 1-)] (C-28) 
from which we deduce, using (C-26): 
ip/2 Oh cote gS pte 
j0(e)) = et#/? [eos 9 oP.) —sin 8 eF-#/Pp._) (C-29) 


The probability amplitude of finding the system at time t in the state |ye) is then 
written: 


(oale()) =e” [eos 5 FHI yas) — sin 5 “palsy 


(C-30) 
= eie/2 sin 8 oa [jeer _ eee) 
2 2 
which enables us to calculate Ay2(t) = |(ye|w(t))|?. We thus find: 
1 Ey — BL 
PAi2(t) = 3 sin? 0 c — cos (==)| 
(C-31) 


EB. — BL 
- 2 - 2 + 
= sin’ sin (a t) 


or, using expressions (C-12) and (C-13): 


4|Wi2/? t 
P(t) eres ker sin? lv 4|W4|? + (Fy = E2)? oh (C-32) 


~ 4|Wi2? + (Ey — Ea)? 
Formula (C-32) is sometimes called Rabi’s formula. 
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Axo) 


sin? 0 





~ 





nh(E, - E_) 


Figure 14: Variation with respect to time of the probability P(t) of finding the system 
in the state |p2) when it was initially in the state |y,). When the states |y,) and |y2) 
have the same unperturbed energy, the probability Ayo (t) can attain the value 1. 





C-3-c. Discussion 


Relation (C-31) shows that the probability A 2(t) oscillates over time with a fre- 
quency of (£4 —E_)/h, which is simply the unique Bohr frequency of the system. Y12(t) 
varies between zero and a maximum value which, according to (C-31), is equal to sin? 6. 
This maximum value is attained for all values of t such that t = (2k + 1)h/2(E£, — E_), 
with k= 0,1,2,... (Fig. 14). 

The oscillation frequency (FE; — E_)/h, as well as the maximum value sin? 6 of 
fA y2(t), are functions of |Wi2| and FE; — BE, whose main features we are now going to 
describe. 

When EF; = Eo, (E; — E_)/h is equal to 2|Wi2|/h, and sin? @ takes on its greatest 
possible value, that is, 1: at certain times, t = (2k + 1)mh/2|Wi2|, the system (which 
started from the state |y~1)) is in the state |y2). Therefore, any coupling between two 
states of equal energy causes the system to oscillate completely from one state to the 
other with a frequency proportional to the coupling?. 

When EF — E> increases, so does (E, — E_)/h, while sin? @ decreases. For a weak 
coupling (£1 — Ez > |Wi2|), Ey; — E_ differs very little from E, — E2, and sin? @ becomes 
very small. This last result is not surprising since, in the case of a weak coupling, the 
state |y1) is very close to the stationary state |) [cf formulas (C-21)]: the system, 
having started in the state |y1), evolves very little over time. 


C-3-d. Example of oscillation between two states 


Let us return to the example of the Hj molecule. We shall assume that, at a certain 
time, the electron is localized about proton p,: it is, for example, in the state shown 
in Figure 13-a. According to the results of the preceding section, we know that it will 
oscillate between the two protons with a frequency equal to the Bohr frequency associated 





°The same phenomenon is found in other domains of physics. Consider, for example, two identical 
pendulums (1) and (2), suspended from the same support and having the same frequency. Let us assume 
that at time t = 0, pendulum (1) is set in motion. The coupling is ensured by their common support. We 
then know (cf. Complement Hy) that, after a certain time (which decreases if the coupling is increased), 
we arrive at a situation where only pendulum (2) oscillates, with the initial amplitude of pendulum (1). 
Then the motion is transferred back to pendulum (1), and so on. 
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with the two stationary states |y,) and |~_) of the molecule. To this oscillation of the 
electron between the two states, represented in 13-a and 13-b, corresponds an oscillation 
of the mean value of the electric dipole moment of the molecule (the dipole moment is 
non-zero when the electron is localized about one of the two protons, and changes sign 
depending on whether the proton involved is p; or p2). Thus we see concretely how, 
when the molecule is not in a stationary state, an oscillating electric dipole moment can 
appear. Such an oscillating dipole can exchange energy with an electromagnetic wave 
of the same frequency. Consequently, this frequency must appear in the absorption and 
emission spectrum of the HZ ion. 

Other examples of oscillations between two states are discussed in Complements F yy, 
Grv and Hyyv. 


References and suggestions for further reading: 


The Stern-Gerlach experiment: original article (3.8); Cagnac and Pebay-Peyroula 
(11.2), Chap. X; Eisberg and Resnick (1.3), § 8-3; Bohm (5.1), §§ 22.5 and 22.6; Frisch 
(3.13). 

Two-level systems: Feynman III (1.2), Chaps. 6, 10 and 11; Valentin (16.1), Annexe 
XI; Allen and Eberly (15.8), particularly Chap. 3. 
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Arv : THE PAULI MATRICES 


Brv : DIAGONALISATION OF A 2x2 HERMITIAN 
MATRIX 


Technical study of 2 x 2 matrices; simple, 
and important for solving numerous quantum 


mechanical problems. 





Cyy : FICTITIOUS SPIN 1/2 ASSOCIATED WITH 
A TWO-LEVEL SYSTEM 





Establishes the close relation that exists between 
§§ B and C of Chapter IV; supplies a simple 
geometrical interpretation of the properties of 
two-level systems (easy, but not indispensable for 
what follows). 





Diy : SYSTEM OF TWO SPIN 1/2 PARTICLES 


the 
and of the postulates of quantum mechanics 


Simple illustration of tensor product 


(can be considered to be a set of worked exercises). 





Erv : SPIN 1/2 DENSITY MATRIX 


Illustration, in the case of spin 1/2 particles, of 
the concepts introduced in Complement Eprt. 





Fiv SPIN 1/2 PARTICLE IN A_ STATIC 
MAGNETIC FIELD AND A ROTATING FIELD: 
MAGNETIC RESONANCE 


Study of a very important physical phenomenon 
with many applications: 
Can be studied later. 


magnetic resonance. 





Example of a physical system whose study can 





be reduced, in a first approximation, to that of a 
two-level system; moderately difficult. 





Giv : A SIMPLE MODEL OF THE AMMONIA 
MOLECULE 
Hry : COUPLING BETWEEN A STABLE STATE 


AND AN UNSTABLE STATE 


Study of the influence of coupling between two 
levels with different lifetimes; easy, but requires 
the concepts introduced in Complement Kurt. 





Jrv : EXERCISES 
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Complement Ajy 


The Pauli matrices 





1 Definition; eigenvalues and eigenvectors ............ 425 
2 Simple properties ......... 2.2.00 2 ee eee eens 426 
3 A convenient basis of the 2 x 2 matrix space ......... A427 





In § A-2 of Chapter IV, we introduced the matrices representing the three compo- 
nents S,, S, and S, of a spin S in the |+),|—) basis (eigenvectors of S,). In quantum 
mechanics, it is often convenient to introduce the dimensionless operator o, proportional 
to S, and given by: 


sao (1) 


The matrices representing the three components of o in the {|+),|—)} basis are called 
the “Pauli matrices”. 


1. Definition; eigenvalues and eigenvectors 


Let us go back to equations (A-15), (A-16) and (A-17) of Chapter IV. Using (1), we see 
that the definition of the Pauli matrices is: 


a= Oy= Oz = (2) 
1 0 i 0 0 -1 


These are Hermitian matrices, all three of which have the same characteristic 
equation: 


-1=0 (3) 
The eigenvalues of oz, a, and a, are therefore: 


ys (4) 








which is consistent with the fact that those of S,, Sy and S$, are h/2. 

It is easy to obtain, from definition (2), the eigenvectors of oz, a, and oz. They 
are the same, respectively, as those of S;, Sy and Sz, already introduced in § A-2 of 
Chapter IV: 




















o2| de = | he 
Fy|+)y = +|+)y (5) 
oz|+) = +|+) 
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with: 
|+)2 = 
| dy = 

















2. Simple properties 


It is easy to see from definition (2) that the Pauli matrices verify the relations: 


Det(o;) =-1 j=2,y or z (7) 
Tr(o,;) =0 (8) 
(02) = (0%) =(o2)=I (where J is the 2 x 2 unit matrix) (9) 
0305 = SOyoy = 10, (10) 


as well as the equations that can be deduced from (10) by cyclic permutation of x, y and 
Bs 
Equations (9) and (10) are sometimes condensed into the form: 


Oj;0n = id” jet Ol + Ojk I (11) 
l 


where €;,; is antisymmetric with respect to the interchange of any two of its indices. It 
is equal to: 


O if theindices j,k,! are not all different 
Exkl = 1 if j,k,l isan even permutation of 2z,y,z (12) 


—1 if j,k,l isan odd permutation of wz, y,z 
From (10), we immediately conclude: 
[ox, oy] = 2io, (13) 


(and the relations obtained by cyclic permutation). This yields: 


[Ste Sy] SARS, 
[Sas Sz] = thS, (14) 
[S,, Sx] = ihSy 


We shall see later (cf. Chap. VI) that equations (14) are characteristic of an angular 
momentum. 
We also see from (10) that: 


Oz0y + Oyoz = 0 (15) 


(the o; matrices are said to anticommute with each other) and that, taking (9) into 
account: 


O,0407 =41 (16) 
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Finally, let us mention an identity which is sometimes useful in quantum mechanics. 
If A and B denote two vectors whose components are numbers (or operators which 
commute with all operators acting in the two-dimensional spin state space): 


(o-A)(o-B)=A-BI+io-(A xB) (17) 


This identity can be demonstrated as follows. Using formula (11) and the fact that A 
and B commute with o, we can write: 


(a -A)(o-B)= > 074; on By 
jk 


=S0AjBx 
j,k 








> esx ort Ojnl 
l 


=i oo So esr A; Br + 5° AB; I (18) 
i j,k j 


In the second term, we recognize the scalar product A - B. In addition, it is easy to see 
from (12) that Dee €;~1Aj;B, is the Ith component of the vector product A x B. This 
proves (17). Note that if A and B do not commute, they must appear in the same order 
on both sides of the identity. 


3. A convenient basis of the 2 x 2 matrix space 


Consider an arbitrary 2 x 2 matrix: 
M11 ™12 
M= (19) 
m21  ™22 
It can always be written as a linear combination of the four matrices: 
I, ox, Oy, Oz (20) 
since, using (2), we can immediately verify that: 


mii + M22 mi1 — M22 miz + mai . M12 — M21 





M= 5 I+ 5 Oz 5 ath Oy) (21) 
Therefore, any 2 x 2 matrix can be put in the form: 
M=ajIl+a-oa (22) 


where the coefficients ao,az,a, and a, are complex numbers. 

Comparing (21) and (22), we see that M is Hermitian if and only if the coefficients 
ao and a are real. These coefficients can be expressed formally in terms of the matrix M 
in the following manner: 


ay = 5 Tr{M} (23a) 
a= sir{Mo} (23b) 


These formulas can easily be proven from (8), (9) and (10). 
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Complement Biy 


Diagonalization of a 2 x 2 Hermitian matrix 








1 Introduction 2... 1... ee ee ee ee 429 
2 Changing the eigenvalue origin ................. 429 
3 Calculation of the eigenvalues and eigenvectors ....... 430 
3-a Angles @ andy... .. 20... 0. eee eee eee 430 
3-b Eigenvalues of K 2... 2... ees 431 
3-C Eigenvalues of H ... 2... 7... eee ee ee 431 
3-d Normalized eigenvectors of H... 1... .......00.0. 432 
I. Introduction 


In quantum mechanics, one must often diagonalize 2 x 2 matrices. When we need only the 
eigenvalues, it is very easy to solve the characteristic equation since it is of second degree. 
In principle, the calculation of the normalized eigenvectors is also extremely simple; 
however, if it is performed clumsily, it can lead to expressions that are unnecessarily 
complicated and difficult to handle. 

The goal of this complement is to present a simple method of calculation which is 
applicable in all cases. After having changed the origin of the eigenvalues, we introduce 
the angles 6 and y, defined in terms of the matrix elements, which enable us to write 
the normalized eigenvectors in a simple easy-to-use form. The angles @ and y also have 
an interesting physical interpretation in the study of two-level systems, as we shall see 
in Complement Cry. 


2. Changing the eigenvalue origin 


Consider the Hermitian matrix: 


Hy, Ay 
(H) = (1) 


Az, A22 
Ay, and Ho are real. Moreover: 
Miz = Hy, (2) 


The matrix (H) therefore represents, in an orthonormal basis {|y1),|y2)}, a certain 
Hermitian operator! H. 





lWe use the letter H because the Hermitian operator which we are trying to diagonalize is often a 
Hamiltonian. Nevertheless, the calculations presented in this complement can obviously be applied to 
any 2 x 2 Hermitian matrix. 
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Using the half-sum and half-difference of the diagonal elements H,; and H22, we 
can write (H) in the following way: 


(Hi + H22) 0 
(H) = 


0 (Ay, + A22) 


NIR 


3(Ai — Ho2) Fie 
+ (3) 
A —$(Hi1 — H22) 


It follows that the operator H itself can be decomposed into: 
1 1 
H = 5(Hii + Hoa) + 5 (Hi — Hoa) Kk (4) 


where 1 is the identity operator and K is the Hermitian operator represented in the 
{\p1),|~2)} basis by the matrix: 


2 
1 Hi. 


Hy —H 
K)= 11 22 5 
(K) Sy ; (5) 


Ay, ae Ho 





It is clear from (4) that H and K have the same eigenvectors. Let |.) be these 
eigenvectors, and #4 and «+, the corresponding eigenvalues for H and K: 


Alps) = Ex|vs) (6) 
K|ps) = 64+) (7) 


From (4), we immediately conclude that: 









































1 1 
Ex = 9 (His + Hoa) + 5 (Ai — Ho2)K4 (8) 


Actually, the first matrix appearing on the right-hand side of (3) plays a minor 


role: we could make it disappear by choosing (Hj, + H22)/2 for the eigenvalue origin’. 


3. Calculation of the eigenvalues and eigenvectors 


3-a. Angles 6 and ~ 
Let 6 and y be the angles defined in terms of the matrix elements H;,; by: 


O\H. 
tan 0 = Hoi with 0<0<7 


—_—_——_— 9 
Ay, — H22 (9) 





?Furthermore, this new origin is the same, whatever the basis {|y1),|y2)} initially chosen, since 
Hy, + H22 = Tr(H) is invariant under a change of orthonormal bases. 
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An, = |H21| ef with O< p< 20 (10) 
y is the argument of the complex number H2;. According to (2), we have |Hy2| = |H21| 
and: 

Hy2 = |Hy2| e*” (11) 


If we use (9), (10) and (11), the matrix (AK) becomes: 


1 tan 6 e—*? 
(K) = (12) 
tan 6 &? -1 
3-b. Eigenvalues of 


The characteristic equation of the matrix (12): 
Det|(K) — KI] = x? —1—tan?6=0 (13) 


directly yields the eigenvalues K, and «_ of (K): 





= 14 
ata cos 0 ae: 
1 
_=-— 14b 
cos 8 a) 


We see that they are indeed real (property of a Hermitian matrix, cf. § D-2-a of 
Chapter II). If we want to express 1/cos@ in terms of H;,, all we need to do is use (9) 
and notice that cos @ and tan 6 have the same sign since 0 < 0 < m: 


1 (Ai — H22)? + 4|Ay2|? 








cos0 Ay, — Hee (15) 
3-c. Eigenvalues of 7 
Using (8), (14) and (15), we immediately obtain: 
E,= (Hn + Ho2)+ ; (Ai — H22)? + 4|Ay2|? (16a) 
E_= 5 (Hn + H22) — ; (Hii — Hoo)? + 4|A12/? (16b) 








Comments: 


(2) As we have already said, the eigenvalues (16) can easily be obtained from the 
characteristic equation of the matrix (1). If we need only the eigenvalues of 
(#1), it is therefore not necessary to introduce the angles 6 and y as we have 
done here. On the other hand, we shall see in the following section that this 
method is very useful when we need to use the normalized eigenvectors of H. 
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(ii) It can be verified immediately from formulas (16) that: 


Ey + EL= Ay, + Aa2 = Tr(A) (17) 
E, E_ = Hy H2 — |Hy|? = Det(H) (18) 
(iii) To have Ey = E_, we must have (Hi, — H22)? + 4|Hi2|? = 0; that is, 


Ay, = He and Ay = Ho; = 0. A 2 x 2 Hermitian matrix with a degenerate 
spectrum is therefore necessarily proportional to the unit matrix. 


3-d. Normalized eigenvectors of H 


Let a and b be the components of |7+) on |y1) and |p2). According to (7), (12) 
and (14a), they must satisfy: 


1 tande—*? | [a 1 a 
= z 1 
cos 0 (19) 
tan 6 e’? —1 
which yields: 
1 : +tan @ eb =0 (20) 
coso J oT" 7 
that is: 
— (sin or) a+ (cos 5 un) b=0 (21) 
The normalized eigenvector |¢)) can therefore be written: 
Oo tose D> taps 
+) = cos, e'® 1) + sin 5 e'?!"\(p2) (22) 
An analogous calculation would yield: 
pO. pp 78 0 iv/2 
|b_) = —sin 5° °/"\(p1) + cos 5 ® 1" \p2) (23) 


It can be verified that |y,) and |w_) are orthogonal. 


Comment: 


While the trigonometric functions of the angle @ can be expressed rather simply 
in terms of the matrix elements H;,; [see, for example, formulas (9) and (15)], 
the same is not true of those of the angle 6/2. Consequently, formulas (22) and 
(23) for the normalized eigenvectors |W+) and |) become complicated when 
cos 6/2 and sin@/2 are replaced by their expressions in terms of H;,;; they are 
no longer very convenient. It is better to use expressions (22) and (23) directly, 
keeping the functions cos 6/2 and sin 6/2 during the entire calculation involving the 
normalized eigenvectors of H. Furthermore, the final result of the calculation often 
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involves only functions of the angle @ (see, for example, the calculation of § C-3-b 
of Chapter IV) and, consequently, can be expressed simply in terms of the Hj,. 
Expressions (22) and (23) thus enable us to carry out the intermediate calculations 
elegantly, avoiding unnecessarily complicated expressions. This is the advantage 
of the method presented in this complement. Another advantage concerns the 
physical interpretation and will be discussed in the next complement. 
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Fictitious spin 1/2 associated with a two-level system 








1 Introduction: 6 4.480 e ae 6 a ee ee ee 435 
2 Interpretation of the Hamiltonian in terms of fictitious spin 435 
3 Geometrical interpretation .............6.-0.0006. A437 
3-a Fictitious magnetic fields associated with Ho, W and H ... 437 

3-b Effect of coupling on the eigenvalues and eigenvectors of the 
Hamiltonians”) 3020s Ae eit ee Bela ok, Be A 438 
3-c Geometrical interpretation of Ai2(t). 2... . ee. 439 

1. Introduction 


Consider a two-level system whose Hamiltonian H is represented, in an orthonormal 
basis {|1), |~2)}, by the Hermitian matrix (H) [formula (1) of Complement Bry]'. If 
we choose (Hy; + H22)/2 as the new energy origin, the matrix (H) becomes: 


(Hy, — H22) Fi2 
(H) = (1) 
Ha) —$(Ai1 — H22) 


Although the two-level system under consideration is not necessarily a spin 1/2, 
we can always associate with it a spin 1/2 whose Hamiltonian H is represented by 
the same matrix (H) in the |+),|—) basis of eigenstates of the S, component of this 
spin. We shall see that (H) can then be interpreted as describing the interaction of 
this “fictitious spin” with a static magnetic field B, whose direction and modulus are 
very simply related to the parameters introduced in the preceding complement in the 
discussion of the diagonalization of (H). Thus it is possible to give a simple physical 
meaning to these parameters. 

Moreover, if the Hamiltonian H is the sum H = Hj)+W of two operators, we shall 
see that we can associate with H, Hp and W three magnetic fields, B, Bo and b, such 
that B = Bo +b. Introducing the coupling W is equivalent, in terms of fictitious spin, 
to adding the field b to Bo. We shall show that this point of view enables us to interpret 
very simply the different effects studied in § C of Chapter IV. 


2. Interpretation of the Hamiltonian in terms of fictitious spin 


We saw in Chapter IV that the Hamiltonian H of the coupling between a spin 1/2 and 
a magnetic field B, of components B,, By, B, can be written: 


H= — B.S = —-7(B, Sz + By Sy + B,Sz) 2) 





lWe are using the same notation as in Complement Byy and Chapter IV. 
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To calculate the matrix associated with this operator, we substitute into this relation the 
matrices associated with S,,5,,S_ [Chap. IV, relations (A-15), (A-16), (A-17)]. This 
immediately yields: 


Ps h B, B, —iB 
(i) = -> : (3) 
B,+iB, —B, 


Therefore, to make matrix (1) identical to (H), we must simply choose a “fictitious field” 
B defined by: 


2 

B, SS Re(Ai2) 
yh 
2 

ae Im(Hi2) (4) 
1 

B, = —(H2 - 

z oh! 22 11) 


Note that the modulus B, of the projection B, of B onto the rOy plane is then equal 
to: 


2 | Aye 
Bese 
+ | 4 (5) 





According to formulas (9) and (10) of Complement Bry, the angles 0 and ¢ associated 


with the matrix (H) = (H) written in (3) are given by: 


lyB_| 
tg@ = —— 0<0<7 
—yB, (6) 
~7(Be + By) = Bile? 0<0<2n 


The gyromagnetic ratio y is a simple calculation tool and can have an arbitrary value. 
If we agree to choose y negative, relations (6) show that the angles 6 and y associated 
with the matrix (#) are simply the polar angles of the direction of the field B (if we had 
chosen ¥ positive, they would be those of the opposite direction). 

Finally, we see that we can forget the two-level system with which we started and 
consider the matrix (H) as representing, in the basis of the eigenstates |+) and |—) of 
S,, the Hamiltonian H ofa spin 1/2 placed in a field B whose components are given by 
(4). H can also be written: 


H= WS, 


where S,, is the operator S.u which describes the spin component along the direction u, 
whose polar angles are 6 and y, and w is the Larmor angular velocity: 


w = |7||B] (7) 


The following table summarizes the various correspondences between the two-level system 
and the associated fictitious spin 1/2. 
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Two-level system Fictitious spin 1/2 
\¢1) << |+) 
|y2) 7 =) 
b+) a +) a 
b_) 7 I-)u 
Ey, -— EL <> hw 
Angles @ and y introduced in Bry <— Polar angles of the fictitious field B 
Ay, — Hoe +> —yhB,z 
|Ho1| > — yhB, /2 
3. Geometrical interpretation of the various effects discussed in § C of 
Chapter IV 
3-a. Fictitious magnetic fields associated with Hj), W and H 


Assume, as in § C of Chapter IV, that H appears as the sum of two terms: 
H=H)+W (8) 
In the {|v1), |y2)} basis, the unperturbed Hamiltonian Ho is represented by a diagonal 
matrix which, with a suitable choice of the energy origin, is written: 
Ey — E2 0 


Ho = 2 9 
0 ; E,-B (9) 


2 
As far as the coupling W is concerned, we assume, as in § C of Chapter IV, that it is 
purely non-diagonal: 


0 Wie 
Br (10) 


Wi2 0 
The discussion of the preceding section then enables us to associate with (Ho) and 
(W) two fields Bo and b such that [cf. formulas (4) and (5)]: 
— fy - Fy 


Boz 
' yh (11) 
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. u 
b 
Figure 1: Relative disposition of the ficti- 
tious fields. Bo is associated with Ho, b with 
W, and B=Bo+b with the total Hamilto- 
Bo nian H = Ho +W. 
B 
O 
b, =0 
2 | Wis (12) 
b, = =|—— 
Al ¥ 





Bo is therefore parallel to Oz and proportional to (EZ; — F2)/2; b is perpendicular to 
Oz and proportional to |Wj2|. Since (H) = (Ho) + (W), the field B associated with the 
total Hamiltonian is the vector sum of Bo and b: 


B=Bo+b (13) 


The three fields Bo, b and B are shown in Figure 1; the angle 6 introduced in § C-2-a 
of Chapter IV is the angle between Bo and B, since Bo is parallel to Oz. 

The strong coupling condition introduced in § C-2 of Chap. IV (|Wi2| >> |i — F2]) 
is equivalent to |b| >> |Bo| (Fig. 2-a). The weak coupling condition (|Wi2| « |E1 — E|) 
is equivalent to |b| < |Bo| (Fig. 2-b). 


3-b. Effect of coupling on the eigenvalues and eigenvectors of the Hamiltonian 


Ey, — E2 and E, — E_ correspond respectively to the Larmor angular velocities 
wo = |4||Bo| and w = |y||B| in the fields Bp and B. We see in Figure 1 that Bo, b and B 
form a right triangle whose hypotenuse is B; we therefore always have |B| > |Bo|, which 
again shows that EF, — E_ is always greater than |E, — F4|. 

For a weak coupling (Fig. 2-b), the difference between |B| and |Bo| is very small in 
relative value, being of second order in |b|/|Bo|. From this we deduce immediately that 
E,—FE_ and EF, — EF» differ in relative value by terms of second order in |W12|/(F1 — E2). 
On the other hand, for a strong coupling (Fig. 2-a), |B| is much larger than |Bo| and 
practically equal to |b]; Ey — E_ is then much larger than |£, — E2| and practically 
proportional to |Wj2|. We thus find again all the results of § C-2 of Chapter IV. 

As far as the effect of the coupling on the eigenvectors is concerned, it can also 
be understood very simply from Figures 1 and 2. The eigenvectors of H and Ho are 
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& kb Uu 
b 
B, |2/ B 
Bo b u 
Nn! B 
O O 
a b 


Figure 2: Relative disposition of the fictitious fields Bo, b and B in the case of strong 
coupling (fig. a) and weak coupling (fig. b). 





associated respectively with the eigenvectors of the components of S on the Ou and Oz 
axes. These two axes are practically parallel in the case of weak coupling (Fig. 2-b) and 
perpendicular in the case of strong coupling (Fig. 2-a). The eigenvectors of S,, and S,, 
and, consequently, those of H and Ho, are very close in the first case and very different 
in the second one. 


3-c. Geometrical interpretation of 7,2(t) 


In terms of fictitious spin, the problem considered in § C-3 of Chapter IV can be 
put in the following way: at time t = 0, the fictitious spin associated with the two-level 
system is in the eigenstate |+) of S,; b is added to Bo; what is the probability A+_(t) 
of finding the spin in the state |—) at time ¢? With the correspondences summarized in 
the table, Y;2(t) must be identical to A; _(t). 

The calculation of A, _(t) is then very simple since the time evolution of the spin 
reduces to a Larmor precession about B (Fig. 3). During this precession, the angle 6 
between the spin and the direction Ou of B remains constant. At time t, the spin points 
in the direction On, making an angle a with Oz; the angle formed by the (Oz, Ou) and 
(Ou, On) planes is equal to wt. A classical formula of spherical trigonometry enables us 
to write: 


cos a = cos” 6 + sin? 6 cos wt (14) 


Now, when the spin points in a direction that makes an angle of a with Oz, the probability 
of finding it in the state |—) of 9, is equal (cf. § B-2-b of Chapter IV) to sin?a/2 = 
(1 — cosa)/2. From this we deduce, using (14), that: 


1 
P,_(t) =sin? 5 = 5 sin? 6 (1 — coswt) (15) 
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Figure 3: Geometrical interpretation of 
Rabi’s formula in terms of fictitious spin. 
Under the effect of the coupling (represented 
by b), the spin, initially oriented along Oz, 
precesses about B; consequently, the proba- 
bility of finding —h/2 in a measurement of 
its S, component on Oz is an oscillating 
function of time. 








This result is identical, when we replace w by (Fy — E_)/h, to formula (C-31) of Chap- 
ter IV (Rabi’s formula). We have thus given this formula a purely geometrical interpre- 
tation. 


References and suggestions for further reading: 
Abragam (14.1), Chap. II, § F; Sargent et al. (15.5), § 7-5; Allen (15.7), Chap. 2; 
see also the article by Feynman et al. (1.33). 
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In this complement, we intend to use the formalism introduced in § A-2 of Chap- 
ter IV to describe a system of two spin 1/2 particles. This case is hardly more compli- 
cated than that of a single spin 1/2 particle. Its interest, as far as the postulates are 
concerned, lies in the fact that none of the various spin observables alone constitutes a 
C.S.C.O. (while this is the case for one spin alone). Thus, we shall be able to consider 
measurements bearing either on one observable with a degenerate spectrum or simulta- 
neously on two observables. In addition, this study provides a very simple illustration of 
the concept of a tensor product, introduced in § F of Chapter II. We shall be concerned, 
as in Chapter IV, only with the internal degrees of freedom (spin states), and we shall 
moreover assume that the two particles which constitute the system are not identical 
(systems of identical particles will be studied in a general way in Chapters XIV and 
XV). 


1. Quantum mechanical description 


We saw in Chapter IV how to describe quantum mechanically the spin state of a spin 
1/2 particle. Thus, all we need to do is apply the results of § F of Chapter II in order to 
know how to describe systems of two spin 1/2 particles. 


1-a. State space 


We shall use the indices 1 and 2 to distinguish between the two particles. When 
particle (1) is alone, its spin state is defined by a ket which belongs to a two-dimensional 
state space €s(1). Similarly, the spin states of particle (2) alone form a two-dimensional 
space €s(2). We shall designate by S; and Sz the spin observables of particles (1) and (2) 
respectively. In Eg(1) [or Eg(2)], we choose as a basis the eigenkets of $1, (or S2,), which 
we shall denote by |1 : +) and |1 : —) (or |2: +) and |2: —)). The most general ket of 
Es(1) can be written: 


|e(1)) = aa|L: +) + Bill : -) (1) 
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and that of Es(2): 
[x(2)) = a2|2 : +) + Ba|2 : —) (2) 


(a1, 61, @2, Bo are arbitrary complex numbers). 
When we join the two particles to make a single system, the state space Eg of such 
a system is the tensor product of the two preceding spaces: 


Es = Es(1) ® Eg (2) (3) 


In the first place, this means that a basis of Eg can be obtained by multiplying tensorially 
the two bases defined above for Eg(1) and €s(2). We shall use the following notation: 














j++) = [Ls 4)/2:4) 
J+ -) = [Ls 4)[2: -) 
|— +) = [1s -)[2:4) 
|=) =|l:-)[2:-) (4) 


In the state | + —), for example, the component along Oz of the spin of particle (1) is 
+h/2, with absolute certainty; that of the spin of particle (2) is —h/2, with absolute 
certainty. We shall agree here to denote by (+ — | the conjugate bra of the ket | + —); 
the order of the symbols is therefore the same in the ket and in the bra: the first symbol 
is always associated with particle (1) and the second, with particle (2). 

The space Eg is therefore four-dimensional. Since the {|1 : +)} and {|2 : +)} bases 
are orthonormal in €s(1) and €s(2) respectively, the basis (4) is orthonormal in Eg: 





(e1€2|e1€9) a beret Deve’, (5) 


(€1,€2,€1,€5 are to be replaced by + or — depending on the case; 6. is equal to 1 if € 
and e’ are identical and 0 if they are different). The system of vectors (4) also satisfies 
a closure relation in Eg: 














do leven) (exeol =| 4 4+)(4 +1 + [4+ -) | + 
EVES 
[ean ae are | ep: (6) 
1-b. Complete sets of commuting observables 


We extend into Eg the observables S; and S2 which were originally defined in €s(1) 
and €¢(2) (as in Chapter II, we shall continue to denote these extensions by S; and S2). 
Their action on the kets of the basis (4) is simple: the components of 8, for example, 
act only on the part of the ket related to particle (1). In particular, the vectors of the 
basis (4) are simultaneous eigenvectors of S,, and S2,: 


h 
S,|€1€2) = 901 |e1€2) 


h 
Soz|€1€2) = 9 e2le1€2) 
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For the other components of 8; and S2, we apply the formulas given in § A-2 of Chap- 
ter IV. For example, we know from relation (A-16) of Chapter IV how $j, acts on the 
kets |1 : +): 











h 
Sig|L:+) = git :—) 
: (8) 
yell: -) = Sl: +) 
From this we deduce the action of S$), on the kets (4): 
A 
Sia| ++) = 3 = +) 
A 
Sel +-}= 5I--) 
: (9) 
Sie) —+)= git +) 
A 
Stel --) = 5l+-) 


It is then easy to verify that, although the three components of S,; (or of S2) do 
not commute with each other, any component of S; commutes with any component of 
So. 

In €s(1), the observable $1, alone constituted a C.S.C.O., and the same was true 
of Sp, in Es(2). In Eg, the eigenvalues of S,, and S2, remain +h/2, but each of them 
is two-fold degenerate. To the eigenvalue +f/2 of 5),, for example, correspond two 
orthogonal vectors, | ++) and |+ —) [formulas (7)] and all their linear combinations. 
Therefore, in Eg, neither $1, nor S2, (taken separately) constitutes a C.S.C.O. On the 
other hand, the set {.S1,,.S2,} is a C.S.C.O. in Eg, as can be seen from formulas (7). 

This is obviously not the only C.S.C.O. that can be constructed. For example, 
another one is {.$1,,S2.}. These two observables commute, as we noted above, and 
each of them constitutes a C.S.C.O. in the space in which it was initially defined. The 
eigenvectors which are common to S$), and S2, are obtained by taking the tensor product 
of their respective eigenvectors in Eg(1) and €g(2). Using relation (A-20) of Chapter IV, 
we find: 




















b+): He = Soll ++) +14) 
1 
easly 
V2 
A (10) 
ere aS al ere] 
bs): Je = ll -+)-1- I 
1-c. The most general state 


The vectors (4) were obtained by multiplying tensorially a ket of €s(1) and a ket 
of Eg(2). More generally, using an arbitrary ket of Es(1) [such as (1)] and an arbitrary 
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ket of Eg(2) [such as (2)], we can construct a ket of Eg: 


lp(1))|x(2)) = aree| + +) + a182| + —) + a26i| — +) + 6182] — —) (11) 


The components of such a ket in the basis (4) are the products of the components of 
\y(1)) and |x(2)) in the bases of Eg(1) and €gs(2) which were used to construct (4). 

But all the kets of Es are not tensor products. The most general ket of Eg is an 
arbitrary linear combination of the basis vectors: 





|e pra] eh) ae py) ee hdl) (12) 
If we want to normalize |W), we must choose: 
la? + 18? + ly? + 16? = 1 (13) 


Given |w), it is not in general possible to find two kets y(1) and y(2) of which it 
is the tensor product. For (12) to be of the form (11), we must have, in particular: 


c=7 (14) 


B 6 


and this condition is not necessarily fulfilled. 


2. Prediction of the measurement results 


We are now going to envisage a certain number of measurements that can be performed 
on a system of two spin 1/2 particles and we shall calculate the predictions provided by 
the postulates for each of them. We shall assume each time that the state of the system 
immediately before the measurement is described by the normalized ket (12). 


2-a. Measurements bearing simultaneously on the two spins 


Since any component of S; commutes with any component of S2, we can envisage 
measuring them simultaneously (Chap. III, § C-6-a). To calculate the predictions related 
to such measurements, all we need to do is use the eigenvectors common to the two 
observables. 


Qa. First example 


Imagine we are simultaneously measuring S;, and Sp,. What are the probabilities 
of the various results that can be obtained? 

Since the set S1,,52, is a C.S.C.O., there exists only one state associated with 
each measurement result. If the system is in the state (12) before the measurement, we 
can therefore find: 








A A 
ts for S,, and + 3 for So, with the probability |(++ |w)|? = al? 
h " h " " a 2 
nh " h " " ZY — 2 
5 +5 (+ Ww)? = hl 
Ah " Ah " " 2 2 
a eae —— = |d 15 
9 5 [(— — |b) ° = 14] (15) 
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B. Second example 


We now measure 5, and S2,. What is the probability of obtaining +f/2 for each 
of the two observables? 

Here again, {S1,, S2.} constitutes a C.S.C.O. The eigenvector common to $1, and 
So, that corresponds to the eigenvalues +f/2 and +h/2 is the tensor product of the 
vector |1 : +), and the vector |2 : +): 


1 
a 


Applying the fourth postulate of Chapter III, we find that the probability we are looking 
for is: 


[l:+),[2: +) = [| ++) +2] —+)] (16) 


1 . 2 
P= pe eae 


1 
= sle-é? (17) 


The result therefore appears in the form of a “square of a sum”!. 
After the measurement, if we have actually found +h/2 for 51, and +h/2 for S2,, 
the system is in the state (16). 


2-b. Measurements bearing on one spin alone 


It is obviously possible to measure only one component of one of the two spins. In 
this case, since none of these components constitutes by itself a C.S.C.O., there exist sev- 
eral eigenvectors corresponding to the same measurement result, and the corresponding 
probability will be a “sum of squares”. 


Q. First example 


We measure only S;,. What results can be found, and with what probabilities? 

The possible results are the eigenvalues +f/2 of S,,. Each of them is doubly 
degenerate. In the associated eigensubspace, we choose an orthonormal basis: we can, 
for example, take {|++),|+-—)} for +h/2 and {|—+),|——)} for —h/2. We then obtain: 





P (45) =I + NP + ler WP 
= Jal? + [ar 
P (-3) = K+ 1) + WP 


= ly)? + 15)? 





1It must be remembered that the sign of 1 changes when we go from (16) to the conjugate bra. If 
this were to be forgotten, the result obtained would be incorrect (|a + iy|? 4 Ja — iy|? since a/y is not 
in general real). 
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Comment: 


Since we are not performing any measurement on the spin (2), the choice of the 
basis in €s(2) is arbitrary. We can, for example, choose as a basis of the eigensub- 
space of S), associated with the eigenvalue +f/2 the vectors: 


1 
Le +)2: Se = Fell+ +) 214+ —)] (19) 
which again yields: 


A 1 1 
P (+5) = gloat BP + sla — BP 
= lal? + |6)? (20) 





The general proof of the fact that the probability obtained is independent (in the 
case of a degenerate eigenvalue) of the choice of the basis in the corresponding 
eigensubspace was given in § B-3-b-a@ of Chapter III. 


B. Second example 


We now choose to measure S2,. What is the probability of obtaining —h/2? The 
eigensubspace associated with the eigenvalue —h/2 of Sj, is two-dimensional. We can 
choose as a basis in that subspace: 











1 
[heey 2) || PES) 
: (21) 
[1 : —)|2: )e= Fall pele] 
We then find: 


2 


i 
a= ao ae Ie 


a 2 1 2 
= 5lo- Al? + 5lr-4 


1 
+|5i-+1- C10 





In this result, each of the terms of the “sum of squares” is itself the “square of a sum”. 
If the measurement actually yields —h/2, the state |x) of the system immediately 
after this measurement is the (normalized) projection of |W) onto the corresponding 
eigensubspace. We have just calculated the components of |y) on the basis vectors (21) 
of this subspace: they are equal, respectively, to gla 3) and a 6). Consequently: 





1") =< ————____ 
Ba Bl + $y — 6? 
x | 5a ANI +4) 14-9) 4507-814) -1=-))] 3) 
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Comment: 

We have considered, in this complement, only the components of S; and Sz on 
the coordinate axes. It is obviously possible to measure their components S;-u 
and S2-v on arbitrary unit vectors u and v. The reasoning is the same as above. 
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Spin 1/2 density matrix 








1 Introduction: we cee ek edd eh a eee a 449 
2 Density matrix of a perfectly polarized spin (pure case) . . 449 
3 Example of a statistical mixture: unpolarized spin ..... 450 
4 Spin 1/2 at thermodynamic equilibrium in a static field . . 452 
5 Expansion of the density matrix in terms of the Pauli ma- 
ELICES ie cad Sa Fe aide teale, Sage eons, EOS AE BL ae ends ageless een gar tet Ae 453 
1. Introduction 


The aim of this complement is to illustrate the general considerations developed in Com- 
plement Ey, using a very simple physical system, that of a spin 1/2. We are going 
to study the density matrices which describe a spin 1/2 in a certain number of cases: 
perfectly polarized spin (pure case), unpolarized or partially polarized spin (statistical 
mixture). This will lead us to verify and interpret the general properties stated in Com- 
plement Eyqqz. In addition, we shall see that the expansion of the density matrix in terms 
of the Pauli matrices can be expressed very simply as a function of the mean values of 
the various spin components. 


2. Density matrix of a perfectly polarized spin (pure case) 


Consider a spin 1/2, coming out of an “atomic polarizer” of the type described in § B 
of Chapter IV. We assume that it is in the eigenstate |+), (eigenvalue +f/2) of the 
S-u component of the spin (recall that the polar angles of the unit vector u are @ and 
vy). The spin state is then perfectly well-known and is written [cf. formula (A-22a) of 
Chapter IV]: 


_ 0, 
Ib) = cos 5 e t#/2) 4) + sin 5 err) (1) 


We saw in Complement Eqy: that, by definition, such a situation corresponds to a 
pure case. We shall say that the beam which leaves the “polarizer” is perfectly polarized. 
Recall also that, for each spin, the mean value (S) is equal to hy (Chap. IV, relations (B- 
14)). 

It is simple to write, in the {|+), |—)} basis, the density matrix p(6, y) correspond- 
ing to the state (1). We write the matrix of the projector onto this state: 
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This matrix is generally non-diagonal. The “populations” p,, and p__ have a very 
simple physical significance. Their difference is equal to cos 6 = 2(S,)/h |[cf. equations 
(B-14) of Chapter IV], and their sum is, of course, equal to 1. The populations are 
therefore related to the longitudinal polarization (S,). Similarly, the modulus of the 
“coherences” p;— and p_¥ is |py_| = |p_+| = $sin@ = ;|(S1)| (where (S_) is the 
projection of (S) onto the zOy plane). The argument of p_+ is y, which is the angle 
between (S,) and Ox: the coherences are therefore related to the transverse polarization 
(S.). 
It can also be verified that: 


[o(9, »)]? = p(8, y) (3) 


a relation characteristic of a pure state. 


3. Example of a statistical mixture: unpolarized spin 


Now let us consider the spin of a silver atom leaving a furnace, such as the one in Figure 1 
of Chapter IV, and which has not passed through an “atomic polarizer” (the spin has 
not been prepared in a particular state). The only information we then possess about 
this spin is the following: it can point in any direction of space, and all directions are 
equally probable. With the notation of Complement Eqy1, such a situation corresponds 
to a statistical mixture of the states |+),, with equal weights. Formula (28) of Comple- 
ment Ey defines the density matrix p that corresponds to this case. Nevertheless, the 
discrete sum “J, must here be replaced by an integral over all possible directions: 


1 1 20 TT 
p= f M000=—7 | ay | sin dé p(9, 9) (4) 
An An 0 0 
(the factor 1/47 insures the normalization of the probabilities associated with the various 


directions). The integrals which give the matrix elements of p are simple to calculate 
and lead to the following result: 


(= (5) 


It is easy to deduce from (5) that p? = p/2, which shows that, in the case of a statistical 
mixture of states, p is different from p. 
In addition, if we calculate from (5) the mean values of $;, S,, Sz, we obtain: 


1 
(Si) = Tr{pS;} = 3 {Sit =0 with: 7 = L,Y, z (6) 


We again find the fact that the spin is unpolarized: since all the directions are equivalent, 
the mean value of the spin is zero. 
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Comments: 


(7) 


(zi) 


(iii) 


It is clear from this example how the non-diagonal elements (coherences) of 
p can disappear from the summation over the various states of the statistical 
mixture. As we saw in § 2, the coherences p,_ and p_+ are related to the 
transverse polarization (S|) of the spin. Upon summing the vectors (S_) 
corresponding to all (equiprobable) directions of the Oy plane, we obviously 
find a null result. 


The case of an unpolarized spin is also very instructive, since it helps us 
understand the impossibility of describing a statistical mixture by an “average 
state vector”. Assume that we are trying to choose a and £ so that the vector: 


lb) = al+) + B|-) (7) 
with: 
la? + |B? =1 (8) 


represents an unpolarized spin, for which (S,), (Sy) and (S,) are zero. A 
simple calculation gives: 


(S,) = $(a*8 + 08") 


(S,) = jp (a*B — 06") (9) 
(S:) = B(a*a— B*8) 


If we want to make (S,) zero, we must choose a and 6 so as to make a* 
a pure imaginary; similarly, a* must be real for (S,) to be zero. We must 
therefore have a*@ = 0, that is: 

either a = 0, which implies |8| = 1 and (S,) = —h/2 

or 8 =0, which implies |a| = 1 and (S,) = h/2 
Therefore, (Sz), (S;) and (Sy) cannot all be zero at the same time; conse- 
quently, the state (7) cannot represent an unpolarized spin. 

Furthermore, the discussion of § B-1-c of Chapter IV shows that for any a 
and 8 that satisfy (8), one can always associate with them two angles 6 and » 
fixing a direction u such that |y) is an eigenvector of S.u with the eigenvalue 
+h/2. Thus we see directly that a state such as (7) always describes a spin 
which is perfectly polarized in a certain direction of space. 


The density matrix (5) represents a statistical mixture of the various states 
|+)u, all the directions u being equiprobable (this is how we obtained it). We 
could, however, imagine other statistical mixtures which would lead to the 
same density matrix: for example, a statistical mixture of equal proportions 
of the states |+) and |—), or a statistical mixture of equal proportions of three 
states |+),, such that the tips of the three corresponding vectors u are the 
vertices of an equilateral triangle centered at O. Thus we see that the same 
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density matrix can be obtained in several different ways. In fact, since all the 
physical predictions depend only on the density matrix, it is impossible to 
distinguish physically between the various types of statistical mixtures that 
lead to the same density matrix. They must be considered to be different 
expressions of the same incomplete information we possess about the system. 


4. Spin 1/2 at thermodynamic equilibrium in a static field 


Consider a spin 1/2 placed in a static field Bo parallel to Oz. We saw in § B-3-a of 
Chapter IV that the stationary states of this spin are the states |+) and |—), of energies 
+hwo/2 and —hwo/2 (with wo = —yBo, where y is the gyromagnetic ratio of the spin). 
If we know only that the system is in thermodynamic equilibrium at the temperature T, 
we can assert that it has a probability Z—~le~?~0/?*T of being in the state |+) and Z~! 
ethwo/2kT of being in the state |—), where Z = e~h0/2kT 4 @+hwo/2kT ig a normalization 
factor (Z is called the “partition function”). We have here another example of a statistical 
mixture, described by the density matrix: 


ea hwo /2kT 0 
p=Z (10) 
0 et hwo /2kT 


Once more, it is easy to verify that p? 4 p. The non-diagonal elements are zero since all 
directions perpendicular to Bo (that is, to Oz) and fixed by the angle y are equivalent. 
From (10), it is easy to calculate: 


(S.) = Tr(pS) = 0 
(S,) = Tr(pS,) = 0 


- oR hwo 
(S.) = Tr(pS,) => ~ 35 tanh (52) 


(11) 


We see that the spin acquires a polarization parallel to the field in which it is placed. The 
larger wo (that is, Bo) and the lower the temperature T, the greater the polarization. 
Since |tanh 2| < 1, this polarization is less than the value h/2 corresponding to a spin 
that is perfectly polarized along Oz. The density matrix (10) can therefore be said to 
describe a spin which is “partially polarized” along Oz. 


Comment: 


The magnetization (M,) is equal to y(S,). It is possible to calculate from (11) the 
paramagnetic susceptibility . of the spin, defined by: 


(Mz) = (Sz) = xBo (12) 
We find (Brillouin’s formula): 


hy hyBo 
Ss tad 13 
R= 55, 0 (Fa ts) 
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5. Expansion of the density matrix in terms of the Pauli matrices 


We saw in Complement Ary that the unit matrix J and the Pauli matrices o,, oy and o, 
form a convenient basis for expanding a 2 x 2 matrix. We therefore set, for the density 
matrix p of a spin 1/2: 


p=a,l+a-a (14) 


where the coefficients a; are given by [cf. Complement Ary, relations (23)]: 


1 
ay =5 Tp} 


1 1 
On =5 Tr{po,} = ; Tr{pS, } 
1 1 
eo Tr{poy} = ii Tr{pSy} 
1 1 
te=5 Tr{po,} = j Tr{pS_} (15) 


Thus we have: 


a! 
ag = 2 
a=; (8) (16) 
h 
and p can be written: 
p=51+7(8)-0 (17) 


Therefore, the density matrix p of a spin 1/2 can be expressed very simply in terms 
of the mean value (S) of the spin. 


Comment: 


Let us square expression (17). We obtain, using identity (17) of Complement Ary: 


p= I+ (8 1+ 2(S)-o (18) 


The condition p? = p, characteristic of the pure case, is therefore equivalent, for a 

spin 1/2, to the condition: 
h2 

4 

This condition is obviously not satisfied for an unpolarized spin ((S) is then zero) 

or for a spin in thermodynamic equilibrium (we saw in § 4 that in this case 

|(S)| < #/2). On the other hand, it can be verified, using formulas (B-14) of 

Chapter IV, that, for a spin in the state |w) given in (1), (S)? is indeed equal to 

hi? /4, 


(s)? (19) 


References and suggestions for further reading: 
Abragam (14.1), Chap. II, § C. 
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Spin 1/2 particle in a static and a rotating magnetic fields: 
magnetic resonance 





1 Classical treatment; rotating reference frame. ........ 455 
l-a Motion in a static field; Larmor precession. .......... 455 
1-b Influence of a rotating field; resonance ............. 456 
2 Quantum mechanical treatment ...............6.6. 458 
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2-c Transition probability; Rabi’s formula ............. 460 
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In Chapter IV, we used quantum mechanics to study the evolution of a spin 1/2 
in a static magnetic field. In this complement, we shall consider the case of a spin 1/2 
simultaneously subjected to several magnetic fields, some of which can be time dependent, 
as is the case in magnetic resonance experiments. Before attacking this problem quantum 
mechanically, we shall briefly review several results obtained using classical mechanics. 


I: Classical treatment; rotating reference frame 


1-a. Motion in a static field; Larmor precession 


Consider a system with angular momentum j that possesses a magnetic moment 
m = yj collinear with j (the constant y is the gyromagnetic ratio). The system is placed 
in a static magnetic field Bo, which exerts a torque m x Bo on the system. The classical 
equation of motion of j is: 


J =mx Bo (1) 
< m(t) = 7 m(t) Bo 2) 


Performing a scalar multiplication of both sides of this equation by either m(t) or Bo, 
we obtain: 


<[m(i))? = 0 (3) 
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N 








Figure 1: Oxyz is a fixed coordinate system. The static magnetic field Bo is directed 
along the Oz aris. The OXY Z system [the OX avis is in the direction of the field By(t)/ 
rotates about Oz with the angular velocity w. 





d 

dt 
m(t) therefore evolves with a constant modulus, maintaining a constant angle with Bo. 
If we project equation (2) onto the plane perpendicular to Bo, we see that m(t) rotates 
about Bo (Larmor precession) with an angular velocity of wo = —yBo (the rotation is 
clockwise if 7 is positive). 


[m(¢) - Bo] = 0 (4) 


1-b. Influence of a rotating field; resonance 


Now assume that we add to the static field Bo a field Bi(t), perpendicular to Bo, 
and which is of constant modulus and rotates about Bg with an angular velocity w (cf. 
Fig. 1). We set: 

= -7B 

Wo : YPo (5) 
Wy = — 7B, 

We shall designate by Oxyz (unit vectors e,, ey, e,) a fixed coordinate system, 
whose Oz axis is the direction of the field Bo, and by OXYZ (unit vectors ex, ey, 
ez), the axes obtained from Oxyz by rotation through an angle wt about Oz [OX is the 
direction of the rotating field B,(t)]. The equation of motion of m(¢) in the presence of 
the total field B(t) = Bo + Bi(t) then becomes: 


d 


qa) = 7 m(@) x [Bo + Bi (?)] (6) 
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To solve this equation, it is convenient to place ourselves, not in the laboratory 
reference frame Oxyz, but in the rotating reference frame OXY Z, with respect to which 
the relative velocity of the vector m(t) is: 


dm dm 
(a). = ae —We, X m(t) (7) 
Let us set: 
Aw = w — wo (8) 


Substituting (6) into (7), we obtain: 
(Sr) = m(t) x [Aw ez — w, ex] (9) 
rel 


This equation is much simpler to solve than equation (6), since the coefficients of the 
right-hand side are now time-independent. Moreover, its form is analogous to that of (2): 
the relative motion of the vector m(t) is therefore a rotation about the “effective field” 
Ber (which is static with respect to the rotating reference frame), given by (cf. Fig. 2): 


1 
Beg = ane ez— wyex]| (10) 


To obtain the absolute motion of m(t), we must combine this precession about Beg with 
a rotation about Oz of angular velocity w. 





Figure 2: In the rotating reference frame 
OXY Z, the effective field Beg has a fixed 
direction, about which the magnetic moment 
m(t) rotates with a constant angular velocity 
(precession in the rotating reference frame). 








These first results already enable us to understand the essence of the magnetic 
resonance phenomenon. Let us consider a magnetic moment which, at time t = 0, is 
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parallel to the field Bo (the case, for example, of a magnetic moment in thermodynamic 
equilibrium at very low temperatures: it is in the lowest energy state possible in the 
presence of the field Bo). What happens when we apply a weak rotating field B,(t)? 
If the rotation frequency w/27 of this field is very different from the natural frequency 
wo/2m (more precisely, if Aw = w — wo is much larger than w ), the effective field is 
directed practically along Oz. The precession of m(t) about Beg then has a very small 
amplitude and hardly modifies the direction of the magnetic moment. On the other hand, 
if the resonance condition w ~ wo is satisfied (Aw < wy), the angle between the field 
Beg and Oz is large. The precession of the magnetic moment then has a large amplitude 
and, at resonance (Aw = 0), the magnetic moment can even be completely flipped. 


2. Quantum mechanical treatment 


2-a. The Schrodinger equation 


Let |+) and |—) be two eigenvectors of the projection S, of the spin onto Oz, with 
respective eigenvalues +h /2 and —h/2. The state vector of the system can be written: 


W(t) = a4 (2)14) + @_()I-) (11) 
The Hamiltonian operator H(t) of the system ist: 

H(t) = —M-B(t) = -7 8 - [By + Bilt) (12) 
that is, expanding the scalar product: 

H(t) = woSz + wi [coswt Sz +sinwt Sy] (13) 
Using formulas (A-16) and (A-17) of Chapter IV, we obtain the matrix that represents 


H in the |+),|—) basis: 


1 Wo wie 


H=5 (14) 


Wy ett —Wo 


Using (11) and (14), we can write the Schrédinger equation in the form: 


d . 

i—a,(t) = a,(t) + te-*a_(t) 
dt 2 2 (15) 
d Wy iwt Wo 


isa-) =3¢ a+(t) — 5 a-(t) 





‘In expression (12), M.B(t) symbolizes the scalar product Mz Bz(t) + My By(t) + MzBz(t), where 
Mz, My and M; are operators (observables of the system under study), while Bz(t), By(t) and B,(t) 
are numbers (since we consider the magnetic field to be a classical quantity whose value is imposed by 
an external device, independent of the system under study). 


458 


@ SPIN 1/2 PARTICLE IN A STATIC AND A ROTATING MAGNETIC FIELDS: MAGNETIC RESONANCE 





2-b. Changing to the rotating frame 


Equations (15) constitute a linear homogeneous system with time-dependent coef- 
ficients. It is convenient to define new functions by setting: 


by (t) = e/a, (t) 


b_(t) =e" #/2q_(£) (16) 
Substituting (16) into (15), we obtain a system which has constant coefficients: 
d A 
i—b4(t) = “by (t) + Sb 
dt 2 2 (17) 
‘ d — Wy Aw 
This system can also be written: 
ead es ace 
the |b) = Av) (18) 
if we introduce the ket |¢(t)) and the operator H defined by: 
[eb(t)) = b(t) +) + b-(0)|-) (19) 
~ fp { Aw wy, 
H=5 (20) 
wy, Aw 


Transformation (16) has led to equation (18), which is analogous to a Schrédinger 
equation in which the operator H, given in (20), plays the role of a time-independent 
Hamiltonian. H describes the interaction of the spin with a fired field, whose components 
are none other than those of the effective field introduced above in the OXYZ frame 
[formula (10)]. We can therefore consider that the transformation (16) is the quantum 
mechanical equivalent of the change from the fixed Oxyz frame to the rotating OXY Z 
frame. 


This result can be proved rigorously. According to (16), we can write: 


[(t)) = RO |L(e)) (21) 
where R(t) is the unitary operator defined by: 
R(t) _ eivtSz/h (22) 


We shall see later (cf. Complement By1) that R(t) describes a rotation of the coordinate system 
through an angle wt about Oz. (18) is therefore indeed the transformed Schrédinger equation 
in the rotating OXY Z frame. 


Equation (18) is very simple to solve. To determine |7)(t)), given |7(0)), all we 
need to do is expand |:b(0)) on the eigenvectors of H (which can be calculated exactly) 
and then apply rule (D-54) of Chapter III (which is possible since H is not explicitly 
time-dependent). We then go from |2)(t)) to |a(t)) by using formulas (16). 
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2-c. Transition probability; Rabi’s formula 


Consider a spin which, at time t = 0, is in the state |+): 


|y(0)) = |+) (23) 


[2b(0)) = |+) (24) 


What is the probability #,_(t) of finding this spin in the state |—) at time t? Since 
a_(t) and b_(t) have the same modulus, we can write: 


P,_(t) = |(=|W()? = la_@P = [b- (OP = |(-1¥)P? (25) 


We must therefore calculate |(—|q(t))|?, where |y(t)) is the solution of (18) that corre- 
sponds to the initial condition (24). 

The problem we have just posed has already been solved, in § C-3-b of Chap- 
ter IV. To use the calculations of that section, all we need to do is apply the following 
correspondences: 


l~1) — |+) 
|~2) — |-) 
A 
Fy — —~Aw 
2 (26) 
A 
FE —> 5 fw 


A 
Wie — 71 


Rabi’s formula [equation (C-32) of Chapter IV] then becomes: 


Wy 


A.-() = ape io (Awe 5| (27) 


The probability A,_(t) is ZeTO at time ¢ = 0, and then varies sinusoidally with time 
between the values 0 and = Again, we have a resonance phenomenon. For 
|Aw| >> |wi|, A._(t) remains almost zero (cf. Fig. 3-a); near resonance, the oscillation 
amplitude of A,_(t) becomes large and, when the condition Aw = 0 is exactly satisfied, 
we have #;_(t) = 1 at times t = Seale (cf. Fig. 3-b). 

Thus we again find the result which we have already obtained classically: at reso- 
nance, a very weak rotating field is able to reverse the direction of the spin. Note, more- 
over, that the angular frequency of the oscillation of A;_(t) is fw? + (Aw)? = |yBea|. 
This oscillation corresponds, in the rotating frame, to the projection onto OZ of the 
precession of the magnetic moment about the effective field, sometimes called “Rabi 
precession” [see also the calculation of Y_(t) in Complement Cyy, § 3-c]. 
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Figure 3: Variation with respect to time of the transition probability between the states |+) 
and |—), under the effect of a rotating magnetic field B,(t). Outside resonance (fig. a), 
this probability remains small; at resonance (fig. b), however small the field By, there 
exist times when the transition probability is equal to 1. 





2-d. Case where the two levels are unstable 





We are now going to assume that the two states |+) correspond to two sublevels of an 
excited atomic level (whose angular momentum is assumed equal to 1/2). n atoms are excited? 
per unit time, all being raised to the state |+). Each atom decays, by spontaneous emission of 
radiation, with a probability per unit time of 1/7, which is the same for the two sublevels |+). 
We know that, under these conditions, an atom which was excited at time —t has a probability 

e~*/ of still being excited at time t = 0 (cf. Complement Kr). 

We assume that the experiment is performed in the steady state: in the presence of the 
fields Bo and Bi(t), the atoms are excited at a constant rate n into the state |+). After a time 
much longer than the lifetime 7, what is the number N of atoms which decay per unit time from 
the state |—)? If an atom is excited at time —t, the probability of finding it in the state |—) at 
t=Oise /" P,_(t), where P,_(t) is given by relation (27). The total number of atoms in 
the state |—) is obtained by taking the sum of atoms excited at all previous times —t, that is, 
by calculating the integral: 





[ e '/7 A,_(t) n dt (28) 
0 


This calculation presents no difficulties. Multiplying the number of atoms thus obtained by 
their probability 1/7 of decay per unit time, we obtain: 
wi 


(Aw)? + w? + (1/7)? CY) 


n 
Noa 
2 





2In practice, this excitation can be produced, for example, by placing the atoms in a light beam. 
When the incident photons are polarized, conservation of angular momentum, in certain cases, requires 
that the atoms which absorb them can attain only the state |+) (and not the state |—)). Similarly, by 
detecting the polarization of the photons re-emitted by the atoms, one can know whether the atoms fall 
back into the ground state from the state |+) or the state |—). 
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Figure 4: Resonance curve. To observe a 
resonance phenomenon, we perform an ex- 
N periment in which n atoms are excited per 
unit time into the state |+). Under the ef- 
fect of a field By(t), rotating at the frequency 
w/2n, the atoms undergo transitions towards 
the state |—). In the steady state, if we mea- 
sure the number N of atoms which decay per 
> Bo unit time from the state |—), we obtain a res- 
onant variation when we scan the static field 
Bo about the value —w/-y. 








—oly 





The variation of N with respect to Aw corresponds to a Lorentz curve whose half-width is: 
L = y/w? + (1/7)? (30) 


In the experiment described above, let us measure, for various values of the magnetic 
field Bo (that is, with w assumed to be fixed, for various values of Aw), the number of atoms 
which decay from the level |—). According to (29), we obtain a resonance curve which has the 
shape shown in Figure 4. 

It is very interesting to obtain such a curve experimentally, since one can use it to deter- 
mine several parameters: 


— if we know w and measure the value Bg” of the field Bo corresponding to the peak of 
the curve, we can deduce the value of the gyromagnetic ratio y through the relation 
y= —w/ Bo. 


— if we know +, we can, by measuring the frequency w/27 corresponding to resonance, mea- 
sure the static magnetic field Bo. Various magnetometers, often of very great precision, 
operate on this principle. In certain cases, one can derive interesting information from 
such a measurement of the field. If, for example, the spin being considered is that of a 
nucleus which belongs to a molecule or to a crystal lattice, one can find the local field 
seen by the nucleus, its variation with the site occupied, etc. 


— if we trace the square L? of the half-width as a function of w7, we obtain a straight line 
which, extrapolated to wi = 0, gives the lifetime 7 of the excited level (cf. Fig. 5). 











[2 
wee Figure 5: The extrapolation to w, =0 of the 
avec squared half-width L of the resonance curve 
Fa of Figure 4 gives the lifetime of the level be- 
1 . age” ing studied. 
T 
0 > 0 
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3. Relation between the classical treatment and the quantum mechanical 
treatment: evolution of (M) 


The results obtained in §§ 1 and 2 are very similar, although we used classical mechanics 
in one case and quantum mechanics in the other. We are now going to show that this 
similarity is not accidental. It arises from the fact that the quantum mechanical evolution 
equations of the mean value of a magnetic moment placed in an arbitrary magnetic field 
are identical to the corresponding classical equations. 

The mean value of the magnetic moment associated with a spin 1/2 is: 


(M)(t) = 1(S)(¢) (31) 
To calculate the evolution of (M)(t), we use theorem (D-27) of Chapter III: 


in (M(t) = (IM, H(0)) (32) 
where H(t) is the operator: 
H(t) =—-M-B(t) (33) 


Let us calculate for example the commutator [M,, H(t)]. Using the fact that the field 
components B,(t) and B,(t) are numbers (cf. note 1), we find: 


[M:, H(t)] = —7°[Sz, SeBe(t) + SyBy(t) + $,B.(t)] 
— 7° By(t)[S2, Sy] — 7° Bz(t)[Sz, $2] (34) 


Using relations (14) of Complement Ary, we obtain: 
[M;, H(t)] = ihy?[B.(t)Sy — By(t)Sz] (35) 
Substituting (35) into (32): 


d 
gp (Me)(t) = V1Bz(t)(My)(t) — By(t)(Mz))] (36) 
By cyclic permutation, we can calculate analogous expressions for the components on Oy 
and Oz; the three equations obtained can be condensed into: 
d 

qe MN () = 7 (M)(t) x BY) (37) 

Let us compare (37) with (6): the evolution of the mean value (M)(t) obeys the 
classical equations exactly, whatever the time-dependence of the magnetic field B(t). 


4. Bloch equations 


In practice, in a magnetic resonance experiment, it is not the magnetic moment of a single 
spin that is observed, but rather that of a great number of identical spins (as in the experiment 
described in § 2-d above, where the number of atoms which decay from the state |—) is detected). 
Moreover, one is not concerned solely with the quantity A+,_(t), calculated above. One can also 
measure the global magnetization .@ of the sample under study: the sum of the mean values 
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Figure 6: Schematic drawing of an experimental device which supplies cell C with atoms 
in the state |+). 





of the observable (M) corresponding to each spin of the sample. It is interesting, therefore, to 
obtain the equations of motion of M, called the Bloch equations. 

In order to understand the physical significance of the various terms appearing in these 
equations, we are going to derive them for a simple concrete case. The results obtained can be 
generalized to other more complicated situations. 


4-a. A concrete example 


Consider a beam of atoms coming from an atomic polarizer of the type studied in § B- 
1-a of Chapter IV. All the atoms of the beam* are in the spin state |+) and therefore have 
their magnetic moments parallel to Oz. They enter a cell C through a small opening (Fig. 6), 
rebound a certain number of times from the inside walls of the cell and, after a certain time, 
escape through the same opening. 

We shall denote by n the number of polarized atoms entering the cell per unit time; n is 
generally small and the atomic density inside the cell is low enough to allow atomic interactions 
to be neglected. Moreover, if the inside walls of the cell are suitably coated, collisions with 
the walls have little effect on the spin state of the atoms’. We shall assume that there is a 
probability per unit time 1/Tp for the elementary magnetization introduced into the cell by a 
polarized atom to disappear, either because of a depolarizing collision with the walls or simply 
because the atom has left the cell. Tr is called the “relaxation time”. The cell is placed in a 
magnetic field B(t) which may have a static component and a rotating component. The problem 
consists of finding the equation of motion of the global magnetization .(t) of the atoms which 
are inside the cell at time t. 

First, let us write the exact expression for @ (t): 


N N 
A(t) = S 0 OIMY ®) = S5 OW) (38) 


In (38), the sum is taken over the -¥ spins which are already in the cell and which, at time ¢, 
have neither left nor undergone a depolarizing collision. |y(t)) is the state vector of such a 
spin (2) at time t [we are not counting, in (38), the spins which have undergone a depolarizing 





3It is possible to detect, for example, the electromotive force emf induced in a coil by the variation 
of .@ with respect to time. 

4For example, silver or hydrogen atoms in the ground state. For the sake of simplicity, all effects 
related to nuclear spin are neglected. 

5For example, for hydrogen atoms bouncing off teflon walls, tens of thousands of collisions are 
required for the magnetic moment of the hydrogen atom to become disoriented. 
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collision and have not yet left the cell, since their global contribution is zero: their spins point 
randomly in all directions]. 


(7) 


(a1) 


(iii) 


Between times t and ¢ + dt, .@(t) varies for three different reasons: 


A certain proportion, dt/Tr, of the .Y spins undergo a depolarizing collision or leave the 
compartment; these spins disappear from the sum (38) and @(t) therefore decreases by: 


dM (t) = a M(t) (39) 


The other spins evolve freely in the field B(t). We saw in § 3 above that, for each of them, 
the evolution of the mean value of M: 


M(t) = YO WM ) 
obeys the classical law: 
dM (t)=7 a(t) x B(t)dt (40) 


Since the right-hand side of (40) is linear with respect to W(t), the contribution of 
these spins to the variation of @(t) is given by: 


dM (t) = 7 A(t) x B(t) dt (41) 
Finally, a certain number, ndt, of new spins have entered the cell. Each of them adds to 


the global magnetization a contribution f4o, equal to the mean value of M in the state 
|+) (440 is parallel to Oz and |p1o| = |y| h/2). therefore increases by: 


dM (t) = npoodt (42) 


The global variation of @ is obtained by adding (39), (41) and (42). Dividing by dt, we 
obtain the equation of motion of .@(t) (Bloch equation): 


cet) =e Flt) + .M(t) x B(t) (43) 


We have derived (43) in a specific case, making certain hypotheses. However, the main 


features of this equation remain valid for a great number of other experiments where the rate 
of variation of @(t) appears in the form of a sum of three terms: 


— a source term (here nfo) which describes the preparation of the system. It would, in fact, 


be impossible to observe magnetic resonance without a preliminary polarization of the 
spins, which can be achieved through selection using a magnetic field gradient (as in the 
example studied here), a polarized optical excitation (as in the example studied in § 2-d 
above), cooling of the sample in a strong static field, etc. 


a damping term (here - Tp (t)) which describes the disappearance or “relaxation” of 
the global magnetization under the effect of various processes: collisions, disappearance of 
atoms, change in atomic levels through spontaneous emission (as in the example studied 
in § 2-d), ete. 


— aterm which describes the precession of .@(t) in the field B(t) [last term of (43)]. 
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4-b. Solution in the case of a rotating field 


When the field B(¢) is the sum of a static field Bo and a rotating field Bi(t), such as 
those considered above, equations (43) can be solved exactly. As in §§ 1 and 2, one changes to 
the rotating frame OXY Z, with respect to which the relative variation of A(t) is: 


d 1 
(Gi) = PMO Typ + 1 x Bon i 


where Beg is defined by equation (10). 








Figure 7: Variation with respect to Aw = w—w0p of the stationary values of the components 
of M in the rotating frame. One obtains a dispersion curve for (Mx)g and absorption 
curves for (My) and (Mz)s. The three curves have the same width, 2,/w? + (1/Tr)?, 
which increases with wi. They have been drawn assuming that w, = 1/Tr (“half- 
saturation”). 





Projecting this equation onto OX, OY and OZ, we obtain a system of three linear 
differential equations with constant coefficients, whose stationary solution (valid after a time 
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much greater than Tp) is: 








= widw 
(x) = —nuoTr (Aw)? + w? + (1/Tr)? 
— WI 
(Ay)s =—nuoTe Tay a2 + (1) Ta? 
wi 


(M@z)s = npoTr |1 —- (45) 


(Aw)? + wi + (1/Tr)? 
The three components of the stationary magnetization (W#)s, when the field Bo varies, have 
resonant variations about the value Bo = —w/y (cf. Fig. 7). (My)s and (.@z)s follow absorp- 


tion curves (Lorentz curves of width 2,/w? + (1/Tr)?/y). (@x)s follows a dispersion curve 
(of the same width). 


References and suggestions for further reading: 

Feynman II (7.2), Chap. 35; Cagnac and Pebay-Peyroula (11.2), Chaps. IX § 5, X 
§ 5, XI §§ 2 to 5, XIX § 3; Kuhn (11.1), § VI, D. 

See the references of section 14 of the bibliography, particularly Abragam (14.1) 
and Slichter (14.2). 
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1. 


Description of the model 


In the ammonia molecule NH3, the three hydrogen atoms form the base of a pyramid 
whose apex is the nitrogen atom (cf. Fig. 1). We shall study this molecule by using 
a simplified model with the following features: the nitrogen atom (of mass mj), much 
heavier than its partners (of mass mj), is motionless; the hydrogen atoms form a rigid 
equilateral triangle whose axis always passes through the nitrogen atom. The potential 
energy of the system is thus a function of only one parameter, the (algebraic) distance 
x between the nitrogen atom and the plane defined by the three hydrogen atoms!. The 





Ax 





Figure 1: Schematic drawing of the ammo- 
N nia molecule; x is the algebraic distance be- 
tween the plane of the hydrogen atoms and 
the nitrogen atom, which is assumed to be 


mottonless. 





shape of this potential energy V(x) is given by the solid-line curve in Figure 2. The 





1¥n this one-dimensional model, effects linked to the rotation of the molecule are obviously not taken 
into account. 
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symmetry of the problem with respect to the x = 0 plane requires V(x) to be an even 
function of x. The two minima of V(x) correspond to two symmetrical configurations of 
the molecule in which, classically, it is stable; we shall choose the energy origin such that 
its energy is then zero. The potential barrier at x = 0, of height Vi, expresses the fact 
that, if the nitrogen atom is in the plane of the hydrogen atoms, they repel it. Finally, 
the increase in V(x) when |z| is greater than 6 corresponds to the chemical bonding force 
which insures the cohesion of the molecule. 





AV (x) 





-b 0 +b 
~<----> ~<----> 
a a 





Figure 2: Variation with respect to x of the potential energy V(x) of the molecule. V(x) 
has two minima (classical equilibrium positions), separated by a potential barrier due to 
the repulsion for small |x| between the nitrogen atom and the three hydrogen atoms. The 
“square potential” used to approximate V(x) is shown in dashed lines. 





This model therefore reduces the problem to a one-dimensional one in which a 
fictitious particle of mass m (it can be shown that the “reduced mass” m of the system is 
equal to pn) is under the influence of the potential V(x). Under these conditions, 
what are the energy levels predicted by quantum mechanics? With respect to classical 
predictions, two major differences appear: 

(4) The Heisenberg uncertainty relation forbids the molecule to have an energy 
equal to the minimum of V(x) (Vmin = 0 in our case). We have already seen, in Com- 
plements C; and My why this energy must be greater than Vin. 

(it) Classically, the potential barrier at « = 0 cannot be cleared by a particle 
whose energy is less than Vi: the nitrogen atom thus always remains on the same side 
of the plane of the hydrogen atoms, and the molecule cannot invert itself. Quantum 
mechanically, such a particle can cross this barrier by the tunnel effect (cf. Chap. I, 
§ D-2-c): the inversion of the molecule is therefore always possible. We are going to 
discuss the consequences of this effect. 

We are concerned here only with a qualitative discussion of the physical phenomena 
and not with an exact quantitative calculation which would not have much significance 
in this approximate model. For example, we shall try to demonstrate the existence of 
an inversion frequency of the ammonia molecule, without giving an exact or even an 
approximate value of this frequency. We shall therefore simplify the problem further by 
replacing the function V(x) by the square potential drawn in dashed lines in Figure 2 [two 
infinite potential steps at 2 = +(b+a/2) and a potential barrier of height Vo centered 
at x = 0 and of width (2b —a)]. 
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2. Eigenfunctions and eigenvalues of the Hamiltonian 


2-a. Infinite potential barrier 


Before calculating the eigenfunctions and eigenvalues of the Hamiltonian corre- 
sponding to the “square” potential of Figure 2, we are going to assume, in this first 
stage, that the potential barrier Vo is infinite (in which case, no tunnel effect is possible). 
This will lead us to a better understanding of the consequences of the tunnel effect across 
the finite potential barrier of Figure 2. We shall therefore consider, to begin with, a par- 
ticle in a potential V(x) composed of two infinite wells of width a centered at x = +b 
(Fig. 3). If the particle is in one of these two wells, it obviously cannot go into the other 
one. 








V(x) 

Figure 3: When the height Vo of the poten- 
tial barrier of Figure 2 is large, we have two 
practically infinite potential wells of width a 
whose centers are separated by a distance of 
2b. 

—b +b 

0 
~<----»> ~<----> 
a a 





Each of the two wells of Figure 3 is similar to the one studied in Complement Hy, 
in § 2-c-6. We can therefore use the results obtained in that complement. The possible 
energies of the particle are: 


nek 
Fe as m) 
with: 
NT 
ky = wie (2) 


(where n is a positive integer). Each of the energy values is twofold degenerate, since 
two wave functions correspond to it: 


p(x) = \/2sm [& (6+ 2 -2)| if Os Seshs 
n(x) = 


0 everywhere else. 
2 a a a 
“sin [kn (b+5+2)] if b-2<-a2<b+5 
3 (x) = 2s =e ; 5 aS (3) 
0 everywhere else. 
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In the state |p), the particle is in the infinite well on the right; in the state |y?), it is 
in the one on the left. 

Figure 4 shows the first two energy levels of the molecule, which are two-fold 
degenerate. The Bohr frequency (£2—F})/h associated with these two levels corresponds, 
as we saw in Complement Aqr (§ 2-b), to the to-and-fro motion of the particle between the 
two sides of the well on the right (or on the left) when its state is a linear superposition of 
|~t) and |p?) (or of |yd) and |y3)). Physically, such an oscillation represents a molecular 
vibration of the plane of the three hydrogen atoms about its stable equilibrium position, 
which corresponds to x = +b (or x = —b). The frequency of this oscillation falls in the 
infrared part of the spectrum. 








E 
2 
Ey = Aen 
2ma A 
E,-E, 
1 v= 
h 
| 
| 
I 
2 | 
5, - #2 2 fs __ 
2ma 
0 


Figure 4: First energy levels obtained in the potential wells of Figure 3. The oscillation 
of the system in one of the two wells at the Bohr frequency v = (Ez — E,)/h represents 
the vibration of the molecule about one of its two classical equilibrium positions. 





In the rest of the calculation, it is convenient to change bases, in each of the 
eigensubspaces of the Hamiltonian of the particle. Since the function V() is even, this 
Hamiltonian H commutes with the parity operator II (cf. Complement Fy, § 4). In this 
case, we can find a basis of eigenvectors of H that are even or odd; the wave functions 
of these vectors are the symmetrical and antisymmetrical linear combinations: 


9s (2) = selet (2) + 92 (2)] 


HS|- 
bo 


(4) 


ga(2) = val 1 (2) — 93(«)] 


In the states |p?) and |y”), the particle can be found in one or the other of the two 
potential wells. 


In what follows, we shall confine ourselves to the study of the ground state, for 
which the wave functions yt(x), yd(x), yl (x) and v(x) are shown in Figure 5. 
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Figure 5: The states pt(x) and ps(x), shown in figure a, are stationary states with 
the same energy, respectively localized in the right-hand well and the left-hand well of 
Figure 3. To use the symmetry of the problem, it is more convenient to choose as sta- 
tionary states the symmetrical state y!(x) and the antisymmetrical state y\(x), linear 
combinations of wt(x) and s(x) (figure b) 





2-b. Finite potential barrier 


Let us try to find the shape of the eigenfunctions of the first energy levels when Vo 
has a finite value (assumed, nevertheless, to be greater than the energy of these levels). 

Inside the two “square” potential wells (dashed lines in Figure 2), V(x) = 0. The 
wave function is therefore of the form: 


x(a) = Asin [k (6+ 5-2) if b-SSasb+5 
x(a) = A’sin [k (6+ 5 +2)] if pS <-a<b+s (5) 
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where k is related to the energy E of the level by the relation: 


h2k2 
E= (6) 


2m 








As in the preceding paragraph, y(x) always goes to zero at « = +(b+ a/2), since V(z) 
becomes infinite at these two points. On the other hand, since Vo is finite, y(2) no longer 
goes to zero at « = +(b — a/2); consequently, & no longer satisfies relation (2). 

Once again, since V(x) is even, we can look for eigenfunctions of the Hamiltonian, 
Xs(z) and x_(x), which are respectively even and odd. Let us denote by A, and Aj, Ag 
and A’ the values of the coefficients A and A’, introduced in (5), which correspond to 
xs(z) and xq(x). We have, obviously: 





Al=A, 
Al =—A, 


a 


(7) 


The eigenvalues associated with x, and x, will be denoted by FE, and E,, which enables 
us, using (6), to define the corresponding values k, and k, of the parameter k. 

In the interval —(b—a/2) < x < +(b—a/2), the wave function is no longer zero, as 
it was before, since Vo is finite. It must be a linear combination, even or odd depending 
on whether we are considering y, or Xq, of exponentials e?* and e~ 4:2"; q, and qq are 
defined in terms of F,, and Vo by: 


[2m [one aan * 
ds,a = 52 (Vo = Esa) ca a? — oe (8) 


with: 


ha? 
Y= (9) 


2m 





Therefore, for —(b—a/2) < x <(b—a/2), the functions y, and yq are written: 


Xs (2) = B, cosh(qs2) 





Xa(x) = Ba sinh(qa) a 
Finally, we must match the eigenfunctions and their derivatives at x = +(b—a/2). 
The even solution y,(x) must therefore satisfy the conditions: 
Ag sin(k,a) = B, cosh [as (0 — =) 
— Ask, cos(ksa) = Bogs sinh |g. (b~ $)] (11) 


Since A, and B, cannot be zero simultaneously, we can take the ratio of equations (11) 
to obtain: 


tan(k,a) = -= coth las (0 — 5) (12) 


For the odd solution y,(x), we obtain in the same way: 


tan(kaa) = -* tanh [ae (0 = 5) (13) 
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If g, and qq are replaced by their values in terms of k, and kg, relations (12) and (13) 
can be written: 


tan(k,a) = 2 coth | Vo? = (0 — =) (14) 


a? — k2 
and: 
tan(k,a) = ss tanh | io? = ke (» = 5) (15) 


a 


In theory, therefore, the problem is solved. Relations (14) and (15) express the 
energy quantization since they give the possible values of k, and kg and therefore, thanks 
to relation (6), the energies E, and E, (with the condition that they be less than Vo). 
The transcendental equations (14) and (15) can be solved graphically. A certain number 
of roots are found: k}, k?,..., kl, k?... The root k” is different from k”, since equations 
(14) and (15) are not the same: the energies E? and E” are therefore different. Of 
course, when Vo becomes very large, k? and k” both approach the value na/a found in 
the preceding section; this can be seen by letting a approach infinity in equations (14) 
and (15), which yields tan(ks,,a) = 0, an equation equivalent to (2). The energies E? 
and E” therefore approach the value E, = h?n?1?/2ma? calculated in the preceding 
section for Vo approaching infinity. Finally, it is easy to see that, the more Vo exceeds 
E,,, the closer together the two energies E? and E? will be. 

The exact values of £? and E? are of little importance to us here. We shall content 
ourselves with sketching the shape of the energy spectrum in Figure 6, which shows what 
happens to the energies of levels E; and E2 of Figure 4 when the finite height Vo of the 
potential barrier is taken into account. We see that the tunnel effect across this barrier 
removes the degeneracy of E, and Eo, giving rise to doublets, (E}, Ei) and (E?, E?) 
(assuming, of course, that all these energies are less than Vo). Since the (E}, E+) doublet 
is the deeper one, it is clear that |Z} — E}| < |E? — E?|. Finally, the distance between 
the doublets is much greater than the spacing within each doublet (experimentally, their 
ratio is of the order of a thousand). These spacings enable us, moreover, to define new 
Bohr (angular) frequencies: 


El - FE! 
Che ; Qs = 


E? — FB? 
=e, et 


whose physical significance we shall study in the next paragraph (the corresponding 
transitions are represented by arrows in Figure 6). 

Figure 7 shows the shape of the eigenfunctions }(x) and x(a), which are given by 
equations (5), (7) and (10) once k} and k} have been determined from (14) and (15). We 
see that they greatly resemble the functions yt(x) and y1(a) of Figure 5, the essential 
difference being that the wave function is no longer zero in the interval —(b—a/2) <a < 
(b—a/2). The reason for introducing the y! and y} basis in the preceding paragraph can 
now be understood: the eigenfunctions x} and y}, in the presence of the tunnel effect, 
resemble y! and y! much more than y} and ¢3. 
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2-c. Evolution of the molecule. Inversion frequency 


Assume that at time ¢ = 0, the molecule is in the state: 
1 
t=0)) = — |Iy1)+]y! 16 
oC = 0)) = Se [hed) + bea (16) 


The state vector |7)(t)) at time t can be obtained by using the general formula (D-54) of 
Chapter III; we obtain: 
US op eeha y (amp en 4 i t/2). 1 
HO) = yea [oH I2) + oA Ia) (17) 


J2 
From this we deduce the probability density: 


Wo.) = 5 Dd]? + 5 LAC]? + cos Ark a)xk(o) (18) 
The variation with respect to time of this probability density is simple to obtain graph- 
ically from the curves of Figure 7. They are shown in Figure 8. For ¢ = 0 (Fig. 8-a), 
we see that the initial state chosen in (16) corresponds to a probability density which is 
concentrated in the right-hand well (in the left-hand well, the functions y} and x} are 
of opposite sign and very close in absolute value, so their sum is practically zero). It 
can therefore be said that the particle, initially, is practically in the right-hand well. At 
time t = 7/2Q, (Fig. 8-b), it has moved appreciably, through the tunnel effect, into the 
left-hand well, is practically there at time t = 7/Q, (Fig. 8-c), and then performs the 
process in reverse (Figures 8-d and 8-e). 





E 
2 
Eq K Figure 6: When one takes the finite height 
hQ, Vo of the barrier into account, one finds that 
E2 Y the energy spectrum of Figure 4 is modi- 
, fied: each level splits into two distinct ones. 
The Bohr frequencies Q4/2n and Q2/2m cor- 
responding to tunnelling from one well to 
the other are the inversion frequencies of the 
ammonia molecule for the first two vibration 
E} hQ, levels. The tunnel effect is more important 
a in the higher vibration level, so Q2 > Qy. 
—————— 
Eo ————_—___ 
0 
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Figure 7: Wave functions as- 
sociated with the levels E! and 





: E} in Figure 6. Note the anal- 
ogy with the functions in Fig- 
ure 5-b; however, these new 
functions do not vanish on the 
interval —b+a/2 <a < b—-a/2. 

x 











The fictitious particle therefore moves from one side of the potential barrier to 
the other with the frequency 0)/27, which means that the plane of the hydrogen atoms 
continually passes from one side of the nitrogen atom to the other. This is why the 
frequency (2; /27 is called the inversion frequency of the molecule. Note that this inversion 
frequency has no classical analogue, since its existence is related to the tunnel effect of 
the fictitious particle across the potential barrier. 

Since the nitrogen atom tends to attract the electrons of the three hydrogen atoms, 
the ammonia molecule possesses an electric dipole moment which is proportional to the 
mean value (X) of the position of the fictitious particle we have studied; we see in Figure 8 
that this dipole moment is an oscillating function of time. Under these conditions, 
the ammonia molecule is capable of emitting or absorbing electromagnetic radiation of 
frequency 24/27. 

Experimentally, this is indeed observed; the value of 9, falls in the domain of 
centimeter waves. In radioastronomy, ammonia molecules in interstellar space have been 
shown to emit and absorb electromagnetic waves of this frequency. Let us also point out 
that the principle of the ammonia maser is based on the stimulated emission of these 
waves by the NH3 molecule. 


3. The ammonia molecule considered as a two-level system 


We see in Figure 6 that we have a situation which is analogous to the one mentioned 
in the introduction of § C of Chapter IV. The system under study possesses two levels, 
E} and E}, which are very close to each other and very far from all other levels E?, 
E?, ... If we are interested only in the two levels E} and Ej, we can “forget” all the 
others (the exact justification for such an approximation will be given in the framework 
of perturbation theory in Chapter XI). 

We are going to return to the preceding discussion with a slightly different point 
of view and show that the general considerations of Chapter IV concerning two-level 
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Figure 8: Evolution of a wave packet obtained by superposing the two stationary wave 
functions of Figure 7. The particle, initially, is in the right-hand well (fig. a), tunnels 
into the left-hand well (fig. b) and, after a certain time, becomes localized there (fig. c); 
then it returns to the right-hand well (fig. d) and the initial state (fig. e), and so on. 





systems can be applied to the ammonia molecule. This point of view will also enable us 
to study very simply the effect of a static external electric field on this molecule. 


3-a. The state space 


The state space we are going to consider is spanned by the two orthogonal vectors 
|yt) and |y4), whose wave functions are given by (3). As we explained above, we shall 
ignore the other states |y?) and |y%) for which n > 1. In the states |yt) and |y4), the 
nitrogen atom is either above or below the plane of the hydrogen atoms. We introduced 
in (4) a second orthonormal basis of the state space, composed of the even and odd 
vectors: 


1 


les) = Ba [Iea) + lv2)] 
(19) 


lea) = s [vt) — le)] 


There is the same probability in these two states of finding the nitrogen atom above or 
below the plane of the hydrogen atoms. 
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3-b. Energy levels. Removal of the degeneracy due to the transparency of the potential 
barrier 


When the height Vo of the potential barrier is infinite, the states |pt) and |p) 
have the same energy (as do the states |y{) and |y1)), so that Ho, the Hamiltonian of 
the system, is written: 


Ho = Fy x 1 (20) 


(where 1 is the identity operator in the two-dimensional state space). 

To take into account phenomenologically the fact that the barrier is not infinite, 
we add to Hp a perturbation W which is non-diagonal in the |yt),|y~3) basis and is 
represented by the matrix: 


where A is a real positive coefficient?. 
If we want to find the stationary states of the molecule, we must diagonalize the 
total Hamiltonian operator H = Ho + W, whose matrix is written: 


H= (22) 


A simple calculation gives the eigenvalues and eigenvectors of H: 


E, + A_ corresponding to the eigenket om) 


E, = A " " " ys) (23) 


We see that, under the effect of the perturbation W, the two levels, which were degenerate 
when A was zero, now split; an energy difference, equal to 2A, appears, and the new 
eigenstates are the states |y;) and |p). We again find the results of § 2. 

If, at time t = 0, the molecule is in the state |pt): 


1 
J2 
the state vector at time t will be: 

Deeg i i 
IoC) = ee FEF [ot4t/M ply + eF44/F lp!) ] 


J2 
= eI" Joos (5°) pt) + isin ($2 ) od (25) 


?We are forced to assume A > 0 in order to obtain the relative disposition of the E} and E} levels 
of Figure 6 [see eigenvalues (23)]. 


[s(t = 0)) = |v) = e [I¢s) + lea) (24) 
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In a measurement performed at time t, we therefore have a probability cos?(At/h) of 
finding the molecule in the state |y}) (the nitrogen atom above the plane of the hydrogen 
atoms) and sin?(At/h) of finding it in the state |y}) (the nitrogen atom below). Thus 
we again find that, under the effect of the coupling W, the ammonia molecule inverts 
periodically. 
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Comment: 


The perturbation W [given in (21)] describes (phenomenologically) the fact that 
the potential barrier is finite. This approach is less precise than the discussion 
above, since we obtain here eigenfunctions y!(x) and v(x) which, unlike y} and 
x1, go to zero in the region (—b + a/2) < x < (b—a/2). This much more simple 
description nevertheless explains two fundamental physical effects: the removal 
of the degeneracy of EF; and the periodic oscillation of the molecule between the 
states |yt) and |y3) (inversion). 


3-c. Influence of a static electric field 


We saw above that, in the states |y}) and |p3), the electric dipole moment of the 
molecule takes on two opposite values, which we shall denote by +7 and —7. If we call 
D the observable associated with this physical quantity, we can therefore assume that D 
is represented in the {|yt), |y3)} basis by a diagonal matrix whose eigenvalues are +7 
and —7: 


D- (26) 


When the molecule is placed in a static electric field? &, the interaction energy 
with this field is: 


W'(é) =-€D (27) 


4 


This term of the Hamiltonian‘ is represented in the {|y}), |3)} basis by the matrix: 


W'(&) = —n€ (28) 


Let us then write the matrix which represents, in the {|yt), |ye3)} basis, the total Hamil- 
tonian operator of the molecule, Hj) + W + W'(€): 


Ey —7€ —A 
Hot+W+Ww'(é)= (29) 
—A Ey + 7€ 


This matrix can easily be diagonalized; its eigenvalues £4 and E_ and its eigen- 
vectors |w+) and |w_) are given by: 
E, =F, 4+ VA? 4+7°E? 
E_ = E, —- VA?4+1°&? 


3For the sake of simplicity, we assume here that this field is parallel to the Ox axis of Figure 1 
(one-dimensional model). 

4In W’(@), D is an observable, while & is a classical quantity which is externally imposed (cf. note, 
page 458). 


(30) 
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and: 


0 . 6 
4) = cos 5 lyr) — sin 3 a) 


y 9 (31) 
|_) = sin 3 |yi) + cos 3 ) 
where we have set: 
A 
tan 6 = —— (0<0<7) (32) 


née 


(cf. Complement Bry, relations (9), (10), (22) and (23); since A is real and negative, the 
angle y introduced in that complement is here equal to 7]. 
When @ is zero, 6 = 7/2, and we again obtain the results of § 3-b, since: 


E,(€=0)=F,4+A 

E(@=0)=£,-A 3) 
with: 

je-(8 = 0) = leh) as 


|y-(& = 0)) = |) 


When, for an arbitrary &, A is zero (a perfectly opaque potential barrier), we 
obtain: 


B,(A=0)= 2. +76 


35 

B_(A=0)= 5, -16| oY 
with, if € is positive®: 

|y-(A = 0)) = |¢1) (36) 


[4.(A = 0)) = —|y2) 


In this case, the energies therefore vary linearly with & (dashed straight lines in Figure 9). 
Physically, results (35) and (36) are easy to understand: when the electric field alone 
acts on the molecule, it “pulls” the positively charged hydrogen atoms above or below 
the nitrogen atom; this is why the stationary states are |y}) and |p3). 

When the electric field € and the coupling constant A are both arbitrary, the states 
|) and |y_) are linear superpositions of the states |yt) and |v) (and of the states 
|~t) and |y2) as well), and result from a compromise between the action of the electric 
field, which tends to pull the hydrogen atoms to one side of the nitrogen atom, and that 
of the coupling W, which tends to draw the nitrogen atom accross the potential barrier. 
The variation of the energies E, and E_ is shown graphically in Figure 9, in which we 
see the phenomenon of anti-crossing (cf. Chap. IV, § C-2-b) due to the coupling W. Ey, 
and E_ correspond to the two branches of a hyperbola whose asymptotes are the dashed 
lines associated with the energies in the absence of coupling. Finally, we can calculate 





>If & is negative, the roles of |y+) and |y4) are inverted in (36). 
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> 








Figure 9: Influence of an electric field € on the first two levels of the ammonia molecule 
(their spacing 2A in a zero field is due to the tunnel effect coupling). For weak &, 
the molecule acquires a dipole moment proportional to &, and the corresponding energy 
varies with 67. For large &, the dipole moment approaches a limit (corresponding to the 
nitrogen atom either above or below the plane of the hydrogen atoms), and the energy 
becomes a linear function of €. 





the mean values of the electric dipole moment D in each of the two stationary states 
|~+) and |e_). Using (26) and (31), we find: 


(p+|Dib+) = —(~_|D|b_) = n1c08 0 (37) 
which, according to (32), yields: 
re 
V Ar + 17°F? 


For & = 0, these two mean values are zero. This corresponds to the fact that, in the two 
states Peal the particle has an equal probability of being in one or the other of the two 
wells. On the other hand, when n& >> A, we again find the dipole moment +7 (or —7) 
corresponding to the state |yt) (or |~4)). 

When the electric field is weak (y& « A), formulas (38) can be written in the 
form: 


(¥4|Dlv+) = —(b_|D|p_) = - (38) 


(4|Dbb4) = -(-[DWW-) = -Le (39) 


We see that the molecule in the stationary state |q) (or |y_)) acquires an electric dipole 
moment proportional to the external field &. If we define an electric susceptibility of the 
molecule in the state |y_) by the relation: 


(p_|DIp_) = €-& (40) 
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we find, according to (39), that: 


= 41 
e=@ (41) 
(the same calculations are valid for |W) and yield e+ = —e_). 

Comment: 


In a weak field, formulas (30) can be expanded as a power series of n&/A: 











17°? 
ey en ee eae ay 42 
EB Ey A (42a) 
116? 
PS ah (42b) 


2 A 


Let us now consider ammonia molecules moving in a region where & is weak but 
where &? has a strong gradient in the Oz direction (i.e. along the axis of the 
molecules): 


<(6?) ay (43) 


According to (42a), the molecules in the state |y_) are subjected to a force parallel 
to Ox which is equal to: 


dE. 1,7? 

F_ => —- —— = - A— 44 

dx 2 A oF 

Relation (42b) indicates that the molecules in the state |W) are subjected to an 
opposite force: 


he Se (45) 
dx 


This result is the basis of the method used in the ammonia maser to sort the 
molecules and select those in the higher energy state. The device is analogous to 
the Stern-Gerlach apparatus: a beam of ammonia molecules crosses a region where 
there is a strong electric field gradient, the molecules follow different trajectories 
depending on whether they are in one state or the other; one can, using a suitable 
diaphragm, isolate either one of the two states. 


References and suggestions for further reading: 

Feynman III (1.2), § 8-6 and Chap. 9; Alonso and Finn III (1.4), § 2-8; article by 
Vuylsteke (1.34); Townes and Schawlow (12.10), Chap. 12; see (15.11) for references to 
original articles on masers; articles by Lyons (15.14), Gordon (15.15), and Turner (12.14). 

See also Encrenaz (12.11), Chap. VI. 
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Complement Hiy 


Effects of a coupling between a stable state and an unstable state 








1 Introduction. Notation ..............205020-0000% 485 
Influence of a weak coupling on states of different energies 486 
3 Influence of an arbitrary coupling on states of the same 
ONNEL BY 6) sis ag 8 eI ae ee ees cay aD Secale ao oe cee oes es “ele A87 
1. Introduction. Notation 


The effects of a coupling W between two states |y1) and |y2) of energies F, and E2 were 
discussed in detail in § C of Chapter IV. What modifications appear when one of the 
two states (|y1), for example) is unstable? 

The concepts of an unstable state and a lifetime were introduced in Comple- 
ment Kyy7. We shall assume, for example, that |y;) is an excited atomic state. When the 
atom is in this state, it can fall back to a lower energy level through spontaneous emission 
of one or several photons, with a probability 1/7, per unit time: 7; is the lifetime of the 
unstable state |y1). On the other hand, we assume that in the absence of the coupling 
W, the state |ye) is stable (79 is infinite). 

We saw in Complement Ky that a simple way of taking the instability of a state 
into account consists of adding an imaginary term to the corresponding energy. We shall 
therefore replace the energy F of the state |y1) by: 


AR 
E} = By = 7 (1) 
with: 
1 
w= (2) 
71 


(since 72 is infinite, y2 is zero and E5 = E,). In the absence of coupling, the matrix 
representing the “Hamiltonian” Ho of the system is now written in the {|p1), |y2)} basis!: 


Ei 0 E, -—i'y, 0 
es = a (3) 


0 £E 0 E> 





lThe operator Ho is not Hermitian and is therefore not really a Hamiltonian (see the comment at 
the end of Complement Kyy1). 
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2. Influence of a weak coupling on states of different energies 


Let us assume, as in § C of Chapter IV, that we add to Hp a perturbation W, whose 
matrix in the {|¢1), |¢2)} basis is: 


0 Wie 
W = (4) 


Wai 0 


What now happens to the energies and lifetimes of the levels? 
Let us calculate the eigenvalues ¢{ and ¢4 of the matrix: 


EB, -i8y Wie 
H=HKbt+W= (5) 


Wat EB» 


e{ and e4 are the solutions of the equation in e: 
A A 
e? = G + E> = sn] + EE E2 = ton be a |Wi2|" =0 (6) 


To simplify the calculation, we shall confine ourselves to the case where the coupling is 
weak, ie. |Wi2| < 4/(Bi + Eo)? + fe 2s we then find: 
2 
e,~ Ey - in + R= pe re F 
27 £1 7-571 
|Wi2l? 
Ey — BE, +i8y 


(7) 
e5 a Ey + 


The energies of the eigenstates in the presence of the coupling are the real parts 
of «| and ¢4; the lifetimes are inversely proportional to their imaginary parts. We see 
from (7) that the coupling changes, to second order in |W12|, both the energies and the 
lifetimes. In particular, we observe that e{ and ¢4 are both complex when |Wj9| is not 
zero: in the presence of the coupling, there is no longer any stable state. We can write 
€4 in the form: 


cy = Aa — ig (8) 
with: 
Ag = Ey + (Ea — Fi) (Wil (9a) 
(Ey — F,)? + Foe 
Gogo (9b) 


(Ey — E\)+ wae 


The state |y2) therefore acquires, under the effect of the coupling, a finite lifetime whose 
inverse is given in (9b) (Bethe’s formula). This result is easy to understand physically: 
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if the system at t = 0 is in the stable state |y~2), there is a non-zero probability at 
a subsequent time ¢ of finding it in the state |y1), in which the system has a finite 
lifetime. It is sometimes said figuratively that “the coupling brings into the stable state 
part of the instability of the other state”. Moreover, it can be seen from expressions (7) 
that, as in the case studied in § C of Chapter IV, the smaller the difference between 
the unperturbed energies £, and E», the more effectively the perturbation acts on the 
energies and lifetimes. We shall therefore study in the next section the case where this 
difference is zero. 


3. Influence of an arbitrary coupling on states of the same energy 


When the energies FE; and E2 are equal, the operator H is written, if we make its trace 
appear explicitly, as in § 2 of Complement Bry: 


h 
H= (z iin) 1+K (10) 


where 1 is the identity operator and K is the operator which, in the {|y1), |y2)} basis, 
has for its matrix: 


-h 
1371 Wi2 
(K) = (11) 
(Wi2)* ifn 
The eigenvalues k, and kz of K are the two solutions of the characteristic equation: 
kK? =|Wy|? — — (12) 
They therefore have opposite values: 
ky = —kp (13) 
which yields for the eigenvalues of H: 
h 
E4 = Ey = ia + ky 
! A 
£9 = Ey = mM = ky (14) 


The eigenvectors of H and K are the same; a simple calculation? enables us to 
obtain these vectors |) and |~4): 


h 
1) = Wialgr) + G + in] |y2) 





5) = Wie|y1) + (1 + iin) |e) (15) 





For the calculation performed here, it is not indispensable to normalize |7){) and |). Note also 
that, since H is not Hermitian, |) and |74) are not orthogonal. 
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Assume that the system at time ¢ = 0 is in the state |y2) (which would be stable 
in the absence of the coupling): 


1 
[b(t = 0)) = |¢2) = oh (li) — |v)] (16) 
Using (14), we see that, at time t, the state vector is: 
1 ae ahi: _ ‘ 
|yb(t)) = ok e tEyt/h e +71 le that/R lap! ae etkit/F yt) (17) 


The probability A1(t) of finding the system at time ¢ in the state |p) is: 


Pa(t) =|(vilH()P? 
1 

= —yit/2 | —ikit/h 1\ _ Qikit/h ! 

Tepe” leon) ~ (ols) 

1 

4) ky [2 


2 











eo nt/2 |Wi2/? jenttes = eikit/h)? (18) 


We shall distinguish between several cases: 
(4) When the condition: 
h 
|Wi2| > au (19) 


is satisfied, we obtain directly, using (12): 


hh 2 
ky = —kg = |Wi2|? I (in) (20) 


and the eigenvalues ¢{ and ¢€4 are given by: 
Reh 
e4 =h+ |Wi2|? co (Gn) a vp 


ae es: 
E> — Ey = |W42|? = (Gn) = mM (21) 


e, and ¢4 have the same imaginary part, but different real parts. The states |7)/) and 
|w~5) therefore have the same lifetime, 27,, but different energies. 
Substituting (20) into (18), we obtain: 


Wi? ay 
Py(t) = = e 14/2 sin? [4 /|Wya|? — Ga ; (22) 
|Wi2|? — (Fn) é 


The form of this result recalls Rabi’s formula [cf. Chap. IV, equation (C-32)]. The 
function Y5;(t) is represented by a damped sinusoid with time constant 27, (Fig. 1). 


Condition (19) thus expresses the fact that the coupling is sufficiently strong to make 
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Figure 1: Effect of a strong coupling between 
a stable state |p) and an unstable state |p ). 
If the system is initially in the state |p2), the 
probability P2\(t) of finding it in the state 
|y1) at time t presents damped oscillations. 











the system oscillate between the states |y) and |y2) before the instability of the state 
|y1) can have a real effect. 


(ii) If, on the other hand, the condition: 
h 
[Wil < a7 (23) 


is satisfied, we then have: 


h 2 
ky = -—kg =1 (Fn) = |Wi2|? (24) 


and: 


(=m -i|7 Pe) ial 
& =, —1 qv qv 12 


; |h me Ne 5 
66 = E,-i we wu = [Wire| (25) 


The states |y,) and |W5) then have the same energy and different lifetimes. Formula 
(18) becomes: 


(Wie? 


P(t) = —_,——_ 
21 (t) (By)? Wa)? 


bo? t 
gut? sinh? (Fn) = |Wi2|? hi (26) 


This time, #2)(t) is a sum of damped exponentials (Fig. 2). 

This result has a simple physical interpretation: condition (23) expresses the fact 
that the lifetime 7, is so short that the system is completely damped before the coupling 
W has had the time to make it oscillate between the states |y)) and |y2). 


(iit) Finally, let us examine the case where we have exactly: 
h 
|Wi2| = 47 (27) 


We see then from (14) that the states |) and |~5) both have the same energy FE) 
and the same lifetime 27). 
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Py (0) 


Figure 2: When the coupling is weak, oscil- 
lations between the states |p1) and |y~2) do 
not have time to occur. 





Equations (22) and (26), in this case, take on indeterminate forms, which can be 
resolved and both yield: 


W. 2 
P(t) = Wiel pent? (28) 


Comment: 


The preceding discussion is very similar to that of the classical motion of a damped 
harmonic oscillator. Conditions (19), (23) and (27) correspond respectively to 
weak, strong and critical damping. 


References and suggestions for further reading: 

An important application of the phenomenon discussed in this complement is the 
shortening of the lifetime of a metastable state due to an electric field. See: Lamb and 
Retherford (3.11), App. II; Sobel’man (11.12), Chap. 8, § 28-5. 
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Complement Jiyv 
Exercises 


1. Consider a spin 1/2 particle of magnetic moment M = ¥S. The spin state space 
is spanned by the basis of the |+) and |—) vectors, eigenvectors of S, with eigenvalues 
+h/2 and —h/2. At time t = 0, the state of the system is: 


a. If the observable S, is measured at time ¢ = 0, what results can be found, and with 
what probabilities? 


b. Instead of performing the preceding measurement, we let the system evolve under 
the influence of a magnetic field parallel to Oy, of modulus Bo. Calculate, in the 
{|+), |—)} basis, the state of the system at time t. 


c. At this time t, we measure the observables Sz, Sy, Sz. What values can we find, 
and with what probabilities? What relation must exist between Bp and t for the 
result of one of the measurements to be certain? Give a physical interpretation of 
this condition. 


2. Consider a spin 1/2 particle, as in the previous exercise (using the same nota- 
tion). 


a. At time t = 0, we measure S, and find +h/2. What is the state vector |(0)) 
immediately after the measurement? 


b. Immediately after this measurement, we apply a uniform time-dependent field par- 
allel to Oz. The Hamiltonian operator of the spin H(t) is then written: 


A(t) = wo(t) Sz 


Assume that wo(t) is zero for t < 0 and t > T and increases linearly from 0 to wo 
when 0 <¢ < T (T is a given parameter having the dimension of a time). Show 
that at time ¢t the state vector can be written: 


H(t) = ole) + se) |-) 


where 6(t) is a real function of t (to be calculated by the student). 


c. At a time t = 7 > T, we measure Sy. What results can we find, and with what 
probabilities? Determine the relation that must exist between wo and T in order 
for us to be sure of the result. Give the physical interpretation. 
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The 


a. 


3. Consider a spin 1/2 particle placed in a magnetic field Bo with components: 


1 
B,=—=B 
Ae 0 
By =0 
1 
B, = —=Bo 


ZS V2 
notation is the same as that of exercise (1). 


Calculate the matrix representing, in the {|+),|—)} basis, the operator H, the 
Hamiltonian of the system. 


Calculate the eigenvalues and the eigenvectors of H. 


The system at time t = 0 is in the state |—). What values can be found if the 
energy is measured, and with what probabilities? 


Calculate the state vector |7)(¢)) at time ¢. At this instant, S, is measured; what 
is the mean value of the results that can be obtained? Give a geometrical interpre- 
tation. 


4. Consider the experimental device described in § B-2-b of Chapter IV (cf. Fig. 8): 


a beam of atoms of spin 1/2 passes through one apparatus, which serves as a “polarizer” 
in a direction which makes an angle @ with Oz in the xOz plane, and then through 
another apparatus, the “analyzer”, which measures the S, component of the spin. We 
assume in this exercise that between the polarizer and the analyzer, over a length L of 
the atomic beam, a magnetic field Bg is applied which is uniform and parallel to Ox. We 
call v the speed of the atoms and T = L/v the time during which they are submitted to 
the field By. We set wo = —yBo. 


a. 


b. 
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What is the state vector |W1) of a spin at the moment it enters the analyzer? 


Show that when the measurement is performed in the analyzer, there is a probabil- 
ity equal to $(1+ cos @cos woT) of finding +h/2 and $(1 —cos 6 cos woT) of finding 
—h/2. Give a physical interpretation. 


(This question and the following one involve the concept of a density operator, de- 
fined in Complement Ey. The reader is also advised to refer to Complement E;v). 
Show that the density matrix p; of a particle which enters the analyzer is written, 
in the {|+),|—)} basis: 


1 1+cos@ coswoT sinO+icos@ sinwoT 
pl= 2 
sin@ —icos@ sinwoT 1—cos@ coswoT 


Calculate Tr{p,S,}, Tr{piS,} and Tr{p;$,}. Give an interpretation. Does the 
density operator p; describe a pure state? 


@ EXERCISES 





d. Now assume that the speed of an atom is a random variable, and hence the time 
T is known only to within a certain uncertainty AT. In addition, the field Bo 
is assumed to be sufficiently strong that woAT >> 1. The possible values of the 
product woT are then (modulus 27) all values included between 0 and 27, all of 
which are equally probable. 


In this case, what is the density operator pp of an atom at the moment it 
enters the analyzer? Does p2 correspond to a pure case? Calculate the quantities 
Tr{p25z}, Tr{p2S,} and Tr{p2S,}. What is your interpretation? In which case 
does the density operator describe a completely polarized spin? A completely 
unpolarized spin? 


Describe qualitatively the phenomena observed at the analyzer exit when wo 
varies from zero to a value where the condition wo AT > 1 is satisfied. 


5. Evolution operator of a spin 1/2 (cf. Complement Fy) 
Consider a spin 1/2, of magnetic moment M = 4S, placed in a magnetic field Bo 
of components B, = —w,/y7, By = —wy/y, Bz = —wz/7.- 
We set: 
wo = —7|Bo| 
a. Show that the evolution operator of this spin is: 


U(t,0) = e&Mé 


where M is the operator: 


1 1 
M =|, 5,+0,5, + 0752] = swe + wyoy +Wz07] 


h 2 
expressed as a function of the three Pauli matrices o,, o, and o, (cf. Comple- 
ment Ary). 
Calculate the matrix representing M in the {|+),|—)} basis of eigenvectors of S,. 
Show that: 
1 Wo \2 
Dre 2 2 2, __ (Wo 
M*= qlee + wy +07] = (=) 


b. Put the evolution operator into the form: 


9; 
U(#,0) = cos (=) — * Msin ($*) 


Wo 


c. Consider a spin which at time ¢t = 0 is in the state |~(0)) = |+). Show that the 
probability Y(t) of finding it in the state |+) at time t is: 


P(t) = |(+|U(E, 0)| +)? 
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and derive the relation: 


we + w? t 
P(t) =1- —,— sin” (*) 
Ww 2 


Give a geometrical interpretation. 


6. Consider the system composed of two spin 1/2’s, S; and So, and the basis of 
four vectors | ) defined in Complement Dyy. The system at time ¢t = 0 is in the state: 














? 





a. At time t = 0, Si, is measured; what is the probability of finding —h/2? What is 
the state vector after this measurement? If we then measure S},, what results can 
be found, and with what probabilities? Answer the same questions for the case 
where the measurement of S, yielded +h/2. 


b. When the system is in the state |1(0)) written above, S;, and S2, are measured 
simultaneously. What is the probability of finding opposite results? Identical re- 
sults? 


c. Instead of performing the preceding measurements, we let the system evolve under 
the influence of the Hamiltonian: 


A= 0S, + w2S2, 
What is the state vector |y(¢)) at time t? Calculate at time ¢ the mean values (S;) 
and (S2). Give a physical interpretation. 


d. Show that the lengths of the vectors (S;) and (S2) are less than A/2. What must 
be the form of |y(0)) for each of these lengths to be equal to +f /2? 


7. Consider the same system of two spin 1/2’s as in the preceding exercise; the 
state space is spanned by the basis of four states |+, +). 





a. Write the 4 x 4 matrix representing, in this basis, the $1, operator. What are the 
eigenvalues and eigenvectors of this matrix? 


b. The normalized state of the system is: 
Iv) =al + +) + 81+ -)+91- +) +4/- -) 


where a, 8, y and 6 are given complex coefficients. S,, and Sgy are measured 
simultaneously; what results can be found, and with what probabilities? What 
happens to these probabilities if |y) is a tensor product of a vector of the state 
space of the first spin and a vector of the state space of the second spin? 
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c. Same questions for a measurement of S$), and Soy. 


d. Instead of performing the preceding measurements, we measure only S2y. Calcu- 
late, first from the results of b and then from those of c, the probability of finding 
—h/2. 


8. Consider an electron of a linear triatomic molecule formed by three equidistant 
atoms. 


We use |ya), |p), |\ec) to denote three orthonormal states of this electron, correspond- 
ing respectively to three wave functions localized about the nuclei of atoms A, B, C. 
We shall confine ourselves to the subspace of the state space spanned by |ya), |¢g) and 
lec). 

When we neglect the possibility of the electron jumping from one nucleus to an- 
other, its energy is described by the Hamiltonian Ho whose eigenstates are the three 
states |pa), |~a), |pc) with the same eigenvalue Eo. The coupling between the states 
lya), lve), ec) is described by an additional Hamiltonian W defined by: 


Wlpa) = —alye) 
Wyse) = —alpa) — alc) 
Wl\ec) = —alyp) 


where a is a real positive constant. 


a. Calculate the energies and stationary states of the Hamiltonian H = Ho + W. 


b. The electron at time t = 0 is in the state |y4). Discuss qualitatively the localization 
of the electron at subsequent times t. Are there any values of t for which it is 
perfectly localized about atom A, B or C? 


c. Let D be the observable whose eigenstates are |ya), |g), |yc) with respective 
eigenvalues —d, 0, d. D is measured at time t; what values can be found, and with 
what probabilities? 


d. When the initial state of the electron is arbitrary, what are the Bohr frequencies 
that can appear in the evolution of (D)? Give a physical interpretation of D. What 
are the frequencies of the electromagnetic waves that can be absorbed or emitted 
by the molecule? 


9. A molecule is composed of six identical atoms A;, Ag,.... Ag which form a 
regular hexagon. Consider an electron which can be localized on each of the atoms. Call 
ln) the state in which it is localized on the nth atom (n = 1,2,...,6). The electron 
states will be confined to the space spanned by the |y,,), assumed to be orthonormal. 
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a. Define an operator R by the following relations: 
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R\y1) = |~2); Riy2) = |y3) 3--- 3 Rigs) = |¢1) 


Find the eigenvalues and eigenstates of R. Show that the eigenvectors of R form a 
basis of the state space. 


When the possibility of the electron passing from one site to another is neglected, its 
energy is described by a Hamiltonian Ho whose eigenstates are the six states |y,), 
with the same eigenvalue Ey. As in the previous exercise, we describe the possibility 
of the electron jumping from one atom to another by adding a perturbation W to 
the Hamiltonian Ho; W is defined by: 


W\1) = —ale6) — al ya) ; W|p2) = —aly1) — ales) ; 
eneiee ; Wly6) = —alys) — aly) 
Show that R commutes with the total Hamiltonian H = Hjp+W. From this deduce 


the eigenstates and eigenvalues of H. In these eigenstates, is the electron localized? 
Apply these considerations to the benzene molecule. 


Exercise 9. 
Reference: Feynman III (1.2), § 15-4. 
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A. Introduction 


A-1. Importance of the harmonic oscillator in physics 


This chapter is devoted to the study of a particularly important physical system: 
the one-dimensional harmonic oscillator. 


Quantum Mechanics, Volume I, Second Edition. C. Cohen-Tannoudji, B. Diu, and F. Laloé. 
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The simplest example of such a system is that of a particle of mass m moving in 
a potential which depends only on x and has the form: 


V(2) = ska? (A-1) 


(k is a real positive constant). The particle is attracted towards the x = 0 plane [the 
minimum of V(x), corresponding to positions of stable equilibrium] by a restoring force: 


dV 


EF. Se 
~ dz 


—kax (A-2) 
which is proportional to the distance x between the particle and the x = 0 plane (a is an 
algebraic variable: « < 0). We know that in classical mechanics, the projection onto Ox 
of the particle’s motion is a sinusoidal oscillation about x = 0, of angular frequency: 


k 
oa (A-3) 

Actually, a large number of systems are governed (at least approximately) by the 
harmonic oscillator equations. Whenever one studies the behavior of a physical system 
in the neighborhood of a stable equilibrium position, one arrives at equations which, in 
the limit of small oscillations, are those of a harmonic oscillator (see § A-2). The results 
we shall derive in this chapter are applicable, therefore, to a whole series of important 
physical phenomena — for example, the vibrations of the atoms of a molecule about their 
equilibrium position, the oscillations of atoms or ions of a crystalline lattice (phonons)!. 

The harmonic oscillator is also involved in the study of the electromagnetic field. 
We know that in a cavity, there exist an infinite number of possible stationary waves 
(normal modes of the cavity). The electromagnetic field can be expanded in terms of 
these modes and it can be shown, using Maxwell’s equations, that each of the coefficients 
of this expansion (which describe the state of the field at each instant) obeys a differential 
equation, which is identical to that of a harmonic oscillator whose angular frequency w is 
that of the associated normal mode. In other words, the electromagnetic field is formally 
equivalent to a set of independent harmonic oscillators (cf. Complement Ky). The 
quantization of the field is obtained by quantizing these oscillators associated with the 
various normal modes of the cavity (cf. Chapter XIX). Recall, moreover, that it was the 
study of the behavior of these oscillators at thermal equilibrium (blackbody radiation) 
which, historically, led Planck to introduce, for the first time in physics, the constant h 
which bears his name. We shall see (cf. Complement Ly) that the mean energy of a 
harmonic oscillator in thermodynamic equilibrium at the temperature T is different for 
classical and quantum mechanical oscillators. 

The harmonic oscillator also plays an important role in the description of a set 
of identical particles which are all in the same quantum mechanical state (they must 
obviously be bosons, cf. Chap. XIV). As we shall see later, this is because the energy 
levels of a harmonic oscillator are equidistant, the spacing between two adjacent levels 
being equal to iw. With the energy level labelled by the integer n (situated at a distance 
nhw above the ground state) can then be associated a set of n identical particles (or 





Complement Ay is devoted to a qualitative study of some physical examples of harmonic oscillators. 
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quanta), each possessing an energy fiw (cf. Chapter XV). The transition of the oscillator 
from level n to level n+1 or n—1 corresponds to the creation or annihilation of a quantum 
of energy hw. In this chapter, we shall introduce the operators at and a, which enable us 
to describe this transition from level n to level n+1 or n—1. These operators, respectively 
called “creation” and “annihilation” operators’, are used throughout quantum statistical 
mechanics and quantum field theory®. 

The detailed study of the harmonic oscillator in quantum mechanics is therefore 
extremely important from a physical point of view. Moreover, we are dealing with a 
quantum mechanical system for which the Schrédinger equation can be solved rigorously. 
Having studied spin 1/2 and two-level systems in Chapter IV, we shall therefore now 
consider another simple example which illustrates the general formalism of quantum 
mechanics. We shall show in particular how to solve an eigenvalue equation by dealing 
only with the operators and the commutation relations (this technique will also be applied 
to angular momentum). We shall also study in a detailed way the motion of wave packets, 
particularly at the classical limit (cf. Complement Gy on quasi-classical states). 

In § A-2, we shall review some results related to the classical oscillator before 
stating (§ A-3) certain general properties of the eigenvalues of the Hamiltonian H. Then, 
in §§ B and C, we shall determine these eigenvalues and eigenvectors by introducing 
creation and annihilation operators and using only the consequences of the canonical 
commutation relation [X, P] = ih, as well as the particular form of H. § D is devoted 
to a physical study of the stationary states of the oscillator and wave packets formed by 
linear superpositions of these stationary states. 


A-2. The harmonic oscillator in classical mechanics 


The potential energy V(x) [formula (A-1)] is shown in Figure 1. The motion of 
the particle is governed by the dynamical equation: 
dx dV 


Fe aes, eee f A-4 
™ Ae dx i os 


The general solution of this equation is of the form: 
x= xy cos(wt — y) (A-5) 


where w is defined by (A-3), and the constants of integration x,y and y are determined by 
the initial conditions of the motion. The particle therefore oscillates sinusoidally about 
the point O, with an amplitude x,y, and an angular frequency w. 

The kinetic energy of the particle is: 


1 dx \? p 





2 Annihilation operators are also often called “destruction operators”. 

3The aim of quantum field theory is to describe interactions between particles in the relativistic do- 
main, especially the interactions between electrons, positrons and photons. It is clear that creation and 
annihilation operators should play an important role, since such processes are indeed observed experi- 
mentally (absorption or emission of photons, pair creation...). The quantum theory of electromagnetism 
is introduced in Chapter XIX. 
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d 
where p= m5 is the momentum of the particle. The total energy is: 
peo 
E=T+V = — + =mw’2? (A-7) 
2n 2 


Substituting solution (A-5) into this equation, we find: 


1 
B= 5a wy (A-8) 


The energy of the particle is therefore time-independent (this is a general property of 
conservative systems) and can take on any positive (or zero) value, since xy is a priori 
arbitrary. 





If we fix the total energy E, the limits of the classical motion « = +x ,y can be 
determined from Figure 1 by taking the intersection of the parabola with the line parallel 
to Ox of ordinate E. At these points x = tx, the potential energy is at a maximum 
and equal to FE, and the kinetic energy is zero. On the other hand, at « = 0, the potential 
energy is zero and the kinetic energy is maximum. 





Comment: 
Consider an arbitrary potential V(x) which has a minimum at x = 29 (Fig. 2). 


Expanding the function V(x) in a Taylor’s series in the neighborhood of xo, we 
obtain: 


V(x) =a+(x — 29)? + e(x — 29)? +... (A-9) 











Figure 1: The potential energy V(x) of a one-dimensional harmonic oscillator. The 
amplitude of the classical motion of energy E is xy. 
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xy x0 x2 


Figure 2: In the neighborhood of a minimum, any potential V(x) can be approximated by 
a parabolic potential (dashed line). In the potential V(x), a classical particle of energy E 
oscillates between x1 and xo. 





The coefficients of this expansion are given by: 


a = V(a0) 
»- i (ev 
2 \ dx? J 
xL=xXO 
1 (=) 
c= = |—> (A-10) 
SEN ae te 


and the linear term in (a — 2) is zero since zp corresponds to a minimum of V(z). 
The force derived from the potential V(z) is, in the neighborhood of zo: 


d 
F, = = 2b(a — x9) — 3c(a — 29)? +... (A-11) 
x 





Since x = xo represents a minimum, the coefficient b is positive. 

The point x = xp corresponds to a stable equilibrium position for the particle: 
F,, is zero for x = xo; moreover, for (x — x9) sufficiently small, F,, and (a — xo) 
have opposite signs since b is positive. 

If the amplitude of the motion of the particle about xo is sufficiently small for 
the term in (a — xo)° of (A-9) [and therefore, the corresponding term in (a — 29)? 
of (A-11)] to be negligible compared to the preceding ones, we have a harmonic 
oscillator since the dynamical equation can then be approximated by: 


m— ~ —2b(x — 20) (A-12) 
The corresponding angular frequency w is related to the second derivative of V(x) 
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at x = x by the formula: 


[2b 1 (=) 
m  \im \ da? due 


Since the amplitude of the motion must remain small, the energy of the harmonic 
oscillator will be low. 


For higher energies £, the particle will be in periodic but not sinusoidal motion 
between the limits 2; and x2 (Fig. 2). If we expand the function x(t) in a Fourier 
series giving the position of the particle, we find, not one, but several, sinusoidal 
terms; their frequencies are integral multiples of the lowest frequency. We then 
say that we are dealing with an anharmonic oscillator. Note also that, in this 
case, the period of the motion is not generally 27/w, where w is given by formula 
(A-13). 


A-3. General properties of the quantum mechanical Hamiltonian 


In quantum mechanics, the classical quantities x and p are replaced respectively 
by the observables X and P, which satisfy: 


[X, P] = ih (A-14) 


It is then easy to obtain the Hamiltonian operator of the system from (A-7): 


H = —+=mu?X? (A-15) 


Since H is time-independent (conservative system), the quantum mechanical study 
of the harmonic oscillator reduces to the solution of the eigenvalue equation: 


Hig) = Ele) (A-16) 
which is written, in the {|x)} representation: 
g(a) = E (a) (A-17) 
Before undertaking the detailed study of equation (A-16), let us indicate some 


important properties that can be deduced from the form (A-1) of the potential function: 


(1) The eigenvalues of the Hamiltonian are positive. It can be shown that, in general 
(Complement Myy7), if the potential function V(x) has a lower bound, the eigen- 
2 


P 

values E of the Hamiltonian H = oy + V(X) are greater than the minimum of 
m 

V(a): 


V(x) >Vm requires E> V,, (A-18) 


For the harmonic oscillator we are studying here, we have chosen the energy origin 
such that V,, is zero. 
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(ii) The eigenfunctions of H have a definite parity. This is due to the fact that the 
potential V(x) is an even function: 


V(-2) = V(a) (A-19) 


We can then (cf. Complements Fy and Cy) look for eigenfunctions of H, in the 
{|x)} representation, amongst the functions which have a definite parity (in fact, 
we shall see that the eigenvalues of H are not degenerate; consequently, the wave 
functions associated with the stationary states are necessarily either even or odd). 


(iit) The energy spectrum is discrete. Whatever the value of the total energy, the clas- 

sical motion is limited to a bounded region of the Ox axis (Fig. 1), and it can be 
shown (Complement Myr) that in this case, the eigenvalues of the Hamiltonian 
form a discrete set. 
We shall derive these properties (in a more precise form) in the following sections. 
However, it is interesting to note that they can be obtained simply by applying to 
the harmonic oscillator some general theorems concerning one-dimensional prob- 
lems. 


B. Eigenvalues of the Hamiltonian 


We are now going to study the eigenvalue equation (A-16). First of all, using only the 
canonical commutation relation (A-14), we shall find the spectrum of the Hamiltonian 
H written in (A-15). 


B-1. Notation 


We shall begin by introducing some useful notations. 


B-1-a. The X and P operators 


The observables X and P obviously have dimensions (those of a length and a 
momentum, respectively). Since w has the dimension of the inverse of a time and h, of 
an action (product of an energy and a time), it is easy to see that the observables X and 
P defined by: 





f mw 
X =,/—X 
h 
x 1 
P= P (B-1) 
mhw 


are dimensionless. 
If we use these new operators, the canonical commutation relation will be written: 


[X, Pl =i (B-2) 
and the Hamiltonian can be put in the form: 


H =hwH (B-3) 
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x 1 sa an 

ft = 5 (x? + P?) (B-4) 
We shall therefore seek the solutions of the eigenvalue equation: 

H\yp;) = ev |e.) (B-5) 


where the operator H and the eigenvalues ¢, are dimensionless. The index v can belong 
to either a discrete or a continuous set, and the additional index 7 enables us to distinguish 
between the various possible orthogonal eigenvectors associated with the same eigenvalue 
Ey. 


B-1-b. The a, al and N operators 


If X and P were numbers and not operators, we could write the sum X2 +4 P? 
appearing in expression (B-4) for Hin the form of a product of linear terms, and obtain 
(X -iP) (xX + iP). In fact, since X and P are non-commuting operators, x? + P? is not 
equal to (X — iP)(X at iP). We shall show, however, that the introduction of operators 
proportional to X + iP and X — iP enables us to simplify considerably our search for 
eigenvalues and eigenvectors of H. 

We therefore set*: 

(X + iP) (B-6a) 


a= 


al = 


sl-si- 


(X — iP) (B-6b) 
These formulas can immediately be inverted to yield: 
X= (al +a) (B-7a) 


P = —(at —a) (B-7b) 


I 


Sl 81> 


Since X and P are Hermitian, a and at are not (because of the factor 2), but are adjoints 
of each other. 
The commutator of a and al is easy to calculate from (B-6) and (B-2): 


(a,a'] = 5 |X +4P, 8-40] 
~ ie] Efe 9 
that is: 
[a,at]} =1 (B-9) 


This relation is completely equivalent to the canonical commutation relation (A-14). 





4Until now, we have designated operators by capital letters. However, to conform to standard usage, 
we shall use the small letters a and at for the operators (B-6). 
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Finally, we derive some simple formulas which will be useful in the rest of this 
chapter. We first calculate ata: 





ala= s(x —iP)(X +iP) 
LW rten oe Pike forts ts 
= Ca + P? +iXP —iPX) 
Biehl ok 
= aie PP) (B-10) 


Comparing this with expression (B-4), we see that: 


1 Re pe A oo ge 
H=ad'at3= (X —iP)(X + iP) +5 (B-11) 


Dlr 


Unlike the situation in the classical case, H cannot be put in the form of a product of 
linear terms. The non-commutativity of X and P is at the origin of the additional term 
1/2 that appears on the right-hand side of (B-11). Similarly, it can be shown that: 


H = aa‘ — ; (B-12) 


Let us now introduce the operator N defined by: 
N=ala (B-13) 
This operator is Hermitian since: 
Nt=dl(at\i=ala=N (B-14) 
Moreover, according to (B-11): 


A 1 
H=N+ 3 (B-15) 
so that the eigenvectors of H are eigenvectors of N, and vice versa. 
Finally, let us calculate the commutators of N with a and at: 


[N, a] = [ala, a] = a'[a,a}+ [al, aja = —a 

[N, a] = [ala,a'] = al [a,a'} + [at ala =al (B-16) 
that is: 

[N,a] = —a (B-17a) 

[N,a"] =al (B-17b) 


Our study of the harmonic oscillator will be based on the use of the a, at and N 
operators. We have replaced the eigenvalue equation of H, which we first wrote in the 
form (B-5), by that of N: 


N\gy) = viet) (B-18) 
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When this equation is solved, we shall know that the eigenvector |v) of N is also an 
eigenvector of H with the eigenvalue E, = (v + 1/2)hw [formulas (B-3) and (B-15)]: 


H\g)) = (v + 1/2)hw |¢),) (B-19) 


The solution of equation (B-18) will be based on the commutation relation (B-9), which is 
equivalent to the initial relation (A-14), and on formulas (B-17), which are consequences 
of it. 


B-2. Determination of the spectrum 
B-2-a. Lemmas 
a. Lemma I (property of the eigenvalues of N) 


The eigenvalues v of the operator N are positive or zero. 
Consider an arbitrary eigenvector |y',) of N. The square of the norm of the vector 
a |y?,) is positive or zero: 


ll aleh) P= (eplatalyy) = 0 (B-20) 
Let us then use definition (B-13) of N: 

(phlataly,) = (eiIN le.) = v(yhlyet) (B-21) 
Since (y’,|y",) is positive, comparison of (B-20) and (B-21) shows that: 

v>0 (B-22) 


8B. Lemma II (properties of the vector a|y',)) 


Let |yt,) be a (non-zero) eigenvector of N with the eigenvalue v. 
We shall prove the following: 


(i) If vy =0, the ket aly?_,) is zero. 
(ii) If v > 0, the ket aly’) is a non-zero eigenvector of N with the eigenvalue v — 1. 


(i) According to (B-21), the square of the norm of aly) is zero if vy = 0; now, the 
norm of a vector is zero if and only if this vector is zero. Consequently, if vy = 0 is an 
eigenvalue of N, all eigenvectors |),) associated with this eigenvalue satisfy the relation: 


a|~) = 0 (B-23) 


Let us now show that relation (B-23) is characteristic of these eigenvectors. Con- 
sider a vector |y) which satisfies: 


aly) =0 (B-24) 
Multiply both sides of this equation from the left by a’: 
a'aly) = N|p) =0 (B-25) 
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Any vector which satisfies (B-24) is therefore an eigenvector of N with the eigenvalue 
vy=0. 

(ii) Now let us assume that v is strictly positive. According to (B-21), the vector 
a|y*) is then non-zero, since the square of its norm is not equal to zero. 

Let us show that aly’) is an eigenvector of N. To do this, let us apply the operator 
relation (B-17a) to the vector |y?,): 

LN, a]le)) = —alyy) 
Nal) = aN|¢,) — alyy) (B-26) 
= av|yy,) — ale.) 

Therefore: 


N[alyy)] = (¥ - 1laly,)] (B-27) 


which shows that aly’) is an eigenvector of N with the eigenvalue v — 1. 


y. Lemma III (properties of the vector a' |p’, ) 
Let |v?) be a (non-zero) eigenvector of N of eigenvalue v. 
We shall prove the following: 
(i) at|pt) is always non-zero. 
(ii) at|y) is an eigenvector of N with the eigenvalue v + 1. 


(i) It is easy to calculate the norm of the vector a'|y,), using formulas (B-9) and 
(B-13): 
I? = (vp laa’ |g) 
= (PIN + Dig?) 
=(v + I)(giler) (B-28) 
Since, according to lemma J, v is positive or zero, the ket a'|y’,) always has a non-zero 
norm and, consequently, is never zero. 

(ii) The proof of the fact that a'|yp’,) is an eigenvector of N is analogous to that 
of lemma JJ; starting from relation (B-17b) between operators, we obtain: 


[N, at] |yi) = al |yi) 
Nal |yi,) = at N|gi) + al|ph) = (v + Dal |yi) (B-29) 


ll atl) 


B-2-b. The spectrum of N is composed of non-negative integers 


Consider an arbitrary eigenvalue v of N and a non-zero eigenvector |yt,) associated 
with this eigenvalue. 

According to lemma J, v is necessarily positive or zero. First, let us assume v to 
be non-integral. We are now going to show that such a hypothesis contradicts lemma I 
and must consequently be excluded. If v is non-integral, we can always find an integer 
n > 0 such that: 


n<v<ntl (B-30) 
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Now let us consider the series of vectors: 


vi), aly) -- a" yy) (B-31) 


According to lemma JI, each of the vectors a?|y’,) of this series (with 0 < p < n) is 
non-zero and an eigenvector of N with the eigenvalue v — p (cf. Fig. 3). The proof is by 
iteration: |yt) is non-zero by hypothesis; aly.) is non-zero (since v > 0) and corresponds 
to the eigenvalue v—1 of N ...; a?|y?,) is obtained when a acts on a?~'|y?), an eigenvector 
of N with the strictly positive eigenvalue v — p+ 1, since p< nandv>n [cf. (B-30)]. 

Now let a act on the ket a"|y’,). Since v — n > 0 according to (B-30), the action 
of a on a”|p’,) (an eigenvector of N with the eigenvalue vy — n > 0) yields a non-zero 
vector (lemma JI). Moreover, again according to lemma II, a"*"|y',) is an eigenvector 
of N with the eigenvalue vy — n — 1, which is strictly negative according to (B-30). If v 
is non-integral, we can therefore construct a non-zero eigenvector of N with a strictly 
negative eigenvalue. Since this is impossible, according to lemma J, the hypothesis of 
non-integral v must be rejected. 

What now happens if: 


v=n (B-32) 


with n a positive integer or zero? In the series of vectors (B-31), a”|y',) is non-zero and 
an eigenvector of N with the eigenvalue 0. According to lemma II (§ (¢)), we therefore 
have: 


a" "yi) =0 (B-33) 


The series of vectors obtained by repeated action of the operator a on |y’,) is therefore 
limited when n is integral. It is then never possible to obtain a non-zero eigenvector of 
N which corresponds to a negative eigenvalue. 

In conclusion, v can only be a non-negative integer. 

Lemma JIT can then be used to show that the spectrum of N indeed includes 
all positive or zero integers. We have already constructed an eigenvector of N with an 
eigenvalue of zero (a”|y',)). All we must do is let (a')* act on such a vector in order to 
obtain an eigenvector of N of eigenvalue k, where k is an arbitrary positive integer. 











vn v-n+l v-l v 
--------- -I > 
0 1 2 n-1 n n+1 

a"|e) a "| gh) a|gi) |i) 


Figure 3: Letting a act several times on the ket |yt,), we can construct eigenvectors of N 
with eigenvalues v —1, vy — 2 etc... 
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If we then refer to formula (B-19), we conclude that the eigenvalues of H are of 
the form: 


En = (n + 5) fiw (B-34) 


with n = 0, 1, 2, .... Therefore, in quantum mechanics, the energy of the harmonic 
oscillator is quantized and cannot take on any arbitrary value. Note also that the smallest 
value (the ground state) is not zero, but fiw/2 (see § D-2 below). 


B-2-c. Interpretation of the a and at operators 


If we start with an eigenstate |y',) of H corresponding to the eigenvalue E, = 
(n + 1/2)hw, application of the operator a yields an eigenvector associated with the 
eigenvalue E,_1 = (n + 1/2)hw — hw, and application of at yields, in the same way, the 
energy En41 = (n+1/2)hw + fw. 

For this reason, at is said to be a creation operator and aan annihilation operator 
(or destruction operator); their action on an eigenvector of N makes an energy quantum 
hw appear or disappear. 


B-3. Degeneracy of the eigenvalues 


We now show that the energy levels of the one-dimensional harmonic oscillator, 
given by equation (B-34), are not degenerate. 


B-3-a. The ground state is non-degenerate 

The eigenstates of H associated with the eigenvalue Ey = hw/2, that is, the eigen- 
states of N associated with the eigenvalue n = 0, according to lemma II of § B-2-a-{, 
must all satisfy the equation: 

a|yp) = 0 (B-35) 

To find the degeneracy of the Ep level, all we must do is see how many linearly indepen- 
dent kets satisfy (B-35). 

Using definition (B-6a) of a and relations (B-1), we can write (B-35) in the form: 


1 mw a Bien 
B | Berne —=?| |v) =0 (B-36) 


In the {|x)} representation, this relation becomes: 


mw d 
een — \ gi(x) = B- 
( i +o] yo(x) = 0 (B-37) 
where: 
vo(2) = (x|yo) (B-38) 
Therefore we must solve a first-order differential equation. Its general solution is: 
; 1 mw 
gi(z)=ce 2 h™ (B-39) 


where cis the constant of integration. The various solutions of (B-37) are all proportional 
to each other. Consequently, to within a multiplicative factor, there exists only one ket 
|y~o) that satisfies (B-35): the ground state Eo = hw/2 is not degenerate. 
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B-3-b. All the states are non-degenerate 


We have just seen that the ground state is not degenerate. Let us show by recur- 
rence that this is also the case for all the other states. 

All we need prove is that, if the level E, = (n+ 1/2)fw is not degenerate, the 
level Bn4i = (n+1+1/2)hw is not either. Let us therefore assume that there exists, to 
within a constant factor, only one vector |y,) such that: 


Nl en) = Pn) (B-40) 
Then consider an eigenvector |p’,,) corresponding to the eigenvalue n + 1: 

Nl engi) = (2+ Dl Pnsr) (B-41) 
We know that the ket al',,,) is not zero and that it is an eigenvector of N with the 


eigenvalue n (cf. lemma JI). Since this ket is not degenerate by hypothesis, there exists 
a number c’ such that: 


algns1) =C'len) (B-42) 
It is simple to invert this equation by applying at to both sides: 

alalp~n4s) = c'a!|yn) (B-43) 
that is, taking (B-13) and (B-41) into account: 


“a 
n+1 





IPnta) = a! (pn) (B-44) 
We already knew that a‘|y,) was an eigenvector of N with the eigenvalue (n + 1); we 
see here that all kets |y*,,,) associated with the eigenvalue (n + 1) are proportional to 
a'|y,). They are therefore proportional to each other: the eigenvalue (n + 1) is not 
degenerate. 

Thus, since the eigenvalue n = 0 is not degenerate (see § B-3-a), the eigenvalue 
n = 1 is not either, nor is n = 2, etc...: all the eigenvalues of N and, consequently, all 
those of H, are non-degenerate. This enables us to write simply |y,,) for the eigenvector 
of H associated with the eigenvalue E, = (n+ 1/2)hw. 


C.  Ejigenstates of the Hamiltonian 


In this section, we are going to study the principal properties of the eigenstates of the 
operator N and of the Hamiltonian H. 


C-1. The {|y,,)} representation 


We shall assume that N and H are observables, meaning their eigenvectors con- 
stitute a basis in the space €,, the state space of a particle in a one-dimensional problem 
(this could be proved by considering the wave functions associated with the eigenstates 
of N, which we shall calculate in § C-2 below). Since none of the eigenvalues of N (or of 
H) is degenerate (see § B-3), N (or H) alone constitutes a C.S.C.O. in Ey. 
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C-1-a. The basis vectors in terms of |) 


The vector |yo) associated with n = 0 is the vector of E, that satisfies: 
alyo) = 0 (C-1) 


It is defined to within a constant factor; we shall assume |yo) to be normalized, so the 
indeterminacy is reduced to a global phase factor of the form e’, with @ real. 

According to lemma III of § B-2-a, the vector |y1) which corresponds to n = 1 is 
proportional to at |yo): 


|~1) = c1a™|yo) (C-2) 


We shall determine cy by requiring |y1) to be normalized and choosing the phase of 
|y1) (relative to |yo)) such that c; is real and positive. The square of the norm of |1), 
according to (C-2), is equal to: 


(g1l¢1) = ler|?(Golaa"|yo) 
= |c1|?(go|(ata + 1)|y0) (C-3) 


where (B-9) has been used. Since |yo) is a normalized eigenstate of N = ata with the 
eigenvalue zero, we find: 


C1 


al (C-4) 








(yi|¢1) = 
With the preceding phase convention, we have c; = 1 and, consequently: 
21) = a" po) (C-5) 
Similarly, we can construct |y2) from |v): 
|12) = c2 a" |p1) (C-6) 


We require |y2) to be normalized and choose its phase such that cz is real and positive: 


(gal~2) = |e2|? (ei laat|y1) 
= |c2|? (yi |(ata + 1)|y1) 
= Qleo|? =1 (C-7) 


Therefore: 


Iga) = Saale = s5la!)*lv0) (C8) 


if we take (C-5) into account. 
This procedure can easily be generalized. If we know |yn—1) (which is normalized), 
then the normalized vector |y,,) is written: 


l~n) = Cn! |Pn—1) (C-9) 
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Since: 


(Onn) = len|?(Yn—1]aa"|~n—1) 
=nle.? =4 (C-10) 


we choose, with the same phase conventions as above: 


Cn = wh (C-11) 


With these successive phase choices, we can obtain all the |y,,) from |yo): 


1 





i 1 1 
in} = a! n-1) = Feo al n—2) = 
1 1 1 
2 T)\n 
= == (a C-12 
pow re 
that is: 
len) ~_( ")"|yo) (C-13) 
n) = 5 \a : 
? = Yo 
C-1-b. Orthonormalization and closure relations 


Since H is Hermitian, the kets |yn) corresponding to different values of n are 
orthogonal. Since each of them is also normalized, they satisfy the orthonormalization 
relation: 


(Yn'|Pn) = Onn! (C-14) 


In addition, H is an observable (we shall assume this here without proof); the set 
of the |y,) therefore constitutes a basis in €,. This is expressed by the closure relation: 


S— len) (nl = 1 (C-15) 


Comment: 


It can be verified directly from expression (C-13) that the kets |yn) are orthonormal: 





1 n! n 
(Pn'lien) = Fe wala a’ |yo) (C-16) 
But: 


/ n oe n-1 
a” at’ |go) =a” ~*(aat)al | go) 
, n-1 
=a" ~‘(ala+1)a™ — |yo) 
tas n-1 
“al |yo) (C-17) 


=na 
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C-1-c. 


las (B 


(using the fact that at" \yo) is an eigenstate of N = ala with the eigenvalue n — 1). 
Thus can we reduce the exponents of a and a! by iteration. We obtain, finally: 


if n<n': (yola”’ at” |o) =nx(n—1)x...2x 1(yola™ ~"|go) (C-18a) 
if n>n': (ola at” yo) =n x (n—-1)...(n—1n' + 1) (po|(at)"—™ |o) (C-18b) 
if n=n': (yo|a™ at” |yo) =nx(n—1)x...2 x 1(yo|yo) (C-18c) 


The expression (C-18a) is zero because alyo) = 0. Similarly, (C-18b) is equal to zero 
because (yo|(at)?-”” |y~o) can be considered to be the scalar product of |yo) and the bra 
associated with a”~” \yo), which is zero if n > n’. Finally, if we substitute (C-18c) into 
(C-16), we see that (yn|yn) is equal to 1. 


Action of the various operators 


The observables X and P are linear combinations of the operators a and at [formu- 


-1) and (B-7)]. Consequently, all physical quantities can be expressed in terms of a 


and at. Now, the action of a and at on the ln) vectors is especially simple [see equations 
(C-19) below]. In most cases, it is therefore desirable to use the {|y,)} representation to 
calculate the matrix elements and mean values of the various observables. 


With the phase conventions introduced in § C-1-a above, the action of the a and 


a' operators on the vectors of the {|y,)} basis is given by: 








a |Pn) =vVnt1 enti) 
alYn) — vn \Pn—1) 


(C-19a) 








(C-19b) 


We have already proved (C-19a): it suffices to replace n by n+ 1 in equations (C-9) 
and (C-11). To obtain (C-19b), multiply both sides of (C-9) on the left by the operator 
a and use (C-11): 


1 1 
alin) = Vn aat|yn—1) = Ga 1)|\~n—1) = Vn |~n-1) (C-20) 
Comment: 


The adjoint equations of (C-19a) and (C-19b) are: 
(Gnla = Vn +1 (n+! (C-21a) 
(gnlat = Vn (ena (C-21b) 
Note that a decreases or increases n by one unit depending on whether it acts on 


the ket |y,,) or on the bra (y,,|. Similarly, at increases or decreases n by one unit, 
depending on whether it acts on the ket |y,) or on the bra (y,y|. 
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Starting with (C-19) and using (B-1) and (B-7), we immediately find the expres- 
sions for the kets X|y,,) and P|yn): 


Xn) = 7. (a! + a)|~n) = _ [Vn +1 |en4i) + V7 |¥n-1)] (C-22a) 
Plpn) = mhw ola =) |\~n) = —_ if oe [Vn +1 lPnti) — vn l~n—1)] (C-22b) 


The matrix elements of the a, at, X and P operators in the {|y,,)} representation 
are therefore: 


(Qn! |a|n) = vn On! n—1 (C-23a) 
(¢n'|a"|pn) =vn+1 On! n-+1 (C-23b) 
A 
(Yn'|X|~n) = 5 [Vint 1 bnnti + Vn On! n—1| (C-23c) 
_ | mi 
(Yn'|P| en) =2 a. [v n+ 1 On! ntl _— Jn Oni n=1] (C-23d) 


The matrices representing a and a! are indeed Hermitian conjugates of each other, 
as can be seen from their explicit expressions: 


0 vl 0 0 0 
0 0 v2 0 0 
0 0 0 VB 0 
(J=|10 0 Gc 30. a "MO og (C-24a) 
Vn 
0 0 0 0 0 0 
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and: 
O. -0" -0- 0 
a: ie <30F 1) 16 0 
0 v2 0 O 0 
@=|l0 o0 Wo. a? ae (C-24b) 
0 


0 0 0 0 J/n+10 


As for the matrices representing X and P, they are both Hermitian: the matrix associated 
with X is, to within a constant factor, the sum of the two preceding ones; the matrix 
associated with P is proportional to their difference, but the presence of the factor 7 in 
(C-22b) re-establishes its Hermiticity. 


C-2. Wave functions associated with the stationary states 


We shall now use the {|x)} representation and write the functions y,(x) = (x|yn) 
which then represent the eigenstates of the Hamiltonian. 

We have already determined the function yo(x) which represents the ground state 
vo) (cf. § B-3-a): 


mw\1/4 _1lmw 2 
po(2) = (alyo) = (=) eo 2" (C-25) 


The constant that appears before the exponential insures the normalization of yo(x). 
To obtain the functions y,,(x) associated with the other stationary states of the 


harmonic oscillator, all we need to do is use expression (C-13) for the ket |y,) and the 
fact that, in the {|x)} representation, at is represented by: 


a Vina 


hd 
since X is represented by multiplication by x, and P by — ae [formula (B-6b)]. Thus we 
i dx 





obtain: 
galt) = (then) = (ella!) po) 
7 Jal | at as vo(z) (C28) 
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012 3 


Figure 5: Probability densities associated with the first three levels of a harmonic oscil- 
lator. 








that is: 
n 1/2 n 
1 h mw \ 1/4 | mw d 1 mw 2 
= ats eee oes ees =O A. -2 
Pn(z) Es (sa) | ( wh ) i | ° oe 
1 mw 
It is easy to see from this expression that y,,(x) is the product of e2 A anda poly- 


nomial of degree n and parity (—1)”, called a Hermite polynomial (cf. Complements By 
and Cy). 
A simple calculation gives the first several functions y,,(2): 


4 mw\3]1/4 _lLmw 2 
vi E (=) ose 


AN 
y2(x) = Gay ry 2? 1] ene (C-28) 


These functions are shown in Figure 4, and the corresponding probability densities in 
Figure 5. Figure 6 gives the shape of the wave function y,() and that of the probability 
density |y,(x)|? for n = 10. 

We see from these figures that when n increases, the region of the Ox axis in 
which y,(x) takes on non-negligible values becomes larger. This corresponds to the fact, 
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in classical mechanics, that the amplitude of the particle’s motion increases with the 
energy [cf. Fig. 1 and relation (A-8)]. It follows that the mean value of the potential 
energy grows with n [cf. comment (ii) of § D-1], since y,(x), when n is large, takes on 
non-negligible values in regions of the z-axis where V(x) is large. Moreover, we see in 
these figures that the number of zeros of y,(x) is n (cf. Complement By, where this 
property is derived). This implies that the mean kinetic energy of the particle increases 
with n [cf. comment (27) of § D-1], since this energy is given by: 


1 h2 +00 r d2 
(P?) = en (0) 5-3 Pn (a) de (C-29) 


oi =e 


When the number of zeros of y,,(x) increases, the curvature of the wave function in- 
2 

creases, and, in (C-29), the second derivative qu2 on (*) takes on larger and larger values. 
x 


Finally, when n is large, we observe (see, for example, Figure 6) that the probability 
density |y,(a)|? is large for x ~ +x yy [where xy is the amplitude of the classical motion 
of energy E,; cf. (A-8)]. This result is related to a feature of the motion predicted by 
classical mechanics: the classical particle has a zero velocity at x = +x,,; therefore, on 
the average, it spends more time in the neighborhood of these two points than in the 
center of the interval —r)y <x < zy. 
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Figure 6: Shape of the wave function (fig. a) and of the probability density (fig. b) for 
the n = 10 level of a harmonic oscillator. 
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D. Discussion 


D-1. Mean values and root mean square deviations of X and P in a state |y,) 


Neither X nor P commutes with H, and the eigenstates |y,) of H are not eigen- 
states of X or P. Consequently, if the harmonic oscillator is in a stationary state |y,), 
a measurement of the observable X or the observable P can, a priori, yield any result 
(since the spectra of X and P include all real numbers). We shall now calculate the mean 
values of X and P in such a stationary state and then their root mean square deviations 
AX and AP, which will enable us to verify the uncertainty relation. 

As we indicated in § C-1-c, we shall perform these calculations with the help of 
the operators a and at. As far as the mean values of X and P are concerned, the result 
follows directly from formulas (C-22), which show that neither X nor P has diagonal 
matrix elements: 


(Yn|X|Pn) = 


0 
(gn|Pl|yn) =0 (D-1) 
To obtain the root mean square deviations AX and AP, we must calculate the mean 


values of X? and P?: 


(AX)? = (Pn|X?|Pn) = ((Pn|X|~n))? = (Yn|X?|~en) 
(AP)? = (yn|P?|en) — (onl Plen))? = (PnP? len) (D-2) 


Now, according to (B-1) and (B-7): 








Kes ae (al + a)(at +a) 
= sola +aal + ata+ a?) 
P= a (at — a)(a! — a) 
= ie (a? =aal —ala+a7) (D-3) 


The terms in a? and al? do not contribute to the diagonal matrix elements, since a?|y,) 
is proportional to |y,_2), and ai?|y,) to |~n+2); both are orthogonal to |y,). On the 
other hand: 


(Gn|(ata + aa") |pn) = (Gn|(2ata + 1)|pn) 


=2n+1 (D-4) 
Consequently: 
2 2 1 h 
(AX)* = (n|X"|pn) = [n+ 5} — (D-5a) 
2) mw 
1 
(AP)? = (allen) = (m+ 5) mhw (D-5b) 
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The product AX.AP is therefore equal to: 


AX.AP = (n + 5) h (D-6) 


2 


We again find (cf. Complement Cyr) that it is greater than or equal to f/2. In fact, 
this lower bound is attained for n = 0, that is, for the ground state (§ D-2 below). 


Comments: 


If xy denotes the amplitude of the classical motion whose energy is given by 
Ep, = (n+ 1/2)hw, it is easy to see, using (A-8) and (D-5a), that: 
Ages (D-7) 
= -—=2 es 
Fp) M 


Similarly, if py, denotes the oscillation amplitude of the corresponding classical 
momentum: 


pM =mMwary (D-8) 
we obtain: 
1 
AP = — D-9 
va ( ) 


It is not surprising that AX is of the order of the interval [—x,y, +24] over 
which the classical motion occurs (cf. Fig. 1): we saw at the end of § C, that it is 
approximately inside this interval that y,(a) takes on non-negligible values. Fur- 
thermore, it is easy to understand why, when n increases, so does AX. For large n, 
the probability density |y,,(x)|? has two symmetric peaks situated approximately 
at x = try. The root mean square deviation cannot be much smaller than the 
distance between these peaks, even if each of them is very sharp (cf. Chap. III, 
§ C-5 and the discussion of § 1-b of Complement Ayr). An analogous argument 
can be set forth for AP (cf. Complement Dy). 





The mean potential energy of a particle in the state |yn) is: 
1 
(V(X) = 5rw?(X?) (D-10) 


that is, since (X) is zero [cf. (D-1)]: 


(V(X)) = smu®(AX)? (D-11) 


Similarly, we could find the mean kinetic energy of this particle: 


(= ) = | apy (D-12) 


2nm/ 2m 
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Substituting relations (D-5) into (D-11) and (D-12), we obtain: 





P? 1 1 E 
ee Aes fees = D-1 
=) 2 (n 5) eS se) 
The mean potential and kinetic energies are therefore equal. This is an illustration 
of the virial theorem (cf. exercise 10 of Complement Ly). 


(iit) A stationary state |y,) has no equivalent in classical mechanics: its energy is not 
zero although the mean values (X) and (P) are. Nevertheless, there is a certain 
analogy between the state |y,) and that of a classical particle whose position is 
given by (A-5) [where zy, is related to the energy EF, by relation (A-8)], but for 
which the initial phase y of the motion is chosen at random (all values included 
between 0 and 27 have the same probability). The mean values of x and p are 
then zero, since: 


1 20 
— ir cos(wt — y) dy = 0 
27 0 


Toa =u 


7 (D-14) 
Da = —PM 5 ip sin(wt — y) dy = 0 
T Jo 


Moreover, we find, for the root mean square deviations of the position and the 
momentum, values identical to those of the state |y,,) [formulas (D-7) and (D-9)]: 


1 2 
ra TM 5 i cos? (wt — y) dy = “Mt 
2 1 Pu 
Pa = ae [O sin’(wt — yp) dy = > (D-15) 
that is 
bX = a (25)? = 2M 
i 
oe 
Spat = \/ Per — (Pa)? = ea (D-16) 


D-2. Properties of the ground state 


In classical mechanics, the lowest energy of the harmonic oscillator is obtained 
when the particle is at rest (zero momentum and kinetic energy) at the z-origin (x = 0 
and therefore zero potential energy). The situation is completely different in quantum 
mechanics: the minimum energy state is |yo), whose energy is not zero, and the associated 
wave function has a certain spatial extension, characterized by the root mean square 
deviation AX = \/h/2mw. 

This essential difference between the quantum and classical results can be seen to 
have its source in the uncertainty relations, which forbid the simultaneous minimization 


520 


D. DISCUSSION 





of the kinetic energy and the potential energy. As we pointed out in Complements Cy 
and Myyr, the ground state corresponds to a compromise in which the sum of these two 
energies is as small as possible. 

In the special case of a harmonic oscillator, it is possible to state these qualitative 
considerations semi-quantitatively, and thus find the order of magnitude of the energy 
and the spatial extension of the ground state. If the distance € characterizes this spatial 
extension, the mean potential energy will be of the order of: 


V ~ = mw?é (D-17) 


Nl rR 


But AP is then equal to about h/€, so the mean kinetic energy is approximately: 


Big fle 
Im ~ Ime (D-18) 


I 
I 


The order of magnitude of the total energy is therefore: 





(D-19) 


The variation of T, V and E with respect to € is shown in Figure 7. For small 
values of €, T prevails over V; the opposite occurs for large values of €. The ground state 
therefore corresponds approximately to the minimum of the function (D-19); it is easy 
to see that this minimum occurs at: 


ey see (D-20) 
Mw 


and is equal to: 
Em ~ hw (D-21) 


We again find the correct orders of magnitude of Ep and AX in the state |yo). 





Figure 7: Variation of the potential energy 
V and of the kinetic energy T with respect 
to a parameter € characterizing the spatial 
extension of the wave function about x = 0. 
Since the potential energy is at a minimum 
at « = 0, V is a function that increases with 
E(V «x €). On the other hand, according to 
Heisenberg’s uncertainty relation, the kinetic 
energy T is a decreasing function of €. The 
lowest possible total energy, obtained for € = 
Em, results from a compromise in which the 
> sum T + V (solid line) is at a minimum. 
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The harmonic oscillator possesses the pecularity that, because of the form of the 
potential V(a), the product AX.AP actually attains its lower bound, fi/2, in the ground 
state |y~o) [formula (D-6)]. This is related to the fact (cf. Complement Cy) that the 
wave function of the ground state is Gaussian. 


D-3. Time evolution of the mean values 


Consider a harmonic oscillator whose state at t = 0 is: 
>> Cn(0)|Pn) (D-22) 


(|b(0)) is assumed to be normalized). Its state |W(t)) at t can be obtained by using rule 
(D-54) of Chapter III: 


)) = > nO) 6" PO" on) 
n=0 
=)5 4.00) ee (D-28) 
n=0 


The mean value of any physical quantity A is therefore given as a function of time 
by: 


(w( t)|Alv(t) => < cy, (0) Cn( Amn enemys (D-24) 


m=0 n=0 


with: 
Amn = (Pm|Al Pn) (D-25) 


Since m and n are integers, the time evolution of the mean values involves only the 
frequency w/2a and its various harmonics, which constitute the Bohr frequencies of the 
harmonic oscillator. 

Let us consider, in particular, the mean values of the observables X and P. Ac- 
cording to formulas (C-22), the only non-zero matrix elements Xmy and Pymn are those 
for which m = n+1. Consequently, the mean values of X and P include only terms 
in e+™*; they are sinusoidal functions of time with angular frequency w. This obviously 
relates to the classical solution of the harmonic oscillator problem. Moreover, as we 
pointed out in the discussion of Ehrenfest’s theorem (Chap. III, § D-1-d-y), the form of 
the harmonic oscillator potential implies that for all |7) the mean values of X and P 
rigorously satisfy the classical equations of motion. Thus, according to general formulas 
(D-34) and (D-35) of Chapter III: 








d 1 _ (P) 


qe tk) = i Hl) = (D-26a) 
d 1 : 
que) = a ilP BD) = —mw"(X) (D-26b) 
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If we integrate these equations, we obtain: 


(X)(t) = (X)(0) coswt + —(P)(0) sin wt 
(P)(t) = (P)(0) cos wt + mw(X)(0) sin wt (D-27) 


We again find the sinusoidal form indicated by formula (D-24). 


Comment: 


It is important to note that this analogy with the classical situation appears only 
when |7)(0)) is a superposition of states |y,,) of the type of (D-22), where several 
coefficients c,(0) are non-zero. If all these coefficients except one are equal to zero, 
the oscillator is in a stationary state and the mean values of all the observables 
are constant over time. 


It follows that, in a stationary state |y,,), the behavior of a harmonic oscillator is 
totally different from that predicted by classical mechanics, even if n is very large 
(the limit of large quantum numbers). If we want to construct a wave packet whose 
average position oscillates over time, we must superpose different states |y,,) (see 
Complement Gy). 


References and suggestions for further reading: 


Dirac (1.13), § 34; Messiah (1.17), Chap. XII. 
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COMPLEMENTS OF CHAPITER V, READER’S GUIDE 





Av : SOME EXAMPLES OF HARMONIC 
OSCILLATORS 


Demonstrates, with some examples chosen from 
various fields, the importance of the quantum 
mechanical harmonic oscillator in physics. Semi- 
quantitative and rather simple; recommended for 
a first reading. 





By : STUDY OF THE STATIONARY STATES 
IN THE {|x)} REPRESENTATION. HERMITE 
POLYNOMIALS 


Technical study of the stationary wave functions 
of the harmonic oscillator. Intended to serve as a 
reference. 





Cy : SOLVING THE EIGENVALUE EQUATION 
OF THE HARMONIC OSCILLATOR BY THE 
POLYNOMIAL METHOD 


Another method that yields the 
Chapter V. Reveals the relation between energy 


results of 


quantization and the behavior of the wave 


functions at infinity. Moderately difficult. 





Dy : STUDY OF THE STATIONARY STATES IN 
THE {|p)} REPRESENTATION 


Shows that, in a stationary state of the harmonic 
oscillator, the momentum probability distribution 
has the same form as that of the position. Fairly 
simple. 





Ey : THE ISOTROPIC THREE-DIMENSIONAL 
HARMONIC OSCILLATOR 


Generalisation of the results of Chapter V to 
three dimensions. Recommended for a first 


reading, since it is simple and important. 





Fy : A CHARGED HARMONIC OSCILLATOR 
PLACED IN A UNIFORM ELECTRIC FIELD 


A direct and simple application of the results of 
Chapter V (except for § 3, which uses the trans- 
lation operator introduced in Complement Ej1). 
Recommended for a first reading. 





Gy : COHERENT “QUASI-CLASSICAL” STATES 
OF THE HARMONIC OSCILLATOR 


Detailed study of the 
of the harmonic oscillator, 
the 
mechanics. Important because of its applications 


“quasi-classical” states 
which 


relation between quantum and 


illustrates 
classical 


to the quantum theory of radiation. Moderately 
difficult; can be omitted in a first reading. 





Hy : NORMAL VIBRATIONAL MODES OF TWO 
COUPLED HARMONIC OSCILLATORS 


Study, in the very simple case of two coupled 
harmonic oscillators, of the normal vibrational 
modes of a system. Recommended, since it is 


simple and physically important. 
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Jy : VIBRATIONAL MODES OF AN INFINITE 
LINEAR CHAIN OF COUPLED HARMONIC OSCIL- 
LATORS; PHONONS 


Ky : VIBRATIONAL MODES OF A CONTIN- 
UOUS PHYSICAL SYSTEM. APPLICATION TO 
RADIATION; PHOTONS 


Jv, Kv: 
of concepts that are particularly important in 


Introduction, using simplified models, 


physics. Rather difficult (graduate level); can be 
reserved for later study. 

Jv: determination of the normal vibrational 
modes of a linear chain of coupled oscillators, lead- 
ing to the notion of phonon, fundamental in solid 
state physics. 

Ky: 
system. A simple way to introduce photons in the 


normal vibrational modes of a continuous 


quantum mechanical study of the electromagnetic 
field. 





Ly : THE ONE-DIMENSIONAL HARMONIC OS- 
CILLATOR IN THERMODYNAMIC EQUILIBRIUM 
AT A TEMPERATURE T 


Application of the density operator (introduced 
in Complement Ey;z) to a harmonic oscillator in 
thermal equilibrium. Important from a physical 


point of view, but requires knowledge of Enrr. 





My : EXERCISES 
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Complement Ay 


Some examples of harmonic oscillators 





1 Vibration of the nuclei of a diatomic molecule ........ 527 
l-a Interaction energy of two atoms. ................ 527 
1-b Motion of the nuclei ...............0...2 008. 529 
l-c Experimental observations of nuclear vibration ........ 531 
2 Vibration of the nuclei in a crystal ............... 534 
2-a The Einstein model .................2..0-0044 534 
2-b The quantum mechanical nature of crystalline vibrations .. 535 
3 Torsional oscillations of a molecule: ethylene......... 536 
3-a Structure of the ethylene molecule Co2H4............ 536 
3-b Classical equations of motion .................. 538 
3-C Quantum mechanical treatment... .............. 539 
4 Heavy muonic atoms ..... 2.2.2... . 2. eee eee eres 541 
4-a Comparison with the hydrogen atom .............. 541 
4-b The heavy muonic atom treated as a harmonic oscillator... 542 

4-c Order of magnitude of the energies and spread of the wave 
PINnGtIONS? >... 64 hy et ee a Bele en Ae 544 





We mentioned in the introduction to Chapter V that the results obtained in the 
study of the harmonic oscillator are applicable to numerous cases in physics, especially 
those concerning small oscillations of a system about a position of stable equilibrium 
(where the potential energy is at a minimum). The aim of this complement is to describe 
some examples of such oscillations and to point out their physical importance: vibration 
of the nuclei in a diatomic molecule or a crystalline lattice, torsional oscillations in a 
molecule, motion of a muon p~ inside a heavy nucleus. We do not intend to discuss 
these phenomena in great detail here. We shall confine ourselves to a simple, qualitative 
discussion. 


1. Vibration of the nuclei of a diatomic molecule 


1-a. Interaction energy of two atoms 


The formation of a molecule from two neutral atoms occurs because the interaction 
energy V(r) of these two atoms has a minimum (r is the distance between them). The 
form of V(r) is shown in Figure 1. When r is very large, the two atoms do not interact 
and V(r) approaches a constant which we shall choose as the energy origin. Then, as r 
decreases, V(r) varies approximately like —1/r®: the corresponding attractive forces are 
the Van der Waals forces (which we shall study in Complement Cx,). When r becomes 
so small that the electronic wave functions overlap, V(r) decreases faster and passes 
through a minimum at r = r,; it then increases and becomes very large as r approaches 
zero. 
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AV) 

Figure 1: Form of the interaction potential 
between two atoms that can form a stable 
molecule. Classically, Vo is the dissociation 
energy of the molecule and r., the distance 
between the two nuclet in the equilibrium po- 
sition. In quantum mechanics, one obtains 
vibrational states (the horizontal lines inside 
the well) whose energies are all greater than 
—V. 














The minimum of V(r) is responsible for the phenomenon of the chemical bond that 
can form between the two atoms. We have already pointed out, in § C-2-c of Chapter IV 
(taking the molecule Hy as an example), that the cause of this lowering of the energy is 
a delocalization phenomenon of the electronic states (quantum resonance) which allows 
the electrons to profit from the attraction of the two nuclei. The rapid rise of V(r) at 
small distances is due to the repulsion of the nuclei. 

If the nuclei were classical particles, they would have stable equilibrium positions 
separated by r = re. The depth Vo of the potential well at r = r, is called, classically, 
the dissociation energy of the molecule: it is, in fact, the energy that must be furnished 
to the two atoms in order to separate them. The larger Vo, the more stable the molecule. 

The theoretical and experimental determination of the curve of Figure 1 is a very 
important problem in atomic and molecular physics. We shall see that, by studying the 
vibrations of the nuclei, we get a certain amount of information about this curve. 


Comment: (the Born-Oppenheimer approximation) 


The quantum mechanical description of a diatomic molecule is actually a very complex 
problem; it involves finding the stationary states of a system of particles, the nuclei and 
the electrons, all interacting with each other. In general, it is impossible to solve the 
Schrédinger equation for such a system exactly. A significant simplification arises from 
the fact that the mass of the electrons is much smaller than that of the nuclei. It follows 
from this that one can, in a first approximation, study the two motions separately. One 
begins by determining the motion of the electrons for a fixed value of the distance r 
between the two nuclei; thus one obtains a series of stationary states for the electronic 
system, of energies E)(r), H2(r)... Then one considers the ground state, of energy Fi (r), 
of the electronic system; when r varies because of the motion of the nuclei, the electronic 
system always remains in the ground state, for all r. This means that the system’s wave 
function adapts itself instantaneously to any change in r: the electrons, which are very 
mobile, are said to follow “adiabatically” the motion of the nuclei. In the study of this 
motion, the electronic energy E;(r) then plays the role of a potential energy of interaction 
between these two nuclei. This interaction potential depends on the distance between 
the nuclei, r, and adds to their electrostatic repulsion 21 Z2 e /r (where Z; and Z2 are 
the atomic numbers of the two nuclei; we have set e” = q’/4méo, where q is the charge 
of the electron). The total potential energy V(r) of the system of the two nuclei, which 
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enables us to determine their motion, is then: 


V(r) = Bar) + SBS (1) 


It is this function that is shown in Figure 1. 


1-b. Motion of the nuclei 


Qa. Separation of the rotational and vibrational motions 


We are thus faced with a problem that involves the motion of two particles of masses 
my, and m2, whose interaction is described by the potential V(r) of Figure 1 depending 
only on the distance between them. The problem is complicated by the existence of 
several degrees of freedom: vibrational (variation of r) and rotational (variation of the 
polar angles 6 and y which give the direction of the axis of the molecule). In addition, 
these degrees of freedom are coupled: when the molecule vibrates, its moment of inertia 
changes because of the variation of r, and the rotational energy is modified. 

If we confine ourselves to small amplitude vibrations, it can be shown that the 
coupling between vibrational and rotational degrees of freedom is negligible since the 
relative variation of the moment of inertia is very small during the vibration. The 
problem is then reduced (as we shall see in detail in Complement F yz) to two independent 
problems: in the first place, the study of the rotation of a “dumbbell”! composed of two 
masses m, and mg separated by a fixed distance r.; plus a one-dimensional problem (in 
which r is the only variable) involving a fictitious particle whose mass m is equal to the 
reduced mass of m, and mz (cf. Chap. VII, § B): 

mim 


m= —— (2) 


my, +™m™2 
moving in the potential V(r) of Figure 1. We must then solve the eigenvalue equation: 
hed? 
> Sen dpe V(r)| (7) = E v(r) (3) 
We shall concentrate on the latter problem here. 


B. Vibrational states 


If we confine ourselves to small amplitude oscillations, we can make a limited 
expansion of V(r) in the neighborhood of its minimum, at r = re: 


V(r) =—-Vot+ SV" (re) —re)? + aV"(re)(r a ee (4) 


The discussion in § A-2 of Chapter V shows that if we neglect higher than second-order 
terms in expression (4), we are left with the equation of a one-dimensional harmonic 
oscillator centered at r =r, of angular frequency: 


1 We shall study this system (also called a “rigid rotator”) quantum mechanically in Complement Cy1, 
once we have introduced angular momentum. 
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The vibrational states |y,,), shown by the horizontal lines in Figure 1, therefore 
have energies given by: 


oe © 


where v = 0, 1, 2, ... (v is used instead of n in the notation of molecular vibrations). 

According to the discussion in § D-3 of Chapter V, the mean value (R) of the 
distance between the two nuclei oscillates about r. with a frequency of vy = w/2m which 
can thus be seen to be the vibrational frequency of the molecule. 


Comments: 


(<) Even in the ground state, the wave function of a harmonic oscillator has a finite 
spread, of the order of ,/h/2mw (cf. § D-2 of Chapter V). The distance between the 
two nuclei of the molecule in the vibrational ground state is therefore defined only 
to within ,/A/2mw. An important condition for the decoupling of the vibrational 
and rotational degrees of freedom is therefore that: 


h 
4/=—— Te (7) 
2mw 


(it) When the reduced mass m is known, the measurement of w yields, according to 
(5), the second derivative V’’(r-). When the quantum number v increases, it is no 
longer possible to neglect terms in (r — re)? in expression (4) (which indicate the 
deviation of the potential well from a parabolic form). The oscillator then becomes 
anharmonic. Studying the effects of the term in (r — re)® of (4) by perturbation 
theory (as we shall do in Complement Axz1), one finds that the separation E,+1— Ey 
of two neighboring states is not the same for large and small values of v. Studying 
the variation of F,41 — Ey, with respect to v enables us to obtain the coefficient 
V'"(re) of the term in (r — r-)*. Thus we see how the study of the frequencies of 
molecular vibration enables us to define more precisely the form of the curve V(r) 
in the neighborhood of its minimum. 


y. Order of magnitude of the vibrational frequencies 


Molecular vibrational frequencies are commonly expressed in cm~', by giving the inverse 
of the wavelength (expressed in cm) of an electromagnetic wave of the same frequency v. Note 
that 1 cm~! corresponds to a frequency of 3 x 10'° Hertz and to an energy of 1.24 x 107~* eV. 

The vibrational frequencies of diatomic molecules fall between several tens and several 
thousands of cm~*. The corresponding wavelengths therefore go from a few microns to a few 
hundred microns, consequently falling in the infrared. 

Formula (5) shows that as m decreases, w increases. This frequency also increases with 
V" (re), that is, with a greater curvature of the potential well at r = re. Since re is always 
of the same order of magnitude (a few A), V’(re) increases with the depth Vo of the well: w 
therefore increases with the chemical stability. We shall consider some concrete illustrations of 
the preceding observations. 

The vibrational frequencies of the hydrogen and deuterium molecules (Hz and D2) are, 
respectively (not taking into account anharmonicity corrections): 


Vi, = 4401 cm" 


Vp, = 3112 cm™! (8) 
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The curve V(r) is the same in these two cases: the chemical bond between the two atoms 
depends only on the electronic atmosphere. However, the reduced mass of Ho is half as large 
as that of D2. We must therefore have, according to (5), vy, = V2 vp,. This is in agreement 
with the experimental values (8). 

Now let us consider an example of two molecules that have about the same reduced mass 
but very different chemical stabilities. The molecule “Br ®°Rb is chemically stable (halogen- 
alkaline bond); its vibrational frequency is 181 cm7?. Molecules of **Kr®°Rb have been observed 
recently in optical pumping experiments. Their chemical stability is much lower, because kryp- 
ton, which is a rare gas, is practically inert from a chemical point of view (in fact, the cohesion 
of the molecule is due only to Van der Waals forces). These molecules have been found to have 
a vibrational frequency of the order of 13 cm~'. The considerable difference between this figure 
and the preceding one is due solely to the difference in chemical stability of the two types of 
molecules since the reduced masses are, to within a few per cent, practically the same. 


1-c. Experimental observations of nuclear vibration 


We shall now explain how nuclear vibration can be detected experimentally. In 
particular, we shall consider the interaction of the molecule with an electromagnetic 
wave. 


Qa. Infrared absorption and emission 


First, let us assume the molecule to be heteropolar (composed of two different 
atoms). Since the electrons are attracted towards the more electronegative atom, the 
molecule generally has a permanent dipole moment D(r) which depends on the distance r 
between the two nuclei. Expanding D(r) in the neighborhood of the equilibrium position 
r=Te, we obtain: 


D(r) =do + di(r—r.-) +... (9) 


where do and d; are real constants. 

When the molecule is in a linear superposition |~(t)) of several stationary vibra- 
tional states |y,), the mean value (w(t)|D(R)|W(t)) of its electric dipole moment oscillates 
about the value dp with a frequency of w/27. The oscillatory term arises from the mean 
value of the term di(R —r-) of (9) (R — re plays the same role in our problem as the 
observable X of the harmonic oscillator studied in § D-3 of Chapter V). Now (R—r,) has 
a non-zero matrix element between two states |y,) and |y,-) only when v—v’ = +1. This 
selection rule enables us to understand why only one Bohr frequency v = w/27 appears 
in the motion of (D(R))(t) [the harmonic frequencies evidently appear when one takes 
into account the anharmonicity of the potential and terms of higher order in expansion 
(9); their intensity is however much weaker]. 





This vibration of the electric dipole moment results in a coupling between the 
molecule and the electromagnetic field; the molecule can consequently absorb or emit 
radiation of frequency v. In terms of photons, the molecule can absorb a photon of 
energy hy and move from the state |y,) to the state |y,41) (Fig. 2-a) or emit a photon 
hv by going from |y,) to |~,—-1) (Fig. 2-b). 
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b 
|~v41) v4) 
Pu) Pu) 
|ev—1) ——___ |Pe-1) 


Figure 2: Absorption (fig. a) or emission (fig. b) of a photon by a heteropolar molecule 
going from the vibrational state |py) to the state |~y41) or |~y-1)- 





B. The Raman effect 


Now let us consider a homopolar molecule (consisting of two identical atoms). 
Because of symmetry, the permanent electric dipole moment is then zero for all r, and 
the molecule is “inactive” in the infrared. 

Imagine that an optical wave of frequency (2/27 strikes this molecule. This fre- 
quency, much higher than those considered previously, is able to excite the electrons 
of the molecule; under the effect of the optical wave, the electrons will undergo forced 
oscillation and re-emit radiation of the same frequency in all directions. This is the well- 
known phenomenon of the molecular scattering of light (Rayleigh scattering)?.. What 
new phenomena are produced by the vibration of the molecule? 

What happens can be explained qualitatively in the following way. The electronic 
susceptibility? of the molecule is generally a function of the distance r between the two 
nuclei. When r varies (recall that this variation is slow compared to the motion of the 
electrons), the amplitude of the induced electric dipole moment, which vibrates at a 
frequency of 2/27, varies. The time dependence of the dipole moment is therefore that 
of a sinusoid of frequency 2/27 whose amplitude is modulated at the frequency of the 
molecular vibration w/27, which is much smaller (Fig. 3). The frequency distribution of 
the light emitted by the molecule is given by the Fourier transform of the motion of the 
electric dipole shown in Figure 3. It is easy to see (Fig. 4) that there exists a central line 
of frequency 2/27 (Rayleigh scattering) and two shifted lines, of frequency (Q. — w) /27 
(Stokes Raman scattering) and frequency (Q + w)/27 (anti-Stokes Raman scattering). 

It is very simple to interpret these lines in terms of photons. Consider an optical 
photon of energy AQ which strikes the molecule when it is in the state |y,) (Fig. 5-a). 
If the molecule does not change vibrational states during the scattering process, the 
scattering is elastic. Because of conservation of energy, the scattered photon has the 





2In Complement Axyq11, we shall use quantum mechanics to study the forced motion of the electrons 
of an atom under the effect of incident light waves. 

3Under the effect of the field Eo e*@* of the incident optical wave, the electronic cloud of the molecule 
acquires an induced dipole moment D given by: 


D = x(Q)Eo e! 
x(Q) is, by definition, the electronic susceptibility of the molecule. The important point here is that x 


depends on r. 
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same energy as the incident photon (Fig. 5-b: Rayleigh line). However, the molecule, 
during the scattering process, can make a transition from the state |y,) to the state 
l~v4i). The molecule acquires an energy hw at the expense of the scattered photon, 
whose energy therefore is h(Q — w) (Fig. 5-c): the scattering is inelastic (Stokes Raman 
line). Finally, the molecule may move from the state |y,) to the state |y,_1), in which 
case the scattered photon will have an energy of h(Q +w) (Fig. 5-d: anti-Stokes Raman 
line). 


Comments: 


(t) The Raman effect can also be observed with heteropolar molecules. 


(ti) The Raman effect has enjoyed a revival of interest because of the development of 
lasers. If, in the cavity of a laser oscillating at a frequency of 22/27, one places a 
cell filled with a substance that exhibits the Raman effect, one can, in certain cases, 
obtain an amplification (stimulated Raman effect) and hence a laser oscillation at 
the frequency (Q — w)/27, where w is the vibrational frequency of the molecules in 
the cell (Raman laser). Thus, by varying this substance, one can vary the oscillation 
frequency of the laser. 


(iiz) The study of Raman and infrared spectra of molecules is useful in chemistry because 
it permits the identification of the various bonds which exist in a complex molecule. 





Figure 3: The vibration of a molecule modu- 
lates the amplitude of the oscillating electric 
dipole induced by an incident light wave. 
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Figure 4: Spectrum of the oscillations shown in Figure 3. In addition to the central line, 
whose frequency is the same as that of the incident light wave (Rayleigh line), two shifted 
lines appear (the Stokes and anti-Stokes Raman lines). The frequency shift is equal to 
the vibrational frequency of the molecule. 


533 


COMPLEMENT Ay ® 








8 |~v) g lv41) 8 |Yy—1) 


a MQ-w) “Y. AQ +0) 


Figure 5: Schematic representation of the scattering of a photon of energy hQ by a 
molecule which is initially in the vibrational state |\p,) (fig. a): Rayleigh scattering without 
a change in the vibrational state (fig. b); Stokes or anti-Stokes Raman scattering with a 
change in the molecule’s state from |py) to |py+i) (fig. c) or to |~v—1) (fig. d). 

















For example, the vibration frequency of a group of two carbon atoms depends on 
whether the bond between them is single, double or triple. 


2. Vibration of the nuclei in a crystal 


2-a. The Einstein model 


A crystal consists of a system of atoms (or ions) which are regularly distributed in 
space, forming a periodic lattice. For simplicity, let us choose a one-dimensional model 
in which we consider a linear chain of atoms. 

The average position of the nucleus of the qth atom is: 

ae =qd (10) 
where d is the distance between adjacent atoms (on the order of a few A). 
Let U(x1, v2, ..., Zq, ...) be the total potential energy of the crystal nuclei, which 


depends on their positions 71, 22, ..., %q... If xg — te is not too large, that is, if each 
nucleus is not too far from its equilibrium position, U(x1, £2, ..., %q, ...) has, in certain 


cases, the following simple form: 
1 
Cty Oey via Be an) eA S> 5 (*4 = £5) Us +... (11) 
q 


where Up and Uj are real constants (with Uj’ > 0). The absence of terms linear in xg—2? 


shows that x? is a stable equilibrium position for the nucleus (q) (a minimum of U). We 
add to (11) the total kinetic energy: 


pe 
T= ae 12 
d 2m ea) 
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where p, is the momentum of the nucleus (q) of mass m. The total Hamiltonian H of the 
system is, to within the constant Up, a sum of Hamiltonians of one-dimensional harmonic 
oscillators centered at each nucleus (q): 


H=U+)>> 
qd 


Consequently, in this simplified model, each nucleus vibrates about its equilibrium 
position independently of its neighbors, with an angular frequency: 


w= jae (14) 


As in the case of the diatomic molecule, w increases when m decreases and when the cur- 
vature of the potential attracting the nucleus towards its equilibrium position increases. 


Py 0y2 
q " 
se 5 (%q = £,)° Up (13) 





Comment: 


In the simple model we have just presented, each nucleus vibrates independently of the 
others. This is because the proposed potential U does not contain any terms which are 
simultaneously dependent on more than one of the variables x,, as it would if it described 
internuclear interactions. This model is not realistic since such interactions do, in fact, 
exist. In Complement Jy, we shall present a more elaborate model which takes into 
account the coupling between each nucleus and its two nearest neighbors. We shall see 
that it is still possible, in this model, to put the total Hamiltonian of the system in the 
form of a sum of Hamiltonians of independent harmonic oscillators. 


2-b. The quantum mechanical nature of crystalline vibrations 


Despite its very schematic character, the Einstein model enables us to understand 
a certain number of phenomena related to the quantum mechanical nature of crystalline 
vibrations. The low temperature behavior of the constant volume specific heat, which 
cannot be explained using classical mechanics, will be described in Complement Ly in 
connection with the study of the properties of a harmonic oscillator in thermodynamic 
equilibrium. In the present complement, we shall discuss a spectacular effect related to 
the finite spread of the wave functions associated with the position of each atom in the 
ground state. 

At absolute zero, under a pressure of one atmosphere, all substances except helium 
are solids. To solidify helium, it is necessary to apply a pressure of at least 25 atmo- 
spheres. Can this peculiarity be explained qualitatively? 

First let us try to understand the phenomenon of the melting of an ordinary sub- 
stance. At absolute zero, the atoms are practically localized at their equilibrium posi- 
tions; the spread of their wave functions about the x? is given by [ef. formula (D-5a) of 
Chapter V]: 


AX ~ == | (15) 


h2 1/4 
2mw | 


4mUy 
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Figure 6: Plane structure of the ethylene 
molecule. 








[where we have used expression (14) for w]. AX is, in general, very small. When the 
crystal is heated, the nuclei move into higher and higher vibrational states: in classi- 
cal language, they vibrate with a larger and larger amplitude; in quantum mechanical 
language, the spread of their wave functions increases [with the square root of the vi- 
brational quantum number — see formula (D-5a) of Chapter V]. When this spread is no 
longer negligible with respect to the interatomic distance d, the crystal melts (see § 4-c 
of Complement Ly, in which this phenomenon is studied more quantitatively). 

It is impossible to solidify helium at ordinary pressures. This corresponds to the 
fact that, even at absolute zero, the spread of the wave function given by (15) is not 
negligible compared to d. This results from the fact that the mass of helium is very small 
and its chemical affinity, very weak (the curvature Uj) of the potential in the neighborhood 
of each minimum is very small, since the potential wells are very shallow). Both factors 
produce the same effect in formula (15): a large spread AX. Now, an increase in the 
pressure results in an increase in Uj) and therefore, in w; consequently, AX decreases. 
This is due to the fact that, at high pressures, each helium atom is “wedged” between 
its neighbors: the smaller the average distance between these neighbors (the higher the 
pressure), the sharper the potential minimum (the greater Uj’). Thus we see how an 
increase in the pressure makes the solidification of helium possible. 


3. Torsional oscillations of a molecule: ethylene 


3-a. Structure of the ethylene molecule C2H.4 


The structure of the molecule C2Hy4 is well-known: the six atoms of the molecule 
are in the same plane (Fig. 6) and the angles between the various C —H and C —C bonds 
are close to 120°. 

Now imagine that, without changing the relative positions of the bonds of each 
carbon atom, we rotate one of the CH2 groups, about the C — C axis, through an angle a 
with respect to the other one. Figure 7 represents the molecule as seen along the C — C 
axis: the C — H bonds of one CHa group are shown in solid lines and those of the other 
one, in dashed lines. How does the potential energy V(a) of the molecule vary with 
respect to a? 

Since the stable structure of the molecule is planar, the angle a = 0 must corre- 
spond to a minimum of V(q). It is also clear that a = m corresponds to another minimum 
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BH 
fe Figure 7: Torsion of the ethylene molecule (seen 
“ co’ ig yw along the C—C axis): one of the CHz groups has 
4 rotated with respect to the other one through an angle 
oo a about the C —C azis. 





of V(a), since the two structures associated with a = 0 and a = 7 are undistinguishable. 
V(qa) therefore has the form shown in Figure 8 [a varies from —7/2 to 37/2; V(0) is 
chosen as the energy origin]. 

The two stable positions a = 0 and a = 7 are separated by a potential barrier of 
height Vo. The potential of Figure 8 is often approximated by the simple formula: 


VY 
V(a) = ot — cos 2a) (16) 
Comment: 


Quantum mechanics enables us to interpret all the features of the C2H.4 molecule which we 
have just described. In this molecule, each carbon atom has four valence electrons. Three 
of these electrons (o electrons) are found to have wave functions that are symmetrical 
about three coplanar lines making angles of 120° with each other, and defining the 
directions of the chemical bonds (Fig. 6). These wave functions overlap those of the 
electrons of the neighboring atoms to a considerable extent, and it is this overlap that 
insures the stability of the C — H bonds and of part of the C — C bond (this phenomenon 
is called “sp? hybridation” and will be studied in greater detail in Complement Eviz). 
The last valence electron of each carbon atom (7 electron) has a wave function which is 
symmetrical about a line passing through C and perpendicular to the plane defined by 
C and its three neighbors. The overlap of the wave functions of the two 7 electrons is 
maximum and, consequently, the chemical stability of the double bond is greatest when 














Figure 8: The potential energy of the molecule depends on the torsion angle a; V(a) is 
minimal for a= 0 and a= 7 (planar structures). 
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motion, we denote by a, and ag the angles 
formed by the planes of the two CH groups 
ad. with a fixed plane. 





ay - Figure 9: To write the classical equations of 
> 





the two lines associated with the z electrons are parallel, that is, when the six atoms of 
the molecules are in the same plane. The structure of Figure 6 is thus entirely explained. 


Since V(qa) can be approximated by a parabola in the neighborhood of each of its 
two minima, the molecule performs torsional oscillations about its two stable equilibrium 
positions. We now examine them. First, we shall review rapidly the corresponding 
classical equations. 


3-b. Classical equations of motion 


We denote by a; and az the angles formed by the planes of the two CH» groups 
with a fixed plane passing through the C — C axis (Fig. 9). The angle in Figure 7 is 
obviously: 


a= a1,—- a2 (17) 
Let I be the moment of inertia of one of the CH2 groups with respect to the C—C 


axis. Since the potential energy depends only on a = ay — ag, the dynamical equations 
describing the rotation of each group are written: 








d?a, 0 d 
I = — 
dt? 0a Vlei 0) da vo) 
(18) 
dar 0 d 
T = => { 
dt? Oa ViGU-78) da viA@) 
Adding and subtracting these two equations we obtain: 
d2 
qa + a2) =0 (19a) 
d?a d 
——=-2—V 19b 
‘ dt? da (a) ae) 
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Equation (19a) indicates that the entire molecule can rotate freely about the C—C 
axis independently of the torsional motion: the angle (a1 + a2)/2 of the plane bisecting 
the planes of the two CH» groups is a linear function of time. Equation (19b) describes 
the torsional motion (rotation of one group with respect to the other). Let us consider 
this motion in the immediate neighborhood of one of the stable equilibrium positions, 
a = 0. We expand expression (16) in the neighborhood of a = 0: 


V(a) & Vor? (20) 
Substituting (20) into (19b), we obtain: 

da 4 

BEAST: Sippy haan 21 

ae op en) 


We recognize (21) as the equation of a one-dimensional harmonic oscillator (a is the only 
variable) of angular frequency: 


wt = a (22) 


For the CoH, molecule, w; is of the order of 825 cm7~!. 


3-c. Quantum mechanical treatment 


In the neighborhood of its two equilibrium positions a = 0 and a = 7, the molecule 
possesses “torsional states” of quantized energy FE, = (n+1/2)hu,, with n = 0,1,2, ...In 
a first approximation, each energy level E,, = (n+1/2)fiu, is therefore doubly degenerate, 
since for each one there are two states |y,,) and |y/,) whose wave functions y,(a) and 
yi.(a) differ only in that one is centered at a = 0 and the other, at a = m (Fig. 10-a 
and 10-b). 

In fact, we must also take into account a typically quantum mechanical effect: the 
tunnel effect across the potential barrier separating the two minima (Fig. 8). We have 
already encountered a situation of this type, in Complement Gry, in connection with 
the inversion of the NH3 molecule. Calculations analogous to those in that complement 
could show that the degeneracy between the two states |y,) and |y’,) is removed by the 
tunnel effect. Thus, for each value of n, two stationary states, |) and |"), appear (to 
a first approximation, they are symmetrical and antisymmetrical linear combinations of 
lyn) and |y},)). The larger n (that is, the closer the initial energy E,, is to Vo, and hence, 
the more important the tunnel effect), the greater their energy difference hié,. However, 
hd, is always much smaller than the distance hu, between adjacent levels n and n + 1 
(Fig. 11). 

For the mean value of the angle a, quantum mechanics therefore predicts the 
following motion: rapid oscillations of frequency w, about one of the two values a = 0 
and a@ = 7, upon which are superposed much slower oscillations between a = 0 and 
a =, at the Bohr frequencies 59/27, 6)/27, 62/2m... 


Comment: 


States of course exist for which the energy is greater than the maximum height Vo of 
the potential barrier of Figure 8. These states correspond to a rotational kinetic energy 
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Figure 10: When one neglects the tunnel effect across the potential barriers at a = 1/2 
and a = 37/2, one can find torsional states of the molecule localized in the wells centered 


at a=0 (fig. a) anda=m (fig. 6). 





that is large enough for one of the CH» groups to be considered as rotating almost freely 
with respect to the other one (while being, nevertheless, periodically slowed down and 
accelerated by the potential of Figure 8). 


The ethane molecule C2H¢ behaves in this way. The absence of zm electrons in this 
molecule permits a much freer rotation of one of the CH3 groups with respect to the 
other (the potential barrier Vo is much lower). In this case, the potential V(q@), which 
tends to oppose the free rotation of one of the CH3 groups with respect to the other, has 
a period of 27/3 because of symmetry. 
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AE 
: ; Figure 11: The tunnel effect removes the de- 
#i {]wad|w-)} generacy of the energy levels shown in Fig- 
ure 10. As one approaches the top of the 
barrier, this phenomenon becomes more im- 
portant (51 > do): 1b), wr), It), |p) 
hdo are the new stationary states. 
{ (lw). |w2)} 
4. Heavy muonic atoms 


The muon yz~ (sometimes called, for historical reasons, the “js meson”) is a particle which 
has the same properties as the electron except that its mass is about 207 times greater’. 
In particular, it is not sensitive to strong interactions, and its coupling with nuclei is 
essentially electromagnetic. A muon y«~ which has been slowed down in matter can be 
attracted by the Coulomb field of an atomic nucleus and can form a bound state with 
that nucleus. The system thus constituted is called a muonic atom. 


4-a. Comparison with the hydrogen atom 


In Chapter VII (§ C), we shall study the bound states of two particles of opposite 
charge and, in particular, those of the hydrogen atom. We shall see that the results of 
quantum mechanics concerning the energies of bound states are the same as those of 
the Bohr model (Chap. VII, § C-2). Similarly, the spread of the wave functions which 
describe these bound states is of the order of the Bohr orbital radius. Let us therefore 
begin by using this simple model to calculate the energies and spreads of the first bound 
states of a muon y~ in the Coulomb field of a heavy atom such as lead (Z = 82, A = 207). 

If we consider the nucleus to be infinitely heavy, the nth Bohr orbital has an energy 
of: 


Z*me* 1 


pec 
Qh? n? 


(23) 
where Z is the atomic number of the nucleus, e? = q?/4meo (where q is the electron 
charge), and m represents the mass of the electron or of the muon, depending on the case. 


When one goes from hydrogen to the muonic atom under study here, E,, is multiplied 
by a factor of Z?m,/me ~ (82)? x 207 ~ 1.4 x 10°. From this we deduce that, for the 





4The muon is unstable: it decays into an electron and two neutrinos. 
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muonic atom: 


Ey, ~ -19 MeV 
(24) 
Eg ~ —4.7 MeV 
The radius of the nth Bohr orbital is given by: 
n7h? 
_=- SS 25 
. Zme? (25) 


For hydrogen, r, ~ 0.5 A. Here, this number must be divided by Zm,,/me, which gives: 


rp ~3x107% cm 
(26) 


ro ~ 12x 1078 cm 


In the preceding calculations, we have implicitly assumed the nucleus to be point- 
like (in the Bohr model and in the theory presented in Chapter VII, § C, the potential 
energy is taken equal to —Z e?/r). The small values found for r; and r2 [formulas (26)] 
show us that this viewpoint is not at all valid for a heavy muonic atom. The lead nucleus 
has a non-negligible radius po, on the order of 8.5 x 10~1° cm (recall that the radius of 
a nucleus increases with A!/3 ). The preceding qualitative calculation therefore leaves us 
with the impression that the spread of the wave functions of the muon may be smaller 
than the nucleus’. Consequently, we must reconsider the problem completely and first 
calculate the potential “seen” by the muon on the inside as well as on the outside of the 
nuclear charge distribution. 


4-b. The heavy muonic atom treated as a harmonic oscillator 


We shall use a rough model of the lead nucleus: we shall assume its charge to be 
evenly distributed throughout a sphere of radius po ~ 8.5 x 10713 cm. 

When the distance r of the muon from the center of this sphere is greater than po, 
its potential energy is given by: 


Z 2 
V(r) = 28 for or > po (27) 
r 


For r < po, one can calculate the electrostatic force acting on the muon, using Gauss’s 
theorem; it is directed towards the center of the sphere and its absolute value is: 


3 2 

i <J 

Ze (=) =o pr (28) 
Po i Po 





>For hydrogen, the spread of the wave functions, on the order of an Angstrém, is about 10° times 
larger than the dimensions of the proton, which can therefore be treated like a point. The new situation 
encountered here results from several factors which reinforce each other: increased m and increased Z, 
which results in a greater electrostatic force and a larger nuclear radius. 
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sl ei 2 Figure 12: Form of the potential V(r) seen 
by a muon p~ attracted by a nucleus of ra- 
dius po situated at r = 0. Whenr < po, 
the variation of the potential is parabolic 
(if the charge density of the nucleus is uni- 
form); when r > po, V(r) varies like 1/r 
(Coulomb’s law). 





Ze 
Po 


Ni w 





This force is derived from the potential energy: 


1 Ze? 
V(r) = aaa +C for r< po (29) 
0 


The constant C is determined by the condition that expressions (27) and (29) be identical 
for r = po: 


2 
pis OBE (30) 
2 po 


Figure 12 represents the potential energy of the muon, plotted with respect to r. 

Inside the nucleus, the potential is parabolic. The orders of magnitude we calcu- 
lated in § 4-a indicate that it would not be realistic to choose a pure Coulomb potential 
for the ground state of the muonic lead atom since the wave function is actually concen- 
trated in the region where the potential is parabolic. It is therefore certainly preferable 
to consider the muon to be “elastically bound” to the nucleus in this case. We then have 
a three-dimensional harmonic oscillator (Complement Ey) whose angular frequency is: 


Ze? 


3 
My Po 





QQ = 


(31) 


In fact, we shall see that the wave function of the ground state of this harmonic oscillator 
is not zero outside the nucleus, so the harmonic approximation is not perfect either. 


Comment: 


It is interesting that the physical system studied here presents many analogies with the 
first atomic model, proposed by J. J. Thomson. This physicist assumed the positive 
charge of the atom to be distributed in a sphere whose radius was of the order of a 
few Angstréms, with the electrons moving in the parabolic potential existing inside this 
charge distribution (model of the elastically bound electron). We know from Rutherford’s 
experiments that the nucleus is much smaller and that such a model does not correspond 
to reality for atoms. 


543 


COMPLEMENT Ay ® 





4-c. Order of magnitude of the energies and spread of the wave functions 


If we substitute into expression (31) the numerical values: 


Zo ='82 c~ 3x 108 m/sec 
ekg ~ 207 me ~ 1.86 x 10778 k 
he 137 a a : 


h ~ 1.05 x 107°4 Joule sec pop © 8.5 x 107! m 
we find: 
w ~ 1.3 x 10? rad/sec (32) 


which corresponds to an energy hw on the order of: 


hw ~ 8.4 MeV (33) 
3 Ze? as, 
We can compare hw to the total depth of the well 5 which is equal to: 
Po 
Z 2 
3 Ze 21 MeV (34) 
2 po 


We see that fiw is smaller than this depth, but not small enough for us to be able to 
neglect completely the non-parabolic part of V(r). 

Similarly, the spread of the ground state, if the well were perfectly parabolic, would 
be on the order of: 


h 
2m p,W 





~4.7x 1078 cm (35) 


The qualitative predictions of § 4-a are therefore confirmed: a large part of the 
wave function of the muon is inside the nucleus. Nevertheless, what happens outside 
cannot be completely neglected. 

The exact calculation of the energies and the wave functions is therefore more 
complicated than it would be for a simple harmonic oscillator. The Schrédinger equation 
corresponding to the potential of Figure 12 must be solved (taking into account, in 
addition, spin, relativistic corrections, etc...). Such a calculation is important: the study 
of the energy of photons emitted by a heavy muonic atom contributes information about 
the structure of the nucleus, for example concerning the real charge distribution inside 
the nuclear volume. 


Comment: 


In the case of ordinary atoms (with an electron instead of a muon), it is valid to neglect the 
effects of the deviation of the potential from the — Ze? /r law. However, one can take this 
deviation into account by using perturbation theory (cf. Chap. XI). In Complement Dx, 
we shall study this “volume effect” of the nucleus on the atomic energy levels. 
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References and suggestions for further reading: 


Molecular vibrations: Karplus and Porter (12.1), Chap. 7; Pauling and Wilson 
(1.9), Chap. X; Herzberg (12.4), Vol. I, Chap. ITI, § 1; Landau and Lifshitz (1.19), 
Chaps. XI and XIII. 

Stimulated Raman effect: Baldwin (15.19), § 5.2; see also Schawlow’s article 
(15.17). 

Torsion oscillations: Herzberg (12.4), Vol. II, Chap. II, § 5d; Kondratiev (11.6), 
§ 37 

The Einstein model: Kittel (13.2), Chap. 6; Seitz (13.4), Chap. II; Ziman (13.3), 
Chap. 2; see also Bertman and Guyer’s article (13.20). 

Muonic atoms: Cagnac and Pebay-Peyroula (11.2), § XIX-7; Weissenberg (16.19), 
§ 4-2; see also De Benedetti’s article (11.21). 
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Complement By 


Study of the stationary states in the {|x)} representation. Hermite 
polynomials 





1 Hermite polynomials ..............20000020 200% 547 
l-a Definition and simple properties ................ 547 
1-b Generating function ............2......0008. 548 
l-c Recurrence relations; differential equation ........... 549 
1-d Examples: *s 2.4 sohese she A eee BR elo ee A eS 550 
2 The eigenfunctions of the harmonic oscillator Hamiltonian 550 
2-a Generating function ............2.......0008. 550 
2-b  ~— &, (x) in terms of the Hermite polynomials .......... 551 
2-c Recurrence relations ............ 0.000200 0004 552 





We now intend to study, in a little more detail than in § C-2 of Chapter V, the 
wave functions y,(x) = (#|yn) associated with the stationary states |y,,) of the harmonic 
oscillator. Before undertaking this study, we shall define the Hermite polynomials and 
mention their principal properties. 


1. Hermite polynomials 
1l-a. Definition and simple properties 
Consider the Gaussian function: 
F(z) =e* (1) 


represented by the bell-shaped curve in Figure 1. The successive derivatives of F are 
given by: 

F'(z) =-2ze7* (2) 

F"(z) = (422 —2) e-”” (3) 


The nth-order derivative, F(”)(z), can be written: 


2 


PF) (z) = (-1)" Hy(z) e7” (4) 


where H,,(z) is an nth-degree polynomial in z. The proof is by recurrence. This relation 
is valid for n = 1, 2 [cf. equations (2) and (3)]. Assume it is true for n — 1: 


2 


PO) (z) = (-1)°? Hy-a(z) e7? (5) 
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od Figure 1: Shape of the Gaussian function 
F(z) and of its first and second derivatives 
F'(z) and F(z). 
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where H,,_1(z) is a polynomial of degree n — 1. We then obtain relation (4) directly by 
differentiation, if we set: 


Ho= (2: = =) Hn—1(2) (6) 


Since H,_1(z) is a polynomial of degree n — 1 in z, we see from this last relation that 
H,,(z) is indeed an nth-degree polynomial. The polynomial H,,(z) is called the nth-degree 
Hermite polynomial. Its definition is therefore: 


n 
pe 2 


aaa (7) 


We see from (2) and (3) that Hi(z) and H2(z) are, respectively, even and odd. 
Moreover, relation (6) shows that if H,—1(z) has a definite parity, H,(z) has the opposite 
parity. From this, we deduce that the parity of H,,(z) is (—1)”. 

The zeros of H,(z) correspond to those of the nth-order derivative of the function 
F(z). We are going to show that H,,(z) has n real zeros, between which one finds those 
of H,-1. It can be seen from Figure 1 and from relations (1), (2) and (3) that this is 
true for n = 0,1,2. Arguing by recurrence, we can generalize this result: assume that 
Hy_-1(z) has n — 1 real zeros; if 21 and zg are two consecutive zeros of H,_\(z) and 
therefore of F(~)(z), Rolle’s theorem shows that the derivative F(z) of F(z) 
goes to zero at a point z3 between z, and z2; therefore, H,,(z3) = 0. Since, in addition, 
F(—-1)(z) goes to zero when z —> —oo and when z —> +00, F‘™(z) and H,,(z) have 
at least n real zeros [and not more, because H,,(z) is nth-degree] between which are 
interposed those of H,_1(z). 


H,(z) = (-1)"e 


1-b. Generating function 


Consider the function of z and A: 


F(z+d) =e7 (tv 
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Taylor’s formula enables us to write: 


F(z+A)= > A FO (2) 


n=0 


Multiplying this relation by e* and replacing \ by —A we obtain: 
2 = 
e* F(z-d\)= >> —Hn(2) (10) 
n=0 
that is, if we replace F(z — X) by its value: 
ay oe 
eae S> wi in) (11) 
n=0 
The Hermite polynomials can therefore be obtained from the series expansion in X of 
the function e~* +?4#, which for this reason, is called the “generating function” of the 
Hermite polynomials. 
Relation (11) gives us another definition of the Hermite polynomials H,,(z): 


HH, (oy = ioe (12) 
in = 

ar” A=0 
1-c. Recurrence relations; differential equation 


We have already obtained, in (6), one recurrence relation. It is easy to obtain 
others by differentiating relation (11). A differentiation with respect to z yields: 


co n d 
2X eo +22 = Ss “SH, (2) (13) 
n. Az 


that is, replacing e~> +? 
power in A: 


d 


by the expansion (11) and setting equal terms of the same 


qo unl?) = 2n Hy_1(z) (14) 

Zz 

Similarly, if we differentiate (11) with respect to A, an analogous argument yields: 
Hy,(z) = 2z Hy_1(z) — 2(n — 1) Hy_2(z) (15) 


Finally, it is not difficult to obtain a differential equation satisfied by the polyno- 
mials H,,(z). Differentiating (14) and using (6), we get: 


d? d 
= 2n[2zH,_1(z) — H,,(2)] (16) 
that is, replacing H,_1(z) by its value as given in (14): 
d? d 
si DG ee D = 1 
a2 za +2n| H,(z) =0 (17) 
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1-d. Examples 


Definition (7) or the recurrence relation (6) (which amounts to the same thing) 
enables us to calculate the first Hermite polynomials easily: 


H(z) =1 
A(z) = 2z 
Ao (z) = Az? —2 
H3(z) = 82° — 12z (18) 
In general: 
d n 
H(z) = |2z-—— } (1) (19) 
dz 
2. The eigenfunctions of the harmonic oscillator Hamiltonian 
2-a. Generating function 


Consider the function: 


=o al (len) (20) 


Using the relation [cf. Chap. V, formula (C-13)]: 





\en) = Ta(al)" yo) (21) 
we obtain: 
K (2) = Soe] 22)" hn) 
= (ze |go) (22) 


We now introduce, as in Chapter V, the dimensionless operators X and P: 


X = BX 
(23) 
A P 
p= — 
Bh 
where the parameter 8, which has the dimensions of an inverse length, is defined by: 
mw 
a2 24 
p=" (24) 
The operator: 
Degeng 
saat _ Dy RiP) (25) 
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can be calculated by using formula (63) of Complement By, where we set: 


AX 
A=——=X 
2 
. (26) 
ir - 
Bap 
V2 
We obtain: 
d BROS, pecan 
a! = eV2* @ V2" ea XP 
=ev2" o@ v2) V/A (27) 
Substituting this result into (22), we find: 
K (2,2) = eA (ae Y9) Fel-0/¥9) Fling) 
2 ari ef r#/ V2 (a le(—iA/ V2) P/BR) 54) (28) 
Now, we have [cf. Complement Ey, formula (15)]: 
giaP 
(ale "BRVE = (x — d/ V3 (29) 
and (28) can be written: 
K(d,a) =e */4 @P#/¥? (a — d/BV/2|y0) 
= 0/4 eBAt/¥2 a(x; — d/BV2) (30) 


Using formula (C-25) of Chapter V, we finally obtain: 


1/4 
K(A,2) = (=) exp {-F 2 + pxeva- (31) 


According to definition (20), all we must do to find the wave functions y,(x) = 
(z|~n) is expand this expression in powers of A: 


=> eal (32) 


K(A, 2) is called the generating function of the yp, (z). 


2-b. (n(x) in terms of the Hermite polynomials 
Replacing, in formula (11), \ by A/\/2 and z by Bz, we obtain: 
? Sf rA\" 1 
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Substituting this expression into (31): 


K(\,2) = (e)* ss (+) el H,,(8z) (34) 


n=0 


Setting equal the coefficients of the various powers of in (32) and (34), we obtain: 


2 p? a“ 1 —B? x? /2 
Pn(x) = (=) Vara H,,(8x) (35) 


The shape of the function y,,(z) is therefore analogous to that of the nth-order deriva- 
tive of the Gaussian function F(a) considered in § 1 above; y,(x) is of parity (—1)” 
and possesses n zeros interposed between those of y,+1(z). We mentioned in § C-2 of 
Chapter V that this property is related to the increase in the average kinetic energy of 
the states |y,) when n increases. 


2-c. Recurrence relations 


Let us write the equations: 


alYn) = vn ln-1) 
(36) 


al pn) =vn+1 \\Pn41) 


in the {|x)} representation. Using the definitions of a and a‘ [cf. Chap. V, relations 
(B-6)], we see that in the {|x)} representation, the action of these operators is given by: 


8 1d 8 ld 


Equations (36) therefore become: 


B E a ee = 

eae Fa 4 ,| Pn(t) = V7 Yn-r(2z) 

v2 |" Bde = 

B 1d 

Fa |e gag | Pla) = VET posal) 

Let us take the sum and difference of these equations: 

tBV2 yn(x) = Vn gn-1(z) + Vn +1 Gn4i(2) (39) 
FS os(0) = Vi Gu-i(a) ~ VAFT vrs) (40 
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Comment: 
If we replace the functions y,(x) in (39) and (40) by their expressions given in 
(35), we obtain, after simplification (setting = 6x): 





2¢H,(%) = 2n Ay-1(2) ar An4+1(4) (41) 
2 |—aH,(@) + <Ha(@)| = 2n Hn-1(8) — Hass) (42) 


By taking the sum and the difference of these equations, we obtain relations (6) 
and (14) of § La. 


References 


Messiah (1.17), App. B, § III; Arfken (10.4), Chap. 13, § 1; Angot (10.2), § 7.8. 
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Solving the eigenvalue equation of the harmonic oscillator 
by the polynomial method 





1 Changing the function and the variable ............ 555 
2 The polynomial method ..............6..2.0.0066. 557 
2-a The asymptotic form of @(@) ...............00.% 557 
2-b The calculation of h(#) in the form of a series expansion... 558 
2-c Quantization of the energy ...............0.0.2. 558 
2-d Stationary wave functions .................04. 560 





In § B of Chapter V, the method used to calculate the energies of the harmonic 
oscillator stationary states |y,) is based on the use of the operators a, at and N, as 
well as their their commutation relations. It is possible to obtain the same results in a 
completely different way, by solving the eigenvalue equation of the Hamiltonian H in the 
{|x)} representation. This is what we are going to do in this complement. 


1. Changing the function and the variable 
In the {|x)} representation, the eigenvalue equation of H is written: 


Sa th aid x?| p(x) = Eg(2) (1) 


where the parameter (, which has the dimensions of an inverse length, is defined by: 


Mma 


Sie 3 
e=,/™ (3) 
Let us denote by |€;) the eigenvector of X with eigenvalue is #: 

X|fz) = 4&2) (4) 
The orthonormalization and closure relations of the kets |€;) are written: 


(fel€e) = 0(@ — 2’) (5) 





+00 
/ dé |és) (Es| =1 (6) 


—co 
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The ket 
when: 


Z= Br (7) 


the two kets |x) and |€;) are proportional. However, they are not equal. Writing the 
closure relation for the kets |x): 





&z) is obviously an eigenvector of X, with the eigenvalue ¢/3. Therefore, 


+00 
/ dela (8) 
and making the change of variables given in (7), we obtain: 
Peag g a 
— |f=s)(e=>5|=1 9 
fo Ge-pe-gq (9) 
Comparison with (6) shows that we can, for example, set: 
£ 
lz = a! = /6 |é) (10) 


to orthonormalize the kets 
respect to z. 

Let |y) be an arbitrary ket, p(x) = (2|y) its wave function in the {|x)} represen- 
tation, and ¢(#) = (&|y) its wave function in the {|€;)} representation. According to 


(10): 





&%) with respect to @, since the kets |x) are orthonormal with 





¢) =a w= Fle) (11) 


) (12) 


If |y) is normalized, relation (8) yields: 





(ols) = (ol (f - ae h(el) = f . y'(@) oe) dx =1 (13) 
and relation (6) gives: 
(ely) = (el ( / . dé és) (l) w= f - o°() G(@) dé =1 (14) 


The wave function (zx) is therefore normalized with respect to the variable z, as is (2) 
with respect to the variable @. [This can be shown by using the integral in (13), in which 
we make the change of variables indicated in (7)]. 

Now, substituting (7) and (12) into (1), we obtain: 





5 [age +2] 02) = 298) (15) 
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setting: 


a (16) 


Equation (15) is more convenient than equation (1), since all the quantities appearing in 
it are dimensionless. 


2. The polynomial method 


2-a. The asymptotic form of 3(2) 
Equation (15) can be written: 
d2 
qA2 (a — 2e)| p(%) =0 (17) 
dz? 


Let us try to predict intuitively the behavior of 6(%) for very large %. To do this, consider 
the functions: 





Gs(#) = et#”/? (18) 





They are solutions of the differential equations: 





d? 3 
—, — (4° +1)| G4(4) = 1 
i (2 ) +(#) =0 (19) 
When # approaches infinity: 


a2 


R410 8 ~ g? Qe (20) 





and equations (17) and (19) take on the same form asymptotically. We should therefore 
expect the solutions of equation (17) to behave', for large #, either like e®’/2 or like 
e-**/2. From a physical point of view, the only functions ¢(#) of interest to us are those 
that are bounded everywhere. This restricts us to solutions of (17) that behave like 


e®’/2 (if they exist). This is why we shall set: 

ax 4 oe 

G(@) = e* H(A) (21) 
Substituting (21) into (17), we obtain: 


d? d 

—sh(#) — 28—h(2) + (2e — 1)h(2) = 0 (22) 
dz? dz 

We are going to show how this equation can be solved by expanding h(%) in a power 
series. Then we shall impose the condition that its solutions be physically acceptable. 





52 52 
'The solutions of equation (17) are not necessarily equivalent to e* /? or e~*/? when & — oo: the 


intuitive arguments which we have given do not exclude, for example, the possibility that (@) may 
2 
/2 


behave like the product of e* or e~*"/2 by a power of @. 
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2-b. The calculation of h(Z) in the form of a series expansion 


As we pointed out in § A-3 of Chapter V, the solutions of equation (1) for, which 
amounts to the same thing, of (17)] can be sought amongst either even or odd functions. 


Since the function e~*’/? is even, we can therefore set: 
h(&) = 2? (ao + a28* + a4B* + ... + dom 2?" + ...) (23) 


with ap # 0 (where ao? is, by definition, the first non-zero term of the expansion). 
Writing (23) in the form: 


=> Gam at? (24) 


we easily obtain: 


= Ont pager (25) 
m=0 
and: 
d? . 2 2 
qua hé) = S_ (2m. + p)(2m + p— 1)a2m 0+?) (26) 
m=0 


Let us substitute (24), (25) and (26) into (22). For this equation to be satisfied, 
each term of the series expansion of the left-hand side must be equal to zero. For the 
general term in 2?"*?, this condition is written: 


(2m + p+ 2)(2m+ p+ 1)dam42 = (4m + 2p — 2e + 1)aam (27) 
The term of lowest degree is in #?~?; its coefficient will be zero if: 
p(p — 1)ao = 0 (28) 


Since ag is not zero, we therefore have either p = 0 [the function @(@) is then even] or 
p= 1 [G(2) is then odd]. 
Relation (27) can be written: 


4m + 2p+1—-2¢ 


“amt? = Om + p+ 2)am+ p+ i) 


(29) 


which is a recurrence relation between the coefficients a2,,. Since ao is not zero, relation 
(29) enables us to calculate az in terms of ao, then a4 in terms of az, and so on. 

For arbitrary ¢, we therefore have the series expansion of two linearly independent 
solutions of equation (22), corresponding respectively to p = 0 and p= 1. 


2-c. Quantization of the energy 


We must now choose, from amongst all the solutions found in the preceding section, 
those which satisfy the physical conditions that @(#) be bounded everywhere. 
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For most values of ¢, the numerator of (29) does not go to zero for any positive or 
zero integer m. Since none of the coefficients az,, is then zero, the series has an infinite 
number of terms. 

It can be shown that the asymptotic behavior of such a series makes it physically 
unacceptable. We see from (29) that: 





By 1 
Secs (30) 
adam m 
Now consider the power series expansion of the function re (where \ is a real parame- 
ter): 
m=0 
with: 
vA™ 
bom = — (32) 
m! 
For this second series, we therefore have: 
bom tyr r mA 
Tes = é (33) 
bom (m+1)! A»™ m+1™7" m 
If we choose the value of the parameter such that: 
0<rA<1 (34) 


we see from (30) and (33) that there exists an integer M such that the condition m > M 
implies: 
m b m 
Momy? 7 Vemr2 4 (35) 


a2m bom 


We can deduce from this that, when condition (34) is satisfied, we have: 





(#) — P(@)| = (36) 








— jer*” = Q(4) 
2M 


where P(#) and Q(#) are polynomials of degree 2M given by the first M+ 1 terms of 
series (23) and (31). When # approaches infinity, (36) gives: 








n(@)| ,2, [PM are (37) 
ans bom 
and therefore: 
Ogee | ere (38) 
2M 








Since we can choose A such that: 


1/2<A<1 (39) 
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\6(2)| is not bounded when % — oo. We must therefore reject this solution, which makes 
no sense physically. 

There is only one possibility left: that the numerator of (29) goes to zero for a 
value mo of m. We then have: 


Gam £O if m<mo 
(40) 


dam =0 if m>mo 


and the power series expansion of h(#) reduces to a polynomial of degree 2m + p. The 


behavior at infinity of G(£) is then determined by that of the exponential e-@"/ 2" and 
(2) is physically acceptable (since it is square-integrable). 


The fact that the numerator of (29) goes to zero at m = mo imposes the condition: 


2e = 2(2mo + p) +1 (41) 
If we set: 
2nmjp +p=n (42) 


equation (41) can be written: 
e=e,=n+1/2 (43) 


where n is an arbitrary positive integer or zero (m is an arbitrary positive integer or zero, 
and p is equal to 0 or 1). Condition (43) introduces the quantization of the harmonic 
oscillator energy, since it implies [cf. (16)]: 


En = ¢ + 5) hws (44) 


We have thus obtained relation (B-34) of Chapter V. 


2-d. Stationary wave functions 


The polynomial method also yields the eigenfunctions associated with the various 
energies F,,, in the form: 


Gn(2) = e*"/? hy (4) (45) 


where h,(%) is an nth degree polynomial. According to (23) and (42), h,(Z) is an even 
function if mn is even and an odd function if n is odd. 

The ground state is obtained for n = 0, that is, for mp = p = 0; ho(@) is then a 
constant, and: 


$o(#) = ape7* /? (46) 


560 


@ THE EIGENVALUE EQUATION OF THE HARMONIC OSCILLATOR BY THE POLYNOMIAL METHOD 





A simple calculation shows that, to normalize Go(£) with respect to the variable 2, it 
suffices to choose: 


ag = 11/4 (47) 
Then, using (12), we find: 
2\ 1/4 
yo(x) — (=) a ee (48) 


which is indeed the expression given in Chapter V [formula (C-25)]. 
To the first excited state FE, = 3hw/2 corresponds n = 1, that is, mp = 0 and p= 1; 
h1(&) then has only one term, obtained by a calculation analogous to the preceding one: 


Ae. 25k 
Pi (&) = (=) eee (49a) 
that is: 
4g°\*/4 as 
yi(x) = (= ) ce Pe i (49b) 
TT 


For n = 2, we have mo = 1 and p= 0. Relation (29) then yields: 
ag = —2ag (50) 


which finally leads to: 


yt & 
Oe (x) (28? —1) e#*? (Sila) 
that is: 
B? 1/4 a8 
2(x) = (=) er a Te! 2? (51b) 


For arbitrary n, h,(£) is the polynomial solution of equation (22), which can be 
written, taking the quantization condition (43) into account: 


d? d 
a 25— - = 
i ta + 2n| h(@) =0 (52) 


We recognize (52) to be the differential equation satisfied by the Hermite polynomial 
H,(#) [see equation (17) of Complement By]. The polynomial h,,(#) is therefore pro- 
portional to H,,(%), where the proportionality factor is determined by normalization of 
£(Z). This is in agreement with formula (35) of complement By. 


References 


Mathematical treatment of differential equations: Morse and Feshbach (10.13), 
Chaps. 5 and 6; Courant and Hilbert (10.11), § V-11. 
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The distribution of the possible momenta of a particle in the state |y,,) is given by 
the wave function G,(p) in the {|p)} representation, the Fourier transform of the wave 
function yp(x) in the {|x)} representation. We shall show in this complement that in 
the case of the harmonic oscillator, the functions y, and G,, are the same (to within 
multiplicative factors). Thus, in a stationary state, the probability distributions of the 
momentum and the position have similar forms. 


1. Wave functions in momentum space 


1-a. Changing the variable and the function 


In Complement Cy, we introduced, for simplicity, the operator: 


X = BX (1) 
where: 
mu 
p= (2) 


as well as the eigenkets |€;) of X and the wave function ¢(#) in the {|€;)} representation. 
We shall follow a similar procedure for the operator: 


P=5 (3) 
We shall therefore call |7) the eigenkets of P: 

Pls) = Bla) (4) 
and denote by %(p) the wave function in the {|m»)} representation: 

9(B) = (mpl) (5) 


Just as the ket |€;) is proportional to the ket |x = #/8), the ket |7») is proportional to the 
ket |p = Bhp). If we change 2 to 1/Gh [cf. (1) and (3)], equation (10) of Complement Cy 
shows that: 


[75) = VBR |p = Bhp) (6) 
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The wave function %(p) in the {|»)} representation is therefore related to the wave 
function G(p) in the {|p)} representation by: 


B(p) = V/Bh G(p = Bhp) (7) 


Furthermore, we can use (6) and relation (10) of Complement Cy to obtain: 





eibt 
V2 


We therefore have, using definition (5) and the closure relation for the {|€)} basis: 


(€a|%p) = 


+oo 
até) = / (ples) (Esly) a4 


—oo 


1 p+ OO ach 
= —— e 'P* (4) dx 9 
sf oe (9) 
The function @ is therefore the Fourier transform of ¢. 


1-b. Determination of @,, (j) 


We have seen [cf. equation (15) of Complement Cy] that the stationary wave 
functions ¢(#) of the harmonic oscillator satisfy the equation: 


1 d? Poatven: AA 

3 | a? + | G(%) = € G2) (10) 
d? R d? . 

a G(#) is —p—(p) and that of 27 ¢(#) is ~ ape Pl) 


The Fourier transform of equation (10) is therefore: 





Now, the Fourier transform of 


1 a2 a’ op x Bp 

5 |p = a 9(P) = € 9(P) (11) 
If we compare (10) and (11), we see that the functions ¢, and @,, satisfy the same 

differential equation. Moreover, we know that this equation, when « = n+ 1/2 (where 

n is a positive integer or zero), has only one square-integrable solution (the eigenvalues 

En are non-degenerate; cf. Chapter V, § B-3). We can conclude that ¢, and @,, are 


proportional. Since these two functions are normalized, the proportionality factor is a 
complex number of modulus 1, so that: 


Pn(B) =e" Gn(& = B) (12) 


where e’” is a phase factor which we shall now determine. 


1-c. Calculation of the phase factor 


The wave function of the ground state is given by [cf. Complement Cy, formulas 
(46) and (47)]: 


$o(2) = a i/4 ee /2 (13) 
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This is a Gaussian function; its Fourier transform is therefore [cf. Appendix I, relation 


(50)]: 
Po(b) = 1-4 e-P/? (14) 


This implies that 09 is zero. 
To find 6,,, let us write, in the {|&;)} and {|m,)} representations, the relation: 


a! pn) = Vn +1 |yn4s) (15) 


‘A - 1d 
In the |€%) representation, X and P act like #@ and an a' therefore acts like 
i 


Ad 


1 “ d : 
Va (3 — =): In the {|p)} representation, X acts like B and P like ; a! therefore 


acts like d (= ) 
s like — (| —— 9}. 
v2 \ap_ ? 


In the {|€)} representation, relation (15) therefore becomes: 





Gail) = mone (2 - 3) Pal (16 


/f2(n+ 1) 


while in the {|7)} representation, it becomes: 


ws A\ a ds oe Es A 
Basil) = ee (35-8) Bal (17) 


We therefore have: 
ent — 7 @in (18) 


that is, knowing that 09 = 0: 


im = (-a)" (19) 
Thus we obtain: 
Gn(b) = (-1)" Gn(@ = B) (20) 
or, returning to the functions y, and @,: 
Bald) = (ae on (w= Be) (21) 
= (-1)°” —— on | © = = 
P,(p ava” Bh 
2. Discussion 


Consider a particle in the state |y,,). When the position of the particle is measured, one 
has a probability p,,(a) dx of finding a result between x and x+ dz, where p,(x) is given 
by: 


Pn() = |Pn(x) |? (22) 
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Similarly, in a measurement of the momentum of the particle, one has a probability 
?,(p) dp of finding a result between p and p+ dp, with: 


Pn(P) = Pn (p)|? (23) 


Relation (21) then yields: 


= 1 Pp 
Pr(P) = —— pn (« = —.) (24) 
which shows that the momentum distribution in a stationary state has the same form as 
the position distribution. 

We see, for example (cf. Fig. 6 of Chapter V), that if n is large, @,,(p) has a peak 
at each of the two values: 








p=tmwty=+tpmM (25) 


where py is the maximum momentum of the classical particle moving in the potential 
well with an energy E,. An argument analogous to the one set forth at the end of § C-2 
of Chapter V enables us to understand this result. When the momentum of the classical 
particle is equal to +pyy, its acceleration is zero (its velocity is stationary), and the values 
+py of the momentum are, averaging over time, the most probable ones. Comment (i) 
of § D-1 of Chapter V concerning the probability density p,(x) can easily be transposed 
to this context; for example, when n is large, the root mean square deviation AP can 
be interpreted as being of the order of magnitude of the distance between the peaks of 
?,(p) situated at p = +py. 

It is also possible to understand directly from Figure 6-a of Chapter V why these 
values of the momentum are highly probable when n is large. The wave function then 
performs a large number of oscillations between the two peaks, analogous to those of 
a sinusoid. This happens because the differential equation for the wave function [cf. 
formula (A-17) of Chapter V] when E >> mw?x?/2 becomes: 








d? 2nE 
=70(a) + yx) 0 (26) 





which yields, according to the definition of pyy: 
p(x) ~ Acie t/h 4 Ale iPMa/h (27) 


The wave function (when n is large) therefore looks like a sinusoid of wavelength h/py 
over a relatively large region of the Ox axis. This sinusoid can be considered to be the 
sum of two progressive waves [cf. (27)] associated with the two opposite momenta +pj4 
(corresponding to the to-and-fro motion of the particle in the well). It is not surprising, 
therefore, that the probability density f,,(p) should be large in the neighborhood of the 
values p = +py. 

An analogous argument also enables us to understand the order of magnitude of 
the product AX.AP. This product is equal to [cf. Chap. V, relations (D-6), (D-7) and 
(D-9)}: 











AX.AP = (n Me 5) pa (28) 
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When n increases, the amplitudes x,y and py, of the oscillations increase, and the product 
AX.AP takes on values much greater than its minimum value h/2. We might wonder 
why this is the case, since we have seen in several examples that when the width AX 
of a function increases, the width AP of its Fourier transform decreases. This is indeed 
what would happen for the functions y,,(«) if, in the interval —xyy < # < +a. where 
they take on non-negligible values, they varied slowly, reaching, for example, a single 
maximum or minimum. This is in fact the case for small values of n, for which the 
value of the product AX.AP is indeed near its minimum. However, when n is large, the 
functions y, (x) perform numerous oscillations in the interval —x)y < «x < +a, where 
they have n zeros. One can therefore associate with them wavelengths of the order of 
A 2 au/n ~ AX/n, corresponding to momenta of the particle situated in a domain of 
dimension AP given by: 
h nh 

AP ~ 1 ~ Ax (29) 
We thus find again that: 

AX.AP ~ nh (30) 


This situation is somewhat analogous to the one studied in § 1 of Complement Ajyy, in 
connection with the infinite one-dimensional well. 
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In Chapter V, we studied the one-dimensional harmonic oscillator. We now show 
how to use the results of this study to treat the three-dimensional harmonic oscillator. 


1. The Hamiltonian operator 


Consider a spinless particle of mass m which can move in three-dimensional space. The 
particle is subjected to a central force (i.e. a force that is constantly directed towards the 
coordinate origin O) whose absolute value is proportional to the distance of the particle 
from the point O: 


F=-kr (1) 


(k is a positive constant). 
This force field is derived from the potential energy: 


1 1 
V(r) = ahr = aur” (2) 


where the angular frequency w is defined as for the one-dimensional harmonic oscillator: 


Bese (3) 
The classical Hamiltonian is therefore: 
p? 1 ao (4) 


H(r, p) = op, + a r 


Using the quantization rules (Chap. III, § B-5), we immediately deduce the Hamiltonian 
operator: 


1 
H = —— + —mu?R? (5) 


Since the Hamiltonian H is time-independent, we shall solve its eigenvalue equation: 


A\b) = Ely) (6) 


where |) belongs to the state space €, of a particle in three-dimensional space. 
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Comment: 


Since V(r) depends only on the distance r = |r| of the particle from the origin [V (r) 
is consequently invariant under an arbitrary rotation], this harmonic oscillator is 
said to be isotropic. Nevertheless, the calculations which follow can easily be 
generalized to the case of an anisotropic harmonic oscillator, for which: 


V(r) = > (wea? + wily? + we27) (7) 


where the three constants wz, wy and w, are different. 


2. Separation of the variables in Cartesian coordinates 


Recall that the state space €. can be considered (cf. Chap. II, § F) to be the tensor 
product: 


Ey = Ex @ Ey BE, (8) 


where €, is the state space of a particle moving along Oz, that is, the space associated 
with the wave functions y(x). €, and €, are defined analogously. 
Now, expression (5) for the Hamiltonian H can be written in the form: 


1 2 2 2 1 2 2 2 2 
H=5_ (Po + Py + Pz) + 5mw (X? + Y? + Z?) 
= H, + H,+ H, (9) 
with: 
Peso 
H, = —= + =mw?X? 
7 om 1 gi (10) 


and similar definitions for H, and H,. Hy, is a function only of X and P,: Hz, is 
therefore the extension into €, of an operator that actually acts in €,. Similarly, H, and 
H, act only in €, and €, respectively. In €,, H, is a one-dimensional harmonic oscillator 
Hamiltonian. The same is true for H, and H, in Ey and €,. 

H,, Hy, and H, commute. Each of them therefore commutes with their sum H. 
Consequently, the eigenvalue equation (6) can be solved by seeking the eigenvectors of 
H that are also eigenvectors of H,, Hy, and H,. Now, we already know the eigenvectors 
and eigenvalues of H, in €,, as well as those of H, in €, and of H, in €,: 





1 

Halen.) = (e+ 5) Mo Wen) 5 Were) € Es (11a) 
1 

Hy|Gn,):= (5, + 5) fur |~n,) 3 \eny) © Ey (11b) 
1 

Halon.) = (e+ 5) fi Ine) IP.) €& (116) 


(nz, Ny and n, are positive integers or zero). It follows (cf. Chap. II, § F) that the 
eigenstates common to H, H,, H, and H, are of the form: 


[Woes vee ras) = lnz)|Yn,)|\Pnz) (12) 
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According to equations (9) and (11): 


3 
Win eye) = (ms + ny +nz+ 3) hu|n, ny ne) (13) 


The eigenvectors of H are seen to be tensor products of eigenvectors of Hz, Hy and H, 
respectively, and the eigenvalues of H, to be sums of eigenvalues of these three operators. 

According to equation (13), the energy levels E,, of the isotropic three-dimensional 
harmonic oscillator are of the form: 


3 
with: 
n a positive integer or zero (15) 


since n is the sum nz + ny + n, of three numbers, each of which can take on any non- 
negative integral value. 

Furthermore, formula (12) enables us to deduce the properties of the vectors 
lYn,ny,nz), common eigenstates of H, H,, H, and H,, from those derived in § C-1 
of Chapter V for |yn,,) (which are also valid for |y,,) and |yn,)). 

Let us introduce three pairs of creation and annihilation operators: 





mw 1 mw 1 
Qz = 4/——X + —P, al = ,/—_-X —- ——P, 16a 
2h V 2mhw 2h V2mhw alse) 
mu) a mu a 
a, =4,/—-Y + ——P, at = ,/——yY — ——_P 16b 
. 2h Imhw © # 2h Imhw © atep) 
mw 1 mw 1 
az = 4/——Z44+ ——P, al = ,/—-Z — ———P, 16c 
2h V2mhuw 2h 2mhw ( ) 


These operators are the extensions into €, of operators acting in E,, Ey and €,. The 
canonical commutation relations between the components of R and P imply that the 
only non-zero commutators of the six operators defined in (16) are: 


[az a4] = [ay,af] = [az,a!] =1 (17) 


Note that two operators with different indices always commute, as is logical because they 
act in different spaces. The action of the operators a, and al, on the states [Prag ,ty me) 18 
given by the formulas: 


Ax|Pnzny,ne) = (az|Yn,)) len, )|nz) 

= Vz |Pnz-1)|Pny)|Pn.) 

= /Nx |Prre—Ijmy tre) (18a) 
as, Wie tigsrn.) = (ah |yn,)) lenny Pn.) 

= Vnz +1 |en,+1)|lPny)| Pn.) 

= Vz t+1 |Pn,+1,ny,nz) (18b) 
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For ay, al, and az, al, we have analogous relations. 
We also know [cf. equation (C-13) of Chapter V] that: 


vas) = etalon) (19) 


where |g) is the vector of €, that satisfies the condition: 
ae|~0) = 0 (20) 


In &, and €,, there are analogous expressions for |p, ) and |yn,). Consequently, accord- 
ing to (12): 
ay)"* (ay)"" (a)”* |*0,0,0) (21) 


Ny!n mal 
VJ Nz!ny!n,! 


where |W0,0,0) is the tensor product of the ground states of the three one-dimensional 
oscillators, so that: 


az|P0,0,0) = 4y|¥o0,0,0) = @z|¥0,0,0) = 0 (22) 


[Pre sry ne) = 


Finally, recall that, since |%n, n,,n_) iS a tensor product, the associated wave func- 
tion is of the form: 


(f]Yngmyne) = Png (2%) Pny(y) Pn. (2) (23) 


where Yn, Yn, and Yn, are stationary wave functions of the one-dimensional harmonic 
oscillator (Chap. V, § C-2). For example: 


TM (p24 24 22) (24) 


(r|Wo0,0,0) = (= ew 2h ( 


3. Degeneracy of the energy levels 


We showed in § B-3 of Chapter V that AH, constitutes a C.S.C.O. in €,; the same is 
true for H, in €, and for H, in €,. According to § F of Chapter I], {Hz, Hy, Hz} is 
thus a C.S.C.O. in €,. Therefore, there exists (to within a constant factor) a unique ket 
ltn,,ny,nz) Of Ey corresponding to a given set of eigenvalues of H,, Hy and H;, that is, 
to fixed non-negative integers nz, ny and n,. 

However, H alone does not form a C.S.C.O. since the energy levels EF, are degen- 
erate. If we choose an eigenvalue of H, EF, = (n+ 3/2)hw) (which amounts to fixing a 
non-negative integer n), all the kets of the {|Un,n,,n_)} basis that satisfy: 


Nz tnytnz,=n (25) 


are eigenvectors of H with the eigenvalue Ey. 

The degree of degeneracy gy, of E, is therefore equal to the number of different 
sets {Nz, Ny, nz} satisfying condition (25). To find gn, we can proceed as follows. With 
n fixed, choose n, first, giving it one of the values: 


Nz = 0,1,2,...n (26) 
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With n, thus fixed, we must have: 

Ny +Nz =N— Ny (27) 
There are then (n — nz + 1) possibilities for the pair {n,,n-}: 

{ny, nz} = {0,n—nz}, {1,n-—n,z —1}, ... {n— nz, 0} (28) 


The degree of degeneracy g, of E, is therefore equal to: 


n 


gn = >) (n-ne +1) (29) 


nz=0 


This sum is easy to calculate: 


gn = (nt) Do 1- Yom, = SENS) (30) 


Nz=0 Nz=0 


3 
Consequently, only the ground state Eo = hw is non-degenerate. 


Comment: 


The kets |n,n,,n.) Constitute an orthonormal system of eigenvectors of H, which 
forms a basis in €. Since the eigenvalues FE, of H are degenerate, this system 
is not unique. We shall see in particular in Complement Byy that, in order to 
solve equation (6), it is possible to use a set of constants of the motion other than 
{Hz, Hy, HH}: thus we obtain a basis of €, which is different from the preceding 
one, although still consisting of eigenvectors of H. The kets of this new basis 
are orthonormal linear combinations of the |W, n,n_) belonging to each of the 
eigensubspaces of H, that is, corresponding to a fixed value of the sum nz+ny+nz. 
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The one-dimensional harmonic oscillator studied in Chapter V consists of a particle 
of mass m having a potential energy: 


V(X) = smu? X? (1) 


Assume, in addition, that this particle has a charge q and that it is placed in a uniform 
electric field & parallel to Ox. What are its new stationary states and the corresponding 
energies? 

The classical potential energy of a particle placed in a uniform field & is equal to!: 


w(é) = -—q&x (2) 


To obtain the quantum mechanical Hamiltonian operator H'(&) in the presence of the 
field &, we must therefore add to the potential energy (1) of the harmonic oscillator the 
term: 


W(8) = -a8X (3) 
which gives: 

H'(@) = — + =mw? X? — q@X (4) 

We must now find the eigenvalues and eigenvectors of this operator. To this end, we 

shall use two different methods. First, we shall consider directly the eigenvalue equation 


of H’(&) in the {|x)} representation, as it is very simple to interpret the results obtained. 
Then we shall show how the problem can be solved in a purely operator formalism. 


1. Eigenvalue equation of H’(é) in the {|x)} representation 
Let |y’) be an eigenvector of H’(é&): 


H'(€)|¢') = E'ly’) (5) 


lWe use the convention of zero potential energy for the particle at « = 0. 
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Using (4), we can write this equation in the {|x)} representation: 


he d? 1 2,2 , tt 
“omdg 1 gms —q@qéx| p(x) = E’y'(2) (6) 


Completing the square with respect to x on the left-hand side of (6), we get: 


Fat pe (© 48) - SS] eo - ev @ 





mdz? © 2 mu?) — 2mw? 





Let us now replace the variable x by a new variable wu, setting: 


qé 
mu? 





(8) 


U= F— 


Through the intermediary of x, y’ is then a function of u, and equation (7) becomes: 





in dae + pe u?| p'(u) = EB’ y'(u) (9) 
with: 
2 £2 
E"’ — Ff! q 1 
~ 2mw? (19) 


Thus we see that equation (9) is the same as the one used to obtain the stationary states 
of the harmonic oscillator in the absence of an electric field in the {|x)} representation 
[cf. Chap. V, relation (A-17)]. Therefore, we have already solved this equation, and we 
know that the acceptable values of E” are given by: 


1 
(where n is a positive integer or zero). 

Relations (10) and (11) show that, in the presence of the electric field, the energies 
E’ of the stationary states of the harmonic oscillator are modified: 





1 G2 
/ = me — 
EV(é)= (n+ 5) hw ae (12) 
The entire spectrum of the harmonic oscillator is therefore shifted by the quantity 


PE? /2mw?. 

Now, let us show that the eigenfunctions ¢y/ (x) associated with the energies (12) 
can all be obtained from the y,(x) by a translation along Ox. The solution of (9) 
corresponding to a given value of n is y,(u) [where the function vy, is given, for example, 
by formula (35) of Complement By]. According to (8), we have: 


Pr(Z) = Pn (« ae ) (13) 


mu? 





This translation comes from the fact that the electric field exerts a force on the particle’. 





It can be seen from (13) that the function ¢/, (a) is obtained from yp (a) by a translation of g@/mw?; 
if the product g& is positive, the translation is performed in the positive x-direction, which is indeed the 
direction of the force exerted by &. 
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V+W 





2mo . Oo 





Figure 1: The presence of a uniform electric field has the effect of adding a linear term 
W to the potential energy V of the harmonic oscillator; the total potential V+ W is then 
represented by a displaced parabola. 





2. 


2-a. 


Comment: 


The change of variable given in (8) allows us to reduce the case of an arbitrary 
electric field to an already solved problem, the one in which & was zero. The only 
effect of the electric field is to change the x-origin [cf. (13)] and the energy origin 
(cf. (12)]. This result can easily be understood graphically (cf. Fig. 1). When 
& is zero, the potential energy V(x) is represented by a parabola centered at O. 
When @ is not zero, it is necessary to add to this potential energy the quantity 
—qéx, which corresponds to the dashed line in this figure; the curve representing 
V + W is again a parabola. Thus, in the presence of the field € we still have a 
harmonic oscillator. Since the two parabolas are superposable, they correspond to 
the same value of w and therefore to the same energy difference between the levels. 
However, their minima O and O’ are different, as is consistent with formulas (12) 
and (13). 


Discussion 


Electrical susceptibility of an elastically bound electron 


In certain situations, the electrons of an atom or a molecule behave, to a good 


approximation, as if they were “elastically bound”, that is, as if each of them were a 
harmonic oscillator. We shall prove this for atoms in Complement Axyy, using time- 
dependent perturbation theory. 


The contribution of each electron to the electric dipole moment of the atom is 


described by the operator: 


D= qx (14) 
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where q is the charge of the electron (q < 0) and X the corresponding position observable. 
We are going to examine the mean value of D in the model of the elastically bound 
electron. 

In the absence of an electric field, the mean value of the electric dipole moment in 
a stationary state of the oscillator is zero: 


(D) = a(n|X|en) = 0 (15) 


[see formulas (D-1) of Chapter V]. 

Now, let us assume that the field & is turned on so slowly that the state of the 
electron changes gradually from |y,,) to |y/,) (n remaining the same). The mean dipole 
moment is now different from zero, since: 


+00 
(DY =4 WiIXle4) =4 / de # |p',(2)? (16) 


—oco 


Using (8) and (13), we obtain: 








+00 2 +00 2 
gé gé 
(DY =af  wlen(wPau+ £5 ff |en(u)P du= £5 (17) 


—oo — 


since the first integral is zero by symmetry. (D)' is therefore proportional to &. In this 
model, the electrical susceptibility of the atomic electron under consideration is equal to: 


ya oi (18) 


é mu? 





It is positive, whatever the sign of gq. 

It is simple to interpret result (18) physically. The effect of the electric field is 
to shift the classical equilibrium position of the electron, that is, the mean value of its 
position in quantum mechanics [see formula (13)]. This results in the appearance of an 
induced dipole moment. x decreases when w increases because the oscillator is less easily 
deformable when the restoring force (which is proportional to w?) is larger. 


2-b. Interpretation of the energy shift 


Using the model just described, we can interpret formula (12) by calculating the 
variation in the mean kinetic and potential energies of the electron when it passes from 
the state |y,) to the state |y/,). 

The variation in the kinetic energy is, in fact, zero (as can be understood intuitively 
from Figure 1, for example): 


P2 f P2 h2 +00 : d2 ; 
— _— —-- = -—-- a on ae d 
(=) -(F)=-5|f_ ot@ Gare ae 


: +00 d2 
— [ ex(e) Foenle) dx] =0 (09) 


—oo 


according to formula (13). 
The variation in the potential energy can be treated in two terms: 
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e the first term, (W(&))’, corresponds to the electrical potential energy of the dipole 
in the field &. Since the dipole is parallel to the field, we have, according to (17): 


q’ &2 


mu? 





(W(é))' = —&(D)' = (20) 


e the second term, (V(X))’ — (V(X)), arises from the electric field modification of 
the wave function of the level labeled by the quantum number n. The “elastic” 
potential energy of the particle therefore changes by a quantity: 


(V(X)! = (V(X) = Sw? / oleh (a) Pde — / mn ien(e)P | (21) 


—oo co 


The first integral can be calculated by using (13) and the change of variable (8): 





mu? 


oe 2) 2 pa 2 2 2g ne 2 
x” |p,(x)|° dx = u” |~n(u)|° du+ u |Pn(u)|” du 





2 ptoo 
qé 
+(25) f[- estor au (22) 


Since y,(u) is normalized, and since the integral of uly,(u)|? is zero by symmetry, we 
obtain, finally: 

_ gq’? 
~ Qmw? 





(V(X))' — (V(X)) (23) 
We see why this result should be positive, since the electric field moves the particle away 
from the point O and attracts it into a region where the “elastic” potential energy V(x) 
is larger. 

Adding (20) to (23), we again find that the energy of the state |y’,) is less than 
that of the state |yn) by q?6?/2mw?. 


3: Use of the translation operator 


We shall see in this section that, instead of using the {|x)} representation, as we have 
done until now, we can argue directly in terms of the operator H'(&) given in (4). More 
precisely, we are going to show that a unitary transformation (which corresponds to a 
translation of the wave function along the z-axis) transforms the operator H = H’(&é = 0) 
into the operator H’(&) (to within an additive constant which does not change the 
eigenvectors). Since the eigenvectors and eigenvalues of H were determined in Chapter V, 
this approach enables us to solve our problem. 
Therefore, consider the operator: 


U(A) = e022") (24) 
where ) is a real constant. Its adjoint U7 (A) is: 
ut(A) = ere-#) (25) 


579 


COMPLEMENT Fy ®@ 





It is clear that: 
U(A) Ut (A) = UTA) U(A) = 1 (26) 


U(A) is therefore a unitary operator. Under the corresponding unitary transformation, 
HT becomes: 


H=U(A) HU'(A) 


= fw ; + U(A) alaUT (A) (27) 


We must now calculate the operator: 
U(A) ataUt(A) = ata (28) 
with: 


&@= U(A)aUt(d) 
at = U(A) at UTA) (29) 


To obtain @ and @', we use formula (63) of Complement By, (which can be applied here 
since the commutator of a and a? is equal to 1), which yields: 


U(A) = eratral _ Q—Aa gral ,d?/2 
Ut (A) = eA tA4 = Aa! OAtQ“Y”/2 (30) 


Also, formula (51) of Complement By enables us to write: 


[e~*#, at] = —Ae-*# 
(31) 
le*", a| =r" 
that is: 
e A%qt er = gt — y 
er gee? = a — (32) 
Thus it follows that: 
& — e274! Geral pra 
=e **(a—A)je** =a—dX (33) 
and, similarly: 
al =at— (34) 
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H is therefore given by: 


Ans ; Gt Gs »)] 


1 
= fw 5 +ala—dX(a+a')+ 





= H — Mw(a+al) + hw (35) 


Since (a+a") is proportional to the operator X [formulas (B-1) and (B-7) of Chapter V], 
it suffices to set: 











qé 1 
A=— 36 
w V 2mhw (36) 
to obtain: 
z 2 G2 2 G2 
Beaagey a eye (37) 
2mw? 2mw? 


The two operators H and H'(&) therefore have the same eigenvectors, and their eigen- 
values differ by q’&?/2mw?. Now, we know (cf. Complement Cy, § 2) that if the 
eigenvectors of H are the kets |y,), those of H are the kets: 


Pn) = UA) en) (38) 


and the corresponding eigenvalues of H and H are the same. The stationary states |y’! ) 
of the harmonic oscillator in the presence of the field & are therefore the states |%,) given 
by (38). The associated eigenvalue of H’(é&) is, according to (37): 


1 gé? 





(39) 


Mw 


which is the same as formula (12) of the preceding section. Expression (38) for the 
eigenvectors can be put into the form: 


a 


s _;_d 
IPn) = |Pn) =e maha?” |ipy) (40) 


using (24) and (36), as well as formulas (B-1) and (B-7) of Chapter V. We interpreted, in 
Complement Ey, the operator e~*?/” as being the translation operator over an algebraic 
distance b along Oz. |y/,) is therefore the state obtained from |y,) by a translation 
g& /mw”, just as is indicated by formula (13). 

References: 


The elastically bound electron: see references of Complement Axqr. 
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The properties of the stationary states |y,) of the harmonic oscillator were studied 
in Chapter V; for example, in § D, we saw that the mean values (X) and (P) of the 
position and the momentum of the oscillator are zero in such a state. Now, in classical 
mechanics, it is well-known that the position x and the momentum p are oscillating 
functions of time, which always remain zero only if the energy of the motion is also 
zero [cf. Chap. V, relations (A-5) and (A-8)]. Furthermore, we know that quantum 
mechanics must yield the same results as classical mechanics in the limiting case where 
the harmonic oscillator has an energy much greater than the quantum fiw (limit of large 
quantum numbers). 

Thus, we may ask the following question: is it possible to construct quantum me- 
chanical states leading to physical predictions which are almost identical to the classical 
ones, at least for a macroscopic oscillator? We shall see in this complement that such 
quantum states exist: they are coherent linear superpositions of all the states |y,). We 
shall call them “quasi-classical states” or “coherent states of the harmonic oscillator”. 

The problem we are considering here is of great general interest in quantum me- 
chanics. As we saw in the introduction to Chapter V and in Complement Ay, many 
physical systems can be likened to a harmonic oscillator, at least to a first approxima- 
tion. For all these systems, it is important to understand, in the framework of quantum 
mechanics, how to move gradually from the case in which the results given by the classi- 
cal approximation are sufficient to the case in which quantum effects are preponderant. 
Electromagnetic radiation is a very important example of such a system. Depending on 
the experiment, it either reveals its quantum mechanical nature (as is the case in the 
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experiment discussed in § A-2-a of Chapter I, in which the light intensity is very low) 
or else can be treated classically. “Coherent states” of electromagnetic radiation were 
introduced by Glauber and are in current use in the domain of quantum optics. 

The position, the momentum, and the energy of a harmonic oscillator are described 
in quantum mechanics by operators which do not commute; they are incompatible phys- 
ical quantities. It is not possible, therefore, to construct a state in which they are all 
perfectly well-defined. We shall thus only look for a state vector such that, for all ¢, 
the mean values (X), (P) and (H) are as close as possible to the corresponding classical 
values. This will lead us to a compromise in which none of these three observables is 
perfectly known. We shall see, nevertheless, that the root mean square deviations AX, 
AP and AH are, in the macroscopic limit, completely negligible. 


1. Quasi-classical states 


l-a. Introducing the parameter ao to characterize a classical motion 


The classical equations of motion of a one-dimensional harmonic oscillator, of mass 
m and angular frequency w, are written: 


< a(t) = pit) (1a) 
< v(t) = ~mu? a(t) (1) 


The quantum mechanical calculations we shall perform later will be simplified by the 
introduction of the dimensionless quantities: 


(t) = B x(t) 
2 1 
BO) = Fa Pld) 


where: 


mu) 


p= (3) 


Equations (1) can then be written: 


Salt) = 90 (4a) 
Salt) = walt (4b) 


The classical state of the harmonic oscillator is determined at time t when we know its 
position x(t) and its momentum p(t), that is, Z(t) and p(t). We shall therefore combine 
these two real numbers into a single dimensionless complex number a(t) defined by: 

1 


a(t) = Va [2(t) + ip(t)] (5) 
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A Im a(t) 


Figure 1: The point M(t), which 
corresponds to the complex number 
a(t), characterizes the state of the 
harmonic oscillator at each instant. 
> Re alt) M moves in a circle with an angu- 
lar velocity —w. The abscissa and 
ordinate of M give the position and 
momentum of the oscillator. 











The set of two equations (4) is equivalent to the single equation: 


d . 
qe alt) = -iw a(t) (6) 


whose solution is: 
a(t) = age" (7) 


where we have set: 


ay = a(0) = %[2(0) + £910) (8) 

Now consider the points Mp and M in the complex plane that correspond to the 

complex numbers ag and a(t) [Fig. 1]. M is at Mp at t = 0 and describes, with an 
angular velocity —w, a circle centered at O of radius OMo. 

Since, according to (5), the coordinates of M are equal to @(t)/V/2 and A(t)/V2, 
we thus obtain a very simple geometrical representation of the time evolution of the state 
of the system. Every possible motion corresponding to given initial conditions is entirely 
characterized by the point Mo, that is, by the complex number ap (the modulus of ap 
gives the amplitude of the oscillation and the argument of ao, its phase). According to 
(5) and (7), we have: 


&(t) = — [aoe* + ag e*| (9a) 


p(t) = ——= [ane ™* — ap e*™”*] (9b) 


H = 5 [lO]? + 5m? [2(0)P 
= © (180)? + OP} (10) 
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which yields, taking (8) into account: 
H = hwlao|? (11) 
For a macroscopic oscillator, the energy H is much greater than the quantum hw, so: 


lag] > 1 (12) 


1-b. Conditions defining quasi-classical states 


We are looking for a quantum mechanical state for which at every instant the mean 
values (X), (P) and (H) are practically equal to the values x, p and H which correspond 
to a given classical motion. 

To calculate (X), (P) and (H), we use the expressions: 


1 


x=~px= qney 

ee i 

Pg a (13) 
and: 

H = hw (cia 5) (14) 


For an arbitrary state |y(¢)), the time evolution of the matrix element (a)(t) = (~(¢)|a|¢(t)) 
is given by (cf. § D-1-d of Chapter III): 


ad 

ths, (a)(t) = (la, HD) (15) 
Now: 

(a, H] = hw[a, ata] = hwa (16) 


which implies: 


_d 

iF (ay(t) = w(a)(t) (17) 
that is: 

(a)(t) = (a)(0) e*** (18) 


= (a)*(0)e™" (19) 
(18) and (19) are analogous to the classical equation (7). 
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Substituting (18) and (19) into (13), we obtain: 


(X)(t) = Jz [(a)(0) e* + (a)*(0) e*] 
(20) 
(P)(t) = — Te [lap(O)e-* — (a)*(O)e**] 
Comparing these results with (9), we see that, in order to have at all times t: 
(X)(t) = &(t) 
(21) 
(P)(t) = p(t) 
it is necessary and sufficient to set, at the instant t = 0, the condition: 
(a)(0) = a0 (22) 


where ao is the complex parameter characterizing the classical motion which we are 
trying to reproduce quantum mechanically. The normalized state vector |y(t)) of the 
oscillator must therefore satisfy the condition: 


(%(0)|a|X(0)) = a0 (23) 
We must now require the mean value: 


hw 
(H) = huxfatay(o) + (24) 
to be equal to the classical energy H given by (11). Since, for a classical oscillator, |ao| 
is much greater than 1 [cf. (12)], we shall neglect the term hw/2 (of purely quantum 
mechanical origin; see § D-2 of Chapter V) with respect to hw|ao|?. The second condition 
on the state vector can now be written: 


(ala)(0) = |ao|? (25) 
that is: 
(1(0)|ata|y(0)) = |ao|? (26) 


We shall see that conditions (23) and (26) are sufficient to determine the normalized 
state vector |7)(0)) (to within a constant phase factor). 


1-c. Quasi-classical states are eigenvectors of the operator a 


We introduce the operator b(ag) defined by: 
b(ao) = a — a0 (27) 
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We then have: 
b! (ag) b(ag) = ata — agal — agjat avao (28) 
and the square of the norm of the ket b(ag)|/(0)) is: 


(1h(0) |b (ao) b(a0)|v(0)) = 
(14(0)|a*a|b(0)) — ao (W(0)|a*|W(0)) — a6 ((0)|alb(0)) + agao (29) 


Substituting into this relation conditions (23) and (26), we obtain: 
(44(0)|b" (a9) (a0) /Y(0)) = agao — apag — Ga + ajay = 0 (30) 


The ket b(ag)|W(0)), whose norm is zero, is therefore zero: 


b(ao)|(0)) = 0 (31) 
that is: 
a\y(0)) = aoly(0)) (32) 


Conversely, if the normalized vector |~(0)) satisfies this relation, it is obvious that 
conditions (23) and (26) are satisfied. 

We therefore arrive at the following result: the quasi-classical state, associated 
with a classical motion characterized by the parameter ap, is such that |y(0)) is an 
eigenvector of the operator a with the eigenvalue ag. 

In what follows, we shall denote the eigenvector of a with eigenvalue a by |a): 


ala) = ala) (33) 


[we shall show later that the solution of (33) is unique to within a constant factor]. 


2. Properties of the |a) states 


2-a. Expansion of |a) on the basis of the stationary states |,,) 


Let us determine the ket |a) which is a solution of (33) by using an expansion on 
the states |~n): 





ja) = Sena) len) (34) 
We then have: 
ala) = So en(a)Vrlpn—1) (35) 
and, substituting this relation into (33), we obtain: 
a 
enti(a) = 2 —enlo) (36) 
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This relation enables us to determine by recurrence all the coefficients c,,(a@) in terms of 
co(a): 


Q” 


Cn(@) = Valo (37) 


It follows that, when co(q) is fixed, all the c,(a@) are also fixed. The vector |q) is therefore 
unique to within a multiplicative factor. We shall choose co(a) real and positive and 
normalize the ket |a), which determines it completely. In this case, the coefficients c,(a) 
satisfy: 


do len(a)?? = 1 (38) 





that is: 
lo?” al? 
Jeol)? > = |eola)[P lal” =1 (39) 
With the convention we have chosen: 
co(a) = oe lel?/2 (40) 
and, finally: 


Ja) = eel"/25 len) (41) 


n 


2-b. Possible values of the energy in an |q) state 


Let us consider an oscillator in the state |a). We see from (41) that a measurement 
of the energy can yield the result E, = (n + 1/2)fw with the probability: 


||?” 


Pr(a) = |en(a)|? = — ele? (42) 


n! 


The probability distribution obtained, P,(a), is therefore a Poisson distribution. Since: 


2 
Pn(a@) = 7 Pn-1(@) (43) 
it is easy to verify that P,,(a) reaches its maximum value when: 
n= the integral part of |a|? (44) 


To calculate the mean value (H)., of the energy, we can use (42) and the expression: 


(A) a = d_Pala) [n+ | hw (45) 


Nevertheless, it is quicker to notice that, since the adjoint relation of (33) is: 


(alat = a* (al (46) 
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we have: 
(alatala) = a*a (47) 
and therefore: 


(H)q = heal fata 5] Ia) = he [lal + 5] (48) 


Comparing this result to (44), we see that, when |a| >> 1, (H)q is not very different, in 
relative value, from the energy FE, which corresponds to the maximum value of P,,(q). 
Let us calculate the mean value (H?)4q: 


(H?\, = hw? (al (cia + ay |x) (49) 


Using (33) and the fact that [a,a'] = 1, we easily obtain: 
1 
eS iw lat + 2\a|? + | (50) 
from which we get: 
AH = hwlal (51) 


If we compare (48) and (51), we see that, if |a| is very large, we have: 


Any. 1. 
(H)a — |a 





<1 (52) 


The energy of the state |a) is very well-defined, since its relative uncertainty is very 
small. 


Comment: 
Since: 
1 
H= (w+ 5) hu (53) 


we immediately obtain from (48) and (51): 


(Na — || (54) 


ANg = |a 


Thus we see that, to obtain a quasi-classical state, we must linearly superpose a 
very large number of states |y,,) since AN, >> 1. However, the relative value of 
the dispersion over N is very small: 

ANa 1 


. cl (55) 
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2-c. Calculation of (X), (P), AX and AP in an |a) state 


The mean values (X) and (P) can be obtained by expressing X and P in terms of 
a and a! [formula (13)| and using (33) and (46). We obtain: 


(Xa = (alXla) = 4) Rea) (56) 


(P)\q = (a|Pla) = V2mhw Im(a) 


An analogous calculation yields: 


a a x [(a+ a*)? +1] 
(P%), = ™™ (aa (57) 


and therefore: 


ik 
AXo = 4/—— 
2mw 
/mhw 
AP, = ae (58) 


Neither AX, nor AP,, depends on a. Note also that AX - AP takes on its minimum 
value: 


AX,+ AP, = h/2 (59) 


2-d. The operator D(a): the wave functions (zx) 
Consider the operator D(a) defined by: 
D(a) = e%' "4 (60) 
This operator is unitary, since: 
D(a) =e% 2" (61) 
immediately implies: 
D(a) D(a) = D'(a)D(a) = 1 (62) 


Since the commutator of the operators aa! and —a*a is equal to a*a, which is a number, 
we can use relation (63) of Complement By to write: 





D(a) = erleia eee enala (63) 
Now let us calculate the ket D(a)|yo); since: 
—a*a * One 2 
e yo) = |l —a*at ae tee |yo) 
= |P0) (64) 
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then: 
=e 2 aat 
D(a)|go) = e7!*" 7 e%*" |yo) 


—lol? (aal)” 
=e"! eS age) 


= elel?/2 50 OL 
e d, Fail ?n) (65) 
Comparing (41) and (65), we see that: 


|x) = D(a) | 0) (66) 


D(q) is therefore the unitary transformation which transforms the ground state |) into 
the quasi-classical state |q). 
Formula (66) will enable us to obtain the wave function: 


Ya(x) = (ala) (67) 


which characterizes the quasi-classical state |a) in the {|x)} representation. To calculate: 


Ya(x) = (x|D(a)|¥0) (68) 


we shall write the operator aat — a*a in terms of X and P: 


Sagas: (= (=s) x “ (=) P (69) 


Using formula (63) of Complement By again, we obtain: 














[mw a—a* t_ ata* *2_ 42 
D(a) = e%'-2"4 = BY] *~e@ Vina v2 ea (70) 





Substituting this result into (68), we find: 











a*tz a? mw a—a™* —_ 4 ata* 
ta(z)=e 4 (aleV ® V2 ~e@ Vmhwo V2 "|yo) 

















ata? mo a—a”* : i ato” 
=e TeV ® V2 *(ale mks V2 "|po) (71) 
Now, the operator e~“?/" is the translation operator of \ along Ox (cf. Comple- 
ment Ejr): 
ee) ata* 


Relation (71) therefore yields: 








ot? —a2 TE —a" 
Walz) =e F eV & V2" w (« i (a+ 0°)) (73) 
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If we write a and a* in terms of (X), and (P), [formulas (56)], Ya(x) becomes: 
Pale) = el? ePa2ll wo (x — (X)a) (74) 


where the global phase factor e*« is defined by: 





ee =e 4 (75) 


Relation (74) shows that ~(x) can easily be obtained from the wave function yo(x) of 
the ground state of the oscillator: it is sufficient to translate this function along Ox by 
the quantity (X),. and to multiply it by the oscillating exponential e*(?)«*/" (since the 
factor e”« plays no physical role, it can be omitted)!. 

If we replace yo in (74) by its explicit expression, we obtain, finally: 


sa-=et (Bayo age] seg} 


The form of the wave packet associated with the |a) state is therefore given by: 


Halo)? = [exp 1-3 ey (77) 


For any |a) state, we obtain a Gaussian wave packet. This result is consitent with the 
fact that the product AX,.AP, is always minimal (cf. Complement Cy). 
2-e. The scalar product of two |a) states. Closure relation 


The |q) states are eigenvectors of the non-Hermitian operator a. There is therefore 
no obvious reason for these states to satisfy orthogonality and closure relations. In this 
section, we shall investigate this question. 

First, we shall consider two eigenkets |a:) and |a’) of the operator a. Relation (41) 
gives their scalar product, since: 


(ala’) = S° ck (a)en(a’) (78) 
We therefore have: 


1 _ .-lel?/2 .—le’/2/2 Yo (a*a’)” 
(ala’) =e e S° ae 


= lel? /2 elo’? /2 eo’ (79) 
from which we conclude: 


|(a|a’)/? = eTle-a"P? (80) 





1The exponential e*(?)«2/" is obviously not a global phase factor since its value depends on z. The 
presence of this exponential in (74) insures that the mean value of P in the state described by Wa(x) be 
equal to (P)q. 
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This scalar product is therefore never zero. 
However, we shall show that the |a) states do satisfy a closure relation, which is 
written: 


- iy la) (ald{Re a}d{Ima} = 1 (81) 


To do so, we replace |a), on the left-hand side of (81), by its expression (41). This yields: 





1 2 a” on 
—|a| 
— e — In — (y,,|d{Rea}d{Im a 82 
5 [fee X Fale D TF lenlatReaaima} (82) 
that is, going into polar coordinates in the complex a plane (setting a = pe*®): 
1 oe) 27 5 : perm 
= d ‘a dye? ere does 83 
=| eee | ” d, Talal Pn) (el (83) 
The integral over y is easily calculated: 
27 
f eine dy = 27 bam (84) 
0 
which oe for (83): 
dates ti “ len) ( Pn (85) 
with: 
a 2 | pdpe-’ p” =} due“ u™ (86) 
0 0 
Integrating by parts, we find a recurrence relation for the [,: 
I, =nIyn-1 (87) 


whose solution is: 
I, = Ip =n! (88) 


Substituting this result into (85), we see that the left-hand side of formula (81) can finally 
be written: 


S- len) (en! (89) 


which proves that formula. 


3. Time evolution of a quasi-classical state 


Consider a harmonic oscillator which, at the instant t = 0, is in a particular |q) state: 


|y(0)) = Jao) (90) 


How do its physical properties evolve over time? We already know (cf. § 1-b) that the 
mean values (X)(t) and (P)(t) always remain equal to the corresponding classical values. 
We shall now study other interesting properties of the state vector |2(t)). 
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3-a. A quasi-classical state always remains an eigenvector of a 


Starting with (41), we can use the general rule to obtain |y(t)) when the Hamil- 
tonian is not time-dependent (cf. Chap. III, § D-2-a): 


fo(e)) = elo SY SE. eH Ip) 


n 


- oe wt/2 ea leol?/2 S> ope | ) (91) 


If we compare this result with (41), we see that, to go from |q(0)) = |ag) to |W(£)), all 


we must do is change ag to age” and multiply the ket obtained by e~“*/? (which is 
a global phase factor with no physical consequences): 
[y(t)) =e"? Ja = age") (92) 


In other words, we see that a quasi-classical state remains an eigenvector of a for all time, 
with an eigenvalue ag e~*”? which is nothing more than the parameter a(t) of Figure 1 
(corresponding to the point M), which characterizes at all times the classical oscillator 
whose motion is reproduced by the state |7)(t)). 

3-b. Evolution of physical properties 


Using (92) and changing a to ag e~™* in (56), we immediately obtain: 


2h 
(X)(t) = 4/—— Re[aoe~*"] 
mw . (93) 


(P)(t) = V2mhw Im[ap e~ 4] 


As predicted, these equations are similar to the classical equations (9). 
The average energy of the oscillator is time-independent: 


(H) = hu |Iaol? + 5 (04) 


According to (51) and (58), the root mean square deviations AH, AX and AP are equal 
to: 


AH = hw|ao| (95) 
and: 


h 
AX = 4/—— 
2mw 


mhw 
BS a 


AX and AP are not time-dependent, the wave packet remains a minimum wave packet 
for all time. 


(96) 


595 


COMPLEMENT Gy ® 





3-c. Motion of the wave packet 


Let us calculate the wave function at time t: 


v(a, t) = (abt) (97) 


where |w(t)) is given by (92). From (76), we obtain: 


2 
1/4 a(P\(t) — a | 
w(z, t) = ea (=) eT wt/2 e he 2AX (98) 
wh 
At t, the wave packet is still Gaussian. Its form does not vary with time, since: 
[w(a, t)[? = |po [2 - (X) (81 (99) 


Thus, it remains “minimum” for all time [cf. (96)]. 

Figure 2 shows the motion of the wave packet, which performs a periodic oscillation 
(T = 27/w) along the Oz axis, without becoming distorted. We saw in Complement Gy 
that a Gaussian wave packet, when it is free, becomes distorted as it propagates, since its 
width varies (“spreading” of the wave packet). We see here that nothing of the sort occurs 
when a wave packet is subject to the influence of a parabolic potential. Physically, this 
result arises from the fact that the tendency of the wave packet to spread is compensated 
by the potential, whose effect is to push the wave packet towards the origin from regions 
where V(z) is large. 

What happens to these results when |a| is very large? The root mean square 
deviations AX and AP do not change, as is shown by (96). On the other hand, the 
oscillation amplitudes of (X)(t) and (P)(t) become much larger than AX and AP. By 
choosing a sufficiently large value of |a|, one can obtain a quantum mechanical motion for 
which the position and momentum of the oscillator are, in relative value, as well-defined 
as might be desired. Therefore when |a| >> 1, an |a) state describes very well the motion 
of a macroscopic harmonic oscillator, for which the position, the momentum and the 
energy can be considered to be classical quantities. 


4. Example: quantum mechanical treatment of a macroscopic oscillator 


Let us consider a concrete example: a macroscopic body of mass m = 1 kg suspended 
from a rope of length ] = 0.1 m and placed in the gravitational field (g ~ 10 m/s”). We 
know that, for small oscillations, the period T of the motion is given by: 


T =2n4/- (100) 
g 


In our case, we obtain: 


T ~ 0.63 s 
(101) 


w= 10 rd/s 
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Figure 2: Motion of the Gaussian wave packet associated with an |a:) state: under the 
effect of the parabolic potential V(x), the wave packet oscillates without becoming dis- 
torted. 





Let us now assume that this oscillator performs a periodic motion of amplitude 
xy =1cm. What is the quantum mechanical state that best represents its oscillation? 


We have seen that this state is an |a) state in which, according to (93), a satisfies 
the relation: 


[770 
ja| = “op! (102) 


that is, in our case: 
lal ~ V5 x 10% ~2.2x 10% > 1 (103) 


(the argument of a is determined by the initial phase of the motion). 
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The root mean square deviations AX and AP are then: 


Lh 
AX =4/—— ~22x10-8m<azy 
2muw 


(104) 
hi 
AP= (> ~ 2.2 x 10-17 kg m/s 
The root mean square deviation AV of the velocity is equal to: 
AV ~ 2.2 x 107!" m/s (105) 


Since the maximum velocity of the oscillator is 0.1 m/s, we see that the uncertain- 
ties of its position and its velocity are completely negligible compared to the quantities 
involved in the problem. For example, AX is less than a Fermi (10~!° m), that is, the 
approximate size of a nucleus. Measuring a macroscopic length with this accuracy is 
obviously out of the question. 

Finally, the energy of the oscillator is known with an excellent relative accuracy, 
since, according to (52): 

NE Ts _15 

fa Te 04x107° <1 (106) 
The laws of classical mechanics are therefore quite adequate for the study of the evolution 
of the macroscopic oscillator. 


References and suggestions for further reading: 


Glauber’s lectures in (15.2). 
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This complement is devoted to the study of the motion of two coupled (one- 
dimensional) harmonic oscillators. Such a study is of interest because it permits the 
introduction, in a very simple case, of a physically important concept: that of normal vi- 
brational modes. This concept, encountered in quantum mechanics as well as in classical 
mechanics, appears in numerous problems: for example, in the study of atomic vibrations 
in a crystal (cf. Complement Jy) and of the vibrations of electromagnetic radiation (cf. 
Complement Ky). 


1. Vibration of the two coupled in classical mechanics 


1l-a. Equations of motion 


Let us therefore consider two particles (1) and (2), of the same mass m, moving 
along the Oz axis, with abscissas 7; and x2. To begin, we assume their potential energy 
to be: 


1 1 
Uo(21, 22) = gr (a1 —a)?+ ge (ava +a)? (1) 
When x; = a and x2 = —a, the potential energy Uo(x1, 72) is minimal, and the two 


particles are in stable equilibrium. If the particles move from these equilibrium positions, 
they are subjected to the forces F, and Fy, respectively: 


F, = —~—U (a1, 22) = —mw?(21 — a) 
0x1 


Fy = —~—U (1, 22) = —mw? (x2 + a) 


0x2 
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and their motion is given by: 


d2 
ma aei(t) = —mw? (21 — a) 
(3) 
d2 
mag ta(t) = —mw? (x2 + a) 


Each particle therefore follows an independent sinusoidal motion, centered at its equi- 
librium position. The amplitude of the motion of each particle is arbitrary! and can be 
fixed by a suitable choice of the initial conditions. 

Now let us assume the potential energy U(x, x2) of the two particles to be: 


U(21, £2) = Uo(21, 22) + V(a1, £2) (4) 
with: 
V (21,22) = Amw? (x1 — x2)? (5) 


(where 2 is a dimensionless positive constant which we shall call the “coupling constant”). 
To the forces F, and F written in (2), we must add, respectively, the forces F{ and Fy 
given by: 


Fl= snl Wiech = 2Amw? (x2 — 21) 
oe (6 
! 0 2 
Py = ———V (a1, 22) = 2Amw* (x1 — £2) 
Ox2 


We see that the introduction of V(21, x2) takes into account an attractive force 
between the particles, which is proportional to the distance between them. The two 
particles (1) and (2) are therefore no longer independent; what is their motion now? 
Before attacking this problem from a quantum mechanical point of view, we shall recall 
the results given by classical mechanics. 


1-b. Solving the equations of motion 


In the presence of the coupling V(x1,x2), we must replace (3) by the system of 
coupled differential equations: 


d2 





ma aei(t) = —mw? (x21 — a) + 2Amw? (x2 — 21) 
p (7 
ma atalt) = —mw? (22 + a) + 2Amw? (21 — 22) 


We know how to solve such a system (see for example Chapter IV, § C-3-a). We 
diagonalize the matrix K of the coefficients appearing on the right-hand side of (7): 


LEOh. by 
os ee 
ae cS a (8) 





1Of course, the choice of the potential (1) implies that we are not taking into account the collisions 
that could occur if sufficiently large amplitudes were chosen. 
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We then replace x(t) and z2(t) by linear combinations of these two functions (given 
by the eigenvectors of K) whose time dependence obeys uncoupled linear differential 
equations (with coefficients which are the eigenvalues of K). 

In this case, these linear combinations are: 


a(t) = 5 [er(t) + 22(0) (9) 


(the position of the center of mass of the two particles) and: 
rrR(t) = x1(t) — xe(t) (10) 


(the abscissa of the “relative particle”). Substituting (9) and (10) into (7), we obtain 
(taking the sum and the difference): 


d2 
qnwelt) = -—w’ xq(t) 


d2 


qaer) = —w? [xp(t) — 2a] — 4Aw" x R(t) (11) 


These equations can be integrated immediately: 


rg(t) = x2 cos(wet + Oc) 





(12) 
2a 0 
rrR(t) = 1+4\ + wp cos(wrt + OR) 
with: 
WG =W 
(13) 
WR=wV1+4rA 


r?,, , Og and Op are integration constants fixed by the initial conditions. To obtain 
the motion of particles (1) and (2), all we must do is invert formulas (9) and (10): 


1 


xi(t) = xq(t) + pratt) 
(14) 
a= eS sont) 


and substitute (12) into these equations. 


1-c. The physical meaning of each of the modes 


Through the change of functions performed in (9) and (10), we have been able to 
find the motion of the two interacting particles by associating with them two fictitious 
particles (G) and (R), of abscissas xq(t) and xp(t). These fictitious particles do not 
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interact; their motions are independent, so their amplitudes and phases can be fixed 
arbitrarily by a suitable choice of the initial conditions. For example, it is possible to 
require one of the two fictitious particles to be motionless without this being the case for 
the other one: we then say that a vibrational mode of the system is excited. It must be 
understood that, in a vibrational mode, the real particles (1) and (2) are both in motion 
with the same angular frequency (wR or wg, depending on the mode). No solution of 
the equations of motion exists for which one of the two real particles (1) or (2) remains 
motionless while the other one vibrates. If, at the instant t = 0, one were to give an 
initial velocity to only one of the two particles, (1) or (2), the coupling force would set 
the other one in motion (cf. discussion of § 1-d below). 

The simplest case is of course the one in which neither of the two modes is excited. 
In formulas (12) such a situation corresponds to 22 = x}, = 0; ag(t) and xp(t) then 
always remain equal to zero and 2a/(1+4,) respectively, which, according to (14), yields: 


= a 
~via 





v1 = —X2Q (15) 
The system does not oscillate and the two particles (1) and (2) remain motionless in 
their new equilibrium positions given by (15) (it can be verified that, for these values of 
x, and 22, the forces exerted on the particles are zero; the fact that these equilibrium 
positions are closer in the presence of the coupling than when A = 0 is due to their 
mutual attraction). 

To excite only the mode corresponding to xq(t), one places the two particles (1) 
and (2) at the initial instant at the same distance 2a/(1+4,) as in the preceding case, and 
one gives them equal velocities. One then finds that 2p(t) remains equal to 2a/(1+ 4)) 
(the initial conditions require x% to be zero). The two particles move “in unison”, 
performing the same motion without the distance between them varying. For this mode, 
the two-particle system can be treated like a single undeformable particle of mass 2m 
on which is exerted the force F, + Fh = —2mw?xg(t). We then see why the angular 
frequency of this mode is wg = w [cf. formula (A-3) of Chapter V]. 

To excite only the mode corresponding to xp(t), one chooses an initial state in 
which the positions and initial velocities of the two particles are opposite. One then finds 
that, at every subsequent instant, rqg(t) = 0, and the two particles move symmetrically 
with respect to the origin O. For this mode, the distance (12 — x1) varies and the 
attractive force between the two particles enters into the equations of motion; this is the 
reason why the angular frequency of this mode is not w but we =wV1+4+ 4A. 

The dynamical variables rg(t) and rp(t) associated with the independent modes, 
that is, with the fictitious particles (G) and (R), are called normal variables. 


1-d. Motion of the system in the general case 


In the general case, both modes are excited and the positions x(t) and x(t) are 
both given by the superposition of two oscillations of different frequencies wg and wr 
(cf. formulas (14)]. The motion of the system is not periodic, except in the case in which 
the ratio w¢/wr is rational’. 





If we/wR = 1/V1+ 44 is equal to an irreducible rational fraction r1/r2, the period of the motion 
is: T = 2rri/we = 2rre/wrp. 
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Let us investigate, for example, what happens if, at the initial time to, particle 
(1) is motionless at its equilibrium position x; = a/(1+ 4X), while particle (2) has a 
non-zero velocity (this is, in classical mechanics, the analogue of the problem studied in 
§ C-3-b of Chapter IV). In the absence of coupling, particle (2) would oscillate alone and 
particle (1) would remain motionless. We shall show that the coupling sets particle (1) 
in motion. Two different angular frequencies wg and wr appear in the time evolution 
of x,(t) and xr2(t). The two corresponding oscillations give rise to a beat phenomenon 
(Fig. 1), whose frequency is: 
p= ROE = VIED - I (16) 
27 20 
If the coupling is weak (A < 1), this frequency v ~ Aw/7 is negligible with respect 
to wr and wag. In this case, as long as (t — to) < 1/v, particle (2) is practically the 
only one to oscillate; the vibrational energy is then slowly transferred to particle (1), 
whose amplitude of oscillation increases, while that of (2) decreases. After a certain 
time, the original situation is inverted: particle (1) oscillates strongly while particle (2) 
is practically motionless. Then the amplitude of (1) slowly decreases and that of (2) 
increases until the energy is again almost entirely localized in oscillator (2). The same 
process is repeated indefinitely. The effect of a weak coupling is to cause the energy of the 
oscillator associated with particle (1) to be constantly transferred to the one associated 
with particle (2) and vice versa, with a frequency proportional to the intensity of the 
coupling. 





A x, 





1+4A 








Figure 1: Oscillations of the position of particle (1), assumed to be motionless at its 
equilibrium position at t = 0, particle (2) having an initial velocity. A beat phenomenon 
is produced between the two modes, and the amplitude of the oscillations of particle (1) 
varies over time. 





Comments: 


(i) If py and pz are the respective momenta of particles (1) and (2), the classical 
Hamiltonian of the system under study can be written: 


2 2 
H(21,£2,P1,p2) = SL + 52 + Up(e1,22) + V (01,02) (17) 
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If we set: 


pa(t) = pi(t) + pe(t) 


; (18) 
pr(t) = 5[pr(t) — pe(t)] 
and: 
ic = - (19) 
LR>= 2 


it can be verified that H becomes: 


Nee aes ep ts 2 we (x eee : 
ie Oe SE Fee ee ee 





2.9 AA 

+ mwa co (20) 
By a suitable change in the energy origin, one can eliminate the last term of 
this expression, which is constant. H can then be seen to be the sum of two 
energies, each of which corresponds to one of the modes. Unlike the situation 
in (17), in which the terms in x22 of V(x1, x2) are responsible for a coupling 
between the particles, there is no coupling term in (20) between the modes: 
they are indeed independent. 


(ii) We have assumed, for simplicity, the masses m; and mz of particles (1) and 
(2) to be equal. It is easy to eliminate this hypothesis by replacing (9), (10), 
(18) and (19) by: 





ee ment) 4 teaelt) 
pa(t) = pi(t) + po(t) (21) 


Ug =m, + m2 


(the position, momentum and mass associated with the center of mass) and: 


rR(t) = x(t) — ro(t) 


m t)-—m t 
prt) = 2P1( ) 1p2( ) (22) 
my + mo 
= myzms2 
pee my, + ™M2 
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(the position, momentum and mass of the “relative particle”). One then finds 
a result analogous to (20). 


(zit) In the absence of coupling, the two modes have the same angular frequency 
w; in the presence of coupling, two different angular frequencies wg and wr 
appear. This is an example of a result which is often found in physics: the 
effect of a coupling between two oscillations is, in most cases, to separate 
their normal frequencies (the same phenomenon would occur here if the two 
oscillators originally had different angular frequencies). If, instead of two, we 
have an infinite number of oscillators (which, if isolated, would have the same 
frequency), we shall see in Complement Jy that the effect of the coupling is 
to create an infinite number of different frequencies for the modes. 


2. Vibrational states of the system in quantum mechanics 


Let us now reconsider the problem from a quantum mechanical point of view. We must 
now replace the positions x1(t), z2(t) and the momenta pi(t), p2(t) of the particles by 
operators, which we shall denote, respectively, by X,, X2, P,, Po. We then introduce, 
by analogy with (9), (10) and (18), the observables: 


Xg= 5(X + X2) 
(23) 


Po =P, + Pr 


Np ss a 
24 


1 
PR= 5 (Pi — P2) 


To see if the operator H, the Hamiltonian of the system, can be put into a form analogous 
to (20), we shall begin by examining the commutation relations of X¢, Pc, Xr et Pr. 


2-a. Commutation relations 


Since all the observables concerning only particle (1) commute with those concern- 
ing particle (2), the only non-zero commutators involving X1, X2, P; and P, are: 


[X1, Pi] = ih 
[X2, Po] = ih (25) 


In particular, X, commutes with X2, and we see immediately that: 


[Xc, Xr] =0 (26) 
Similarly: 
[Pa, Pr] =0 (27) 
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Calculating the commutator [Xc, Pg], we obtain: 


(Xe, Pal = 5 {1X1 Pil + (Xs, Pal + (Xo, Pi] + (Xa, Pal} 


1 
5 {ih+ ih} =ih (28) 
Similarly, one finds: 
[Xr, Pr] = th (29) 


The two commutators [Xc¢, Pr] and [XpR, Pg] remain to be examined; they are equal to: 


(Xe, Pal = 5 (Xs, Pi) — [Xa Pal + (Xo, Pi] - [%2, Pal} 


1 
= 7 {ih— ih} =0 (30) 
and, similarly: 
[Xr, Pe] =0 (31) 


We can thus consider X¢, Pg and Xr, Pr to be the position and momentum 
operators of two distinct particles. Formulas (28) and (29) are the canonical commutation 
relations for each of these particles. Moreover, relations (26), (27), (30) and (31) express 
the fact that all the observables concerning one of them commute with all those which 
concern the other one. 


2-b. Transformation of the Hamiltonian operator 


In the presence of the coupling V(X1, X2), we have: 


H=T+U (32) 
with: 
1 
PSs in tes) (33) 


(the kinetic energy operator) and: 
ae 1 2 2 2 2 
U = =m (4 Say BOG ay NOG) (34) 
(the potential energy operator). Since P, and P; commute, (33) can be transformed as 


if these operators were numbers; we find: 


1 1 
T = —_ p24 — P? 35 
ao one (35) 
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where pg and pr are defined in (19). Similarly, since X, and Xz commute, we have, as 
above [formula (20)]: 


2a 


2 
=) + mwa? (36) 


1 1 4 
U= 5 HawaXG + 5 HRWR (Xe = T+4)\ 
where wg and wr are given by (13). 

Thus we see that H can be put into a form which is analogous to (20), in which 


there is no coupling term: 








H=He+H 07 
qa FO aay (37) 
with: 
P2 
Ha = 5= + sya wa XS 
2ucG 2 
Pos 2a 7? ee) 
Hypo —*£ +5 ep ee 
Sig ae oe | aK 
2-c. Stationary states of the system 


The state space of the system is the tensor product €(1) @ €(2) of the state spaces 
of particles (1) and (2); it is also the tensor product E(G) © E(R) of the state spaces of 
the fictitious particles, the “center of mass” and the “relative particle” associated with 
each of the two modes. Since H is the sum of two operators Hg and Hr which act only 


in €(G) and €(R) respectively (the constant mura? 





DA merely introduces a shift in 


the energy origin), we know (Chap. II, § F) that we can find a basis of eigenvectors of H 
in the form: 


lv) = |e) |p") (39) 


where |y®) and |p”) are, respectively, eigenvectors of Hg and Hp in €(G) and €(R). 
Now, Hg and Hr are Hamiltonians of one-dimensional harmonic oscillators, whose eigen- 


vectors and eigenvalues we know. If the operators al, and al, are defined by: 








he 1 HGWG Rene Poe | 
oD h Vuchwe 
(40a) 
hie 1 HRYOR yy _ Pr 
7 J2 A a V LRhwrR 
with: 
j 2a 
Xp=XrR- T+ Ay (40b) 


and if |p) and |y%) denote respectively the ground states of Hg and Hp, the eigen- 
vectors of Hg are the vectors: 


Ie) = Salat)" 09) (41) 
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whose eigenvalues are: 


1 
Bes ( + 5) hue (42) 
those of Hp being: 


lok) = Salah") (43) 


with the eigenvalues: 
R_ 1 


Thus we have here a situation which is analogous to the one encountered in the 
study of a two-dimensional anisotropic (since we # wr) harmonic oscillator. The sta- 
tionary states of the system are given by: 


at.)(at.)e 
lene) = loS)1e8) = Caren?” jog 0) (45) 


vnipl 


and their energies are: 








4X 
_— AG R 2,2 
En, = LE, + Ey + mwa tak 
1 1 4r 
= = | hw = ) hw at 46 
(n+ 5) a+ (p+5) RUE Tay (46) 


The operators ag and al, or (ar and a\,) can thus be seen to be annihilation or 
creation operators of an energy quantum in the mode corresponding to (G) [or (R)]. We 
see from (45) that, through the repeated action of al, and al, we can obtain stationary 
states of the system in which the number of quanta in each mode is arbitrary. The action 
of aly, ac, al, or Gr on the stationary states |y,,,) is very simple: 


als|pnp) = Vn +I |Pn41,p) 
ag|Pn,p) =vJn \'Yn—1,p) 
a!.|np) = V/p+1 |Gn,p41) 


aR|Yn,p) = JP \Pn,p—1) (47) 


In general, there are no degenerate levels since there do not exist two different 
pairs of integers {n, p} and {n’, p’} such that: 


nug + pwr =n'we + pwr (48) 
(except when the ratio we/we = V1 + 4) is rational). 
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2-d. Evolution of the mean values 


The most general state of the system is a linear superposition of stationary states 
IPn,p): 


|p(t)) = S> Cn p(t) |Pn,p) (49) 


n,p 


with: 
Git) =ea,O)e oe” (50) 


According to relations (40) and their adjoints, Xq@ (Xx) is a linear combination of 
ag and at, (of ar and al). We then see, by using (47), that X¢ has non-zero matrix 
elements between two states |~p,p) and |~p/,»/) only when n — n’ = +1, p=p’ (for Xp, 
we would have n = n’, p—p’ = +1). From this we deduce that the only Bohr frequencies 
which can appear in the time evolution of (X@)(t) and (XR)(t) are, respectively®: 











En+1,p a En p 
—__ aa = EWG 
h 
Ete 
ee = +wp (51) 


Thus we again find that (Xc)(t) and XR(t) oscillate at angular frequencies of wo and 
wr, which is consistent with the classical result obtained in § L-a. 
References and suggestions for further reading: 


Coupling between two classical oscillators: Berkeley 3 (7.1), §§ 1.4 and 3.3; Alonso and 
Finn (6.1), Vol. I, § 12.10. 





3For these frequencies actually to appear, at least one of the products Crt p Cnspr OF Ch 444 Cn,p 
must be different from zero. 
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Complement Jy 


Vibrational modes of an infinite linear chain of coupled harmonic 
oscillators; phonons 





1 Classical treatment ........... 2.000000 2 ee eee 612 
l-a Equations of motion ............ 0.00000 0004 612 
1-b Simple solutions of the equations of motion .......... 613 
1-c Normal variables... 2... 0.02.2... 0002000004 616 
1-d Total energy and energy of each of the modes. ........ 620 
2 Quantum mechanical treatment ...............6.. 622 
2-a Stationary states in the absence of coupling .......... 622 
2-b Effects of the coupling ...................-.-. 623 
2-c Normal operators. Commutation relations ........... 624 
2-d Stationary states in the presence of coupling ......... 626 
3 Application to the study of crystal vibrations: phonons . . 626 
3-a Outline of the problem... ...............004. 626 
3-b Normal modes. Speed of sound in the crystal ......... 627 





In Complement Hy, we studied the motion of a system of two coupled harmonic 
oscillators. We concluded, in essence, that, while the individual dynamical variables of 
each oscillator do not evolve independently, it is possible to introduce linear combinations 
of them (normal variables) which possess the important property of being uncoupled. 
Such variables describe vibrational normal modes of well-defined frequencies. Expressed 
in terms of these normal variables, the Hamiltonian of the system appears in the form 
of a sum of Hamiltonians of independent harmonic oscillators, thus making quantization 
simple. 

In this complement we shall show that these ideas are also applicable to a system 
formed by an infinite series of identical harmonic oscillators, regularly spaced along an 
axis, each one coupled to its neighbors. 

To do this, we shall determine the various vibrational normal modes of the system 
and show that each one corresponds to a collective vibration of the system of particles, 
characterized by an angular frequency 2 and a wave vector k. The process of finding 
the eigenstates and eigenvalues of the quantum mechanical Hamiltonian is then greatly 
simplified by the fact that the total energy of the system is the sum of the energies 
associated with each vibrational normal mode. 

The results obtained will enable us to indicate how vibrations propagate in a crystal 
and to introduce the concept of a phonon, a central idea in solid state physics. Of course, 
in this complement, we shall emphasize the introduction and quantization of the normal 
modes, and not the detailed properties of phonons, which would be treated in a solid 
state physics course. 
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1. Classical treatment 


1-a. Equations of motion 


Let us consider an infinite chain of identical one-dimensional harmonic oscillators, 
each one labeled by an integer q (positive, negative or zero). The particle M, of mass m 
which constitutes oscillator (q) has its equilibrium position at the point whose abscissa 
is ql (Fig. 1), where / is the unit distance of the oscillator chain. We denote by x, the 
(algebraic) displacement of oscillator (q) with respect to its equilibrium position. The 
state of the system at the instant t is defined by specifying the dynamical variables x,(t) 
and their time derivatives #,(t) at this instant. 








(q-DI 1 
M,-1 M, q Moa) (q+ 1)/ 
-———>- <x <~—___ 
*q-1 Xq Xq+1 


Figure 1: Infinite chain of oscillators; the displacement of the qth particle with respect 
to its equilibrium position ql is denoted by xq. 





In the absence of interactions between the various particles, the potential energy 
of the system is: 


+00 
1 
U(..., 1, Lo, T41,--) = S> aw eg (1) 


q=—oo 


where w is the angular frequency of each oscillator. The evolution of the system is then 
given by the equations: 


d? 2 
ma atalt) = —mw*2q(t) (2) 


whose solutions are: 
Lq(t) = a cos(wt — Yq) (3) 


where the integration constants a and w, are fixed by the initial conditions of the 
motion. The oscillators therefore vibrate independently. 

Now imagine that these particles are interacting. For simplicity, we shall assume 
that one need take into account only the forces exerted on a particle by its two nearest 
neighbors and that these forces are attractive and proportional to the distance. Thus, 
particle (q) is subjected to two new attractive forces exerted by particles (q+ 1) and 
(q—1). These forces are proportional to |M gM +1| and |M,M,-_1| (the coefficient of 
proportionality being the same in both cases). The total force F, to which particle (q) 
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is subjected can therefore be written: 
Fy = —mw? tq — mw? [ql + tq — (q+ Dl - 2941] 
— mut [ql + tq — (q—-1)l — 24-1] 
= —mw tq — Muy (Lq — Lq41) — Mw} (xq — Xq-1) (4) 
where w, is a constant [having the dimensions of an inverse time] which characterizes the 
intensity of the coupling. Equations (2) must now be replaced by: 
d? 2 2 
maatalt) = —mw*2,(t) — muy [225(t) — 2941(t) — 2g-1(8)] (5) 


It can easily be verified that the interaction forces [terms in wi of (4)] are derived from 
the potential energy of the coupling V given by: 


V(..., ©-1, 20, L41,-- smut ti — XLq41) ? (6) 


q=-00 


According to (5), the evolution of x, depends on x44; and xg_;. Therefore, we 
must solve an infinite system of coupled differential equations. Before we introduce new 
variables that allow these equations to be uncoupled, it is interesting to try to find simple 
solutions of equations (5) and investigate their physical significance. 


1-b. Simple solutions of the equations of motion 


Qa. Existence of simple solutions 

The infinite chain of coupled oscillators we are studying is analogous to an infinite 
macroscopic spring. Now, we know that progressive longitudinal waves (corresponding 
to expansions and compressions) can propagate along this spring. Under the influence 
of a sinusoidal wave of this type, of wave vector k and angular frequency 2, the point of 
the spring whose abscissa is x at equilibrium is found at time t at x + u(z,t), with: 


u(x, t)= pe i(ka—Ot) +4 ue oe ilka— Qt) (7) 


Such solutions of the equations of motion (5) do indeed exist. However, since the oscillator 
chain is not a continuous medium, the effects of the wave are observed only at a series of 
points, corresponding to the abscissas x = ql; u(ql,t) thus represents the displacement 
of oscillator (q) at time t: 
q(t) = u(gl, t) = petFa-O8) 4. yy e that 08) (8) 
It is easy to verify that this expression is a solution of equations (5) if Q and &k satisfy: 
=m? = —mw? — muz [2 —e! — ee] (9) 


Q is therefore related to k by the “dispersion relation”: 
2 22 (Kl 
OQ(k) = 4/w? + 47 sin o (10) 
which we shall discuss in detail later (§ 1-b-6). 


613 


COMPLEMENT Jy @ 





B. Physical interpretation 


In the solution (8) of the equations of motion, all the oscillators are vibrating at 
the same frequency 1/27, with the same amplitude |2u|, but with a phase that depends 
periodically on their rest positions. It is as if the displacements of the various oscillators 
were determined by a progressive sinusoidal wave of wave vector k and phase velocity: 


vp(k) = 4 — (11) 


This is easy to show. Using (8), we see that: 


ta telt) = tq, (t- 2) (12) 
Vp 

Thus, oscillator (q1 + q2) performs the same motion as oscillator (q:), shifted by the 

time taken by the wave to travel, at a velocity uy, the distance gol separating the two 

oscillators. Since all the oscillators are then in motion, solutions (8) are called “collective 

modes” of vibration of the system. 


y. Possible values of the wave vector k 


Consider two values of the wave vector, k and k’, which differ by an integral number 
of 27/I: 


2 
k= k4+ 7 with n an integer positive or negative); 13 
8 


We have, obviously: 


etk’al = etkal 
(14) 
Q(k') = Q(k) 


where the second relation follows directly from (10). 

We see from (8) that the two progressive waves k and k’ lead to the same motion 
for the oscillators and are, consequently, physically indistinguishable. Therefore, in the 
problem we are studying here, it suffices to let k vary over an interval of 27/1. For reasons 
of symmetry, we choose: 


The corresponding interval is often called the “first Brillouin zone”. 


é. Dispersion relation 


The dispersion relation (10) which gives the angular frequency 2(k) associated 
with each value of k enables us to study the propagation of vibrations in the system. If, 
for example, we form a “wave packet” by superposing waves with different wave vectors, 
we know that it has a group velocity given by: 


_ dQ(k) 


= 16 
ve = (16) 
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which is different from vy. 
Figure 2 shows the form of the variation of Q(k) with respect to k, where k varies 
within the first Brillouin zone. 











| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| ! 
TT 


>k 





/1 0 tall 


Figure 2: Dispersion relation giving the variation of the angular frequency of the vi- 
brational normal modes with respect to the wave number k in the first Brillouin zone 
[—1/l,+7/l]. The dashed line corresponds to the case w = 0. 





It is clear from this figure that Q(k) cannot take on arbitrary values: a vibration 
of frequency v can propagate freely in the medium only if v falls within the “allowed 
band”: 


2 2: 
By fh NOE, (17) 


27 


ye 


The other values of v correspond to “forbidden bands”. The two limiting frequencies of 
interval (17) are often called “cut-off frequencies”. 

The mode of lowest angular frequency, (0) = w, has a zero wave vector k; it 
corresponds to an in-phase vibration of all the oscillators, whose particles are moving 
“together” without changing their relative distances (Fig. 3). This explains why the 
angular frequency of this mode is the same as in the absence of coupling (cf. Comple- 
ment Hy, § 1-b). 

As for the mode of highest angular frequency, Q(+7/l) = ./w? + 4w?, in the 








(q- 2) (q- Wl ql (q+ Il (q+ 2) 
—_+——_______+—_@—_______+—_______+—_e—_____+_»> 


———_ _—_—_—> —_—_—> oe 


XG-2 Xq-1 q Xg+1 


Figure 8: The lowest frequency mode (k = 0; Q = w) corresponds to a displacement of 
the system of oscillators “as a whole” This is why its frequency does not depend on the 
coupling V. 
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(q-2)l (q- Dl ql (q+) (q+2)l 
t e o— t @ eo t t+—_@—>- 
—-> ~<—. —> <— — 
Xq-2 Xq-1 Xq Xq+1 Xq+2 
Figure 4: The modes k = +1/I are those in which two neighboring oscillators are com- 


pletely out of phase; the coupling V strongly modifies their frequency. 





corresponding vibration of the system, two adjacent oscillators are completely out of 
phase (Fig. 4); the effect of the attractive forces due to the coupling V is then maximal. 


1-c. Normal variables 


a. Obtaining uncoupled equations 


Returning to the equations of motion (5), let us introduce new dynamical variables 
(linear combinations of the x,) that evolve independently. 

















To do so, we multiply both sides of equation (5) by the quantity e~’?*’ and sum 
over q. If we notice that: 
+oo +oo 
i Lq-+1 e tgkl i erikl yh, Lqt1 e qt )kl 
q=—0o q=—0o 
= etikl S> Lq eT akl (18) 
q=—0o 
and if we set: 
+00 : 
do a(t) = E(k, 1) (19) 
q=-00 
we see that (5) becomes: 
a 2 2 ikl ikl 
Bek #) ne [w + wy (2 =e" et ) €(k, t) (20) 
that is, taking (9) into account: 
om > 


This relation shows that the time evolution of €(k,t) is independent of that of €(k’, t) 
for k’ different from k. The quantities €(k,t) introduced in (19) are therefore completely 
uncoupled and have a remarkably simple equation of motion. 
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Comments: 


(2) Equations (5) are easy to uncouple because the problem is invariant under a 
translation of the system of oscillators by a quantity +l (replacement of q by 
qx+1). This invariance is itself due to the fact that the chain is regular and 
infinite. 








(ii) In reality, every chain is of course finite, even if it contains a very large 
number NV of oscillators. To find its vibrational normal modes, one must 
thus take into account the boundary conditions at the two ends of the chain, 
and the problem becomes much more complicated (edge effects). Instead of 
obtaining, as we do here, a continuous infinity of vibrational normal modes 
corresponding to the various values of k in the first Brillouin zone, one finds 
a finite number of eigenmodes, equal to the number N of oscillators. When 
one is concerned only with the behavior of the chain far from the ends, one 
often introduces artificial boundary conditions which are different from the 
real boundary conditions but which have the advantage of simplifying the 
calculations while conserving the essential physical properties. Thus, one 
requires the two end oscillators to have the same motion (“periodic” boundary 
conditions, also called “Born-Von Karman conditions”). We shall have the 
opportunity to return to this question in connection with the study of other 
periodic structures (cf. Complement F'x1; see also § 1-c of Complement Cxrv). 
Therefore we shall not dwell any further on periodic boundary conditions, 
but shall continue our discussion, confining ourselves to the simple case of an 
infinite chain. 


The function €(k, ¢) introduced in (19) is, by definition, the sum of a Fourier series 
whose coefficients are the displacements x,(t). It is a periodic function, of period 27/1, 
which is therefore perfectly well-defined when its values in the interval —7/I <k < 7/l 
are specified [this is the first Brillouin zone, defined in (15)]. &(k,t) depends on the 
positions of all the oscillators at time t. Conversely, these positions are unambiguously 
defined when the values of € in the interval (15) are given for time t. This is true because 
it is possible to invert relation (19) since, using: 


tr/l / : 
dk eta kt — a (22) 
a l 
we obtain: 
i] tr/l / 
mies iE dk E(k, t) 6%! (23) 
Qn —r/l 


Note also that, since the displacements x,(t) are real, the function €(k, t) satisfies: 
&(-k, t) = &*(k,t) (24) 


Similarly, one can, using the momenta p,(t) = mx,(t), define the function: 


m(k,t) = >_ pa(t)e**" (25) 
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and the p,(t) can be expressed as: 


l tr/l / 
alt) = 5 / a(k,t) et dk (26) 
T J—xr/l 


The fact that the p,(t) are real implies that: 
n(—k, t) = 1*(k, t) (27) 


Differentiating both sides of (19) term by term, and using (25) and then (21), we finally 
obtain: 


O 
a 2 
ST (kt) = m0? (ke) &(k, (28b) 


At time t, the dynamical state of the system can be characterized just as well by 
the specification of the x(t) and p,(t) for all integers (positive, negative or zero), as by 
that of the “normal variables” €(k,t) and (k,t) (where & can take on any value in the 
first Brillouin zone). The equations of motion (28) of the normal variables corresponding 
to each value of k describe the evolution of the position and momentum of a harmonic 
oscillator of mass m and angular frequency 2Q(k); however, € and 7 are complex. Thus we 
have reduced the study of an infinite but discrete chain of coupled harmonic oscillators 


to that of a continuous system of fictitious independent oscillators (labeled by the index 


Comments: 


Rigorously, these fictitious oscillators are not completely independent since, ac- 
cording to conditions (24) and (27), the initial values €(k,0) and a(k,0) must 


satisfy: 
£(k,0) = €*(—k, 0) 
m(k,0) = 1*(—k, 0) (29) 
B. Normal variables a(k,t) associated with the progressive waves 


It is convenient (see also § 1-a of Complement Gy) to condense the two normal 
variables €(k,t) and (k,t) into one, a(k, t), defined by: 


1 [2 ai 
a(k,t) = a &(k, t) + i7(k, t) (30) 


where €(k, t) and #(k, t) are dimensionless quantities proportional to €(k, t) and 1(k, t): 


E(k, t) = B(k) &(k, t) 
(31) 





i(k, t) = n(k, t) 


1 
hB(k) 
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To simplify the quantum mechanical calculations presented later, we shall set: 


a(n) = / M2) (32) 





It is easy to show, using (30), that the two equations (28) are equivalent to the single 
equation: 


iS atk, t) = A(k) alk, t) (33) 


which is of first order in t [a(k,t) is completely defined by the specification of a(k, 0), 
while €(k,t) depends on £(k,0) and 7(k,0)]. The general solution of (33) is: 


a(k, t) = a(k,0) et (34) 


Using (19) and (25), we easily obtain the expression for a(k,t) in terms of the 
L(t) and p,(t): 


a(k, t) Os oe takl nate) + +i A (35) 





Let us show, conversely, that the x,(t) and p,(t) can be simply expressed in terms of the 
a(k,t). According to (24) and (27): 





a*(—k,) = a [&(—hyt) - 4 #(-4, 9) 
s: s [é(e,t) — a(&, 0) (36) 
From this we deduce: 
Pia 3 [a(k, t) + a*(—k, 8] (37a) 
#t(k,t) = “FZ [a(k, t) — a*(—k, t)] (37b) 
which allows us to write formula (23) in the form: 
a= A / : yet ak + i" : CRO eaael (38) 


Changing k to —k in the second integral, we finally obtain [G(k) is an even function of 
ki}: 


_ tf ptt alkyt) ssontgp [PE CEE) sate 
n(() = = ls Se act fy sh ax} (39) 
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An analogous calculation, starting with (26), yields: 


tow pet 2T 
a(t) = ——- B(k) ak, t) eb dk — B(k) onemar} (40) 
- WnvV/2 i r i: 


The state of the system is therefore described just as well by the a(k,t) as by the set of 
L(t) and p,(t). 
If we replace, in (39), a(k, t) by its general expression (34), x,(t) takes on the form: 


4m 
/ age) efahl el oe co} (41) 


l 
n= 55 ae BR) 


The most general solution of the problem of the chain of coupled oscillators is therefore 
a linear superposition of the progressive waves introduced in § 1-b (where the coefficients 
1 atk, 0) 


2aV2 Bk) 


vibrational normal modes of the system!. 


of this linear combination are 








). These progressive waves constitute the 


Comment: 


For each value of k, the two terms appearing on the right-hand sides of (39) and 
(40) are complex conjugates of each other. This insures the reality of the x,(t) 
and pg(t) without the necessity of imposing an arbitrary condition on the a(k, t). 
The a(k,t), consequently, are truly independent variables. 


1-d. Total energy and energy of each of the modes 


The total energy of the system under consideration is the sum of the kinetic energies 
of each particle (q) and the potential energies (1) and (6): 


H(...0-1, XO, +1, ---P—1, PO, P+1 ssi!) = 
+00 
1 2 1 2 ne d 2 2 
S> 50 + gi xq + gi (Lq — Lq41) (42) 


q=—00 


We shall see in this section that this energy can be expressed very simply in terms of the 
energies that can be associated with each of the modes. 

Let us therefore calculate the various sums involved in (42). Since the displace- 
ments x, are the coefficients of the Fourier series defining the function £(k, t), Parseval’s 





1We could also have introduced the modes corresponding to stationary waves in the system (sum 
of two progressive waves of the same frequency and opposite velocities). We would then have obtained 
equivalent results but the motion of the system would have been expanded on a different “basis”. An 
expansion of this type is used in Complement Ky. 
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relation [Appendix I, relation (18)] immediately yields: 


+oo / +F 

Do (oa)? = 5 felt) Pak (13) 
q=—00 =a 

+oo i +r/l 

Ya) = 55 J be(ks Pak (14) 
q=-00 me 


The sum which, in (42), corresponds to the coupling, now remains to be calculated. To 
do so, notice as in (18) that, if the displacements x, are the coefficients of the Fourier 
series of E(k, t), the 441 are those of e**! €(k, t). The quantities (aq —a4+1) are therefore 
the coefficients of the Fourier series of [1 — e’*]€(k, t), and Parseval’s relation yields: 


= 2 l +7 ikl 2 
S> (Gq — tq41) -x |, (1 —e'*"E(k, t)|2 dk 
q=-0o ede 
phe kl 
igi. Asin? (=) |E(k, t)|? dk (45) 
ale 


Substituting (43), (44) and (45) into (42), we finally obtain: 


23 l oy m 2 2 o9) kl 2 i 5 
ae 5 E + 4wy sin (F)| |E(k, t)| + 5 |n(k, t)| \ ak (46) 


We shall write this result in the form: 


1 ptt 
=a: | , MMk)dk (47) 
TT 
with: 
1 1 
h(k) = 5 m Qk) \E(k,t)? + 5 |alk, 1)” (48) 


where Q(k) is given by (10). H is thus the sum (in fact, the integral) of the energies 
associated with the fictitious uncoupled harmonic oscillators for which €(k,t) gives the 
position and 7(k,t), the momentum. 

We can also express h(k) in terms of the variables a(k,t) associated with each 
normal mode. Using (37), we transform expression (48) into: 


h(k) = ; nO2(K) [a(k, tha*(k,t) + a*(—k, Nha(—k, 8) (49) 
that is, taking (34) into account: 
h(k) = ; hAQ(k) [a(k,0)a*(k, 0) ms a (=k, 0)a(—k, 0)] (50) 


h(k) is therefore time-independent, which is not surprising since h(k) is the energy of a 
harmonic oscillator. Furthermore, we again find in (47) that the fictitious oscillators are 
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independent, since the total energy H is simply the sum of the energies associated with 
each of them. 
Substituting expression (49) into (47), we obtain: 


ae 
u= - Is dk Shik) o(k, t)a"(k,t) + a(—k, a"(—k, t) (51) 


We can then change k to —k in the integral of the second term and consider H to be the 
sum of the energies h’(k) associated with the normal modes characterized by the a(k, t): 


faa 3 2 dk h'(k) (52) 


with: 
h'(k) = RQ(k) a*(k,t) a(k, t) 
= hO(k) a*(k,0) a(k, 0) (53) 


2. Quantum mechanical treatment 


The quantum mechanical treatment of the problem of the infinite chain of coupled oscil- 
lators is based, in accordance with the general quantization rules, on the replacement of 
the classical quantities x,(t) and p,(t) by the observables X, and P, which satisfy the 
canonical commutation relations: 


[Xai Poe] = th Sarde (54) 


2-a. Stationary states in the absence of coupling 


In the absence of coupling (w; = 0), the Hamiltonian H of the system can be 
written: 


1 i 
A(u4 — 0) — a x2 + ete 
q 
=), (55) 
q 


where H, is the Hamiltonian of a one-dimensional harmonic oscillator acting in the state 
space of particle (q). 
We introduce the operator a, defined by: 


1 mw 1 
= — — X, + ——P. 56 
aq V2 | Rh 4 WF FFs | (56) 
H, can then be written: 
1) taal fi tes 
A= . (agat + alaq) hu = | ahag + 5 ) hw (57) 
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al and ag are the creation and annihilation operators of an energy quantum for oscillator 
q). We know (Chap. V, § C-1l-a) that the eigenstates of H, are given by: 
q 





leh.) = Toy Ch) 18) (58) 


where |y{) is the ground state of oscillator (q) and ng is a positive integer or zero. If we 
choose as the energy origin the energy of the ground state [which amounts to omitting, 
in (57), the term 1/2], we obtain for the energy E77, of the state |y3_)): 


EX = Ng hw (59) 
In the absence of coupling, the stationary states of the global system are tensor products 
of the form: 

-1 0 1 
» @1Pn_-,) @lPno) @ Pry) @ (60) 


and their energies are: 


E=) Ei. =[..+n1+n ++...) iw (61) 
q 


The ground state, whose energy was chosen for the origin, is not degenerate since 
E = 0 is obtained, in (61), only for: 


Nq = 0 for all g (62) 


The corresponding state (60) is therefore unique. On the other hand, all the other levels 
are infinitely degenerate. For example, to the first level, of energy hw, correspond all 
states (60) for which all the numbers n, are zero except for one, which is itself equal 
to one. All but one of the oscillators are then in their ground states. It is because the 
excitation can be localized in any one of the oscillators that the level E = hw is infinitely 
degenerate. 


2-b. Effects of the coupling 


When the coupling is not zero, the Hamiltonian operator becomes: 


H =H(w, =0)+V (63) 
with: 
1 
= xi = (Xq - Xe)” (64) 





*If we had not changed the energy origin of each oscillator by omitting the term 1/2 in (57), we 
would have found an infinite energy for the system, whatever the quantum number ng. This difficulty 
does not arise if, instead of an infinite chain, one considers a chain formed by a very large but finite 
number of oscillators. However, problems related to “edge effects” then appear. 
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The states (60) are no longer, in this case, the stationary states of the system as they are 
eigenstates of H(w,; = 0), but not of V. To see this, we write V in terms of the operators 
Qq and al: 


1 Wy 2 
V= iG (aq +a} — Ag4+1 - al...) (65) 


Now, it is clear that the action of V on a state of type (60) changes the state: the 
numbers n, are no longer “good quantum numbers” since, for example, V can transfer 
an excitation from site (q) to site (q+ 1) (term in ality) 

To find the stationary states of the system in the presence of the coupling, it 
is useful, as in classical mechanics, to introduce “normal variables”, that is, operators 
associated with the normal modes of the system. 


2-c. Normal operators. Commutation relations 


To the normal variables €(k, t) and z(k, t) correspond the operators =(k) and II(k) 
defined by: 


S() =) Ge (66a) 
HQ =o Pe (66b) 


The domain of variation of the continuous parameter k is again limited to the first 
Brillouin zone (15). Note that, since the normal variables €(k,t) and (k, t) are complex, 
the associated operators E(k) and H(k) are not Hermitian, unlike X, and P,. The 
relations corresponding to (24) and (27) are here: 


(1) 


(—k) = BI (k) (67a) 


T(—k) = II'(k) (67b) 


The canonical commutation relations (54) enable us to calculate the commutators 
of =(k) and II(k). We immediately see that E(k) and =(k’) commute, as do II(k) and 
II(k’). As for the commutator [=(k), II'(k’)], it can be written: 


(H.W) = TO ky, Py lemon 
q q 
= ine tHe -# (68) 
q 


Using formula (31) of Appendix II and the fact that k and k’ both belong to interval 
(15), we obtain: 


E(k), HIt(k’)] = in 6k _ k’) (69) 
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We saw in § 1-c-@ that it is convenient to condense the two normal variables €(k, t) 
and 7(k,t) into one, a(k,t) [formula (30)]. The operator associated with a(k, t) will be: 








1 z 1 
olk) =e [90 208) + gay TO)| (70) 
where 6(k) is defined in (32). Note that the adjoint of a(k) can be written: 
ae stip)? _ot 
() = Ze [aw E"&) - Fa_g TH] (71) 
Using (69) and (67), we find without difficulty that: 
[a(k), a(k’)] = [at(k),at(k’)] = 0 (72a) 
[a(k),at(k’)] = -™6(k — k’) (72b) 


l 


To the classical quantity h(k) defined in (48) corresponds the operator: 


H(k) = > TI(k) Ot() + ; m 92(k) E(k) Et(k) (73) 


since E(k) and 2!(k) commute, as do II(k) and I'(k). To obtain the equivalent of the 
classical formula (49), one must take into consideration the fact that a(k) and a‘(k) 
do not commute; the order in which these operators appear must therefore be retained 
throughout the calculation. Relations (37), taking (67) into account, can be written here: 


B(k) E(k) = s [a(k) + at (—K)] (74a) 
ene ee 
ath) II(k) i [a(k) (—k)] (74b) 


Substituting these expressions into (73), we find: 
H(k) = sh(k) [a (k)at(k) + al (—k)a(—k)] (75) 


As in (52), we can put the total Hamiltonian H of the system in the form: 
1 


Le fe, ; 
oa dk H'(k) (76) 
with: 
H'(k) = 5 HiO(k) [a(k)at(k) + at (k)a(k)] (77) 


a(k) and at(k) thus can be seen to be annihilation and creation operators analogous to 
those of a harmonic oscillator. However, since k is a continuous index, the commutation 
relations (72) involve 6(k —k’) instead of a Kronecker delta, so H’(k) must remain in the 
symmetrical form (77). It can easily be shown that the various operators H’(k) commute: 


[H'(k), H’(k’)| = 0 (78) 
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2-d. Stationary states in the presence of coupling 


According to formulas (76) and (77), the ground state |0) of the system of coupled 
oscillators is defined by the condition: 


a(k)|0) = 0 (79) 


for all values of k. The other stationary states can be obtained from the state |0) by the 
action of the operators at(k); their corresponding energy is the integral of the energies 
associated with each of the modes. A certain number of difficulties arise because of the 
continuous infinity of normal modes; in particular, the energy of the ground state that 
can be deduced from (76) and (77) is infinite. We shall not discuss these difficulties here; 
in any case, they do not arise for a real chain, that is, a finite one (cf. footnote 2). 

Formula (10) gives the value of the energy quantum AQ(k) associated with each 
of the modes. It therefore indicates what energy quanta the system can absorb or emit: 
they must correspond to frequencies situated within the allowed band (17). 


3. Application to the study of crystal vibrations: phonons 


3-a. Outline of the problem 


Consider a solid body, composed of a large number of atoms (or ions) whose equi- 
librium positions are regularly arranged in space, forming a crystalline lattice. For sim- 
plicity, we shall assume that this lattice is one-dimensional and can be treated like an 
infinite chain of atoms. We intend to use here the results of the preceding section to 
study the motion of the nuclei of these atoms about their equilibrium positions. 

With this object in view, we shall make use of the same approximation as in the 
study of molecular vibrations (Born-Oppenheimer approximation; cf. Complement Av, 
comment of § 1l-a). We shall assume that the motion of the electrons can be calculated 
as if the positions of the nuclei were fixed parameters x,. Thus, we shall solve the 
corresponding Schrédinger equation (actually, this equation is too complex to be solved 
exactly; in practice, one must again settle for approximations). We shall then denote the 
energy of the electronic system in its ground state by Fei(..., ©-1, 0, £1, ...) where x, 
is the displacement of nucleus (q) from its equilibrium position. It can be shown that 
it is then possible to calculate the motion of the nuclei, to a good approximation, by 
assuming that they possess a total potential energy Uy(...%_1, Yo, £1, ...) equal to the 
sum of their electrostatic interaction energy and EFei(..., 1, Vo, £1, «.-)- 

In fact, we shall further simplify the problem by making some reasonable hypothe- 
ses about Uy (this is indispensable, since we do not know E,)). We shall assume that 
Un describes essentially the interactions of each of the nuclei with its nearest neighbors 
(in an infinite linear chain, each nucleus has two such neighbors), that is, that the forces 
exerted between non-adjacent nuclei can be neglected. In addition, we shall grant that, 
in the range of values that the displacements x, can attain, Uy is well represented by an 
expression of the form: 


snd ~ 5a} 1 D(a = #41)" (80) 


where m is the mass of a nucleus and w; characterizes the intensity of its interaction 
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with its neighbors. We shall not, therefore, take into account terms of higher order in 
(aq — %q41), that is, the anharmonicity of the potential. 

Since expression (80) is identical to (6), we can apply the results of the preceding 
sections to the simple model of a solid body that we have just defined. Note, nevertheless, 
that we must choose w = 0 because Uy is the total potential energy of the system of 
the nuclei, which interact with their neighbors, but are not elastically bound to their 


equilibrium positions?. 


3-b. Normal modes. Speed of sound in the crystal 


Each of the vibrational normal modes of the crystal is characterized by a wave 
vector k and an angular frequency Q(k). In solid state physics, the energy quantum 
associated with a mode is called a “phonon”. The phonons can be considered to be 
particles of energy AQ(k) and momentum fk. Actually, a phonon is not a true particle, 
since its existence involves a state of collective vibration of the real particles which 
constitute the crystal. The phonons are sometimes said to be “quasi-particles”: they 
are entirely analogous to the fictitious particles, of position xg(t) and xpr(t), introduced 
in Complement Hy. In addition, a phonon can be created or destroyed by giving to or 
taking from the crystal the corresponding vibrational energy, while (at least in the non- 
relativistic domain to which we are restricting ourselves) a particle such as an electron 
cannot be created or annihilated. In this connection, note that, since the number of 
phonons in a given mode is arbitrary, phonons are bosons (Chap. XIV). 

The dispersion relation giving the function 0(k) differs, for phonons, from the one 
discussed in § 1.b.d, since the angular frequency w is zero here. In this case, choosing 
w = 0 in (10), we obtain: 


an (#) 1) 


The curve representing Q(k) is given in Figure 5; it is composed of two half-arcs 
of a sinusoid. Unlike what happens for w not equal to zero, Q(k) now goes to zero for 
k = 0 and varies linearly when k is very small, since, as long as: 


Q(k) = 2w} 





al <7 (82) 
we have: 

Q(k) ~ wi |kl| = vs|h (83) 
where: 

Us = wil (84) 





3The Einstein model, which we described in Complement Ay, is based on a different hypothesis: 
each nucleus is assumed to “see” an average potential, due to its interactions with the other nuclei, 
but practically independent of the exact positions of these other nuclei. To a first approximation, this 
average potential is assumed to be parabolic, and one has a system of independent harmonic oscillators. 
Here, on the other hand, we are studying a somewhat more elaborate model, in which we explicitly 
(although approximately) take into account interactions between the nuclei. 
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Figure 5: Dispersion relation for phonons (curve of Figure 2 for w = 0); the slope of the 
curve at the origin gives the speed of sound in the crystal. 





Condition (82) means that the wavelength 27/|k| associated with the mode being 
considered must be much greater than the separation between nuclei. For such wave- 
lengths, the discontinuous structure of the chain is negligible, and the medium is not 
dispersive: the phase velocity Q(k)/|k| ~ vs is independent of k, which implies that a 
wave packet involving only small values of k (of the same sign) propagates without being 
deformed at the velocity v,. Since acoustical wavelengths satisfy (82), v, is the speed of 
sound in the crystal. 

When |k| is of the order of 1/1, the discontinuous structure of the chain becomes 
important, and the angular frequency 2(k) increases less rapidly with |k| than formula 
(83) would indicate (in Figure 5, the curve deviates from the straight dashed lines which 
are its tangents at the origin). The medium is then dispersive, and a wave packet moves 
with a group velocity: 


dQ(k) , Q(k) 
VG = end 


dk k 8) 


# 

Finally, when k approaches the edges of the first Brillouin zone (k —+ +7/l), 
we see from Figure 5 that the group velocity approaches zero. As in an electromagnetic 
waveguide, the propagation velocity goes to zero when the cut-off frequency (here w/27) 
is attained. 

Figure 5 can also be seen as giving the spectrum of possible phonon energies hQ(k) 
in terms of their momentum hk. Knowledge of such a spectrum, for a real crystal, is 
very important. It gives the precise energies and momenta that the crystal can supply 
or absorb when it interacts with another system. For example, the inelastic scattering of 
light by a crystal (the Brillouin effect) can be interpreted as the result of the annihilation 
or creation of a phonon, with a change in the energy and momentum of the incident 
photon (total energy and momentum being conserved throughout the process). 
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Comment: 


The simple one-dimensional model described here has allowed us to present some 
important physical concepts, which remain valid for a real crystal: energy quanta 
associated with the normal modes, dispersion of the medium, allowed and forbid- 
den frequency (and, therefore, energy) bands. In reality, the crystalline lattice is 
three-dimensional, and a normal mode is characterized by a true wave vector k; 
Q then depends, in general, not only on the absolute value of k, but also on its 
direction. Also, the situation may arise (as is the case for an ionic crystal) in which 
the vertices of the lattice are not all occupied by identical particles, but rather, for 
example, by two different types of particles in regular alternation’. Then, for each 
wave vector k, several angular frequencies 0Q(k) appear. Some of them, which go 
to zero when |k| —> 0, constitute “acoustic branches” like the one encountered 
above; the others belong to what are called “optical branches”®, in which a phonon 
of zero momentum has a non-zero energy. It would be out of the question to study 
all these problems here, although they are of primordial importance in solid state 
physics. 


References and suggestions for further reading: 


Chains of coupled classical oscillators: Berkeley 3 (7.1), §§ 2.4 and 3.5. 
See section 13 of the bibliography, particularly Kittel (13.2), Chap. 5. 
Other examples of collective oscillations: Feynman ITI (1.2), Chap. 15. 





4A real crystal also contains impurities and imperfections distributed at random. Here we are 
speaking only about perfect crystals. 

5This name arises from the fact that, in an ionic crystal, the “optical” phonons are coupled to 
electromagnetic waves like those in the visible domain, whose wavelengths are much larger than the 
atomic separation. 


629 


e VIBRATIONAL MODES OF A CONTINUOUS PHYSICAL SYSTEM. PHOTONS 





Complement Ky 


Vibrational modes of a continuous physical system. Application to 
radiation; photons 





1 Outline of the problem ..............026-0-00006. 631 
2 Vibrational modes of a continuous mechanical system: ex- 

ample of a vibrating string. ............-02.-0200- 632 

2-a Notation. Dynamical variables of the system ......... 632 

2-b Classical equations of motion .................. 633 

2-c Introduction of the normal variables .............. 633 

2-d Classical Hamiltonian ..................004. 634 

2-e Quantization: 2.008 eee a Se ee BE RES ee eS 637 

3 Vibrational modes of radiation: photons ........... 639 

3-a Notation. Equations of motion ................. 639 

3-b Introduction of the normal variables .............. 640 

3-c Classical Hamiltonian ..................004. 641 

3-d Qiiantization. 2's. eae hos fee Re Pay aos aes 642 





1. Outline of the problem 


In Complements Hy and Jy, we introduced the idea of normal variables for a system of 
two or a countable infinity of coupled harmonic oscillators. The aim of this complement 
is to show that the same ideas can also be applied to the electromagnetic field, which 
is a continuous physical system (there is no natural lower bound for the wavelength of 
radiation). The quantization of the electromagnetic field will be studied in much more 
detail in Chapter XIX. 

This study raises a certain number of delicate problems. Therefore, before be- 
ginning, and in order to make a smooth transition between this complement and the 
preceding ones, Hy and Jy, we shall start by studying in § 2 the vibrational modes of 
a continuous mechanical system: a vibrating string. It is obvious that, on the atomic 
scale, such a system is not continuous: the string is composed of a very large number of 
atoms. However, we shall ignore this atomic structure and treat the string as if it were 
really continuous, since the fundamental aim of the calculation is to show how normal 
variables can be introduced for a continuous system. Since, moreover, we are dealing 
with a mechanical system, we can, without difficulty, define the conjugate momenta of 
the normal variables, calculate the Hamiltonian of the system, and show that it indeed 
appears in the form of a sum of Hamiltonians of independent one-dimensional harmonic 
oscillators. We shall also discuss in detail the quantization of such a system. 

The results obtained in § 2 will enable us to attack, in § 3, the problem of the 
vibrational modes of radiation. We shall show that the study of radiation confined to a 
parallelepiped cavity leads to equations very similar to those of the vibrating string. The 
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same transformations allow the introduction of completely uncoupled normal variables 
for the radiation (associated with the standing waves which can exist inside the cavity). 
Then we shall generalize the results obtained in § 2 to derive simply the concept of a 
photon (as it is not feasible here to show rigorously how one can introduce, for a non- 
mechanical system like the electromagnetic field, conjugate momenta, a Lagrangian and 
a Hamiltonian). 


2. Vibrational modes of a continuous mechanical system: example of a vibrating 
string 
2-a. Notation. Dynamical variables of the system 























i 


Figure 1: Vibrating string passing through two fixed points O and P and subjected to a 
tension F; u(x,t) denotes the deviation with respect to the equilibrium position of the 
point of the string situated at a distance x from O. 





The string is fixed at a point O (Fig. 1). It passes through a very small hole P 
pierced in a plate, and a weight exerts a tension F on it. For simplicity, we assume that 
the string is inextensible (it has a constant length) and that it always remains in the 
same plane, passing through O and P. Its state is defined at time ¢ when we know at 
this time the displacement u(x,t) of the various points (labeled by their abscissas x on 


Ou(a, t) 
ot 


P are expressed by the boundary conditions: 


OP), as well as the corresponding velocities . The constraints imposed at O and 


u(0,t) = u(L,t) =0 (1) 


where 0 and L are the abscissas of the points O and P. 

It is important to remember that, in this problem, the dynamical variables are 
the displacements u(x,t) at each point of abscissa x: there is a continuous infinity of 
dynamical variables. Consequently, x is not a dynamical variable, but rather a continuous 
index which labels the dynamical variable with which we are concerned (x plays the same 
role as indices 1 and 2 of Complement Hy or as the index g of Complement Jy). 
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2-b. Classical equations of motion 


Let « be the mass per unit length of the string. If we assume the string to be 
perfectly flexible and if we confine ourselves to small displacements, a classical calculation 
enables us to obtain the partial differential equation satisfied by u. We find: 


1 0? Oo? 
(cage ~ gaz) MO me 
where: 


v= VFie (3) 


is the propagation velocity of a perturbation along the string. 

Such an equation expresses the fact that the evolution of the variable u correspond- 
ing to the point x depends on the variables u at infinitely near points (via 0?u/0x7). 
Thus the variables u(x,t) are all coupled to each other. We can then ask the following 
question: is it possible, as in Complements Hy and Jy, to introduce new, uncoupled 
variables that are linear combinations of the variables u(x,t) associated with the various 
points x? 


2-c. Introduction of the normal variables 


Consider the set of functions of x: 


f(x) = [pam (k=) (4) 


where k is a positive integer: k = 1,2,3... The f(x) satisfy the same boundary conditions 
as u(x,t): 


fx (0) = fx(L) =0 (5) 


In addition, it is easy to verify the relations: 


i 
| fa (x) fie (x) da = dex (6) 
0 
(orthonormalization relation) and: 
de Skea 
(gat Tr) Mo =0 


It can be shown that any function which goes to zero at x = 0 and x = L {as is 
the case for u(x, t)] can be expanded in one and only one way in terms of the f;,(a). We 
can therefore write: 


u(x,t) = 5° ge(t) fe(x) (8) 
k=1 
qx(t) can be obtained easily, using (6): 
oD 
nox i u(x,t) f(a) de (9) 
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The state of the string at the instant ¢ can be defined either by the set of values 
0 
u(x, t), autest)} corresponding to the various points x or by the set of numbers 


{ax(t), @(t)}. The new variables q(t) just introduced are linear combinations of the 
old u(z, t), as can be seen from (9). The converse is obviously also true [cf. formula (8)]. 

To obtain the equation satisfied by the q(t), we substitute expansion (8) into the 
equation of motion (2). Using (7), we obtain, after a simple calculation: 


~ i ade hea 
Yo fala) | Gamll) + F-aeld)| =o (10) 
k=1 


that is, since the f;,(x) are linearly independent: 


d? 2 
Ee + i] qk(t) =0 ay) 
with: 
krv 
ge (12) 


Thus we see that the new variables q;,(t), also called “normal variables”, evolve 
independently: they are uncoupled. Moreover, equation (11) is identical to that of a 
one-dimensional harmonic oscillator of angular frequency w,, so that: 


q(t) = Ax cos(wit — pr) (13) 


Each of the terms q,(t) f, (x) appearing on the right-hand side of (8) consequently repre- 
sents a standing wave of frequency w;,/27 and half-wavelength L/k. Each normal variable 
qx is therefore associated with a vibrational normal mode of the string, the most general 
motion of the string being a linear superposition of these normal modes. 


Comment: 


In Complement Jy, we started with an infinite discrete set of harmonic oscillators 
and introduced a continuous infinity of normal variables. Here we find ourselves 
in the opposite situation: the u(x,t) form a continuous set with respect to the 
index x, while, because of the boundary conditions, the normal variables q;(t) are 
labeled by a discrete index k. 


2-d. Classical Hamiltonian 


Qa. Kinetic energy 


The kinetic energy of the segment of string included between x and x + dz is 





1 ple 
at! da ae . It follows that the total kinetic energy Exin of the string is equal to: 
ES [ du(z,t))" 4 (14) 
ine XL 
es at 
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Ein can be expressed simply in terms of the q,, using (8): 


ee eae a fr fila) fre (15) 


which can also be written, taking (6) into account: 


Bae 5 (“#) (16) 








B. Potential energy 


Consider the segment of string included between the abscissas x and x + da. It 
makes an angle 6 with the Ox axis such that: 








tan@ = Oe!) (17) 
Ox 
Its length is therefore equal to: 
da a 
oar = dz [1 + tan” 6] 2 (18) 


Since the displacements are small, @ is very small, and we can write: 


v(t) : 


From this we deduce that the total increase in the length of the string with respect to 
its equilibrium position (which corresponds to u = 0 for all x) is equal to: 


ar=5 (8) as (20) 


Now, AL represents the distance over which the end of the inextensible rope have risen, 
which means that the weight has the same motion. The potential energy Epo, of the 
string, with respect to the value corresponding to the equilibrium position, is therefore 
equal to: 


1 du(x, t)\? 
Boe = raL= hrf ( a ) a (21) 


Epot can also be expressed in terms of the normal variables q,. A simple calcula- 
tion, using (8) and (4), yields: 


dx 


—_ =dz 
cos 0 














223 
ken 5 


Epot = 2 . Tp ok (22) 
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y. Conjugate momenta of the qx; classical Hamiltonian 


The Lagrangian £ of the system (cf. Appendix III) can be written: 


L= Exin = Epot = Ee > a lik — weg, (23) 


From this, we deduce the expression for the conjugate momentum px of qx: 


OL 


es ag 24 
Pk = og, = Hat (24) 


so that we finally obtain, for the Hamiltonian H(q,, p;) of the system, the expression: 


1 
H = Exin + Epot = »: e + 5 Ma a (25) 
k 
that is: 
H= S- hr (26) 
k 
with: 
pe 1 
hp = a ae 5 ek de (27) 


Since py and q, are conjugate variables, we recognize hy to be the Hamiltonian of a 
one-dimensional harmonic oscillator of angular frequency wz. H is therefore a sum of 
Hamiltonians of independent one-dimensional harmonic oscillators (independent, since 
the normal variables are uncoupled). 

It is useful to introduce, as in Complements By and Cy, the dimensionless vari- 
ables: 


dk = Prk (28a) 
ae (28b) 
Pk = Buh Pk 
where: 
_ [Hee 
Be= 1) (29) 


is a (dimensional) constant. H can then be written: 
1 A2 | 02 
H= S> 5 hw [ag + i (30) 
k 
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2-e. Quantization 


Q. Preliminary comment 


The calculations performed in this section are, of course, not intended to reveal 
quantum effects in the motion of a macroscopic vibrating string. The vibrational frequen- 
cies w;/2m which can be excited on such a string are so low (of the order of a kilohertz 
at most) and the elementary energies fiw; so much smaller than the macroscopic energy 
of the string, that a classical description is quite sufficient. It might be thought that w, 
could be as large as we like because k has no upper bound in formula (12). In fact, for 
sufficiently small wavelengths 2L/k, the rigidity of the string can no longer be neglected, 
and equation (2) is no longer valid. Furthermore, as we pointed out in the introduction, 
the string is not really a continuous system, and it would make no sense to consider 
wavelengths smaller than the interatomic distance. 

The calculations which will be presented here must be considered as a simple first 
approach to problems posed by the quantum mechanical description of radiation. Now, 
radiation constitutes a truly continuous system (no natural lower bound exists for the 
wavelength) and satisfies an equation which is analogous to (2), whatever frequencies 
and wavelengths may be involved!. 


B. EHigenstates and eigenvalues of the quantum mechanical Hamiltonian H 


We quantize each oscillator by associating with ¢, and p, [see formula (28)] ob- 
servables Q; and P, such that: 


Ox, P| =1 (31) 


Since the normal variables are uncoupled, we also assume that the operators relating to 
two different oscillators commute. We therefore have: 


[Qx, Pe = 10kk (32) 
Let: 
Hy = ;hun (Q3 + P2) (33) 


be the quantum mechanical Hamiltonian of oscillator k. From the results of Chapter V, 
we know its eigenstates and eigenvalues: 


Ay|nx) => (m + 5) hwy, |re) (34) 


where nx is a non-negative integer (to simplify the notation, we shall writen |n;,) instead 


of lonk))- 
Since the H; commute, we can choose the eigenstates of H to be in the form of 


tensor products of the |nx): 


|71)|n2)...]n~)... = ra, Ne, .., Me, --) (35) 





lIf we were really interested in a microscopic “vibrating string” (for example, a linear macro- 


molecule), it would be more realistic to consider, as in Complement Jy, a chain of atoms and to study 
not only their longitudinal displacements but also their transversal ones (transverse phonons). 
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The ground or “vacuum” state corresponds to all the nz equal to zero: 
|0,0, ...0...) = |0) (36) 


When we choose the energy origin to be the energy of the state |0), the energy of state 
(35) is equal to: 


k 


A state such as (35) can be considered to represent a set of n1 energy quanta fiw, ..., Nx 
energy quanta hw ,, ... These vibrational quanta are analogous to the phonons studied in 
Complement Jy. 

Finally, using P, and ic, we can introduce, as in § B of Chapter V, creation and 
annihilation operators for an energy quantum hw : 


ie S (0. + ih) (38) 


where al is the adjoint of a,. We then have: 
Jax, a, = OKk! (39) 


and: 


Ap|N1, Na, 5 Nk, +) = /N~ |NM1, Ne, --, Nk — I, «..) 
al |ni, NQ, v0, Nk, ee) = Ve +1 ra, ne, ..., Mm +1, «..) 
All the states (35) can be expressed in terms of the vacuum state |0): 


ofa ah™ Gp" 


aT ea) rak asl? ae 





[0) (41) 


ny; Quantum mechanical state of the system 


The most general quantum mechanical state of the system is a linear superposition 
of the states |n1, na, ..., MK, ---): 


l(t) = > Cry yma, «rx... (E) Ina, N2, ++) Uk a (42) 


1 N22, 66, Agyeee 


The equation of motion of |¢(t)) is the Schrédinger equation: 

d 

the (bt) = Hlv(t)) (43) 
Using (37) and (43), we easily obtain: 

bine) OU ac Oe a (44) 
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é. Observables associated with the dynamical variables u(z, t) 


When the system is quantized, u(x,t) becomes an observable U(x) which does not 
depend? on t, and which is obtained by replacing in (8) g(t) by the observable Q,: 


U(x) => fez) Qe 
k 


-Sglg nia eal : 
k 


We see that a displacement observable U(x) can be defined for each value of x, and that 
it depends linearly on the creation and annihilation operators al and ag. 

It is interesting to compare the mean value of U(x), (W(t)|U(x)|W(t)), with the 
classical quantity u(z,t). Since, according to (40), a, and al can link only states whose 
energy difference is -hw,, we deduce from (45) that the only Bohr frequencies that can 
appear in the evolution of (U(x))(t) are the frequencies w1/27, w2/2m, ..., we/27, ... 
associated, respectively, with the spatial functions fi(x), fo(a), ... fx(v) ... Thus we 
find for (U(x))(t) a linear superposition of the standing waves that can exist on the 
Berne: This analogy can, moreover, be pursued further. Let us calculate the derivative 
0 
Ot? 

d 


ay (ae = —ttz (ag) (46) 


(U(x))(t); using the fact that [cf. Complement Gy, equation (17)]: 


and relations (7) and (12), we easily find that the mean value of U(x) given by (45) 
satisfies the differential equation: 


1 & Oo? 
sas se | t)=0 47 
(iz - Fa) UOMO (a7) 
which is identical to (2). 
Finally, note that since Q, does not commute with H;,, U(x) does not commute 
with H. The displacement and the total energy are therefore, in quantum mechanics, 
incompatible physical quantities. 


3. Vibrational modes of radiation: photons 


3-a. Notation. Equations of motion 


The classical state of the electromagnetic field at a given t is defined when we 
know, for this time, the value of the components of the electric field E and the magnetic 
field B at each point r of space. As in § 2 above, we therefore have a continuous infinity 
of dynamical variables: the six components E,, ,,H, and B,, By, Bz at each point r. 

In order to stress the importance of the idea of normal variables (or normal modes) 
of a field, we shall introduce a simplification which consists of forgetting the vector nature 





?Recall that, in quantum mechanics, the time dependence is usually contained in the state vector 
and not in the observables (cf. discussion of § D-1-d of Chapter III). 
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of the fields E and B: we shall base our arguments on a scalar field S(r,¢) which obeys 
(like each of the components of E and B) the equation: 


c? Ot? 


(sm : ) S(r,t) =0 (48) 


where c is the speed of light. 

We shall assume the field to be confined to a parallelepiped cavity whose inside 
walls are perfectly conducting and whose edges, parallel to Ox, Oy, Oz, have, respectively, 
the lengths L;, Lz, L3. As boundary conditions, we require S(r,t) to be zero on the 
walls of the cavity (in the real problem, it is, for example, the tangential components of 
the electric field E that must go to zero on these walls). We can therefore write: 


S(x = 0, y, 2, t) = S(x = Ly, y, 2, t) = S(x,y — 0, z, t) = 
= S(x,y,2= D3, t)=0 (49) 


3-b. Introduction of the normal variables 


Consider the set of functions of x, y, z 


8 _ (krx\ . (lny\ . (mz 
= kre omy 50 
Fema?) Vane ( iL ) sin (7) sin ( i ) ( ) 


where k, 1, m are positive integers (k,1,m = 1,2,3,...). The fxim(x,y, 2) go to zero on 
the walls of the cavity and therefore Salish the same boundary conditions as S(z, y, z, t): 








frim(x = 0,y,2) = frim(t = L1,y,2z) =. = feim(2, y, 2 = D3) = 0 (51) 


In addition, the following relations are simple to verify: 


Ii Le Ls 
,) ae | ay | dz frim(2, y, 2) fem (2,Y, z) = Okk! Ow Omm! (52) 
0 0 0 
and: 
k? I? m? 
[a+ (3 tata) | fi:im(x, y, 2) = 0 (53) 


Any function that goes to zero on the walls of the cavity, S(r,t) in particular, can 
be expanded in one and only one way in terms of the fxim(z,y, 2). We therefore have: 


Sty 2:2) =>” Gein ©) Fatma.) (54) 
k,l,m 


Formula (54) can easily be inverted, with the help of (52): 


Ii Le Ls 
Fkim(t) = | ae | ay | dz Seti (2; 952) S(x,y, z,t) (55) 
0 0 (0) 
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Thus we see that the field at time ¢ is described, either by the set of variables qzim(t), 
or by the set of variables S(x,y, z,t). Formulas (54) and (55) enable us to go from one 
set to the other one. 

Substituting (54) into (48) and using (53), we obtain, after a simple calculation: 


d? 2 
Se als hin dklm(t) = 0 (56) 
where: 
k2 [2 2 
Wien =r? lz + B + 7 (57) 


The normal variables qgim(t) are therefore uncoupled. According to (56), dxim(t) varies 
like Acos(wximt — y). Each of the terms gxim(t) frim(2, y, 2) of the sum (54) therefore 
represents a standing wave (a vibrational normal mode of the field in the cavity) charac- 
terized by its frequency wxim/2m and its spatial dependence in the three directions Oz, 
Oy, Oz (half-wavelengths L,/k, L2/l and L3/m respectively). 

Thus we have been able to generalize the results of § 2-c without difficulty. Note, 
nevertheless, that when the vectorial nature of the electromagnetic field is taken into 
account, the structure of the modes is more complex, However, the general idea is the 
same, and one reaches similar conclusions. 


3-c. Classical Hamiltonian 


Basing our discussion on the very close analogy between the results of § 2-c and 
those of 3-b, we shall assume without proof that one can associate with the field S(r, t) 
a Lagrangian £, from which can be deduced the equation of motion (48), the conjugate 
momenta pxim(t) of the normal variables, and finally, the expression for the Hamiltonian 
H of the system. The only point which is important here is that this Hamiltonian is 
analogous to (30): 


1 f ‘ 
H= + 5 km [ (Gin)? a, (itm) | (58) 
k,l,m 
where gxim and prim are dimensionless variables proportional to the qxim and prim: 


1 
Gkim = BkimUkim Pkilm = <p Pklm 59 
RBxm ( ) 


Grim is a (dimensional) constant which is analogous to the one introduced in (29). 


Comments: 


(i) The equation of motion of each normal variable gxim [established in (56)] is anal- 
ogous to that of a one-dimensional harmonic oscillator of angular frequency wxim. 
Thus we see why we obtain for # a sum of Hamiltonians of independent one- 
dimensional harmonic oscillators. It is possible, moreover, to obtain (56) from (58). 
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The Hamilton-Jacobi equations (cf. Appendix III) can, in fact, be written, taking 
(59) into account: 

















ddim _ 1 O2 
ae hop 
kl (60) 
dprim _ 1 OH 
dt A Ogxim 
that is, with the form (58) of H: 
gem s 
e = WkimPkim (61a) 
dprim x 
nm = —WkimQkim (61b) 


Eliminating pxim between these two equations, we indeed find (56). 


(ii) For the real electromagnetic field, composed of two fields E and B, one can also 
obtain expression (58) for H directly without using the Lagrangian. One simply 
takes the total energy H of the field as the sum of the electrical and magnetic 
energies contained in the cavity: 


7 Dy eLe L3 
H= 2 f ae | ay f dz [E° + cB’ | (62) 
2 0 0 0 


and uses for E and B expansions analogous to (54). Thus one finds that the terms 
in Prim and Gr, of (58) correspond respectively to the electrical and magnetic 
energies. 


3-d. Quantization 


Now, starting with equation (58), we can carry out the same operations as in § 2-e. 


Q. Eigenstates and eigenvalues of H 


We associate with Gxim and Pym two observables Oise and Prim, whose commu- 
tator is equal to i. Since observables relating to two different modes commute, we can 
write: 


Ove 5 Perm =1 Onk Ow Smm! (63) 


Let Hxim be the Hamiltonian associated with the mode (kim): 





AW, | 7x 2 - 2 
kim = = (Guim) 23 (Pam) | (64) 
We know its eigenstates and eigenvalues: 
1 
Akim|Nkim) = | Mim + 5 hwkim|Rkim) (65) 


where ngjm is a non-negative integer. 
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Since the Hy, commute with each other, we can choose the eigenstates of H = 


> Axim to be in the form of tensor products of the |ngim): 
klm 


Inia, M211, 1121, 112, +++) Mklm, siz) (66) 


The ground state, called the “vacuum”, corresponds to all the nxim, equal to zero: 


|0, 0, 0, 0, ..., 0, ...) = |0) (67) 
With respect to the vacuum state energy, the energy of state (66) is equal to: 
Eos sic ne =e > Nklm hwkim (68) 
klm 


A state such as (66) can be considered to represent a set of n111 energy quanta hw111, ..., Mkim 
energy quanta hwzim , ... These quanta are none other than the photons. Thus we see 
that a certain type of photon is associated with each normal mode of the cavity. 

We can, as in (38), introduce annihilation and creation operators for a photon of 
type (klm): 


1 x e 
Akim = = (Qhim oa iPuim) 
2 
Me (69) 
th jas 7 
Bhim = a (Qhim = iPuim) 
and establish formulas identical to (39), (40) and (41): 
Akim ; eed = Ogk! Ow Omm! (70) 
Arim|Na11, +) Nelms +) = o/Maim |M111; 5 Mem — 1, ..-) (71) 


ah (M111; sory NIM) sie) = VNkim +1 \nii1, seey Ulm oF 1, ae) 


_ ela) (hn) 7 


\niit, seey Mklms “f) = —— +s 


B. Quantum state of the field 
The most general state of the field is a linear superposition of states (66): 
I(t)) = Ss Craia, ynetm,--(E) (Mata, ++) Metm, +++) (73) 
M111; +++) Mims +++ 


The Schrédinger equation: 


_d 
the (oO) = Hv) (74) 
enables us to obtain the coefficients Cn... ,..,ngim,...(t) in the form: 
—1 > Nkim Wkimt 
Chighses nigpeeceott) = Catal cntipten AO) e Rim (75) 
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y. Field operator 


Upon quantization, S(r,t) becomes an observable S(r) which no longer depends 
on ¢ and is obtained by replacing in (54) ggim(t) by Qxim: 


1 x 
S(r) = » Bug Skim) Qkim (76) 


One can also, with the help of (69), express Sr) in terms of the creation and annihilation 
operators: 


1 1 
S(r) = a » Bang tein) [aim a a\ | (77) 


The same arguments as in § 2-e-5 enable us to show, using formulas (71) and (75), 
that the only Bohr frequencies that can appear in the time evolution of the mean value 
of the field: 


(S(r))(t) = YOIS@) YO) 


are the frequencies w141/27, wo11/27, ..., Wrim/27, ... associated, respectively, with 
the spatial functions fiii(r), foii(r), -» feim(r)..- Thus we find for (S(r))(t) a linear 
superposition of the classical standing waves that can exist in the cavity. A calculation 
identical to the one in § 2-e-6 would enable us to show that (S(r)) satisfies equation (48). 

Finally, we find that S(r) and H do not commute. It is therefore impossible, in 
quantum theory, to know simultaneously and with certainty both the number of photons 
and the value of the electromagnetic field at a point in space. 


Comment: 

For the electromagnetic field, coherent states can be constructed which are analogous to 
the ones introduced in Complement Gy and which represent the best possible compromise 
between the incompatible quantities, field and energy. 


é. Vacuum fluctuations 


We saw in § D-1 of Chapter V that, in the ground state of a harmonic oscillator, (X) 
is zero while (X*) is not, and we discussed the physical meaning of this typically quantum 
mechanical effect. 

In the problem we are studying here, S(r) presents many analogies with the X operator 
of Chapter V; we see from (77) that S(r) is a linear combination of creation and annihilation 
operators. Consider the mean value of S(r) in the ground state |0) of the field, that is, the 
“vacuum” state of photons. Since the diagonal elements of a and a! are zero according to (71), 
we see that: 


(0|S(x)|0) = 0 (78) 


On the other hand, the corresponding matrix element of [S(r)]? is not zero. According to (71): 
Akim|0) = 0 
(Olatj.,,1 = 0 (79) 


(Olagrtrm Ah, (0) = See Ou Smm’ 
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Therefore, a simple calculation enables us to establish, using (77), that: 


(O18(0)1?10) = 5 ga — [farm (80) 


kim 


From this we see that in the vacuum, that is, in the absence of photons, the electromagnetic 
field S(r) at a point of space has a zero mean value but a non-zero root mean square deviation. 
This means, for example, that if we perform one measurement of S(r), we can find a non-zero 
result (varying, of course, from one measurement to another), even if there is no photon present 
in space. This effect has no equivalent in classical theory, in which, when the energy is zero, 
the field is rigorously zero. The preceding result is often expressed by saying that the “vacuum 
state” of photons is subjected to fluctuations of the field, characterized by (78) and (80) and 
called vacuum fluctuations. 

The existence of these fluctuations has interesting physical consequences for the inter- 
action of an atomic system with the electromagnetic field. Consider, for example, an atom in 
a state |) of energy EF, interacting with a classically represented electromagnetic wave. We 
shall see in Complement Axi, using time-dependent perturbation theory (cf. Chap. XIII), that 
under the effect of such an excitation, the atom can move to a higher energy state (absorption) 
or to a lower energy state (induced emission). But in this semi-classical treatment, if no field 
is present in space, the atom must remain indefinitely in the state |Z). In fact, we have just 
established that, even in the absence of incident photons, the atom “sees” the “vacuum fluctua- 
tions” related to the quantum mechanical nature of the electromagnetic field. Under the effect 
of these fluctuations, it can emit a photon and fall back into a lower energy state (the energy of 
the global system being conserved during this process). This is the phenomenon of spontaneous 
emission, which can thus be considered to be, as it were, an “emission induced by the vacuum 
fluctuations”. (No spontaneous absorption is possible, since this would cause the atom to move 
to a higher energy state, and no electromagnetic energy can be extracted from the field, which 
is in its ground state.) 

It can also be shown that another effect of “vacuum fluctuations” is to impart to the 
atomic electrons an erratic motion which slightly modifies the energies of the levels. The obser- 
vation of this effect in the hydrogen atom spectrum (the “Lamb shift”) constituted the point of 
departure for the development of modern quantum electrodynamics. 


Comment: 


In the preceding discussions, we have always chosen the energy of the vacuum state as 
the energy origin. In fact, harmonic oscillator theory gives us the absolute value of the 
energy of the vacuum state: 


1 
Eo => oe 3 wim (81) 
klm 


There is obviously a close relationship between Epo and the electrical and magnetic energy 
associated with “vacuum fluctuations”. One of the difficulties of quantum electrodynam- 
ics, of which we have just given a brief overview, is that the sum (81) is in fact infinite, 
as is, moreover, (80)! Nevertheless, it is possible to surmount this difficulty: using the 
procedure called “renormalization”, one manages to bypass infinite quantities and cal- 
culate the physical effects that are actually observable, such as the “Lamb shift”, with 
remarkable accuracy. It is obviously out of the question to consider these vast problems 
here. 
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References and suggestions for further reading: 


Vibration modes of a continuous string in classical mechanics: Berkeley 3 (1.1), 
§§ 2.1, 2.2 and 2.3. 

Quantization of the electromagnetic field: Mandl (2.9); Schiff (1.18), Chap. 14; 
Messiah (1.17), Chap. XXI; Bjorken and Drell (2.10), Chap. 11; Power (2.11); Heitler 
(2.13). 

The Lamb shift: Lamb and Retherford (3.11); Frisch (3.13); Kuhn (11.1), Chap. IT, 
§ A 5 e; Series (11.7), Chaps. VIII, IX and X. 
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This complement is devoted to the study of the physical properties of a one- 
dimensional harmonic oscillator in thermodynamic equilibrium with a reservoir at tem- 
perature T. We know (cf. Complement Ejyy;) that such an oscillator is not in a pure 
state (it is impossible to describe its state by a ket |w)). The partial information which 
we possess about it and the results of statistical mechanics enable us to characterize it 
by a statistical mixture of stationary states |y,) with weights proportional to e~#»/*eT 
(kg: Boltzmann constant; F,: energy of the state |y,)). We saw in Complement Eq 
(§ 5-a) that the corresponding density operator is then written: 


p= Za eWH/kaT (1) 
where H is the Hamiltonian operator, and: 

Zeta Heer (2) 
is a normalization factor which insures that: 

Trp=1 (3) 


(Z is the partition function, cf. Appendix VI). 

We shall calculate the mean value (H) of the oscillator’s energy, interpret the 
result obtained, and show how it enters into numerous problems in physics (blackbody 
radiation, specific heat of solids, ...). Finally, we shall establish and discuss the expression 
for the probability density of the particle’s position (the observable X). 
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1. Mean value of the energy 


L-a. Partition function 


The energies FE, of the states |y,) are, according to the results of § B of Chapter V, 
equal to (n+ 1/2)hw. Since the energy levels are not degenerate, we have, according to 
(2): 


Co 


Z= Senile #/*F? on) 


n=0 


= eet 





n=0 
— e—hw/2keT 1 4 echw/keT 4 _—2hw/keT 4 | (4) 
Inside the brackets, we recognize a geometric progression of common ratio e7#/FsT, 
Therefore: 
e hw /2kpT 

Z= 1 — e—fw/keT (5) 

1-b. Calculation of (#7) 
According to formula (31) of Complement Ey; and expression (1) for p: 

(H) = Tr(Hp) = 2-1 Tr(He-#/*sT) (6) 

Writing the trace explicitly in the {|y,,)} basis, we obtain: 
Co 
(H)= ZS Go+1/2)hwe reel het (7) 
n=0 

To calculate this quantity, we differentiate both sides of (4) with respect to T: 

dZ ge 

eee ee Cae 1/2 —(n+1/2)hw/keT 

IP 7 gt? Ll" + 1/2) e (8) 
We see that: 

1dZ 

H) = kgT’ = — 9 

(H) = kel 5 (9) 
Using (5), we then find, after a simple calculation: 

hw hw 
(H) = Q | elw/keT _ | (10) 
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Comments: 


(z) Isotropic three-dimensional oscillator 


Using the results and notation of Complement Ev, we can write: 
(H) = (Hx) + (Hy) + (Hz) (11) 
where (Hz) is given by: 


(He) = Z-*Tr(Hze #/*87) 


StS ST (mg £1/2) fig e~Lie H/2IH my H1/2)4 (ne H1/2)] Rafe 


Nez=0 ny=0 nz=0 





> 3 x on [met 1/2)+(ny+1/2)+(nz 41/2) hw /k BT 
Nz=0 ny=0 nz=0 


(12) 


The sums over n, and n, can be separated out and are identical in the numerator 
and denominator, so that: 





x (ne +1/2)hweW(P2+1/2)hw/ket 
ee) 
are . (13) 
S> en (ne +1/2)hw/kpT 
ng=0 


Aside from the replacement of n by nz, the final expression is identical to the 
one calculated in the preceding section; (Hz) is therefore equal to the value given 
in (10). It is easy to show that the same is true for (H,) and (Hz). Therefore, 
we have established the following result: at thermodynamic equilibrium, the mean 
energy of an isotropic three-dimensional oscillator is equal to three times that of a 
one-dimensional oscillator of the same angular frequency. 


(ii) Classical oscillator 


The energy H(x,p) of a classical one-dimensional oscillator is equal to: 


2 
1 
H(z, p) = Pk ii? x? (14) 
2m 2 
In expression (14), x and p can take on any values between —oo and +00. According 


to the results of classical statistical mechanics, the mean energy of this classical 
oscillator is given by: 


Me (= H(a, p) eo *P)/kBT dz dp 





H) = 15 

( oS aes e-H(«,p)/keT dx dp ( ) 
Substituting (14) into (15), we find, after a simple calculation: 

(H) = keT (16) 


An argument analogous to that of comment (i) shows that result (16) must be 
multiplied by 3 when we go from one to three dimensions. 
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Mean energy 


Figure 1: As a function of the temperature, 
variation of the mean energy of a quantum 
mechanical oscillator (solid line) compared 
with that of a classical oscillator (straight 
dashed line). 











2. Discussion 


2-a. Comparison with the classical oscillator 


In Figure 1, the solid line gives the mean energy (H) of the one-dimensional quan- 
tum mechanical oscillator as a function of T. The dashed line corresponds to the mean 
energy (H) of the classical oscillator. 

For T = 0, (H) = hw/2. This result corresponds to the fact that at absolute zero, 
one is sure that the oscillator is in the ground state |yo), with energy hw/2 (fw/2 is, for 
this reason, sometimes called the “zero point energy”). As for the classical oscillator, it 
is motionless (p = 0) at its stable equilibrium position (x = 0), and its energy is zero: 
(H) = 0. 

As long as T remains small — more precisely, as long as kgpT < hw — only the 
population of the ground state is appreciable, and (H) remains practically equal to 
hw/2: in this region, the solid-line curve of Figure 1 has a horizontal tangent. We can 
see this directly from expression (10), which can be written, for small T: 


h 
(H) = > + hwehe/kat 4 (17) 


On the other hand, for large T, that is, for kgT >> hw, the same formula yields: 


(H) = MY  kpT (-5e5+-] (18) 
or: 
(H) ~ kpT (19) 


to within an infinitesimal of the order of kgT(hw/kgT)?. The asymptote of the curve 
giving (H) as a function of T is therefore the straight line (H) = kgT. 

In conclusion, the quantum mechanical and classical oscillators have the same 
mean energy, kgT, at high temperatures (kgT >> hw). Striking differences appear at 
low temperatures (kpT < fw): it is no longer possible to ignore the quantization of the 
oscillator’s energy once the energy kpT that characterizes the reservoir becomes of the 
order of (or smaller than) the energy difference iw separating two adjacent levels of the 
oscillator. 
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Figure 2: Mean energy of a quantum me- 
chanical system with two energy levels Fy 
and E,, in thermodynamic equilibrium at a 
temperature T.. 














2-b. Comparison with a two-level system 


It is interesting to compare the preceding results with those obtained for a two- 
level system. Let |~1) and |wW2) be the corresponding states, with energies Ey and E2 
(with E, < £2). For such a system, the general equation (6) yields: 


Ey e7 F1/keT 2 E> e7 F2/kaT 
(H) = e-bi/keT 4. @—Ea/keT 





(20) 


The mean energy of a two-level system, given by (20), is shown in Figure 2. For 
small T (kgT < E2—E),), the terms in e~”1/*87 are preponderant in both the numerator 
and the denominator of (20) (since FE, < E2) and we obtain: 





Se Ei (21) 
It can be verified that the curve starts with a horizontal tangent. For large T (kgT > 
E 2 — FE), the asymptote of the curve is the straight line parallel to the T-axis of ordinate 
(E, + E2)/2. The preceding results are easy to understand: for T = 0, the system is 
in its ground state |W1), of energy F; at high temperatures, the populations of the two 
levels are practically equal, and (H) approaches half the sum of the two energies E, and 
EF. 

Although the solid-line curves of Figures 1 and 2 have the same shape at low 
temperatures, we see that this is not at all true at high temperatures. For the harmonic 
oscillator, (H) is not bounded and increases linearly with T, while, for a two-level system, 
(H) cannot exceed a certain value. This difference is due to the fact that the energy 
spectrum of the harmonic oscillator extends upward indefinitely: when T increases, levels 
of higher and higher n are occupied, and this causes (H) to increase. On the other hand, 
for a two-level system, once the populations of the two levels are equalized, an additional 
increase in the temperature does not change the mean energy. 


3. Applications 


3-a. Blackbody radiation 


We have already pointed out, in the introduction to Chapter V (and in Complement Ky, 
where we justified this result more precisely), that the electromagnetic field in a cavity is equiv- 
alent to a set of independent one-dimensional harmonic oscillators. Each of these oscillators is 
associated with one of the standing waves that can exist inside the cavity (normal modes) and 
has the same angular frequency as this wave. Let us show that this result, combined with those 
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obtained above for (H) and (H), leads very simply to the Rayleigh-Jeans law and the Planck 
law for blackbody radiation. 

Let V be the volume of the cavity, whose walls are assumed to be perfectly reflecting. 
The first modes of the cavity (those of lowest frequency) depend strongly on the form of the 
cavity. On the other hand, for the high-frequency modes (those whose wavelength » = c/v is 
much smaller than the dimensions of the cavity), a classical electromagnetic calculation shows 
that, if N(v) dy denotes the number of modes whose frequency is between vy and vy + dv, N(v) 
is practically independent of the form of the cavity and equal to: 


2 
_ 8a 





N(v) v (22) 


5) 

Let u(v) dv be the electromagnetic energy per unit volume of the cavity contained in the 
frequency band (v,v + dv) when the cavity is in thermodynamic equilibrium at a temperature 
T. To obtain the energy Vu(v) dv, one must multiply the number of modes whose frequency 
is between v and vy + dv by the mean energy of the corresponding harmonic oscillators. We 
calculated this energy above; it is equal’ to (H) or (H) — hw/2, depending on whether the 
problem is treated classically or quantum mechanically. We then obtain, using (10), (16) and 
(22): 


8 2 
ue (Vv) = a kpT (23) 





in a classical treatment, and: 


8nv? 1 


ug) = (24) 


in a quantum mechanical treatment. 

We recognize (23) to be Rayleigh-Jeans’ law and (24) to be Planck’s law, which reduces 
to the preceding one in the limit of low frequencies or high temperatures (hv/keT <1). The 
differences between these two laws reflect those which exist between the two curves of Figure 1. 
At high frequencies, difficulties arise in Rayleigh-Jeans’ law: the quantity ua(v) given in (23) 
approaches infinity when v —> oo, which is physically absurd. In order to remedy this defect, 
Planck was led to postulate that the energy of each oscillator varied discontinuously, by jumps 
proportional to v (energy quantization); thus he obtained formula (24), which accounts perfectly 
for the experimental results. 


3-b. Bose-Einstein distribution law 
Instead of calculating the mean value (H) of the energy, as we did in § 1, let us calculate 
the mean value of the operator N. Since, according to formula (B-15) of Chapter V: 


He (w i 5) Fu (25) 


we deduce from result (10) that: 


1 


(N) = ehv/kaT _] 


(26) 





lWe use (H) —hw/2 and not (H) for the following reason: u(v) represents an electromagnetic energy 
which can be extracted from the cavity. At absolute zero, all the oscillators are in their ground states and 
no energy can be radiated outward because the system is in its lowest energy state; u(v) must therefore 
be zero at absolute zero, as experimental observations indeed show it to be. This requires us to define 
the mean energy of the field in the cavity with respect to the value corresponding to T = 0. 
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The fact that the levels of a one-dimensional harmonic oscillator are equidistant enables 
us to associate with the oscillator in the state |yn) a set of n identical particles (quanta) of the 
same energy hy. In this interpretation, the operators at and a, which take |yn) into |yn+41) 
or |~n-1), create or destroy a particle. N is thus the operator associated with the number of 
particles (|y,) is the eigenstate of N with the eigenvalue n). 

In the special case of the electromagnetic field, the quanta associated with each harmonic 
oscillator are none other than photons. To each mode of the cavity considered in the preceding 
paragraph correspond photons of a certain type, characterized by the frequency, polarization, 
and spatial distribution of the mode. Expression (26) gives the mean number of photons as- 
sociated with a mode of frequency v at thermodynamic equilibrium. We recognize (26) to be 
the Bose-Einstein distribution law, which can be derived in a more general way; here, we have 
established it very simply by studying the harmonic oscillator and interpreting the states |y,). 


Comment: 
To be rigorous, we should write the Bose-Einstein distribution law for bosons of energy 
é: 

1 


(N) = ee-Mw/kaT — 


(27) 
where yu is the chemical potential. In the case of photons, w = 0. This is due to the fact 
that the total number of photons in the global system radiation-reservoir is not fixed, 
because of the possibility of absorption or emission of photons by the walls. 


3-c. Specific heats of solids at constant volume 


We shall confine ourselves here to the Einstein model (cf. Complement Av), in which a 
solid is considered to be composed of NV atoms vibrating independently about their equilibrium 
positions with the same angular frequency wg. The internal energy U of the solid at the 
temperature T is therefore equal to the sum of the mean energies of the N isotropic three- 
dimensional oscillators in thermodynamic equilibrium at this temperature. Using comment (i) 
of § 1, we see that: 


U =3N(H) (28) 


where (H) is the mean energy of a one-dimensional harmonic oscillator of angular frequency 
we. We know that the constant volume specific heat cy is the derivative of the internal energy 
U with respect to the temperature: 


dU ,..d 


= = 3N TF) (29) 


CV 


which, taking (10) into account, yields: 
(a)? ehvn/kpT 


= 3Nkg 4 
a B [ehwn/keT — 4)? 


(30) 

The variation of cy with T is shown in Figure 3. According to (29), cy is proportional 
to the derivative of the solid-line curve of Figure 1. It is therefore very simple to describe the 
behavior of the specific heat cy as a function of the temperature. In Figure 1, we see that (H) 
has a horizontal tangent at the origin and increases very slowly; cy is therefore zero for T = 0 
and also increases very slowly. On the other hand, for large T (kgT >> hwg), (H) approaches 
kpeT; we deduce that cy approaches a constant, 3\/kg, independent of wz. The transition 
region corresponds to hwz/kgT ~ 1. 
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Figure 8: (Constant volume) specific heat cy 
of a solid in Einstein’s model. The high- 
temperature limit corresponds to the classical 
Dulong-Petit law. 


3Wk 





>T 








The asymptote of Figure 3 corresponds to the Dulong-Petit law: if one takes an gram 
atom of any solid, VV is equal to Avogadro’s number and the limiting value of cy is equal to 3 R 
(where R is the ideal gas constant), that is, to about 6 cal. degree~' mole7?. 

As we pointed out above, the quantum mechanical nature of crystalline vibrations mani- 
fests itself at low temperatures when kgT becomes of the order of hwz or less. Insofar as cy is 
concerned, this means that the specific heat approaches zero when T approaches zero. It is as if 
the degrees of freedom corresponding to crystalline vibrations were “frozen” beneath a certain 
temperature and no longer entered into the specific heat. This can be understood physically: 
at absolute zero, each oscillator is in its ground state |yo); as long as kgT < hw», it cannot 
absorb any thermal energy, since its first excited state has an energy far greater than kgT. 


Comments: 


(1) Comparison with the specific heat of a two-level system 


We can apply an analogous argument to a sample composed of a set of two-level 
systems (for example, a paramagnetic sample composed of N spin 1/2 particles): 
its specific heat cy is given, to within a coefficient, by the derivative of the curve 
of Figure 2. For such a system, the variation of cy with T is shown in Figure 4. 


The behavior for T’ ~ 0 is the same as in the case of Figure 3. However, we see that 
cy approaches zero when kpT >> E2 — Ei, since the mean energy then becomes 
independent of T and is equal to (£1 + F2)/2 (cf. Fig. 2). For a two-level system, 
cv therefore has a maximum (Schottky anomaly) whose physical interpretation is 
the following: like the harmonic oscillator, the two-level system cannot absorb any 
thermal energy at very low temperatures, as long as E2—E1 >> kpT; cy is therefore 
zero at the origin. Then, as T increases, Fz becomes populated, and cy increases. 
When the temperature is high enough for the two populations to be practically 
equal, the system cannot absorb any more thermal energy, since the populations 
can no longer change: cy therefore approaches zero when T’ —> oo. 





cy 
Figure 4: Specific heat cy for a set of two- 
level systems. At high temperatures, cy ap- 
proaches zero because the energy spectrum 
has an upper bound. 
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(ii) Einstein’s model enables us to understand simply why the specific heat cy ap- 

proaches zero when the temperature T approaches zero (a classically inexplicable 
result). However, it is too schematic to describe the exact dependence of cy at low 
temperatures. 
In a real crystal, the various oscillators are coupled. This gives rise to a set of 
vibrational normal modes (phonons) whose frequencies go from zero to a certain 
cutoff frequency (cf. Complement Jy). (30) must then be summed over the different 
possible frequencies v (taking into account the fact that the number of modes whose 
frequencies are included between v and vy + dy depends on v). Thus one finds an 
expression for the specific heat which, at low temperatures, varies like T? (this is 
confirmed experimentally). 


4. Probability distribution of the observable X 


4-a. Definition of the probability density p(x) 


Let us return to the one-dimensional harmonic oscillator in thermodynamic equi- 
librium. We seek the probability p(x) da of finding, in a measurement of the position 
X of the particle, a result included between x and x + dz. It is clear that p(x) plays 
an important role in a large number of physical problems. For example, for a solid de- 
scribed by Einstein’s model, the width of p(x) gives an idea of the amplitude of atomic 
vibrations; the study of the variation of this width with respect to T makes it possible 
to understand the phenomenon of melting [which occurs when the width of p(x) is no 
longer negligible compared to the interatomic distance]. 

When the oscillator is in the stationary state |y,,), the corresponding probability 
density p,(x) is: 


Pn(&) = |~n(x)|? = (2]en) (nlx) (31) 


At thermodynamic equilibrium, the oscillator is described by a statistical mixture of the 
states |y,) with the weights: Z~!e~"»/*8T, The probability density p(x) is then: 


plz) = 2? > pane Bosker (32) 


p(x) is the weighted sum of the probability densities p,(x) associated with the various 
states |y,). Some of the p,(x) are shown in Figures 5 and 6 of Chapter V. We shall 
see later that the oscillations of the functions p,(2) which are visible in these figures 
disappear in the summation over n: we shall show that p(z) is simply a Gaussian function. 

The probability density p(a) defined in (32) is related very simply to the density 
operator p of the harmonic oscillator in thermodynamic equilibrium. Using (31) and 
(32), we obtain: 


p(2) = Z* SY) e Pr/FBP al on) (pala) (33) 


On the right-hand side, we can bring in the operator e~#/*8T 


the closure relation for the states |y,,), can be written: 


e Hike — @-HikeT S™ ion) (onl = > eT pn) (eal oS 


which, taking into account 
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We then see that: 
p(x) = Z~*(xle"#/FaT |x) = (|p|) (35) 


where the density operator p is given by formula (1). p(x) can then be seen to be the 
diagonal element of p which corresponds to the ket |z). 


4-b. Calculation of p(x) 
We know that: 
ee al 
A =hwi{a'at+ 3 (36) 


so that p(x) can be written in the form: 


p(x) = Ze? F(a) (37) 
with: 
hw 
A= (38) 
and: 
Fy(x) = (ale**"*|2) (39) 


In order to know p(z), all we need to do, therefore, is evaluate this diagonal matrix element. 
To do this, let us calculate the variation in F(x) when x is changed to x+dz. Since the 
ket |x + dz) is given by [cf. Complement En, relation (20)]: 


isha = (1 -i FP) ie (40) 


we obtain, substituting this relation and the adjoint relation into (39) (neglecting infinitesimals 
of second order in dz): 


Fy(a@ + dz) = Fy(ax) + iF (a [Pe] |x) (41) 


The matrix element appearing on the right-hand side of (41) involves the operator P, 
which is proportional to (a — a‘). Now, it is the X operator, proportional to (a+ at), which 


acts in a simple way on the kets |x). We shall therefore transform [Revise] so as to make 


X appear. We shall begin by seeking the relation between ae" and e~*'a. This can be 
obtained very simply in the {|yn)} representation: 
= ata AN 
ae lon) = Vne | on—1) (42a) 
Sat = = 

eo *algn) = Vne *-Y lyn_1) (42b) 
that is: 

eo ee eet ge e's (43) 
which can also be written: 

(2 —tanh *) ea (2 + tanh *) weno (44) 
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Similarly, it can be shown that: 


eOatagt tye eo data (45) 
that is: 

(2 + tanh *) ae (2 — tanh *) alerts (46) 
We now subtract, term by term, relations (44) and (46); we obtain: 

ja =* al, eae] = tanh x Jara’, gree] (47) 

2 + 

where the symbol [A, B]+ denotes the anticommutator: 

[A, Bl, = AB+ BA (48) 


If we take into account the numerical factors which result from formulas (B-1) and (B-7) in 
Chapter V, (47) finally becomes: 


[P. eta) =imw tanh a x, el (49) 
2 + 
Substituting this result into relation (41): 
Fy(a@ + dx) — Fy(2) = — dx tanh 3 (x| [x,e7**"*] |x) 
+ 


7 20 tanh 3 F(x) dx (50) 


F(x) therefore satisfies the differential equation: 








d 2x 
ag fae) + ze Paz) =0 (51) 
where €, which has the dimensions of a length, is defined by: 
h aN h hw 
= th = = th 52 
é i aed ea oe (sec) g02) 


Equation (51) can be integrated directly: 

Fy(x) = Fy(0)e7” (© (53) 
Therefore, we know p(x) to within a constant factor, since, according to (37): 

p(x) = Ze? F(0) e /E (54) 


Since we know that the integral of p(x) over the whole z-axis must be equal to 1, we obtain 
finally: 


p(s) = ae (55) 


The function p(x) is thus a Gaussian, whose width is characterized by the length € defined in 
(52). 
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4-c. Discussion 


Starting from the probability density (55), it is easy to calculate: 


(X) =0 
(x2) = (ax = © (56) 


Figure 5 shows the variation of (AX)? with respect to T. We see from (52) that (AX)? 
is equal to h/2mw when T = 0. This result is not surprising: at T = 0, the oscillator 
is in its ground state, and p(x) is equal to |yo(x)|?; AX is found to be the root mean 
square deviation of X in the ground state [cf. formula (D-5a) of Chapter V]. Then, when 
T increases, so does (AX)?; when kgT >> hw, we have: 





kpT 
2) as B 
(AX) T-00 muw2 


(57) 


In this case, p(a) becomes identical to the probability density of a classical oscillator in 
thermodynamic equilibrium at the temperature T: 


mu? x? 


e 2kpT (58) 





eV («)/kaT 1 


pel(x) = Foo = 
o-V (2) /keT gy 2rkpT 
ey mus 


which leads to (Azr.)? = kgT/mw? (the straight dashed line in Figure 5). Here again, 
classical and quantum mechanical predictions meet for kgT > hw. 

Now, let us apply the preceding results to the problem of melting of a solid body 
(for simplicity, we shall choose the one-dimensional Einstein model; see Complement Ay). 
Experiments show that the solid melts when AX is of the order of an appreciable fraction 
n of the interatomic distance d. Consequently, the melting point temperature T is given 











(AX)? 





> T 





Figure 5: Variation with respect to the temperature T of (AX)?, for a harmonic oscillator 
in thermodynamic equilibrium. When T — co, AX is identical to the classical value, 
shown by the dashed line; at low temperatures, quantum mechanical effects (Heisenberg 
uncertainty relation) prevent AX from approaching zero. 
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approximately by: 


Say (59) 
2d? 

where € can be replaced by its expression (52), with T = Ty. Assuming that Ty is large 
enough that kpT; > hw, we can use? in (59) the asymptotic form (57), and we obtain 
the law for T': 


kpTy 





~ fd? 60 
mu ” (60) 

If we set: 
hur = kpOr (61) 


(Oy is called the “Einstein temperature”) and if we note that d does not vary very much 
from one substance to another (anyway, much less than wy, that is, Oz), we find the 
approximate law: 
Ts 
m4, 





cr (62) 


The melting point temperature of a crystal is therefore approximately proportional to 
the square of a vibrational frequency which is characteristic of the crystal. 
4-d. Bloch’s theorem 
Consider the operator e~*?* , where q is a real variable. Its mean value: 
(e-#*) = Tr [pe] (63) 
[where p is given by (1)] is a function of g, which we shall denote by f(q): 
f(q) = (e**) (64) 


In probability theory, f(q) is called the characteristic function of the random variable z. 
It is easy to calculate f(q) if we place ourselves in the {|x)} representation: 


i(@ = / © dar (|pe™* a) 
= a da (x|p|x) e~*%* 


7 if; Ps da p(x) e*%* (65) 


co 





To within a factor of 27, f(q) is therefore the Fourier transform of the function p(x) calculated 
above (§ 4-b). Since p(x) is a Gaussian [formula (55)], f(q) is also a Gaussian [cf. Appendix I, 
relation (50)]: 


f@ =e 87/4 (66) 





?This is not always possible. Recall that helium remains liquid at atmospheric pressure, even at 
T =0: € is never negligible compared to d, whatever T may be (cf. Complement Av). 
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which, according to formula (56), can be written: 


2 
Cea e- 7 (X”) (67) 


We could perform calculations analogous to those of §§ 4-a and 4-b above for the observ- 
able P instead of X. We would then define the probability density p(p) by: 


Ap) = Z-* Se Pn/*BT IG, (p) |? (68) 


n 


Formula (24) of Complement Dy shows that: 


D(p) = p (« = -) (69) 
Therefore: 
es ote 
(p) = mut fr e § (70) 


Consequently, the study of (e~'7”) would lead to the same result as in (67): 


2 
(eH?) = 9 FP?) (71) 


The generalization of formulas (67) and (71) is known as Bloch’s theorem: if G(X, P) is 
an arbitrary linear combination of the position X and the momentum P of a one-dimensional 
harmonic oscillator in thermodynamic equilibrium at the temperature T, then: 


2 
r 
(eo) =e KO (72) 
This theorem is used in solid state physics, for example in the theory of emission without recoil 
by the nuclei of a crystalline lattice (the Méssbauer effect). 


References and suggestions for further reading: 


Specific heats: Kittel (8.2), Chap. 6, p. 91 and 100; Kittel (13.2), Chap. 6; Seitz 
(13.4), Chap. III; Ziman (13.3), Chap. 2. 

Blackbody radiation: Eisberg and Resnick (1.3), Chap. 1; Kittel (8.2), Chap. 15; 
Reif (8.4) § 9-13 to 9-15; Bruhat (8.3), Chap. XXIL. 

Bloch’s theorem: Messiah (1.17), Chap. XII, § 11-12. 
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Complement My 
Exercises 


1. Consider a harmonic oscillator of mass m and angular frequency w. At time t = 0, 
the state of this oscillator is given by: 


1v(0)) = J enlyen) 


n 
where the states |y,) are stationary states with energies (n + 1/2)hw. 
a. What is the probability P that a measurement of the oscillator’s energy performed 
at an arbitrary time t > 0, will yield a result greater than 2hw? When P = 0, what 


are the non-zero coefficients c,,? 


b. From now on, assume that only co and c, are different from zero. Write the 
normalization condition for |y(0)) and the mean value (H) of the energy in terms 
of co and cy. With the additional requirement (H) = hw, calculate |co|? and |c1|?. 


c. As the normalized state vector |y(0)) is defined only to within a global phase factor, 


we fix this factor by choosing cg real and positive. We set: cy = |c; |e". We assume 
that (H) = hw and that: 


Calculate 6,. 


d. With |w(0)) so determined, write |y~(t)) for t > 0 and calculate the value of 0; at 
t. Deduce the mean value (X)(t) of the position at t. 


2. Anisotropic three-dimensional harmonic oscillator 
In a three-dimensional problem, consider a particle of mass m and of potential 
energy: 


VOC A= am (1+ >) (X?4+Y7)4+ (1 - >) ad 


where w and X are constants which satisfy: 
3 
w>d0, 0O<A<- 
4 
a. What are the eigenstates of the Hamiltonian and the corresponding energies? 


b. Calculate and discuss, as functions of A, the variation of the energy, the parity and 
the degree of degeneracy of the ground state and the first two excited states. 
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3. Harmonic oscillator: two particles 
Two particles of the same mass m, with positions X; and X2 and momenta P, and 
P,, are subjected to the same potential: 


1 
V(X) = amu X° 


The two particles do not interact. 


a. Write the operator H, the Hamiltonian of the two-particle system. Show that H 
can be written: 


H=H,+ He 


where H, and Hz act respectively only in the state space of particle (1) and in that 
of particle (2). Calculate the energies of the two-particle system, their degrees of 
degeneracy, and the corresponding wave functions. 


b. Does H form a C.S.C.O.? Same question for the set {H,,H2}. We denote by 
|®,.,,n9) the eigenvectors common to H; and Hz. Write the orthonormalization 
and closure relations for the states |®,,, n,). 


c. Consider a system which, at ¢ = 0, is in the state: 


1(0)) = 5 (1,0) + [1,0) + Io.) + 1.2) 


What results can be found, and with what probabilities, if at this time one mea- 
sures: 

— the total energy of the system? 

— the energy of particle (1)? 


— the position or velocity of this particle? 


4. (This exercise is a continuation of the preceding one and uses the same notation.) 
The two-particle system, at t = 0, is in the state |7(0)) given in exercise 3. 


a. At t =0, one measures the total energy H and one finds the result 2hw. 
a Calculate the mean values of the position, the momentum, and the energy of 
particle (1) at an arbitrary positive t. Same question for particle (2). 


8 Att > 0, one measures the energy of particle (1). What results can be found, 
and with what probabilities? Same question for a measurement of the position 
of particle (1); trace the curve for the corresponding probability density. 


b. Instead of measuring the total energy H, at t = 0, one measures the energy Hp» of 
particle (2); the result obtained is iw/2. What happens to the answers to questions 
a and £ of a? 
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5. (This exercise is a continuation of exercise 3 and uses the same notation.) 


We denote by |®,, .n.) the eigenstates common to H; and Hz, of eigenvalues (nm; + 


1/2)hw and (nz + 1/2)hw. The “two particle exchange” operator P, is defined by: 


P.|®n1 no) = I®no ni) 


a. 


Prove that P>' = P, and that P, is unitary. What are the eigenvalues of P.? 
Let B’ = P.BP! be the observable resulting from the transformation by P. of 
an arbitrary observable B. Show that the condition B’ = B (B invariant under 
exchange of the two particles) is equivalent to [B, P.] = 0. 


. Show that: 
P.H,P! = He 
P.H2P! = Hy 


Does H commute with P.? Calculate the action of P. on the observables X,, P,, 
X9, Po. 


. Construct a basis of eigenvectors common to H and P.. Do these two operators 


form a C.S.C.O.? What happens to the spectrum of H and the degeneracy of its 
eigenvalues if one retains only the eigenvectors |®) of H for which P.|®) = —|®)? 


6. Charged harmonic oscillator in a variable electric field 


A one-dimensional harmonic oscillator is composed of a particle of mass m, charge 
1 


q and potential energy V(X) = mw? X?. We assume in this exercise that the particle is 
placed in an electric field &(t) parallel to Ox and time-dependent, so that to V(x) must 
be added the potential energy: 


W(t) = —q&(t) X 


a. 


Write the Hamiltonian H(t) of the particle in terms of the operators a and al. 
Calculate the commutators of a and a! with H(t). 


. Let a(t) be the number defined by: 


a(t) = (b(é)lald(4)) 


where |(t)) is the normalized state vector of the particle under study. Show from 
the results of the preceding question that a(t) satisfies the differential equation: 


d 
dt 
where X(t) is defined by: 


a(t) = —iw a(t) + idA(¢) 


Integrate this differential equation. At time t, what are the mean values of the 
position and momentum of the particle? 
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c. The ket |y(t)) is defined by: 


le(t)) = [a — a(t) /b(4)) 


where a(t) has the value calculated in b. Using the results of questions a and 8, 
show that the evolution of |y(t)) is given by: 


nS Ie(0)) = (H(t) + hu]|y(t)) 


How does the norm of |y(t)) vary with time? 


. Assuming that |W(0)) is an eigenvector of a with the eigenvalue a(0), show that 


|W(t)) is also an eigenvector of a, and calculate its eigenvalue. 


Find at time ¢ the mean value of the unperturbed Hamiltonian Hy) = H(t) — W(t) 
as a function of a(0). Give the root mean square deviations AX, AP and AHp; 
how do they vary with time? 


. Assume that at t = 0, the oscillator is in the ground state |yo). The electric 


field acts between times 0 and T and then falls to zero. When t > T, what is the 
evolution of the mean values (X)(t) and (P)(t)? Application: assume that between 
0 and T, the field &(t) is given by &(t) = & cos(w’t); discuss the phenomena 
observed (resonance) in terms of Aw = w’ —w. If, at t > T, the energy is measured, 
what results can be found, and with what probabilities? 


7. Consider a one-dimensional harmonic oscillator of Hamiltonian H and stationary 
states |y~,): 


Hon) = (n+ 1/2)hw| pn) 
The operator U(k) is defined by: 
U(k) = et** 


where k is real. 


a. Is U(k) unitary? Show that, for all n, its matrix elements satisfy the relation: 


So enlU (en)? = 1 


n! 


b. Express U(k) in terms of the operators a and a!. Use Glauber’s formula [for- 


mula (63) of complement By] to put U(k) in the form of a product of exponential 
operators. 


c. Establish the relations: 
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d 


. Find the expression, in terms of E, = h?k?/2m and E,, = hw, for the matrix 
element: 


(p0|U(k) len) 


What happens when k approaches zero? Could this result have been predicted 
directly? 


8. The evolution operator U(t,0) of a one-dimensional harmonic oscillator is written: 


CEO) =e 


with: 


1 
A =hw (cta+ 5) 


a 


. Consider the operators: 
a(t) = U'(t,0) aU(t, 0) 
a(t) = UT(t,0) at U(t, 0) 


By calculating their action on the eigenkets |y,,) of H, find the expression for G(t) 
and a(t) in terms of a and at. 


. Calculate the operators X(t) and P(t) obtained from X and P by the unitary 
transformation: 


X(t) = Ut(t,0) X U(t, 0) 
P(t) = Ut(t,0) PU(E, 0) 
How can the relations so obtained be interpreted? 
. Show that Ut (3 0) |x) is an eigenvector of P and specify its eigenvalue. Simi- 
larly, establish that Ut (i 0) |p) is an eigenvector of X. 


. At t = 0, the wave function of the oscillator is #(x,0). How can one obtain from 
w(a,0) the wave function of the oscillator at all subsequent times t, = qa/2w 
(where q is a positive integer)? 


. Choose for ~(az,0) the wave function y,(x) associated with a stationary state. 
From the preceding question derive the relation which must exist between y,,(x) 
and its Fourier transform $,(p). 


. Describe qualitatively the evolution of the wave function in the following cases: 
(i) w(a,0) = e’** where k, real, is given. 


(ii) w(x, 0) = e-?* where p is real and positive. 
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(<ii) 


if ae ee 


wlSs 


=0 _— everywhere else 


(iv) W(x,0) =e-"® where p is real. 
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A. Introduction: the importance of angular momentum 


The present chapter is the first in a series of four Chapters (VI, VII, IX and X) devoted 
to the study of angular momenta in quantum mechanics. This is an extremely important 
problem, and the results we are going to establish are used in many domains of physics: 
the classification of atomic, molecular and nuclear spectra, the spin of elementary parti- 


cles, magnetism, etc... 


We already know the important role played by angular momentum in classical 
mechanics; the total angular momentum of an isolated physical system is a constant of 


Quantum Mechanics, Volume I, Second Edition. C. Cohen-Tannoudji, B. Diu, and F. Laloé. 


© 2020 Wiley-VCH Verlag GmbH & Co. KGaA. Published 2020 by Wiley-VCH Verlag GmbH & Co. KGaA. 


CHAPTER VI GENERAL PROPERTIES OF ANGULAR MOMENTUM IN QUANTUM MECHANICS 





the motion. Furthermore, this is also true in certain cases in which the system is not 
isolated. For example, if a point particle P, of mass m, is moving in a central potential 
(one which depends only on the distance between P and a fixed point O), the force to 
which P is subjected is always directed towards O. Its moment with respect to O is 
consequently zero, and the angular momentum theorem implies that: 


d 
ql =? (A-1) 


where £ is the angular momentum of P with respect to O. This fact has important 
consequences: the motion of the particle P is limited to a fixed plane (the plane passing 
through O and perpendicular to the angular momentum £); moreover, this motion obeys 
the law of constant areas (Kepler’s second law). 

All these properties have their equivalents in quantum mechanics. With the an- 
gular momentum CL of a classical system is associated an observable L, actually a set 
of three observables, Lz, Ly and L,, which correspond to the three components of £L 
in a Cartesian frame. If the physical system under study is a point moving in a central 
potential, we shall see in Chapter VII that L,, Ly and L, are constants of the motion in a 
quantum mechanical sense, that is, they commute with the Hamiltonian H describing the 
particle in the central potential V(r). This important property considerably simplifies 
the determination and classification of eigenstates of H. 

Also, we described the Stern-Gerlach experiment in Chapter IV and this revealed 
the quantization of angular momentum: the component, along a fixed axis, of the intrinsic 
angular momentum of an atom can take on only certain discrete values. We shall see that 
all angular momenta are quantized in this way. This enables us to understand atomic 
magnetism, the Zeeman effect, etc... Furthermore, to analyze all these phenomena, we 
must introduce typically quantum mechanical angular momenta, which have no classical 
equivalents (intrinsic angular momenta of elementary particles, Chap. IX). 

From now on, we shall denote by orbital angular momentum any angular momen- 
tum that has a classical equivalent (and by L, the corresponding observables), and by 
spin angular momentum any intrinsic angular momentum of an elementary particle (for 
which we reserve the letter S). In a complex system, such a nucleus, an atom, or a 
molecule, the orbital angular momenta L; of the various elementary particles which con- 
stitute the system (electrons, protons, neutrons, ...) combine with each other and with 
the spin angular momenta S; of these same particles to form the total angular momen- 
tum J of the system. The way in which angular momenta are combined in quantum 
mechanics (coupling of angular momenta) will be studied in Chapter X. Finally, let us 
add that J will also be used to denote an arbitrary angular momentum when it is not 
necessary to specify whether we are dealing with an orbital angular momentum, a spin, 
or a combination of several angular momenta. 

Before beginning the study of the physical problems just mentioned (energy levels 
of a particle in a central potential, spin, the Zeeman effect, addition of angular mo- 
menta,...), we shall establish, in this chapter, the general quantum mechanical properties 
associated with all angular momenta, whatever their nature. 

These properties follow from commutation relations satisfied by the three observ- 
ables J;, Jy and Jz, the components of an arbitrary angular momentum J. The origin of 
these commutation relations is discussed in § B: for an orbital angular momentum, they 
are simply consequences of the quantization rules (§ B-5 of Chapter III) and the canon- 
ical commutation relations [formulas (E-30) of Chapter II]; for spin angular momenta, 
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which have no classical equivalents, they actually serve as definitions of the correspond- 
ing observables!. In § C, we study the consequences of these commutation relations 
which are characteristic of angular momenta. In particular, we discuss space quantiza- 
tion, that is, the fact that any component of an angular momentum possesses a discrete 
spectrum. Finally, the general results so obtained are applied, in § D, to the orbital 
angular momentum of a particle. 


B. Commutation relations characteristic of angular momentum 


B-1. Orbital angular momentum 

To obtain the observables Lz, Ly, L, associated in quantum mechanics with the 
three components of the angular momentum CL of a spinless particle, we simply apply the 
quantization rules stated in § B-5 of Chapter III. Consider for instance the component 
L, of the classical angular momentum: 


Ly = YPz — 2Py (B-1) 


We associate with the position variables y and z, the observables Y and Z, and with 
the momentum variables p, and p,, the observables P, and P,. Although formula (B-1) 
involves products of two classical variables, no precaution needs to be taken in replacing 
them by the corresponding observables, since Y and P, commute, as do Z and P, [see 
the canonical commutation relations (E-30) of Chapter II]. We therefore do not need to 
symmetrize expression (B-1) in order to obtain the operator Ly: 


L,=YP,-2ZP, (B-2) 


For the same reason (Y and P, commute, as do Z and P,), the operator thus obtained 
is Hermitian. 

In the same way, we find the operators L, and L, corresponding to the components 
Ly and £, of the classical angular momentum. This allows us to write: 


L=RxP (B-3) 


Since we know the canonical commutation relations of the position R and momentum P 
observables, we can easily calculate the commutators of the operators Lz, Ly and Lz. 
For example, let us evaluate [L,, Ly]: 


[Le, Ly] = [VY P. — ZP,, ZP; — XP.| 
= [YP,, ZPr] + [ZP,, X Pz] (B-4) 


since Y P, commutes with X P,, and ZP,, with ZP,. We then have: 


[Le, Ly] =Y[Pz, Z|P, + X[Z, P.JP, 
= ~ihY P, + inXP, 
= ihL, (B-5) 





lThe fundamental origin of these commutation relations is purely geometrical. We shall discuss this 
point in detail in Complement By1, in which we demonstrate the intimate relation between the angular 
momentum of a system with respect to a point O and the geometrical rotations of this system about O. 
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Analogous calculations yield the other two commutators, and we obtain, finally: 


ees byl ahs 
(Ly, Lz] = hLy 
[Lz, Le] = ihLy (B-6) 


Thus we have established the commutation relations for the components of the angular 
momentum of a spinless particle. 

This result can be generalized to a system of N spinless particles. The total angular 
momentum of such a system is, in quantum mechanics: 


N 
L=)oL; (B-7) 


with: 
L,; = R, x P; (B-8) 


Now, each of the individual angular momenta L; satisfies the commutation relations (B- 
6) and commutes with L; when 7 is not equal to 7 (operators acting in state spaces of 
different particles). Thus we see that relations (B-6) remain valid for the total angular 
momentum L. 


B-2. Generalization: definition of an angular momentum 


The three operators associated with the components of an arbitrary classical an- 
gular momentum therefore satisfy the commutation relations (B-6). It can be shown, 
moreover (cf. Complement By), that the origin of these relations lies in the geometric 
properties of rotations in three-dimensional space. This is why we shall adopt a more 
general point of view and define an angular momentum J as any set of three observables 
Jz, Jy, Jz that satisfies: 








[Jn, Jy] = thd, 

[Jy, Je] = thd, B-9 
y 

[Jz, Je] = ihJy 








We then introduce the operator: 
2_ 72 2 2 
Jo=J,+ Jy t+ Jz (B-10) 


the (scalar) square of the angular momentum J. This operator is Hermitian, since J,, 
Jy and J, are Hermitian. We shall assume that it is an observable. Let us show that J 7 
commutes with the three components of J: 





[J?, J] =0 (B-11) 











We perform the calculation for J,, for example: 
[J?, Jo] = [JZ + JG + JZ, Je] 
= | Fe el (Fe satel (B-12) 
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since J, obviously commutes with itself and, therefore, with its square. The other two 
commutators can be obtained from (B-9): 





Bes dg] a Jy [Jy J] sa [Jy Je] Jy 

= -ihJyJ, —ihIzJy (B-13a) 
[Pedal She Ponda Pda. 

= Jy + iiJy J: (B-13b) 


The sum of these two commutators, which enters into (B-12), is indeed zero. 

Angular momentum theory in quantum mechanics is founded entirely on the com- 
mutation relations (B-9). Note that these relations imply that it is impossible to measure 
simultaneously the three components of an angular momentum; however, J? and any 
component of J are compatible. 


B-3. Statement of the problem 


Let us return to the example of a spinless particle in a central potential, mentioned 
in the introduction. We shall see in Chapter VII that, in this case, the three components 
of the angular momentum L of the particle commute with the Hamiltonian H; thus, 
this is also true for the operator L?. We then have at our disposal four constants of 
the motion: L?, La, L,, Lz. But these four operators do not all commute; to form a 
complete set of commuting observables with H, we must pick only L? and one of the 
three other operators, L, for example. For a particle subjected to a central potential, we 
can then look for eigenstates of the Hamiltonian H which are also eigenvectors of L? and 
L,, without restricting the generality of the problem. However, it is impossible to obtain 
a basis of the state space composed of eigenvectors common to the three components of 
L, as these three observables do not commute. 

The situation is the same in the general case: since the components of an arbi- 
trary angular momentum J do not commute, they are not simultaneously diagonalizable. 
We shall therefore seek the system of eigenvectors common to J? and J,, observables 
corresponding to the square of the absolute value of the angular momentum and to its 
component along the Oz axis. 


C. General theory of angular momentum 


In this section, we shall determine the spectrum of J? and J, for the general case and 
study their common eigenvectors. The reasoning will be analogous to the one used in 
Chapter V for the harmonic oscillator. 


C-1. Definitions and notation 
C-1-a. The J; and J_ operators 


Instead of using the components J, and J, of the angular momentum J, it is more 
convenient to introduce the following linear combinations: 





Jy = Jy tidy 


Ci 
J_=J_ —idy (C-1) 
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Like the operators a and at of the harmonic oscillator, J, and J_ are not Hermitian: 
they are adjoints of each other. 

In the rest of this section, we shall use only the operators J,, J_, J, and J?. 
It is straightforward, using (B-9) and (B-11), to show that these operators satisfy the 
commutation relations: 


[Je, Jy] = Ady (C-2) 
isa (C-3) 
(Jz, J-] = 2h (C-4) 
one _]=(37,4,] =0 (C-5) 


Let us calculate the products J, J_ and J_J,. We find: 


J4J_ = (Jz +idy)(Je — iJy) 

= Ji + Jj —i[Je, Jyl 

=Jg+ I +hd, (C-6a) 
J_J4. = (Ju —tJy)(Jz + Fy) 

= Je+ Ff +i[Je, Jy 

=J2+ 37 -hid, (C-6b) 











Using definition (B-10) of the operator J?, we can write these expressions in the form: 


IJ_=VP-P+AL, (C-7a) 
je =I ae aa: (C-7b) 


Adding relations (C-7)21, we obtain: 


1 
y= 5 (IJ +55) +9? (C-8) 


C-1-b. Notation for the eigenvalues of J? and J, 


According to (B-10), J? is the sum of the squares of three Hermitian operators. 
Consequently, for any ket |), the matrix element (7|J?|w) is positive or zero: 


(||) = GULFEID) + (OLIGO) + (LIER) es 

= |[Jelby|l? + lJylPll? + llZelbyII? = 0 
Note that this could have been expected, since J? corresponds to the square of the 
absolute value of the angular momentum J. From this we see, in particular, that all the 
eigenvalues of J? are positive or zero, since if |q) is an eigenvector of J?, (a|J?|w) is 
the product of the corresponding eigenvalue and the square of the norm of |w), which is 
always positive. 

We shall write the eigenvalues of J? in the form j(j + 1)h?, with the convention: 


j>0 (C-10) 
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This notation is intended to simplify the arguments which follow; it does not influence 
the result. Since J has the dimensions of h, an eigenvalue of J? is necessarily of the form 
Ah?, where X is a real dimensionless number. We have just seen that \ must be positive 
or zero; it can then be shown that the second-degree equation in 7: 


py aX (C-11) 


always has one and only one positive or zero root. Therefore, if we use relation (C-10), 
the specification of \ determines 7 uniquely; any eigenvalue of J? can thus be written 
j(j + 1)h?, with 7 positive or zero. 

As for the eigenvalues of J,, which have the same dimensions as hi, they are tradi- 
tionally written mh, where m is a dimensionless number. 


C-1-c. Eigenvalue equations for J? and J, 


We shall label the eigenvectors common to J? and J, by the indices j and m which 
characterize the associated eigenvalues. However, J? and J, do not in general constitute 
a C.S.C.O. (see, for example, § A of Chapter VII), and it is necessary to introduce a 
third index in order to distinguish between the different eigenvectors corresponding to 
the same eigenvalues j(j + 1)h? and mh of J? and J, (this point will be expanded in 
§ C-3-a below). We shall call this index k (which does not necessarily imply that it is 
always a discrete index). 

We shall therefore try to solve the simultaneous eigenvalue equations: 


J7\k,j,m) = j(7 + Ih? |k, j,m) 


C-12 
Jz|k, j,m) = mhk, j,m) a 


C-2. Eigenvalues of J? and Jz 


As in § B-2 of Chapter V, we shall begin by proving three lemmas which will then 
enable us to determine the spectrum of J? and J,. 


C-2-a. Lemmas 
Qa. Lemma I (Properties of the eigenvalues of J? and Jz) 

If j(j + 1)h? and mh are the eigenvalues of J? and J, associated with the same 
eigenvector |k,7,m), then 7 and m satisfy the inequality: 


<j Sm s4 (C-13) 


To prove this, consider the vectors J;|k,j,m) and J_|k,j,m), and note that the square 
of their norms is positive or zero: 


| Ja lk, 9, m)]||? => (k, j,m|J_J4|k, j,m) 2 
|| J_|k, 3, m)||? — (k, j,m|J4J_|k, j,m) = 


(C-14a) 
(C-14b) 
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To calculate the left-hand sides of these inequalities, we can use formulas (C-7). We find 
(if we assume |k, j,m) to be normalized): 


(k, J, m|J_J4|k, 7,m) = (k, j,m| (J? — dz a hJz)\k,j,m) 





= j(j +1)? — mh? — mh? (C-15a) 
(k, j,m|J4J_|k,j,m) = (k, j,m|\(S* — JZ + RJ.) |k, j,m) 
= jf +1) — mA? + mh? (C-15b) 


Substituting these expressions into inequalities (C-14), we obtain: 





JG +1) —m(m+ 1) =(G-m)G+m+l1) 20 (C-16a) 
jG +) —mm-D)=(G-m+)G+m) 20 (C-16b) 
that is: 
=GF1)<m<3 (C-17a) 
ews gd (C-17b) 


These two conditions are satisfied simultaneously only if m satisfies inequality (C-13). 


B. Lemma II (Properties of the vector J_|k,3,m)) 


Let |k,j,m) be an eigenvector of J? and J, with the eigenvalues j(j + 1)h? and 
mh. 


(i) Ifm = =9; J_|k,j, —J} = 0. 


(ii) If m > —j, J_|k,j,m) is a non-null eigenvector of J? and J, with the eigenvalues 
jj + 1)R? and (m— 1h. 


(4) According to (C-15b), the square of the norm of the ket J_|k,7,m) is equal to 
h?[j(7 + 1) — m(m — 1)] and therefore goes to zero for m = —j. Since the norm of a 
vector goes to zero if and only if this vector is a null vector, we conclude that all vectors 
J_|k,j,—j) are null: 


m= —j => J_|k,j,-j) =0 (C-18) 
It is easy to establish the converse of (C-18): 
J_|k,j,m) =0 = m=-j (C-19) 


Letting J, act on both sides of the equation appearing in (C-19), and using (C-7a), we 
obtain: 





hUj(G 41) — m? + mk, j,m) = (7 + m)G — m+ 1)|k,7,m) = 0 (C-20) 


Using (C-13), (C-20) has only one solution, m = —j. 


(ii) Now assume m to be greater than —j. According to (C-15b), J_|k,j,m) is 
then a non-null vector since the square of its norm is different from zero. 
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Let us show that it is an eigenvector of J? and J,. The operators J. and J? 
commute; consequently: 


[J7, J_]|k, 9,7) = 0 (C-21) 

which can be written: 
= j(j + 1)h? J_|k, j,m) (C-22) 
This relation expresses the fact that J_|k, j,m) is an eigenvector of J? with the eigenvalue 
j(j + 1)R?. 
Moreover, if we apply operator equation (C-3) to |k, 7,m): 

[Jz, J_]|k, j,m) = —hJ_|k, j,m) (C-23) 
that is: 

J,J_|k,j,m) = J_Jz|k,j,m) — hJ_|k, 7, m) 


mh J_\|k,j,m) —hJ_|k,j,m) 
= (m = 1)hJ_ |k, 3, m) (C-24) 


J_|k,j,m) is therefore an eigenvector of J, with the eigenvalue (m — 1)h. 


y. Lemma III (Properties of the vector J+|k,j,m)) 


Let |k,j,m) be an eigenvector of J? and J, with the eigenvalues j(j + 1)h? and 
mh. 


(ii) If m < j, J\k,j,m) is a non-null eigenvector of J? and J, with the eigenvalues 
j(j + 1)h? and (m+ 1)h. 


(i) The argument is similar to that of (§ C-2-a-8). According to (C-14a), the 
square of the norm of J1|k,j,m) is zero if m=. Therefore: 


The converse can be proved in the same way: 


Ja|k,j,m) =0 m= 5 (C-26) 


(ii) If m < j, an argument analogous to that of § C-2-a-8-ii yields, using formulas 
(C-5) and (C-2): 


J? I4.|k,5,m) = j(j + 1h? Jy |k, 5,m) (C-27) 


Jz I+|k, J, m) = (m+ 1)hJ4|k, j,m) (C-28) 
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C-2-b. Determination of the spectrum of J? and J, 


We shall now show that the three lemmas above enable us to determine the possible 
values of 7 and m. 

Let |k, j,m) be a non-null eigenvector of J? and J, with the eigenvalues j(j +1)h? 
and mh. According to lemma J, —j < m < j. It is therefore certain that a positive or 
zero integer p exists such that: 


—j<m—-p<-—jt+l (C-29) 
Now consider the series of vectors: 
Ik, 9, m), J_|k,j, m), sn. (J_)?|k, 9,m) (C-30) 


According to lemma IJ, each of the vectors (J_)"|k, 7,m) of this series (n = 0,1,...,p) 
is a non-null eigenvector of J? and J, with the eigenvalues j(j + 1)h? and (m— n)h. 

The proof is by iteration. By hypothesis, |k,7,m) is non-null and corresponds to 
the eigenvalues j(j + 1)h? and mh. (J_)"|k,j,m) is obtained by the action of J_ on 
(J_)"~*|k,j,m), which is an eigenvector of J? and J, with the eigenvalues j(j + 1)h? 
and (m—n+1)h. The latter eigenvalue is necessarily greater than —j since, according 
to (C-29): 


m—-n+1>m—-p4+1>-j4+l1 (C-31) 


It follows, according to point (4) of lemma I, that (J_)"|k, j,m) is a non-null eigenvector 
of J? and J,, the corresponding eigenvalues being j(j + 1)h? and (m—n)h. 

Now let J_ act on (J_)? |k,7,m). Let us first assume that the eigenvalue (m— p)h 
of J, associated with (J_)?|k,7,m) is greater than —jh, that is, that: 


m-p>-Jj (C-32) 


By point (iz) of lemma JI, J_(J_)?|k,j,m) is then non-null and corresponds to the 
eigenvalues j(j + 1)h? and (m — p—1)h. This is in contradiction with lemma I since, 
according to (C-29): 


m—-p-l<-j (C-33) 


We must therefore have m—p equal to —j. In this case, (J_)?|k, 7, m) corresponds 
to the eigenvalue —j of J,, and, according to point (7) of lemma I, J_(J_)?|k,j,m) 
is zero. The vector series (C-30) obtained by the repeated action of J_ on |k,j,m) is 
therefore limited and the contradiction with lemma J is removed. 

We have now shown that there exists a positive or zero integer p such that: 


m—p=-j (C-34) 


An analogous argument, based on lemma J//, would show that there exists a pos- 
itive or zero integer q such that: 


m+q=) (C-35) 
since the vector series: 


|k,j,m), JE yeh da) hg) (C-36) 
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must be limited if there is to be no contradiction with lemma J. 
Combining (C-34) and (C-35), we obtain: 


p+q=2j (C-37) 


j is therefore equal to a positive or zero integer divided by 2. It follows that 7 is necessarily 
integral or half-integral?. Furthermore, if there exists a non-null vector |k,j,m), all the 
vectors of series (C-30) and (C-36) are also non-null and eigenvectors of J? with the 
eigenvalue j(j + 1)h?, as well as of J, with the eigenvalues: 


—jh, (-j+1)h, (-7 +2)h, ..., (G -2)h, (GG -Ih, Gh (C-38) 


We summarize the results obtained above as follows: 





Let J be an arbitrary angular momentum, obeying the commutation relations (B-9). If 
j(j + 1)h? and mh denote the eigenvalues of J? and J,, then: 


— the only values possible for 7 are positive integers or half-integers or zero, that is: 
0, 1/2, 1, 3/2, 2, ... (these values are the only ones possible, but they are not all 
necessarily realized for all angular momenta). 


— for a fixed value of j, the only values possible for m are the (27 + 1) numbers: 
—j,-j+1,...,.7 —1,9; m is therefore integral if 7 is integral and half-integral if 7 
is half-integral. All these values of m are realized once one of them is. 











C-3. “Standard” {|k, 7,m)} representations 


We shall now study the eigenvectors common to J? and J,, which form a basis of 
the state space since J? and J, are, by hypothesis, observables. 


C-3-a. The basis states 


Consider an angular momentum J acting in a state space €. We shall show how 
to construct an orthonormal basis in € composed of eigenvectors common to J? and J,. 

Take a pair of eigenvalues, j(j+1)h? and mh, that are actually found in the case we 
are considering. The set of eigenvectors associated with this pair of eigenvalues forms a 
vector subspace of € which we shall denote by E(j,m); the dimension g(j,m) of this sub- 
space may well be greater than 1, since J? and J, do not generally constitute a C.S.C.O. 
We choose in €(j,m) an arbitrary orthonormal basis, {|k, 7,m);k = 1, 2,...,g(j,m)}. 

If m is not equal to 7, there must exist another subspace €(j,m+1) in € composed 
of eigenvectors of J? and J, associated with the eigenvalues j(j + 1)h? and (m+ I)h. 
Similarly, if m is not equal to —j, there exists a subspace €(j,m — 1). In the case where 
m is not equal to 7 or —7, we shall construct orthonormal bases in E(j,m + 1) and in 
E(j,m — 1), starting with the one chosen in €(j,m). 

First, let us show that, if k; is not equal to ke, Jil|ki,j,m) and J+|ke,j,m) 
are orthogonal, as are J_|ki,j,m) and J_|k2,j,m). We can find the scalar product 





2A number is said to be “half-integral” if it is equal to an odd number divided by 2. 
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of Jz|ki,7,m) and Ji|k2,7,m) by using formulas (C-7): 








(ko, j, m| Jz J+|k1, j,m) = (ko, 9,m|(S? F Je +- hJz)|k1,J,™) 
= 9G +1) — m(m + 1)Jh* (ka, 5, mk, 5,m) (C-39) 














These scalar products are therefore zero if k, # kg since the basis of E(j,m) is orthonor- 
mal; if ky = kg, the square of the norm of Ji|k,7,m) is equal to: 





LG +1) —m(m + 1))h? 





Now let us consider the set of the g(j,m) vectors defined by: 


1 
k,j,m+1) = Ja.|k,j,m C-40 
I, J Le Ga= Ged +|k,J,7™) (C-40) 





Because of what we have just shown, these vectors are orthonormal. We shall show 
that they constitute a basis in E(j,m-+ 1). Assume that there exists, in E(j,m+1), a 
vector ja, j,m-+ 1) orthogonal to all the |k,7,m+ 1) obtained from (C-40). The vector 
J_\a,7,m-+1) would not be null since (m+ 1) cannot be equal to —7; it would belong to 
E(j,m) and would be orthogonal to all vectors J_|k,j,m-+1). Now, according to relation 
(C-40), the ket J_|k, 7, m+1) is proportional to J_J;|k,7,m), that is, to |k, 7, m) [formula 
(C-7b)]. Therefore, J_|a, j7,m-+1) would be a non-null vector of E(j,m) which would be 
orthogonal to all vectors of the |k,j,m) basis. But this is impossible. Consequently, the 
set of vectors (C-40) constitutes a basis in €(j,m +4 1). 
It can be shown, using an analogous argument, that the vectors |k, 7,m—1) defined 
by: 
|k,j,m — 1) : J_|k,j,m) (C-41) 
aa nioth=mG=) 





form an orthonormal basis in €(j,m — 1). 
We see, in particular, that the dimension of subspaces €(j,m+ 1) and E(j,m— 1) 
is equal to that of €(j,m). In other words, this dimension is independent® of m: 


g(j,m + 1) = g(3,m — 1) = g(5,m) = 99) (C-42) 


We then proceed as follows. For each value of j actually found in the problem 
under consideration, we choose one of the subspaces associated with this value of 7, for 
example €(j,7) corresponding to m = j. In this subspace, we choose an arbitrary or- 
thonormal basis, {|k, 7,7,); k =1,2,...,9(7)}. Then, using formula (C-41), we construct, 
by iteration, the basis to which each of the other 27 subspaces €(j,m) will be related: 
the arrows of table (VI-1) indicate the method used. By treating all the values of j found 
in the problem in this way, we arrive at what is called a standard basis of the state space 
€. The orthonormalization and closure relations for such a basis are: 


(k, j, m|k’, 7’, m') > Ok! 0557 Omm! (C-43a) 


+3 gf) 
SYS Sok, i,m) (k, 5, m| = 1 (C-43b) 


J m=—jk=1 





If this dimension is infinite, the result must be interpreted as follows: there is a one-to-one corre- 
spondence between the basis vectors of two subspaces corresponding to the same value of 7. 
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Comments: 


(2) The use of formula (C-41) implies a choice of phases: the basis vectors in 
E(j,m-—1) are chosen to be proportional, with a real and positive coefficient, 
to the vectors obtained by application of J_ to the basis of E(7,m). 


(ii) Formulas (C-40) and (C-41) are compatible, since, if we apply J, to both 
sides of (C-41) and take (C-7a) into account, we find (C-40) [with m replaced 
by (m —1)]. This means that one is not obliged to start, as we did, with 
the maximum value m = j and (C-41) in order to construct bases of the 
subspaces E€(j,m) corresponding to a given value of j. 





g(j) different values of k 














k=1 d k=2 Fon SE? S g(J) 
E(j,m = j) 1, 3,3) 2ya 5a hae \9(9), 559) 
Wie, sk eer de 
E(j,m=j-—1) [tye 4) Pac] 2 Lsus lng 2) 
(23 +1) JL ) JL b JL {) JL 
spaces : : : : 
EG, , ; ats 
ey E(j,m) |1,9,m) |2,j,m)-. —— |g(9),3,™) 
Ui Je: (eke Weare. ey 
EC, —j) ee 39) 2,9, =9)ox l9(9).4; =F) 


g(j) spaces E(k, j) 

Table VI-1: Schematic representation of the construction of the (27 + 1) g(j) 
vectors of a “standard basis” associated with a fixed value of 7. Starting with each of the 
g(j) vectors |k, 7,7) of the first line, one uses the action of J_ to construct the (27 +1) 
vectors of the corresponding column. 

Each subspace E(j,m) is spanned by the g(j) vectors situated in the same row. 
Each subspace E(k, 7) is spanned by the (27 +1) vectors of the corresponding column. 
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In most cases, in order to define a standard basis, one uses observables A, B,... that 
commute* with the three components of J, and form a C.S.C.O. with J? and J, (we shall see a 
concrete example of this in § A of Chapter VII): 


[A, J] = [B,J] =...=0 (C-44) 


For the sake of simplicity, we shall assume that only one of these observables A is required 
to make a C.S.C.O. with J? and J,. Under these conditions, each of the subspaces E(j,m) 
defined above is globally invariant under the action of A: if |wj;,m) is an arbitrary vector of 
E(j,m), Alwj,m) is still, according to (C-44), an eigenvector of J? and J.: 


J? Alwjm) = AIT? |bj,m) = 9(9 + 1)? Aldj.m) 
Jz A\Wj,m) = AJIz|Vj,m) = mh Alj,m) (C-45) 


with the same eigenvalues as |t)j,m). Thus A]t)j,m) also belongs to E(j,m). If we then choose a 
value of 7, we can diagonalize A inside the corresponding subspace €(j,7). We denote by ax,; 
the various eigenvalues found in this way: the index j indicates in which space €(j, 7) they were 
found, and the index k (assumed to be discrete, for simplicity) distinguishes between them. A 
single vector (written |k, 7, 7)) of E(j,7) is associated with each eigenvalue ax,;, since A, J? and 
J, form, by hypothesis, a C.S.C.O.: 





A\k, 9,9) = ak,j k, 9,3) (C-46) 


The set {|k, 7,7); j fixed; k = 1,2,...,g(j)} constitutes an orthonormal basis in €(j, 7), from 
which we construct, using the method described above, a basis in the other subspaces E(j, m) 
related to the value of 7 chosen. By applying this procedure successively for all values of 7, we 
arrive at a “standard” basis, {|k,7,m)} of the state space, all of whose vectors are eigenstates, 
not only of J? and Jz, but also of A: 


Alk, 9, m) = ak, j Ik, 3, m) (C-47) 


This can be shown as follows. If hypothesis (C-44) is satisfied, A commutes with J_, which 
means that J_|k,j,7), that is |k,7,7 — 1), is an eigenvector of A with the same eigenvalue as 
Ik, 9,9): 


AJ_|k, 5,9) = J-Alk, 3,5) = an,3 J-|k, 9,9) (C-48) 


By repeating this process, it is easy to prove relation (C-47). 


Comments: 


(i) An observable that commutes with J? and J, does not necessarily commute with J, 
and Jy (Jz is itself an example). Consequently, it should not be necessary, in order 
to form a C.S.C.O. with J? and J,, to choose observables that commute with the 
three components of J as in (C-44). However, if A did not commute with J, and 
J_ (that is, with J, and Jy), J-|k,7,m) would not necessarily be an eigenvector of 
A with the same eigenvalue as |k, j,m). 





(ii) The spectrum of A is the same in all the subspaces €(j, m) associated with the same 
value of 7. However, the eigenvalues a,,; generally depend on 7 (this point will be 
illustrated by concrete examples in §§ A and C of Chapter VII). 





4 An operator that commutes with the three components of the total angular momentum of a physical 
system is said to be “scalar” (cf. Complement Byr). 


680 


C. GENERAL THEORY OF ANGULAR MOMENTUM 





C-3-b. The spaces €(k, 7) 


In the preceding section, we introduced a “standard basis” of the state space by 
starting with a basis chosen in the subspace €(j,m = 7) and constructing a basis of 
E(j,m = j — 1), then one of E(j,m = j — 2),..., E(y,m), etc... The state space can be 
considered to be the direct sum of all the orthogonal subspaces €(j,m), where m varies 
by integral jumps from —j to +j and j takes on all the values actually found in the 
problem. This means that any vector of € can be written in one and only one way as a 
sum of vectors, each belonging to a particular subspace €(j,m). 

Nevertheless, the use of the subspaces E(j,m) presents certain disadvantages. First 
of all, their dimension g(j) depends on the physical system being considered and is not 
necessarily known. In addition, the subspaces €(j,m) are not invariant under the action 
of J since, by the very means of construction of the vectors |k,j,m), J and J_ have 
non-zero matrix elements between vectors of E(j,m) and those of E(j,m + 1). 

We shall therefore introduce other subspaces of €, the spaces E(k, 7). Instead of 
grouping together the kets |k,j,m) with fixed indices 7 and m [which span E(j,m)], we 
shall now group together those for which k and j have given values, and we shall call 
E(k, 7) the subspace which they span. This amounts to associating, in table (VI-1), the 
(27 + 1) vectors of one column [instead of the g(j) vectors of one row]. 

€ can then be seen to be the direct sum of the orthogonal subspaces E(k, 7), which 
have the simpler properties: 





— the dimension of E(k, 7) is (27 +1), whatever the value of k and whatever the 
physical system under consideration. 


— €(k,7) is globally invariant under the action of J: any component J, of J for a 
function F(J) of J], acting on a ket of €(k, 7), yields another ket also belonging? 
to E(k,7). This result is not difficult to establish, since J, [or F(J)] can always 
be expressed in terms of J,, J, and J_. Now, Jz, acting on |k,j,m), yields a 
ket proportional to |k,7,m); J, a ket proportional to |k,j,m+ 1); and J_, a ket 
proportional to |k,7,m— 1). The existence of the property in question therefore 
follows from the very means of construction of the “standard basis” {|k, j,m) }. 


C-3-c. Matrices representing the angular momentum operators 


Using the subspaces €(k, j) considerably simplifies the search for the matrix which 
represents, in a “standard” basis, a component J,, of J [or an arbitrary function F(J)]. 

The matrix elements of such operators between two basis kets belonging to two 
different subspaces €(k, 7) are zero. The matrix therefore has the following form: 





5TIt can also be shown that €(k,7) is “irreducible” with respect to J: there exists no subspace of 
E(k, 7) other than E(k, 7) itself which is globally invariant under the action of the various components of 
J. 
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E(k; J) E(k’, 5) E(k’, 7’) = 
E(k, 7) matrix 0 0 0 
(27+1) x (2j+1) 
E(k’, 7) 0 matrix 0 0 
(27+1) x (2j+1) 
E(k’, 9’) 0 0 matrix 0 
(29’+1) x (27’+1) 
0 0 0 














(C-49) 


All we must then do is calculate the finite-dimensional matrices that represent the oper- 
ator under consideration inside each of the subspaces E(k, 7). 

Another very important simplification arises from the fact that each of these finite 
submatrices is independent of k and of the physical system under study; it depends only 
on j and, of course, on the operator which we want to represent. To see this, note that 
the definition of the |k,7,m) [c¢f. (C-12), (C-40) and (C-41)] implies that: 





Jz\k, j,m) = mh |k, 3, m) 
J4|k,j,m) =hV/ GG + 1) —m(m + 1) |k,j,m + 1) (C-50) 
J_|k,j,m) = hij +1) — m(m — 1) |k, j,m — 1) 


that is: 














e571 Folk 3's m’) = mh Oke! 354° Omm! 
(kj, m| Js Beef es) =h TG 7 1) _ m!(m! <= 1) Okk’ 054" Om,m’ £1 (C-51) 











These relations show that the matrix elements representing the components of J depend 
only on 7 and m and not on k. 

In order to know, in all cases, the matrix associated with an arbitrary component 
J, in a standard basis, all we need to do is calculate, once and for all, the “universal“ 
matrices (J,)) which represent J,, inside the subspaces €(k, j) for all possible values of 
j (j = 0, 1/2, 1, 3/2, ...). When we study a particular physical system and its angular 
momentum J, we shall determine the values of j actually found in the problem, as well 
as the number of subspaces €(k, 7) associated with each of them [that is, its degree of 
degeneracy (27 + 1)g(j)]. We know that the matrix representing J, in this particular 
case has the “block-diagonal” form (C-49), and we can therefore construct it from the 
“universal” matrices which we have just defined: for each value of j, we shall have g(j) 
“blocks” identical to (J,). 


Let us give some examples of (J,,)%) matrices: 
(i) 7 =0 
The subspaces €(k, 7 = 0) are one-dimensional, since zero is the only possible value 


for m. The (J,,) matrices therefore reduce to numbers, which, according to (C-51), are 
Zero. 
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(is) § =1/2 
The subspaces €(k, 7 = 1/2) are two-dimensional (m = 1/2 or —1/2). If we choose 
the basis vectors in this order (m = 1/2,m = —1/2), we find, using (C-51): 


(J2)0 = 5 ( a ) (C-52) 
and: 

()M=a( 9 9) GIM=a( oo) (C-53) 
that is, using (C-1): 

(Jy) /2) _ ( : ; ) joe = ( ° = ) (C-54) 
The matrix representing J? is therefore: 

(52) (1/2) = vf ( : : ) (C-55) 


We thus find the matrices that were introduced without justification in Chapter IV, 
§ A-2. 


(iii) j= 1 
We now have (order of the basis vectors: m = 1,m =0,m = —1): 
1 0 0 
(J)%=A} 0 0 0 (C-56) 
Os Oy a 
0 V2 0 0 0 0 
(J)%P=ArAl 0 0 V2 (JI)JDX =A[ V2 0 0 (C-57) 
0 oO 0 0 V2 0 
and therefore: 
gf Oe Le pf OF Sa OD 
(J,)%=—] 1 0 1 (YP =—l{ i 0 -3 (C-58) 
v2\o 1 0 v2 ; 0 
and: 
i Or. 
(J7)) =n? | 0 1 0 (C-59) 
0 0 1 


It can be verified that matrices (C-56) and (C-58) satisfy the commutation relations 
(B-9). 
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(iv) j arbitrary 


We use relations (C-51), which, according to (C-1), can also be written: 


. . h 
(k,j, m|Jz|k', 7’, m’) = 5 OK! O55" 


x VIG +1) —m(m' +1) bimm4i + VIG +) —m(m' —1) Sie | (C-60) 


and: 


. h 
(k,j, m|Jy|k’, 9’, m’) = ry DKK! O55" 


x VIG +1) —m (mM +1) bmmi4a - VIG +) —m'(m —1) bm,m'—| (C-61) 


As for the matrix ( G )), it is diagonal and its elements are the (2j+1) values of mh. The 
only non-zero matrix elements of (J) and (Jy) are those directly above and directly 
below the diagonal: (J,)% is symmetrical and real, and (Jy) is antisymmetrical and 
pure imaginary. 


Since the kets |k, j,m) are, by construction, eigenvectors of J?, we have: 
(k, j, mJ? |b’, 9’,m") = GG +R Sere 555° Srmam (C-62) 


The matrix (J?) is therefore proportional to the (27 + 1) x (2j + 1) unit matrix: its 
diagonal elements are all equal to j(j + 1)h?. 


Comment: 


The Oz axis which we have chosen as the “quantization axis” is entirely arbitrary. 
All directions in space are physically equivalent, and we should expect the eigen- 
values of J, or Jy to be the same as those of J, (their eigenvectors, however, are 
different, since J, and J, do not commute with J,). It can indeed be verified that 
the eigenvalues of the (J,)“/?) and (Jy)“/?) matrices [formulas (C-54)] are +4, 
and that those of the (J,)“) and (J,)“) matrices [formulas (C-58)] are +h, 0, —h. 
This result is general: inside a given subspace E(k, 7), the eigenvalues of J, and 
Jy (like those of the component J, = J.u of J along an arbitrary unit vector u) 
are jh,(j —1)h,...,(—j7 + 1)A, —jh. The corresponding eigenvectors (eigenvectors 
common to J? and Jy, J? and Jy, or J? and J,,) are linear combinations of the 
|k,j,m) with k and j fixed. 


To conclude this section devoted to “standard” representations, we summarize: 
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An orthonormal basis {|k, 7,m)} of the state space, composed of eigenvectors common 
to J? and J,: 

J*|k, j,m) = j(j + Uh? |k, j,m) 

Jz\k, j,m) = mh |k, j,m) 


is called a “standard basis ” if the action of the operators Ji and J_ on the basis 
vectors is given by: 


Jy|k,j,m) = hy/i(j +1) — m(m +1) |k,j,m+1) 
J_|k,j,m) = hj =. 1) —m(m — 1) |k, j,m — 1) 














D. Application to orbital angular momentum 


In § C, we studied the general properties of angular momenta, derived uniquely from 
the commutation relations (B-9). We shall now return to the orbital angular momentum 
L of a spinless particle [formula (B-3)] and see how the general theory just developed 
applies to this particular case. Using the {|r)} representation, we shall show that the 
eigenvalues of the operator L? are the numbers /(J + 1)h? corresponding to all positive 
integral or zero 1: of the possible values for 7 found in § C-2-b, the only ones allowed 
in this case are the integral values, all of which are present. Then we shall indicate the 
eigenfunctions common to L? and L, and their principal properties. Finally, we shall 
study these eigenstates from a physical point of view. 


D-1. Eigenvalues and eigenfunctions of L? and L, 
D-1-a. Eigenvalue equation in the {|r)} representation 


In the {|r)} representation, the observables R and P correspond respectively to 
multiplication by r and to the differential operator (f/i)V. The three components of the 
angular momentum L can then be written: 


hf oO 0 

La i (up, = “= re) 
hf_o 0 

a= a («x 7 5) ou 
hf a 0 

a i («3 7 vs) Pon 


It is more convenient to work in spherical (or polar) coordinates, since, as we shall 
see, the various angular momentum operators act only on the angular variables 9 and 
y, and not on the variable r. Instead of characterizing the vector r by its Cartesian 
components x,y,z, we label the corresponding point M in space (OM = r) by its 


685 


CHAPTER VI GENERAL PROPERTIES OF ANGULAR MOMENTUM IN QUANTUM MECHANICS 





spherical coordinates r, 6, y (Fig. 1): 


x =rsindcosy 
y =rsinésin yg 
z=rcosé 
with : (D-2) 
r>0 
0<0<7T 
0O<p<27 


The volume element d°r = dz dy dz is written in spherical coordinates: 





Figure 1: Definition of the spherical coordi- 
nates r, 0, p of an arbitrary point in space. 








d°r =r? sin@ dr dé dy 


D-3 
=r'dr dQ Cea, 


where: 
dQ = sin 6d6 dy (D-4) 
is the solid angle element about the direction of polar angles 0 and y. 
Applying the classical technique of changing variables, we obtain, from formulas 
(D-1) and (D-2), the following expressions (the calculations are rather time-consuming 
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but pose no great problem): 








; : QO cosy O 
L, =ih (sin Pap + ey =) (D-5a) 
: OQ sing O 
a — 3 = D- 
Ly in( cos P55 + eae) (D-5b) 
pee (D-5c) 
i Oy 


which yields: 


a? 1 O i .¢? 
L? = h D-6 
(x © $an0 08 sin? 53) eae) 





io { O 0 
= pe (ag fee D- 
Li = he & i cot. | (D-6b) 
0 0 
Spe ie [ae ee ae D- 
L_ =he ( apt! cot >” (D-6c) 


In the {|r)} representation, the eigenfunctions associated with the eigenvalues 1(/+ 
1)h? of L? and mh of L, are the solutions of the partial differential equations: 





Oo? 1 Oo Ly 0? 
age t rade + aazpags pH Ov) =ME+1) WO.8,4) (D-70) 
_O 
“age 6, ~) =m Wr, 0, ve) (D-7b) 


Since the general results of § C are applicable to the orbital angular momentum, we 
already know that / is integral or half-integral and that, for fixed 1, m can take on only 
the values —1, -1+1,...,2-—1, 1. 

In equations (D-7), r does not appear in any differential operator, so we can con- 
sider it to be a parameter and take into account only the 6- and y-dependence of w. Thus, 
we denote by Y;"(6, y) a common eigenfunction of L? and L, which corresponds to the 
eigenvalues I(J + 1)h? and mh: 


L¥;"(0,¢) =UL+ 1h? ¥"(0, 9) (D-8a) 
LzY/"(8,p) = mh Y/"(9, ¢) (D-8b) 
To be completely rigorous, we would have to introduce an additional index in order 
to distinguish between the various solutions of (D-8) corresponding to the same pair of 
values of | and m. In fact, as we shall see further on, these equations have only one 


solution (to within a constant factor) for each pair of allowed values of | and m; this is 
why the indices | and m are sufficient. 


Comments: 


(i) Equations (D-8) give the 6- and y-dependence of the eigenfunctions of L? 
and L,. Once the solution Y;'"(6, y) of these equations has been found, these 
eigenfunctions will be obtained in the form: 


Vim(r, 8,9) = f(r) ¥"(8, 9) (D-9) 
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where f(r) is a function® of r that appears as an integration constant for 
the partial differential equations (D-7). The fact that f(r) is arbitrary shows 
that L? and L, do not form a C.S.C.O. in the space €, of functions of r (or 
of r,6,). 

(it) In order to normalize Wjm(r,6,y), it is convenient to normalize Y/'"(@, y) 
and f(r) separately (as we shall do here). We then have, taking (D-4) into 


account: 
20 T 
| ay | sin@ |Y/"(8,~)|? dé =1 (D-10) 
0 0 
and: 
if r?|f(r)P dr=1 (D-11) 
0 
D-1-b. Values of | and m 
a.  landm must be integral 


Using expression (D-5c) for L,, we can write (D-8b) in the form: 


hO Om a 

Tp ¥in(8.e) = mh ¥i"(8, 9) (D-12) 
which shows that Y/"(6,y) is equal to: 

Y" (0, ») = Fi"(@) e'™? (D-13) 


We can cover all space by letting y vary between 0 and 27. Since a wave function 
must be continuous at all points in space’, we must have, in particular: 


Y"(0,¢ = 0) = ¥"(9, 9 = 2n) (D-14) 
which implies that: 
ee a (D-15) 


According to the results of § C, m is integral or half-integral. Relation (D-15) shows 
that, in the case of an orbital angular momentum, m must be an integer (e?*"" would be 
equal to —1 if m were half-integral). But we know that m and J are either both integral 
or both half-integral: it follows that 1 must also be an integer. 


B. All integral values (positive or zero) of | can be found 


Choose an integral value of | (positive or zero). We know from the general theory 
of § C that Y/(0, py) must satisfy: 


L1¥/(6,¢) =0 (D-16) 





° f(r) must be such that W,m(r,9,y) is square-integrable. 
“If Y/"(0,~) were not continuous for y = 0, it would not be differentiable and could not be an 
ao 


eigenfunction of the differential operators (D-5c) and (D-6a). For example, 33 


a function 6(y), which is incompatible with (D-12). 


Y/" (0, ~) would produce 
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which yields, taking (D-6b) and (D-13) into account: 


{a =). Goi of Fi(0) =0 (D-17) 


This first order equation can be integrated immediately if we notice that: 





d(si 
cot 6 d@ = (sin 0) (D-18) 
sin 6 
Its general solution is: 
F}(0) = (sin 6)! (D-19) 


where c is a normalization constant®. 
Consequently, for each positive or zero integral value of J, there exists a function 
Y/(@,) which is unique (to within a constant factor): 


¥/ (9,2) = e1(sin 0)'e"" (D-20) 


Through the repeated action of L_, we construct ye eulyeXy ses Yet Thus we see that 
there corresponds to the pair of eigenvalues I(1 + 1)h? and mh (where | is an arbitrary 
positive integer or zero and m is another integer such that —l < m < 1), one and only 
one eigenfunction Y/"(0,y), which can be unambiguously calculated from (D-20). The 
eigenfunctions Y'""(@, y) are called spherical harmonics. 


D-1-c. Fundamental properties of the spherical harmonics 


The spherical harmonics Y;'"(0,y) will be studied in greater detail in Comple- 
ment Avy. Here we shall confine ourselves to summarizing this study by stating without 
proof its principal results. 


Q. Recurrence relations 


According to the general results of § C, we have: 


La¥"(0,¢) = h/Wl+ 1) — mm ED ¥"*1(6, y) (D-21) 


Using expressions (D-6b) and (D-6c) for the operators L, and L_ and the fact that 
Y(9,p) is the product of a function of @ alone and e*”*, we obtain: 











oF —m cot 8) ¥i%(0,~) = V+ 1) — mlm +1) ¥y""4(0, 9) (D-22a) 
ee 5 —m cot 6) Y/"(8,~) = Jil +1) — m(m—1) ¥;"71(0, 9) (D-22b) 





8Inversely, one can easily show that the function obtained in this way is actually an eigenfunction of 
L? and Lz with eigenvalues I(J + 1)h? and Ih. According to (D-5c) and (D-13), it is immediately seen 
that LzY} (0, y) =Ih ¥/ (9, ~). Then, using this equation and (D-16), as well as (C-7b), one can show 
that Yi (6, y) is also an eigenfunction of L? with the expected eigenvalue. 


689 


CHAPTER VI GENERAL PROPERTIES OF ANGULAR MOMENTUM IN QUANTUM MECHANICS 





B. Orthonormalization and closure relations 


Equations (D-7) determine the spherical harmonics only to within a constant fac- 
tor. We now choose this factor so as to orthonormalize the Y/"(9, y) (as functions of the 
angular variables 6 and y): 


27 Tv 
| ay [ pHi ae yr" (6, gp) Yi" (8, p) = drt Om (D-23) 
0 0 


Furthermore, any function of 0 and y, f(@,y~), can be expanded in terms of the 
spherical harmonics: 


oo +1 
f(9, y) = S- S> ClLm Y"(8, )) (D-24) 
l=0 m=-l 
with: 
27 wT 
am= | ay | siné dé Y"*(6,~) f(8, ~) (D-25) 
0 ty) 


The spherical harmonics therefore constitute an orthonormal basis in the space Eg of 
functions of 0 and y. This fact is expressed by the closure relation: 


fore) 1 
S> So vi"(8,¢) Yi" (0', ¢’) = 6(cos 6 — cos 6’) 6(y — ¢’) 
l=0 


1 
== 4(6 — 6’) d(y — 9’) (D-26) 
sin 0 
[it is 6(cos 6 —cos 9’), and not 6(6— 6’), that enters into the right-hand side of the closure 
relation, because the integrations over the variable @ are performed using the differential 
element sin #d@ = —d(cos 6)]. 





Y. Parity and complex conjugation 


First of all, recall that the change from r to —r (reflection through the coordinate 
origin) is expressed in spherical coordinates by (Fig. 2): 


r=—>=—>r 
6=— 7-90 (D-27) 
p==7T+Y 


It is simple (see Complement Ay) to show that: 
Yj" (a — 0,7 + y) = (-1)' ¥"(8, 9) (D-28) 


The spherical harmonics are therefore functions with a definite parity, which is indepen- 
dent of m; they are even if / is even and odd if ! is odd. 
Also, it can easily be seen that: 


[¥"(9, e)* = (-1)™ ¥™"(9, ¢) (D-29) 
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Figure 2: Transformation in spher- 
ical coordinates of an arbitrary 
point by reflection through the ori- 
gin; r is not changed, 0 becomes 
a —6, and ~ becomes 7+ yp. 








D-1-d. “Standard” bases of the wave function space of a spinless particle 


As we have already noted [comment (i) of § D-1-a], L? and L, do not constitute a 
C.S.C.O. in the wave function space of a spinless particle. We shall now indicate, relying 
on the reasoning and results of § C-3, the form of the “standard” bases of this space. 

Let €(1,m = 1) be the subspace of eigenfunctions common to L? and Lz, of eigen- 
values I(1 + 1)h? and Ih, where I is a fixed positive integer or zero. The first step in 
the construction of a “standard” basis (cf. § C-3) consists of choosing an arbitrary or- 
thonormal basis in each of the E(J,m = 1). We shall denote by w%11(r) the functions 
that constitute the basis chosen in E(1,m = 1), the index k (assumed to be discrete for 
simplicity) serving to distinguish between the various functions of this basis. By repeated 
application of the operator L_ on the ~,11(r), we then construct the functions wx 1.m(r) 
which complete the “standard” basis for m # 1; they satisfy equations (C-12) and (C-50), 
which become here: 


L Wk,tm(E) = UL+ 1)? de,m(r) 
Lee am(t) = mA ve,1.m(V) 


and: 


Lave tm(l r)= Ay/l ( (d+ 1) m(m4 se 1) we, l mei) (D-31) 


But we saw in § D-1-a that all eigenfunctions common to L? and L, that corre- 
spond to given eigenvalues I(J + 1)h? and mh have the same angular dependence, that 
of Y"(0,y); only their radial dependence differs. From equations (D-30), we therefore 
deduce that Wx,1,(r) has the form: 


Vrtym(t) = Reym(r) ¥/"(9, ¢) (D-32) 


(D-30) 
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Let us now show that, if the w,.1,(r) constitute a “standard” basis, the radial functions 
Rxtm(r) are independent of m. Since the differential operators L+ do not act on the 
r-dependence, we have, according to (D-21): 





L+ Wk,l,m(L) = Rigid) D+ Y"(0,9) 


=hV/l(l+ 1) —m(mH£1) Retr) Y"*"(8, ¢) (D-33) 


Comparison with (D-31) shows that the radial functions must satisfy, for all r: 











Remi) = Retym(7) (D-34) 





and are consequently independent of m. The functions ~%1,m(r) of a “standard” basis of 
the wave function space of a (spinless) particle are therefore necessarily of the form: 


We,lm(") = Rev(r) (4, v) (D-35) 


The orthonormalization relation for such a basis is: 


/ dr DE pon) Yee’ (P) = | Pdr RE (0) Ry e(r) 


0 


27 T 
x | ay | sin 6 dé Yy"* (0, y) Ai (8, yp) = Okk! Ou Omm! (D-36) 
0 0 
Since the spherical harmonics are orthonormal [formula (D-23)], we obtain, finally: 
| r?dr Ral) Ry a(r) a Ok! (D-37) 
0 


The radial functions Ry j(r) are therefore normalized with respect to the variable r; 
moreover, two radial functions corresponding to the same value of | but to different 
indices k are orthogonal. 


Comments: 


(i) Relation (D-37) is simply a consequence of the orthonormality of the functions 
WkLm(v) = Reu(r) Y!(0, y), which have been chosen as a basis in the subspace 
E(l,m = 1). It is therefore essential that the index | be the same for the two 
functions R,, appearing on the left-hand side. For 1 ¥ I’, Weim(r) and 
We Um! (L) are orthogonal anyway because of their angular dependence (they 
are eigenfunctions of the Hermitian operator L? with different eigenvalues). 
The integral: 


| rdr Ry (7) Rew (r) (D-38) 
0 


may therefore take on any value a priori if | and I’ are different. 
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(it) In general, the radial functions R, ;(r) depend on 1, for the following reason. 
A function of the form f(r)g(@,y) can be continuous at the coordinate origin 
(r = 0, 6 and y arbitrary) only if (0, y) reduces to a constant or if f(r) goes 
to zero at r = 0 [since if g(0, y) depends on 6 and y, the limit of f(1r)9(6, vy) 
when r —> 0 depends on the direction along which one approaches the origin 
if f(0) is not zero]. Consequently, if we want the basis functions Wx 1m(r) 
to be continuous, only the radial functions corresponding to | = 0 can be 
non-zero at r = 0 [Y?(0, %) is indeed a constant]. Similarly, if we require the 
Wk,l,m(v) to be differentiable (once or several times) at the origin, we obtain 
conditions for the R;.(r) that depend on the value of J. 


D-2. Physical considerations 
D-2-a. Study of a |k,1,m) state 


Consider a (spinless) particle in an eigenstate |k,1,m) of L? and L, [whose as- 
sociated wave function is ~,im(r)], that is, a state in which the square of its angular 
momentum and the projection of this angular momentum along the Oz axis have well- 
defined values [I(/ + 1)h? and mh respectively]. 

Suppose that we want to measure the component along the Ox or Oy axis of the 
angular momentum of this particle. Since Lz and L, do not commute with Lz, |k,1,m) 
is an eigenstate neither of L, nor of L,; we cannot, therefore, predict with certainty the 
result of such a measurement. Let us calculate the mean values and root mean square 
deviations of L, and L, in the state |k,l,m). 

These calculations can be performed very simply if we express L, and L, in terms 
of D4 and L_. We invert formulas (C-1): 


i 
Ly = 5(L++L-) 
1 


Ly = 5:(L4 -E-) (D-39) 


Thus we see that L, |k,1,m) and Ly |k,1,m) are linear combinations of |k,1,m +1) and 
|k,1,m — 1); this leads to: 


(k,l, m|La|k, l,m) = (k,l, m|L,|k, l,m) = 0 (D-40) 
Furthermore: 

(k,l, m|L2|k, l,m) = rk m|\(L2. + L? + Ly L_ + L_L4)|k,l,m) 

(k,l, m|L2|k, l,m) = — ith, l,m|(L2. +L? — £4L_ — L_L4)|k,l,m) (D-41) 


The terms in Land L? do not contribute to the result, since L4|k,1,m) is proportional 
to |k,l,m +2). In addition, formula (C-8) yields: 








L,L_+ L_Ly =2(L? — L?) (D-42) 
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We therefore obtain: 
(k,l, m|Lz|k, l,m) = (k, 1, m|La|k, l,m) 
1 
= 5 (kt, mL? a L?)\k, l,m) 
h2 


HE +1) — mi? (D-43) 


Thus, in the state |k,1,m): 
(Le) = (Ly) =0 (D-44a) 


AL, = AL, = hy/ =[I(L+ 1) — m2] (D-44b) 


1 
2 


These results suggest the following picture. Consider a classical angular momen- 
tum, whose modulus is equal to fi,/1(1 + 1) and whose projection along Oz is mh (Fig. 3): 


|OL| = hi + 1) 


OH = mh (D-45) 


We denote by © and © the polar angles that characterize its direction. Since the 
triangle OLJ has a right angle at J, and OH = JL, we have: 


OJ = JOL? — OH? = hy/i(i+ 1) — m? (D-46) 


Consequently, the components of such a classical angular momentum would be: 


OI = hy/I(1 +1) — m? cos ® 
OK =hv/l(l +1) — m2sin® (D-47) 

OH = hv/I(1 + 1) cos O = mh 
Now let us assume that |OL| and © are known and that ® is a random variable which 


can take on any value in the interval [0,27], all these values being equally probable (an 
evenly distributed random variable). We then have, averaging over ®: 





20 

(OI) « | cos 6 dé = 0 (D-48a) 
0 

ee 2n 

(OR) « | sin db =0 (D-48b) 
0 

which corresponds to (D-44a). In addition: 

—__9 1 20 h2 

(Ol) = 5h [ll aS mf cos’ ® d® = 5 le +1) —m?| (D-49) 
iu 0 


and, similarly: 


(OR’) = ue +1)—m?] (D-50) 
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x 


Figure 8: A classical model for the orbital angular momentum of a particle in a state 
|l,m). We assume that the distance [OL/ and the angle © are known, but that ® is a 
random variable whose probability density is constant inside the interval [0,27]. The 
classical mean values of the components of OL, as well as those of the squares of these 
components, are then equal to the corresponding quantum mechanical mean values. 





These mean values are identical to the ones we found in (D-44). Consequently, the 
angular momentum of a particle in the state |k,1,m), behaves, insofar as the mean values 
of its components and their squares are concerned, like a classical angular momentum of 
magnitude A,/I(1+ 1) having a projection mh along Oz, but for which ® is a random 
variable evenly distributed between 0 and 27. 


Of course, this picture must be used carefully: we have shown throughout this 
chapter how much the quantum mechanical properties of angular momenta differ from 
their classical properties. In particular, we must stress the fact that an individual mea- 
surement of L, or L, on a particle in the state |k,/,m) cannot yield an arbitrary value 
between —A,/I(1 +1) — m? and +h,/l(1+ 1) — m2, as the preceding model might lead 
us to believe. The only possible results are the eigenvalues of L, or Ly (we saw at the 
end of § C that these are the same as those of L,), that is, since / is fixed here, one of 
the (21+ 1) values li, (J — 1)h, ..., (-l + 1)h, —Ih. 
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D-2-b. Calculation of the physical predictions concerning measurements of L? and L, 


Consider a particle whose state is described by the (normalized) wave function: 


(rb) = ¥(r) = V(r, 9,9) (D-51) 
We know that a measurement of L? can yield only the results 0, 2h, 6h?, ..., I(1+1)h?, ..., 
and a measurement of L,, only the results 0, +h, +2h, ..., mh, ... How can we calculate 














the probabilities of these different results from the wave function w(r, 0, y)? 


Q. General formulas 


Let us denote by Py2,,,,(1,m) the probability of finding, in a simultaneous mea- 
surement of L? and L,, the results I(1 + 1)h? and mh. This probability can be obtained 
by expanding 7(r) on a basis composed of eigenfunctions of L? and L,; we shall choose 
a “standard” basis of the type introduced in § D-1-d: 


Vrtm(t) = Rear) ¥"(8, 9) (D-52) 
w(x) can then be written: 


= DDD cetim Relr) ¥7"(8, 9) (D-53) 
k loom 


where the coefficients cx 1m can be calculated by using the usual formula: 
crt = f Pr Vea (t) UE) 


oo Qn wT 
= far Ria) fae f sineas ¥""(0,9) ¥(7,0,9) (D-54) 
0 0 0 


According to the postulates of Chapter III, the probability Az2,,, (I,m) is given, 
under these conditions, by: 


Pry 1, = lexeael? (D-55) 


If we measure only L?, the probability of finding the result J(1 + 1)h? is equal to: 


Pr2(I 2 Py21,(l,m) = > S lck,tml? (D-56) 


m=-l k m=-l 
Similarly, if it is only L, that we wish to measure, the probability of obtaining mh is: 
2S pentis= SS baal? (D-57) 
1>|m| k l>|m| 


(the restriction 1 > |m| is automatically satisfied, since there are no coefficients cy. for 
which |m| would be greater than J). 

Actually, since L? and L, act only on 6 and y, we see that it is the @- and y- 
dependence of the wave function 7(r) that count in the preceding probability calcula- 
tions. To be more precise, consider w(r,0,y) as a function of 8 and w depending on the 
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parameter r. Like any other function of 6 and y, w can then be expanded in terms of 
the spherical harmonics: 


(r, 6,~) = 2d aim( m (6,) (D-58) 


The coefficients a), of this expansion depend on the “parameter” r and are given by: 


Qn 
apne )= | ae a sin d0 ¥;"*(0, 0) W(r,9,~) (D-59) 


If we compare expressions (D-58) and (D-53), we see that the cy,1, are the coefficients 
of the expansion of aj,,(r) on the functions Rx 1(r): 


atm(r) = Seen Ry t(r) (D-60) 


k 


with, taking (D-54) and (D-59) into account: 


cram = fo 1dr Rey (rann (0 (D-61) 
0 


Using (D-37) and (D-60), we also obtain: 


| rede |dim(r)|? =. leeam|? (D-62) 
0 k 


The probability Az2,,, (l,m) [formula (D-55)] can therefore also be written in the form: 


Aya (Gm) =| rdr |aim(r)|? (D-63) 
0 


From this we can deduce, as in (D-56) and (D-57): 


Pall =e ia rdr larm(r)/? (D-64) 


m=—l 


and: 


m= fr r’dr |aim(r)|? (D-65) 


1>|m| 


[here again, aj,(r) exists only for | > |m|]. Consequently, to obtain the physical pre- 
dictions concerning measurements of L? and L,, we may consider the wave function as 
depending only on @ and y. We then expand it in terms of the spherical harmonics as in 
(D-58) and apply formulas (D-63), (D-64) and (D-65). 

Similarly, since L, acts only on y, it is the y-dependence of the wave function 7)(r) 
that counts in the calculation of Az_(m). To see this, we shall use the fact that the 
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spherical harmonics are products of a function of @ alone and a function of y alone. We 
shall write them in the form: 


emp 


Y;"(6, ~) = Z,"(0) —= D-66 
1" (8,9) = Z/"(8) Je (D-66) 
so that each of the functions of the product is normalized, since we have: 
i a-imp pim'yp 
e e = ben (D-67) 


0 Vin Vin 


Substituting this formula into the orthonormalization relation (D-23) for the spherical 
harmonics, we find: 


| sind0 Z?"*(8) Zi (8) = dy (D-68) 
0 

[for reasons analogous to those indicated in comment (7) of § D-1-d, the same value of m 
is involved in both functions Z7” of the left-hand side]. 


If we consider w(r,0,y) to be a function of y defined in the interval [0,27] and 
depending on the “parameters” r and @, we can expand it in a Fourier series: 


eime 
6) 


(r, 0,9) Dy Dm (1, aR (D-69) 
where the coefficients b,,(7,@) can be calculated from the formula: 
1. ee 
bmlr8) = [ dy e-#™? Yr, 8,9) (D-70) 


If we compare formulas (D-69) and (D-70) with (D-58) and (D-59), we see that the 
ai,m(r) for fixed m are the coefficients of the expansion of b,,(r, 9) on the functions Z/” 
corresponding to the same value of m: 


9) = S-aim(r) Z7"(8) (D-71) 
1 
with: 
ay i} sind Z?"*(0) bmn(r,8) (D-72) 
0 
With (D-68) taken into account, expansion (D-71) requires that: 
a sin dO [Dma( =e rae (D-73) 
0 
Substituting this formula into (D-65), we obtain Y;,(m) in the form: 
co Tw 
= | ar | sin Od@ |bm(r, 8) |? (D-74) 
0 0 
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Therefore, as far as measurements of L, alone are concerned, all we need to do is consider 
the wave function as depending solely on y and expand it in a Fourier series as in (D-69) 
in order to calculate the probabilities of the various possible results. 

We might be tempted to think that an argument analogous to the preceding ones 
would give Yz,2(1) in terms of the expansion of w(r,9,y) with respect to the variable 6 
alone. In fact, this is not the case: predictions concerning a measurement of L? alone 
involve both the 6- and the y-dependence of the wave function; this is related to the fact 
that L? acts on both 6 and y. We must therefore use formula (D-64). 


B. Special cases and examples 


Suppose that the wave function 7)(r) representing the state of the particle appears 
in the form of a product of a function of r alone and a function of @ and y: 


W(r, 9,9) = f(r) 9(9, 9) (D-75) 


We can always assume f(r) and g(0,y) to be separately normalized: 


[ r’dr |f(r)|? =1 (D-76a) 
Jo 
2a Tw 
| ay | sinO dé |9(0,~)|? =1 (D-76b) 
0 0 


To obtain the expansion (D-58) of such a wave function, all we must do is expand 9(6, vy) 
in terms of the spherical harmonics: 


9(8,”) = S> So dim ¥i"(8, 9) (D-77) 
l m 
with: 
Qn Tw 
dias =} ay | sind dé Y/""(8, 9) 9(8, 9) (D-78) 
0 0 


In this case, therefore, the coefficients a) ,(r) of formula (D-58) are all proportional to 
f(r): 
atm(T) = dim f(r) (D-79) 


With (D-76a) taken into account, expression (D-63) for the probability Ay2 7, (l,m) 
becomes simply: 


Prat, (l,m) = |di ml? (D-80) 
This probability is totally independent of the radial part f(r) of the wave function. 


Similarly, let us consider the case in which the wave function w(r,6,y) is the 
product of three functions of a single variable: 


V(r, 8,9) = f(r) h() ky) (D-81) 
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which we shall assume to be separately normalized: 


[ r’dr |f(r)|? = if sin 0d6 |h(6)|? =| ae |k(y)/? =1 (D-82) 


Of course, (D-81) is a special case of (D-75), and the results we have just established 
apply here. But, in addition, if we are interested only in a measurement of L,, all we 
must do is expand k(y) in the form: 


eme 


k(~) = So em Tie (D-83) 
where: 
1 oe -—imyp 
m= = | dy ei? ky) (D-84) 


in order to obtain the equivalent of formula (D-69), with: 

bm(r, 9) = em f(r) h(8) (D-85) 
According to (D-82), Az,(m) is then given by (D-74) as: 

P,,,(m) = lem? (D-86) 


The preceding considerations can be illustrated by some very simple examples. First, let 
us assume that the wave function w(r) is in fact independent of @ and ¢, so that: 


1 
h(@) = = 
ve (D-87) 
k(y) = 
(y) ae 
We then have: 
1 
6,9) = — = YP(8, D-88 
Thus a measurement of L? or of L, must yield zero. 
Now, let us modify only the 6-dependence, choosing: 
3 
h(@) = 3 008 6 
1 (D-89) 
ky) = = 
7) Ja 
In this case: 
3 0 
9(9, 9) = \/ 7 cs 8 = Y1 (8, 9) (D-90) 
1 
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We are again sure of the results of measuring L? or L,. For L?, we can only obtain 2h?; 
for L,, 0. It can be verified that this modification of the 6-dependence has not changed 
the physical predictions concerning the measurement of L,. 

On the other hand, if we modify the y-dependence by setting, for example: 


(D-91) 





g(@,) is no longer equal to a single spherical harmonic. According to (D-86), all the 
probabilities Az, (m) are zero except for: 


P,(m=1)=1 (D-92) 


But the predictions concerning a measurement of L? are also changed with respect to 
the case (D-87). In order to calculate these predictions, we must expand the function: 


el” (D-93) 


on the spherical harmonics. It can be verified that all the Y;"(6,y), with odd J and 
m = 1, actually appear in the expansion of the function (D-93). Consequently, we are 
no longer sure of the result of a measurement of L? (the probabilities of the various 
possible results can be calculated from the expression for the spherical harmonics). We 
therefore conclude from this example that, as pointed out at the end of § D-2-b-a, the y- 
dependence of the wave function also enters into the calculation of predictions concerning 
measurements of L?. 


References and suggestions for further reading: 


Dirac (1.13), §§ 35 and 36; Messiah (1.17), Chap. XIII; Rose (2.19); Edmonds 
(2.21). 
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Av1 : SPHERICAL HARMONICS 


Detailed study of the harmonics 


Y," (8, ~); establishes certain properties used in 


spherical 


Chapter VI, as well as in certain subsequent 
complements. 





Byv1 : ANGULAR MOMENTUM AND ROTATIONS 


Brings out the close relation that exists between 
the angular momentum J of a quantum mechan- 
ical system and the spatial rotations that can 
Shows that the relation 
of J 
express purely geometrical properties of these 


be performed on it. 
commutations between the components 
rotations; introduces the concept of a scalar 
which will 


other complements (especially Dx). 


or vector observable, reappear in 
Important 
theoretically; however, sometimes difficult; can be 


reserved for later study. 





Cvi : ROTATION OF DIATOMIC MOLECULES 


A simple and direct application of quantum 


mechanical properties of angular momentum: 
pure rotational spectra of heteropolar diatomic 
rotational 
of the 


tance of the phenomena studied in physics and 


molecules, and Raman spectra. 





Elementary level. Because impor- 


chemistry, can be recommended for a first reading. 





Dv1 : ANGULAR MOMENTUM OF STATIONNARY 
STATES OF A TWO-DIMENSIONAL HARMONIC 
OSCILLATOR 


Can be considered as a worked example. Studies 
the stationnary states of the two-dimensional 
harmonic oscillator; in order to class these states 
by angular momentum, introduces the concept 
Not theoretically difficult. 
Some results will be used in Complement Evy. 


of “circular quanta”. 





Evr : A CHARGED PARTICLE IN A MAGNETIC 
FIELD: LANDAU LEVELS 


A general study of the quantum mechanical 
properties of a charged particle in a magnetic 
field, followed by a study of the important special 
case in which the magnetic field is uniform 
(Landau Not theoretically difficult. 
Recommmended for a first reading, which can, 
however, be confined to §§ 1l-a and 1-b, 2-a and 


2-b, 3-a. 


levels). 





Fy1 : EXERCISES 
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Complement Ay; 


Spherical harmonics 





1 Calculation of spherical harmonics ............... 705 
l-a Determination of Y/(0,y) ... 2-2... ee ee 705 
1-b General expression for Y;"(0,p) . 2... .--..220000- 707 
l-c Explicit expressions for] =0,land2 ............. 709 
2 Properties of spherical harmonics. ............... 710 
2-a Recurrence relations ............ 0.00020 00 08 710 
2-b Orthonormalization and closure relations ........... 711 
2-c Parity: cof tated A dye ANG eat rn eed be the ne Ns Oe 711 
2-d Complex conjugation... 2... 2.2.0.2... .2.0008. 712 
2-e Relation between the spherical harmonics and the Legendre 
polynomials and associated Legendre functions ........ 712 





This complement is devoted to the study of the form and principal properties of 
spherical harmonics. It includes the proofs of certain results that were stated without 
proof in § D-1-c of Chapter VI. 


1. Calculation of spherical harmonics 


In order to calculate the various spherical harmonics Y/"(@,y), we shall use the method 
indicated in Chapter VI (§ D-1-c); starting with the expression for Y/(0,y), we shall 
use the operator L_ to obtain by iteration the spherical harmonics corresponding to the 
same value of / and the (21+ 1) values of m associated with it. Recall that the operators 
£4 and L_ act only on the angular dependence of a wave function and can be written: 











O 0 
D+ = her’? |4+— +1 cot 0d— 1 
+ e 50 +ico De (1) 
1-a. Determination of Y;'(0, y) 


We have seen (§ D-1-c of Chapter VI) that Y;!(0,~) can be calculated from the 
equation: 


L+Y/(8,¢) =0 (2) 
and from the fact that: 

¥'(8, 9) = Fi (8) e¥ (3) 
Thus we obtained: 

Y/ (0,2) = ca(sin 6)! e? (4) 
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where c; is an arbitrary constant. 
First, let us determine the absolute value of c, by requiring Y/(0,~) to be normal- 
ized with respect to the angular variables @ and ¢: 


Qn T QT T 
ik ay [ sin 6 d6|Y/(0, y)|? = ja? f ay [ sin 6 dé (sin)! = 1 (5) 
0 0 0 0 
We obtain: 
lei]? = 1/(2711) (6) 


where I; is given by: 


Tv +1 
‘ [ sin 6 d0 (sin @)7! = / du(1—u?)! (7) 
0 -1 
(setting wu = cos 6). I; can easily be calculated by recurrence since: 
41 +1 
= i du (1 — u?)(1 —u?)-1 = fy - i duu? (1 — u?)'-4 (8) 
24 -1 
An integration by parts of the last integral yields: 
h=!I, ae (9) 
p= fa py ft 
We therefore have: 
2l 
= —<—————_ 1 
I; a1! 1 (10) 
with: 
41 
Io = ‘ du =2 (11) 





From this, we can immediately derive the value of I: 


(21)! g2+1.(41)2 


= ——__ hh = ——_— 12 
1 Qe)? r+! (12) 
Y/ (8, ) is then normalized if: 
1 /@i+D! 
lel = SY ae 08) 


In order to define c; completely, we must choose its phase. It is customary to 
choose: 
(-1)' /(21+1)! 


2! 1! An ue) 





Cl = 


We shall see later that, with this convention, Y,°(@) (which is independent of y) has a 
real positive value for 0 = 0. 
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1-b. General expression for Y;"(0, y) 


We shall obtain the other spherical harmonics Y;'"(6,y) by successive application 
of the operator L_ to the Y/(8,~) we have just determined. First, we shall prove a 
convenient formula that will enable us to simplify the calculations. 


Q. The action of (L4)” on a function of the form e”? F(6) 


The action of the operators L4 and L_ on a function of the form e’"’ F(@) (where 
n is any integer) is given by: 









































Lyle"? F(0)] = Fhe("*)? (sin ayer sin 0)" F(@)| (15) 
More generally: 
(L+)?[e*"? F(0)| = (FA)Pe("+P)¥ (sin 9)P=” Howdy [(sin 0)*” F(8)] (16) 


First, let us prove formula (15). We know that: 
d d@ d 1 od 



























































d(cos 6) = d(cos 6) dé ~ ~ sin 6 dO a 
and therefore: 
(sing)=" Tom (sin a*”F(O)| 
= (sing)'*” (-=5) n(n 0)*"~* cos@ F(0) + (sin@)*” nO 
=- [ cot 6 F(@) + me (18) 
Consequently: 
Fel*N (sin 6)!" [in 6)?" F(B)| = [-n cot 6 Fe] el? FLO) 
= et” 5 +4 cot 08 e’”? F(@) (19) 


We recognize expression (1) for the operators L, and L_; relation (19) is therefore identical to 
(15). 

Now, to establish formula (16), we can reason by recurrence, since, for p = 1, (16) reduces 
to (15), which we have just proved. Let us therefore assume that relation (16) is true for (p—1): 


dp-t 
d(cos 6)P-1 














(La)? |e"? F(6)] = (Fh)? he *PFY? (sin PE” x [(sin 9)*"F(8)] (20) 








and let us show that it is then also valid for p. To do so, we apply L+ to both sides of (20); for 
the right-hand side, we can use formula (15), making the substitutions: 








n=>ntpFl 





de 
d(cos 6)P-1 








F(0) => (sin@)?~**” [(sin 0) *” F(8)] (21) 
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We then obtain: 











(L)?[e'* F(6)] = (#h)Pel*?)¥ (sin 8) *"*” 


x aS j {sina ?P an aye 





d?-t 
d(cos 0)P—1 








wa (sin aro) 
d? 


d(cos 6)? | 




















= (Fh)Pel("*?)¥ (sin Q)P*” sin 0)?" F(8)] (22) 


Formula (16) is therefore proven by recurrence. 


B. Calculation of Y/"(0,p) from Y!(8, ¥) 


As we have already indicated (Chapter VI, § D-l-c-a), the spherical harmonics 
Y,"(6, ~) must satisfy: 





LsY"(9, y) = hy/U(L + 1) — m(m +1) ¥"**(0, 9) 
= hy/U(lFm)(l4m +1) ¥"*"(6, ¢) (23) 














These relations automatically insure that ye is normalized if Y;” is. Also, they fix the 
relative phases of spherical harmonics corresponding to the same value of / and different 
values of m. 

In particular, we can calculate Y,"(6,y) from Y;/(6,y) by using the operator L_ 
given by (1) and formula (23). Thus, we shall obtain directly a normalized function 
Y,(0,~) whose phase will be determined by the convention used for Y/(0,y) [formula 
(14)]. To go from Y/(6,y) to Y/"(6,~), we must apply (J — m) times the operator L_; 
according to (23), we thus obtain: 


(L_)'"™Y/ (6, ¢) 
= (h)'-™,/(21)(1) x (21 — 1) (2) x... x I+ m+1(l—m) Y"(6,~) (24) 





that is: 


I—m 
WG) = omen (FE) vee) (25) 


Finally, using expression (4) for Y;'(0,y) [where the coefficient c; is given by (14)] 
and formula (16) (with n =1 and p=1-—m), we can write (25) explicitly in the form: 


—1)' f2l+l @+m)! mys gsm oo™ ssn 
2/1! Ar (I— my)! © se) dca pene) (26) 


y. Calculation of Y;"(0,p) from Y,~'(0, y) 


In order to obtain expression (26), we started with the result of § l-a. It is, of 
course, just as easy to calculate Y,~'(0,y) first and then use the operator Ly. The 
expression thus obtained for Y;” is different from (26), although the two are completely 
equivalent. 


— 


Y"(9,¢) = 
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Let us therefore calculate Y,~'(0,y) from (26). Since: 
(sin 0)?! = (1 — cos? 6)! (27) 


is a polynomial of degree 2/ in cos 0, only its highest-order term contributes to ¥ (0, ): 


21 
Tent (sin 9)”! = (—1)! (21)! (28) 


We therefore immediately find that: 


fa, oreo) 


e ?(sin 6)! (29) 





Y/"(6,y) can then be obtained by applying (J + m) times the operator L+ to 
(6, y). Using (23) and (16), we finally arrive at: 


ae 21+1(1—m)! ditm . 21 

m -_ emmy r 

1” (8, ~) IT (4+ ml (sin 0)™ (cos 6) Fm (sin 6) (30) 
1-c. Explicit expressions for | = 0, 1 and 2 


General formulas (26) and (30) yield the expressions of the spherical harmonics for 
the first values of 1: 

















Yy == 31 
0 V4r ( ) 
sed 3 . 4 
Y>" (6,9) =F 3, singe y 
> (32) 
(9,~) = es cos 0 
1 : 
Ye (60) = = sin? 9 e+?” 
7 
#5 15 bs 
Y¥>" (6,9) =F ae sin Ocos 6 e*'¥ (33) 
7 
0 5 
¥8 (0,9) = yf zo= (Bos? 8 1) 





lWe could obviously calculate ¥,* from the equation: 
L_Y,'(6,~) =0 


However, its phase would then remain arbitrary. By using (26), we shall determine vo (8, ~) completely, 
and its phase will be a consequence of the convention chosen in § 1-a. 
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2. Properties of spherical harmonics 


2-a. Recurrence relations 


By their very construction, the spherical harmonics satisfy relations (23); that is, 
using (1): 














ee fo — mcot q Y;"(0,~) = JUL +1) — m(m+ 1) Y;"*"(6, 9) (34) 
Also note the following formula, which is often useful: 


(l+m+1)\(1—m-+1) ¥", (6,0) 


cos 6 Y/"(0, py) = (21 + 1)(21 + 3) eee 





(1+ m)(1 — m) 


Ql GD. Y™1(8,~) (35) 


Here is an outline of its proof. According to (25): 


! l—m 
cos @ Y," = cee yi cos 6 (=) Y/(,) (36) 


(2)'(U—m)! 
Now, using expression (1) for L_, it is easy to verify that: 

[L_ , cos6] = he” sin @ (37) 
and: 

[L_ , e sing] =0 (38) 


Using a recurrence argument, we can then calculate the commutator of (L_ / h)*® and cos 8, since, 
if we assume that: 


L_\*- ss L_\*-2 
(=) ; cost = (k—1)e’’ sind (=) (39) 
we obtain: 
k k-1 k-1 
(=) : cost i (=) > ; cos 6| + (=) ; cost a= 
Ts k-1 . . L k-1 (40) 
= (=) e '* sind +(k-—l)e ’* sind (=) 
that is: 
k k-1 k-1 
(=) cost =ke~*sing (==) = (=) etsing (41) 


This relation has therefore been established by recurrence. We can use it to write (36) in the 
form: 


! l-m l—-m-1 : 
cos 6 Y;" = Ri (42) cos 6 Y; — (l—m) (=) e*? sin 6 Y; (42) 
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Using (4) and (14), we can easily show that: 


246. 21+1 7 
e ’ sing Y; =— =aRe (1 — cos” 0) Y/7) (43) 


If we then calculate the explicit expressions for ey and Ya from the general expression (26), 
we find that: 


1 l 
Sy dda 
ag ee 


29 yl-1 2 l p24 1 1-1 
Ye Y, { Y, 44b 
cos” @ Y,_y +1 243 41 +1 1 (44b) 


Substituting relations (43) and (44) into (42) and using (23), we obtain (35). 


cos@ Y! = 





2-b. Orthonormalization and closure relations 


Because of the way we constructed them, the spherical harmonics constitute a set 
of normalized functions; they are also orthogonal, since they are eigenfunctions of the 
Hermitian operators L? and L, with different eigenvalues. The corresponding orthonor- 
malization relation is: 


20 Tw 
| dy i. sin @d0 Y;"*(8,) Y;7" (8,0) = dw Simm’ (45) 
0 0 


It can be shown (here, we shall assume) that any square-integrable function of 0 
and y can be expanded in one and only one way on the spherical harmonics: 


fOC= >) ¥ cn YO ,y) (46) 
l m 
with: 
Qn wT 
ae | dy i: sin 0 d0 Y/"* (6, 0) f(8, 9) (47) 


The set of spherical harmonics therefore constitutes an orthonormal basis of the space of 
square-integrable functions of 6 and y. This can be expressed by the closure relation: 


So So ¥"(8,~) ¥"*(0', o') = (cos 6 — cos 6’) 4(y — ¢’) (48) 
I m 


2-c. Parity 


The parity operation on a function defined in ordinary space (cf. Complement Fy) 
consists of replacing in this function the coordinates of any point in space by those of 
the point symmetrical to it with respect to the origin of the reference frame: 


r=> -r (49) 
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In spherical coordinates, this operation is expressed by the substitutions (Fig. 2 of Chap- 
ter VI): 


r=>=> Tr 
6=—7-80 (50) 
gp T+Y 


Consequently, if we are using a standard basis for the wave function space of a spin- 
less particle (§ D-1-d of Chapter VI), the radial part of the basis functions Wx 1.m(1r) 
is unchanged by the parity operation. The only transformation is that of the spherical 
harmonics, which we shall now describe. 

First, note that in the substitution of (50): 


sin 6 => sin é 
cos 9 => — cos 0 (51) 
emmy —= (Smo 
Under these conditions, the function Y;(0, y) which we calculated in § 1-a is transformed 
into: 


Yi (x — 6,0 + 9) =(-1)' ¥/(0,¢) (52) 
Moreover: 

NO sees 20k 

00 00 

ao me oO (53) 

Op Oy 


Relations (51) and (53) show that the operators Li and L_ [formulas (1)] remain un- 
changed [which means that L4 and L_ are even operators, in the sense defined in Com- 
plement Fy (§ 2-a)]. Consequently, according to result (52) and formula (25), which 
enables us to calculate Y;'""(9, y): 


Y"(" — 0,0 + yp) = (-1)! ¥"(6, 9) (54) 
The spherical harmonics are therefore functions whose parity is well-defined and 
independent of m: they are even for | even and odd for | odd. 
2-d. Complex conjugation 


Because of their y-dependence, the spherical harmonics are complex-valued func- 
tions. It can be seen directly, by comparing (26) and (30), that: 


[v"(8, e)]* = (-1)” ¥,-"(4, ¢) (55) 
2-e. Relation between the spherical harmonics and the Legendre polynomials and 
associated Legendre functions 


The 6-dependence of the spherical harmonics resides in functions known as Leg- 
endre polynomials and associated Legendre functions. We shall neither prove nor even 
enumerate all the properties of these functions, but shall simply indicate their relation 
with the spherical harmonics. 


712 


@ SPHERICAL HARMONICS 





a.  Y,°(0) is proportional to a Legendre polynomial 
For m = 0, formulas (26) and (30) yield: 


—_1)! l 
Be ie a Va in (58) 


which can be written in the form: 


¥P(0) = | =** A(cose) (57) 











setting: 
eld 21 
Plu) = “Sar qr tt ~ & ) (58) 
According to its definition (58), P;(u) is an Ith order polynomial in wu of parity? 
(1)! 
P,(-u) = (-1)' Pi(u) (59) 


P;(u) is the Ith order Legendre polynomial. It is easy to show that it has J zeros in the 
interval [—1,+1], and that the numerical coefficient in (58) insures that: 


PQ) =1 (60) 


It can also be proven that the Legendre polynomials form a set of orthogonal functions: 


+1 wT 9 
: eee | smiOde TH (cout) Piteoee) = (61) 
4 0 214+ 1 
on which can be expanded functions of @ alone: 
£(8) = Sra Pi(cos 8) (62) 
l 
with: 
2i+1 [” 
ee a sin 0.40 P,(cos6) (6) (63) 
0 
Comment: 


According to (57) and (60): 


¥9(0) = aA 1 (64) 


As we pointed out in § l-a, the phase convention chosen for Y;!(8,) gives a real 
positive value to Y;°(0). 








?Parity with respect to the variable u. Note, however, that the parity operation in space [formulas 
(50)] amounts to changing cos @ to — cos 6; property (59) can be expressed by: 


YP (w — 6) = (-1)' ¥°(@) 


which is a special case of (54). 
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B. Y/"(0,~) ts proportional to an associated Legendre function 


For m positive, Y;'"(0,y) can be obtained by applying L to Y;°(0); using (23): 


¥i"(0,9) = [OE (FE) HP) (m>0) (65) 


Using formulas (1) and (16), we then find: 


¥"(0,) = (—1)™ |= EAE SE pim(ooss) (m0) (66) 


where P/” is an associated Legendre function, defined by: 





q™ 
PM(u)= y(L— wm 2 Pi(u) (“1 sus +1) (67) 
u 
Pi"(u) is the product of \/(1 — u?)™ and a polynomial of degree (J — m) and 
parity (—1)'~"™; P?(u) is the Legendre polynomial P;(u). The set of P/"(u) for fixed m 
constitutes an orthogonal system of functions: 


+1 T 
mm mm - mm 7m m)! 
i du Pu) iu) = i sin 0 P7"(cos8) PIM C088) = sp py Su (68) 
on which can be expanded functions of 6 alone. 

Formula (66) is valid for m positive (or zero); for negative m, it suffices to use 
relation (55) to obtain: 





21+1(l+m)! —_ 
y,™ = m 7 ime 
1" (8, ~) ie =m! P,"" (cos 6) e (m <0) (69) 
y. Spherical harmonic addition theorem 


Consider two arbitrary directions in space, Ou’ and Ou”, defined respectively by 
the polar angles (6’, y’) and (6, y”), and call the angle between them a. The following 
relation can be proven: 


al + 1 as m m / / —m a wW 
Fz Pilcosa) = D7 (-1)™ "(0 @) ¥™(6", ©") (70) 
m=-l 
(where P; is the [th-order Legendre polynomial). It is known as the “spherical harmonics 
addition theorem”. 


We shall indicate the main steps of an elementary proof of relation (70). First of all, note 
that, if cosa is expressed in terms of the polar angles (0’, y’) and (@”, y”’), the left-hand side of 
(70) can be considered to be a function of 0’ and y’; it can therefore be expanded on the spherical 
harmonics Yi (6. vy’). The coefficients of this expansion, which are, of course, functions of the 
other two variables, 6’’ and y”, can also be expanded on the spherical harmonics Ye: gy"). 
We must therefore have: 


21 + 1 ee itl 
Ant P,(cos a) = a S> CU mm! 3l sm! Yy (6', 2’) Yin (0", 2") (71) 


Uym! Wm" 
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where the problem is to calculate the coefficients cy 7,17 m1”. They can be obtained by the 
following process: 


(z) in the first place, these coefficients are different from zero only for: 
v=l"=!1 (72) 


To show this, first fix the direction Ou” ; P;(cos a) then depends only on 0’ and y’. If the Oz axis 
is chosen along Ou”, cos a = cos 6’ and P;(cos q) is proportional to Y,°(6’) [cf. relation (57)]. To 
generalize to the case in which the direction of Ou” is arbitrary, we perform a rotation which 
takes Oz onto this direction: cosa remains unchanged, as does P;(cosa). Since the rotation 
operators (Complement By1, § 3-c-y) commute with L?, the transform of Y°(6’) remains an 
eigenfunction of L? with the eigenvalue | (i+ 1)h?, that is, a linear combination of the spherical 
harmonics Y,7"’ (6, y'); we therefore have I’ = |. Similarly, it can be established that l’ = I. 


(iz) under a rotation of both directions Ou’ and Ou” through an angle @ about Oz, the 
angle a is not changed, and neither are 6’ and 6”, while y’ and yw” become y’ + 8 and y” + £8. 
The left-hand side of (71) therefore does not change in value, and each term of the right-hand 
side is multiplied by ge, Consequently, the only non-zero coefficients in the sum of the 
right-hand side are those which satisfy: 


m' +m" =0 (73) 


(iii) combining results (72) and (73), we see that formula (71) can be written in the form: 


+1 
2141 a mrat ot —mypn ow 
Feo Pilcosa) = SP (-1)em ¥i"(6',9') Vi (0, 0") (74) 


m=-l 
If we set 6’ = 6” and y’ = y”, we obtain, according to (60): 


+1 
So (HD em 17", 9') 46, ¢') (75) 


m=—l 


21+1 _ 
4n 





Since (—1)"Y,-™ is simply Y/"*, the integration of (75) with respect to dQ’ = sin 0’d6’dy’ 
yields, with the orthonormalization equation (45): 


+1 


2+1= ye Cm (76) 


m=—l 


We now take the square of the modulus of both sides of (74) and integrate over dQ’ and 
dQ”. Using relation (45), it is easy to see that the right-hand side yields as ; lem|?. As far 
as the left-hand side is concerned, we can again take advantage of the invariance of the angle 
a with respect to a rotation in order to show that f dQ’ |P;(cos a)|? is actually independent of 


(0”, yp”). If we then choose Ou” along Oz to evaluate this integral, we find, according to relation 
(61): 


(77) 


foo |P:(cos a)|? = Jeo |P,(cos a) |? = 2m x ast 


Integrating over dQ”, we find a second relation between the coefficients cm: 


4 
2+1= S¢ len| (78) 


m=-—l 
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(iv) equations (76) and (78) suffice for the determination of the (21 + 1) coefficients cn: 
they are all equal to 1. To show this, consider, in a normed (2/+1)-dimensional vector space, the 
vector X of components 2m = Cm/V2l+1 and the vector Y of components ym = 1/V/21 +1. 
The Schwartz inequality indicates that: 


(X*-&)(¥*-¥) > /¥*-x/? (79) 


where there is equality if and only if X and Y are proportional. Now, (76) and (78) show that 
this is the case: xm and Cm are therefore independent of m, as is ym, and we have, necessarily, 
Cm = 1. This concludes the proof of formula (70). 
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(10.39), Chap. III; Bass (10.1), vol. I, § 17-7. 
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1. Introduction 


We indicated in Chapter VI (§ B-2) that the commutation relations between the compo- 
nents of an angular momentum are actually the expression of the geometrical properties 
of rotations in ordinary three-dimensional space. This is what we intend to show in this 
complement, where we investigate the relation between rotations and angular momentum 
operators. 

Consider a physical system (S$) whose quantum mechanical state, at a given time, 
is characterized by the ket |) of the state space €. We perform a rotation & on this 
system; in this new position, the state of the system is described by a ket |’) which is 
different from |). Given the geometrical transformation @, the problem is to determine 
|’) from |w). We shall see that it has the following solution: with every geometrical 
rotation Z& can be associated a linear operator R acting in the state space E such that: 


Iw") = Riv) (1) 
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Let us immediately stress the necessity of distinguishing between the geometrical rotation 
&, which operates in ordinary space, and its “image” R, which acts in the state space: 


R=>R (2) 


We shall begin (§ 2) by reviewing the principal properties of geometrical rotations 
&. We shall not embark upon a detailed study of them; rather, we shall simply note 
some results which will be useful to us later. Then, in § 3, we shall use the example of a 
spinless particle to define the rotation operators R precisely, to study their most impor- 
tant properties, and to determine their relation to the angular momentum operators L. 
We shall then be able to interpret the commutation relations amongst the components of 
the angular momentum L as the image, in the space €,, of purely geometrical character- 
istics of rotations Z. We shall then generalize (§ 4) these concepts to arbitrary quantum 
mechanical systems. In § 5, we shall examine the behavior of the observables describing 
the physical quantities measurable in this system, upon rotation of the system. This 
will lead us to classify observables according to how they transform under a rotation 
(scalar, vector, tensor observables). Finally, in § 6, we shall briefly consider the problem 
of rotation invariance and indicate some important consequences of this invariance. 


2. Brief study of geometrical rotations # 


2-a. Definition. Parametrization 


A rotation & is a one-to-one transformation of three-dimensional space that con- 
serves a point of this space, the angles and the distances, as well as the handedness of 
the reference frames!. We shall be concerned here with the set of rotations that conserve 
a given point O, which we shall choose as the origin of the reference frame. A rotation 
can then be characterized by the azis of rotation (given by its unit vector u or its polar 
angles 6 and vy) and the angle of rotation a(0 < a < 27). To determine a rotation, three 
parameters are required; they can be chosen to be the components of the vector: 


a=au (3) 


whose absolute value is equal to the angle of rotation and whose direction defines the 
axis of rotation. Note that a rotation can also be characterized by three angles, called 
Euler angles. We shall denote by &y(a) the geometrical rotation through an angle a 
about the axis defined by the unit vector u. 

The set of rotations & constitutes a group: the product of two rotations (that is, 
the transformation resulting from the successive application of these two rotations) is 
also a rotation; there exists an identity rotation (rotation through a zero angle about 
an arbitrary axis); for every rotation Zy(a) there is an inverse rotation, #_u(a). The 
group of rotations is not commutative: in general, the product of two rotations depends 
on the order in which they are performed?: 


Ky(a) Ky (a") # Ky (a) Ky (a) (4) 





1This last property is imposed in order to exclude reflections with respect to a point or a plane. 
2When one writes #42£1, this means that rotation #, must be performed first, Zo being applied 
subsequently to the result obtained. 
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Recall, however, that two rotations performed about the same axis always commute: 
Ry(a) Bala’) = By(a') Bula) = Bala t+ a’) (5) 


(if necessary, 27 is subtracted from a+ a’, to keep it within the interval [0,27]). 


2-b. Infinitesimal rotations 


An infinitesimal rotation is defined as a rotation that is infinitesimally close to the 
identity rotation, that is, a rotation @,(da) through an infinitesimal angle da about 
an arbitrary axis u. It is easy to see that the transform of a vector OM under the 
infinitesimal rotation Z,(da) can be written, to first order in da: 


R.(da) OM = OM + da u x OM (6) 


Every finite rotation can be decomposed into an infinite number of infinitesimal 
rotations, since the angle of rotation can vary continuously and since, according to (5): 


&yal(at da) = &y(a) Bu(da) = By(da) #y(a) (7) 


where £,(dq) is an infinitesimal rotation. Thus, the study of the rotation group can be 
reduced to an examination of infinitesimal rotations?. 

Before ending this rapid survey of the properties of geometrical rotations, we note 
the following relation which will be useful to us later: 


Ke, (—-da’) Re, (da) Ze, (da’) Ze, (—da) = Ze, (da da’) (8) 


where e,, ey and e, denote the unit vectors of the three coordinate axes Ox, Oy and Oz 
respectively. If da and da’ are first-order infinitesimal angles, this relation is correct to 
the second order. It describes, in a special case, the non-commutative structure of the 
rotation group. 

To prove relation (8), let us apply its left-hand side to an arbitrary vector OM. We use 
formula (6) to find the vector OM’, the transform of OM under the succesive action of the four 
infinitesimal rotations. It can be seen immediately that if da is zero, the left-hand side of (8) 
reduces to the product Ze, (—da’)#e, (da’), which is equal to the identity rotation [see (5)]; the 
vector OM’ — OM must therefore be proportional to da. For an analogous reason, it must also 
be proportional to da’. Consequently, the difference OM’ — OM is proportional to da da’. 

Therefore, to calculate OM" to second order, we may restrict ourselves to first order in 
each of the two infinitesimal angles da and da’. First of all, according to (6): 


Re, (—da) OM = OM — dae, x OM (9) 
We must then apply #e, (da’) to this vector; this can be done by again using (6): 
Re, (da’) Be, (—da) OM 
=(OM — dae, x OM) + da’ e, x (OM — da e, x OM) 
=OM ~ dae, x OM + da’ e, x OM — dada’ e, x (e, x OM) (10) 





3 However, limiting ourselves to infinitesimal rotations, we lose sight of a “global” property of the 
finite rotation group: the fact that a rotation through an angle of 27 is the identity transformation. 
The rotation operators (see § 3) constructed from infinitesimal operators do not always have this global 
property. In certain cases (see Complement Arx), the operator associated with a 27 rotation is not the 
unit operator but its opposite. 
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The action of Z.,(da) on the vector appearing on the right-hand side of (10) results in the 
addition of the following infinitesimal terms to this vector: 


da ex x OM + dada’ ex x (ey x OM) (11) 


obtained by the vector multiplication of the right-hand side of (10) by da ez, with only the first 
order terms in da being retained. Therefore: 


Re, (da) Ze, (da’) Ze, (—da) OM 


= OM + da’ e, x OM + dada’ [ex x (ey x OM) — ey x (ex x OM)] (12) 


x 


Finally, OM’ is equal to the sum of the vector just obtained and its vector product by —da’ey. 
To first order in da’, this vector product can be written simply: 


—da’ e, x OM (13) 
which means that: 


Re, (—da') Re, (da) Re, (da’) Re, (—da) OM 


= OM + dada’ [ex x (ey x OM) — ey x (e, x OM)]_ (14) 


ae 


It is then easy to transform the double vector products; we find: 


Re, (—da’) Re, (da) Be, (da’) Ze, (—da) OM = OM + dada’ e, x OM 


= ®.,(dada’) OM (15) 


a 


Since this relation is true for any vector OM, expression (8) is verified. 


3. Rotation operators in state space. Example: a spinless particle 


In this section, we consider a physical system composed of a single (spinless) particle in 
three-dimensional space. 


3-a. Existence and definition of rotation operators 


At a given time, the quantum mechanical state of the particle is characterized, in 
the state space E;,, by the ket |q)) with that is associated the wave function w(r) = (r|w). 
Let us perform a rotation & on this system which associates with the point ro(x0, yo, 20) 
of space the point r(x, yO, 26) such that: 


rp = €ro (16) 


Let |’) be the state vector of the system after rotation, and ~'(r) = (r|v’), the cor- 
responding wave function. It is natural to assume that the value of the initial wave 
function w(r) at the point ro will be found, after rotation, to be the value of the final 
wave function w’(r) at the point rf given by (16): 


v' (ro) = ¥(2o) (17) 
that is: 
wv" (ro) = o(B*r9) (18) 
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Since this equation is valid for any point (rj) in space, it can be written in the form: 
o'(r) = W(B"r) (19) 
By definition, the operator R in the state space €, associated with the geometrical 


rotation Z being treated is the one that acts on the state |w) before rotation to yield the 
state |w’) after the rotation &: 


I") = Rly) (20) 


R is called a “rotation operator”. Relation (19) characterizes its action in the {|r)} 
representation: 


(r/R) = (#~*r|) (21) 


where |#~!r) is the basis ket of this representation determined by the components of 
the vector #!r. 


Comment: 


If the state of the particle after rotation were e’’ |W’) (where @ is an arbitrary real number) 
instead of |"), its physical properties would not be modified. In other words, relation 
(17) could be replaced by: 


(ro) =e o(r0) (22) 


8 would obviously be independent of ro, but could depend on the rotation &. We shall 
not treat this difficulty here. 


3-b. Properties of rotation operators R 


a. R is a linear operator 


This essential property of rotation operators follows from their very definition. If 
the state |y) before the rotation is a linear superposition of states, for example: 


ey) = Arl¥1) + A2/¥2) (23) 
formula (21) indicates that: 


(r| Ril) = A1(B*e|h1) + A2(B"r|h2) 
= Ar(r| Rly) + A2(r| Rl 2) (24) 


Since this relation is true for any ket of the {|r)} basis, we deduce that FR is a linear 
operator: 


Rb) = R[Ai|v1) + Az|W2)] = Ark) + A2R| v2) (25) 
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B. Ris unitary 


In formula (21), the ket |x) can be arbitrary. The action of the operator R on the 
bra (r| is therefore given by: 


(r|R = (#'r| (26) 
Taking the Hermitian conjugate of both sides of equation (26), we obtain: 
Ril) = |@-n) (27) 


Moreover, if we recall that the ket |r) represents a state in which the particle is 
perfectly localized at the point r, we see that: 


Rir) = |#r) (28) 


This equation simply expresses the fact that if the particle was localized at the point r 
before the rotation, it will be localized at the point r’ = “r after the rotation. To get 
(28) from (21), we choose a basis state |ro) for |4): 


(r|Rlro) = (#'r|ro) = 5[(#-'r) — ro] (29) 
where we have used the orthonormalization relation of the |r) basis. Furthermore’: 

5[(#-'r) — x0] = dle — (#r0)] (30) 
Substituting (30) into (29), we indeed find that: 

(t|R\ro) = o[r — (#ro)] = (r|#ro) (31) 
that is, since {|r)} is a basis of €;: 

Rlro) = |%ro) (32) 

Starting with formulas (27) and (28), it is easy to show that: 
RR'=RtR=1 (33) 


since the action of RR! or R'R on any vector of the {|r)} basis yields the same vector; 
for example: 
RR Ir) = R|R~'r) = |RR-'z) = |r) (34) 


The operator R is therefore unitary. 


Comment: 


The operator R therefore conserves the scalar product and the norm of vectors 
that it transforms: 


|p’) = Rip) 
Ip") = Rly) 
This property is very important from the physical point of view since the prob- 


ability amplitudes which yield physical predictions appear in the form of scalar 
products of two kets. 


= (o'lb") = (lv) (35) 





“Relation (30) can easily be established by using the definition of delta “functions” and the fact that 
a rotation conserves the infinitesimal volume element. 
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xy. The set of operators R constitutes a representation of the rotation group 


We have pointed out (§ 2) that the geometrical rotations form a group; in partic- 
ular, the product of two rotations Z, and &2 is always a rotation: 


RR, = Rs (36) 


With the three geometrical rotations Z,, #2 and &3 are associated, in the state 
space €,, three rotation operators R,, Ro and Rs, respectively. If the three geometrical 
rotations satisfy relation (36), we shall show that the corresponding rotation operators 
are such that: 


R2Ri = R3 (37) 


(R2R, is a product of operators of €, as defined in Chapter II, § B-3-a). 

Consider a particle whose state is described by an arbitrary ket |r) of the basis 
characterizing the {|r)} representation. If we perform the rotation #, on this particle, 
its state becomes: 


Ry|r) = |&r) (38) 


by definition of R,. Now, we perform the rotation #2 on the new state we have just 
obtained; the state of the particle after this second rotation is, according to (38) and the 
definition of Ro: 


R2Ri\r) = Re|Air) = |ZH2Air) (39) 
If we take (36) into account, we see that relation (39) is equivalent to: 

R2Ri|r) = |Zsr) (40) 
Now, the operator R3, associated with the rotation #3, is such that: 

R3|r) = |Bsr) (41) 


Relation (37) is therefore proven, since the ket |r) under consideration can be chosen in 
an arbitrary way from the kets of the {|r)} basis. 

To express the important result we have just established, one says that the corre- 
spondence & => R between geometrical rotations and rotation operators conserves the 
group law, or that the set of operators R constitutes a “representation” of the rotation 
group. Of course, with the identity rotation, we associate the identity operator in €,, 
and with the rotation @~! (the inverse of a rotation #), the operator R~', which is the 
inverse of the one corresponding to # (we showed in § 3-b-8 that R7! = Rt’). 


3-c. Expression for rotation operators 
in terms of angular momentum observables 


Qa. Infinitesimal rotation operators 


First of all, let us consider an infinitesimal rotation about the Oz axis, Ze, (da). 
If we apply it to a particle whose state is described by the wave function w(r), we know 
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from (19) that the wave function 7'(r) associated with the state of the particle after 
rotation satisfies: 


U(r) = vB, (da)r] (42) 


But if (x,y, z) are the components of r, those of Z'(da)r can easily be calculated from 


(6): 


x+y da 
Rs; (da)r = R_¢,(da)r = (r — da e, x r) y—z da (43) 
z 
Equation (42) can then be written in the form: 
U(x, y, 2) = W(@+y da,y — x da, 2) (44) 
which yields, to first order in da: 
= Mi ou 
W(2, 4,2) = V@,y, 2) +do |y an Sl 
ee 2c 


Within the brackets, we recognize, to within a factor of /i, the expression in the {|r)} 
representation for the operator L, = XP, — Y P,. We therefore obtain the result: 


a 
(a) = (elo) = Ge (1 Fda.) |9) (46) 
Now, by definition of the operator R., (da) associated with the rotation &., (da): 


|’) = Re, (da) |) (47) 


Therefore, since the original state |W) is arbitrary, we finally find that: 








Re, (da) = 1— ; da L, (48) 








The preceding argument can easily be generalized to an infinitesimal rotation about an 
arbitrary axis. We therefore have, in general: 





R,(da) =1- ; da L-u (49) 











Comment: 


(46) can also be quickly established by using the apnericel coordinates (r, 6, y), 
since L, then corresponds to the differential operator + a 
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B. Interpretation of the commutation relations for the components of the angular 
momentum L 


What then is the “image” in the state space €, of relation (8)? According to the 
results of § 3-b-y and the expressions we have just obtained, this relation implies that, 
to first order with respect to each of the angles da and da’: 


a 


h 


a 


da'L,| 1 ates Ls] E 5 


A da’ Ly] E aes L,| a ei i (50) 


[1+ h i 


Expanding the left-hand side and setting the coefficients of dada’ equal, we easily find 
that relation (50) reduces to: 


[Lee Eel Sanh, (51) 


Of course, the two other commutation relations for the components of L can be found, 
by an analogous argument, from the formulas obtained from (8) by cyclic permutation 
of the vectors e,, ey and e,. 

Thus, the commutation relations of the orbital angular momentum of a particle can 
be seen to be consequences of the non-commutative structure of the geometrical rotation 
group. 


y. Finite rotation operators 


Now, consider a rotation Ze, (a) through an arbitrary angle a about the Oz axis. 
According to formula (7), the operator Re,(a) associated with such a rotation must 
satisfy (again using the results of § 3-b-y): 


Re, (a+da) = Re, (a) Re, (da) (52) 


where the two operators of the right-hand side commute. But we know the expression 
for Re, (da), so we have: 


Re, (a+ da) = Re,(a) E = ; da L.| (53) 
that is: 
Re, (a+ da) — Re,(a) = = da Re, (a) L, (54) 


Here again, Re, (a) and L, must commute. Although we are dealing with operators, the 
solution of equation (54) is formally the same as it would be if we were considering an 
ordinary function of the variable a: 





Re, (a) = eT ko (55) 











Indeed, if we recall (cf. Complement Br, § 4) that the exponential of an operator is defined by 
the corresponding power series expansion, it is easy to verify that expression (55) is the solution 
of equation (54). Moreover, the “integration constant” is equal to 1, since we know that: 


Re, (0) =1 (56) 
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As in § 3-c-a above, it is easy to generalize this result to a finite rotation about an arbitrary 
axis: 











Ru(a) =e heh" (57) 





Comments: 


(4) Formula (57) can be written explicitly in the form: 
Ru(a) = eT (Late tLytytLeus) (58) 


where uz, Uy and uz are the components of the unit vector u. Recall, however, 
that, since Lz, Ly and L, do not commute: 


Ru(a) # eth ehate eT aby ty enn ehetz (59) 


(iz) It can be seen from expression (57) that the operator Ru(a) is unitary. Since 
the components of L are Hermitian: 


[Ru(a)]' = er oh (60) 
we have (as L-u obviously commutes with itself): 

[Ru(a)]' Ru(@) = Ru(a) [Ru(a)]? = 1 (61) 
(iii) In the special case envisaged in this section, we find that: 

R,(27) =1 (62) 


We shall confine ourselves to proving this result for the rotation through 27 about 
the Oz axis (the generalization of this proof involves no difficulties). To this end, 
consider an arbitrary ket |), and expand it on a basis composed of eigenvectors 
of the observable L,: 


Ib) = So cmyr lm, 7) (63) 


with: 
L,\m,7T) = mh |m,r) (64) 


(7 symbolizes the indices other than m that are necessary to specify the vectors 
of the basis used, such as a “standard” basis |k,1,m) — cf. § C-3 of Chapter VI). 
The action of Re, (a) on |w) is then easy to obtain: 


Re, (a) |b) = So emr e7F”=|m, 7) 


_ ae ee mr) (65) 


m,T 
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But we know that, for the orbital angular momentum of a particle, m is always 
integral. Consequently, when a attains the value 27, all the factors e~*“™ become 
equal to 1, and: 


Re, (21) |b) = $5 em,rlm,7) = |) (66) 


m,T 


Since this relation is satisfied for all |x), we deduce that Re, (27) is the identity 
operator. 


The preceding argument clearly indicates that formula (62) would not be valid 
if half-integral values of m were not excluded. Indeed, we shall see in Comple- 
ment Ary that, for a spin 1/2, the operator associated with a rotation of 27 is 
equal to —1 and not 1; this result is related to the fact that we constructed the 
finite rotations from infinitesimal rotations (cf. footnote 3). 


4. Rotation operators in the state space of an arbitrary system 


We shall now generalize the concepts we introduced and the results we obtained for a 
special case (in § 3). 


4-a. System of several spinless particles 


First of all, the arguments of § 3 can be extended without difficulty to systems 
composed of several spinless particles. We shall quickly demonstrate this, choosing as an 
example a system of two spinless particles, (1) and (2). 

The state space € of such a system is the tensor product of the state spaces €,, 
and €,, of the two particles: 


E = Ex, @ Exy (67) 


We shall use the same notation as in § F-4-b of Chapter II. Starting from the position 
and momentum observables (R; and P; on the one hand, Rz and P» on the other), we 
can define an orbital angular momentum for each of the particles: 


Ly = R, x P, 
Lo = Ro x P2 (68) 
The components of Lj, as well as those of Lg, satisfy the commutation relations charac- 


teristic of angular momenta. 
Consider a vector which is a tensor product of a vector of €, and a vector of €,,: 


IY) = leQ)) @ Ix2)) (69) 


|W) represents the state of the system formed by particle (1) in the state |y(1)) and 
particle (2) in the state |y(2)). If we perform a rotation through an angle a about u on 
the two-particle system, the state of the system after the rotation corresponds to the two 
particles in the “rotated states” |y’(1)) and |x’(2)) respectively: 


Is) =e") @Ix’2)) = [Ra(@)le(1))] ® [Ra(@)|x(2))] (70) 
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where Ri(qa) and R2(q) are the rotation operators in €,, and €,,: 
Rela) ae eee (71a) 
Riajae ne (71b) 


Relation (70) can also be written, by definition of the tensor product of two operators 
(Chap. II, § F-2-b): 


[2s") = [Ru(a) ® Ra(a)]|e(1)) ® |x(2)) (72) 


Since every vector of € is a linear combination of vectors analogous to (69), the rotation 
transform |w") of an arbitrary vector |~) of E€ is: 


Iw") = [Ru(a) ® Ra(a)]|y) (73) 


Using formula (F-14) of Chapter II and the fact that L; and Lz commute (they are 
operators relating to different particles), we obtain for the rotation operators in €: 


Ri (a) & R?(q) a eT koh ug- Fole-u = eT reLu (74) 
where: 
L=1, +12 (75) 


is the total angular momentum of the two-particle system. All the formulas of the preced- 
ing section therefore remain valid as long as L represents the total angular momentum. 


Comments: 


(<4) L is an operator that acts in €. In (75), Ly is, rigorously, the extension of 
the operator L; acting in €,, into € (an analogous comment could be made for 
L2). To simplify the notation, we shall not use different symbols for L; and its 
extension into € (cf. Chap. II, § F-2-c). 


(it) We might consider performing a rotation on only one of the two particles, for 
example, particle (1). In the course of such a “partial rotation”, a vector such as 
(69) transforms into: 


[Ru(a)|p(1))] ® |x(2)) (76) 
where only the state of particle (1) is modified. As above, it can be shown that 
the effect of a rotation performed only on particle (1) on an arbitrary state |) of 
E is described by the operator: 

Ri (a) @ 1(2) =e" RO (77) 


where 1 is the unit operator in &,, [in (77), Li acts in €]. 
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4-b. An arbitrary system 


The starting point of the arguments elaborated thus far is equation (19), which 
gives the transformation law of the state vector of the system in terms of that of its 
wave function. In the case of an arbitrary quantum mechanical system (which does not 
necessarily have a classical analogue), one cannot use the same method. For example, for 
a particle with spin, the operators X, Y and Z no longer form a C.S.C.O., and the state 
of the particle can no longer be defined by a wave function w(z, y, z) (cf. Chap. IX). One 
must reason directly in the state space € of the system. Without going into detail, we 
shall assume here that an operator R acting in € can be associated with any geometrical 
rotation &; if the system is initially in the state |W), the rotation & takes it into the 
state: 


Iw") = Rie) (78) 


where the operator R is linear and unitary (cf. comment of § 3-b-@). 

As far as the group law of the rotations & is concerned, it is conserved by the oper- 
ators R, but only locally: the product of two geometrical rotations, at least one of which 
is infinitesimal, is represented in the state space € by the product of the correspond- 
ing operators R (which implies, in particular, that the “image” of a rotation through 
an angle equal to zero is the identity operator). However, the operator associated with 
a geometrical rotation through an angle 27 is not necessarily the identity operator [cf. 
comment (iit) of § 3-c-y and Complement Arx]. 

Now, let us consider an infinitesimal rotation Z,, (da) about the Oz axis. Since 
the group law is conserved for infinitesimal rotations, the operator Re, (da) is necessarily 
of the form: 


Re, (da) =1- ; da J, (79) 
where J, is a Hermitian operator since Re,(da) is unitary (cf. Complement Cy, § 3). 
This relation is the definition of J,. Similarly, the Hermitian operators J, and Jy can be 
introduced by starting with infinitesimal rotations about the Ox and Oy axes. T *he total 
angular momentum J of the system is then defined in terms of its three components J,, 
Jy and J,. 

Now we can use the reasoning of § 3-c-8: the geometrical relation (8) implies that 
the components of J satisfy commutation relations which are identical to those of orbital 
angular momenta. Thus, the total angular momentum of any quantum mechanical system 
is related to the corresponding rotation operators; the commutation relations amongst its 
components follow directly, which enables us to use them, as in Chapter VI (§ B-2), to 
characterize any angular momentum. 

Finally, let us show that, with J,, Jy, and J, defined as we have just indicated, 
the operator Ru(da) associated with an arbitrary infinitesimal rotation is written (uz, 
uy and u, being the components of the unit vector u): 


Ry(da) = 1— 7 da (JIntg + Jytty + Jette) (80) 
which can then be condensed into the form: 


Ry(da) =1- ,daJ-u (81) 
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Formula (80) is simply a consequence of the geometrical relation: 


&Ry(da) = Be, (uzda) Be, (uyda) Be, (uzda) (82) 


= y 


valid to first order in da, and which can be obtained directly from formula (6). 

We have thus generalized expressions (48) and (49) for infinitesimal rotation opera- 
tors. Since the group law is conserved locally (see above), relation (52) and the argument 
following it remain valid. Consequently, the finite rotation operators have expressions 
analogous to (55) and (57): 


Ry(a) = e7*eI4 (83) 


5. Rotation of observables 


We just showed how the vector representing the state of a quantum mechanical system 
transforms under rotation. But in quantum mechanics, the state of a system and the 
physical quantities are described independently. Therefore, we shall now indicate what 
happens to observables upon rotation. 


5-a. General transformation law 


Consider an observable A, relating to a given physical system; we shall assume, to 
simplify the notation, the spectrum of A to be discrete and non-degenerate: 


Alun) = an|Un) (84) 


In order to understand how this observable is affected by a rotation, we shall imagine 
that we have a device which can measure A in the physical system under consideration. 
Now, the observable A’, the transform of A with respect to the geometrical rotation &, is 
by definition what is measured by the device when it has been subjected to the rotation 
A. 

Let us assume the system to be in the eigenstate |u,,) of A: the device for measuring 
A in this system will give the result a, without fail. But just before performing the 
measurement, we apply a rotation # to the physical system and, simultaneously, to 
the measurement device; their relative positions are unchanged. Consequently, if the 
observable A which we are considering describes a physical quantity attached only to the 
system which we have rotated (that is, independent of other systems or devices which we 
have not rotated), then, in its new position, the measurement device will still give the 
same result a, without fail. Now, after rotation, the device, by definition, measures A’, 
and the system is in the state: 


|u;,) = Rlun) (85) 
We must therefore have: 

Alun) = dn|tn) => A"un) = an|tn) (86) 
Combining (85) and (86), we find: 


A'R\tUn) = GnR\un) (87) 
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that is: 
Rt A'Riun) = an|Un) (88) 


since the inverse of Ris R'. The set of vectors |un) constitutes a basis in the state space 
(A is an observable), so we have: 





RiA‘'R=A (89) 
that is: 
A' = RARt (90) 











In the special case of an infinitesimal rotation Z,(da), the general expression (81), 
substituted into (90), gives, to first order in da: 


A’ = (1- j,dad-u) A(1+ j dad-n) 


A-<da[J-u, A] (91) 


I 


Comments: 


(z) In the case of a spinless particle, relation (90) implies that: 

(r|A'ir’) = (P| RAR'[r’) (92) 
Using (26) and (27), we therefore obtain: 

(r|A’r’) = (@'r|A|B*r’) (93) 


The transformation which enables us to obtain A’ from A is therefore completely 
analogous to the one which gives |y’) in terms of |w) [cf. (19)]. 


(iz) Consider the case in which the observable A is associated with a classical 
quantity <&. ©& is then a function of the positions r; and momenta p; of the 
particles which constitute the system; the operator A is obtained from this function 
by applying the quantization rules given in Chapter III. We know how to find the 
quantity &’ associated with Y by a rotation Z in classical mechanics: for example, 
if H is ascalar, /’ is the same as &; if & is the component along an axis Ou of a 
vectorial quantity, ./’ is the component of this same vectorial quantity along the 
axis which is the result of the transformation of Ou by the rotation @. We can 
also construct the quantum mechanical operator corresponding to .#', by applying 
the same quantization rules as above. It can be shown that this operator is the 
same as the operator A’ given in (90); this is what is shown in Figure 1. 
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A A Figure 1: Behavior, under a rotation &, of 
a classical physical quantity & and of the 
associated observable A. 
R 
AO ANION NV’ 
5-b. Scalar observables 
An observable A is said to be scalar if: 
A=A (94) 


for all R. According to (91), this implies that: 
[A, J] =0 (95) 


A scalar observable commutes with the three components of the total angular mo- 
mentum. 

There are numerous examples of scalar observables. J? is always a scalar (this re- 
sults, as we saw in § B-2 of Chapter VI, from the commutation relations that characterize 
an angular momentum). For a spinless particle, R?, P? and R.- P, which correspond to 
classical scalar quantities, are scalars. It is easy to show, moreover (cf. § 5-c below) that 
R?, P? and R -P satisfy (95). We shall also see later (§ 6) that the Hamiltonian of an 
isolated physical system is a scalar. 


5-c. Vector observables 


A vector observable V is a set of three observables V,,V,, Vz (its Cartesian com- 
ponents) that is transformed by rotation according to the characteristic law of vectors. 
The transform, under a rotation &, of the component V, = V-u of V along a given 
axis Ou (of unit vector u) must be the component Vv = V-u’ of V along the axis Ou’ 
derived from Ou by the rotation @. 

Consider, for example, the component V, of such an observable. We shall examine 
its behavior under infinitesimal rotations about each of the coordinate axes. V, is obvi- 
ously unchanged by a rotation about Ox; according to (91), this can be expressed in the 
form: 


[Jz , Vx] =0 (96) 
If we perform a rotation Ze, (da) about the Oy axis, the transform of Vz is the observable 


(V,)/ given by (91) as: 


(Vx)! = Ve — : da [Jy » Vel (97) 
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But V, is the component of V along the Oz axis, of unit vector e,. The rotation Ze, (da) 
takes e, onto e/, such that [formula (6)]: 


e;, = es + da e, x ey 
=e, —dae, (98) 
Consequently, if V is a vector observable, (V,)’ must be the same as V - e/: 


(V,)' = V-e, —da V-e, 


= V, — dav, (99) 
Comparing (97) and (99), we see that: 
[Ve , Jy] = énV, (100) 


For an infinitesimal rotation Z.,(da) about the Oz axis, an argument analogous to the 
one above leads to the relation: 


[Jz , Vel = iV, (101) 


By studying the behavior of V, and V, under infinitesimal rotations, one can prove the 
formulas which can be derived from (96), (100) and (101) by cyclic permutation of the 
indices x,y,z. The set of relations obtained in this way is characteristic of a vector 
observable: they imply that an arbitrary infinitesimal rotation transforms V - u into 
V -u’, where w’ is the transform of u with respect to the rotation under consideration. 

It is clear that the angular momentum J itself is a vector observable; (96), (100) 
and (101) then follow from the commutation relations characterizing angular momenta. 
For a system composed of a single spinless particle, R and P are vector observables, as 
can easily be verified from the canonical commutation relations. Thus the vector notation 
we use for R,P,L and J is justified. 


Comments: 
(i) The scalar product V - W of two vector observables, defined by the customary 
formula: 


V-W =V,W, + V,W, + VeWz (102) 


is a scalar operator. To verify this, we can calculate, for example, the commutator 
of V-W with J,: 
[V -W, Jz] = [VyWy, Je] + [V-W2, Ja] 
= V, (Wy, Jel + Vayde] Wy + VeIW, Jal + [Verde] We 
= -ihV,W, — ihV,W, + ihV,W, + ihV,W, 
=0 (103) 
We have already pointed out that J?, R?, P? and R -P are scalar observables. 





(iz) It is the total angular momentum of the system under study that appears in 
relations (96), (100) and (101). The following example illustrates the importance 
of this fact: if, for a two-particle system, we were to use L, instead of L = Ly + Le, 
Ryz would appear to be a set of three scalar observables and not a vector observable. 
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6. Rotation invariance 


The discussion presented in the preceding sections does not have as its sole purpose the 
justification of the definition of angular momenta in terms of the commutation relations. 
The importance of rotations in physics is essentially related to the fact that physical laws 
are rotation invariant. We are going to explain in this section exactly what this means, 
and we shall indicate some of the consequences of this fundamental property. 


6-a. Invariance of physical laws 


Consider a physical system (), classical or quantum mechanical, which we subject 
toarotation Z at some given time. If we take the precaution of rotating, at the same time 
as the system (S$) under consideration, all other systems or devices that can influence 
it, the physical properties and behavior of (S) are not modified. This means that the 
physical laws governing the system have remained the same: the physical laws are said 
to be rotation invariant. Note that this property is not at all obvious: there exist 
transformations — those of similarity’, for example — with respect to which the physical 
laws are not invariant®. It is therefore advisable to consider rotation invariance to be a 
postulate which is justified by the experimental verification of its consequences. 

When we say that the physical properties and behavior of a system are unchanged 
by a rotation performed at the time to, this statement covers two observations: 

(i) the properties of the system at this time are not modified (although the descrip- 
tion of the state of the system and the physical quantities are; see preceding sections). 
In quantum mechanics, this implies that the transform A’ of an arbitrary observable A 
has the same spectrum, and that the probability of finding one of the eigenvalues of this 
spectrum in a measurement of A’ on the system after rotation is the same as it was for 
the measurement of A on the system before rotation. From this, it can be deduced that 
the operators R describing rotations in state space are linear and unitary, or antilinear 
and unitary (that is, anti-unitary”). 


(it) the time evolution of the system is not affected. To state this point more 
precisely, let us denote the state of the system by |~(to)); under a rotation performed at 
to, this state becomes: 


|y"(to)) = Rib(to)) (104) 


We now let the system evolve freely and compare its state |q’(t)) at a subsequent time 
t to the state |w(t)) which it would have attained if it had been allowed to evolve freely 
from |w(to)). If the behavior of the system is not modified, we must have: 


[b'(t)) = RlY)) (105) 


that is, for all t, the state |)’(¢)) must be obtained from |w(t)) by the same rotation as 
in (104). Therefore, if |W(£)) is a solution of the Schrédinger equation, R|w(t)) is also 





5Consider, for example, a hydrogen atom. If we multiply the distance between the proton and the 
electron by a constant A 4 1 (without modifying the charges and masses of the particles), we obtain a 
system whose evolution no longer obeys either classical or quantum mechanical physical laws. 

SLet us also point out that experiments have shown that the laws governing the 6-decay of nuclei 
are not invariant under reflection with respect to a plane (non-conservation of parity). 

7 All transformations which leave the physical laws invariant are described by unitary operators, 
except for time reversal, with which is associated an anti-unitary operator. 
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a solution of this equation: the transform of a possible motion of the system is also a 
possible motion. We shall see in § 6-b that this implies that the Hamiltonian H of the 
system is a scalar observable. 

The invariance of physical laws under rotation is related to the symmetry proper- 
ties of the equations which state these laws mathematically. To understand the origin of 
these symmetries, consider, for example, a system composed of a single (spinless) parti- 
cle. The expression of the physical laws governing such a system explicitly involves the 
parameters r(a, y, z) and p(pz, Py, pz) which characterize the position of the particle and 
its momentum: in classical mechanics, r and p define at each instant the state of the 
particle; in quantum mechanics, although the meaning of these parameters is a little less 
simple, they appear in the wave function ¥(r) and its Fourier transform 7(p). When 
the particle is subjected to an instantaneous rotation &, r and p are transformed into r’ 
and p’ such that: 


r=&r 
p'=Zp (106) 


If we replace r by Z'r’ and p by #@~'p’ in the equations which express the physical 
laws, we obtain relations that now involve r’ and p’. The invariance of physical laws 
under the rotation # thus implies that the form of the equations for r’ and p’ is the 
same as that of the equations for r and p: simply omitting the primes labeling the new 
parameters must give us back the original equations. It is clear that this considerably 
restrains the number of possible forms of these equations. 


Comments: 


(4) What happens when we perform a rotation on a system which is not isolated? Con- 
sider, for example, a particle in an external potential. If we rotate this system, without 
simultaneously rotating the sources of the external potential, the subsequent evolution of 
the system is, in general, modified’. In classical mechanics, the forces exerted on the par- 
ticle are not the same in its new position. In quantum mechanics, w’(r, t) = W(#~'r, t) is 
a solution of a Schrédinger equation in which the potential V(r) is replaced by V(#~'r), 
which is, in general, different from V(r). Therefore, the transform of a possible motion 
is no longer a possible motion. The presence of the external potential destroys, so to 
speak, the homogeneity of the space in which the system under study evolves. 


However, the external potential may present certain symmetries that allow certain ro- 
tations to be performed on the physical system without its behavior being modified. If 
there exist rotations Zp such that V(%p 'r) is the same as V(r), the properties of the 
system are unchanged by one of these rotations Zo. This is the case, for example, for 





8If the particle is placed in a vector potential, its properties immediately after the rotation may be 
profoundly modified. Consider, for example, a spinless particle in an external magnetic field. According 
to the transformation law (19), the probability current given by formula (D-20) of Chapter III cannot 
in general be derived by rotation of the initial current, as it depends on the vector potential describing 
the magnetic field. The physical interpretation of this phenomenon is as follows. We can imagine that, 
instead of rotating the particle, we rotate the magnetic field rapidly and in the opposite direction. The 
wave function has not had the time to change: this corresponds to formula (19). If the physical properties 
are modified, it is because an induced electromotive field has appeared and acted on the particle. This 
action does not depend on the exact way in which we rotate the magnetic field, provided that we do so 
quickly enough. 
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central potentials, that is, those depending only on the distance to a fixed point O: the 
rotations Zp are then all rotations that conserve the point O (cf. Chap. VII). 


(iz) Let us return to the case of isolated physical systems. Thus far, we have adopted an 
“active” viewpoint: the observer remains fixed, and the physical system is rotated. 


We can also define a “passive” viewpoint: the observer rotates, and, without touching 
the system being studied, uses a new coordinate frame, derived from the initial frame 
by the given rotation. Rotation invariance is then expressed in the following way: in 
his new position (that is, using his new coordinate axes), the observer describes physical 
phenomena by laws that have the same form as in the old frame. Nothing allows him 
to assert that one of his positions is more fundamental than the other: it is impossible 
to define an absolute orientation in space by the study of any physical phenomenon. It 
is clear that, for an isolated system, a “passive” rotation is equivalent to the “active” 
rotation through an equal angle about the opposite axis. 


6-b. Consequence: conservation of angular momentum 


We indicated in § 6-a that rotation invariance is related to symmetry properties 
of the equations expressing the physical laws. Here, we shall study the case of the 
Schrédinger equation, and we shall show that the Hamiltonian of an isolated physical 
system is a scalar observable. 

Consider an isolated system in the state |W(to)). We perform an arbitrary rotation 
& at time to; the state of the system becomes: 


|b" (to)) = Riv(to)) (107) 


where R is the “image” of the rotation @. If we now let the system evolve freely from 
|W’ (to)), its state at the instant to + dt, according to the Schrodinger equation, will be: 


\y'(to + at) = Wy"(to)) +S Hy (to) (108) 


Now, if we had not performed the rotation, the state of the system at time to + dt would 
have been: 


d 
\(to + dt) = Ito) +S Hh(to)) (109) 
Rotation invariance implies (cf. § 6-a) that: 
[y"(to + dt)) = Rib(to + dt)) (110) 


where R is the same as in (107). According to the two preceding equations, this implies 
that: 


RH|h(to)) = H\v'(to)) (111) 
that is: 
RH|v(to)) = HR|b(to)) (112) 


Since |2(to)) is arbitrary, it follows that H commutes with all rotation operators. For 
this to be so, it is necessary and sufficient that H commute with the infinitesimal rotation 
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operators, that is, with the three components of the total angular momentum J of the 
system: 


[H , J] =0 (113) 


HZ is therefore a scalar observable. 

Rotation invariance is therefore related to the fact that the total angular momentum 
of an isolated system is a constant of the motion: conservation of angular momentum 
can be seen to be a consequence of rotation invariance. 


Comments: 

(4) The Hamiltonian of a non-isolated system is not, in general, a scalar. However, 
if certain rotations exist that leave the system invariant [comment (7) of § 6-a], the 
Hamiltonian commutes with the corresponding operators. Thus, the Hamiltonian of a 
particle in a central potential commutes with the operator L associated with the angular 
momentum of the particle with respect to the center of forces. 


(iz) For an isolated system composed of several interacting particles, the Hamiltonian 
commutes with the total angular momentum. However, it does not generally commute 
with the individual angular momentum of each particle. For the transform of a possible 
motion to remain a possible motion, the rotation must be performed on the whole system, 
not on only some of the particles. 


6-c. Applications 


We have just shown that rotation invariance means that the total angular momen- 
tum J of an isolated system is a constant of the motion in the quantum mechanical sense. 
It is therefore useful to determine the stationary states of such a system (eigenstates of 
the Hamiltonian) which are also eigenstates of J? and J,. We can then choose for the 
state space a standard basis {|k,7,m)}, composed of eigenstates common to H, J? and 
Jy: 


A\k,j,m) = E |k,j,m) 
J? |k, j,m) = j(F + 1)R? [k, 3, m) 
Jz|k,j,m) = mh |k, j,m) (114) 


Q. Essential rotational degeneracy 


Since the Hamiltonian H is a scalar observable, it commutes with J, and J_. From 
this fact, we deduce that |k, 7, m+1) and |k, 7, m—1), which are respectively proportional 
to J,|k,j,m) and J_|k,j,m), are eigenstates of H with the same eigenvalue as |k, j,m) 
[the argument is the same as for formula (C-48) of Chapter VI]. Thus it can be shown 
by iteration that the (27 + 1) vectors of the standard basis characterized by the given 
values of k and 7 have the same energy. The corresponding degeneracy of the eigenvalues 
of A is called “essential” because it arises from rotation invariance and occurs for any 
form of the Hamiltonian H. Of course, in certain cases, the energy levels can present 
additional degeneracies, which are called “accidental”. We shall see an example of this 
in Chapter VII, § C. 
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B. Matrix elements of observables in a standard basis 


When we study a physical quantity in an isolated system, the knowledge of the 
behavior of the associated observable under a rotation enables us to establish some of its 
properties, without having to consider its precise form. We can predict that only some of 
its matrix elements in a standard basis such as {|k, 7,m)} will be different from zero, and 
we can give the relations between them. Thus, a scalar observable has matrix elements 
only between two basis vectors whose values of j are equal, as are their values of m [this 
results from the fact that this observable commutes with J? and J,; cf. theorems on 
commuting observables, § D-3-a of Chapter IT]. Moreover, these non-zero elements are 
independent of m (since the scalar observable also commutes with J, and J_). For vector 
or tensor observables, these properties are contained in the Wigner-Eckart theorem, which 
we shall prove later in a special case (cf. Complement Dx), and which is frequently used 
in the areas of physics in which phenomena are treated by quantum mechanics (atomic, 
molecular, and nuclear physics, elementary particle physics, etc.). 


References and suggestions for further reading: 

Symmetry and conservation laws: Feynman III (1.2), Chap. 17; Schiff (1.18), 
Chap. 7; Messiah (1.17), Chap. XV; see also the articles by Morrisson (2.28), Feinberg 
and Goldhaber (2.29), Wigner (2.30). 

Relation with group theory: Messiah (1.17), Appendix D; Meijer and Bauer (2.18), 
Chaps. 5 and 6; Bacry (10.31), Chap. 6; Wigner (2.23), Chaps. 14 and 15. See also Omnés 
(16.13), in particular Chap. III. 
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1. Introduction 


In § 1 of Complement Ay, we studied the vibrations of the two nuclei of a diatomic 
molecule about their equilibrium position, neglecting the rotation of these two nuclei 
about their center of mass. We obtained stationary vibrational states of energies FE, 
whose wave functions y,(r) depended only on the distance r between the nuclei. 

Here, we shall adopt a complementary point of view: we shall study the rotation 
of the two nuclei about their center of mass, neglecting their vibrations. That is, we 
shall assume that the distance r between them remains fixed and equal to r. (where 
re represents the distance between the two nuclei in the stable equilibrium position of 
the molecule; see Figure 1 of Complement Ay). The wave functions of the stationary 
rotational states then can depend only on the polar angles 6 and y which define the 
direction of the molecular axis. We shall see that these wave functions are the spherical 
harmonics Y;"(6, yp) [studied in Chapter VI (§ D-1) and in Complement Ayj], and that 
they correspond to a rotational energy FE; that depends only on J. 

Actually, in the center of mass frame, the molecule both rotates and vibrates, and 
the wave functions of its stationary states must be functions of the three variables r, 6 
and y. We shall show in Complement Fyyz that, to a first approximation, these wave 
functions are of the form y,(r)Y'"(6, y)/r and correspond to the energy E, + E;. This 
result justifies the approach adopted here, which consists of considering only one degree 
of freedom — rotational or vibrational — at a time!. We shall begin in § 2 by presenting 
the classical study of a system of two masses separated by a fixed distance (rigid rotator). 
The quantum mechanical treatment of this problem will then be taken up in § 3, where 





lIn Complement Fyzr, we shall also study the corrections introduced by the coupling between the 
vibrational and rotational degrees of freedom. 
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Figure 1: Parameters defining the position 
of the rigid rotator M;Mo2 whose center of 
mass is at the origin O of the reference 
frame; the distances r1 and re are fixed; only 
the polar angles 0 and ~ can vary. 








we shall use the results of Chapter VI concerning orbital angular momentum. Finally 
in § 4, we shall describe some experimental manifestations of the rotation of diatomic 
molecules (pure and Raman rotational spectra). 


2. Rigid rotator. Classical study 


2-a. Notation 


Two particles, of mass m, and mz, are separated by a fixed distance r,. Their 
center of mass O is chosen as the origin of a coordinate frame Oxyz with respect to 
which the direction of the axis connecting them is defined by means of the polar angles 
6 and y (Fig. 1). The distances OM, and OM) are denoted respectively by r; and ro; 
by definition of the center of mass: 


MIT, = M272 (1) 


which allows us to write: 


TL T2 Te 


Safa Ei (2) 


m mi my+me 
The moment of inertia J of the system with respect to O is equal to: 
I= mir? + mers (3) 


Introducing the reduced mass: 


myzms2 
ze 4 
- mi, +™M2 ( ) 


and using (2), we can put J in the form: 
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2-b. Motion of the rotator. Angular momentum and energy 


If no external force acts on the rotator, the total angular momentum CL of the 
system with respect to the point O is a constant of the motion. The rotator therefore 
rotates about O in a plane perpendicular to the fixed vector £, with a constant angular 
velocity wr. The modulus of L is related to wr by: 


|L| = mirinriwe + mererawR = Iwe (6) 
that is, using (5): 
|C| = ur2wp (7) 


The rotational frequency of the system ve = wpr/2a is proportional to the angular 
momentum |£| and inversely proportional to the moment of inertia I. 

In the center of mass frame, the total energy H of the system reduces to the 
rotational kinetic energy: 





1 
which can also be written, using (6) and (5): 
Le 
ae 2 (9) 
2l ure 
2-c. The fictitious particle associated with the rotator 


Formulas (5), (7) and (9) show that the problem we are studying here is formally 
equivalent to that of a fictitious particle of mass py forced to remain at a fixed distance r, 
from the point O, about which it rotates with the angular velocity wr. L is the angular 
momentum of this fictitious particle with respect to O. 


3. Quantization of the rigid rotator 


3-a. The quantum mechanical state and observables of the rotator 


Since r, is fixed, the parameters defining the position of the rotator (or that of 
the associated fictitious particle) are the polar angles 6 and y of Figure 1. The quantum 
mechanical state of the rotator will then be described by a wave function wW(6,y) which 
depends only on these two parameters. wW(6,y) is square-integrable; we shall assume it 
to be normalized: 


2a Tw 
| ay [ sin dé |(0,y)|? = 1 (10) 
0 JO 


The physical interpretation of W(6,) is the following: |7(0, y)|? sin@ d0 dy represents 
the probability of finding the axis of the rotator pointing in the solid angle element 
dQ = sin @d6 dy about the direction of polar angles @ and y. 

Using Dirac notation, we associate with every square-integrable function (6, y), 
a ket |W) of the state space Eg: 


V9, ~) + |v) € En (11) 
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The scalar product of |y) and |x) is, by definition: 


Och) = / do x*(6, 9) ¥8,9) (12) 


where x(9,y) and w(@, yp) are the wave functions associated with |x) and |~). 

The quantum mechanical Hamiltonian H of the rotator (or of the associated ficti- 
tious particle) can be obtained by replacing £? in expression (9) for the classical energy 
by the operator L? studied in § D of Chapter VI: 


L?2 


> Qur2 03) 


H is an operator acting in Eg. According to formula (D-6a) of Chapter VI, if |w) is 
represented by the wave function (6, y~), H|wW) is represented by: 


lee a 
Qur2 | 002 ° tg900 ~~ sin? @ Oy? 





Alb) o v4, 9) (14) 


Other observables of interest, which we shall study later, are those which corre- 
spond to the three algebraic projections x, y, z of the segment M, Mp (2, y, z are also the 
coordinates of the fictitious particle): 


x=r,sin@cosy 
y=r-sinésiny (15) 
zZ=T1,.cos0 

The importance of these variables will be seen in § 4-a. The observables X,Y, Z cor- 


responding to z,y,z act in Eg. With the kets X|~),Y|w),Z|wW), are associated the 
functions: 


X|w) Go r.sind cosy (6, y) 
Y|w) oO resin#@ sing (6, ¢) (16) 
Z\th) + re cosO Y(9, ) 


Comment: 


As we have already pointed out in the introduction, the true wave functions of the 
molecule depend on r,6,y. Similarly, the observables of this molecule, obtained from 
the corresponding classical quantities by the quantization rules of Chapter III, act on 
these functions of three variables and not solely on the functions of 6 and wy. In Comple- 
ment Fyir, we shall justify the point of view we are adopting here, namely, ignoring the 
radial part of the wave functions and considering r to be a fixed parameter that is equal 
to re [cf. formulas (14) and (16)]. 


3-b. Eigenstates and eigenvalues of the Hamiltonian 


We determined the eigenvalues of the operator L? in § D of Chapter VI: they are 
of the form 1(1 + 1)h?, where | is any non-negative integer. Furthermore, we know an 
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orthonormal system of eigenfunctions of L?: the spherical harmonics Y,(0, yp), which 
constitute a basis in the space of functions that are square-integrable in 6 and » (§ D- 
l-c-6 of Chapter VI). We shall denote by |J,m) the ket of Ep associated with Y,"(0, y): 


Y/"(8,¢) + |I,m) (17) 
We see from (13) that: 


I(1 + 1)h? 
Hl,m) = “Sy lta) (18) 
It is customary to set: 
A A 
AnI = Arpr2 oy 


B is called the “rotational constant” and has the dimensions of a frequency”. The 
eigenvalues of H are thus of the form: 


E, = Bhi(l+ 1) (20) 


Since, for a given value of J, there exist (2! + 1) spherical harmonics Y;"(6,y), where 
m= -—l,—I1+1,...,1, we see that each eigenvalue FE; is (21 + 1)-fold degenerate. Figure 2 
represents the first energy levels of the rotator. The separation of two adjacent levels, | 
and | — 1, is equal to: 


E, — Ey. = Bhil(l+ 1) —1(l—1)| =2Bhl (21) 


and increases linearly with 1. 
The eigenstates of H satisfy the following orthogonality and closure relations (de- 
duced from those satisfied by the spherical harmonics, § D-1-c-G of Chapter VI): 


(, ml’, m’) = Ou Oniamt 
co) «6 


ys a \l,m)(l,m| = 1 (22) 


l=0 m=-l 


The most general quantum state of the rotator can be expanded on the states |1,m): 


co +1 
I(t) = S25 So crm(t) |l,m) (23) 
1=0 m=-l 
The component: 
cim(t) = (I m|b(t)) = i: do ¥;"" (6, 9) (8, 1) (24) 


evolves in time in accordance with the equation: 


Ctm(t) = Ciym(0) e*t/? (25) 


?The speed of light c is sometimes placed in the denominator of the right-hand side of (19). B then 
has the dimensions of an inverse length and is expressed in cm—! (in the CGS system). 
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L=5 
10 Bh ‘ ‘ noe 
Figure 2: First levels of the rigid rotator, of 
1=4 energies: 
say E, = Bhi(l +1) 
(with | = 0,1,2...). Each level E, for which 
[=3 1 > 1 is separated from the next lower level 
| 6 Bh by an energy 2Bhl. 
1=2 
| 4 Bh 
l=1 
: 4 2Bh 
3-c. Study of the observable Z 


Earlier, we introduced the observables X,Y, Z which correspond to the projections 
onto the three axes of the segment M Mo. In this section, we shall study the evolution 
of the mean values of these observables and compare the results obtained with those 
predicted by classical mechanics. We shall confine ourselves to the calculation of (Z)(t) 
since (X)(t) and (Y)(t) have analogous properties. 

A Bohr frequency (FE, — Ey)/h can appear in the function (Z)(t), if Z has a non- 
zero matrix element between a state |l,m) of energy FE, and a state |l’,m’) of energy 
Ey. The first problem is therefore to find the non-zero matrix elements of Z. To solve 
this problem, we shall use the following relation, which can be established by using the 
mathematical properties of spherical harmonics [Complement Ay1, formula (35)]: 





oy (l+1)?-—m? _ 
cos 6 Y/" = 7 4+12—1 141(9, Y) (26) 
From this, we deduce, using (16), ( 
= = 1 pee 
(UU, m'|Z|l,m) = redmm' soa 1 qe 41 oa = (27) 
Comment: 





According to (27), the selection rules satisfied by Z are: Al = +1, Am = 0. It can be 
shown that for X and Y we have: Al = +1, Am = +1. Since the energies depend only 
on 1, the Bohr frequencies are the same for (X), (Y) and (Z). 








The operator Z can therefore connect only states belonging to two adjacent levels 
of Figure 2 (the corresponding transitions are represented by vertical arrows in Figure 2). 
The only Bohr frequencies which appear in the evolution of (Z)(t) are thus of the form: 


A, -— Ey 
Yyy-1 = ——_—_"™ = 2B (28) 
h 
They form a series of equidistant frequencies, separated by the interval 2B (Fig. 3). 
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Figure 3: Frequencies appearing in the evolution of the mean value of the observable 
Z. Because of the selection rule Al = +1, only the Bohr frequencies 2Bl (with | > 1), 
associated with two adjacent levels E; and Ej_1 in Figure 2, are observed. 








The mean value (Z)(t) can evolve only at a well-defined series of frequencies, This 
is unlike the classical case, in which the frequency of rotation vz of the rotator can take 
on any value. 

According to (27), if the system is in a stationary state |I,m), (Z)(t) is always zero, 
even for large 1. To obtain a quantum mechanical state in which (Z) behaves like the 
corresponding classical variable z, one must superpose a large number of states |l,m). If 
we assume that the state of the system is given by formula (23), and that the numbers 
\ci,m(0)|? have values which vary with J as is shown in Figure 4, the most probable value 
of J, lw, is very large; the spread Al of the values of | is also very large in absolute value, 
but very small in relative value: 


ly, Al>1 (29a) 
Al 
— <l (29b) 
lu 





Figure 4: Square of the moduli 

of the expansion coefficients of a 
Al “quasi-classical” state on the sta- 
tionary states |l,m) of the rigid ro- 
tator. The spread Al is large; how- 
ever, since the most probable value 
of l, lw, is very large, we have 
Al/lym <1, and the relative accu- 
racy with respect to | is very good. 


ler, OP 


lu 





It can then be shown that, in such a state: 
(LY? = (L?) ~ Iv (lw + DAR? 2 GW? (30) 


In addition, the Bohr frequencies that appear in (Z)(t) are then all very close (in relative 
value) to: 
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Eliminating J), between (30) and (31), we obtain, according to (19): 


_ 2B\(L)| _ |(L)| 
ME ee, (32) 


which is the equivalent of the classical relation (6). 


Comment: 


It is interesting to study in greater detail the motion of the wave packet corresponding to 
the state of Figure 4. It is represented by a function of 6 and w and can be considered to 
evolve on the sphere of unit radius. The preceding discussion shows that this wave packet 
rotates on the sphere with the average frequency v,,. Because of the spread Al of | and 
the corresponding spread 2BAI of the Bohr frequencies which enter into (X), (Y) and 
(Z), the wave packet becomes distorted over time. This distortion becomes appreciable 
after a time of the order of: 


1 


"= 2BAl Se 
Since the spread of | is small in relative value, we have: 
UMT & i >1 (34) 


~ Al 
The distortion of the wave packet is therefore slow, relative to its rotation. 


In fact, the Bohr frequencies of the system form a discrete series of equidistant fre- 
quencies, separated by the interval 2B. The motion which results from the superposition 
of these frequencies is therefore periodic, of period: 


1 


pS se 
5B (35) 
with, according to (29a): 
1 
ee (36) 


UM 


The distortion of the wave packet is therefore not irreversible; it follows a cycle which 
is repeated periodically. This is related to the fact that the wave packet evolves on the 
unit sphere, which is a bounded surface. This behavior should be compared with that of 
free wave packets (irreversible spreading; Complement Gy) and that of the quasi-classical 
states of the harmonic oscillator (oscillation without distortion; Complement Gy). 


4. Experimental evidence for the rotation of molecules 
4-a. Heteropolar molecules. Pure rotational spectrum 
Q. Description of the spectrum 


If the molecule is composed of two different atoms, the electrons are attracted 
by the more electronegative atom, and the molecule generally has a permanent electric 
dipole moment do, directed along the molecular axis. The projection of the electric dipole 
moment onto Oz becomes, in quantum mechanics, an observable proportional to Z. We 
have seen that (Z)(t) evolves at all the Bohr frequencies 2Bl (1 = 1,2,3, ...) shown in 
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Figure 3. Thus we see how the molecule is coupled to the electromagnetic field and can 
absorb or emit radiation polarized parallel? to Oz, on the condition that the frequency 
of this radiation is equal to one of the Bohr frequencies 2Bl. 

The corresponding absorption or emission spectrum of the molecule is called the 
“pure rotational spectrum”. It is composed of a series of equidistant lines, the frequency 
separation between two successive lines being equal to 2B, as in Figure 3. The absorption 
(or emission) of the line of frequency 2Bl corresponds to the passage of the molecule from 
the level | — 1 to the level | (or from the level J to the level 1 — 1), at the same time that 
a photon of frequency 2Bl is absorbed (or emitted). Figure 5 represents this process 
schematically [(5-a) represents the absorption and (5-b), the emission of a photon of 
frequency 2Bl]. 

The pure rotational spectra of diatomic molecules therefore provide direct experi- 
mental proof of the quantization of the observable L?. 





Figure 5: Schematic representation 





E, _——_o———_- 
A of the passage of the molecule from 
‘ * a given rotational level to the neigh- 
al boring level with absorption (fig. a) 
or emission (fig. b) of a photon. 
Fg ig 
B. Comparison with the “pure vibrational” spectrum 


In § 1-c-a of Complement Ay, we studied the “pure vibrational” spectrum of a 
heteropolar diatomic molecule. It is interesting to compare this spectrum with the pure 
rotational spectrum we are studying here. 

(i) The rotational frequencies of a diatomic molecule are generally much lower than 
the vibrational frequencies. The separation 2B/c of two rotational lines varies between 
a few tenths of a cm~! and a few dozen cm~!. For small values of 1, the rotational 
frequencies 2Bl therefore correspond to wavelengths of the order of a centimeter or a 
millimeter. Taking HCl as an example, the separation 2B/c is equal to 20.8 cm, while 
the vibration frequency, which corresponds to 2 886 cm~!, is more than a hundred times 
greater. 

Pure rotational spectra therefore fall in the very far infrared or the microwave 
domain. 


Comment: 


As we shall show in Complement F yyy, the rotation of molecules is also responsible 
for a fine structure of vibrational spectra (vibration-rotation spectra). 2B can then 
be measured in a domain of wavelengths which is no longer that of microwaves. 
The same comment applies to the Raman rotational effect (§ 4-b below), which 
appears as a rotational structure of an optical line. 





3If we study the motion of (X)(t) and (Y)(t), we see that the molecule can also absorb or emit 
radiation polarized parallel to Ox or Oy. 
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(ii) The “pure vibrational” spectrum studied in Complement Ay has only one 
vibrational line. This is due to the fact that the various vibrational levels are equidistant 
(if the anharmonicity of the potential is neglected) and, consequently, only one Bohr 
frequency appears in the dipole motion (selection rule Av = +1). On the other hand, 
the pure rotational spectrum consists of a series of equidistant lines. 

(iit) We indicated in Complement Ay that the permanent electric dipole moment 
of the heteropolar molecule can be expanded in powers of r — r, in the neighborhood of 
the stable equilibrium position of the molecule: 


D(r) =do + di(r —r-) +... (37) 


For the pure vibrational spectrum to appear, D(r) must vary with r : d; must therefore 
be different from zero. On the other hand, even if r remains fixed and equal to rz, the 
rotation of the molecule modulates the projection of the electric dipole onto one of the 
axes, provided that dp is different from zero. Thus we see that the study of the intensity 
of vibrational and rotational lines permits the separate measurement of the coefficients 
dy and do of (37). 


y. Applications 


The study of pure rotational spectra has some interesting applications; we shall 
mention three examples. 

(4) Measurement of the separation 2B of two neighboring lines yields the moment 
of inertia I of the molecule, according to (19). If we know m1 and m2, we can deduce re, 
the separation of the two nuclei in the stable equilibrium position of the molecule [r, is 
the abscissa of the minimum of the curve V(r) of Figure 1 in Complement Ay]. Recall 
that measurement of the vibrational frequency yields the curvature of V(r) at r= re. 

(ii) Consider two diatomic molecules N — M and N — M’, in which two isotopes 
M and M’ of the same element are bound to the same atom N. Since the distances 
re between the nuclei are equal in the two molecules, measurement of the ratio of the 
corresponding coefficients B, which can be performed with great accuracy, yields the 
ratio of the masses of the two isotopes M and M’. 

One could also compare the vibrational frequencies of the two molecules, but it is 
preferable to use the rotational spectrum, since the rotational frequencies vary with 1/u 
[formula (19)], while the vibrational frequencies vary with 1/,/p [formula (5) of Ay]. 

(iit) In the study of a sample containing a great number of identical molecules, 
the relative intensities of the lines (in absorption or emission) of the pure rotational 
spectrum yields information about the distribution of the molecules among the various 
levels E;. Unlike what happens in the case of the vibrational spectrum, transitions 
between two given adjacent levels (arrows of Figure 2) occur at a particular frequency, 
which is characteristic of these two levels. Thus, the intensity of the corresponding line 
depends on the number of molecules that are found in the two levels. 

This information can be used to determine the temperature of a medium+. If 
thermodynamic equilibrium has been attained, we know that the probability that a 
given molecule is in a particular state of energy E; is proportional to e~”/*7; since the 
degeneracy of the rotational level E; is (21+ 1), the total probability F of finding the 





4 Actually, the vibration-rotation or Raman rotational spectra are more often used, since they fall 
into more convenient frequency ranges than does the pure rotational spectrum. 
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Figure 6: Population PY; of the various rotational levels E, at thermodynamic equilibrium. 
The fact that P, begins by increasing with | arises from the (21 + 1)-fold degeneracy of 
the levels E,. When | becomes sufficiently large, the Boltzmann factor e~®'/*T prevails 
and is responsible for the decrease in YP. 





molecule being considered in one of the states of the level E; (the “population” of the 
level E;) is: 





1 
P= 7 (2 + Ter 2k® 
1 
a 5 (2 aie Le UF DAB/kT (38) 
where: 
Z = So (2l + Pe Ue Ree (39) 


1=0 


is the associated partition function. If we are studying a system containing a large 
number of molecules whose interactions can be neglected, Y; gives the fraction of them 
whose energy is E}. 

At ordinary temperatures, hB is much smaller than kT, so that several rotational 
levels are populated. Note that the presence of the factor (2/+ 1) means that it is not 
the lowest levels that are the most populated: Figure 6 indicates the shape of WY as a 
function of J for a temperature T such that hB/kT is of the order of 1/10. Recall that 
the vibrational levels, on the other hand, are non-degenerate, and that their separation 
is much greater than hB; consequently, when the distribution of the molecules between 
the two rotational levels is that of Figure 6, they are practically all in the vibrational 
ground state (v = 0). 


4-b. Homopolar molecules. Raman rotational spectra 


As we pointed out in § 1-c-8 of Complement Ay, a homopolar molecule (that is, 
a molecule composed of two identical atoms) has no permanent electric dipole moment: 
in formula (37), we have dp = d; =... = 0. The vibration and rotation of the molecule 
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induce no coupling with the electromagnetic field, and the molecule is consequently 
“inactive” in the near infrared (vibration) and the microwave (rotation) domains. Like 
the vibration (cf. § 1-c-G of Av), the rotation of the molecule can, however, be observed 
via the inelastic scattering of light (the Raman effect). 


Q. The Raman rotational effect. Classical treatment 


We have already introduced, in Complement Ay, the susceptibility + of a molecule 
in the optical domain: an incident light wave, whose electric field is Ee“, sets the elec- 
trons of the molecule in forced motion and causes an electric dipole D e**, oscillating at 
the same frequency as the incident wave, to appear. x is the coefficient of proportionality 
between D and E. If E is parallel to the axis of the molecule, y depends on the distance 
r between the two nuclei: when the molecule vibrates, y vibrates at the same frequency. 
This is the origin of the Raman vibrational effect described in § 1-c-6 of Ay. 

Actually, a diatomic molecule is an anisotropic system. When the angle between 
the molecular axis and E is arbitrary, D is not generally parallel to E: the relation 
between D and E is tensorial (x is the “susceptibility tensor”). D is parallel to E in the 
two following simple cases: E parallel to the molecular axis (we then have x = y/), and 
E perpendicular to this axis (y = vy). In the general case, we choose the Oz axis along 
the electric field E of the light wave (assumed to be polarized); we consider a molecule 
whose axis points in the direction of polar angles 0 and y and calculate the component 
along Oz of the dipole induced by E on this molecule. E can be decomposed into a 
component Ey, parallel to the molecular axis, and a component E,, perpendicular to 
M, Mg and contained in the plane formed by Oz and M; Mg (Fig. 7). The dipole induced 
on the molecule by the field Ecos Qt is then equal to: 


D = (xjEy + x1 E1) cos Qt ais) 





Figure 7: Decomposition of the electric field 
E into a component Ey parallel to the molec- 
ular axis and a component E, perpendic- 
ular to this axis. These fields induce elec- 
tric dipoles xjEy and x, FE . collinear with 
the corresponding fields. However, since x / 
and xy, have different values (the molecule 
is anisotropic), the induced electrical dipole 
D=xyEy+x.E_ is not collinear with E. 








Its projection onto Oz can be calculated immediately: 
D, = (cos@x/|E,y| + sin @ x1 |E1|) cos Qt 
= (cos* 0x7 + sin? 6x ,)Ecos Mt (41) 
= [xi + (xy — x1) cs? 6] E cos Mt 
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We see that D, depends on 9, since x and x are not equal (the molecule is anisotropic). 

To see what happens when the molecule rotates, we shall begin by reasoning clas- 
sically. The fact that the molecule rotates at the frequency wr/27 means that cos 6 
oscillates at the same frequency: 


cos 8 = acos(wrt — 8) (42) 


where a and £ depend on the initial conditions and the orientation of the angular mo- 
mentum L (which is fixed). Thus we see that the term in cos? of (41) gives rise to 
components of D, that oscillate at frequencies of (Q + 2w,)/27, in addition to the com- 
ponent that varies at the frequency 0/27. The fact that the rotation of the molecule 
at the frequency wr/27 modulates its polarizability at twice its frequency is easy to un- 
derstand: after half a rotation, performed in half a period, the molecule returns to the 
same geometrical position with respect to the incident light wave. The light re-emitted 
with a polarization parallel to Oz is that which is radiated by D,. It has an unshifted 
line of frequency 2/27 (Rayleigh line), as well as two shifted lines, one on each side of 
the Rayleigh line, of frequencies (Q. — 2wp)/2m7 (Raman-Stokes line) and (Q + 2wp)/27 
(Raman-anti-Stokes line). 


B. Quantum mechanical selection rules. Form of the Raman spectrum 


Quantum mechanically, Raman scattering corresponds to an inelastic scattering 
process in which the molecule goes from level FE; to level Ey, while the energy AQ of the 
photon becomes AQ + FE, — Ey (the total energy of the system is conserved during this 
process). 

The quantum theory of the Raman effect (which we shall not discuss here) indicates 
that the probability of such a process involves the matrix elements of (y—x __) cos? O+X 1 


between the initial state Y/"(6,y) and the final state Y” (8, y) of the molecule: 


farver@.0 [oe — xu) 0086 + x1] HC.0) (43) 
It can be shown, using the properties of the spherical harmonics, that such a matrix 
element is different from zero only if?: 

l’—1=0,+2,-2 (44) 


There is only one Rayleigh line (which corresponds to | = 1’). Since the rotational 
levels are not equidistant, there are several Raman-anti-Stokes lines (which correspond 
to l' = 1 — 2), of frequencies: 


OQ, Byag= Bie 2 3 
+ See Fe Fe ap (i+ 5) 


Qr h Qr (45) 
with l’ =0,1,2,... 

and several Raman-Stokes lines (which correspond to Il’ = 1 + 2), of frequencies: 
Q E-Ey2 2 3 
— + ———“*= — -4B/14+- 
Qqr = h Qqr 2 (46) 
with 1=0,1,2,... 





5 The integral (43) is also zero if m 4 m’. If we consider light re-emitted with a different polarization 
state from that of the incident light wave, we obtain the following selection rules form: Am = 0, +1, +2. 
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Rayleigh line 


Raman-Stokes Raman-anti-Stokes 





335 234 133 0-52 Isl 230 331 452 533 


Figure 8: Raman rotational spectrum of a molecule. This molecule, initially in the 
rotational level E,, inelastically scatters an incident photon of energy hQ. After the 
scattering, the molecule has moved to the rotational level Ey, and the energy of the 
photon is RQ + E, — Ey (conservation of energy). 

Ifl=V, the scattered photon has the same frequency v = Q/2m as the incident photon; 
this yields the Rayleigh line. But it is also possible to have l! —1 = +2; if l! =1+4+2, the 
frequency of the scattered photon is lower (Stokes scattering); if l! = 1-2, it is higher 
(anti-Stokes scattering). Since the rotational levels E, are not equidistant (cf. Fig. 2), 
there are as many Stokes or anti-Stokes lines as there are values of l. These lines are 
labeled in the figure byl — l' (with I! =1+2). 











The form of the Raman rotational spectrum is shown in Figure 8. The Stokes and 
anti-Stokes lines occur symmetrically with respect to the Rayleigh line. The separation 
between two adjacent Stokes (or anti-Stokes) lines is equal to 4B, that is, to twice 
the separation which would be found between two adjacent lines of the pure rotational 
spectrum if it existed. Moreover, since the vibrational frequency is much larger than 
B, the Raman-Stokes and anti-Stokes vibrational lines are situated much further to the 
left and to the right of the Rayleigh line than the rotational Raman lines and hence do 
not appear in the figure (these lines also have rotational structures similar to that of 
Figure 8). 


Comments: 

(4) Consider a wave packet like those studied in § 3-c, that is, one for which the 
values of | are grouped about a very large integer Ij, (Fig. 4). According to (45) 
and (46), the frequencies of the various Stokes and anti-Stokes lines will be very 
close (in relative value) to: 





Q 

— +4Bl 4 

27 = (47) 
that is, according to (31): 

Q 

oe 2 4 

20 M 2) 
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where vyy is the average rotational frequency of the molecule. Thus, the quantum 
mechanical treatment, at the classical limit, yields the results of § 4-b-a. 


(it) In Raman rotational spectra, the Stokes and anti-Stokes lines appear with 
comparable intensities since levels of large / have large populations, as hB is much 
smaller than kT. This is necessary for the observation of anti-Stokes lines, for 
which the initial state of the molecule must be at least | = 2. However, the 
anti-Stokes vibrational line has a much smaller intensity than the Stokes line. The 
vibrational energy is much larger than kT; the population of the vibrational ground 
state v = 0 is much larger than the others, and Stokes processes v = 0 —> v= 1 
are much more frequent than anti-Stokes processes v = 1 —> v = 0. 


(iit) The Raman rotational effect also exists for heteropolar molecules. 


References and suggestions for further reading: 


Karplus and Porter (12.1), § 7.4; Herzberg (12.4), Vol. I, Chap. II, §§ 1 and 2; Landau 
and Lifshitz (1.19), Chaps. XI and XIII; Townes and Schawlow (12.10), Chaps. 1 to 
4, 
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In this complement, we shall be concerned with the quantum mechanical properties 
of a two-dimensional harmonic oscillator. The quantum mechanical problem is exactly 
soluble and does not involve complicated calculations. Furthermore, this subject provides 
an opportunity to study a simple application of the properties of the orbital angular 
momentum L, since, as we shall see, the stationary states of such an oscillator can be 
classified with respect to the possible values of the observable L,. In addition, the results 
obtained will be useful in the subsequent Complement Eyr. 


1. Introduction 


1-a. Review of the classical problem 


A physical particle always moves in three-dimensional space. However, if its po- 
tential energy depends only on x and y, the problem can be treated in two dimensions. 
We shall assume here that this potential energy can be written: 


V(2x,y) = 5w?(2? + y?) (1) 


where js is the mass of the particle and w is a constant. The classical Hamiltonian of the 
system is then: 


H = Hoy + Hz (2) 
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with: 
Hig = (p + ps) + Sei? (a? + y°) 
y Qu x y 9 
1 
He= 5p; (3) 
2 


where pz, Py, Pz are the three components of the momentum p of the particle. Hzy is a 
two-dimensional harmonic oscillator Hamiltonian. 
The equations of motion can easily be integrated to yield: 


pz(t) = po 
z(t) = BO ae (4) 
Ub 
x(t) = xy cos(wt — yz) 
tat = —pw ay sin(wt — Ya) (5) 
{ y(t) = ym cos(wt — yy) ss 
py(t) = —pw yu sin(wt — yy) 


where po, 20, 2M, Ya; YM; Yy are constants which depend on the initial conditions (we 
assume xy and yy to be positive). 











Figure 1: Projection of the classical trajectory of a particle in a two-dimensional har- 
monic potential onto the xOy plane; we obtain an ellipse inscribed in the rectangle ABCD. 





We see that the projection of the particle onto Oz describes a uniform motion with 
a velocity of po/u. The projection onto the xOy plane describes an ellipse inscribed in 
the rectangle ABCD of Figure 1. The direction the particle takes on this ellipse depends 
on the phase difference y, — yz. When yy — y, = +7, the ellipse reduces to the line AC. 
When yy, — Yz is between —7 and 0, the particle moves clockwise on the ellipse (“left- 
handed” motion), with the axes of the ellipse parallel to Ox and Oy for py — ¢, = —7/2. 
When yy — Yz = 0, the ellipse reduces to the line BD. Finally, when yy — yz is between 0 
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and 7, the particle moves counterclockwise on the ellipse (“right-handed” motion), with 
the axes parallel to Ox and Oy for y, — yz = +2/2. Note that the ellipse reduces to a 
circle if py — py = +0/2 and xy = ym. 

It is easy to determine several constants of the motion related to the projection of 
the motion onto the rOy plane: 

~ the total energy Hz, which, according to (3), (5), (6), is equal to: 








1 
Hoy = 5h” (arhe + Yar) (7) 
— the energies: 
1 92 
H, = 5 hu Lay (8a) 
1 
Hy = 5 Me Ui (8b) 


of the projections of the motion onto Ox and Oy; 
— the component of the orbital angular momentum CL of the particle along Oz: 


Ly = LPy — YPz (9) 


which, according to (5) and (6), is equal to: 


L, = pwruyyn Sin( yy — Yz) (10) 


We see that £, is positive or negative depending on whether the motion is counterclock- 
wise (0 < Yy—Yz < 7) or clockwise (—7 < yy—Yz < 0). L, is zero for the two rectilinear 
motions (yy — Y, = +7 and yy — y, = 0). Finally, for a motion at a given energy, that 
is, according to (7), for a fixed value of x4, + y},, |£z| is maximal when y, — y, = £7/2 
and the product xaygyyy is maximal, which implies x,y = yy. Of all motions at a given 
energy, it is the counterclockwise (clockwise) motion which corresponds to the maximal 
(minimal) algebraic value of £,. 








1-b. The problem in quantum mechanics 
The quantization rules of Chapter III enable us to obtain H, Hz,, H, from H, 
Hay, Hz. The stationary states |y) of the particle are given by: 
H|¢) = (Hay + Hz)\¢) = Ely) (11) 
with: 
Pee Re 4 
Hey = —>— + =p? (X? + Y?) (12a) 
2p 2 
P2 
A,== (12b) 
2u 


According to the results of Complement Fy, we know that we can choose a basis of 
eigenstates of H composed of vectors of the form: 


lv) = |Pey) ® Iz) (13) 
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where |yz,) is an eigenvector of H,, in the state space E,, associated with the variables 
x and y: 


Hyy|Pxy) = Exy|Pxy) (14) 
and |y,) is an eigenvector of H, in the space €, associated with the variable z: 
Hz\pz) = Ez|¢z) (15) 


The total energy associated with the state (13) is then: 
E= Eq, + E, (16) 


Now, equation (15), which in fact describes the stationary states of a free particle 
in a one-dimensional problem, can be solved immediately; it yields: 


A. : 
z\~2) = == efP=#/h 17 
ele oak Oy 


(where p, is an arbitrary real constant), with: 
pa (18) 


The problem therefore reduces to the determination of the solutions of equation (14), 
that is, the energies and stationary states of a two-dimensional harmonic oscillator. This 
is the problem we shall now try to solve. 

We shall see that the eigenvalues Ez, of Hz, are degenerate: Hzy alone does not 
constitute a C.S.C.O. in €zy. We must therefore add one or several other observables 
to Hz, in order to construct a C.S.C.O. In fact, we find in quantum mechanics the 
same constants of the motion as in classical mechanics: H, and H,, the energies of the 
projection of the motion onto Ox and Oy; and L,, the component along Oz of the orbital 
angular momentum L. Since L, commutes with neither H, nor H,, we shall see that a 
C.5.C.O. can be formed of Hzy, H, and Hy, (§ 2) or of Hz, and L, (§ 3). 


Comments: 

(4) Formula (18) indicates that the eigenvalues FE, of Hz are all two-fold degenerate in 
the space €,. Furthermore, the degeneracy in € = Ez, ® Ez of the eigenvalues (16) of the 
total Hamiltonian H is not due solely to the degeneracy of Ezy in Ezy and of Ez in Ez: 
two eigenvectors of H of the form (13) can have the same total energy FE without their 
corresponding values of Ez, (and of FE) being equal. 


(it) H commutes with the component L, of L, but not with Lz, and Ly. This results 
from the fact that the potential energy written in (1) is rotation-invariant only about 
Oz. Moreover, of the three operators Lz, Ly and Lz, only one, Lz, acts only in Ezy. 
In the study of the two-dimensional harmonic oscillator, therefore, we shall use only 
the observable Lz. In Complement Bvyir, we shall study the isotropic three-dimensional 
harmonic oscillator, whose potential energy is invariant with respect to any rotation 
about an axis which passes through the origin; we shall see that all the components of L 
then commute with the Hamiltonian. 
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2. Classification of the stationary states by the quantum numbers n, and n, 


2-a. Energies; stationary states 


To obtain the solutions of the eigenvalue equation (14), note that Hz, can be 
written: 


Ay, = Hy, + Hy (19) 


where H, and H, are both Hamiltonians of one-dimensional harmonic oscillators: 





P? 1 
H, = — + pw? X? 
Sa oe 
P2 1 
¥y 2y2 
= 4+ yy 20 


We know the eigenstates |(yn,) of Hz in €, and the eigenstates |y,,) of Hy in Ey. Their 
energies are, respectively, EB, = (nz + 1/2)hw and Ey = (ny +1/2)hw (where n, and ny 
are positive integers or zero). The eigenstates of H,, can thus be chosen in the form: 


lPnsiny) = |Pnz) @ |Pny) (21) 


where the corresponding energy Ezy is given by: 


1 1 
Egy = (n+ 5) hw + (+ 5) hw 


= (ny + ny + 1)hw (22) 


According to the properties of the one-dimensional harmonic oscillator, FE, is non- 
degenerate in €,, and Ey in Ey. Consequently, a vector |~n,n,) Of Exy, which is unique 
to within a constant factor, corresponds to a pair {nz, ny}: H, and H, form a C.S.C.O. 
in Ezy. 

It will prove convenient to use the operators a, and a, (destruction operators of a 
quantum, relative to Ox and Oy respectively), defined by: 


1 P, 


1 P 
y= (sv + iz (23) 
with: 
B=4/ (24) 


Since a, and a, act in different spaces, €, and Ey, the only non-zero commutators between 
the four operators az, dy, al, al, are: 


[ax, ah] = [ay,af] =1 (25) 


799 


COMPLEMENT Dy, @ 





The operators N, (the number of quanta relative to the Ox axis) and N, (the number 
of quanta relative to the Oy axis) are given by: 


Nz = ala, 
Ny =alay (26) 


which enables us to write H,, in the form: 
Ay, = H, + Hy = (Nz+ Ny, + l)hw (27) 
We have, obviously: 
Nz|Png ry) = NzlPne ny) 
NylPneiny) = yl Pnzny) (28) 
The ground state |yo,0) is given by: 
l~0,0) = |Pn,=0) ® |Pny=0) (29) 


The state |~n,n,) defined by (21) can be obtained from |yo,o) by the successive appli- 
cation of the operators af and af: 


2 1 
lPneny) = Vnalny! 


The corresponding wave function is the product of yp,(x) and yn,(y) [ef Comple- 
ment By, formula (35)]: 


(af) (al) | go, 0) (30) 


6 


TRO GaGa e P(e +¥)/2 FT (Ba) Ar, (By) (31) 


Pra ny (as y) a 
where the H,, are the Hermite polynomials (Complement By, § 1). 


2-b. H,, does not constitue a C.S.C.O. in Ex, 


We see from (22) that the eigenvalues of Hz, are of the form: 


Egy = En = (n+ 1)hw (32) 
where: 
N= Ng + Ny (33) 


is a positive integer or zero. To each value of the energy correspond the various orthogonal 
eigenvectors: 


lPne=n, my=0) Preity) teey l~n~=0, ny=n) (34) 


Since there are (n+1) of these vectors, the eigenvalue E,, is (n+1)-fold degenerate in Ezy. 
Hy, alone does not, therefore, constitute a C.S.C.O. On the other hand, we have seen 
that {H,, Hy} is a C.S.C.O.; this is also, obviously, true of {Hzy, Hz} et {Hzy, Hy}. 
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3. Classification of the stationary states in terms of their angular momenta 


3-a. Significance and properties of the operator L, 


In the preceding section, we identified the stationary states by the quantum num- 
bers nz and ny. But the Ox and Oy axes do not enjoy a privileged position in this 
problem. Since the potential energy is invariant under rotation about Oz, we could just 
as well have chosen another system of orthogonal axes Ox’ and Oy’ in the xOy plane; 
we would have then obtained stationary states different from the preceding ones. 

Therefore, in order to take better advantage of the symmetry of the problem, we 
shall now consider the component LD, of the angular momentum, defined by: 


L, = XP,-YP, (35) 


Expressing X and P, in terms of a, and al, and Y and Py, in terms of a, and al, we 
get: 


L,=1h (a,al, — alay) (36) 


Now, the expression for Hz, in terms of the same operators is: 





Hay = (aha, + alay +1) hw (37) 
Since: 

[axat,, alag + alay| = a,al, — aya} =0 

[atay, alay + alay| = -ala, tala, =0 (38) 
we find that: 

[Hzy, Lz] =0 (39) 


We shall therefore look for a basis of eigenvectors common to Hz, and Lz. 


3-b. Right and left circular quanta 


We introduce the operators a, and a; defined by: 


1 : 

Op = ait — iay) 
1 l 

a = va + iGy) (40) 
We see from this definition that the action of a, (or ay) on |Yn,,n,) yields a state which is 
a linear combination of |~n,—1,n,) and |Yn,,n,—1), that is, a stationary state which has 
one less energy quantum hw. Similarly, the action of af (or a}) on |n,,n,) yields another 
stationary state which has one more energy quantum. In fact, we shall see that a, (or 
a,) is similar to a, (or ay), and that a, and q can be interpreted as being destruction 
operators of a right and left “circular quantum” respectively. 
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First of all, using (40) and (25), it is simple to verify that the only non-zero 
commutators between the four operators a,, aj, al, a} are: 


(a, a)] = lay, of) = 4 (41) 


These relations are indeed analogous to (25). Moreover, H,, can be written, in terms of 
these operators, in a way that is similar to (37); since: 





ala, = ; (alba, + aldy _ ial ay + ia,a},) 

al ay = ; (alo. + aldy t+ialay, — ia,a}) (42) 
we have: 

Ay = (ata, + ah ay + 1) hw (43) 


In addition, using (36), we see that: 

L,=h (ala, — aja) (44) 
If we introduce the operators N, and N; (the number of right and left “circular quanta”): 

N, = ala, 

N, = af ay (45) 
formulas (43) and (44) become: 

Hayy = (N, + Ni + 1)fiw 

L, =H(N, — M) (46) 


Thus, while maintaining H in a form as simple as (27), we have simplified that of L,. 


3-c. Stationary states of well-defined angular momentum 


Using the operators a, and aj, we can now go through the same arguments we 
used for a, and a,. It follows that the spectra of N, and N; are composed of all positive 
integers and zero. In addition, specifying a pair {n,, n,} of such integers determines 
uniquely (to within a constant factor) the eigenvector common to N, and N;, associated 
with these eigenvalues, which is written: 


Te ety advo.) ai 


N, and N, therefore form a C.S.C.O. in €,,. Thus we see, by using (46), that |xn,.,n;) is 
also an eigenvector of Hz, and of L,, with the eigenvalues (n + 1)hw and mh, where n 
and m are given by: 


IXron, 4) = 


N=Np +n 


m=Nnp- mM (48) 
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Equations (48) enable us to understand the origin of the name of right or left “circular 
quanta”. The action of the operator a! on |xn,,n,) yields a state with one more quantum, 
to which, since m has increased by one, an additional angular momentum +f must be 
attributed (this corresponds to a counterclockwise rotation about Oz). Similarly, al 
yields a state with one more quantum, of angular momentum —A (clockwise rotation). 

Since n, and n; are positive integers (or zero), our results are in agreement with 
those of the preceding section: the eigenvalues of Hz, are of the form (n + 1)hw, where 
n is a positive integer or zero; their degree of degeneracy is (n + 1) since, for fixed n, we 
can have: 


np =n ;m=0 
Np =n—-1;n=1 


(49) 
ny =0 ;m=n 


Furthermore, we see that the eigenvalues of L, are of the form mh, where m is a 
positive or negative integer or zero, which is the result that was established for the general 
case in Chapter VI. In addition, table (49) tells us which values of m are associated with 
a given value of n. For example, for the ground state, we have n, —n; = 0, and therefore, 
necessarily, m = 0; for the first excited state, we can have n, = 1 and nm = 0, or n; = 0 
and n; = 1, which yields either m = +1 or m = —1. In general, formulas (48) and (49) 
show that, for a given energy level (n + 1)fw, the possible values of m are: 


m=n,n—-2,n—4,..., -n+2, —n (50) 


It follows that, to a pair of values of n and m, there corresponds a single vector (to within 
a constant factor): 


Ix, =ntm n=ts™ ) 





Hzy and L, therefore form a C.S.C.O. in Ezy. 


Comment: 

For a given value of the total energy (labeled by n), the states |y¥n,=n,n,=0) and 
IXnp=0,nj=n) correspond to the maximal (nfi) and minimal (—nh) values of L,. 
These states therefore recall the classical right and left circular motions associated 
with a given value of the total energy, for which £, takes on its maximal and 
minimal values (see § l-a). 


3-d. Wave functions associated with the eigenstates common to H,, and L, 


To conserve the symmetry of the problem with respect to rotation about Oz, we shall 
use polar coordinates, setting: 


x= pcosy p=0 
y = psingy 0<p<2n (51) 
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Now, what is the action of the operators a, and a; on a function of p and y? We shall begin 
by determining their action on a function of x and y. Knowing that of X and P, and therefore 
that of az (and, by analogy, that of a,), we can use (40), which yields: 

















1 1 fo O 
r L L 2 
a ; [a ts (¢ iz) (52) 
According to the rules for differentiating functions of several variables, we then obtain: 
e 10 iO 
ar Bpt+ 53 
2 | ?™ Bap Bp a a 
Similarly: 
t e’? 10 iO 
a, => = |BP-sza- - aa 54 
2 E BOp Bpdy ee) 
and: 
— ee Bot - es + = am 
2 |"? ™ Bap" Bp ay 
} e 10 iO 
a t 55 
1 2 ls Bap Bpdap (55) 


To calculate the wave functions yn,.,n,(p, ¢), simply apply the differential operators rep- 
resenting al. and al to the function yo0,0(p, ¢), which is, according to (31): 


B —B? p? /2 
- = 56 
x0,0(p, ~) Van e (56) 


Now it can be seen from (54) and (55) that the action of af. (or of a}) on a function of the form 
e’”* F'(o) is given by: 


eilm+1e i 
al [e"™* F()] = | (40 ) Fo 5a 








Bp B dp 
i(m—1)y 
aj [e""* F(p)] 5 (4 =) Fle) — 5 =| (57) 


Through the repeated application of these relations to (56), we see that the y-dependence of 
Xnr,nz,(P, Y) is simply given by: (mr)? This is a general result, established in Chapter VI: 
the y-dependence of an eigenfunction of L, of eigenvalue mh is e”"”. 
If, in (57), we choose F'(p) = pte bP 12, then: 
at jew" p™ eee = B ere gars ef e"/2 (58) 


Applying the operator al. to the function xX0,0(p) nr times, we obtain: 


Xneo(P ¢) = —P— eit ?(gp)t# @-P7#7/2 (59) 
(nr)! 


An analogous calculation yields: 


Xo,n,(p, ¥) = Fim (gpym eH (60) 
(ni)! 
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These wave functions are normalized. For a given energy level (n + 1)hw, the wave functions 
(59) and (60) correspond to the limiting values +n and —n of the quantum number m. Their p- 
dependence is particularly simple: their modulus reaches a maximum for p = \/n/G. Therefore 
(as in the case of a one-dimensional harmonic oscillator), the spatial spread of these wave 
functions increases with the energy (n + 1)hw with which they are associated. 

In the same way, application of the operators a}. (or a!) to (59) and (60) permits the 
construction of the functions yn,.,n,(e, y) for any n, and n;. The results obtained for the first 
excited levels are given in Table I. 





n=0 m=0 xo0,0(p) = e Pe? /2 


ae . 
m=1 x0(6, 9) = = Boe PP Pelt 


2,2 . 
m=—1 xo,1(p, ») = —= Bpe PP Pe 


$l a= a1 


2. 2 : 
m=2 x2,0(p, y) = om (Bp)? e 8 P /? iv 
n=2 m=0 x1,1(p, ¢) = old [(8p)? - 1] eB Pp? /2 
’ ? Jr 
2 2 , 
m=-—2 xo,2(p, ») = = (Bp)? e-8 ? /? et" 


Table I: Eigenfunctions common to the Hamiltonian Hzy and the observable Lz, for the first 
levels of the two-dimensional harmonic oscillator. 





Comment: 


The functions yn,,0(p, ¢) given in (59) are proportional to e812 (Bp ei¥)”r, More 
generally, all their linear combinations are of the form: 


F(p, y) =e ©” /? F(Bpe'®) (61) 


(where f is an arbitrary function of one variable) and are eigenfunctions of N; with the 
eigenvalue zero. As expected, it can easily be shown from (55) that: 


ai F(p, y) =0 (62) 


Similarly, the subspace of eigenfunctions of N,. of eigenvalue zero is composed of functions 
of the form: 


_ 32,2 a5 
G(p, y) =e 8 ? 7 g(Bpe**) (63) 
4. Quasi-classical states 


Using the properties of the one-dimensional harmonic oscillator, we can easily calculate 
the time evolution of the state vector and the mean values of the various observables 
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of the two-dimensional oscillator. For example, it is not difficult to show that in the 
mean values (X)(t) and (Y)(t), as well as (P,)(t) and (P,)(t), only the Bohr frequency 
w appears. Moreover, it can be shown that these mean values exactly obey the classical 
equations of motion. In this section, we shall be concerned with the properties and 
evolution of the quasi-classical states of the two-dimensional harmonic oscillator. 


4-a. Definition of the states |az,ay) and |a,, az) 


To construct a quasi-classical state of the two-dimensional harmonic oscillator, we 
can base our reasoning on the one-dimensional oscillator (cf. Complement Gy). Recall 
that, in a quasi-classical state associated with a given classical motion, the mean values 
(X)(t) and (P)(t) coincide at each instant with x(t) and p(t). Similarly, the mean value 
of the Hamiltonian H is equal (to within a half-quantum fiw/2) to the classical energy. 
We showed in Complement Gy that, at any time, the quasi-classical states are eigenstates 
of the destruction operator a and can be written: 


lo) = $7 eala)lyn) (64) 
where a is the eigenvalue of a, and: 
en(@) = “= e7le/2 (65) 
n! 


In the case which concerns us here, we can use the rules of the tensor product to 
obtain the quasi-classical states in the form: 


CoO CUO 


|az, Ay) = |x) ® |ay) = yi ye Cn (Ax) Cny(Ay)|Pne, ny) (66) 


Nz=0 ny=0 
with: 


Ax|Qx, Qy) = Az|Az, Qy) 


Ay |e, y) = Ay|A, Ay) (67) 


We are then sure that (X), (Pz), (Hz), (Y), (Py), (Hy) are the same as the corresponding 
classical quantities. Now, returning to definition (40) and using (67), we see that: 


Ar |Qx, Qy) = Oy |Qex, Gy) 


ai|x, Qy) = a|Ax, ay) (68) 
with: 
1 
Op = alee — idy) 
1 
a, = —=(az + tay) (69) 


V2 


Therefore, the state jaz, ay) is also an eigenvector of a, and a; with the eigenvalues given 
in (69). We shall denote by |a,, az) the eigenvector common to a, and a; associated 
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with the eigenvalues a, and a;. It is easy to show that the expansion of |a,, a;) on the 
{|Xn,,n.)} basis has the same form as that of |az, ay) on the {|Yn,,n,)} basis: 


co co 
lar, a1) = 2s, ae (Or) Cn, (a1) |Xnp,mi) (70) 


where the coefficients c, are given by (65). It follows from (68) and (69) that: 


ldo, Oy) =.= (71) 





Ay — idy see) 
eS) epat ee 
ya Pe ae 


Because of the properties of the states |w) (cf. Complement Gy, § 3-a), we see 
that if: 


7)(0)) = lax, @y) = lar, an) (72) 
the state vector at the instant ¢ will be: 


|ab(t)) a 6 ea... e **ta,) 


a eer ee an. eta) (73) 


4-b. Mean values and root mean square deviations of the various observables 
We set: 


A = |x| ee 


Oy = |a,|e’ (74) 


Using formulas (93) of Complement Gy, we obtain: 


xyy= 2 


|arz,| cos(wt — yz) 





B 
(75) 
(Y)(t) = Fay cos(wt — py) 
(P.)(@) = — jo Joel sinlut — gs) 
. (76) 
(Py) (t) = =e lt sin(wt — py) 
Comparing (75) and (76) with (5) and (6), we see that: 
a Bim ie 
Ay, = i e 
BUM ivy (77) 


az, = 
Y V2 


where ty, Yx, YM, Py are the parameters defining the classical motion which the state 
|az, Qy) best reproduces. 
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Also: 

(Ne) = Jax? 

(Ny) = lay|? (78) 
and: 

(N,) = larl? = 5 [lazl? + layl? + # (asa — a%ay)] 

(Ni) = lax? = 5 [lezl? + layl? —¢ (az05 — a304)] (79) 
that is, according to (46): 

(Hey) = Fes (lare/® + fay? + 1) = fs (Jar? + foul? +1) (80) 
and: 

(Lz) = Bhlag||ay|sin( gy — yx) =P (lax?  Jeal?) (81) 


According to (77), (L,) is the same as the classical value of £, [formula (10)]. 

Now let us consider the root mean square deviations of the position and momentum 
and then of the energy and angular momentum in a state |a,,a,). Directly applying the 
results of Complement Gy, we obtain: 


1 
AX = AY =—— 
pV2 
AP, = AP, = (82) 


bv2 


The root mean square deviations of the position and momentum are independent of a, 
and ay; if |a,| and |a,| are much greater than 1, the position and momentum of the 
oscillator have a very small spread about (X), (Y) and (P,), (Py). 

Finally, let us calculate the root mean square deviations AH, for the energy and 
AL, for the angular momentum. As in Complement Gy: 


AN, = |x| 
AN, = |ay| 
AN, = |a,| 
AN, = lou (83) 


But the Hamiltonian H,, involves N = N,+N,, and L, is proportional to N, — Nj. We 
must now calculate, for example: 


(AN)? = (Nz + Ny)*) — (Ne + Ny))? 
= (ANz)* + (ANy)? + 2[(NaNy) — (Na)(Ny)] (84) 


According to (66), the state of the system is a tensor product, which means that the 
observables N, and N, are not correlated: 


(NaNy) = (Na)(Ny) (85) 
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It follows that: 

(AN)? = (AN,)? + (AN,)? (86) 
that is: 

AF ry = hwy/|a2|? + lay|? = hwy lar|? + lau? (87) 


Similarly: 


AL, = hy/|ar|? + |oul? = By/ lore? + lary]? (88) 
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Thus far, we have been considering, for various special cases, the properties of a 
particle subjected to a scalar potential V(r) (representing, for example, the effect of an 
electric field on a charged particle). Chapter V (the harmonic oscillator) and Chapter VII 
(particle subjected to a central potential) treat other examples of scalar potentials. Here 
we shall be concerned with a complementary problem, that of the properties of a particle 
subjected to a vector potential A(r) (a charged particle placed in a magnetic field). We 
shall encounter a number of purely quantum mechanical effects, such as equally spaced 
energy levels in a uniform magnetic field (Landau levels). Before studying the problem 
from a quantum mechanical point of view, we shall rapidly review some classical results. 


1. Review of the classical problem 


1-a. Motion of the particle 


When a particle of position r and charge q is subjected to a magnetic field B(r), 
the force f exerted on it is the Lorentz force: 


f =qvx B(r) (1) 
where: 
dr 





1This equal spacing is, as we shall show, a consequence of the properties of the harmonic oscillator, 
and it could have been treated in Chapter V. However, we shall also see that the properties of angular 
momentum are useful in the study and classification of the stationary states of the particle. This is why 
this complement follows Chapter VI. 
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is the velocity of the particle. Its motion obeys the fundamental law of dynamics: 


dv 
[ ae f (3) 
(where yz is the mass of the particle). 

In the rest of this complement, we shall often be considering the case in which the 
magnetic field is uniform; we shall choose an Oz axis parallel to this field. By solving 
the equation of motion (3), one can show that in this case the three coordinates x(t), 
y(t) and z(t) of the particle are given by: 


x(t) = 2% + 0 cos(wWet — Yo) 
y(t) = yot+ osin(wet — yo) (4) 
2(t) = vozt + 20 


where Zo, Yo, 20, 9, Yo and vo, are six constant parameters which depend on the initial 
conditions; the cyclotron frequency we is given by: 

We = ee (5) 

Lb 
Equations (4) show that the projection of the position M of the particle onto the rOy 
plane performs a uniform circular motion, of angular velocity w, and initial phase yo, 
on a circle of radius o whose center is the point Cp, with coordinates 2) and yo. The 
motion of the projection of M onto Oz is simply rectilinear and uniform. It follows that 
the particle moves in space along a circular helix (cf. Fig. 1), whose axis is parallel to 
Oz and passes through Co. 
If we are concerned only with the motion of the point Q, the projection of M onto 

the Oy plane, we study the behavior of the vector: 


p=@ey + yey (6) 
(where e, and e, are the unit vectors of the Ox and Oy axes). The velocity of Q is: 


_ de 
-2 (7) 


It is therefore convenient to introduce the components 2’ and 1 of the vector CoQ: 


Vi 


x =2— 29 

y' =y—Yo (8) 
Since Q performs a uniform circular motion about Cp, we have: 

Vi =Weez x CoQ (9) 


(where e, is the unit vector of Oz). This implies that the coordinates x9 and yo of Co 
are related to the coordinates of Q and to the components of v__ by: 


1 
to =xL-—v 
0 We Yy 
1 
yo= Yt —Vz (10) 
WwW), 


Cc 
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Figure 1: Classical trajectory of a charged particle in a uniform magnetic field parallel to 
Oz. The particle moves at constant velocity along a circular helix whose axis, parallel to 
Oz, passes through the point Co. The figure is drawn for q < 0 (the case of the electron), 
that is, we > 0. 





1-b. The vector potential. The classical Lagrangian and Hamiltonian 
To describe the magnetic field B(r), one can use a vector potential A(r) which is, 
by definition, related to B(r) by: 
B(r) = V x A(r) (11) 
For example, if the field B is uniform, one can choose: 


A(r) = 3 xB (12) 


We know, furthermore, that when B(r) is given, condition (11) does not determine A(r) 
uniquely: a gradient of an arbitrary function of r can be added to A(r) without changing? 
B(r). 

It can be shown (cf. Appendix III, § 4-b) that the Lagrange function L(r, v) of 
the particle is given by: 


L(r,v) = sev? +qv.A(r) (13) 





?For example, for a uniform field parallel to Oz, one could choose, instead of the vector A(r) given 
by (12), the vector whose components are Ay = 0, Ay = 2B, Az, = 0. 
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It follows that p, the conjugate momentum of the position r, is related to v and A(r) 
by: 


p=VVL(r, v) = nv + gA(r) (14) 
The classical Hamiltonian H(r, p) is then: 
1 
H(r, p) = 5-[p- aA)? (15) 
[i 
It will prove convenient to set: 
H(r, p) = H(t, p) + Hy(r, p) (16) 
with: 


Hale, p) = 5 {IPs — aAn(0))? + [by ~ 24y(0))?} 


1 
Hy(r, p) = mF [p. — gA.(r)]* (17) 
Comment: 


In this case, unlike that of a scalar potential V(r), relation (14) shows that the 
momentum p is not equal to the mechanical momentum pv. Also, comparing 
(14) with (15), we see that H is equal to the kinetic energy p,v?/2 of the particle; 
this results from the fact that since the Lorentz force written in (1) is always 
perpendicular to v, it does no work during the motion. Similarly, it must be noted 
that the angular momentum: 


L=rxp (18) 
is different from the moment of the mechanical momentum pv: 
A=r xX uv (19) 
1-c. Constants of the motion in a uniform field 


Consider the special case in which the field B is uniform. The motion of the particle 
(§ 1-a) is such that Hy and H.,, defined in (17), are constants of the motion’®. 
If we substitute (14) into (10), we obtain: 


1 








r= xX ii [py — gAy(r)] 
wo = + [Pe — gAa()] (20) 


It follows that the radius o of the helical trajectory satisfies: 





a = (©- a) +(y w= (43,) {[py — a4y(e)]? + [pe — aAz(2)]"} 





Ho (21) 


= 2 
UWe 





’This follows from the fact that, according to (14) and (17), H, and Hy are equal, respectively, to 
the kinetic energies pv /2 and pv? /2 associated with the motions perpendicular and parallel to Oz. 


774 


@ A CHARGED PARTICLE IN A MAGNETIC FIELD: LANDAU LEVELS 





o” is therefore proportional to the Hamiltonian 1. 
Similarly, let @ be the moment of the mechanical momentum pv with respect to the 
center Co of the circle: 


6 =CoM x wv (22) 
The component 0, of this moment can then be written, with (20) taken into account: 
9. = u(x — 20)vy — (y — yo) vz] 
=o {WP — aAv(0))? + be - 9a} = SM (23) 
0, is therefore a constant of the motion, as might have been expected. On the other hand, the 


component A, of the moment of the mechanical momentum pv with respect to O is not, in 
general, constant, since: 


dz = 02 + w[zovy(t) — your(t)] (24) 


Therefore, according to (4), Az varies sinusoidally in time. 
Finally, consider the projection £, onto Oz of the angular momentum CL: 


Lz = XPy — YPz (25) 
According to (14), it can be written: 
Lz = 2 [pry + gAy(r)] — y [mee + gAz(r)] (26) 


It therefore depends explicitly on the gauge chosen, that is, on the vector potential A picked to 
describe the magnetic field. In most cases, £, is not a constant of the motion. Nevertheless, if 
one chooses the gauge given in (12), one obtains from (4): 


B 
£L. = © (a +y0 — 0”) (27) 


Lz is then a constant of the motion. 

Relation (27) does not have a simple physical interpretation, since it is valid only in a 
particular gauge. However, it will prove useful to us in the following sections for the quantum 
mechanical study of the problem. 


2. General quantum mechanical properties of a particle 
in a magnetic field 


2-a. Quantization. Hamiltonian 


Consider a particle placed in an arbitrary magnetic field described by the vector 
potential A(x, y,z). In quantum mechanics, the vector potential becomes an operator, 
a function of three observables, X, Y and Z. The operator H, the Hamiltonian of the 
particle, can be obtained from (15): 

1 
H => [P -¢A(X,Y,Z)]° (28) 
Lt 


According to (14), the operator V associated with the velocity of the particle is given 
by: 


V= : [P — gA(X,Y, Z)] (29) 
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which enables us to write H in the form: 


H= Sv’ (30) 


2-b. Commutation relations 


The observables R and P satisfy the canonical commutation relations: 
[X, Pe] =[¥, Py] = [4, P.] = th (31) 


The other commutators between components of R and P are zero. Two components of 
P therefore commute. However, we see from (29) that the same is not true for V; for 
example: 


[Ve, Vy] = <a {[P,, Ay(R)] + [A2(R), Py]} (32) 


This expression is easy to calculate, using the rule given in Complement By [cf. for- 
mula (48)]: 





Vy, va) = ith {2a os) igh 
zy Vy} — 


SSC asia = —B,(R 33 
2 1 OX OY 7 (R) (33a) 
Similarly, it can be shown that: 


[Vy, Vz] = ‘ah B (R) (33b) 


[Wes Vz] = —, B,(R) (33c) 
The magnetic field therefore enters explicitly into the commutation relations for the 
velocity. 

However, since A(R.) commutes with X, Y and Z, relation (29) implies that: 


1 ih 
[X, Ve] = —[X, P,] = — (34a) 
Lu bu 
and, similarly: 
in 
[Y, Yl =[Z, VJ =— (34b) 
LL 


(the other commutators between a component of R and a component of V are zero). 
From these relations, it can be deduced (cf. Complement Cyr) that: 


h 
AX AV, > — (35) 
au 
(with analogous inequalities for the components along Oy and Oz). The physical conse- 
quences of the Heisenberg uncertainty relations are therefore not modified by the presence 


of a magnetic field. 
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Finally, let us calculate the commutation relations between the components of the 
operator: 


A=uRxV (36) 
associated with the moment with respect to O of the mechanical momentum‘. We obtain: 
[Ax, Ay] =? [YV, — ZVy, ZV2 — XV] 


= WY {[V., Z]V2+Z[Vz, Vol} — u°Z? [Vy, Ve] 
F wrx {Z [Vy V.] + [Z, Vz] Vy} (37) 


that is, with (33) and (34) taken into account: 

[Az, Ay] = ih {-pYV, + qY ZB, + qZ°B, + aX ZB, + uXV,} (38) 
It follows that: 

[Az, Ay] =ih{A, +qZR-B(R)} (39) 


(the other commutators can be obtained by cyclic permutation of the indices x, y and 
z). When the field B is not zero, the commutation relations of A are completely different 
from those of L. The operator A therefore does not, a priori, possess the properties of 
angular momenta proved in Chapter VI. 


2-c. Physical consequences 


a. Evolution of (R) 


The time variation of the mean position of the particle is given by Ehrenfest’s 
theorem: 


in” (R) = ((R, H]) = ([R, 5v’)) (40) 


[according to formula (30)]. Equations (34) are not difficult to interpret, since, substi- 
tuted into (40), they yield: 


<(R) = (V) (41) 


As in the case in which the magnetic field is zero, the mean velocity is therefore equal to 
the derivative of (R). Equation (41) is the quantum mechanical analogue of (2). 


GB. Evolution of (V). The Lorentz force 


Let us calculate the time derivative of the mean value (V) of the velocity: 


in—(V) = (lv, Ev’|) (42) 





4Of course, the components of the angular momentum L = R x P always satisfy the usual commu- 
tation relations. 
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Since, according to relations (33): 
[V*, Ve] = [Ve + V+ V2, Vel 


= - {-V,B.(R) — B.(R)V, + V,By(R) + B,(R)V.} (43) 
it is easy to see that: 
ws (¥) = (FIR, V)) (44) 
where the operator F(R, V) is defined by: 
F(R, V) = {V x B(R) — B(R) x V} (45) 


The last two relations are simply the analogues of the classical relations (1) and (3). 
Here, we obtain a symmetrized expression for F(R, V) (cf. Chap. III, § B-5), since R 
and V do not commute; a minus sign appears since the vector product is antisymmetric. 


y. Evolution of (A) 


Now let us evaluate: 
m= (A) = ((A, Hl) (46) 
To do so, let us calculate, for example, the commutator [XV, — YV;, H]: 
[AV = YV,, A] = X[V,,-H)+ XV = Y (Ve, 4] —[¥, AV, 
= : (XF, —YF,) +ih(V.V, — VyVe) (47) 


But X and V, commute, as do Y and V,. The commutator we are calculating is therefore 
equal to: 
[VyX —VzY, H] = V,[X, H] + [V,, H)X — V2[Y, H] - (Vz, HY 


hh 
aq (FX — FY) + th (VyVe — VeVy) (48) 


I 


d 
Taking half the sum of these two expressions, we find qa he? in the form: 


d 1 

ee) 5 (XFy —YF, — F,Y + F,X) (49) 
Analogous arguments give the derivative of (A,) and (A,); finally: 

d 1 

qi = (R x F(R, V) — F(R, V) x R) (50) 
The classical analogue of this relation is: 

“X =r x f(r, v) (51) 


which expresses a well-known theorem: the time derivative of the moment of the me- 
chanical momentum with respect to a fixed point O is equal to the moment with respect 
to O of the force exerted on the particle. 
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3. Case of a uniform magnetic field 


When the magnetic field is uniform, the preceding general study can easily be pursued 
further. We choose the direction of the field B as the Oz axis. The commutation relations 
(33) then become, using definition (5): 





Rue 
[Vi, Vy] = —4 (52a) 
[Vy V.] = [Ves Vee =0 (52b) 
Comment: 


Applying the results of Complement Cy; to V, and V,, we can see from (52a) that 
their root mean square deviations satisfy: 


i 
AV,.AV, > Flwe| (53) 
2 


The components of the velocity V are therefore incompatible physical quantities. 


3-a. Eigenvalues of the Hamiltonian 


By analogy with (16), H can be written in the form: 


H=H, +H, (54) 
with: 
Lb 
Huss (Ve Vy) (55a) 
Hy = eV? (55b) 


According to (52b): 
[H1, Hy] =0 (56) 


We can now look for a basis of eigenvectors common to H, (eigenvalues E,) and Hy 
(eigenvalues E'); they will automatically be eigenvectors of H, with the eigenvalues: 


E=E.+Ey, (57) 


a. Eigenvalues of Hy 


The eigenvectors of the operator V, are also eigenvectors of Hy. Now, Z and V, 
are two Hermitian operators which satisfy the relation: 


ave” (58) 
m 
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We can therefore apply to them the results of Complement Ey;; in particular, the spec- 
trum of V, includes all the real numbers. 
Consequently, the eigenvalues of H, are of the form: 


Lu 
Ey = ate (59) 


where v, is a real arbitrary constant. The spectrum of Hy, is therefore continuous: the 
energy Ey can take on any positive value or zero. 

The interpretation of this result is obvious: Hy, describes the kinetic energy of a 
free particle moving along Oz (as in classical mechanics; § 1-a). 


B. Eigenvalues of Hy 


We shall assume, as an example, that the particle under consideration has a neg- 


ative charge gq; the cyclotron frequency w, is then positive [formula (5)]°. 


We set: 





SS oy (60) 





Relation (52a) can then be written: 
[Q, 5] =% (61) 


and H, becomes: 





HS we G oh 8) (62) 
H, then takes on the form of the Hamiltonian of a one-dimensional harmonic oscillator 
[cf. Chap. V, relation (B-4)]. Q and §, which satisfy (61), play the roles of the position 
X and momentum P of this oscillator. 

The arguments set forth in § B-2 of Chapter V for the operators X and P can 
be repeated here for Q and S. For example, it can easily be shown that if lp.) is an 
eigenvector of H,: 





A |e.) = E.ly.) (63) 
the kets: 
‘ 1 
le) = Te (@ +48) len) (64a) 
" 1 A re 
le) = ; (@- #8) leu) (64b) 





5For a positive charge q, one can keep the convention of positive w. by choosing the direction of the 
Oz axis opposite to the magnetic field. 
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are also eigenvectors of H,: 














Hi |p!) = (B1 — hwe) |e) (65a) 
Ai |p't) = (BL + hw) |e") (65b) 
From this we deduce that the possible values of EF, are given by: 
1 
Bie (n+ 5) hue (66) 


where n is a positive integer or zero. 


y. Eigenvalues of H 


According to the preceding results, the eigenvalues of the total Hamiltonian H are 
of the form: 


1 1 
E(n, vz) = (n+ 5) hwe + ahve (67) 


The corresponding levels are called Landau levels. 
For a given value of v,, all possible values of n (positive integers or zero) are actually 


1 A A 
found. From (64) and 65 we see that the repeated action of the operators a5 (2 +18 ) 





on an eigenvector of H of eigenvalue E(n, v,) provides an energy state E(n’, vz) , where 
n’ is any integer but where v, has not changed (since Q and § commute with H I): 
Therefore, although the energy of the motion along Oz is not quantized, that of the 
motion projected onto xOy is. 


Comment: 


We showed in Chapter V (§ B-3) that the energy levels of the one-dimensional har- 
monic oscillator are non-degenerate in €,. The situation is different here, since the 
particle under study is moving in three-dimensional space. Since the destruction 


1 ss i 
operator of a quantum fw, is a (0 + i$) =,/ ma +iV,) , the eigenvectors 


of H, corresponding to n = 0 are solutions of the equation: 
(Vy + iVx)|p) = 0 (68) 


On the one hand, vectors that are solutions of (68) can be eigenvectors of Hy 
with an arbitrary (positive) eigenvalue. On the other, even for a fixed value of vz, 
equation (68) is a partial differential equation with respect to x and y, and has 
an infinite number of solutions. The energies E(n = 0, v,) are therefore infinitely 
degenerate. By using the creation operator for a quantum, it can easily be shown 
that this is true for all the levels E(n,v,), for any n (non-negative integer). 
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3-b. The observables in a particular gauge 


In order to state the above results more precisely, we shall calculate the stationary 
states of the system. This will enable us to study their physical properties. It is now 
necessary to choose a gauge; we shall choose the one given by (12). The components of 
the velocity are then: 





oy 
Lb 2 
Py | We 
=—~+—X 
Vy ; + 9 
P. 
V, == 69 
i (69) 
Qa. The Hamiltonians H, and Hy. Relation with the two-dimensional harmonic 
oscillator 
Substituting (69) into (55), we obtain: 
P2+P? wy, ju? 
_ x y my? Cc xX? y?2 
to oe eg er (70a) 
P2 
Ay = 
I= 95 (70b) 


where L, is the component along Oz of the angular momentum L = R x P. 

In the {|r)} representation, Hy is an operator that acts only on the variable z, 
while H, acts only on the variables x and y. We can therefore find a basis of eigenvectors 
of H by solving in €, the eigenvalue equation of Hy, and then, in €z,, that of H,. All 
we must then do is take the tensor products of the vectors obtained. 

Actually, the eigenvalue equation of Hy simply leads to the wave functions: 


1 Ip2Z 
ele) = ve!” (71) 
with: 
2 
Pz 
Ey= a (72) 


[we again find (59)|. Therefore, we shall concentrate on solving the eigenvalue equation 
of H, in €,,; the wave functions we shall be considering now depend on z and y, and 
not on z. 

Comparing (70a) with expression (12a) of Complement Dy1, we see that H, can 
be expressed simply in terms of the Hamiltonian Hz, of a two-dimensional harmonic 
oscillator: 

We 


Hy =Hayt 5 


De (73) 


if we choose for the value of the constant that enters into Hyy: 
ake 


w= 5 (74) 
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Now, in Complement Dy1, we saw that H,, and L, form a C.S.C.O. in €:,, and we 
constructed a basis of eigenvectors |yn,,n,) Common to these two observables [cf. for- 
mula (47) of Dy]. The |xn,.,n,) are also eigenvectors of H,; Complement Dy; therefore 
gives the solutions to the eigenvalue equation of H_. 


Comments: 

(i) In § 3-a, we saw that H, can be written in a form that is analogous to that 
of a Hamiltonian of a one-dimensional harmonic oscillator. Here, we find that, 
in a particular gauge, this same operator H, is also simply related to the Hamil- 
tonian H,, of a two-dimensional harmonic oscillator. These two results are not 
contradictory; they simply correspond to two different decompositions of the same 
Hamiltonian, which must obviously lead to the same physical conclusions. 


(ii) One must not lose sight of the fact that the Hamiltonian H, involves a physical 
problem which is completely different from that of the two-dimensional harmonic 
oscillator: the charged particle is subjected to a vector potential (describing a 
uniform magnetic field) and not a harmonic scalar potential (which would describe, 
for example, a non-uniform electric field). It so happens that, in the gauge chosen, 
the effects of the magnetic field can be likened to those of a fictitious harmonic 
scalar potential. 


B. Expression for the observables in terms of the creation and destruction operators 
of circular quanta 
First of all, we shall express the observables describing the quantities associated 
with the particle in terms of the operators a, and a; [defined by equations (40) of Com- 
plement Dy;] and their adjoints af and al (we shall also use the operators N, = ala, 


and N; = ala). 
Substituting relations (46) of Dy; into (73), we obtain®: 
= (N+ 5) hu. (75) 
The energy associated with the state |yn,,n,) is therefore: 
eS (», = 5) hw (76) 


as we found in (66). Moreover, since EF, is independent of nm, we see that all the 
eigenvalues of H, are infinitely degenerate. 
Using relations (23) and (40) of Dyz, we can see that: 


X = 5; (a, +a +a +a}) 


Ble 





a 
Y = 5 (a, — af — a + af) 


Tr 


NO 
D 


(77) 





®Recall that we have assumed we to be positive. If we were negative, the indices r and | would 
have to be inverted in a certain number of the following formulas; for example, (75) would become: 
Hy =(N, +1/2)h lwel. 
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where, using (74), 8 is defined by: 


[We 
p= [ee (78) 
Similarly: 
anne i i 
Py = ar (-a, +a} — a + aj ) 
hp 
po ae (ar tal—a— al) (79) 


These expressions, substituted into (69), yield: 





iw) 

Vz a 28 (a, oe al) 

V, = <2 3 < (ay + al) (80) 
Since a, and ai do not commute with N,, it can be seen by using (75) that, as in 
classical mechanics, V, and V, are not constants of the motion; in addition, using the 
commutation relations of a, and al, we indeed obtain (52a). 

It is also interesting to study the quantum mechanical operators associated with 
the various variables introduced in the description of the classical motion (§ 1): the coor- 
dinates (x, yo) of the center Co of the classical trajectory, the components (x’, y’) of the 
vector CoQ, etc. As above, we shall denote each of these operators by the capital letter 
corresponding to the small letter which designates the corresponding classical variable. 
By analogy with (10), we therefore set: 

1 1 
Xp=X-—V,= 2 (ai he al ) (81a) 


= 


Yo=¥ + — ~Ve = a (<j = ai) (81b) 
The operators a; and al commute with N,.; it follows that Xo and Yo are constants of 
the motion. Formulas (81) also imply that: 
1 ih 

Xo, Yl = = = — 82 

(Xo, Yol = 555 = (82) 
Consequently, Xo and Yo are incompatible physical quantities, their root mean square 
deviations being related by: 





AXjiAY > (83) 
[We 
We also define: 
1 
X'=X-X= ag (ar + ar) 
i 
yY’=Y-YH= 3B (a, — a!) (84) 
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We immediately see that X’ and Y’, as in classical mechanics, are not constants of the 
motion; moreover, X’ and Y’ are simply proportional to V, and V, respectively: 


Vy = —weY" 
Veo (85) 


like the corresponding classical variables [formula (9)]. According to (53), equations (85) 
imply: 


h 


[We 


AX’. AY’ > 





(86) 


Let ©? be the operator corresponding to o” (square of the radius of the classical trajec- 
tory): 


mo? = (X — Xo)? +(Y —¥)? (87) 


According to (81), we have: 


2 a 2 2 2 2 
5? = (=) (V2 + Vy) = yeu (88) 


We c 


? in classical mechanics. 


¥? is therefore a constant of the motion, as is o 
Finally, the operator associated with the moment of the mechanical momentum pv with 


respect to O is: 
©. = p[(X — Xo)Vy — (Y — Yo)Vel (89) 
and formulas (81) indicate that: 


Bieter (90) 


We 


as in (23). ©, is therefore a constant of the motion. On the other hand, the operator A,, the 
component along Oz of u.R x V, is: 


2 
A, =—H, +h (aay ote aj.a} ) (91) 


We 


and therefore does not commute with H,. 


3-c. The stationary states 


We indicated above that the eigenvalues of the Hamiltonian H are all infinitely degener- 
ate in €;,. For each positive or zero integer n, there exists an infinite-dimensional subspace Em) 
of Ezy, all of whose kets are eigenvectors of H, with the same eigenvalues (n+ 1/2)hwe. In this 
section, we shall study different bases which can be chosen in each of these subspaces. First, we 
shall indicate the general properties of the stationary states, valid for any basis of eigenstates 
of H Abs 
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a. General properties 


Relations (88) and (90) show that an arbitrary stationary state is necessarily an eigen- 
vector of ©? and @,; the corresponding physical quantities are therefore always well-defined in 
such a state and are equal to: 





(2n + 1) li for =? 
[de 
(2n + 1)h for O, (92) 


The values of 5? and ©, are proportional to the energy; this corresponds to the classical 
description of the motion (cf. § 1). 
It follows from (80) and (84) that X’, Y’, Vz and V, have no matrix elements inside a 


) 


given subspace ee ; it follows, for a stationary state, that: 


(Ve) = (Vy) = 0 
(X') = (¥') =0 oe 


Nevertheless, since V, and V, (and therefore X’ and Y’) are not constants of the motion, the 
corresponding physical quantities do not have perfectly well-defined values in a stationary state. 
In fact, by using (80), (84) and the properties of the one-dimensional harmonic oscillator [cf. 
Chap. V, relation (D-5)], it can be shown that: 








AV, = w- AY’ = (n + 5) nie 
AV, — weAX’ = (n oh 5) nie (94) 


in agreement with (53). Moreover, we see that the only stationary states in which the product 
AV;z.AV, (or AX’.AY") takes on its minimal value are the ground states (n = 0). 


Comment: 
The various ground states are solutions of the equation: 


ar|p) =0 (95a) 
that is, using (80): 

(Vy + iVe) |p) = 0 (95b) 
as we found in (68). 


B. The states |Xn,., nr) 


As we saw in Complement Dy1, the fact that H, and L, form a C.S.C.O. in Ezy can 
be used to construct a basis of eigenvectors common to these two observables. This basis is 
composed of the vectors |xn,.,n,), Since, according to (75) and formula (46) of Complement Dyt: 


1 
Hulme) = (ne + 5 ) Pedeline, nm) (96a) 
Lz|Xnp.np) = (Me — M1) AlXn,, mi) (96b) 
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The subspace Es) defined by specifying the (non-negative) integer n is therefore spanned 
by the set of vectors |Xn,,n,) such that n, = n. The eigenvalues of Lz associated with these 
different vectors are of the form mh, and, for fixed n, m is an integer which can vary between 
—oco and n (for example, all the ground states correspond to negative values of m; this is related 
to the hypothesis w. > 0 posed above). 

The wave functions associated with the states |xn,,n,) were calculated in Complement Dy; 
(§ 3-a), 

Note that the states |yn,,n,) are eigenstates of the operator Lz, but not of the operator 
A, associated with the moment of the mechanical momentum. This can be seen directly from 
formula (91). 

In a state |xn,,n,), the mean values (Xo) and (Yo) are zero, according to (81). However, 
neither Xo nor Yo corresponds to perfectly well-defined physical quantities, since, by using the 
properties of the one-dimensional harmonic oscillator, it can easily be shown that, in a state 


IXrn, mi)? 











AXo = (ni + 5) p 
2/ [We 
1 h 
AY = yf (m +5) oo: (97) 


The minimal value of the product AXo.AYo is therefore attained for the states |xn,.,n,=0), that 
is, the states of each energy level EF, = (n+ 1/2)hw- for which L, takes on its maximal value 
nh [cf. (96)]. 

However, let us define the operator: 


Sage hy (98) 


It corresponds to the square of the distance from the center Co of the trajectory to the origin. 
Using (81), we easily find: 





I? = = (aa} + aja) 


Cc 





2Ni+1 99 
* (ani +1) (99) 
: : ee : A 
The state |yn,,n,) is therefore an eigenstate of I~ with the eigenvalue ——(2n; + 1); the fact 

Ww) 


c 
that this value can never go to zero is related to the non-commutativity of the operators Xo and 
Yo. 


Comment: 


The operator Lz, according to (75) and (99), is given by: 








Las = AL 1 pwep2 , 1 
PSTN Sh Fe 5 ~ Ser All (100) 
that is, according to (88): 
hyet eG Se (eas) (101) 
2 2 


which is the equivalent of the classical relation (27). 
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xy. Other types of stationary states 


Any linear combination of vectors |yn,,n,) associated with the same value of n, is an 
eigenstate of H, and therefore possesses the properties stated in § 3-c-a. By a suitable choice 
of the coefficients of the linear combination, one can obtain stationary states that possess other 
interesting properties as well. 

We know, for example (§ 3-b-@), that Xo and Yo are constants of the motion. However, 
since Xo and Yo do not commute, there are no eigenstates common to these two operators. 
This means that, in quantum mechanics, it is not possible to obtain a state in which the two 
coordinates of the point Co are known. 

To construct the eigenstates common to H, and Xo, we can use the properties of the 
one-dimensional harmonic oscillator; formula (81a) shows that Xo has the same expression, 
to within a constant factor, as the position operator X;, of a one-dimensional oscillator whose 
destruction operator is ay: 


eee (102) 


Bv2 


Since we know the wave functions ¢,(%) associated with the stationary states |G.) of a one- 
dimensional harmonic oscillator (cf. Complement By, § 2-b), we know how to write the eigen- 
vectors |%) of the position operator as linear combinations of the states |¢,): 


J@) = So ox) (xl) 


= D7 FE@I4«) (103) 


In order to obtain the eigenstates common to H, and Xo it suffices to apply this result to the 
states |Xn,,n,=k)} the vector: 


co 


In, 20) = S- Gil (BV 276) asencn sak) (104) 


k=0 


is a common eigenvector of H, and Xo with the eigenvalues (n + 1/2)hw- and zo. 

The eigenstates |7n,y)) common to H, and Yo can be found in an analogous fashion. 
Relation (81b) indicates that Yo is proportional to the momentum operator P, of the ficticious 
one-dimensional oscillator just used: 


Yoo A (105) 


pv2 
Consequently [see formula (20) of Complement Dy]: 


[tn yo) = >. #GE(BV2 yo) [Xmr=n, m=r) (106) 


k=0 


We have just constructed the states in which either Xo or Yo is perfectly well-defined. 
We can also determine the stationary states in which the product AXo.AYo reaches its minimal 
value, given by (83). For a one-dimensional harmonic oscillator, we studied in Complement Gy 
the states in which the product AX AP is minimal; these are the quasi-classical states, given 
by: 


)=S- cx(a)|ye) (107) 
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with: 
= a® —|a|?/2 108 
ck(a) = </al (108) 
In these states: 
“ - 1 
AX = AP = — 109 
Ji (109) 
It follows that, in the case which interests us here, the state: 
I@n, ao) = )_ Ck(0)|Xnp=n, m=k) (110) 
k=0 
yields, for Xo and Yo, root mean square deviations: 
1 
AXp = AYo = — 111 
Xo Yo 3B (111) 


The product AXo.AYo is therefore minimal. 


Comment: 

Since the magnetic field is uniform, the physical problem we are considering is invariant 
with respect to translation. Thus far, this symmetry has been masked by the choice of 
the particular gauge (12), which gives the origin O a privileged position with respect to 
all other points in space. Consequently, neither the Hamiltonian H nor its eigenstates 
are invariant with respect to translation. We know, however (cf. Complement Hi) that 
the physical predictions of quantum mechanics are gauge-invariant. These predictions 
must remain the same if, by a change of gauge, we give a point other than O a privileged 
position. Consequently, the translation symmetry must reappear when we study the 
physical properties of a given state. 

To show this more precisely, let us assume that, at a given instant, the state of the 
particle is characterized in the gauge (12) by the ket |) with which the wave function 
(r|w) = (xr) is associated. We then perform a translation 7 defined by the vector a, 
and consider the ket |wr) defined by: 


Ir) =e RP" [Q) (112) 


with which, according to the results of Complement E11, is associated the wave function: 


vr(r) = rlvr) = ¥(r —a) (113) 
The same translation can be applied to the vector potential, which becomes: 
Ar(r) = A(r—a) = —5(r—a) xB (114) 


Ar(r) clearly describes the same magnetic field as A(r). Since the physical properties 
attached to a given state vector depend only on this state vector and the potential 
A chosen, they must undergo the translation JT when 7(r) and A(r) are replaced by 
expressions (113) and (114). It is simple to use these relations to obtain the expression 
for the probability density associated with |wr): 


pr(r) = lbr(r)|? = |b — a)? = p(r —a) (115) 
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and that for the current Jr(r), calculated with the vector potential A7(r): 
1 a h q 
Jr(r) = Bu { vn(r) [FV + 5 (F —a)x B| wr(r) + co} 


a7 {u(r a) [Fv AG a) x B| U(r a) +c.c.} 


= J(r—a) (116) 





[where J(r) is the probability current associated with ~(r) in the gauge (12)]. The ket 
|Wr) therefore describes, in the new gauge Ar(r), a state whose physical properties are 
related by the translation J to those corresponding to the ket |W) in the gauge A(r). 


Let us show, moreover, that the translation of a possible motion yields another possible 
motion; this will conclude the proof of the translation invariance of the problem. To do 
so, consider the Schrédinger equation in the {|r)} representation, in the gauge A(r): 


inv, => [Fv - Aw] ve t) (117) 
ote? 7 On La a : 
Changing r to r — a in this equation, we obtain, using (113) and (114): 


ih, Ur(e, ) = 5° [FV —aArGe)] ele 1) (118) 


The operator appearing on the right-hand side of (118) is none other than the Hamiltonian 
in the gauge A7(r). Consequently, if ~(r, t) describes, in the gauge A(r), a possible 
motion of the system, wr(r, t) describes, in the equivalent gauge A7(r), another possible 
motion, which, according to what we have just shown, is nothing more than the result 
of a translation of the first motion. In particular, if: 


b(r, t) = y(r)e 71" 


is a stationary state [in the gauge A(r)], 


br(r, t) = er(r)e 7" 


is another stationnary state of the same energy [in the gauge Ar(r)]. 


If we want to continue to use the gauge (12) after having performed the translation 
TJ on the physical state of the particle, we must describe the translated state by a mathe- 
matical ket |) which is different from |77). According to § 3-b-a of Complement Hi, 
the ket |qp) can be obtained from |r) by a unitary transformation: 


wr) = Txlvr) (119) 
The operator Ty is given by: 
T= en (R) (120) 


where x(r) is the function characterizing the gauge transformation performed. Here, the 
potential after the gauge change is: 


A(t) =—jrxB=Ar(r)—5axB (121) 
so that: 
mas -3r .(a xB) (122) 
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Substituting (112), (120) and (122) into (119), we finally obtain: 


Ir) = U(a)|y) (123) 
with: 
U(a) = et HR AXB) 9 RP (124) 


Therefore, if we remain in the gauge A(r), the translation operator is U(a), given by 
(124). 

The components of R and P along two perpendicular axes enter into formula (124); they 
therefore commute, so we can write: 


Ula) = et OxB)— pF « (125) 
When a is a vector of the xOy plane, a simple calculation, using formulas (10) and (69), 
yields: 

U(a) = eh @xP0)B (126) 
with: 

Ro = Xo ez + Yo ey (127) 


The operators Xo and Yo (coordinates of the center of the circle) are therefore associated 
with translations along Oy and Oz respectively. 


3-d. Time evolution 


Q. Mean values of the observables 


We have already encountered a certain number of physical quantities that are 
constants of the motion: Xy, Yo, O,, 4?. Whatever the state of the system, their mean 
values are time-independent. 

Let us examine the time evolution of the mean values (X), (Y), (Vz), (Vy) and (X"), 
(Y’). We immediately see from the expressions given in § 3-b-8 that the corresponding 
operators have matrix elements only between states |Yn,.,n,) whose values of n, differ by 
+1 (or 0). The evolution of these mean values therefore involves only one Bohr frequency, 
which is none other than the cyclotron frequency w./2m defined in (5). 

This result is completely analogous to the one given by classical mechanics. 


B. Quasi-classical states 
Assume that at t = 0 the state of the particle is: 
1 (0)) = lar, ar) (128) 


where the ket |a,, a7) is defined by expression (70) of Complement Dyy. Since expression 
(75) for H, involves N, but not N;, the state vector |y (t)) at the instant t is obtained 
by changing a, to a, e7*<?: 


ws (t)) = ee la,e-*e, a) (129) 


[cf. expression (92) of Complement Gy]. 
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We set: 


Ap = |a, |e’? 
an = laule"*' (130) 


Relations (80), (81) and (84) then show that: 


1 a 
(Xo) = sglai + af) = Let eos 

28 oa (131) 
= (af —a)) = sing, 


B 


1 : : 
(XV(1) = Fylaretet baz eet) = FA cos(ut — vr) 


a i ; Qr|. 
(Y‘\(t) = 3g (o eT iwet _ an elect) = fl sin(w.t — y,) 


(132) 


and: 





(W2)(0) = —Srlesin(wet — gr) 
la, | (133) 
(Vy)(t) = ag ie cos(Wet a pr) 


Moreover, the properties of the states |a@) imply that: 
Snel 
(H1) = hue | |ar| 15 


(0.) = 2h (lanl? +5) 


(2?) = z (Ia. + 5) (134) 


All these results are extremely close to those given by classical mechanics [cf. (4)]. We 
see that |a,| is related to the radius o of the classical trajectory, and y, to the initial 
phase yo, while |a;| is related to the distance OCo, and y; corresponds to the polar angle 
of the vector OCo. 

Furthermore, the properties of the states |a) can be used to show that: 


AXo = AYo = AX’ = Ay’ = i (135a) 
We 
AV, = AV, = a8 (135b) 


(the products AXo.AYo, AX’. AY’ and AV,.AV, therefore take on their minimal values), 
and: 


1 
AH, = hula, AO, = 2hla,| Ay? = glen (136) 
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As for the deviations AX and AY, they can be calculated by using the fact that: 








“35 a, eet + Oy ia, eet — jay 
jb. (t)) =e *#et/? lq, = sags a y= oe pe (137) 
[where |a,, ay) is defined by relation (66) of Dyi], which yields: 
h 1 
[lie 
(AP, and AP, can easily be obtained in the same way). 
If the conditions: 
jar] 21, jai] 21 (139) 


are satisfied, we see, therefore, that the various physical quantities (position, velocity, 
energy, ...) are, in relative value, very well defined. The states (129) therefore represent 
“quasi-classical” states of the charged particle placed in a uniform magnetic field. 


Comment: 


If a, = 0, we obtain: 


1 
H,)=-—h 
“ea “ 
als — 
The states: 
\en, Oy = tag) (141) 


therefore correspond to the ground state. 


References and suggestions for further reading: 


Landau and Lifshitz (1.19), Chap. XVI, §§ 124 and 125; Ter Haar (1.23), Chap. 6. 
Application to solid state physics: Mott and Jones (13.7), Chap. VI, § 6; Kittel 
(13.2), Chap. 8, p. 239 and Chap. 9, p. 290. 
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Complement Fy; 
Exercises 


1. Consider a system of angular momentum j = 1, whose state space is spanned by the 
basis {| +1), |0), | — 1)} of three eigenvectors common to J? (eigenvalue 2h?) and J, 
(respective eigenvalues +h, 0 and —fh). The state of the system is: 


ly) = a] +1) + BO) + 1-1) 
where a, 8, y are three given complex parameters. 
a. Calculate the mean value (J) of the angular momentum in terms of a, 6 and ¥. 


b. Give the expression for the three mean values (J2), (Jj) and (J?) in terms of the 
same quantities. 


2. Consider an arbitrary physical system whose four-dimensional state space is 
spanned by a basis of four eigenvectors |j, mz) common to J? and J, (j = 0 or 1; 
—j <m, < +7), of eigenvalues j(j + 1)h? and m_h, such that: 


Ja), Mz) = AV/jG + 1) m,(mz <= 195 Mz 1) 
Ja/9, a) = J_\j, —j) = 0 


a. Express in terms of the kets |j, mz), the eigenstates common to J? and J,, to be 
denoted by |j, mz). 











b. Consider a system in the normalized state: 


Ib) = alj =1, m, =1) + Bij =1, m, = 0) 
+99 = 1, Mz = —1) +4|j =0, Mz = 0) 
(i) What is the probability of finding 2h? and h if J? and J, are measured simul- 
taneously? 
(z7) Calculate the mean value of J, when the system is in the state |), and the 


probabilities of the various possible results of a measurement bearing only on 
this observable. 


(iii) Same questions for the observable J? and for Jz. 


(iv) J? is now measured; what are the possible results, their probabilities, and 
their mean value? 


3. Let L=R x P be the angular momentum of a system whose state space is E;. 
Prove the commutation relations: 


(Li, R,| = th eijr Ry 
(Li, P;| = th eajr Py 
[Li, P?| = [Li R’] — [Li R- P) =0 
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where L;, R;, P; denote arbitrary components of L, R, P in an orthonormal system, 
and ¢€;;, is defined by: 


=0_ if two (or three) of the indices i, j, k are equal 


Eijk § = 1 if these indices are an even permutation of 2, y, z 


= —1 if the permutation is odd. 


4. Rotation of a polyatomic molecule 
Consider a system composed of N different particles, of positions Rj, ..., Rm, .... Ry, 


and momenta Pj, ..., Pm, ..., Pw. We set: 


I= La 


with: 


Ly, 


a. 


oa 


oO 
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= Ry X-P.x; 


Show that the operator J satisfies the commutation relations that define an angular 
momentum. Deduce from this that, if V and V’ denote two ordinary vectors of 
three-dimensional space, then: 


[J-V, J-V’] =ih(V x V’)-J 


. Calculate the commutators of J with the three components of R,,, and with those 


of P,,. Show that: 
[J , Rn-R,| =0 


. Prove that: 


(J, J-R,,] =0 
and deduce from this the relation: 


[JRun , J+ Ryu] =ih(Rinr X Rin) J = ihT «(Rip X Bin) 


We set: 
W = S° AmRm 
W' = S> a, Rm 


where the coefficients a,, and a}, are given. Show that: 
[J-W, J-W’') = —-ih(W x W’) -J 


Conclusion: what is the difference between the commutation relations of the com- 
ponents of J along fixed axes and those of the components of J along the moving 
axes of the system being studied? 
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d. Consider a molecule which is formed by N unaligned atoms whose relative distances 
are assumed to be invariant (a rigid rotator). J is the sum of the angular momenta 
of the atoms with respect to the center of mass of the molecule, situated at a fixed 
point O; the Oxyz axes constitute a fixed orthonormal frame. The three principal 
inertial axes of the system are denoted by Oa, OG and O7, with the ellipsoid of 
inertia assumed to be an ellipsoid of revolution about Oy (a symmetrical rotator). 
The rotational energy of the molecule is then: 


=a Jy, Jat Ip 
a ce 





where Jy, Jg and J, are the components of J along the unit vectors wy, wg and 
w, of the moving axes Oa, Of, Oy attached to the molecule, and J, and I, are 
the corresponding moments of inertia. We grant that: 


Jet Jg+ So =Jp+ d+ IZ =S 


(i) Derive the commutation relations of Jy, Jg, Jy from the results of c. 





(it) We introduce the operators Ni = J, +iJg. Using the general arguments of 
Chapter VI, show that one can find eigenvectors common to J? and Jy, of 
eigenvalues J(J +1)h? and Kh, with K = —J,-J+1,...J—-1,J. 


Express the Hamiltonian H of the rotator in terms of J? and ie Find its 
eigenvalues. 








WN 


(iii 


(iv) Show that one can find eigenstates common to J”, J, and Jy, to be denoted 
by |J, M, K) [the respective eigenvalues are J(J+1)h?, Mh, Kh]. Show that 
these states are also eigenstates of H. 





(v) Calculate the commutators of J, and Ny with J’, Jz, J,. Derive from them 
the action of J, and N on |J,M,K). Show that the eigenvalues of H are 
at least 2(2J + 1)-fold degenerate if kK # 0, and (2J + 1)-fold degenerate if 
K=0. 











(vi) Draw the energy diagram of the rigid rotator (J is an integer since J is a sum 
of orbital angular momenta; cf. Chapter X). What happens to this diagram 
when I = I, (spherical rotator)? 


5. A system whose state space is €, has for its wave function: 
W(e,y,2) = N(wtyt ze"! 


where a, which is real, is given and N is a normalization constant. 


a. The observables L, and L? are measured; what are the probabilities of finding 0 
and 2h?? Recall that: 


¥/(0,~) = 4] ~ cose 
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b. If one also uses the fact that: 


Ye 0; y= + = sin 0 e+"? 


is it possible to predict directly the probabilities of all possible results of measure- 
ments of L? and L, in the system of wave function 7(z, y, z)? 











6. Consider a system of angular momentum | = 1. A basis of its state space 
is formed by the three eigenvectors of L,: |+ 1), |0), | — 1), whose eigenvalues are, 
respectively, +f, 0, and —A, and which satisfy: 


Ls|m) = hV2|m +1) 
L4|1) = L_|-1) =0 








This system, which possesses an electric quadrupole moment, is placed in an electric field 
gradient, so that its Hamiltonian can be written: 
WO/ 72 2 
= 5 (hu = L;,) 
where L,, and L, are the components of L along the two directions Ou and Ov of the 
xOz plane that form angles of 45° with Ox and Oz; wo is a real constant. 


a. Write the matrix representing H in the {|+ 1), |0), | —1)} basis. What are the 
stationary states of the system, and what are their energies? (These states are to 
be written |£1), |E2), |£3), in order of decreasing energies.) 

b. At time t = 0, the system is in the state: 

2 fral 

~ 2 


What is the state vector |y(t)) at time t? At t, L, is measured; what are the 
probabilities of the various possible results? 


1¥(0)) [edd] 


c. Calculate the mean values (L,)(t), (L,)(t) and (LZ,)(t) at t. What is the motion 
performed by the vector (L)? 


d. At t, a measurement of L? is performed. 


(2) Do times exist when only one result is possible? 


(ii) Assume that this measurement has yielded the result h?. What is the state of 
the system immediately after the measurement? Indicate, without calculation, 
its subsequent evolution. 


7. Consider rotations in ordinary three-dimensional space, to be denoted by #u(a), 
where u is the unit vector which defines the axis of rotation and a is the angle of rotation. 


a. Show that, if M’ is the transform of M under an infinitesimal rotation of angle e, 
then: 


OM’ = OM + cu x OM 
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x 
b. If OM is represented by the column vector | y |, what is the matrix associated 
Zz 
with Z,(e)? Derive from it the matrices representing the components of the oper- 
ator M defined by: 


Ale) =1+eMu 


c. Calculate the commutators: 


[Mz ) My] ; [My ) M,| ; [M, , Mz,| 


What are the quantum mechanical analogues of the purely geometrical relations 
obtained? 
d. Starting with the matrix representing M.,, calculate the one that represents e®™:; 
show that #,(a) = e*=; what is the analogue of this relation in quantum me- 
chanics? 


8. Consider a particle in three-dimensional space, whose state vector is |), and 
whose wave function is w(r) = (r|w). Let A be an observable that commutes with 
L = R xP, the orbital angular momentum of the particle. Assuming that A, L? and 
L, form a C.S.C.O. in &,, call |n,1,m) their common eigenkets, whose eigenvalues are, 
respectively, a, (the index n is assumed to be discrete), J(J + 1)h? and mh. 

Let U(y) be the unitary operator defined by: 


U(y) =e tPPelh 


where ¢ is a real dimensionless parameter. For an arbitrary operator K, we call K the 
transform of K by the unitary operator U(y): 


K = U(¢) KU'(¢) 


a. We set Lt = Ly + ily, L_ = Ly —iLy. Calculate L,\n,l,m) and show that Ly 
and L4 are proportional; calculate the proportionality constant. Same question for 
L_ and L_. 


b. Express L, Ly and L, in terms of Lz, L, and L,. What geometrical transformation 
can be associated with the transformation of L into L? 


c. Calculate the commutators [X + iY,L,] and [Z,L,]. Show that the kets (X + 
iY)|n,l,m) and Z|n,l,m) are eigenvectors of L, and calculate their eigenvalues. 
What relation must exist between m and m’ for the matrix element (n’,l’,m’/|X + 
iY |n, l,m) to be non-zero? Same question for (n’,l',m’|Z|n,1,m). 

















d. By comparing the matrix elements of X + iY and Z with those of X +iY and Z, 
calculate X, Y, Z in terms of X, Y, Z. Give a geometrical interpretation. 
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9. Consider a physical system of fixed angular momentum 1, whose state space is 
€;, and whose state vector is |W); its orbital angular momentum operator is denoted by L. 
We assume that a basis of €; is composed of 2/+1 eigenvectors |!,m) of L, (-l < m < +1), 
associated with the wave functions f(r)Y)"(0, y). We call (L) = (7|L|q) the mean value 
of L. 


a. We begin by assuming that: 
(Lz) = (Ly) =0 


Out of all the possible states of the system, what are those for which the sum 
(AL,,)? + (AL,)? + (AL,)? is minimal? Show that, for these states, the root mean 
square deviation AL, of the component of L along an axis making an angle a with 
Oz is given by: 


l 
AL, = hy/ Sin a 


b. We now assume that (L) has an arbitrary direction with respect to the Oxyz axes. 
We denote by OXYZ a frame whose OZ axis is directed along (L), with the OY 
axis in the rOy plane. 


(i) Show that the state |yo) of the system for which (AL,,)? + (AL,)? + (AL,)? 
is minimal is such that: 


Lz\Y0) = Ih \vo) 


(it) Let 09 be the angle between Oz and OZ, and Yo, the angle between Oy and 
OY; prove the relations: 


0 . be & 
Lx +iLy = cos?” = e Phe sin? = eo —sin dy L, 
0 0 . 0 A ; 
L,=sin ~* cos 2 e ‘POF, +sin — cos 2 ce! E+ cos 60 Lz 
2 2 2 2 
If we set: 


[Yo) = So dll, m) 


show that: 


. | 1 
dm = tan 2 eivo Pr 
2 lI—m 


Express d,, in terms of d), 00, yo and I. 
(itt) To calculate d;, show that the wave function associated with |wW) is Yo(X, Y, Z) = 


“yy l 
Cl ed ae f(r) [where c is defined by equation (D-20) of Chapter VI], the 
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\L 
ech) Fi By replacing X, Y and Z in 
Tr 


this expression for wo(X,Y,Z) by their values in terms of x, y, z, find the 
value of d; and the relation: 


os a4 Ao fais 40 re —imyo (21)! 
dma (om) (=F) Yee =aT 


With the system in the state |~o), DL, is measured. What are the probabilities 
of the various possible results? What is the most probable result? Show that, 
if 1 is much greater than 1, the results correspond to the classical limit. 


one associated with |I, 1) being c 


KS 


(iv 


10. Let J be the angular momentum operator of an arbitrary physical system 


whose state vector is |W). 


a. Can states of the system be found for which the root mean square deviations AJ,, 


AJ, and AJ, are simultaneously zero? 


. Prove the relation: 
h 
Ade Ady = =|(Je) 


and those obtained by cyclic permutation of x, y, z. 


Let (J) be the mean value of the angular momentum of the system. The Oxryz 
axes are assumed to be chosen in such a way that (J,;) = (Jy) = 0. Show that: 


(AJg)* + (Ady)? > Al (Jz)| 


. Show that the two inequalities proven in question b. both become equalities if and 
only if J_|~) =0 or J_|w) = 0. 


. The system under consideration is a spinless particle for which J = L = R x P. 
h 
Show that it is not possible to have both AL,.AL, = —5l(Ze)| and (AL,)? + 


(AL,)? = h|(Lz)| unless the wave function of the system is of the form: 


V(r, 9, ~) = F(r,sin 6 e*'?) 


11. Consider a three-dimensional harmonic oscillator, whose state vector |q) is: 


|b) = lax) ® lay) ® |az) 


where |az), |ay) and |a,) are quasi-classical states (cf. Complement Gy) for one- 
dimensional harmonic oscillators moving along Ox, Oy and Oz, respectively. Let L = 
R x P be the orbital angular momentum of the three-dimensional oscillator. 
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a. Prove: 
(Lz) = if (a0 — afay) 
AL, = hy/|az|? + |ay|? 
and the analogous expressions for the components of L along Ox and Oy. 
b. We now assume that: 
(Le) =(Ly)=0 , Uz) = D0 


Show that a, must be zero. We then fix the value of A. Show that, in order to 
minimize AL, + AL,, we must choose: 


‘ r ; 
Ay = —1dy = te 


(where ¢o is an arbitrary real number). Do the expressions AL,,.AL, and (AL,)?+ 
(AL,)? in this case have minimum values compatible with the inequalities obtained 
in question b. of the preceding exercise? 


c. Show that the state of a system for which the preceding conditions are satisfied is 
necessarily of the form: 


IY) = D5 cer) Xnp=k,m1=0,n2=0) 


k 
with: 
(al + ial)" 
IXn,=k, r1y=0, 120) — SRE \Pne=0, ry=0,7,=0) 


é(a) = of ele? = sg ceeelite 4/5, 
Vk ’ T 


(the results of Complement Gy and of § 4 of Complement Dy; can be used). Show 
that the angular dependence of |Xn,=%,n,=0,n-=0) is (sin @e*”)*. 
L? is measured on a system in the state |W). Show that the probabilities of the 
various possible results are given by a Poisson distribution. What results can be 
obtained in a measurement of L, that follows a measurement of L? whose result 
was I(] + 1)h?? 

Exercise 4 : 


Reference: Landau and Lifshitz (1.19), § 101; Ter Haar (1.23), §§ 8.13 and 8.14. 
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In this chapter, we shall consider the quantum mechanical properties of a parti- 
cle placed in a central potential [that is, a potential V(r) which depends only on the 
distance r from the origin]. This problem is closely related to the study of angular mo- 
mentum presented in the preceding chapter. As we shall see in § A, the fact that V(r) 
is invariant under any rotation about the origin means that the Hamiltonian H of the 
particle commutes with the three components of the orbital angular momentum operator 
L. This considerably simplifies the determination of the eigenfunctions and eigenvalues 
of H, since these functions can be required to be eigenfunctions of L? and L, as well. 
This immediately defines their angular dependence, and the eigenvalue equation of H 
can be replaced by a differential equation involving only the variable r. 

The importance of this problem derives from a property that will be established 
in § B: a two-particle system in which the interaction is described by a potential energy 
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that depends only on the relative positions of the particles can be reduced to a simpler 
problem involving only one fictitious particle. In addition, when the interaction potential 
of the two particles depends only on the distance between them, the fictitious particle’s 
motion is governed by a central potential. This explains why the problem considered in 
this chapter is of such general interest: it is encountered in quantum mechanics whenever 
we investigate the behavior of an isolated system composed of two interacting particles. 

In § C, we shall apply the general methods already described to a special case: 
that in which V(r) is a Coulomb potential. The hydrogen atom, composed of an electron 
and a proton which electrostatically attract each other, supplies the simplest example 
of a system of this type. It is not the only one: in addition to hydrogen isotopes (deu- 
terium, tritium), there are the hydrogenoid ions, which are systems composed of a single 
electron and a nucleus, such as the ions He*, Lit, etc... (other examples will be given 
in Complement Ayr). For these systems, we shall explicitly calculate the energies of 
the bound states and the corresponding wave functions. We also recall the fact that, 
historically, quantum mechanics was introduced in order to explain atomic properties (in 
particular, those of the simplest atom, hydrogen), which could not be accounted for by 
classical mechanics. The remarkable agreement between the theoretical predictions and 
the experimental observations constitutes one of the most spectacular successes of this 
branch of physics. Finally, it should be noted that the exact results concerning the hy- 
drogen atom serve as the basis of all approximate calculations relating to more complex 
atoms (having several electrons). 


A. Stationary states of a particle in a central potential 


In this section, we consider a (spinless) particle of mass yz, subjected to a central force 
derived from the potential V(r) (the center of force is chosen as the origin). 


A-1. Outline of the problem 
A-1-a. Review of some classical results 
The force acting on the classical particle situated at the point M (with OM =r) 


is equal to: 


dVr 


F is always directed towards O, and its moment with respect to this point is therefore 
always zero. If: 


L=rxp (A-2) 


is the angular momentum of the particle with respect to O, the angular momentum 
theorem implies that: 
d£ 
=, =0 A-3 
dt a) 


£ is therefore a constant of the motion, so that the particle’s trajectory is necessarily 
situated in the plane passing through O and perpendicular to L. 
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Figure 1: Radial component v, and tangen- 
tial component v_ of a particle’s velocity. 








Now let us consider (Fig. 1) the position (denoted by OM = r) and velocity v of 
the particle at the instant t. The two vectors r and v lie in the plane of the trajectory and 
the velocity v can be decomposed into the radial component v,. (along the axis defined 
by r) and the tangential component v, (along the axis perpendicular to r). The radial 
velocity, the algebraic value of v,., is the time derivative of the distance of the particle 
from the point O: 

dr 


-< (A-4) 


Ur 


The tangential velocity can be expressed in terms of r and the angular momentum C, 
since: 


lr x v|=rl|v_| (A-5) 
so that the modulus of the angular momentum CL is equal to: 
f| = Ir x pv] = arlvi (A-6) 
The total energy of the particle: 


1 1 1 
B= 5p? +V (0) = 5p? + suv + V(0) (A-7) 
can be written: 


2 


Qur? 





1 
E= ahr + + V(r) (A-8) 


The classical Hamiltonian of the system is then: 





2 2 
_ Pr ; 
H= 2a ane + V(r) (A-9) 
where: 
dr 
a, — A-1 
Pr = Ha (A-10) 
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is the conjugate momentum of r, and £* must be expressed in terms of the variables r, 
6, y and their conjugate momenta p,, pg, py. One finds (cf. Appendix IT, § 4-a): 


1 

In expression (A-9), the kinetic energy is broken into two terms: the radial kinetic 
energy and the kinetic energy of rotation about O. The reason is that, since V(r) is 
independent of 6 and ¢ in this case, the angular variables and their conjugate momenta 
appear only in the £* term. In fact, if we are interested in the evolution of r, we can use 
the fact that L is a constant of the motion, and replace L? by a constant in expression 
(A-9). The Hamiltonian H then appears as a function only of the radial variables r and 
Dr (L? plays the role of a parameter), and the result is a differential equation involving 
only one variable, r: 


dp, d?r OH. 





ae ae oe ere) 
that is: 
dp. OL dV 
a a A-12 
Mae pre dr ( b) 


It is just as if we had a one-dimensional problem (with r varying only between 0 and 
+oo), with a particle of mass ys subjected to the “effective potential”: 


£2 
Qur? 





Ver (r) = V(r) + (A-13) 


We shall see that the situation is analogous in quantum mechanics. 


A-1-b. The quantum mechanical Hamiltonian 


In quantum mechanics, we want to solve the eigenvalue equation of the Hamiltonian 
H, the observable associated with the total energy. This equation is written, in the {|r)} 
representation: 


FA + vin] y(r) = Ey(r) (A-14) 
Lb 


Since the potential V depends only on the distance r of the particle from the origin, 
spherical coordinates (cf. § D-l-a of Chapter VI) are best adapted to the problem. We 
therefore express the Laplacian A in spherical coordinates!: 


iF +4 (Z 1 ha: 2 °) 


A= T t T 
ror. 2 \ 002 tandd00 sm2d0¢ 


(A-15) 


and look for eigenfunctions y(r) that are functions of the variables r, 0, y. 





1Expression (A-15) gives the Laplacian only for non-zero r. This is because of the privileged position 
of the origin in spherical coordinates; it can be seen, moreover, that expression (A-15) is not defined for 
r=0. 
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If we compare expression (A-15) with the one for the operator L? [formula (D-6a) 
of Chapter VI], we see that the quantum mechanical Hamiltonian H can be put in a 
form completely analogous to (A-9): 





h21 0? 4: 1 
-—-z5r 
Qur Or? Qur? 


L? + V(r) (A-16) 














The angular dependence of the Hamiltonian is contained entirely in the L? term, which 
is an operator here. We could, in fact, perfect the analogy by defining an operator P,., 
which would allow us to write the first term of (A-16) like the one in (A-9). 

We shall now show how one can solve the eigenvalue equation: 


h? 1 0 1 





-—--aayrt L?7+V 9,9) = Eg(r,6, A-17 
Tae one (r)| g(r, 8, 9) g(r, 9,9) (A-17) 
A-2. Separation of variables 
A-2-a. Angular dependence of the eigenfunctions 


We know [cf. formulas (D-5) of Chapter VI] that the three components of the 
angular momentum operator L act only on the angular variables @ and y; consequently, 
they commute with all operators acting only on the r-dependence. In addition, they 
commute with L?. Therefore, according to expression (A-16) for the Hamiltonian, the 
three components of L are constants of the motion? in the quantum mechanical sense: 


[H,L] =0 (A-18) 


Obviously, H also commutes with L?. 

Although we have at our disposition four constants of the motion (Lz, Ly, Lz 
and L?), we cannot use all four of them to solve equation (A-17) because they do not 
commute with each other; we shall use only L? and L,. Since the three observables H, 
L? and L, commute, we can find a basis of the state space €, of the particle composed of 
eigenfunctions common to these three observables. We can, therefore, without restricting 
the generality of the problem outlined in § A-1 above, require the functions y(r, 6, y), 
solutions of equation (A-17), to be eigenfunctions of L? and L, as well. We must then 
solve the system of differential equations: 


Ho(r) = E g(r) (A-19a) 
L?y(r) = 1(1 + 1)h? p(r) (A-19b) 
L(t) = mh g(r) (A-19c) 


But we already know the general form of the common eigenfunctions of L? and L, 
(Chap. VI, § D-1): the solutions y(r) of equations (A-19), corresponding to fixed values 
of | and m, are necessarily products of a function of r alone and the spherical harmonic 
Y"(9, ): 

g(r) = R(r) ¥"(9, 9) (A-20) 
?Equation (A-18) expresses the fact that H is a scalar operator with respect to rotations about the 


point O (see Complement By1). This is true because the potential energy is invariant under rotations 
about O. 
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Whatever the radial function R(r), y(r) is a solution of equations (A-19b) and (A-19c). 
The only problem which remains to be solved is therefore how to determine R(r) such 
that y(r) is also an eigenfunction of H [equation (A-19a)]. 


A-2-b. The radial equation 


We shall now substitute expressions (A-16) and (A-20) into equation (A-19a). 
Since y(r) is an eigenfunction of L? with the eigenvalue I(1 + 1)h?, we see that Y;'"(0, y) 
is a common factor on both sides. After simplifying, we obtain the radial equation: 


Rid? t+ 


aan = Dea +V(r)| R(r) = E R(r) (A-21) 


Actually, a solution of (A-21), substituted into (A-20), does not necessarily yield 
a solution of the eigenvalue equation (A-14) of the Hamiltonian. As we have already 
pointed out (cf. footnote 1), expression (A-15) for the Laplacian is not necessarily valid 
at r = 0. We must therefore make sure that the behavior of the solutions R(r) of (A-21) 
at the origin is sufficiently regular for (A-20) to be in fact a solution of (A-14). 

Instead of solving the partial differential equation (A-17) involving the three vari- 
ables r, 6, y, we must now solve a differential equation involving only the variable r, 
but dependent on a parameter J: we are looking for eigenvalues and eigenfunctions of an 
operator H; which is different for each value of J. 

In other words, we consider separately, in the state space €,, the subspaces E (1, m) 
corresponding to fixed values of | and m (cf. Chap. VI, § C-3-a), studying the eigenvalue 
equation of H in each of these subspaces (which is possible because H commutes with 
L? and L,). The equation to be solved depends on J, but not on m; it is therefore the 
same in the (21+ 1) subspaces €(1,m) associated with a given value of J. We shall denote 
by Ex. the eigenvalues of H;, that is, the eigenvalues of the Hamiltonian H inside a 
given subspace E(l,m). The index k, which can be discrete or continuous, represents 
the various eigenvalues associated with the same value of J. As for the eigenfunctions of 
H), we shall label them with the same two indices as the eigenvalues: Ry i (7). It is not 
obvious that this is sufficient: several radial functions might exist and be eigenfunctions 
of the same operator H; with the same eigenvalue F;,;; we shall see in § A-3-b that this is 
not the case and that, consequently, the two indices k and | are sufficient to characterize 
the different radial functions. We shall therefore rewrite equation (A-21) in the form: 


R21 a2 U(l-+ 1h? 


“Ward ture V(r)| Revlr) = Br Re(r) (A-22) 


We can simplify the differential operator to be studied by a change in functions. 
We set: 


Realr) = fuga(r) (A-23) 


Multiplying both sides of (A-22) by r, we obtain for ux.(r) the following differential 
equation: 





hd? 1+ 1)? 
eae — + V(r)| ugi(r) = Bes uea(r) (A-24) 
2u dr 2ur 
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This equation is analogous to the one we would have to solve if, in a one-dimensional 
problem, a particle of mass 4 were moving in an effective potential Ve (r): 


U(l-+ 1)h? 


Veal) =VO+ 


(A-25) 
Nevertheless, we must not lose sight of the fact that the variable r can take on only 
non-negative real values. The term I(J + 1)h?/2ur? which is added to the potential V(r) 
is always positive or zero; the corresponding force (equal to minus the gradient of this 
term) always tends to repel the particle from the force center O; this is why this term is 
called the centrifugal potential (or centrifugal barrier). Figure 2 represents the shape of 
the effective potential Vog(r) for various values of | in the case where V(r) is an attractive 
Coulomb potential [V(r) = —e?/r]: for 1 > 1, the presence of the centrifugal term, which 
predominates for small r values, causes Veg to be repulsive for short distances. 





a 
Vote (yx 
e 


A 


Figure 2: Shape of the effective potential 
Ver(r) for the first values of | in the case 
where V(r) = —e?/r. When l = 0, Ves(r) 
is simply equal to V(r). When | takes on 
the values 1, 2, etc., Veg(r) is obtained 
by adding to V(r) the centrifugal potential 














0 I(1+1)h?/2ur?, which approaches +oo when 
r approaches zero. 
A-2-c. Behavior of the solutions of the radial equation at the origin 


We have already pointed out that it is necessary to examine the behavior of the 
solutions R(r) of the radial equation (A-21) at the origin in order to know if they are 
really solutions of (A-14). 

We shall assume that when r approaches zero, the potential V(r) remains finite, 
or at least approaches infinity less rapidly than 1/r (this hypothesis is true in most cases 
encountered in physics and, in particular, in the case of the Coulomb potential, to be 
studied in § C). We shall consider a solution of (A-22) and assume that it behaves at the 
origin like r°: 

Ry i(r) Be Cr? (A-26) 


=> 
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Substituting (A-26) into (A-22), and setting the coefficient of the dominant term equal 
to zero, we obtain the equation: 


—s(s+1)+/1(1+1) =0 (A-27) 
and, consequently: 

{ either s=1 (A-28a) 

or s=-—(1+1) (A-28b) 

For a given value of E,,, there are therefore two linearly independent solutions 


of the second-order equation (A-22), behaving at the origin like r! and 1/r'+1, respec- 
tively. But those which behave like 1/r'+! must be rejected, since it can be shown? that 
va ti" (9, y) is not a solution of the eigenvalue equation (A-14) for r = 0. From this, 
we see that acceptable solutions of (A-24) go to zero at the origin for all /, since: 


urn) Critt (A-29) 


Consequently, to equation (A-24) must be added the condition: 





uz,(0) = 0 (A-30) 











Comment: 


In equation (A-24), r, the distance of the particle from the origin, varies only between 
0 and +00. However, thanks to condition (A-30), we can assume that we are actually 
dealing with a one-dimensional problem, in which the particle can theoretically move 
along the entire axis, but in which the effective potential is infinite for all negative values 
of the variable. We know that, in such a case, the wave function must be identically zero 
on the negative half-axis; condition (A-30) insures the continuity of the wave function at 


r=0. 
A-3. Stationary states of a particle in a central potential 
A-3-a. Quantum numbers 


We can summarize the results of § 2 as follows: the fact that the potential V(r) is 
independent of 6 and y makes it possible: 

(i) to require the eigenfunctions of H to be simultaneous eigenfunctions of L? and 
L,, which determines their angular dependence: 


Prim(0) = Rear) Y/"(8, 9) = Hug(r) Y/"(0, 9) (A-31) 


(ii) to replace the eigenvalue equation of H, an equation involving partial deriva- 
tives with respect to r, 0, y, by a differential equation involving only the variable r and 
depending on a parameter | [equation (A-24)], with condition (A-30) imposed. 





; 1 
3This is because the Laplacian of =a tr Ue: y) involves the Ith derivatives of 6(r) (cf. Appendix II, 
r 
end of § 4). 
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These results can be compared with those recalled in § l-a, of which they are the 
quantum mechanical analogues. 

In principle, the functions yxim(r,6,y) must be square-integrable, that is, nor- 
malizable: 


/ Cntim(hO OPP arde=1 (A-32) 


Their form (A-31) allows us to separate radial and angular integrations: 


/ anes Pearaos | ? dr Rear)? y do |¥7"(0, 9)? (A-33) 
0 


But the spherical harmonics Y,(6, y) are normalized with respect to 6 and y; condition 
(A-32) therefore reduces to: 


[ Par [Ran =f dr |uga(r)|? = 1 (A-34) 
0 0 


Actually, we know that it is often convenient to accept eigenfunctions of the Hamil- 
tonian that are not square-integrable. If the spectrum of H has a continuous part, we 
shall require only that the corresponding eigenfunctions be orthonormalized in the ex- 
tended sense, that is, that they satisfy a condition of the form: 


We r? dr Ry (7) Rew) = ie dr uy )(r) uei(r) = 6(k' — k) (A-35) 
0 0 


where k is a continuous index. 

In (A-34) and (A-35), the integrals converge at their lower limit, r = 0 [condition 
(A-30)]. This is physically satisfying since the probability of finding the particle in any 
volume of finite dimensions is then always finite. It is therefore only because of the 
behavior of the wave functions for r —> oo that, in the case of a continuous spectrum, 
the normalization integrals (A-35) diverge if k = k’. 

Finally, the eigenfunctions of the Hamiltonian H of a particle placed in a cen- 
tral potential V(r) depend on at least three indices [formula (A-31)|: Yeim(r,6,9) = 
Rei(r) Y,"(8,¢) is a simultaneous eigenfunction of H, L? and L, with the respective 
eigenvalues E,, , (0+ 1)h? and mh. &k is called the radial quantum number; 1, the 
azimuthal quantum number; and m, the magnetic quantum number. The radial part 


1 
Ryw(r) = 7 Un") of the eigenfunction and the eigenvalue E;,, of H are independent of 


the magnetic quantum number and are given by the radial equation (A-24). The angular 
part of the eigenfunction depends only on / and m and not on k; it does not depend on 
the form of the potential V(r). 


A-3-b. Degeneracy of the energy levels 


Finally, we shall consider the degeneracy of the energy levels, that is, of the eigen- 
values of the Hamiltonian H. The (2/+1) functions yg1m(r,6,y) with k and | fixed and 
m varying from —/ to +I are eigenfunctions of H with the same eigenvalue Ex, [these 
(21 + 1) functions are clearly orthogonal, since they correspond to different eigenvalues 
of L,]. The level E;,, is therefore at least (21 + 1)-fold degenerate. This degeneracy, 
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which exists for all potentials V(r), is called an essential degeneracy: it is due to the 
fact that the Hamiltonian H contains L?, but not L,, which means that m does not 
appear in the radial equation*. It is also possible for one of the eigenvalues Ex. of the 
radial equation corresponding to a given value of | to be the same as an eigenvalue Ex: 1", 
associated with another radial equation, characterized by l’ 4 1. This occurs only for 
certain potentials V(r). The resulting degeneracies are called accidental (we shall see in 
§ C that the energy states of the hydrogen atom present accidental degeneracies). 

We must now show that, for a fixed value of J, the radial equation has at most 
one physically acceptable solution for each eigenvalue E,;. This actually results from 
condition (A-30). The radial equation, since it is a second-order differential equation, 
has a priori two linearly independent solutions for each value of E;,1. Condition (A-30) 
eliminates one of them, so there is at most one acceptable solution for each value of 
Ex. We must also consider the behavior of the solutions for r approaching infinity; if 
V(r) — 0 when r —> oo, the negative values of E,, for which the solution we have just 
chosen is also acceptable at infinity (that is, bounded) form a discrete set (see example 
of § C below and Complement Byrz). 

It follows from the preceding considerations that H, L? and L, constitute a C.S.C.O.°. 
If we fix three eigenvalues Ey), I(J + 1)h? and mh, there corresponds to them a single 
function ¢yxi,m(r). The eigenvalue of L? indicates which equation yields the radial func- 
tion; the eigenvalue of H determines this radial function Ry, j(r) uniquely, as we have 
just seen; finally, there exists only one spherical harmonic Y;"(6, y) for a given | and m. 


B. Motion of the center of mass and relative motion for a system of two 
interacting particles 


Consider a system of two spinless particles, of masses m, and m2 and positions r; and ro. 
We assume that the forces exerted on these particles are derived from a potential energy 
V(r1 —Ye2) which depends only on vr; —Y2. This is true if there are no forces originating 
outside the system (that is, the system is isolated), and if the interactions between the 
two particles are derived from a potential. This potential must depend only on rj — ro, 
since only the relative positions of the two particles are involved. We shall show that the 
study of such a system can be reduced to that of a single particle placed in the potential 
V(r). 


B-1. Motion of the center of mass and relative motion in classical mechanics 
In classical mechanics, the two-particle system is described by the Lagrangian (cf. 
Appendix III): 


. ieee 1s 
L£(v1,%13%e,t2) =T-V= smti + 5 mats — V(r, —Yr2) (B-1) 





4This essential degeneracy appears whenever the Hamiltonian is rotation-invariant (cf. Comple- 
ment Byrz). This is why it is encountered in numerous physical problems. 

5 Actually, we have not proven that these operators are observables, that is, that the set of Pk,l,m(¥) 
form a basis in the state space Ey. 
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and the conjugate momenta of the six coordinates of the two particles are the components 
of the mechanical momenta: 


Pi = ™i01 
P2 = Mero (B-2) 
The study of the motion of the two particles is simplified by replacing the positions 
r; by the three coordinates of the center of mass (or center of gravity): 
mY, + Mero 


tgs (B-3) 
m1 + M2 





and the three relative coordinates®: 
r=", —Yr2 (B-4) 


Formulas (B-3) and (B-4) can be inverted to yield: 


meg 
rj; =rg + ——r 
my + M92 
my 
rg =re — ———r (B-5) 
my +r ™m2 





The Lagrangian can then be written, in terms of the new variables rg and r: 





2 2 
L(tg,tg:t,t) = ma ic a a 4 sm tg — i — V(r) 
= aM r+ as — V(r) (B-6) 
where: 
M=m,+me (B-7) 
is the total mass of the system, and: 


is its reduced mass (the geometrical mean of the two masses m, and m2), which is also 
given by: 


—=— + — (B-8b) 
The conjugate momenta of the variables rg and r are obtained by differentiating 


expression (B-6) with respect to the components of tg and r. Using (B-3), (B-4) and 
(B-2), we find: 


Pa = Mtg => mir, + Mofo =Ppi + Pp2 (B-9a) 
: m2Pp1 — ™1p2 

= pwr = B-9b 

Bt mi +me2 ( ) 





®Definition (B-4) introduces a slight asymmetry between the two particles. 
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or: 
P_ Pi Pe (B-9c) 
LL My mea 
Pc is the total momentum of the system, and p is called the relative momentum of the 
two particles. 
We can express the classical Hamiltonian of the system in terms of the new dy- 
namical variables we have just introduced: 


PG , P” 
H(re,Pair,P) = aM Die + V(r) (B-10) 
This leads to the following equations of motion [formulas (27) of Appendix ITT]: 
Pc =0 (B-11) 
p= —-VV(r) (B-12) 


The first term of expression (B-10) represents the kinetic energy of a fictitious 
particle whose mass M would be the sum m1+ mz of the masses of the two real particles, 
whose position would be that of the center of mass of the system [formula (B-3)], and 
whose momentum pg would be the total momentum p;+ p2 of the system. Equation (B- 
11) indicates that this fictitious particle is in uniform rectilinear motion (free particle). 
This result is well known in classical mechanics: the center of mass of a system of particles 
moves like a single particle whose mass is the total mass of this system, subjected to the 
resultant of all the forces exerted on the various particles. Here, this resultant is zero 
since the only forces present are internal ones obeying the principle of action and reaction. 

Since the center of mass is in uniform rectilinear motion with respect to the initially 
chosen frame, the frame in which it is at rest (pg = 0) is also an inertial frame. In this 
center of mass frame, the first term of (B-10) is zero. The classical Hamiltonian, that is, 
the total energy of the system, then reduces to: 


p2 
H,=— + Vir) (B-13) 
2p 
H, is the energy associated with the relative motion of the two particles. It is obviously 
this relative motion that is the most interesting in the study of the two interacting par- 
ticles. It can be described by introducing a fictitious particle, called the relative particle: 
its mass is the reduced mass yp of the two real particles, its position is characterized by the 
relative coordinates r, and its momentum is the relative momentum p. Since its motion 
obeys equation (B-12), it behaves as if it were subjected to a potential V(r) equal to the 
potential energy of interaction between the two real particles. 
The study of the relative motion of two interacting particles therefore reduces to 
that of the motion of a single fictitious particle, characterized by formulas (B-4), (B-8) 
and (B-9c). This last equation expresses the fact that the velocity p/p of the relative 
particle is indeed the difference between the velocities of the two particles, that is, their 
relative velocity. 


B-2. Separation of variables in quantum mechanics 


The considerations of the preceding section can easily be transposed to quantum 
mechanics, as we shall now show. 
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B-2-a. Observables associated with the center of mass and the relative particle 


The operators R;, P; and Rz, P2, which describe the positions and momenta of 
the two particles of the system, satisfy the canonical commutation relations: 


[X1, Pie] = ih 
[X2, Poe] = ih (B-14) 


with analogous expressions for the components along Oy and Oz. All the observables 
labeled by the index 1 commute with all those of index 2, and all the observables relating 
to one of the axes Ox, Oy or Oz commute with those corresponding to another one of 
these axes. 

Now let us define the observables Rg and R by formulas similar to (B-3) and 
(B-4): 





Rew Mi maRs (B-15a) 
My, + M2 
R=R,-R, (B-15b) 


and the observables Pg and P by formulas similar to (B-9): 


Pg = P, + P» (B-16a) 
P; —m P 
2 URE Se 2 (B-16b) 
my, + me 
It is easy to calculate the various commutators of these new observables. The results 
are as follows: 


[Xc, Peal = ih (B-17a) 
[X, P,] = ih (B-17b) 


with analogous expressions for the components along Oy and Oz; all the other commu- 
tators are zero. Consequently, R and P, like Rg and Pg, satisfy canonical commutation 
relations. Moreover, every observable of the set {R, P} commutes with every observable 
of the set {Rc, Pc}. 

We can also interpret R and P, on the one hand, and Rg and Pg, on the other, 
as being the position and momentum observables of two distinct fictitious particles. 


B-2-b. Eigenvalues and eigenfunctions of the Hamiltonian 


The Hamiltonian operator of the system is obtained from formulas (B-1) and (B-2) 
and the quantization rules of Chapter III: 
P? Pp 
H=—++—* +V(Ri -R») (B-18) 
2m, 2m 
Since definitions (B-15) and (B-16) are formally identical to (B-3), (B-4) and (B-9), and 
since all the momentum operators commute, a simple algebraic calculation yields the 
equivalent of expression (B-10). 
PE PP 


H= aM + pn +V(R) (B-19) 
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The Hamiltonian H then appears as the sum of two terms: 


H=Ho+H, (B-20) 
with: 
p2 
Ha=—& a 
G aM (B-21a) 
P2 
a on + V(R) (B-21b) 


which commute, according to the results of § B-2-a: 
(He, H,| =0 (B-22) 


Hg and H, therefore commute with H. It follows that there exists a basis of eigenvectors 
of H that are also eigenvectors of Hg and H,; we shall therefore look for solutions of the 
system: 


Hg|p) = Eal¢) 
A, |p) = Ey) (B-23) 


which immediately implies, according to (B-20): 


|p) = Ely) (B-24) 
with: 
E=EctFE, (B-25) 


Consider the {|rg,r)} representation, whose basis vectors are the eigenvectors 
common to the observables Rg and R. In this representation, a state is characterized by 
a wave function y(rg¢,r) which is a function of six variables. The action of the operators 
Rg and R is expressed by the multiplication of the wave functions by the variables rg 


h 
and r respectively. Pg and P become the differential operators he and —V (where 


Va denotes the set of three operators 0/Ox¢, 0/Oyg and 0/ Dz. The ate sence E of 
the system can then be considered to be the tensor product €,, ® € of the state space 
Er, associated with the observable Rg and the space €, associated with R. Hg and 
H, then appear as the extensions into € of operators actually acting only in €,,, and &;, 
respectively. We can therefore, as we saw in § F of Chapter II, find a basis of eigenvectors 


\y) satisfying (B-23), in the form: 


ly) = Ixg) ® |wr) (B-26) 
with: 
Helxa@) = Ea|xa) 
{ xe) E Exo (B-27a) 
[pz Be om 
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Writing these equations in the {|rg)} and {|r)} representations respectively, we obtain: 


TK xe(ta) = Eg xa(ra) (B-28a) 
[-F A+ Vee)] nla) = Bont) (B-28b) 
Lb 


The first of these equations, (B-28a), shows that the particle associated with the 
center of mass of the system is free, as in classical mechanics. We know its solutions: 
they are, for example, the plane waves: 


Dew leg 
xe(te) = (2nh)3/2 enres (B-29) 


whose energy is equal to: 


_ Pe 


He on 


(B-30) 
Eg can take on any positive value or zero; it is the kinetic energy corresponding to a 
translation of the system as a whole. 

The more interesting equation from a physical point of view is the second one, 
(B-28b), which concerns the relative particle. It describes the behavior of the system of 
the two interacting particles in the center of mass frame. If the interaction potential of 
the two real particles depends only on the distance between them, |r; — r2|, and not on 
the direction of the vector r, —Yrg, the relative particle is subjected to a central potential 
V(r); the problem is then reduced to the one treated in § A. 


Comment: 


The total angular momentum of the system of the two real particles is: 


J=1,4+1, (B-31) 
with: 

Ly = R, x P, 

Lo = Ro x Po (B-32) 


It can easily be shown that it can also be written: 


J=Lce+L (B-33) 
where: 
Lg = Rg x Pog 
L=RxP (B-34) 


are the angular momenta of the fictitious particles (according to the results of 
§ B-2-a, Le and L satisfy the commutation relations that characterize angular 
momenta, and the components of L commute with those of Le). 
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C. The hydrogen atom 


C-1. Introduction 


The hydrogen atom consists of a proton, of mass: 


My ~ 1.7 x 1077" kg (C-1) 
and charge: 
q = 1.6 x 107!9 Coulomb (C-2) 


and of an electron, of mass: 
Me ~ 0.91 x 107°° ke (C-3) 


and charge —q. The interaction between these two particles is essentially electrostatic. 
The corresponding potential energy is: 








2 2 
q il € 
Vite - =~ C-4 
(r) Ameg Tr Tr en 
where r denotes the distance between the two particles, and: 
2 
q 2 
=e C-5 
AtrEo : ( ) 


Using the results of § B, we confine ourselves to the study of this system in the 
center of mass frame. The classical Hamiltonian that describes the relative motion of the 
two particles is then’: 


2 2 
p € 
H(r,p) =P - (C-6) 
“bor 
Since mp >> me [formulas (C-1) and (C-3)], the reduced mass ju of the system is very 
close to me: 


fos UT oes (1-25) (C-7) 


Me + Mp Mp 


(the correction term me/m, is on the order of 1/1 800). This means that the center 
of mass of the system is practically at the position of the proton, and that the relative 
particle can be identified, to a very good approximation, with the electron. This is 
why we shall adopt the slightly inaccurate convention of calling the relative particle the 
electron and the center of mass the proton. 





THenceforth, we shall omit the index r which was used to label in § B the quantities corresponding 
to the relative motion. 
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C-2. The Bohr model 


We shall briefly review the results of the Bohr model, which relate to the hydrogen 
atom. This model, which is based on the concept of a trajectory, is incompatible with 
the ideas of quantum mechanics. However, it allows us to introduce, in a very simple 
way, fundamental quantities such as the ionization energy FE of the hydrogen atom and 
a parameter which characterizes atomic dimensions (the Bohr radius ag). In addition, it 
so happens that the energies EF, given by the Bohr theory are the same as the eigenvalues 
of the Hamiltonian we shall calculate in § C-3. Finally, quantum mechanical theory is in 
agreement with some of the intuitive images of the Bohr model (§ C-4-c-). 

This semi-classical model is based on the hypothesis that the electron describes a 
circular orbit of radius r about the proton, obeying the following equations: 


Bees = : 
phe ee (C-8) 
2 2 
pv e 
——— SS C-9 
aS (C9) 
pur =nh ; na positive integer (C-10) 


The first two equations are classical ones. (C-8) expresses the fact that the total energy 
E of the electron is the sum of its kinetic energy jv?/2 and its potential energy —e?/r. 
(C-9) is none other than the fundamental equation of Newtonian dynamics (e?/r? is the 
Coulomb force exerted on the electron, and v*/r is the acceleration of its uniform circular 
motion). The third equation expresses the quantization condition, introduced empirically 
by Bohr in order to explain the existence of discrete energy levels: he postulated that 
only circular orbits satisfying this condition are possible trajectories for the electron. The 
different orbits, as well as the corresponding values of the various physical quantities, are 
labeled by the integer n associated with them. 
A very simple algebraic calculation then yields the expressions for E,, rn and vp: 


1 
Ey, = ~ ra Er (C-11a) 
Tr =n a9 (C-11b) 
1 
Un = — vo (C-11c) 
with: 
4 
pe 
Ey = De (C-12a) 
h2 
pe 
2 
€ 
VO a he (C-12c) 


When this model was proposed by Bohr, it marked an important step towards the 
understanding of atomic phenomena, since it yielded the correct values for the energy 
levels of the hydrogen atom. These values indeed follow the 1/n? (the Balmer formula) 
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law indicated by expression (C-11la). Moreover, the experimentally measured ionization 
energy (the energy which must be supplied to the hydrogen atom in its ground state in 
order to remove the electron) is equal to the numerical value of Ey: 


Ey ~ 13.6 eV (C-13) 
Finally, the Bohr radius ap indeed characterizes atomic dimensions: 


ag © 0.52 A (C-14) 


Comment: 


Complement Cy; shows how the uncertainty principle, applied to the hydrogen 
atom, explains the existence of a stable ground state and permits the evaluation 
of the order of magnitude of its energy and its spatial extension. 


C-3. Quantum mechanical theory of the hydrogen atom 


We shall now take up the question of the determination of the eigenvalues and 
eigenfunctions of the Hamiltonian H describing the relative motion of the proton and 
the electron in the center of mass frame [formula (C-6)]. In the {|r)} representation, the 
eigenvalue equation of the Hamiltonian H is written: 


[a - 5] ote) = Bote (C-15) 


Since the potential —e?/r is central, we can apply the results of § A: the eigenfunctions 
y(r) are of the form: 


Prtm(t) = te r(r) ¥"(0,) (C-16) 


ur,(r) is given by the radial equation, (A-24), that is: 


Ad? Wl+1)h? e? 
-——— COC ee ms EB r oki 
Du dr a0 ae? 7 ug,U(T) = Ex unin) (C-17) 


We add to this equation condition (A-30): 
Uux,t(0) = 0 (C-18) 


It can be shown that the spectrum of H includes a discrete part (negative eigenvalues) and 
a continuous part (positive eigenvalues). Consider Figure 3, which shows the effective potential 
for a given value of | (the figure is drawn for | £ 0, but the reasoning remains valid for | = 0). 

For a positive value of E, the classical motion is not bounded in space: for the value 
E > 0 chosen in Figure 3, it is limited on the left by the abscissa of point A, but it is not limited 
on the right®. As a result (cf. Complement Myr) equation (C-17) has acceptable solutions 
for any EF > 0. The spectrum of H is therefore continuous for E > 0, and the corresponding 
eigenfunctions are not square-integrable. 





8For a —1/r potential, the classical trajectories are conic sections; unbounded motion follows a 
hyperbola or a parabola. 
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On the other hand, for EF < 0, the classical motion is bounded: it is confined to the 
region between the abscissas of the two points B and C®. We shall see later that equation 
(C-17) has acceptable solutions only for certain discrete values of EF. The spectrum of H is 
therefore discrete for EF < 0, and the corresponding eigenfunctions are square-integrable. 





Vest 


Figure 3: For a positive value of the energy 
E, the classical motion is not bounded. The 
spectrum of the quantum mechanical Hamil- 
tonian H is therefore continuous for E > 0, 
and the corresponding eigenfunctions are not 
normalizable. On the other hand, for nega- 
tive E, the classical motion is limited to the 
interval BC. The spectrum of H is therefore 
discrete for E < 0, and the corresponding 
eigenfunctions are normalizable. 














C-3-a. Change of variables 
To simplify the reasoning, we shall choose ap and FE; [formulas (C-12)] as the units 
of length and energy. That is, we shall introduce the dimensionless quantities: 


p=r/ao (C-19) 


AKL = 4) — Ext /Er (C-20) 


(the quantity under the radical sign is positive, since we are looking for the bound states). 
With expressions (C-12a) and (C-12b) for H; and ag taken into account, the radial 
equation (C-17) becomes simply: 


dp? p 





d? (i+1 2 
| ( E ) + i x2] ipa 20 (C-21) 


C-3-b. Solving the radial equation 


In order to solve equation (C-21), we shall use the method illustrated in Comple- 
ment Cy, expanding ux ;(p) in a power series. 


Q. Asymptotic behavior 


Let us determine the asymptotic behavior of u,1(p) qualitatively. When p ap- 
proaches infinity, the terms in 1/p and 1/p? become negligible compared to the constant 





°The classical trajectory is then an ellipse or a. circle. 
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term A? ,, so that equation (C-21) practically reduces to: 


d2 
Ee = x2, ux,i(p) = 0 (C-22) 





whose solutions are e+?**', This argument is not rigorous, since we have completely 
neglected the terms in 1/p and 1/p”; actually, it can be shown that ux,.(p) is equal to 
e+PAx.t multiplied by a power of p. 

We shall later be led by physical considerations to require the function ux 1(p) to 
be bounded at infinity, and hence to reject the solutions of (C-21) whose asymptotic 
behavior is governed by e+?**.", This is why we perform the change of function: 


Upp) =e P*yK 1(p) (C-23) 


Although this change of function singles out e~?**.', it clearly does not eliminate solutions 
in e+*.t, which must be identified and then rejected at the end of the calculation. The 
differential equation that y,;(~) must satisfy can easily be derived from (C-21): 


@ d of2 1041) 
ia 2K Te + = 2 |b wee) =0 (C-24) 








Condition (C-18) must be associated with this equation, that is: 
yt (0) =0 (C-25) 


B. Solutions in the form of power series 
Consider the expansion of y,1() in powers of p: 


co 


Yk,(p) = p° y Cq p" (C-26) 


q=0 
By definition, co is the first non-zero coefficient of this expansion: 
co #0 (C-27) 
Condition (C-25) implies that s is strictly positive. 
d d? 
We calculate dp Yk(p) and ap yz,(p) from (C-26): 





apui(e) = SO(q+ 8) eg pte (C-28a) 
q=0 

d? ee ; 

qpade(?) = Si(g+ s)(q+ 8-1) cq ptt? (C-28b) 


To obtain the left-hand side of (C-24), we multiply expressions (C-26), (C-28a) and 


2 1 
(C-28b) respectively by the factors |— — ds ) , —2Ax,, and 1. According to (C-24), 





the series so determined must be identically zero, that is, all its coefficients must be zero. 
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The lowest order term is in p*~?. Taking its coefficient as zero, we obtain: 
[-l(1+ 1) + s(s —1)]eo =0 (C-29) 
If we take (C-27) into account, we see that s can take on one of two values: 


s=1+1 (C-30a) 
{ s=-l (C-30b) 


(in agreement with the general result of § A-2-c). We have seen that only (C-30a) gives a 
behavior at the origin that can lead to an acceptable solution [condition (C-25)]. Setting 
the coefficient of the general term in p?**~? equal to zero, we obtain (with s =1+1) the 
following recurrence relation: 


g(q+2b+1) cy =2[(q+)Ana— Meg (C-31) 


If we fix co, this relation enables us to calculate c,, then cz, and thus by recurrence 
all the coefficients c,. Since cy/cg—1 approaches zero when ¢ —> oo, the corresponding 
series is convergent for all p. Thus we have determined, for any value of A,,1, the solution 
of (C-24) that satisfies condition (C-25). 


C-3-c. Energy quantization. Radial functions 


We are now going to require the preceding solution to have a physically acceptable 
asymptotic behavior (cf. § C-3-b-a). This will involve quantization of the possible values 
of Ak, l- 

If the term in brackets on the right-hand side of (C-31) does not go to zero for any 
integer q, expansion (C-26) is a true infinite series, for which: 


Cq a 2Ak,I 








(C-32) 
Cq—1 qo q 
Now, the power series expansion of the function e?6**. is written: 
e2PrARL — Soda pt 
q=0 (C-33) 
pe (2X%1)4 
q ! 
q! 
which implies: 
d 2X 
egis gO E (C-34) 
dg-1 q 


If we compare (C-32) and (C-34), we see!® that, for large values of p, the series being 
considered behaves like e?6**". The corresponding function ux, [formula (C-23)] is then 
proportional to e+*.!, which is not physically acceptable. 

Consequently, we must reject all cases in which expansion (C-26) is an infinite 
series. The only possible values of A, , are those for which (C-26) has only a finite 





10The reader can find a fuller discussion relating to an analogous problem in Complement Cy. 
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number of terms, that is, those for which y, ; reduces to a polynomial. The corresponding 
function ux; is then physically acceptable, since its asymptotic behavior is dominated 
by e7?4*.t, Therefore, all we need is an integer k such that the term in brackets of the 
right-hand side of (C-31) goes to zero for g = k: the corresponding coefficient cz is then 
zero, as are all those of higher order, since the fact that cy, is zero means that cp+1 is as 
well, and so on. For fixed 1, we label the corresponding values of Ay, by this integer k 
(note that k is greater than or equal to 1, since co never goes to zero). We then have, 
according to (C-31): 





1 
AKL = —— C-35 
a (C-35) 
For a given J, the only negative energies possible are therefore [formula (C-20)]: 
<p; 
Ex. = ; b= 12 53500 C-36 
k,l (k +1)? ; 949%) ( ) 
We shall discuss this result in § C-4. 
Yk is therefore a polynomial, whose term of lowest order is in p'*+ and whose 


term of highest order is in p*+!. Its various coefficients can be calculated in terms of co 
by solving recurrence relation (C-31), which can be written, using (C-35): 


_ 2(k — q) 


fae ue ihTy et) 


It is easy to show that: 


at vr ( 2 ay (+1)! ax 





k+l —q—-Did(qt+2l+1!° 


uxz,i(p) is then given by formula (C-23), and co is determined (to within a phase 
factor) by normalization condition (A-34) [we must first, of course, return to the variable 
r by using (C-19)]. Finally, we obtain the true function Ry. (r) by dividing u,1(r) by r. 
The following three examples give an idea of the form of these radial functions: 


Ry=ii=0(r) = 2(ao) 9/7 e~ 7/2 (C-39a) 
r 
Rnayaolt) = 2200)? (1 = 5X) ent? (C-39) 
1 
Reai=1(7) = Qa) ete (C-39c) 


/3 ao 


C-4. Discussion of the results 
C-4-a. Order of magnitude of atomic parameters 


Formulas (C-36) and (C-39) show that, for the hydrogen atom, the ionization 
energy E77, defined by (C-12a), and the Bohr radius, given by (C-12b), play an important 
role. These quantities give an order of magnitude of the energies and spatial extensions 
of the wave functions associated with the bound states of the hydrogen atom. 
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Relations (C-12a) and (C-12b) can be written in the form: 


Er= sone (C-40a) 
1 

ape (C-40b) 
a 


where a is the fine structure constant, a dimensionless constant which plays a very 
important role in physics: 


2 2 1 


€ q 
PE AE hi C-41 
he Ameohic 187 ( ) 


— 


and where A, is defined by: 


h 


=— (C-42) 
pc 


Cc 


Since p is almost the same as m_, the rest mass of the electron, A, is practically equal to 
the Compton wavelength of the electron, which is given by: 


~3.8x 107A (C-43) 





Mel 


Relation (C-40b) therefore indicates that ao is on the order of one hundred times 
the Compton wavelength of the electron. Relation (C-40a) shows that the order of 
magnitude of the binding energy of the electron is between 10~* pic? and 107° pic?, where 
pc? is practically equal to the rest energy of the electron: 


mec” ~ 0.51 x 10° eV (C-44) 
It follows that: 
Er<mec* (C-45) 


This justifies our choice of the non-relativistic Schrodinger equation to describe the hy- 
drogen atom. Of course, relativistic effects, although small, do exist; nevertheless, their 
smallness allows them to be studied by perturbation theory (cf. Chap. XI and XII). 


C-4-b. Energy levels 
Q. Possible values of the quantum numbers; degeneracies 


For fixed 1, there exists an infinite number of possible energy values [formula (C- 
36)], corresponding to k = 1,2,3, ... Each of them is at least (21 + 1)-fold degenerate: 
this is an essential degeneracy related to the fact that the radial equation depends only 
on the quantum number / and not on m (§ A-3). But, in addition, there exist accidental 
degeneracies: equation (C-36) indicates that two eigenvalues Ey, and Ex correspond- 
ing to different radial equations (1’ ¥ 1) are equal if k+1 =k’ +l’. Figure 4, in which the 
first eigenvalues associated with | = 0,1,2 and 3 are shown on a common energy scale, 
clearly reveals several accidental degeneracies. 
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EA 
0 eee 
(n=4) | As 4p 4d 4f 
(n=3) | 3s 3p 3d 
(n=2) 4 2s 2p 
pest ls 
-E, 
1=0 l=1 L=9 1=3 
(s) (p) (d) fp) 


Figure 4: Energy levels of the hydrogen atom. The energy E, of each level depends only 
onn. If n is fixed, several values of | are possible: | =0,1,2, ....—1. To each of these 
values of | correspond (21+ 1) possible values for m: 


EHTEL: 


Consequently, the level Ey, is n*-fold degenerate. 





In the special case of the hydrogen atom, EF; ; does not depend on k and | separately, 
but only on their sum. We set: 


n=k+l (C-46) 
The various energy states are labeled by the integer n (greater than or equal to 1), and 


(C-36) becomes: 


1 

Ey, = — aa (C-47) 
According to (C-46), it is equivalent to specify k and | or n and 1 to determine the 
eigenfunctions. Following convention, from now on we shall use the quantum numbers n 
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and J. The energy is fixed by n, which is called the principal quantum number; a given 
value of n characterizes what is called an electron shell. 

Since k is necessarily an integer which is greater than or equal to 1 (§ 3-c above), 
there is only a finite number of values of | associated with the same value of n. According 
to (C-46), if n is fixed, one can have: 


1=0,1,2,..,7—-1 (C-48) 


The shell characterized by n is said to contain n sub-shells'', each one corresponding to 
one of the values of J given in (C-48). Finally, each sub-shell contains (21 + 1) distinct 
states, associated with the (21 + 1) possible values of m for fixed I. 
The total degeneracy of the energy level E,, is therefore: 
= (n—1)n 3 


gn = DU(Ql+ 1) =2-——— +n=0 
1=0 


(C-49) 
We shall see in Chapter IX that the existence of electron spin multiplies this number by 
2 (if we also take into account the proton spin, which is equal to that of the electron, we 
obtain another factor of 2). 


B. Spectroscopic notation 


For historical reasons (dating from the period, before the development of quantum 
mechanics, in which the study of spectra resulted in an empirical classification of the 
numerous lines observed), letters of the alphabet are associated with the various values 
of |. The correspondence is as follows: 


l= 00s 
l= lop 
I= 2d 
l= 30f 
I= 44g 
alphabetical order (C-50) 


Therefore, spectroscopic notation labels a sub-shell by the corresponding number n fol- 
lowed by the letter that characterizes the value of |. Thus, the ground level [which is 
non-degenerate, according to (C-49)], sometimes called the “K shell”, includes only the 
1s sub-shell; the first excited level, or “LZ shell”, includes the 2s and 2p sub-shells; the 
second excited level (“M shell”) includes the 3s, 3p and 3d sub-shells, etc. (The capi- 
tal letters sometimes associated with the successive shells follow an alphabetical order, 
starting with the letter K.) 





11The concept of a sub-shell can even be found in the semi-classical model of Sommerfeld. This model 
assigns, to each value n of Bohr’s quantum number, n elliptical orbits of the same energy and different 
angular momenta. One of these orbits is circular; it is the one that corresponds to the maximum value 
of the angular momentum. 
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C-4-c. Wave functions 


The wave functions associated with the eigenstates common to L?, L, and the 
Hamiltonian H of the hydrogen atom are generally labeled, not by the three quantum 
numbers k, 1, m, as we have done until now, but by n, | and m [passage from one set 
to the other simply involves use of relation (C-46)]. Since the operators H, L? and L, 
constitute a C.S.C.O. (cf. § A-3), specification of the three integers n,/ and m, which 
is equivalent to that of the eigenvalues of H, L? and L,, unambiguously determines the 
corresponding eigenfunction Yptjm(¥). 


Q. Angular dependence 


As is the case for any central potential, the functions Yyp1,(r) are products of 
a radial function and a spherical harmonic Y;"(6,y). To visualize their angular de- 
pendence on the axis characterized by the polar angles 6 and y, we can measure off a 
distance that is proportional to |~ntm(r, 9, y)|? for any fixed r, that is, proportional to 
[¥" (8, y)|*. Thus, we obtain a surface of revolution about the Oz axis, since we know 
that Y;"(0,~) depends on y only through the factor e””” (§ D-1-b of Chapter VI); con- 
sequently, |Y/"(9, y)|? is independent of y. We can therefore represent its cross-section 
by a plane containing Oz. This is what is done in Figure 5, for m = 0 and! = 0, 1 
and 2 [the corresponding spherical harmonics are given in Complement Ayr, formulas 
(31), (32) and (33)]: Y is a constant, and is therefore spherically symmetric; |Y?|? is 
proportional to cos? 6, and |Y3’|? to (3 cos? 6 — 1)?. 





AZ AZ 











1=0 l 
m=0 m 


1 1=2 
0 m=0 


Figure 5: Angular dependence, Y/"(6,~), of some stationary wave functions of the hy- 
drogen atom, corresponding to well-defined values of | and m. For each direction of polar 
angles 0, y, the value of |Y,"(6, y)|" is recorded; a surface of revolution about the Oz axis 
is thus obtained. When 1 = 0, this surface is a sphere centered at O; it becomes more 
complicated for higher values of l. 
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3/2 
A Ri) x A 


Figure 6: Radial dependence R,i(r) of wave 
functions associated with the first few levels 
of the hydrogen atom. Whenr — 0, Rnu(r) 
behaves like r'; only the s states (for which 
1 = 0) have a non-zero position probability 
at the origin. 











B. Radial dependence 


The radial functions R,,1(r), each of which characterizes a sub-shell, can be cal- 
culated from the results of § C-3-c, paying attention, however, to the change in notation 
introduced by formula (C-46). Figure 6 represents the variation with respect to r of the 
three radial functions given in (C-39): 


Rr=1,1=0 = Rn=1,1=0; Rr=2,1=0 = Rn=2,1=0; Re=1,1=1 = Rn=2,1=1 (C-51) 


The behavior of R,1(r) in the neighborhood of r = 0 is that of r! (see discussion 
of § A-2-c). Consequently, only states belonging to s sub-shells (1 = 0) give a non-zero 
probability of presence at the origin. The greater J, the larger the region around the 
proton in which the position probability of the electron is negligible. This has a certain 
number of physical consequences, particularly in the phenomenon of electron capture by 
certain nuclei, and in the hyperfine structure of lines (cf. Chap. XII, § B-2). 

Finally, we can derive formula (C-11b) for the successive Bohr radii. To do so, 
consider the various states for which 1 = n — 1!%. We calculate the variation with r of 
the probability density for each of the preceding levels in an infinitesimal solid angle dQ 
about a fixed direction of polar angles 6 and y. In general, the position probability for 
the electron in the volume element d°r = r? dr dQ situated at the point (r,0,y) is given 
by: 


d?Prim(t, 9,0) = |Yntm(r, 9, ¥)|? 7? dr dQ 
= |Rnya(r)|r? dr x [¥"(8, y) |? dO (C-52) 


Here, we have fixed 6, y and dQ. The probability of finding the electron between r and 
r+dr, inside the solid angle under consideration, is then proportional to r? |Rn.i(r) |? dr. 
The corresponding density is therefore, to within a constant factor, r? |Rna(r)|? (the 





12These states correspond to the circular orbits of the Sommerfeld theory (cf. note 11). 
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factor r? arises from the expression for the volume element in spherical coordinates). We 
are interested in the case where | = n — 1, that is, k =n —1 = 1; § C-3-c then indicates 
that the polynomial which enters into R,,.(r) contains only one term in (r/ao)"~'. The 
desired probability density is therefore proportional to: 


r? eye d 
fnlr) =) ie 


2n 
( r ) e72r/nao (C-53) 


ao 


I 


This function has a maximum for: 


Tr=T%,= n7a0 (C-54) 


which is the radius of the Bohr orbit corresponding to the energy Ey. 


Finally, the table below gives the expressions for the wave functions of the first 
energy levels: 























1 
1s level Pn=1, l=0, m=0 = e7 7/40 
Ware vey /maz 
1 iS —r/2a 
2s level Pn=2,1=0,m=0 = | SS 0 
/8rae 2a 
Pn=2,1=1 l= : T e-7/200 gin 9 ef? 
n=2,l=1,m=1 — 
ey: 8,/7a3 ao 
2p level Pn=2,1=1,m=0 = a 7/220 cos 8 
Oye 4\/27a3 ao 
1 r —r/2a0 = 
Pn=2,l=1,m=-1 = =e °sinde '¥ 
8/748 4 














References and suggestions for further reading: 


Particle in a central potential: Messiah (1.17), Chap. IX; Schiff (1.18), § 16. 

The Bohr-Sommerfeld atom and the old quantum therory: Cagnac and Pebay- 
Peyroula (11.2), Chaps. V, VI and XIII; Born (11.4), Chap. V, §§ 1 and 2; Pauling 
and Wilson (1.9), Chap. II; Tomonaga (1.8), Vol. I; Eisberg and Resnick (1.3), Chap. 4. 

Hydrogen-like wave functions: Levine (12.3), § 6.5; Karplus and Porter (12.1), 
§§ 3.8 and 3.10; Eisberg and Resnick (1.3), §§ 7.6 and 7.7. 

Degeneracy related to a 1/r potential (dynamical group): Borowitz (1.7), § 13.7; 
Schiff (1.18), § 30; Bacry (10.31), § 6.11. 

Mathematical treatment of differential equations: Morse and Feshbach (10.13), 
Chaps. 5 and 6; Courant and Hilbert (10.11), Vol. I, § V-11. 
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COMPLEMENTS OF CHAPTER VII, READER’S GUIDE 





Aviur : HYDROGEN-LIKE SYSTEMS 


Presentation of various hydrogen-like systems to 
which the calculations of Chapter VII can be 
applied directly. The accent is placed on physical 
discussions and on the influence of the masses 
of the particles involved in the system. Simple, 
advised for a first reading. 





Byir A SOLUBLE EXAMPLE OF A CEN- 
TRAL POTENTIAL: THE ISOTROPIC THREE- 
DIMENSIONAL HARMONIC OSCILLATOR 


Study of another case (a three-dimensional 
harmonic oscillator) in which it is possible to 
calculate exactly the energy levels of a particle in 
a central potential by the method of Chapter VII 
Not theoret- 


ically difficult; may be considered as a worked 


(solution of the radial equation). 


example. 





Cvir : PROBABILITY CURRENTS ASSOCIATED 
WITH THE STATIONARY STATES OF THE 
HYDROGEN ATOM 


Completes the results of § C-4-c of Chapter VII 
of the 
states of the hydrogen atom by calculating their 


concerning the properties stationary 
probability currents. Short and simple, useful for 


Complement Dyit. 





Dvir : THE HYDROGEN ATOM PLACED IN A 
UNIFORM MAGNETIC FIELD. PARAMAGNETISM 
AND DIAMAGNETISM. THE ZEEMAN EFFECT 


Evir : STUDY OF SOME ATOMIC ORBITALS. 
HYBRID ORBITALS 


Fvir VIBRATIONAL-ROTATIONAL LEVELS 
OF DIATOMIC MOLECULES 


Discussion of a certain number of physical phe- 
nomena, using the results of Chapter VII. 


Dvir : the properties of an atom in a magnetic 
field (diamagnetism, paramagnetism, Zeeman 
effect). Moderately difficult, important because 


of the numerous applications. 





Evir: complement intended to introduce the 
concept of an atomic hybrid orbital, essential for 
understanding certain properties of the chemical 
bond. No theoretical difficulty. 


geometrical aspect of wave functions. 


Stresses the 


Fyir: direct application of the theory of Chap- 
ter VII to the study of the vibrational-rotational 
molecules. 


spectrum of heteropolar diatomic 


Sequel to Complements Ay (§ 1) and Cyy; 


moderately difficult. 





Gvir : EXERCISES 





Exercise 2 studies the influence of a uniform 
magnetic field on the levels of a simple physical 
It then 
provides a concrete illustration of the general 


system, in an exactly soluble case. 
considerations of Complements Cyr and Dyqy 
concerning the influence of the paramagnetic and 
diamagnetic terms of the Hamiltonian. 
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Complement Avi 


Hydrogen-like systems 





1 Hydrogen-like systems with one electron ........... 834 
l-a Electrically neutral systems ...............00.-. 834 
1-b Hydrogen-like ions»... 2... 2.0.0.2 20.2..000,. 838 
2 Hydrogen-like systems without an electron.......... 839 
2-a Muonic:- atoms: ¢ syf 5 ale Re eon Eg BE GS Se 839 
2-b Hadroni¢ atoms:: (3 otek soe ae ale fee ee Ae 840 





The calculations of Chapter VII, which enabled us to determine numerous physical 
properties of the hydrogen atom (energy levels, spatial distribution of the wave functions, 
etc.) are based on the fact that the system under study is composed of two particles (an 
electron and a proton) whose mutual attraction energy is inversely proportional to the 
distance between them. There exist numerous other systems in physics that fulfil this 
condition: deuterium or tritium, muonium, positronium, muonic atoms, etc. The results 
obtained in Chapter VII are therefore directly applicable to these examples. All we need 
to do is change the constants introduced in the calculations (masses and charges of the 
two particles). This is what we shall do in this complement, in which we shall study, 
in particular, how the Bohr radius and ionization energy E; are modified in each of the 
systems to be considered. The wave functions associated with their stationary states and 
the corresponding energies will then be obtained by replacing, in formulas (C-39) and 
(C-47) of Chapter VII, ao and FE; by their new values, which give the order of magnitude 
of the spatial extension of the wave functions and the binding energies of these systems. 

We recall the expressions for ag and Ey: 





1 pe 
a9 =Ae— = — (1) 
a pe 
1 a o_ pet 
EE; = ge of = ne (2) 
where jz is the reduced mass of the electron-proton system: 
Mem Me 
p= WE) = eT wm, (1 ) (3) 
Me + Mp Mp 


and e? characterizes the intensity of the attractive potential V(r): 


e2 


V(r) = 


~ [rr — 9 
In the case of hydrogen, we have seen that: 


ag(H) ~ 0.52 A (5a) 
E; ~ 13.6 eV ~ 2.2 x 10718 J (5b) 
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How can we obtain the corresponding values for a system of two arbitrary particles, 
of masses m, and mz, whose attraction energy is: 


Ze? 

V'(r) = -———_ 6 
() =- (6) 
(where Z is a dimensionless parameter)? All we must do is calculate the reduced mass 

of the system by replacing m. and mp by m; and mz in (3): 

myzms2 

ss 7a 
i m1 +™M2 ( ) 


and substitute the result obtained into (1) and (2), being careful to perform the substi- 
tution: 


eras 7 eo (7b) 


This is what we shall do in a certain number of physical examples. 


1. Hydrogen-like systems with one electron 


1-a. Electrically neutral systems 


Q. Heavy isotopes of hydrogen 


The physical systems closest to the hydrogen atom are its two isotopes, deuterium 
and tritium. In these atoms, the proton is replaced by a nucleus having the same charge 
but possessing either one or two neutrons in addition to the proton. The mass of the 
deuterium nucleus is approximately 2m,, and that of the tritium nucleus, 3m). The 
reduced masses therefore become, in these two cases: 











p(deuterium) ~ m,. (: — _ ) (8a) 
P 
Me 
p(tritium) ~ me (1 - ) (8b) 
3Mp 
Since: 
Me 1 
~~ —— <l 9 
fie TSO (9) 


it is clear that the reduced masses of deuterium and tritium are very close to that of 
hydrogen, and that they can be replaced by m, without great inaccuracy. 

If we substitute either (3), or (8a), or (8b) into formulas (1) and (2), we see that the 
Bohr radii and energies of the hydrogen, deuterium and tritium atoms are practically the 
same. Nevertheless, there are slight differences, of the order of a thousandth in relative 
value. These differences can be detected experimentally. For example, with an optical 
spectrograph of sufficient resolution, it can be observed that the wavelengths of the 
lines emitted by hydrogen atoms are slightly greater than those emitted by deuterium, 
which are in turn greater than those emitted by tritium. This slight shift in the emitted 
wavelengths is related to the fact that the nucleus is not infinitely heavy, and does not 
remain fixed while the electron moves; this is called the “nuclear finite mass effect”. 
Experiments have verified that formulas (7a), (1) and (2) account very precisely for this 
effect. 
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B. Muonium 


The muon is a particle whose fundamental properties are the same as those of the 
electron, except for a difference in mass (the mass m,, of the muon is approximately equal 
to 207 m_.). In particular, the muon is not sensitive to nuclear forces (strong interactions). 
There are two types of muons, the y~ and the y+, whose charges are respectively equal 
to those of the electron e~ and the positron! e+. Like all other charged particles, the 
muon is sensitive to electromagnetic interactions. 

We can therefore consider a physical system formed by a w+ muon and an electron 
e_, in which the electrostatic attraction is the same as for a proton and an electron. 
Bound states therefore exist. This is, so to speak, a light isotope of hydrogen, in which 
the + muon replaces the proton. This “isotope” is called muonium (its atomic mass is 
on the order of m,/mp ~ 0.1). 

It is not difficult to use the results in Chapter VII to find the ionization energy 
and Bohr radius associated with muonium; (1), (2) and (7) yield: 


1+ e 
ao(muonium) = dott) ele 





1 
Tm, /my ~ °°) (1 7 00) (10a) 
E;(muonium) = E,(H) Lt me/m 





~ E;(H) (: 3 50) (10b) 


1+ me/mp 


Since the muon is approximately ten times lighter than the proton, the nuclear finite 
mass effect is about ten times greater for muonium than for hydrogen; however, since 
the electron is distinctly lighter than the muon, this effect remains small (on the order 
of 0.5%). For example, the wavelengths of the optical lines emitted by muonium are be 
close to those of the corresponding lines for hydrogen. The frequency of the resonance 
line has been measured with a very high accuracy in 1999 [cf. ref. (11.26)], and has 
shown that the charges of the electron and of the muon are the same within 107°. 

Experimentally, the existence of muonium was revealed by its instability: the ut 
muon decays, emitting a positron and two neutrinos, and the lifetime of muonium is 
2.2 x 10-° s. The positron resulting from this decay can be detected. It is emitted 
preferentially in the direction of the + muon spin? (non-conservation of parity in weak 
interactions). Detection of the positrons then leads to the experimental determination 
of this direction. Since, in addition, the spin of the w+ muon of a muonium atom 
is coupled to that of the electron (hyperfine structure coupling; cf. Chap. XII and 
complements), its precession frequency in a magnetic field is different from that of a free 
muon. Measurement of this frequency thus reveals the existence of muonium atoms. 

The study of muonium is of very great interest, theoretically as well as experi- 
mentally. The two particles which constitute this system are not subjected to strong 
interactions, so that its energy levels (in particular, the hyperfine structure of the ground 
state 1s) can be calculated with great precision, without bringing in any “nuclear cor- 
rection” (for the hydrogen atom, on the other hand, one must take into account the 
internal structure and polarizability of the proton, which are due to strong interactions). 
Comparison between theoretical predictions and experimental results provides a very 
severe test of quantum electrodynamics. For instance, a measurement of the hyperfine 





lIn addition, like e~ and e+, »~ and pt are antiparticles of each other. 
2Like the electron, the muon has a spin of 1/2 with which is associated a magnetic moment M, = 
we 


My 
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structure of muonium can give an excellent determinations of the fine structure constant 
a = e?/Rc. 


aye: Positronium 


Positronium is a bound system composed of an electron e~ and a positron e*. 


Like muonium, it can be said by extension to be an isotope of hydrogen, with the proton 
being replaced by a positron. However, it must be noted that the situation is not quite 
the same: in the hydrogen atom, the proton (which is much heavier than the electron) 
remains almost motionless, while in positronium, the positron, the antiparticle of the 
electron, has the same mass and consequently the same velocity as the electron when the 
center of mass of positronium is fixed (cf. Fig. 1-b). 

According to (7a), the reduced mass associated with positronium is: 


Me 


(positronium) = 5 (11) 
Therefore: 

ao(positronium) ~ 2 a9(H) (12a) 

E;(positronium) ~ 5 Bx(H) (12b) 


Thus, for a given state of positronium, the average electron-positron distance is twice the 

electron-proton distance for the corresponding state of the hydrogen atom (cf. Fig. 1). 
The differences between the energies of the stationary states, however, are twice as small, 
and the optical line spectrum emitted by positronium is obtained by doubling all the 
wavelengths of that of hydrogen. 


Comment: 


One should not conclude from formula (12a) that the radius of positronium is 
twice that of the hydrogen atom. The Bohr radius gives an idea of the extension 





Figure 1: Schematic representation of the 
hydrogen (electron + proton system) and 
positronium (electron + positron system) 
atoms. Since the proton is much heavier 
than the electron, it is located practically at 
the center of mass of the hydrogen atom; 
the electron “revolves” about the proton at 
a distance aj(H). On the other hand, the 
positron is equal in mass to the electron; 
these particles therefore both revolve about 
their center of mass, the distance between 
them being ao (positronium) = 2ao(H). 
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of the wave functions associated with the “relative particle” (cf. Chap. VII, § B), 
whose position r; — Yr is related to the distance between the two particles and not 
to the distance between them and the center of mass G. Figure 1 clearly shows, 
moreover, that the hydrogen and positronium atoms are of equal size. In general, 
all hydrogen-like systems for which the attractive potential is given by (6) with 
Z = 1 have exactly the same radius, since formula (B-5) of Chapter VII shows 
that: 


mg Le 
t-te = — Fr 13 
: . mi + me m4 oo 
Using (1), which gives the order of magnitude of the spatial extension of the wave 
function yioo(r) of the ground state, we see that the “radius” p of the atom can 
be defined by: 


h2 


— 14 
my Ze2 Ce 


p = 
where m is the mass of the lighter particle (the heavier particle is found closer to 
the center of mass). In all the systems considered until now, Z = 1 and m, = m.; 
their radii are therefore the same. We shall see cases later in which the radius p 
is smaller, either because m, # m, or because Z F 1. 


The optical spectrum of positronium has been observed in 1975 [cf. ref. (11-23)]. As 
for the (hyperfine) structure of the ground state (due to the interaction between the magnetic 
moments of the electron and the positron), it has been accurately determined (cf. Comple- 
ment Cxm). 

The fact that positronium, like muonium, is a purely electrodynamic system (neither the 
electron nor the positron is sensitive to strong interactions) explains the importance attached 
to its theoretical and experimental study. 

Let us also point out that positronium is an unstable system. Since the ground state is a 1s 
state, the electron and positron come into contact and annihilate, yielding two or three photons, 
depending on the hyperfine structure level they started from. The study of the corresponding 
decay rate is also of great interest in quantum electrodynamics. 


6.  Hydrogen-like systems in solid state physics 


Atomic physics is not the only domain of application of the theory presented in 
Chapter VII. For example, the “donor atoms” localized in semiconductors constitute 
approximately hydrogen-like systems in solid state physics. 

Consider a silicon crystal; in the silicon lattice, each atom uses its four valence 
electrons to form four tetrahedral bonds with its neighbors. If a pentavalent atom like 
phosphorus (a donor atom) is introduced into the lattice in place of a silicon atom, it 
must lose a valence electron, and its overall charge becomes positive. It then behaves like 
a center which can retain the electron and form a hydrogen-like system with it. Actually, 
the force acting on the electron cannot be calculated directly from Coulomb’s law in a 
vacuum since silicon has a large dielectric constant ¢ ~ 12, so that (4) must be replaced 
by: 

2 


V(r) = (15) 


~ elt: — Po 
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To be completely rigorous, we should have to replace the electron mass by the “effective 
mass” m* of the electron in silicon, which is different from the free electron mass because 
of interactions with the charges of the nuclei in the crystal. Nevertheless, we shall confine 
ourselves to a qualitative discussion, noting that the effect of the high value of ¢ is to 
decrease e? in (15), that is, according to (1), to increase the Bohr radius by a factor on 
the order of 10. The donor atom impurity is therefore similar to a very large hydrogen 
atom, whose wave functions are spread over distances much greater than the unit cell 
length of the silicon lattice. 

Let us briefly describe another hydrogen-like system in solid state physics: the ex- 
citon. Consider a semi-conductor crystal. In the absence of external perturbations, the 
outside electrons of the atoms forming the crystal are all in states belonging to the “va- 
lence band” (the temperature is assumed to be sufficiently low; cf. Complement Cxrv). 
By suitably illuminating the crystal, we can, through the absorption of a photon, cause 
an electron to go into the “conduction band” (which contains a set of energy levels which 
are higher than those of the valence band). There is then one electron missing from the 
valence band. We can treat this band as if it contained a particle of charge opposite 
to that of an electron, called a “hole”. The hole can attract an electron of the valence 
band and form a bound system with it: the exciton. The exciton, like hydrogen, has 
a series of energy levels between which it can undergo transitions. Its existence can be 
demonstrated by a measurement of light absorption by the crystal. 


1-b. Hydrogen-like ions 


The neutral helium atom is composed of two electrons and a positively charged 
nucleus of charge —2q,. Such a system, which consists of three particles, cannot be 
studied with the theory of Chapter VII. However, if an electron is somehow removed 
from the helium atom, the Het ion is similar to a hydrogen atom; the only differences 
are in the nuclear charge, which is twice that of the proton (the total charge of the ion is 
positive and equal to —q,) and its mass (which, for “He, is approximately four times that 
of the proton). Of course, there are other hydrogen-like ions: the Lit* ion (the lithium 
atom, when it is not ionized, has Z = 3 electrons), the Be*** ion (Z = 4), etc... 

Let us then consider a system formed by a nucleus, of mass M and positive charge 
—Zqe, and an electron. If we substitute (7b) in (1) and (2), we obtain: 





ay(Z) ~ 200 (16) 
B,(Z) ~ 2? Ey(H) (17) 


(since M >> me, we have neglected the difference between the reduced mass of hydrogen 
and that of the hydrogen-like ion under study; the consequences of the nuclear finite 
mass effect on ag and Ey; are, in effect, negligible compared to those due to the charge 
variation). Hydrogen-like ions are therefore all smaller than the hydrogen atom, as one 
would expect since the nucleus and the electron are more strongly bound. Moreover, 
their energy increases rapidly with Z (quadratically): for example, the energy which 
must be supplied to a Litt ion to remove its last electron is greater than 100 eV. This is 
why the electromagnetic frequencies that can be emitted or absorbed by a hydrogen-like 
ion fall into the ultraviolet, and even, when Z is large enough, into the domain of X-rays. 
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2. Hydrogen-like systems without an electron 


Thus far, the systems we have considered all include an electron. Nevertheless, there 
exist numerous other particles having the same charge qe, able to form a hydrogen-like 
system with a nucleus of charge —Zq.. We shall give a few examples. The “atoms” 
we are going to describe here are of course less common than the “usual” atoms which 
appear in Mendeleev’s classification. They are unstable, and, in order to study them, it 
is necessary to use high-energy particle accelerators to produce the particles needed for 
their formation. This is why they are sometimes called “exotic atoms”. 


2-a. Muonic atoms 


We have already mentioned some essential features of the muon and pointed out 
the existence of the ~~ muon. When this particle is attracted by a positively charged 
atomic nucleus, it can form a bound system called a “muonic atom”?. 

Consider, for example, the simplest muonic atom, which is composed of a 4~ muon 


and a proton; this is a neutral system whose Bohr radius is: 











he ao(H) 
— pt) Aw 0 18 
ao (ps »P ) = mye? 200 ( ) 
and whose ionization energy is: 
2p me 
Exy(u,p')& OFB ~ 200 E;(H) (19) 


The size of this muonic atom is therefore on the order of several thousandths of an 
Angstrém. Its spectrum is obtained from that of hydrogen by dividing the wavelengths 
by 200; it therefore falls into the domain of soft X-rays. 

What happens if, instead of revolving about a proton, the u~ is captured by a 
nucleus N whose charge is Z times greater, like lead* for example, for which Z = 82? 
Formulas (1) and (2) then yield: 





ag(yi~,N) ~ SO) (20) 
E;(u-, N) ~ 200 Z? E;(H) (21) 


Setting Z = 82 in these formulas, we find for the transitions of the lead muonic atom 
energies equal to several MeV (1 MeV = 10° electron volts). However, it must be noted 
that formulas (1) and (2) are no longer valid in this case, since equation (20) would yield: 


ao(u-,Pb) ~ 3 x 107° A =3 Fermi (22) 





3We could also imagine a bound system composed of a w+ muon and a yz~ muon. However, given 
the low intensity of muon beams that can be produced, such an atom is very difficult to create. 

4Such a system can be formed by directing a ~~ beam onto a target of lead atoms. When a p~ is 
captured by a lead nucleus, it revolves about it at a distance about 200 times smaller than the distance 
to the electrons of the innermost shell of the atom. The nuclear charge is therefore practically the only 
one to affect the muon. Thus, in studying the states of the muonic atom, we can simply ignore the 
electrons. 
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that is, a radius slightly smaller than the radius of the lead nucleus. The calculations of 
Chapter VII are therefore no longer valid. This is because they are based on form (6) of 
the potential V(r), which is correct® only when the particles under study, separated by 
distances much greater than their dimensions, can be considered to be point particles. 
This hypothesis, very well satisfied for hydrogen, is not valid in the case studied here. 

However, (20) and (21) give the correct order of magnitude of the energies and 
radius of the lead muonic atom. The physical consequences of the existence of a non- 
zero spatial extension of the nucleus (“volume effect”) will be studied in greater detail 
in Complement Dx;. We take this occasion to note, however, that one of the reasons 
for interest in muonic atoms is precisely related to this type of effect: the ~~ muon 
“explores”, as it were, the internal structure of the nucleus®, and the energy levels of 
muonic atoms depend on the electrical charge distribution and magnetism inside the 
nucleus (recall that the muon is not sensitive to nuclear forces). Thus, the study of these 
states can furnish information very useful in nuclear physics. 


2-b. Hadronic atoms 


“Hadrons” are those particles sensitive to strong interactions, as opposed to “lep- 
tons”, which are not. Electrons and muons, whose bound states in a Coulomb potential 
we have studied thus far, are leptons. Protons, neutrons and mesons such as the 7 meson, 
etc... are hadrons. Of the latter, those that are negatively charged can form a hydrogen- 
like bound system with an atomic nucleus, called a “hadronic atom”. For example, the 
nucleus-7 meson system yields a “pionic atom”; the nucleus-u~ particle system, a “sig- 
maonic atom”’; the nucleus-K~ meson system, a “kaonic atom”; the nucleus-antiproton 
system, an “antiprotonic atom”, etc... All of the systems just cited have actually been 
observed and studied. They are all unstable, but their lifetimes are long enough for us 
to observe some of their spectral lines. Hydrogen atom theory, which takes into account 
only the electrostatic interaction between the two particles under consideration, does not, 
of course, apply to such systems, in which strong interactions play an important role. 
However, since they are of very short range, strong interactions can be neglected in the 
study of excited states of the hadronic atom (other than the s states), in which the two 
particles are far apart. The theory of Chapter VII is then applicable, as are formulas 
(1) and (2), which, in all these cases, lead to much smaller Bohr radii and much greater 
energies than for hydrogen. Thus, measurement of the spectral frequencies emitted by 
pionic atoms gives a very precise determination of the mass of the 7~ meson. 


References and suggestions for further reading: 


Exotic atoms: see the subsection “Exotic atoms” of section 11 of the bibliography; 
see also Cagnac and Pebay-Peyroula (11.2), Chap. XIX, § 7; Weissenberg (16.19), 
Chap. 4, § 2 and Chap. 6. 

Excitons: Kittel (13.2), Chap. 17, p. 538; Ziman (13.3), § 6.7. 





Inside the nucleus, the potential is approximately parabolic (cf. Complements Av, § 4 and Dxj). 

6The concept of the impenetrability of two solid bodies is macroscopic. In quantum mechanics, 
nothing prevents the wave functions of two particles of different nature from overlapping. 

‘The term “mesic atom” is sometimes used to denote a system involving a meson. Similarly, since 
the =~ is a hyperon (a particle heavier than the proton), the sigmaonic atom is sometimes called a 
“hyperonic atom”. 
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Complement By 


A soluble example of a central potential: the isotropic 
three-dimensional harmonic oscillator 





1 Solving the radial equation. ................... 842 


2 Energy levels and stationary wave functions ......... 845 





In this complement we shall examine a special case of a central potential for which 
the radial equation is exactly soluble: the isotropic three-dimensional harmonic oscillator. 
We have already treated this problem (Complement Ey) by considering the state space 
€, as the tensor product €, ® €, ® €,; this amounts, in the {|r)} representation, to 
separating the variables in Cartesian coordinates. We thus obtained three differential 
equations, one in the x-variable, one in y, and the third in z. Here we intend to seek the 
stationary states that are also eigenstates of L? and L,, by separating the variables in 
polar coordinates. We shall then indicate how the two bases of €, obtained by these two 
different methods are related to each other. 

We shall also study, in Complement Ay, the stationary states of well-defined 
angular momentum of a free particle. This can be considered to be another special case 
of a central potential [V(r) = 0] which leads to an exactly soluble radial equation. 

A three-dimensional harmonic oscillator is composed of a (spinless) particle of mass 
pt subjected to the potential: 


1 
V(x,9;z) = 5H [woa? + wey? + w32z7| (1) 


where wz, wy and w, are real positive constants. The oscillator is said to be isotropic if: 
We, = Wy = Wz =W (2) 


Since the potential (1) is the sum of a function of x alone, a function of y alone 
and a function of z alone, we can solve the eigenvalue equation of the Hamiltonian: 
Pp? 
H=—+V(R) (3) 
2h 
by separating the variables x, y and z in the {|r)} representation. This is what was done 
in Complement Ey. The energy levels, for an isotropic oscillator, are then found to be 
of the form: 


me (n+ 3) i (4) 


where n is any positive integer or zero. The degree of degeneracy g, of the level E,, is 
equal to: 


gn = srt 1Y(n42) (5) 
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and the associated eigenfunctions are: 


B? 3/4 1 B 
EB id Bi 2 
Va snpynegs2) = e 2 nee? 
T {retry tren Inylnz! 


x Hn, (8x2) Hn, (By) Hn.(8z) (6) 





with: 
pa (7) 


[H,(u) denotes the Hermite polynomial of degree p; cf. Complement By]. Yn, n,n, is 
an eigenfunction of the Hamiltonian H with the eigenvalue E,, such that: 


If the oscillator under consideration is isotropic, the potential (1) is a function 
only of the distance r between the particle and the origin: 


V(r) = Spurr? (9) 


Consequently, the three components of the orbital angular momentum L are constants 
of the motion. We want to find the common eigenstates of H, L? and L,. To do so, we 
could proceed, as in Complement Dy, by introducing operators related to right and left 
circular quanta and to “longitudinal” quanta corresponding to the third degree of freedom 
along Oz (an outline of this method is given at the end of this complement). However, 
we prefer to use this example to illustrate the method elaborated in Chapter VII (§ A) 
and solve the radial equation by the polynomial method. 


1. Solving the radial equation 


For a fixed value of the quantum number I, the radial functions R,1(r) and energies Ex) 
are given by the equation: [cf relation (A-21) of Chapter VII ]: 








hei ad? 1 4, Ul+1)r 
Sapa 5 hw r Dae Ry (1) k,l Ry w(r) ( 0) 
We set: 
1 
Ry,u(r) = 7 UT) (11a) 
2uEK,1 
Ek = he (11b) 
Equation (10) then becomes: 
d? eee) 
ae pars ope + €x1| Uei(r) = 0 (12) 





1Separation of the polar variables r, 9, y is possible only for an isotropic oscillator. 
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[where @ is the constant defined in (7)]. We must add the condition at the origin: 
up(0) = 0 (13) 


For large r, (12) virtually reduces to: 


| a - ot] ux(r) =. 0 (14) 


dr? 
The asymptotic behavior of the solutions of equation (12) is therefore dominated by 


e877)? oy eH Br? /2, Only the second possibility is physically acceptable. This leads us 
to the change of functions: 


2.2 
uga(r) =e PT Pye a(r) (15) 
It is easy to find that y,.(r) must satisfy: 


d? d id+1 
qr? Yet — 2B°r YkeL + en, =f = ue Yk,1 = 0 (16a) 


Yr(0) = 0 (16b) 


Now we shall seek y;,;(r) in the form of a power series in r: 


Co 


yr) =r Sy rt (17) 


q=0 


where, by definition, ag is the coefficient of the first non-zero term: 


ay #0 (18) 
When we substitute expansion (17) into equation (16a), the term of lowest order is in 
r>—: its coefficient is zero if: 

[s(s — 1) —1(1+ 1]ap = 0 (19) 


With conditions (18) and (16b) taken into account, the only way to satisfy relation (19) 
is to choose: 


s=l+1 (20) 


(this result could have been predicted; cf. § A-2-c of Chapter VII). The next term in the 
expansion of equation (16a) is in r*—!, and its coefficient is equal to: 


[s(s+1)—-1Ul4+ Dla, (21) 
Since s is already fixed by (20), this coefficient can go to zero only if: 
ay = 0 (22) 
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Finally, let us set the coefficient of the general term in r?** equal to zero: 

(q+ s+ 2)(q+s+1) —1l+ Jag+2 + [ex — B° — 28°(q + 8)|aq = 0 (23) 
that is, using (20): 

(q+ 2)(q +21 + 3)aq42 = [(2q + 21 + 3)B? — exulag (24) 


We therefore obtain a recurrence relation for the coefficients a, of expansion (17). 

Note, first of all, that this recurrence relation, combined with result (22), implies 
that all coefficients aq of odd rank q are zero. As for the coefficients of even rank, they 
must all be proportional to ag. If the value of €, 1 is such that no integer q makes the 
term in brackets on the right-hand side of (24) go to zero, we find the solution y,; of 
(16) in the form of an infinite power series, for which: 


Qg+2 ad 26? 


Og qr q 


(25) 


This behavior is the same as that of the coefficients appearing in the expansion of the 
function e® ” , since: 


ofr” S- Cop VP (26) 
p=0 
with: 
ee 
C2p = “pL (27) 


and, consequently: 


Capt2 & (28) 
Cap P°* Dp 
Since it is 2p that corresponds to the even integer gq of the expansion of y,1, (28) is indeed 
identical to (25). From this, we can see that if (17) really contains an infinite number of 
terms, the asymptotic behavior of yz. is dominated by er which renders this function 
physically unacceptable [cf. relation (15)]. 

The only cases which are interesting from a physical point of view are therefore 
those in which there exists an even integer k, positive or zero, such that: 


Ex, = (2k + 21+ 3) 6? (29) 
Recurrence relation (24) indicates that the coefficients of even rank greater than k are 
then zero. Since all the coefficients of odd rank are also zero, expansion (17) reduces to 
a polynomial, and the radial function u, (7) given by (15) decreases exponentially as r 


goes to infinity. 
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2. Energy levels and stationary wave functions 


Using definitions (7) and (11b), relation (29) gives the energies Ey, associated with a 
given value of I: 


3 
Ex = hw (: +1+ 3) (30) 
where k is any even positive integer or zero. Since Ex, actually depends only on the 
sum: 
n=k+l (31) 


accidental degeneracies appear: the energy levels of the isotropic three-dimensional har- 
monic oscillator are of the form: 


E, = ¢ + 3) Pius (32) 


lis any positive integer or zero, and k is any even positive integer or zero; n can therefore 
take on all integral values, positive or zero. This is in agreement with result (4). 

We shall fix an energy E,,, that is, an integer n, positive or zero. The values of k 
and | which can be associated with it according to (31) are the following: 


(k,l) =(0,n), (2,n—2), ...(n— 2,2), (n,0) if n is even (33a) 
(k,l) =(0,n), (2,n—2), ...(n—3,3), (n-1,1) if nis odd (33b) 


From this, we can immediately get the values of | associated with the first values of n: 


n=0:1=0 

n=1:l=1 

n=2:1=0,2 (34) 
n=3:1=1,3 


n=4:1=0,2,4 


Figure 1 represents, with the same conventions as for the hydrogen atom (cf. Figure 4 
of Chapter VII), the lowest energy levels of an isotropic three-dimensional harmonic 
oscillator. 

For each pair (k,/), there exists one and only one radial function uz7(r), which 
corresponds to (21 + 1) common eigenfunctions of H, L? and L,: 


Petm(®) = ~tea() YI™(8,9) (35) 


Consequently, the degree of degeneracy of the energy FE, under consideration is equal to: 





On2= s (21+ 1) if n is even (36a) 
1=0,2,...,n 

go= S\ (2141) if nisodd (36b) 
1=1,3,...,n 
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E 
n=4 11ha@/2 
n=3 Oha/2 
n=2 Tha/2 
n=1 Sha/2 
n=0 3ha/2 





Figure 1: Lowest energy levels of the three-dimensional harmonic oscillator. When n is 
even, | can take on stl values: l= n, n—2, ..., 0. When n is odd, | can take on 
n+1 





values: l= n,n—2,...,1. With the possible values of m (—l <m <1) taken into 


1 2 
account, the degree of degeneracy of the level Ey, is ven, 





These sums are simple to calculate, and we again obtain result (5): 


n/2 
1 
for even n: gn = Do(4p +1) = s(n + 1)(n+ 2) (37a) 
p=0 
(n—1)/2 1 
foroddn:  gn= Dd. (4p +3) = s(n + I(n+2) (37b) 
p=0 


For each of the pairs (k,/) given in (33), the results of § 1 enable us to determine 
the corresponding radial function uz .(r) (to within the factor ag) and, therefore, the 
(21 +1) common eigenfunctions of H and L?, of eigenvalues E,, and I(1 + 1)h?. We shall 
calculate, for example, the wave functions associated in this way with the three lowest 
energy levels. 


3 
For the ground state Eo = ghw, we must have: 


k=1=0 (38) 


yo,o(r) then reduces to agr. If we choose ap to be real and positive, the normalized 
function yrei=m=o0 can be written: 


p2\7* _o,2 
0,0,0(¥) — (=) eB r /2 (39) 


Since the ground state is not degenerate (go = 1), ¥o,0,0 is the same as the function 
n,=n,=n,=0 Which is found by separating the Cartesian variables x, y, and z [cf. formula 


(6)]. 
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5 
With the first excited state Ey = 3 which is three-fold degenerate, is again 


associated a single pair (k, 1): 
k=0 
{ l=1 (40) 
and yo,1 = aor’. The three functions of the basis defined by L? and L, are therefore: 


8 3/2 —B?r?/2 ym 
0,1,m(r r) = = on 71/4 pre Y} (6, ) m= 1,0, -l (41) 


We know [cf. Complement Avr, formulas (32)] that the spherical harmonics Y7” are such 
that: 


3 
YO, y) = Aan 
4dr 
r 3 
ee | Saye 
G [ 1 | Pe & 
[Yr +Y¥7] = ae y (42) 
a An ° 
and that the Hermite polynomial of order 1 is [cf. Complement By, formulas (18)]: 
Hy (u) = 2u (43) 


Consequently, it is clear that the three functions yo,1,m are related to the functions 
Ynz ny nz Of basis (6) by the equations: 


Pnz=0,ny=0,n,=1 = Pr=0,l=1,m=0 
1 
Prz=1,ny=0,n,=0 = 7) eeiei ala = Pr=0,l=1,m=1] 








a 
Yn,=0,ny=1,n2=0 = A [(Pr=0,l=1,m=—1 + Pr=0,l=1,m=1] (44) 


Finally, consider the second excited state, of energy Ey = Th. It is six-fold 
degenerate, and the quantum numbers & and | can take on the values: 

k=0, 1=2 (45a) 

k=2, 1=0 (45b) 


The function yo,2(r) which corresponds to the values (45a) is simply aor. For the values 
(45b), y2,0 contains two terms; using (24) and (29), we easily find: 


2 
y2,0(r) = aor c = 50%?| (46) 
The six basis functions in the eigensubspace associated with Ep» are thus of the form: 

3/2 

0.2%m(r) = = oe fag : a 7 Vay ng: vr) m = 2,1,0,—-1, -2 (47a) 
et + mi/4 

apr 2 22,2 —B?r? /2 
92,0,0(r) = ee i 3° fo] (47b) 
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Knowing the explicit expressions for the spherical harmonics [formulas (33) of Com- 
plement Ay] and the Hermite polynomials [formulas (18) of Complement By], we can 
easily prove the following relations: 








1 
Prnrinomaa =~ [bm 2,ny=0,n2=0 + Pnz=0,ny=2,n2=0 + Pne=0,ny=0,n2 2| 
1 1 


va lee 0,1=2,m=2 + PR=0,1=2,m 2] Va [Pna=2,ny=0,n2=0 — Ynz=0,ny=2,n2=0| 
1 

















Va [YR=0,1=2,m=2 — Pr=0,1=2,.m=—2] = tn, =1,n,=1,n2=0 








1 
V2 [Pr=0,1=2,m=1 a Pk=0,l=2,m=—1| = —Pn,=1,ny=0,nz=1 
1 . 
va (eHOSe mai + Geto pt mea] — a0 a, S11 
2 1 
Pk=0,l=2,m=0 — 3 Pn,=0,ny=0,n,=2 — 9 Pr2=2,ny=0,n2=0 


1 
— 5 Pns=0,ny=2,n2=0 (48) 


Comment: 


As we pointed out in the beginning of this complement, we can apply a method 
analogous to the one presented in Complement Dy to the isotropic three-dimensional 
harmonic oscillator. If az, ay and a, are the annihilation operators which act in 
the state spaces €,, Ey, and €, respectively, we define: 


ap = 


(az — idy) (49a) 


RS) 
bo 


ay = vate + tidy) (49b) 


It can be shown that a, and a; behave like independent annihilation operators 
(Complement Dy1, § 3-b). The Hamiltonian H and the angular momentum oper- 
ators can then be expressed in terms of a,, aj, a, and their adjoints: 


Hees (1, +N,+N,+ 5) (50a) 
L, =h(N, — Ni) (50b) 
Ly =hvV/2 (ala; — ala.) (50c) 
L_ =hv2 (ala. — alar) (50d) 


The common eigenvectors |¥n,.n,,n.) Of the observables N,, N; and N, can be 
obtained through the action of the creation operators ai, al and al on the ground 
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state |0,0,0) of the Hamiltonian H [this state is unique to within a constant factor; 
cf. formulas (6) and (39)]: 


1 
[Xrop,m1,nz) a 1 1 1 
VMNp-N-Nz: 


According to (50a) and (50b), |xn,,n,n-) is an eigenvector of H and L, with the 
eigenvalues (n,+nj+n,+3/2)hw and (n,—n,)h. The eigensubspace E,, associated 
with a given energy E,, can therefore be spanned by the set of vectors |Xn,.snjn.) 
such that: 


(at)"* (af)"*(at)"=|0, 0, 0) (51) 


Nptuytnze=n (52) 


Of these, the eigenvector of L, with the largest eigenvalue compatible with E,, is 
lXn,0,0); Whose eigenvalue is nf. This ket, according to (50c), satisfies: 


L+|Xn,0,0) =0 (53) 


Consequently’, it is an eigenvector of L? with the eigenvalue n(n + 1)h?, and it 
can be identified with the ket of the {|yx,1,)} basis such that: 


k+l=n 

l=m=n (54) 
Therefore: 

|'Pk=0,l=n,m=n) = IXnp=n,n)=0,n,=0) (55) 





Application of the operator L_ [formula (50d)] to both sides of relation (55) 
yields: 


Panes) _ —|Xn—1,0,1) (56) 


The eigenvalue (n — 2)h of L,, unlike the two preceding ones, is two-fold 
degenerate in €,,: two orthogonal vectors, |¥n—2,0,2) and |Xn—1,1,0) correspond to 
it. Using (50d) again in order to apply L_ to (56), we find that: 


2(n — 1) 


1 
n,n—2) = nn OF Xn 57 
|\20,n,n—2) Dn ay |Xn—2,0,2) Jonni * 1,1,0) (57) 


It can be shown that the action of L; on the linear combination orthogonal to (57) 
yields the null vector. This linear combination must therefore be an eigenvector 
of L? with the eigenvalue (n — 2)(n — 1)h?. This gives, to within a phase factor: 


1 2(n — 1) 


n-2,n-2) > Xn - + Oo. y. 1LXn- 58 
|'22,n—2,n—2) Jin wi * 2,0,2) dn yp Xn-2sb0) (58) 





?This result follows directly from relation (C-7b) of Chapter VI, which, applied to |xn,0,0), yields: 


L?|xn,0,0) = h?(n? + n)|xn,0,0) 
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We can thus relate, by iteration®, the two bases, {|Xn,,n,,n.)} and {|Px,1,m) }- 
Of course, replacing al and al by functions of a! and al, in (51), we can express 
IXn»,ni,nz) a8 a linear combination of the vectors |Yn, »n,,n_) Whose wave functions 
are given by (6). 


References and suggestions for further reading: 


Other soluble examples (spherical square well, etc.): Messiah (1.17), Chap. IX, 
§ 10; Schiff (1.18), § 15; see also Fliigge (1.24), §§ 58 to 79. 





3An argument analogous to the one just outlined will be used in Chapter X to add two angular 
momenta. 
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Complement Cy; 


Probability currents associated with the stationary states of the 
hydrogen atom 





1 General expression for the probability current ........ 851 
2 Application to the stationary states of the hydrogen atom 852 
2-a Structure of the probability current ............0.. 852 
2-b Effect of a magnetic field ................00.0. 853 





The normalized wave functions ~,,1,(r) associated with the stationary states of 
the hydrogen atom were determined in Chapter VII. ynijm(r) is the product of the 
spherical harmonic Y;(6, y) and the function R,,1(r) calculated in § C-3 of that chapter: 


Pnlym(¥) = Rna(r)¥" (8, Pp) (1) 


The spatial variation of the probability density: 


Pnlym(¥) = \Pn,tm(r) |? (2) 


was then studied, at least for the lowest energy states. 

It is important, however, to understand that a stationary state is not characterized 
only by the value of the probability density py 1. (r) at all points of space. We must also 
associate with it a probability current, which can be expressed as: 


h 
Intm(t) = 5 —Fn,tym(¥) VPn,tm(r) + 6. (3) 


Qui 
[we assume here that the vector potential A(r,t) is zero; j denotes the mass of the 
particle]. 

Thus, we can associate with the quantum state of a particle, a “fluid” (called 
the “probability fluid”) whose density at each point of space is p(r). This fluid is not 
motionless; it is in a state of flow characterized by the current density J. In a stationary 
state, p and J are not time-dependent: the fluid is in a steady state of flow. 

To complete the results of Chapter VII concerning the physical properties of the 
stationary states of the hydrogen atom, we shall now study the probability currents 
Jy. bat): 


1. General expression for the probability current 


Consider an arbitrary normalized wave function (r). We introduce the real quantities 
a(r) [the modulus of w(r)] and €(r) [the argument of w(r)] by setting: 


V(r) = a(r) (4) 
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with: 
a(r)>0 ; O<€(r) < 20 (5) 


If we substitute (4) into the expressions for the probability density p(r) and the 
current J(r), we obtain [still assuming the vector potential A(r) to be zero]: 


p(r) = a7(r) (8) 
J(r) = wa(2) Vé(r) (7) 


Therefore, p(r) depends only on the modulus of the wave function, while J(r) brings in 
its phase [for example, J(r) is zero if this phase is constant throughout all space}. 


Comment: 


If the wave function w(r) is given, it is obvious that p(r) and J(r) are perfectly well- 
defined. Conversely, is there always one and only one function ~(r) corresponding to 
given values of p(r) and J(r)? 


According to (6), the modulus a(r) of the wave function can be obtained directly’ from 
p(r); the argument €(r) must satisfy the equation: 


uS(r) 
Vé(r) = =—-< 8 
() = fo (8) 
We know that such an equation has a solution only if: 
J(x) 
Vx —~=0 9 
ate) e 


It then has an infinite number of solutions, which differ from each other by a constant. 
Since this constant corresponds to a global phase factor, it follows, if condition (9) is sat- 
isfied, that the wave function of the particle is perfectly well-defined by the specification 
of p(r) and J(r). If condition (9) is not fulfilled, no wave function exists that corresponds 
to the values of p(r) and J(r) under consideration. 


2. Application to the stationary states of the hydrogen atom 


2-a. Structure of the probability current 


When the wave function has the form of (1), where R,,1(r) is a real function and 
Y(0,y) is the product of e’””” and a real function, we have: 


On Tan (E) ad |Rnw(r)| ly" (8, y)| 
En,l,m(r) = mp (10) 


Applying (7) and using the expression for the gradient in polar coordinates, we get: 


= h Pn,l,m(¥) 
Jntm(r) => py m "ati. e,(r) (11) 





1Of course, in order to be a probability density, p(r) must be positive everywhere. 
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Spr SS 
eee oes : : Figure 1: Structure of the probability current 
“ re an % associated with a stationary state |~nim) of 
io ae ; N, * s the hydrogen atom (shown in a plane perpen- 
a ™ { \ { dicular to Oz). The index m refers to the 
l | ac oe ee eigenvalue mh of L,. If m > 0, the probabil- 
| \ I ae a a ity fluid rotates counterclockwise about Oz; 
SO Wes a ae: ifm <0, clockwise. If m = 0, the probabil- 
mma aie ity current is zero at all points of space. 
Seas beste, 
Tau pH * 





where e,(r) is the unit vector that forms with Oz and r a right-handed Cartesian coor- 
dinate frame. 

Probability current variations in a plane perpendicular to Oz are shown in Figure 1. 
According to (11), the current at each point M is perpendicular to the plane defined by 
M and the Oz axis: the probability fluid rotates about Oz. Since |J| is not proportional 
to rsin6 p(r), the system does not rotate as a whole. The eigenvalue mh of the observable 
L,, can be interpreted as the classical angular momentum associated with this rotational 
motion of the probability fluid. The contribution of the volume element d?r, situated at 
the point r, to the angular momentum with respect to the origin can be written: 


dL = pr X Intm(r) der (12) 


By symmetry, the resultant of all these elementary momenta is directed along Oz; it is 
equal to: 


L, = p far e.-([t X Jnum(r)| (13) 


Using expression (11) for Jnim(r), we easily obtain: 
L= pf ar r\Jn,t,m(r)| sin 6 


= mh f ar posm(t) 
= mh (14) 


2-b. Effect of a magnetic field 


The results obtained thus far are valid only if the vector potential A(r) is zero. 
Let us examine what happens when this is not the case. Imagine, for example, that we 
place the hydrogen atom in a uniform magnetic field B. This field can be described by 
the vector potential: 
1 


A(r) = ~5F x B (15) 
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What is the probability current associated with the ground state? 

For simplicity, we shall assume that the magnetic field B does not modify the wave 
function of the ground state”. The probability current can then be calculated from the 
general expression for J [cf. relation (D-20) of Chapter III]. This yields: 


Jnim(r) = x {html By — Ac] Pn,tym(r) + cosh 
= j Prsul®) [RV En im(r) — g(t) (16) 


For the ground state and a field B directed along Oz, we obtain, using (15): 
We 
Jioo(r) = > P1,0,0(1) ez xr (17) 


where the cyclotron frequency w, is defined by: 


qB 
Lb 


We = (18) 

Therefore, the probability current of the ground state is not zero in the presence of 
a magnetic field as it is when B = 0. Expression (17) indicates that the probability fluid 
rotates as a whole about B with the angular velocity w,/2. Physically, this result arises 
from the fact that when the magnetic field B is turned on, a transient electric field E(t) 
must exist. Under its influence, the electron, while remaining in the ground state, goes 
into rotation about the proton, with an angular velocity depending only on the value of 
B (and not on the precise way in which the field was turned on during the transition 
period). 


Comment: 


The particular choice of gauge made in (15) allowed us, with only a negligible error, to 
retain the same wave functions we used in the absence of a field (cf. footnote 2). With 
another gauge, the wave functions would have been different (cf. Complement Hy) 
and, in (16), the term containing A(r) explicitly would not have been the only one to 
contribute to the value of J(r), to first order in B. Nevertheless, we would have found 
(17) at the end of the calculation, since the physical result must not be gauge-dependent. 





2Since the Hamiltonian H depends on B, this is obviously not rigorously correct. Nevertheless, by 
considering the expression for H [cf. formulas (6) and (7) of Complement Dyt], we can show that, for 
the gauge chosen in (15) and B directed along Oz, the functions y,,1,(r) are eigenfunctions of H to 
within a term of second order in B. By using the perturbation theory of Chapter XI, one can show that, 
for magnetic fields normally produced in the laboratory, this second-order term is negligible. 
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In Chapter VII, we studied the quantum mechanical properties of a free hydrogen 
atom, that is, of the system formed by an electron and a proton exerting an electrostatic 
attraction on each other but not interacting with any external field. This complement 
is devoted to the study of the new effects that appear when this atom is placed in a 
static magnetic field. We shall confine ourselves to the case in which this field is uniform, 
as it always is, moreover, in practice, since the magnetic fields that can be produced 
in the laboratory vary very little in relative value over distances comparable to atomic 
dimensions. 

We have already studied the behavior of an electron subjected either to an electric 
field alone (cf. for example, Chapter VII) or to a magnetic field alone (cf. Comple- 
ment Evy). Here, we shall generalize these discussions by calculating the energy levels of 
an electron subjected both to the influence of the internal electric field of the atom and to 
an external magnetic field. Under these conditions, the exact solution of the Schrédinger 
equation may seem to be a very complicated problem. However, we shall see that this 
problem can be simplified considerably by means of certain approximations. In the first 
place, we shall totally neglect the nuclear finite mass effect'. Then we shall use the fact 
that, in practice, the effect of the external magnetic field is much smaller than that of 
the internal electric field of the atom: the atomic level shifts due to the magnetic field 
are much smaller than the energy separations in a zero field. 

The discussion presented in this complement will enable us to introduce and explain 
certain effects which are important in atomic physics. We shall see, in particular, how 
atomic paramagnetism and diamagnetism appear in the quantum mechanical formalism. 





1¥or the hydrogen atom, such an approximation is justified by the fact that the proton is considerably 
heavier than the electron. For muonium (cf. Complement Ayzz), the approximation is not as good and 
it becomes totally inapplicable for the case of positronium. Moreover, in the presence of a magnetic 
field, it is not possible to separate the motion of the center of mass rigorously. If one wished to take the 
nuclear finite mass effect into account in this complement, it would not suffice to replace the mass me 
of the electron by the reduced mass yp of the electron-proton system. 
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In addition, we shall be able to predict the modifications occurring in the optical spectrum 
emitted by hydrogen atoms when they are placed in a static magnetic field (the Zeeman 
effect). 


1. The Hamiltonian of the problem. The paramagnetic term and the 
diamagnetic term 


l-a. Expression for the Hamiltonian 


Consider a spinless particle, of mass m, and charge q, subjected simultaneously to 
a scalar central potential V(r) and a vector potential A(r). Its Hamiltonian is: 





1 2 
= P—qA 
Bo >5 ee (1) 
When the magnetic field B = V x A(r) is uniform, the vector potential A can be 
put into the form: 


1 
A(r) = ~5t x B (2) 
To substitute this expression into (1), we shall calculate the quantity: 


[P — gA(R)]? =P? + SIP -(R x B)+(R x B)-P]+ TR x B)? (3) 


Now, B is actually a constant, and not an operator. All observables therefore commute 
with B, so we can write, using the rules of vector calculus: 





[P — gA(R)]? = P? + 5(B -(P x R)-(Rx P)-B]+ “Rep? —(R-B)?| (4) 


On the right-hand side of this expression, the angular momentum L of the particle 
appears: 
L=RxP=-PxR (5) 


We can therefore write H in the form: 








H=Hj+ H+ He (6) 
where Ho, H, and Hp are defined by: 
p2 
Ho = oe +V(R) (7a) 
= -L -B (7b) 
2-2 
ie R2 (7c) 


In these relations, 4g denotes the Bohr magneton (whose dimensions are those of a 
magnetic moment): 


_ gh 
RES 2Me 


(8) 
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and the operator R, is the projection of R onto a plane perpendicular to B: 


(RB)? 


2 2 
Ri =R?- 


(9) 
If we choose a system of orthonormal axes Oxyz such that B is parallel to Oz, we have: 


R2 = X*+Y? (10) 


Comment: 
When the field B is zero, H becomes equal to Ho, which is the sum of the kinetic energy 
P?/2m, and the potential energy V(R). Nevertheless, we must not conclude from this 
that when B is not zero, P?/2m, still represents the kinetic energy of the electron. We 
have seen (cf. Complement Hr) that the physical meaning of operators acting in the 
state space changes when the vector potential is not zero. For example, the momentum 
P no longer represents the mechanical momentum II = m,.V, and the kinetic energy is 
then equal to: 
= pay (11) 
WmMe W%WMe 2 
The meaning of the term P? /2me, taken alone, depends on the gauge chosen. With the 
one defined by (2), it can easily be shown to correspond to the “relative” kinetic energy 
Ir? /2me, where IIz is the mechanical momentum of the particle with respect to the 
“Larmor frame” rotating about B with angular velocity wr = —qB/2m.e. The term H2 
then describes the kinetic energy II}, /2m- related to the velocity of the frame. As for 
#1, it corresponds to the cross term IIg - Ig/me. 


1-b. Order of magnitude of the various terms 


In the presence of the magnetic field B, two new terms, H; and Ho, therefore 
appear in H. Before examining their physical meaning in greater detail, we shall calculate 
the order of magnitude of the energy differences AE (or the frequency differences AF’/h) 
associated with them. 

As far as Hp is concerned, we already know the corresponding energy differences 
AE (cf. Chap. VII). The associated frequencies are of the order of: 


AEFo 


; ~10' to 10'° Hz (12) 


Also, by using (7b), we see that AF) is approximately given by: 


On 





hh 


AE 1 

1 (= nB) a (13) 
A 

where wz, is the Larmor angular velocity?: 


qB 
2Me 





wp, = 





?Note that the Larmor frequency > is half the cyclotron frequency. 
us 
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A simple numerical calculation shows that, for an electron, the Larmor frequency is such 
that: 


“ESE ~ 1.40 x 10! Hz/tesla = 1.40 MHz/gauss (15) 
B 2nB 


Now, with the fields usually produced in the laboratory (which rarely exceed 100,000 gauss), 
we have: 


SE < 10! Hz (16) 
2 


Comparing (12) and (16), we see that: 
AE, « AEy (17) 
Let us show, similarly, that: 
AF, < AE, (18) 


To do so, we shall evaluate the order of magnitude AF» of the energies associated with 
Hy. The matrix elements of the operator R? = X*+4Y°? are of the same order of 
magnitude as a?, where ap = h?/m-e? characterizes atomic dimensions. Thus we obtain: 


q’ B? 2 


AF»> = ao (19) 





e 


We then find the ratio: 





DT 3 QAR I qB maa 
~ = 2h 
AF, 


Me %0 hwy Mme h? 
Now, according to formulas (C-12a) and (C-12b) of Chapter VII: 


h2 


Meas 





Relation (20) therefore yields, with (13) taken into account: 


AE» ~ AF, 
AE, AEo 








(22) 


which, according to (17), proves (18). 

Therefore, the effects of the magnetic field always remain, in practice, much smaller 
than those due to the internal field of the atom. Moreover, it is generally sufficient, when 
we study them, to retain only the term H,, compared to which Hp is negligible (H» will 
be taken into account only in the special cases in which the contribution of Hj is zero)°. 





3The Zeeman effect of a three-dimensional harmonic oscillator can be calculated without approxi- 
mations (cf. problem 2 of Complement Gyyz). This is true because V(R) and H2 then have analogous 
forms. This example is interesting since it enables us to analyze the contributions of Hi and H2 ina 
soluble case. 
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1-c. Interpretation of the paramagnetic term 

Consider, first of all, the term H; given by (7b). We shall see that it can be 
interpreted to be the coupling energy —M, - B of the field B and the magnetic moment 
M, related to the revolution of the electron in its orbit. 

For this purpose, we shall begin by calculating the magnetic moment M classically 
associated with a charge g in a circular orbit of radius r (Fig. 1). If the speed of the 


particle is v, its motion is equivalent to a current: 
v 
i= qz=— (23) 


2nr 


Since the surface S defined by this current is: 
S =r? (24) 
the magnetic moment M is given by: 


IM| =ix S= Srv (25) 





M 


Figure 1: Classically, the motion of an elec- 
tron in its orbit can be regarded as a current 
loop of magnetic moment M. 





Introducing the angular momentum L, which, since the velocity is tangential, has a 
modulus of: 


|L| = merv (26) 


we can write (25) in the form: 





qd 
i L£ 27 
MM om. (27) 
(this is a vector relation since £ and M are parallel, as both are perpendicular to the 
plane of the classical orbit). 
The quantum mechanical analogue of (27) is the operator relation: 





MS (28) 
2Me 
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We can therefore write H, in the form: 
H,=—-M,-B (29) 


This confirms the interpretation given above: H, corresponds to the coupling between 
the magnetic field B and the permanent atomic magnetic moment (M, is independent 
of B). Hj is called the paramagnetic coupling term. 


Comments: 


(i) According to (28), the eigenvalues of any component of the magnetic moment 
M; are of the form: 





(52. ) » (mh) = mun (30) 


2Me 


where m is an integer. jsp therefore gives the order of magnitude of the 
magnetic moment associated with the orbital moment of the electron. This 
is why definition (8) is useful. In the MKSA system: 


Up ~ —9.27 x 10~*4 Joule/tesla (31) 


(ii) As we shall see in Chapter IX, the electron possesses, in addition to the orbital 
angular momentum L, a spin angular momentum S. With this observable is 
associated a magnetic moment, Mg, proportional to S: 


Ms = 22s (32) 


Although the magnetic effects due to the spin are important, we shall ignore 
them for now (we shall return to them in Complement Dx). 


(iit) The classical argument presented above is not completely correct. We have 
confused the angular momentum: 


L=rxp (33) 
with the moment of the mechanical momentum: 
A=rxmv=L-q x A(r) (34) 


In fact, the error is small. As we shall see in the next section, it simply 
amounts to neglecting H2 relative to Hy. 


1-d. Interpretation of the diamagnetic term 


Consider a zero angular momentum state of the hydrogen atom (for example, the 
ground state). The correction supplied by H, to the energy of this state is also zero. 
Thus, to determine the effect of the field B, we must now take into account the presence 
of Hz. How should the corresponding energy be interpreted? 
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We have seen (cf. Complement Cyr, § 2-b) that, in the presence of a uniform 
magnetic field, the probability current associated with the electron is modified. This 
current is cylindrically symmetric with respect to B. It corresponds to a uniform rotation 
of the probability fluid, clockwise if q is positive and counterclockwise if q is negative. 
With the corresponding electric current is then associated a magnetic moment (M2) 
antiparallel to B, and, therefore, a positive coupling energy, which explains the physical 
origin of the term Ho. 

To see this more precisely, we shall return to the classical argument of the preceding 
section, taking into account the fact [cf. comment (ii2) of § 1-c] that the magnetic moment 
Mis in fact proportional to A = r x mev (and not to £ =r x p): 








q,_ 4 
2Me 2Me 


M= [£ — qr x A(r)] (35) 
When CL is zero, M reduces, in gauge (2), to: 
2 2 


— 4 _ | : aed 
Mo = 7-8 x (rxB)= 7|(r B)r —r°B (36) 








M, is proportional to the value of the magnetic field*. It therefore represents the moment 
induced by B in the atom. Its coupling energy with B is: 


B 
1 
W2 = -{ M2,(B’) - dB’ = ~3M@2(B) -B 
0 
g 272 2 
= — |r*B* -(r.B 
8Me [r eB) 
g 2 p2 
= 7B 37 
8me + (37) 
as we found in (7c). Therefore, the interpretation given above has been confirmed: Hp» 
describes the coupling between the field B and the magnetic moment Mg induced in the 
atom. Since the induced moment, according to Lenz’ law, opposes the applied field, the 
coupling energy is positive. H>2 is called the diamagnetic term of the Hamiltonian. 


Comment: 


As we have already pointed out [cf. (18)], atomic diamagnetism is a weak phe- 
nomenon which is concealed by paramagnetism when both are present. As is 
shown by (37) (and the calculations of § 1-b), this result is related to the small 
size of the atomic radius: for magnetic fields of the type usually produced, the 
magnetic flux intercepted by an atom is very small. It must not be concluded 
that we can always neglect H2 relative to H,, whatever the physical problem. For 
example, in the case of a free electron (for which the radius of the classical orbit 
would be infinite in a zero magnetic field), we saw in Complement Ey; that the 
contribution of the diamagnetic term is as important as that of the paramagnetic 
term. 





4Mzg is not collinear with B. However, it can be shown that, in the ground state of the hydrogen 
atom, the mean value (Mo) of the operator associated with Mz is antiparallel to B. This is in agreement 
with the result obtained above from the structure of the probability current. 
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2. The Zeeman effect 


Now that we have explained the physical significance of the various terms appearing 
in the Hamiltonian, we shall look more closely at their effects on the spectrum of the 
hydrogen atom. More precisely, we shall examine the way in which the emission of the 
optical line called the “resonance line” (A ~ 1 200 A) is modified when the hydrogen 
atom is placed in a static magnetic field. We shall see that this changes not only the 
frequency, but also the polarization, of the atomic lines: this is what is usually called the 
“Zeeman effect”. 

Important comment: In reality, because of the existence of electron and proton 
spins, the resonance line of hydrogen includes several neighboring components (fine and 
hyperfine structure; cf. Chap. XII). Moreover, the spin degrees of freedom profoundly 
modify the effect of a magnetic field on the various components of the resonance line 
(the Zeeman effect of the hydrogen atom is sometimes called “anomalous”). Since we are 
ignoring the effects of spin here, the following calculations do not truly correspond to the 
real physical situation. However, they can easily be generalized to take spins into account 
(cf. Complement D x11). Moreover, the results we shall obtain (the appearance of several 
Zeeman components of different frequencies and polarizations) remain qualitatively valid. 


2-a. Energy levels of the atom in the presence of a magnetic field 


The resonance line of hydrogen corresponds to an atomic transition between the 
ground state 1s (n = 1;1 = m = 0) and the excited state 2p (n = 2;1 = 1;m = +1,0,-1). 
While the angular momentum is zero in the ground state, it is not so in the excited state; 
in calculating optical line modifications in the presence of the magnetic field B, we 
therefore make a small error by neglecting the effects of the diamagnetic term H2, which 
amounts to taking Ho + H, for the Hamiltonian. 

We denote by |¥n,1,m) the common eigenstates of Ho (eigenvalue FE, = —E7/n”), 
L? [eigenvalue I(1 + 1)h?] and L, (eigenvalue mh). The wave functions of these states 
have been calculated in Chapter VII: 


Pn,tm(7, 8, p) = Rawr) ¥/"(9, ¢) (38) 
We choose the Oz axis parallel to B; it is not difficult to see that the states |Yn1,m) are 
then also eigenvectors of Ho + Hy: 


(Ho ale 1) |Pn,tzm) = (40 _ “7 BL,) Verttme) 


=z (En _ muUBB)|~n,t,m) (39) 
If we neglect the diamagnetic term, the stationary states of the atom placed in the field 


B are therefore still the |y~p 1m); only the corresponding energies are modified. 
In particular, for the states involved in the resonance line, we see that: 


(Ho + H1)\¥1,0,0) = —Er|¢1,0,0) (40a) 
(Ho + A1)|2,15m) = [—Er + (OQ + mwz)] |¥2,1,m) (40b) 
where: 
Ey — Ey 3E7 
a h Ah (41) 


is the angular frequency of the resonance line in a zero field. 
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2-b. Electric dipole oscillations 
Q. Matrix elements of the operator associated with the dipole 
Let: 
D=qR (42) 


be the electric dipole operator of the atom. To calculate the mean value (D) of this 
dipole, we begin by evaluating the matrix elements of D. 

Under reflection through the origin, D is changed into —D: the electric dipole is 
therefore an odd operator (cf. Complement Fy). Now, the states |Yn1,m) also have a 
well-defined parity: since their angular dependence is given by Y/"(6,y), their parity is 
+1 if] is even and —1 if 1 is odd (cf. Complement Ay). It follows, in particular, that: 


(¥1,0,0/D|¥1,0,0) = 0 
($2,1,m’|D|¥2,1;m) = 0 


for all m and m’. 

The non-zero matrix elements of D are therefore necessarily non-diagonal elements. 
To calculate the matrix elements ((y2,1,m|D|¢1,0,0), it is convenient to note that x, y and 
z can easily be expressed in terms of the spherical harmonics: 


r= [re [Yr *(,~) — Y'(6, 9)] 


y= iy Er [yes y) + Yi(8, ¢)| (44) 


An 
= >¥6.9) 


In the expressions for the desired matrix elements, we therefore have: 





(43) 


— on the one hand, a radial integral, which we shall set equal to x: 


=> ~ Tr iT re Tr 
ra [ Ro.(r) Rio(r) rd (45) 


— and on the other hand, an angular integral that, thanks to relations (44), reduces 
to a scalar product of spherical harmonics, which can be calculated directly from 
their orthogonality relations. We obtain, finally: 


qx 
y2,1,1|Dxl¥1,0,0) = —(¥2,1,-11D«l¢1,0,0) = —— 
v6 (46a) 
(¥2,1,0|Dzx|¥1,0,0) = 0 


D D qx 
(¢2, lity ¥1,0,0) = (2,1,-1 ylP1,0,0) nae Je (46b) 


(v2,1,0|Dy|¥1,0,0) = 9 


(v2,1,1|Dz|¥1,0,0) = (¥2,1,-1|Dz|¥1,0,0) = 9 


(46c) 
(p2,1,0|Dz|¥1,0,0) = a 
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B. Calculation of the mean value of the dipole 


The results of § 2-b-a indicate that, if the system is in a stationary state, the mean 
value of the operator D is zero. Let us assume, rather, that the state vector of the system 
is initially a linear superposition of the ground state 1s and one of the 2p states: 


lWm(0)) = cosa |¥1,0,0) + sin a |Y2,1,m) (47) 


with m = +1, 0 or —1 (a is a real parameter). We then immediately obtain the state 
vector at time t: 


[Wm (t)) = COSa@ |?1,0,0) + sin @ e  Q+muz )t \(p2,1,m) (48) 


we have omitted the global phase factor e’#7*/", which is of no physical consequence). 
& 


To calculate the mean value of the electric dipole: 


(D)m(t) = (Ym(t)|D|Ym(t)) (49) 


we shall use results (46) and (48), and cite three cases: 
(i) if m = 1, we obtain: 


qx 


(Dz)1 = “6 sin 2a cos [(Q + wz)t] 
(Dy). = i sin 2a sin [(Q + wz)E] (50) 


(D,)1 =0 


The vector (D)j(t) therefore rotates in the zOy plane about the Oz axis, in the coun- 
terclockwise direction and with the angular velocity Q+ wy. 
(ii) if m = 0: 


(Dz)o => (Dy)o =0 


51 
(Dz)0 = ai sin 2a cos Qt ey 


The motion of (D)o(t) is now a linear oscillation along the Oz axis, of angular frequency 
Q. 


(itt) if m = —1: 
(Dz)-1 = ai sin 2a cos [(@ — wz)] 
(Dy)-1= Te sin 2a sin [(Q — wz)E] (52) 


(Dz)-1 =0 


The vector (D)_i(t) again rotates in the xOy plane about Oz, but this time in the 
clockwise direction and with the angular velocity Q — wy. 
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2-c. Frequency and polarization of emitted radiation 


In the three cases (m = +1, 0 and —1), the mean value of the electric dipole is an 
oscillating function of time. It is clear that such a dipole radiates electromagnetic energy. 

Since the atomic dimensions are negligible compared to the optical wavelength, 
the atom’s radiation at great distances can be treated like that of a dipole. We shall 
assume that the characteristics of the light emitted (or absorbed) by the atom during 
transition between a state |(y2,1,m) and the ground state are correctly given by the clas- 
sical calculation of radiation of a dipole equal to the mean quantum mechanical value 
(D) m(t)- 

To state the problem precisely, imagine we want to study the radiation emitted 
by a sample containing a great number of hydrogen atoms, which have somehow been 
excited into a 2p state. In most experiments actually performed, the excitation of the 
atoms is isotropic, and the three states |y2,1,1), |~2,1,0) and |y2,1,-1) occur with equal 
probability. Therefore, we shall begin by calculating the radiation diagram for each of 
the cases cited in the preceding sections. Then we shall obtain the radiation actually 
emitted by the atomic system by taking, for each spatial direction, the sum of the light 
intensities emitted in each case. 

(2) If m = 1, the angular frequency of the emitted radiation is (Q+wy). The optical 
line frequency is therefore slightly shifted by the magnetic field. In accordance with the 
laws of classical electromagnetism applied to a rotating dipole such as (D)1(t), the radi- 
ation emitted in the Oz direction is circularly polarized (the corresponding polarization 
is called 01). However, the radiation emitted in a direction of the Oy plane is linearly 
polarized (parallel to this plane). In other directions, the polarization is elliptical. 

(ii) If m = 0, we must consider a dipole oscillating linearly along Oz, with angular 
frequency 9, that is, the same as in a zero field. The wavelength of the radiation is 
therefore not changed by the field B. Its polarization is always linear, whatever the 
propagation direction being considered. For example, for a propagation direction situated 
in the zOy plane, this polarization is parallel to Oz (a polarization). No radiation is 
emitted in the Oz direction (an oscillating linear dipole does not radiate along its axis). 

(iit) If m = —1, the results are analogous to those for m = 1. The only difference 
is that the angular frequency of the radiation is (Q — wz) instead of (Q + wz), and the 
dipole rotates in the opposite direction; this changes, for example, the direction of the 
circular polarization (o_ polarization). 


If we now assume that there are equal numbers of excited atoms in the three states 
m = +1, 0 and —1, we see that: 





— in an arbitrary spatial direction, three optical frequencies are emitted: 0/27, (Q+ 
wy) /27. The polarization associated with the first one is linear, and that associated 
with the others is, in general, elliptical; 


— in a direction perpendicular to the field B, the three polarizations are linear (cf. 
Fig. 2). The first one is parallel to B, and the other two are perpendicular. The 
intensity of the central line is twice that of each of the shifted lines [cf. formulas 





5If we wanted to treat the problem entirely quantum mechanically, we should have to use the quantum 
mechanical theory of radiation. In particular, the return of the atom to the ground state by spontaneous 
emission of a photon could only be understood in the framework of this theory. However, the results we 
shall obtain here semi-classically would remain essentially valid as far as radiation is concerned. 
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Figure 2: The Zeeman components of the 

resonance line of hydrogen observed in a di- 

rection perpendicular to the magnetic field 

a /| a B (ignoring electron spin). We obtain a 
component of unshifted frequency Q/21, po- 

larized parallel to B, and two components 

v shifted by +w,/27, polarized perpendicularly 

Q/2n to B. 








(50), (51) and (52)]. In a direction parallel to B, only the two shifted frequencies 
(Q + wz)/2m are emitted, and the associated light polarizations are both circular 
but opposite in direction (cf. Fig. 3). 





Comment: 


The atom therefore emits 0, polarized radiation in going from the state |(2,1,1) to 
the state |~1,9,0), o— in going from |y~21,-1) to |~1,0,9), and 7 in going from |y21 9) 
to |yi,0.0). Formulas (46) furnish a simple rule for finding these polarizations. 
Consider the operators D, + 1Dy, Dy —1Dy and D,; their only non-zero matrix 
elements between the 2p and 1s states taken in this order are: 


(p2,1,1|Dz + tDy|¢1,0,0);  (2,1,-1|Dz — tDy|¥1,0,0) 
and (2,1,0|Dz|"1,0,0) 


To the o,, o_ and 7 polarizations, therefore, correspond the operators Dz + iDy, 
D, —iD, and D,, respectively. This is a general rule: there is emission of electric 
dipole radiation when the operator D has a non-zero matrix element between the 
atom’s initial state and its final state. The polarization of this radiation is o1, 
o— or m depending on whether the non-zero matrix element® is that of D, + iDy, 
D, —iDy or Dz. 








Figure 3: When the observation is carried 
out along the direction of the field B, only 
wD G two Zeeman components are obtained, cir- 
cularly polarized in opposite directions and 


shifted by twz /2r. 








6The order of the states in the matrix element must be respected in order not to confuse o+ with 
Oi 
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References and suggestions for further reading: 


Paramagnetism and diamagnetism: Feynman II (7.2), Chaps. 34 and 35; Cagnac 
and Pebay-Peyroula (11.2), Chaps. VIII and IX; Kittel (13.2), Chap. 14; Slater (1.6), 
Chap. 14; Fliigge (1.24), §§ 128 and 160. 

Dipole radiation: Cagnac and Pebay-Peyroula (11.2), Annex II; Panofsky and 
Phillips (7.6), § 14-7; Jackson (7.5), § 9-2. 

Angular momentum of radiation and selection rules: Cagnac and Pebay-Peyroula 
(11.2), Chap. XI. 
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1. Introduction 


In § C of Chapter VII, we determined an orthonormal basis of stationary states for the 
electron of the hydrogen atom. The corresponding wave functions are: 


Yn tym(r) = Rnwr) Y"(9, Y) (1) 


and the quantum numbers n,1,m refer, respectively, to the energy E, = —E;/n?, the 
square of the angular momentum [(/ + 1)h?, and the Oz-component of the angular mo- 
mentum mh. 

By linearly superposing stationary states of the same energy, that is, of the same 
quantum number n, we can construct new stationary states which no longer necessarily 
correspond to well-defined values of | and m. In this complement, we intend to study the 
properties of some of these new stationary states — in particular, the angular dependence 
of the associated wave functions. 

The wave functions (1) are often called atomic orbitals. A linear superposition of 
orbitals of the same n but different / and m is called a hybrid orbital. We shall see that 
a hybrid orbital can extend further in certain spatial directions than the (pure) orbitals 
from which it is constructed. It is this property, important in the formation of chemical 
bonds, which justifies the introduction of hybrid orbitals. 

Although the calculations presented in this complement are rigorously valid only for 
the hydrogen atom, we shall also indicate qualitatively how they explain the geometrical 
structure of the various bonds formed by an atom with several valence electrons. 
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2. Atomic orbitals associated with real wave functions 


In expression (1), the radial function R,)(r) is real. However, Y/"(6,~), except for 
m = 0, is a complex function of y, since: 


¥"(0,~) = Fi"(a) e'™? (2) 


where F/"(@) is a real function of 6. 

Atomic orbitals are therefore generally complex functions. By superposing the 
Pn,lym(L) and Yy1,-m(r) orbitals, one can, however, construct real orbitals whose advan- 
tage is their simple angular dependence, which can be represented graphically without 
having to take the square of the modulus of the wave function (as we did in § C-4-c-a@ of 
Chapter VII). 


2-a. s orbitals (J = 0) 


When | = m = 0, the wave function yp,o,0(r) is real, and we say we are dealing with 
an “s orbital”. We shall denote the corresponding stationary state by |yn;). To represent 
the angular dependence of the ns orbital, we fix r and measure off in each direction 
of polar angles 6 and vy a line segment of length y,,.(r,0,y). The surface obtained by 
varying 6 and y is a sphere centered at O (Fig. 1). 


2-b. p orbitals (J = 1) 


a. = Pz, Px, Py orbitals 


If we use the expression for the three spherical harmonics Y;"(6, y) given in Com- 
plement Ayr [formulas (32)], we obtain, for the three atomic orbitals Y,1m(r) corre- 
sponding to / = 1: 





3 ; 
n,1,1(L) =—-4{/>— Rna(r) sin 8 e’? (3a) 
87 
3 
Pn,1,0(0) = Tm Rn (r) cos @ (3b) 
T 
3 ‘ =3 
Pni-it)=4/— Rear) singe (3c) 
87 
& 
Figure 1: An s orbital is spherically symmet- 
ric: the wave function depends on neither 0 
nor . 
y 
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Figure 2: Two possible representations of a p, orbital (l= 1,m=0) 

fig. a: angular dependence of this orbital. With r fixed, we display \~ni=1,m=0(T, 9, Y)| 
for each direction 6,y. Thus we obtain two spheres, tangential at O to the xOy plane. 
The sign indicated on each of them is that of the wave function (which is real). 

fig. 6: cross sections in the xOz plane of a family of surfaces, each one corresponding to 
a given value for |~nt=1,m=0(7, 9, y)| [we have chosen values equal to 0.2, 0.6, 0.9 times 
the maximum value of |p| at points A and B]. These are surfaces of revolution about 
Oz. The sign indicated is that of the wave function (which is real). Unlike the one in 
figure a, the representation in figure b depends on the radial part of the wave function 
(the one chosen here corresponds to the n = 2 state of the hydrogen atom). 





We now form the three linear superpositions: 


Ln,1,0(4) (4a) 
-glemi() ios (4b) 
aalenaale) + n1,-1(8)] (4c) 


It is easy to see that the three preceding wave functions can also be written: 


3 z 
[2 Raat) : (5a) 
3 x 
rE Rna(r) 5 (5b) 
ea Ry1(r) (5c) 
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Figure 8: Angular dependence of a pz or- 
bital (the representation adopted is that of 
Figure 2-a). 








These are real functions of r,6,y which, like the Yp1,(r), are orthonormal and form 
a basis in the subspace €,,;=1. The wave functions (5) will be denoted Ynyp, (Lr), Ynp, (Lr) 
and Ynp,(r) respectively, and will be called “pz, px, py orbitals”. 

Two distinct geometrical representations enable us to visualize the form of an 
orbital w(r,9,y). First of all, if we are interested in the angular dependence of the 
orbital, we fix r and measure off a line segment of length |2(r, 6, y)| along each direction 
of polar angles 6 and y. Thus, the angular dependence of the 2p, orbital is that of 
z/r =cos6. As » varies between 0 and 27, and 6 varies between 0 and 7, the end of the 
line segment of length |cos6| drawn in the direction of polar angles 6 and y describes 
two spheres centered on the Oz axis, tangential at O to the xOy plane and mirror images 
with respect to the rOy plane (Fig. 2-a). The sign indicated in the figure is that of the 
wave function, which is real. Another possible representation of the orbital w(r, 6, ¢) 
is obtained by tracing a family of surfaces, each one corresponding to a given value of 
|W(r, 8, p)| (surfaces of equal probability density). This is what is done for the 2p, orbital 
in Figure 2-b (here again, the sign indicated is that of the wave function, which is real). 
In the rest of this complement, we shall use one or the other of these two representations. 

The pz and py, orbitals can be obtained respectively from the p, orbitals by rota- 
tions through angles of +7/2 and —7/2 about Oy and Ox (cf. Figures 3 and 4, which 
use a geometric representation identical to the one in Figure 2-a). 

Unlike an s orbital, which is spherically symmetric, the pz, pz, py orbitals therefore 
point along the Oz, Ox, Oy axes, respectively. 


B. py orbitals 


The choice of the Ox, Oy, Oz axes is obviously arbitrary. By linearly superposing 
the pz, py and p, orbitals, we should therefore be able to construct a p, orbital having 
the same form but directed along an arbitrary Ou axis. 

Let Ou be such an axis, forming angles a, 8, y with Ox, Oy, Oz. We have, 
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Figure 4: Angular dependence of a py or- 








bital. 
obviously: 
cos”? a + cos” 8 + cos? y = 1 (6) 
Consider the state: 
cos a |npz) + cos B |npy) + cos y |npz) (7) 


which, according to (6), is normalized. We can, using formulas (5), put the corresponding 
wave function in the form: 


3 xcosa+ycos $+ zcos 3 uU 
yy Boal) LORE ET = fF Ralr)* (8) 
T Tr At r 


where: 





u=xcosa+ ycos 6 + zcosy (9) 


is the projection of r onto the Ou axis. Comparison with (5) indicates that the orbital 
so constructed is indeed a p, orbital. 
Therefore, any real and normalized linear superposition of pz, py and p, orbitals: 


X Pnpz (LV) +H Ynp, (LT) + Y Ynp, (2) (10) 


can be considered to be a p, orbital directed along the Ou direction, defined by: 


cosa@ =X 
cos 3 = pu (11) 
cosy =v 


Y. Example: structure of the H,O and H3N molecules 


To a first approximation (cf. Complement Axtv), in a many-electron atom, each electron 
can be considered to move independently of the others in a central potential V.(r) which is the 
sum of the electrostatic attractive potential of the nucleus and a “mean potential” due to the 
repulsion of the other electrons. Each electron can therefore be found in a state characterized by 
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three quantum numbers, n,1,m. However, since the potential V.(r) no longer varies exactly like 
1/r, the energy no longer depends only on n, but also on J. We shall see in Complement Axiv 
that the energy of the 2s state is slightly lower than that of the 2p state; the 3s state is also 
lower than the 3p state, which is, in turn, lower than the 3d state, etc. 

The existence of spin and Pauli’s principle (which we shall study in Chapters IX and XIV) 
imply that the 1s, 2s, ... sub-shells can contain only two electrons; the 2p, 3p, ... sub-shells, six 
electrons, ...; the nl sub-shells, 2(2/ + 1) electrons (the factor 2/ + 1 arises from the degeneracy 
related to Lz, and the factor 2, from the electron spin). 

Thus, for the oxygen atom, which has eight electrons, the 1s and 2s sub-shells are filled 
and contain four electrons in all. The four remaining electrons are in the 2p sub-shell: two of 
them (with opposite spins) can fill one of the three 2p orbitals, for example, 2p,; the other two 
are then distributed in the remaining 2p, and 2p, orbitals. These last two electrons are the 
valence electrons: they are “unpaired”, which means that the orbitals in which they can be found 
can accept another electron. The 2p, and 2p, wave functions of the valence electrons of oxygen 
are therefore directed along two perpendicular axes. Now, it can be shown that, the greater 
the overlapping of the wave functions of the two electrons participating in a chemical bond, the 
greater the stability of this bond. The two hydrogen atoms that will bind with the oxygen atom 
to form a water molecule must therefore be centered respectively on the Ox and Oy axes. Then 
the spherical 1s orbital of the valence electron of each hydrogen will maximally overlap one of 
the 2p, and 2p, orbitals of the valence electrons of oxygen. Figure 5 represents the shape of the 
probability clouds associated with the valence electrons of the oxygen and hydrogen atoms in 
the water molecule. The graphical representation used is analogous to the one in Figure 2-b. We 
have drawn, for each electron, a surface defined as follows: the probability density has the same 
value at all points of this surface; this value is chosen in such a way that the total probability 
contained inside the surface has a fixed value close to 1 (0.9, for example). 

The preceding argument enables us to understand the form of the H2O molecule. The 
angle between the two OH bonds should be close to 90°. Actually, the angle found experimentally 
is 104°. The deviation from the value 90° arises, in part, from the electrostatic repulsion between 
the two protons of the hydrogen atoms, which tends to open up the angle between the two 
OH bonds’. 

An analogous argument explains the pyramidal form of the NH3 molecule. The three 
valence electrons of nitrogen occupy the 2pz, 2p,, 2p, orbitals, directed at right angles to each 
other. Here again, the electrostatic repulsion between the protons of the three hydrogen atoms 
causes the bond angle to go from 90° to 108° (through a slight hybridization of the 2s and 2p 
orbitals). 


2-c. Other values of / 


We have confined ourselves thus far to the s and p orbitals. Actually, an orthonor- 
mal basis of real orbitals can be constructed for each value of J. If we note that [cf 
relation (D-29) of Chapter VI]: 


[¥" (9, o))" = (-1)™¥-"(9, ¢) (12) 





1The opening up of the angle between the two OH bonds can be described as the result of a slight 
sp® hybridization of the 2p and 2s orbitals (cf. § 5). 
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Figure 5: Schematic structure of the water molecule HO. The 2p, and 2p, orbitals 
yield bonds making an angle of approximately 90° (the real angle is 104° because of the 
electrostatic repulsion between the two protons). 





we immediately see that (for m # 0) the two complex functions yy 1 m(r) and Yn,t,—m(¥) 
can be replaced by the two functions: 


s [yntm(t) + (—1)™¢nt—m(0)] (13a) 
a [ten,tym(t) — (—1)™"¥n,1,-m()] (13b) 


which are real and orthonormal. 
Thus, for | = 2 (“d orbitals”), we can construct five real orbitals, for which the 
angular dependence is given by: 


1 
1/3 (eos? a - 1), V6sinOcos 6 cosy, V6 sin cos 6 sin y, 


[ism 6 cos 2y, [ssw Osin 2y 


(d3,2-72, dzz, dzy, dg2-42, dzy orbitals). 

The form of these orbitals is a little more complicated than that of the s and p 
orbitals to which we shall confine ourselves here. However, it is possible to apply to them 
arguments of the same type as those below. 
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3. sp hybridization 
3-a. Introduction of sp hybrid orbitals 


Returning to the hydrogen atom, we shall consider the subspace €,5; © Enp, sub- 
tended by the four real orbitals gns(t),; Ynp,(%); Ynp, (FT) and Ynp, (r) (which correspond 
to the same energy). We shall show that, by linearly superposing ns and np orbitals, 
we can construct other real orbitals, which form an orthonormal basis in €). © Enp and 
possess some interesting properties. 

We begin by linearly superposing the yn s(r) and Ynp, (r) orbitals alone, without 
using Ynp,(r) and Ynp,(r). We therefore replace the two functions y,,(r) and Ynp, (Tr) 
by the two real orthonormal linear combination: 


COS A Yns(L) + SIN A Ynp, (Vr) (14a) 
SiN A Yns(L) — COS A Ynp, (Lr) (14b) 


In addition, we require the two orbitals (14a) and (14b) to have the same geomet- 
rical form. Since this form depends only on the relative amounts of the s and p orbitals 
in the linear superposition, we see immediately that we must have sina = cosa, that is, 
a = 7/4. The two new orbitals we are introducing are therefore of the form: 


be a [yna(t) + Pup. (t)] (15a) 
Chop,(t) = s [yna(t) — Pape (0)] (15b) 


and correspond to what is called “sp hybridization”. Thus we have constructed a new 
orthonormal basis of E,; © Enp, composed of Yn,s.p. (Vr), Ors. (r), Ynp,(") and Ynp, (1). 
3-b. Properties of sp hybrid orbitals 


To study the angular dependence of the Yn,s,»,(r) and ¢’, ,.,,(r) hybrid orbitals, 
we now choose a given value ro of r and set: 


1 
A= —Rn,o(ro) 
TT 
3 
b= Ty helo) (16) 
TT 


Thus we obtain, using (5) and (15), the angular functions: 


1 
— (A+ pcos 8) 

2 
3 e 
—(A — pcos 8) 


V2 
which we shall represent, using the same method as in § 2 (cf. Fig. 2-a), by measuring 


off, along each direction of polar angles 6 and y, a line segment of length —= [A + pcos 6] 


V2 
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1 
or a [A — cos 6] and indicating by a plus or minus sign whether the wave function 


is positive or negative. Figure 6 represents the cross sections in the Oz plane of the 
surfaces so obtained, which have cylindrical symmetry with respect to Oz (we have 
assumed pp > A > 0). The Yn,s,p.(¥) orbital can be transformed into the ¢;, , ,,(%) by a 
reflection through the point O. It can be seen that the yn,sp,(r) orbital has no simple 
symmetry with respect to the point O. This asymmetry is due to the fact that the 
Ynp.(¥) and Yps(r) orbitals of which it is formed (and which are shown in Figure 6-c) 
have opposite parities. In the region where z > 0, Yns(r) and Ynp, (r) have the same sign 
and add, while in the region where z < 0, yys(r) and Ynyp,(r) have opposite signs and 
subtract. The conclusions are reversed for y’, , », (1). 





Pz 
OD 
> r > 


1 
La 
Ce : ’ ey ¢ . 
S 








a b c 


Figure 6: Angular dependence of the pn,sp.(t) (fig. a) and gh .p.(r) (fig. b), hybrid 
orbitals obtained from the ~n,s(r) and Yn ».(r) orbitals, which have opposite parities 
(fig. c). A hybrid orbital can extend further in certain directions than the pure orbitals 
from which it is obtained. 





The Yn,s,p,(") orbital therefore extends further in the positive direction of the Oz 
axis than in the negative direction since, for fixed r, the values it takes on are greater 
(in absolute value) for 6 = 0 than for 6 = 7. In general, for large values of r, \ and yw 
are such that the values of the Yn,s),(r) orbital in the positive direction of the Oz axis 
are larger than those taken on separately by the yys(r) and Ynp,(r) orbitals [the same 
conclusions are valid for the ¢’, , ,,(r) orbital and the negative direction of the Oz axis]. 

This property plays an important role in the study of the chemical bond. To 
understand this qualitatively, assume that, in a particular atom A, one of the valence 
electrons can be either in the ns orbital or in one of the np orbitals. Then suppose that 
another atom B is in the neighborhood of the first one, and call Oz the axis joining A 
and B. The Yp,s,»,(r) orbital of A will overlap more with the orbitals of the valence 
electrons of B than the y,5(r) or Ynp,(r) orbitals. Thus we see that hybridization of 
the orbitals of A can lead to a greater stability of the chemical bond, since this stability 
increases, as we have already pointed out, with the overlapping of the electronic orbitals 
of A and B involved in the bond. 
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3-c. Example: the structure of acetylene 


The carbon atom has six electrons. When this atom is free, two of these electrons are in 
the 1s sub-shell, two in the 2s sub-shell, and two in the 2p sub-shell. Only these last two are 
unpaired, and we should therefore expect carbon to be bivalent. This is indeed what is observed 
in some of its compounds. However, carbon is usually present in a quadrivalent form. This 
arises from the fact that when a carbon atom is bound to other atoms, one of its 2s electrons 
can leave this sub-shell and place itself in the third 2p orbital, which is unoccupied in the free 
carbon atom. There are then four unpaired electrons, whose wave functions are the result of a 
hybridization of the four orbitals, 2s, 2pz, 2p, and 2pz. 

Thus, in the acetylene molecule C2H2, the four valence electrons of each carbon atom 
are distributed as follows: two electrons are in the ¢2,s,»,(r) and ~2,,,,(r) hybrid orbitals we 
have just introduced, and the other two are in the yop, (r) and Yap, (r) orbitals studied in § 2- 
b. According to Figures 6-a and 6-b, the two electrons of each carbon atom that occupy the 
2,s,p.(") and v5, ,,(r) hybrid orbitals participate in bonds separated by an angle of 180°: the 
first one with the other carbon atom, and the second one with one of the two hydrogen atoms 
(whose valence electrons occupy 1s orbitals). Thus we understand why the C2H»2 molecule is 
linear (cf. Fig. 7, where we have used the same type of graphical representation as in Figure 5). 

As for the 2p, orbitals centered on each of the carbon atoms, they present a partial 
lateral overlapping, as do the two 2p, orbitals, as is shown by the solid lines in Figure 7. They 
contribute to the reinforcement of the chemical stability of the molecule. The two carbon atoms 
thus form a triple bond between them. One bond is produced by the ¢2,s,»,(r) and 9,,.y, (r) 
hybrid orbitals, each centered on one of the two atoms and cylindrically symmetric with respect 
to the Oz axis (o bond). Two bonds are produced by the yap, (r) and yap, (r) orbitals, which 
are symmetric with respect to the Oz and yOz planes (7 bonds). 


Comment: 


As we have already pointed out, the 2p sub-shell, in a many-electron atom, has an energy 
greater than that of the 2s sub-shell. The passage of an electron from the 2s sub-shell to 
the 2p sub-shell is therefore not energetically favorable. However, the energy needed for 
this excitation is fully compensated by the increase in stability due to the hybrid orbitals 
involved in the C—H and C-—C bonds. 


4. sp? hybridization 


4-a. Introduction of sp? hybrid orbitals 


We shall now return to the four orbitals yns(r), Ynp, (0); Ynp, (T) and Ynp, (rv), and 
replace the first three by the three following real combinations: 


Pn,s,pevy(¥) = OPns(¥) +b Onp,(¥) + CPnp, (¥) (18a) 
Ors oak Be (r) = a’ Ons (r) + b Prox (r) + c Pnpy (r) (18b) 
Oo wives, (r) = a” Qns(¥) + bY Pnpz (r) + c Pnpy (r) (18c) 
We require the three wave functions (18) to be equivalent, that is, to be transformable 


into each other under rotation about Oz. Consequently, the proportion of the ¢,,(r) 
orbital must be the same in each of them: 


a= a’ = q”’ (19) 
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Figure 7: Schematic structure of the acetylene molecule CyH2. For each carbon atom, 
two electrons are in the sp, hybrid orbitals (cf. Fig. 6) and contribute to the C-H and 
C—C bonds (a bonds). In addition, two electrons are in the pz and py orbitals and form 
additional bonds between the two carbon atoms (x bonds, weaker than o bonds), shown 
by the vertical lines in the figure. The C—C bond is therefore a “triple bond”. 





It is always possible to choose the axes so as to make the first orbital (18a) symmetric 
about the zOz plane. We can therefore choose: 


a6 (20) 


By taking the three orbitals (18) to be normalized and orthogonal, we obtain six relations 
which enable us to determine? the six coefficients a, b, b’, b”, c’, c’. A simple calculation 





2 Actually, the signs of a, b and c! can be chosen arbitrarily. 
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yields: 


1 2 
Pn,s,px,Py (r) = wae (r) + oe (r) (21a) 


: cate 1 1 
P7n,5,PxsPy (r) = arn) z [ton (r) + Varney (r) (21b) 


; = 1 1 
Pn,8,Px,Py (r) = yarns) ~— [den (r) << a (r) (21c) 


We have thus produced what is called “sp? hybridization”. The three hybrid orbitals 
(21) and the Ypp,(r) orbital form a new orthonormal basis in the space En, ® Enp. 


4-b. Properties of sp” hybrid orbitals 


We shall use the same graphical representation as in Figure 6. The Yn,s,p,,p, () 
orbital has cylindrical symmetry with respect to Ox. Figure 8-a represents the cross 
section in the rOy plane of the surface which describes its angular dependence for fixed 
r. The form of the curve obtained is completely analogous to that of Figure 6-a: the 
orbital points along the positive direction of the Ox axis. 











a 


Figure 8: Angular dependence of the three orthogonal sp? orbitals. The Piss-pon 8 
18,Pe Py 
Le ab a and Cas: Dy orbitals can be transformed into each other by rotations through 


120° about Oz. 





By using expression (4b) for ynp,(r), we can easily obtain the action on |Ynp,) of 


the operator which performs a rotation through an angle a about Oz, e~t04:/": 

e the /M a) = cosa |~np,) + sina Ley) (22) 
Also, we obviously have: 

e ths /Mo,.) = |Pns) (23) 
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Formulas (21) then indicate that: 


-22L.,/n 

IPn,spepy) =e 3 i |Pn,s,pxPy) (24a) 
iFL2/h 

IPn,s,pesPy) = 0% 3 he! |\Pn,s,pe.Py) (24b) 


The two orbitals (21b) and (21c) can therefore be obtained from the orbital (21a) by 
rotations through angles 27/3 and —27/3 about Oz. Figures (8-b) and (8-c) give the 
cross sections in the Oy plane of the surfaces describing their angular dependence. 


4-c. Example: the structure of ethylene 


As in the acetylene molecule, each of the two carbon atoms of the ethylene molecule 
C2H, has four valence electrons (one electron in the 2s sub-shell and three electrons in the 2p 
sub-shell). 

Three of these four electrons occupy sp* hybrid orbitals of the type we just considered. 
They are the ones that, for each carbon atom, form the bonds with the neighboring carbon atom 
and the two hydrogen atoms of the CH2 group. Thus we see why the three bonds, C—C, C—H, 
C-H, originating from one carbon atom are coplanar and form angles of 120° with each other 
(cf. Fig. 9, in which we have used the same graphical representation as in Figures 5 and 7). 
The remaining electron of each carbon atom occupies the 2p, orbital. The 2p, orbitals of the 
two carbons present a partial lateral overlapping, shown by the solid lines in Figure 9. 








Figure 9: Schematic structure of the ethylene molecule CyH,. The two carbon atoms 
form a double bond with each other: one o bond due to sp? orbitals of the type of those 
shown in Figure 8 (the other two sp” hybrid orbitals at 120° with this one form the C-H 
bonds), and one x bond, due to the overlapping of the p, orbitals. 





The two carbon atoms of the ethylene molecule are therefore connected by a double bond: 
one bond formed by two hybrid orbitals of the sp type, cylindrically symmetric with respect to 
the Ox axis joining the two carbon atoms (o bond), and one bond formed by two 2p, orbitals, 
symmetric about the xOz plane (z bond). It is the latter bond which blocks the rotation of 
one CH» group with respect to the other one. If one of the CH2 groups were to rotate with 
respect to the other one about the axis joining the two carbons, the axes of the two orbitals 
2p, and 2p, (Fig. 9) would no longer be parallel. This would diminish their lateral overlapping 
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and, consequently, the stability of the system. Thus we see why the six atoms of the ethylene 
molecule are in the same plane. 

5. sp? hybridization 

5-a. Introduction of sp* hybrid orbitals 


We shall now superpose the four orbitals, yns(t), Yap, (0), np, (LT), np, (Vr), to 
form the four hybrid orbitals: 


Pn,8,DxsPysPz (r) = ay ) + bPnp, (Fr) + CYnp, (r) + dWnp, (¥) (25a) 
Yn,8,Px,Pyipe(E) = @ Pns(t) +B Pnp, (Lr) +c! np, (Fr) + d! Pap. (F) (25b) 
Pr,8,Px,Py Pz a= ns(t) +b” pnp, (r) +e" Pnpy (r) +d" Qnp.(¥) (25c) 
aes Py sDz (r) =a’ ae ) +" Qnp, (rt) +e” Pnpy (¥ r) +d" Onp, (2) (25d) 


We again require the four orbitals to have the same geometrical form, which means that: 


E a! = id = al” (26) 


We can arbitrarily choose the symmetry axis of one of the orbitals, then the plane con- 
taining this axis and that of a second orbital. This reduces the number of free parameters 
to 10; we can find them by taking the four orbitals (25) to be orthonormal. 

We shall content ourselves here with giving a possible set of such hybrid orbitals, 
defined by: 


1 
az=b=c=d=-— 
2 
ap ae 
a (27) 
b” = d’ == 
— pl" — el" ee) 
2 


and which can easily be shown to be orthonormal and of the same geometrical form. All 
the other possible sets can be obtained from this one by rotation. 

We have thus produced what is called a “sp? hybridization”. The four orbitals 
(25) corresponding to the coefficients (27) form a new orthonormal basis in the space 
Ens ® Enp: 


5-b. Properties of sp* hybrid orbitals 


The four orbitals constructed in § 5-a are analogous in form to those studied in 
§§ 3 and 4. They point respectively in the directions of the vectors whose components 
are: 


(1,1,1) 

(=1, =, 1) 

(=i ld) ) 
(1,-1, -1) 
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Figure 10: Schematic structure of the 
methane molecule. The sp® orbitals produce 
bonds arranged like the straight lines joining 
the center of a tetrahedron to its four corners 
(angles of 109° 28'). 








The axes of the four sp? orbitals are therefore arranged like the straight lines joining 
the center of a regular tetrahedron to the four corners of this tetrahedron. The angle 
between any two of these straight lines is equal to 109° 28’. 


5-c. Example: The structure of methane 


In the methane molecule CHa, the four valence electrons of the carbon atom each occupy 
one of the four sp* hybrid orbitals studied above. This immediately explains why the four 
hydrogen atoms form the corners of a regular tetrahedron centered on the carbon atom (Fig. 10). 

In the ethane molecule C2H6, one of the hydrogen atoms of methane is replaced by a 
CH3 group. The two carbon atoms are then connected by a single bond, formed by two sp? 
hybrid orbitals, cylindrically symmetric with respect to the straight line joining the two carbon 
atoms. The absence of a double bond permits the practically free rotation of one CH3 group 
with respect to the other one. 


References and suggestions for further reading: 


Various geometrical representations of orbitals: Levine (12.3), § 6.6; Karplus and 
Porter (12.1), § 3.10. 

Hybrid orbitals: Karplus and Porter (12.1), § 6.3; Alonso and Finn III (1.4), § 5-5; 
Eyring et al. (12.5), Chap. XII, § 12 b; Coulson (12.6), Chap. VIII; Pauling (12.2), 
Chap. IIL, §§ 13 and 14. 
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Vibrational-rotational levels of diatomic molecules 
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3-a More precise study of the form of the effective potential Veg(r) 893 





3-b Energy levels and wave functions of the stationary states .. 894 
3-C Interpretation of the various corrections ............ 895 
1. Introduction 


In this complement, we shall use the results of Chapter VII to study quantum mechani- 
cally the stationary states of the system formed by the two nuclei of a diatomic molecule. 
We shall simultaneously take into account all the degrees of freedom of the system: vi- 
bration of the two nuclei about their equilibrium position and rotation of the system 
about the center of mass. We shall show that the results obtained in Complements Ay 
and Cyy, in which one degree of freedom at a time was considered, are valid to a first 
approximation. In addition, a certain number of corrections due to the “centrifugal dis- 
tortion” of the molecule and to the vibration-rotation coupling will be calculated and 
interpreted. 

We saw in § l-a of Complement Ay (the Born-Oppenheimer approximation) that 
the potential energy V(r) of interaction between the two nuclei depends only on the 
distance r between them and has the form shown in Figure 1: V(r) is attractive at large 
distances, repulsive at short distances, and has a minimum at r = r, of depth Vo. Let m1 
and mz be the masses of the two nuclei. Since V(r) depends only on r, we can, according 
to § B of Chapter VII, study separately the motion of the center of mass (a free particle 
of mass M = m, + mg) and the relative motion in the center of mass reference frame, 
which is equivalent to that of a fictitious particle of mass: 

my m2 


p= Ta (1) 


mi, + me 


placed in the potential V(r) of Figure 1. 
If we are interested only in the relative motion, the stationary states of the system, 
according to the results of § A of Chapter VII, are described by the wave functions: 


1 
Pu,tym(7, 9, Y) => e Uy, (7) Y/" (8,9) (2) 
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vor) 


Figure 1: Variation of the interaction poten- 
tial energy V(r) between the nuclei of a di- 
atomic molecule as a function of the distance 
r between them. V(r) takes on its minimum 
value —Vo atr = re. The first vibrational 
states are represented by the horizontal lines 
in the potential well. 


a 





xv 








where the corresponding energies E,,, and the radial functions u,)(r) are given by the 
equation: 


nh? (1+ 1)h2 
op dr? V(r) + aoc Uy (7) = By Uy (1) (3) 


Comment: 


Rigorously speaking, we implicitly assume in all of this complement (as in Ay and 
Cyr) that the projection of the total orbital angular momentum of the electrons 
onto the internuclear axis is zero, as is their total spin. The total angular momen- 
tum of the molecule then arises only from the rotation of the two nuclei. Such a 
situation is found in virtually all diatomic molecules in their ground states. In the 
general case, terms will also appear in the nuclear interaction energy which do not 
depend exclusively on the distance r. 


2. Approximate solution of the radial equation 


The radial equation has the same form as the eigenvalue equation of the Hamiltonian of a 
one-dimensional problem in which a particle of mass p is placed in the effective potential: 


(l+ 1)h? 
Ver (r) = V(r) + Dae (4) 
2-a. The zero angular momentum states (1 = 0) 


For | = 0, the “centrifugal potential” 1(1+ 1)h? /2ur? is zero, and Veg(r) is then the 
same as V(r). In the neighborhood of the minimum at r = r., V(r) can be expanded in 
powers of r — re: 


V(r) = —Vot+ f(r — re)? = g(r — 12)? +. (5) 


The coefficients f and g are positive, since r = r, is a minimum and since the potential 
increases faster for r <r. than for r > re. 
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We begin by neglecting the term in (r — re)? and terms of higher order. The 
potential is then purely parabolic, and we know the eigenstates and eigenvalues of the 
Hamiltonian. If we set: 


w= ai (6) 
Lb 


we obtain levels whose energy is: 
1 
Ey = —Vo + (« + 5) hw (7) 
(v = 0,1, 2, ...) 


with the associated wave functions (cf. Chap. V and Complement By): 


B? 1/4 1 2 2 
u(r) = (=) Tea OT HlBle — Fe) (8) 
with: 
_ [pw 
= (5 (9) 


(H, is a Hermite polynomial). In Figure 1, we have represented the first two energy 
levels by horizontal lines. The length of the lines gives an idea of the extension (Ar), of 
the wave functions corresponding to these states. Recall [Chap. V, formula (D-5a)] that: 


(es, (v+ 5] : (10) 


2) pw 
For the preceding calculation to be valid, it is necessary, in a region of width (Ar), 


about r = re, for the term in (r — r.)? of (5) to be always negligible compared to the 
term in (r — r.)?. We must therefore have: 


f > alAr)e =g(Ar)o yu 5 (11) 


where (Ar)o is the extension of the ground state: 


nh 
(Ar)o = a (12) 


This implies, in particular that: 
f > glAr)o (13) 


Condition (13) is always satisfied in practice. We shall confine ourselves in what follows 
to quantum numbers v which are small enough for (11) to be satisfied as well. 
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Comment: 


Expansion (5) is obviously not valid at r = 0, where V(r) is infinite. The preceding 
argument implicitly assumes that: 


(Ar)y Te (14) 


In this case, the wave functions (8) are practically zero at the origin, and almost 
identical to the exact solutions of the radial equation (3), which must be rigorously 
zero at r = 0 (cf. § A-2-c of Chapter VII). 


2-b. General case (i any positive integer) 
Q. Evaluation of the effect of the centrifugal potential 
At r =e, the centrifugal potential is equal to: 
I(l+ 1)h? 


2 
e 


= Bhi(l+ 1) (15) 
2ur 


where: 


h 


a 16 
Ar pr2 (16) 


is the rotational constant introduced in Complement Cy;. We have already pointed out in 
that complement (§ 4-a-@) that the energy 2Bh (the distance between two adjacent lines 
of the pure rotational spectrum) is always very much smaller than hw (the vibrational 
quantum): 


2Bh < hw (17) 
We shall confine ourselves here to rotational quantum numbers / sufficiently small that: 
Bhi(l+1) « hw (18) 


In a domain of small width Ar about r = r., the variation of the centrifugal 
potential is of the order of: 





I(l+ 1)h? Ar 
——,— Ar = 2Bhl(l + 1)— 1 
ry Ar = 2BhIL+ 1) (19) 
That of the potential V(r) is approximately: 
1 is (Ar 
A 2 — 2 A 2 — —hi 2 
fdr)? = S1uu(Ar)® = Shares (20) 


where we have used (12). We know from § 2-a that the extension Ar of the wave functions 
we shall be considering is negligible with respect to r., but certainly at least of the order of 
(Ar) 9. Consequently, in the region of space in which the wave functions have significant 
amplitudes, the variation (19) of the centrifugal potential is, according to (18), much 
smaller than that of V(r) found in (20). We can then, to a first approximation, replace 
the centrifugal potential, in equation (4), by its value (15) at r = r,.. This gives for the 
effective potential: 


Vea(r) ~ V(r) + BRI +1) (21) 
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B. Energy levels and stationary wave functions 
By using (21) and neglecting terms of order greater than two in expansion (5), we 
can put the radial equation (3) in the form: 


h? d? 1 
-Se + 5 he (r — re) | Wor) = [Ev + Vo — BhU(lt+ 1) wo (r) (22) 


which is completely analogous to the eigenvalue equation of a one-dimensional harmonic 
oscillator. 

It thus follows that the term in brackets on the right-hand side must be equal to 
(vu+1/2)hw, where v = 0,1,2...; this yields the possible energies E,,, of the molecule: 


1 
Ey = —Vo+ (« + 5) hu + Bhi(l+ 1) (23) 
with 
v=0,1,2 
1=0,1,2 


As for the radial functions, they do not depend on 1, since the differential appearing on 
the left-hand side of (22) does not depend on J. Consequently, we have: 


Uy (7) = U(r) (24) 
where u,(r) was given in (8). Expression (2) for the wave functions of the stationary 


states can then be written, in this approximation: 


1 
Pulm, 6, y) = uel) Y/" (9, 2) (25) 


Thus we see that the energies of the stationary states are the sums of the energies 
calculated in Complements Ay and Cyy, in which only one degree of freedom at a time 
(vibration or rotation) was taken into account. In addition, the wave functions are the 
products of the wave functions found in these two complements, to within a factor of 


L/r. 
Figure 2 shows the first two vibrational levels v = 0 and v = 1, with their rotational 
structure due to the term Bhl(1 + 1). 


2-c. The vibrational-rotational spectrum 


We shall confine ourselves to the study of the infrared absorption or emission 
spectrum, thereby assuming the molecule to be heteropolar (calculations analogous to 
those presented in § l-c-6 of Ay and § 4-b of Cy; could be performed when dealing with 
homopolar molecules and the Raman effect). 


Q. Selection rules 


Recall that the dipole moment D(r) of the molecule is directed along the straight 
line joining the two nuclei and can be expanded in powers of r — r, about re: 


D(r) =do + di(r—r,-) +... (26) 
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Figure 2: Diagram showing the first two vibrational levels (v = 0 and v = 1) of a 
diatomic molecule and their rotational structure (1 =0,1,2, ...). Within the limits of the 
approximations, this rotational structure is the same for the various vibrational levels. 
For a heteropolar molecule, the transitions represented by the vertical arrows in the figure 
yield the lines of the vibrational-rotational spectrum of the molecule. These lines fall in 
the infrared. These transitions obey the selection rule Al = l' —1= +1. 








The projection of this dipole moment onto Oz is equal to D(r) cos @ (where @ is the angle 
between the axis of the molecule and Oz). 

We want to determine the frequency spectrum of electromagnetic waves polarized 
along Oz that the molecule can absorb or emit as a consequence of the variation of 
its electric dipole. As we have done several times before, we shall look for the Bohr 
frequencies that can appear in the time evolution of the mean value of D(r) cos 6. All we 
must do, then, is find for what values of v’, l’, m’ and v, 1, m the matrix element: 


(Qutltym! |D(r) cos | Gv,1,m) 


= [2 dr dQ Porm (Ts 6,p) D(r) cos Yu tm(r,9,~) (27) 
is different from zero. Using expression (25) for the wave functions, we put this matrix 


890 


@ VIBRATIONAL-ROTATIONAL LEVELS OF DIATOMIC MOLECULES 





element in the form: 
| i aruy(r) Dirjun() ‘ | is dO¥i"™(6,) cos 0 ¥/" (0, 9) (28) 
0 


We thus obtain a product of two integrals which have already been treated in Comple- 
ments Ay and Cyy. The second integral is different from zero only if: 


—l=41,-1 (29) 


As for the first one, if we confine ourselves to the terms in do and d, of (26), it is different 
from zero only if: 


v —v=0,+1,-1 (30) 


The set of lines corresponding to v—v’ = 0 constitutes the pure rotational spectrum 
studied in Complement Cy (its intensity is proportional to d?). As for the lines v’ —v = 
+1, l’—1 = +1, of intensity proportional to d?, they constitute the vibrational-rotational 
spectrum which we shall now briefly describe. 





Comment: 


The selection rule I’ — | = +1 arises from the angular dependence of the wave functions. 
It is therefore independent of the approximation used to solve the radial equation (3), 
while (30) is valid only in the harmonic approximation. 


B. Form of the spectrum 


Let v’ be the larger of the two vibrational quantum numbers under consideration 
(v’ = v+1). The vibrational-rotational lines can be separated into two groups: 
— the lines vo’ =v+1,l/=14+1 4, l, of frequencies: 


oe BUS CAD) = Bid eopdkD (31) 
27 27 
with 1 = 0,1,2 


pty So vee 


(these lines correspond to the transitions indicated by the arrows on the right-hand side 
of Figure 2). 
— the lines vo’ = v+1,l/=1—1 1, l, of frequencies: 


“4 BY(! +1) — BW’ +1) +2) = 4 —oBW +1) (32) 
20 27 

with l’ = 0,1,2, ... 

(transitions indicated by the arrows on the left-hand side of Figure 2). 

The vibrational-rotational spectrum therefore has the form shown in Figure 3. It 
contains two groups of equidistant lines, symmetric with respect to the vibrational fre- 
quency w/27. All these lines together constitute a “band”. The group of lines correspond- 
ing to frequencies (31) is called the “R branch” of the band, and the one corresponding 
to frequencies (32), the “P branch” of the band. In each branch, the distance between 
two adjacent lines is 2B. The central interval separating the two branches is of width 
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Figure 8: The vibrational-rotational spectrum for a heteropolar molecule. Since transi- 
tions between levels of Figure 2 with the same value of | are forbidden by the selection 


rules, no line has the pure vibrational frequency a Transitions in which the molecule 
T 
passes from the level (v',l’) to the level (v= v' —1,1=l' —1) correspond to frequencies 
= +2B(l+1) (lines of the “R branch”). Transitions in which the molecule passes from 
T 


the level (v',l’) to the level (v = v'—1, 1 = I'+1) correspond to frequencies = —2B(’+1) 
T 
(lines of the “P branch”). The different lines are labeled I’ + 1 in the figure. 





4B: there is no line at the pure vibrational frequency w/2m (there is often said to be a 
“missing line” in the spectrum). 


Comment: 


The “pure vibrational” spectrum, studied in Ay and composed of a single line at 
w/27, therefore does not exist in practice. It is only when one uses a spectroscopic 
device with low resolution that one can ignore the rotational structure of the 
vibrational-rotational line and treat the band of Figure 3 like a single line centered 
at w/2n (recall that w/2m >> 2B). 


3. Evaluation of some corrections 


The calculations of the preceding section are based on the approximation that replaces the 
centrifugal potential by its value at r = r, in the radial equation. The effective potential 
Vea(r) can then be obtained from V(r) by a simple vertical translation [formula (21)]. 

In this section, we shall study the corrections that must be performed on the results 
of § 2 in order to take into account the slow variation of the centrifugal potential about 
r= Te. To do so, we shall use its expansion in powers of (r — r-): 


d+)? U+1)A? +1) FR? 
Qur2 per? pr 


31(l + 1h? 
Qur4 





(r—Tre)4 (r =e)? +a. (33) 
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3-a. More precise study of the form of the effective potential Vig(r) 


If we use (5) and (33), the expansion of the effective potential (4) in the neighbor- 
hood of r = re can be written: 


Vor(r) = —Vo + f(r — re)? — g(r —re)P +... 
4 et 1h? (1+ 1)h? ds 


ure ure 

We shall see that the variation of the centrifugal potential in the neighborhood of 
r =r, produces, for | different from zero, the following effects: 

(i) The position 7, of the minimum of Veg(r) does not coincide exactly with re. 

(it) The value Vig (7) of this minimum is slightly different from —Vo + BhI(l+ 1). 

(iit) The curvature of Veg(r) at r = 7. [which fixes, as in formula (6), the an- 
gular frequency of the equivalent harmonic oscillator] is no longer strictly given by the 
coefficient f. 

We shall evaluate these various effects by using expansion (34). As far as the first 
two are concerned, we can neglect terms of order higher than 2 in V(r), and those of 
order higher than 1 in the centrifugal potential , since the distance *, —r,. which we shall 
find is very small [it will even be small relative to (Ar)o]. In fact, we shall be able to 
verify a posteriori that: 


3l(d + vs (r—re)? +... (34) 


e 





2ur 





G(T om Te) < f (35a) 
311+ 1)R2 UL + 1)h? 
Durd (Fe —Te) < as (35b) 
a. Position and value of the minimum of Ver(r) 


If, in expansion (34), we keep only the first two terms of V(r) and the first two 
terms of the centrifugal potential, *, is given by: 








. (i+ 1)h? 
2 — xy 
f (Fe — Te) urs (36) 
that is: 
li B 1 
pore ye (ED _ Bhi +) (37) 
2ufre fre 
According to (6) and (12), we have: 
Fe—re  2Bhi(l4+1) (Ar)o 
~ 1 
(Ar)o hw Te = oe) 
which, with (13) and (14) taken into account, proves (35a) and (35b). 
Substituting this value of 7. into the expansion of Ve(r), we find: 
Vea(#e) ~ —Vo + BhU(l +1) — Ga[l(1 + 1)]? (39) 
with: 
he 
= a 4 
. 8rp2rs f ey) 
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B. Curvature of Veg(r) at its minimum 


In the neighborhood of r = *,, we can therefore write Vog(r) in the form: 
Vea(r) = Ver(Fe) + f(r — Fe)? — g'(r —Fe)P +... (41) 
The coefficient f’ is related to the curvature of Veg(r) at r = 7: 


f= 5 | SaMal) (42) 


T=Te 


To evaluate the difference between f’ and f, we must take into account the term 
in (r—r-)° of V(r) in expansion (34) and, consequently, also the term in (r — r,)? of the 
centrifugal potential. A simple calculation then yields, using (37): 
31(1 + 1h? _ 3gl+ 1)h? 


Qf ~2fF+ 
eof whl 


(43) 


The angular frequency w defined by (6) must therefore be replaced by: 


lees ae (44) 
LU 


Expanding the square root, we easily find: 





w’ = w — 2ra, I(l + 1) (45) 
with: 
3h?w [g 1 
= oe 4 
Oe Sapir f 5 | (46) 


We could carry out an analogous calculation to determine g’. Actually, since the 
term in (r — 7)? of (41) adds only a small correction to the results obtained using the 


d3 

first two terms, we shall neglect the variation of qa Ver () when we go from rz to fe, 
r 

and take g’ ~ g. 


In conclusion, in the neighborhood of its minimum, we can write Veg(r) in the 
form: 


Zs 1 iy “ 
Ver(r) = Verr(Fe) + 5pw'"(r — Fe)” — g(r — Fe)” (47) 
where 7, Vor(7*-), w’ are given by (37), (39) and (45). 
3-b. Energy levels and wave functions of the stationary states 
With expression (47) for Vag(r), the radial equation becomes: 


h? d? 1 : = _ 
Qu dr? an pha! (0 fey g(r cy Uy 1 (7) = [Ev,1 — Ver (Fe)] Uy (7) (48) 
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If, as in § 2, we neglect the term in g(r — 7)°, we recognize the eigenvalue equa- 
tion of a one-dimensional harmonic oscillator of angular frequency w’ whose equilibrium 
position is r = r,. From this, we deduce that the only possible values of the term in 
brackets on the right-hand side are (v + 1/2)fw’, with v = 0,1, 2, ... According to (39), 
we therefore have: 





Ey. = —VYo + (« ~ 5) hua! + Bhi(l +1) — Galli +1)? (49) 


As for the wave functions of the stationary states, they have the same form as in 
(25). All we need to do in expression (8) for the radial function is replace r. by 7 and 
6 by: 


/ 


rf hw 
Ba (50) 





We have taken into account the term in g(r — r-)? in the calculation of the new 
angular frequency w’. For the calculation to be consistent, it is then necessary to eval- 
uate the corrections in the eigenvalues and eigenfunctions of the radial equation due to 
the presence of this term on the left-hand side of (48). We shall do this in Comple- 
ment Axy, using perturbation theory. Here, we shall content ourselves with stating the 
result concerning the eigenvalues: we must add to expression (49) for the energy the 
term: 


thu’ ee: mas Thi! (51) 
ee 60 
where: 
15 gh 
f= aren (52) 


is a dimensionless quantity much smaller than 1 (hence w’ may be replaced by w in this 
corrective term). 


3-c. Interpretation of the various corrections 


Q. Centrifugal distortion of the molecule 


The discussion of § 3-a-a shows that the distance between the two nuclei increases 
when the molecule rotates. According to (37), this increase in distance becomes larger 
when I(J + 1) becomes larger, that is, when the molecule rotates faster. This is quite 
comprehensible: in classical terms, one would say that the “centrifugal force” tends to 
separate the two nuclei until it is balanced by the restoring force 2f(7.—r-) due to the 
potential V(r). 

The molecule is therefore not really a “rigid rotator”. The variation *, — re of 
the average distance between the nuclei produces an increase in the moment of inertia 
of the molecule and, consequently, a decrease (at constant angular momentum) in the 
rotational energy. This decrease is only partially compensated by the increase in the 
potential energy V(r.) — V(r-). This is the physical origin of the energy correction 
—GhI?(l+ 1)? which appears in (49). This correction, whose sign is negative, increases 
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much faster with / than the rotational energy Bh I(i+1). This can be seen experimentally: 
the lines of the pure rotational spectrum are not rigorously equidistant; the separation 
of the lines decreases when / increases. 


B. Vibrational-rotational coupling 


We shall group the second and third terms of (49) and replace w’ by its expression 
(45). We obtain: 


(o+ 5) hw! + Bhi +1) = (o+ 5) hw + BhU(l +1) — aehl(l +1) (o+ 5) (53) 


The first two terms on the right-hand side of (53) are the vibrational and rotational 
energies calculated in Complements Ay and Cy. The third term, which depends on the 
two quantum numbers v and J, represents the effects of the coupling of the vibrational 
and rotational degrees of freedom. 

We can rewrite (53) in the form: 


1 
(o+ 5) hu + Byhl(it+ 1) (54) 
with: 
1 
By, = B-ae (o+ 5) (55) 


It looks as if each vibrational level had an effective rotational constant B, depending on 
the v associated. 

To explain this coupling of the vibration and rotation of the molecule, we shall 
argue in classical terms. The rotational constant B is proportional to 1/r? [formula (16)]. 
When the molecule vibrates, r varies, and, consequently, so does B. Since the vibrational 
frequencies are much higher than the rotational ones, we can define an effective rotational 
constant of the molecule in a given vibrational state: this will be the average of B taken 
over a time interval which is much longer than the vibrational period. We must therefore 
take the time average of 1/r? in the vibrational state under consideration. 

In this way, we can interpret the two terms of opposite sign that appear in ex- 
pression (46) for a_. The first of these terms, which is proportional to g, is due to the 
anharmonicity of the potential V(r), which increases with the amplitude of vibration 
(that is, in fact, with v). Given the asymmetric form of V(r) (Fig. 1), the molecule 
“spends more time” in the region r > r, than in the region r < re. It follows that 
the average value of 1/r? is less than 1/r?: the anharmonicity decreases the effective 
rotational constant. This can be seen in formulas (55) and (46). Actually, even if the 
vibrational motion were perfectly symmetric with respect to re (that is, if g were zero), 
the average value of 1/r? would not be equal to 1/r2, since: 


This is the origin of the second term of expression (46): when the average of 1/r? is 
taken, small values of r are favorized, so that (1/r?) is greater than 1/(r)?; hence the 
sign of this second correction. 
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The overall sign of a, results from the competition between the two preceding 
effects. In general, the anharmonicity term dominates, so that a, is positive and B, is 
less than B. 


Comments: 


(i) Vibrational-rotational coupling exists even in the vibrational ground state v = 0: 


1 
Bo=B- xO (57) 
This is another manifestation of the finite extension (Ar)o of the wave function of 
the v = 0 state. 

(<i) Experimentally, vibrational-rotational coupling appears in the following way: if ae 
is positive, the rotational structure is slightly more compact in the higher vibrational 
state v’ than in the lower vibrational state v = v’ — 1. It is easy to show that the 
P and R branches of Figure 3 are affected differently. Adjacent lines are no longer 
completely equidistant and are, on the average, closer together in the R branch 
than in the P branch. 


To sum up, the energy of a vibrational-rotational level of a diatomic molecule, 
labeled by the quantum numbers v and J, is given by: 


1 1 
Ey =-Vot (o+ 5) hw + Ba, (o+ 5) hl(l+1) 


1\? 7 
=GReOs1 +2 € + 5) fh + ao ghee (58) 


Vo: dissociation energy of the molecule; 

w/2m: vibrational frequency; 

B: rotational constant given by (16); 

G, ae, €: dimensionless constants given by (40), (46)) and (52). 


References and suggestions for further reading: 


Molecular spectra: Eisberg and Resnick (1.3), Chap. 12; Pauling and Wilson (1.9), 
Chap. X; Karplus and Porter (12.1), Chap. 7; Herzberg (12.4), Vol. I, Chap. III, §§ 2 
b and 2 c; Landau and Lifshitz (1.19), Chaps. XI and XIII. 

Nuclear vibration and rotation: Valentin (16.1), § VII-2. 
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Complement Gy 
Exercises 


1. Particle in a cylindrically symmetric potential 


Let p, y, z be the cylindrical coordinates of a spinless particle (x = pcosy, y = psing; 
p>0,0<y < 2m). Assume that the potential energy of this particle depends only on 
p, and not on y and z. Recall that: 

Ca Te Ca Oo? 

dx? § Ay? Op? p App? Ay? 

a. Write, in cylindrical coordinates, the differential operator associated with the 

Hamiltonian. Show that H commutes with LD, and P,. Show that this allows writing the 
wave functions associated with the stationary states of the particle as: 





n,m, k(P, g,z) = fn,m(p) elm ike 


where the values that can be taken on by the indices m and k are to be specified. 

b. Write, in cylindrical coordinates, the eigenvalue equation of the Hamiltonian H 
of the particle. Derive from it the differential equation that fn m(p) obeys. 

c. Let 4 be the operator whose action, in the {|r)} representation, is to change 
y to —y (reflection with respect to the Oz plane). Does 4, commute with H? Show 
that 4, anticommutes with L,, and show that, as a result, Uy|njm,~) is an eigenvector 
of L,. What is the corresponding eigenvalue? What can be concluded concerning the 
degeneracy of the energy levels of the particle? Could this result be predicted directly 
from the differential equation established in (b)? 


2. Three-dimensional harmonic oscillator in a uniform magnetic field 


N.B. The object of this exercise is to study a simple physical system for which the 
effect of a uniform magnetic field can be calculated exactly. This will allow comparing 
precisely the relative importance of the “paramagnetic” and “diamagnetic” terms. The 
modification of the wave function of the ground state due to the effect of the diamagnetic 
term is also detailed (the reader may wish to refer to Complements Dy; and Byj1). 

Consider a particle of mass , whose Hamiltonian is: 

Be? A 
Ao = Qu + 9 pw R? 

(an isotropic three-dimensional harmonic oscillator), where wo is a given positive con- 
stant. 

a. Find the energy levels of the particle and their degrees of degeneracy. Is it 
possible to construct a basis of eigenstates common to Ho, L?, L,? 

b. Now, assume that the particle, which has a charge q, is placed in a uniform 
magnetic field B parallel to Oz. We set wz, = —qB/2. If we choose to use the gauge 


1 
A= “ar x B, the Hamiltonian H of the particle is: 
H= Ho + Hi (wz) 
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where H, is the sum of an operator which is linearly dependent on wz, (the paramagnetic 
term) and an operator which is quadratically dependent on wy (the diamagnetic term). 
Show that the new stationary states of the system and their degrees of degeneracy can 
be determined exactly. 

c. Show that if wz is much smaller than wo, the effect of the diamagnetic term is 
negligible compared to that of the paramagnetic term. 

d. We now consider the first excited state of the oscillator, that is, the states whose 
energies approach 5hwo/2 when w, —> 0. To first order in wz /wo, what are the energy 
levels in the presence of the field B and their degrees of degeneracy (the Zeeman effect for 
a three-dimensional harmonic oscillator)? Same questions for the second excited state. 

e. Now consider the ground state. How does its energy vary as a function of wz 
(the diamagnetic effect on the ground state)? Calculate the magnetic susceptibility y of 
this state. Is the ground state, in the presence of the field B, an eigenvector of L?? of 
L,? of L,? Give the form of its wave function and the corresponding probability current. 
Show that the effect of the field B is to compress the wave function about Oz (in a ratio 
[1 + (wz /wo)?]!/4) and to induce a current. 
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Absorption 
and emission of photons, 2073 
collision with, 971 
of a quantum, a photon, 1311, 1353 
of field, 2149 
of several photons, 1368 
rates, 1334 
Acceptor (electron acceptor), 1495 
Acetylene (molecule), 878 
Action, 341, 1539, 1980 
Addition 
of angular momenta, 1015, 1043 
of spherical harmonics, 1059 
of two spins 1/2, 1019 
Adiabatic 
branching of the potential, 932 
Adjoint 
matrix, 123 
operator, 112 
Algebra (commutators), 165 
Allowed energy band, 381, 1481, 1491 
Ammonia (molecule), 469, 873 
Amplitude 
scattering amplitude, 929, 953 
Angle (quantum), 2258 
Angular momentum 
addition of momenta, 1015, 1043 
and rotations, 717 
classical, 1529 
commutation relations, 669, 725 
conservation, 668, 736, 1016 
coupling, 1016 
electromagnetic field, 1968, 2043 
half-integral, 987 
of identical particles, 1497(ex.) 
of photons, 1370 
orbital, 667, 669, 685 
quantization, 394 
quantum, 667 
spin, 987, 991 
standard representation, 677, 691 
two coupled momenta, 1091 
Anharmonic oscillator, 502, 1135 
Annihilation operator, 504, 513, 514, 1597 





Annihilation-creation (pair), 1831, 1878 
Anomalous 
average value, 1828, 1852 
dispersion, 2149 
Zeeman effect, 987 
Anti-normal correlation function, 1782, 
1789 
Anti-resonant term, 1312 
Anti-Stokes (Raman line), 532, 752 
Antibunching (photon), 2121 
Anticommutation, 1599 
field operator, 1754 
Anticrossing of levels, 415, 482 
Antisymmetric ket, state, 1428, 1431 
Antisymmetrizer, 1428, 1431 
Applications of the perturbation theory, 
1231 
Approximation 
central field approximation, 1459 
secular approximation, 1374 
Argument (EPR), 2205 
Atom(s), see helium, hydrogenoid 
donor, 837 
dressed, 2129, 2133 
many-electron atoms, 1459, 1467 
mirrors for atoms, 2153 
muonic atom, 541 
single atom fluorescence, 2121 
Atomic 
beam (deceleration), 2025 
orbital, 869, 1496(ex.) 
parameters, 41 
Attractive bosons, 1747 
Autler-Townes 
doublet, 2144 
effect, 1410 
Autoionization, 1468 
Average value (anomalous), 1828 
Azimuthal 
quantum number, 811 


Band (energy), 381 
Bardeen-Cooper-Schrieffer, 1889 
Barrier (potential barrier), 68, 367, 373 
Basis 
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change of bases, 174 
characteristic relations, 101, 119 
continuous basis in the space of states, 
99 
mixed basis in the space of states, 99 
BCHSH inequalities, 2209, 2210 
BCS, 1889 
broken pairs and excited pairs, 1920 
coherent length, 1909 
distribution functions, 1899 
elementary excitations, 1923 
excited states, 1919 
gap, 1894, 1896, 1923 
pairs (wave function of), 1901 
phase locking, 1893, 1914, 1916 
physical mechanism, 1914 
two-particle distribution, 1901 
Bell’s 
inequality, 2208 
theorem, 2204, 2208 
Benzene (molecule), 417, 495 
Bessel 
Bessel-Parseval relation, 1507 
spherical Bessel function, 944 
spherical equation, 961 
spherical function, 966 
Biorthonormal decomposition, 2194 
Bitter, 2059 
Blackbody radiation, 651 
Bloch 
equations, 463, 1358, 1361 
theorem, 659 
Bogolubov 
excitations, 1661 
Hamiltonian, 1952 
operator method, 1950 
phonons, spectrum, 1660 
transformation, 1950 
Bogolubov-Valatin transformation, 1836, 
1919 
Bohr, 2207 
electronic magneton, 856 
frequencies, 249 
magneton, see front cover pages 
model, 40, 819 
nuclear magneton, 1237 
radius, 820 


902 


Boltzmann 
constant, see front cover pages 
distribution, 1630 
Born 
approximation, 938, 977, 1320 
Born-Oppenheimer approximation, 528, 
1177, 1190 
Born-von Karman conditions, 1490 
Bose-Einstein 
condensation, 1446, 1638, 1940 
condensation (repulsive bosons), 1933 
condensation of pairs, 1857 
distribution, 652, 1630 
statistics, 1446 
Bosons, 1434 
at non-zero temperature, 1745 
attractive, 1747 
attractive instability, 1745 
condensed, 1638 
in a Fock state, 1775 
paired, 1881 
Boundary conditions (periodic), 1489 
Bra, 103, 104, 119 
Bragg reflection, 382 
Brillouin 
formula, 452 
zone, 614 
Broadband 
detector, 2165 
optical excitation, 1332 
Broadening (radiative), 2138 
Broken pairs and excited pairs (BCS), 
1920 
Brossel, 2059 
Bunching of bosons, 1777 


C.S.C.0., 183, 137, 153, 236 
Canonical 
commutation relations, 142, 223, 1984 
ensemble, 2289 
Hamilton-Jacobi canonical equations, 
214 
Hamilton-Jacobi equations, 1532 
Cauchy principal part, 1517 
Center of mass, 812, 1528 
Center of mass frame, 814 
Central 
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field approximation, 1459 
potential, 1533 
Central potential, 803, 841 
scattering, 941 
stationary states, 804 
Centrifugal potential, 809, 888, 893 
Chain (von Neumann), 2201 
Chain of coupled harmonic oscillators, 611 
Change 
of bases, 124, 174, 1601 
of representation, 124 
Characteristic equation, 129 
Characteristic relation of an orthonormal 
basis, 116 
Charged harmonic oscillator in an elec- 
tric field, 575 
Charged particle 
in an electromagnetic field, 1536 
Charged particle in a magnetic field, 240, 
321, 771 
Chemical bond, 417, 869, 1189, 1210 
Chemical potential, 1486, 2287 
Circular quanta, 761, 783 
Classical 
electrodynamics, 1957 
histories, 2272 
Clebsch-Gordan coefficients, 1038, 1051 
Closure relation, 93, 117 
Coefficients 
Clebsch-Gordan, 1038 
Einstein, 1334, 2083 
Coherences (of the density matrix), 307 
Coherent length (BCS), 1909 
Coherent state (field), 2008 
Coherent superposition of states, 253, 301, 
307 
Collision, 923 


Commutation, 1599 
canonical relations, 142, 223 
field operator, 1754 
of pair field operators, 1861 
relations, 1984 
Commutation relations 
angular momentum, 669, 725 
field, 1989, 1996 
Commutator algebra, 165 
Commutator(s), 91, 167, 171, 187 
of functions of operators, 168 
Compatibility of observables, 232 
Complementarity, 45 
Complete set of commuting observables 
(C.S.C.O.), 133, 137, 236 
Complex variables (Lagrangian), 1982 
Compton wavelength of the electron, 825, 
1235 
Condensates 
relative phase, 2237 
with spins, 2254 
Condensation 
BCS condensation energy, 1917 
Bose-Einstein, 1446, 1857, 1933 
Condensed bosons, 1638 
Conduction band, 1492 
Conductivity (solid), 1492 
Configurations, 1467 
Conjugate momentum, 214, 323, 1531, 
1983, 1987, 1995 
Conjugation (Hermitian), 111 
Conservation 
local conservation of probability, 238 
of angular momentum, 668, 736, 1016 
of energy, 248 
of probability, 237 
Conservative systems, 245, 315 


between identical particles, 1454, 1497(ex.) Constants of the motion, 248, 317 


between identical particles in classi- 
cal mechanics, 1420 

between two identical particles, 1450 

cross section, 926 

scattering states, 928 

total scattering cross section, 926 

with absorption, 971 

Combination 
of atomic orbitals, 1172 


Contact term, 1273 
Contact term (Fermi), 1238, 1247 
Contextuality, 2231 
Continuous 
spectrum, 133, 219, 264, 1316 
variables (in a Lagrangian), 1984 
Continuum of final states, 1316, 1378, 
1380 
Contractions, 1802 
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Convolution product of two functions, 1510 
Cooling 
Doppler, 2026 
down atoms, 2025 
evaporative, 2034 
Sisyphus, 2034 
sub-Doppler, 2155 
subrecoil, 2034 
Cooper model, 1927 
Cooper pairs, 1927 
Cooperative effects (BCS), 1916 
Correlation functions, 1781, 1804 
anti-normal, 1782, 1789 
dipole and field, 2113 
for one-photon processes, 2084 
normal, 1782, 1787 
of the field, spatial, 1758 
Correlations, 2231 
between two dipoles, 1157 
between two physical systems, 296 
classical and quantum, 2221 
introduced by a collision, 1104 
Coulomb 
field, 1962 
gauge, 1965 
Coulomb potential 
cross section, 979 
Coupling 
between angular momenta, 1016 
between two angular momenta, 1091 
between two states, 412 
effect on the eigenvalues, 438 
spin-orbit coupling, 1234, 1241 
Creation and annihilation operators, 504, 
513, 514, 1596, 1990 
Creation operator (pair of particles), 1813, 
1846 
Critical velocity, 1671 
Cross section 
and phase shifts, 951 
scattering cross section, 926, 933, 953, 
972 
Current 
metastable current in superfluid, 1667 
of particles, 1758 
of probability, 240 
probability current in hydrogen atom, 
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851 
Cylindrical symmetry, 899(ex.) 


Darwin term, 1235, 1279 
De Broglie 
relation, 10 
wavelength, see front cover pages, 11, 
35 
Decay of a discrete state, 1378 
Deceleration of an atomic beam, 2025 
Decoherence, 2199 
Decomposition (Schmidt), 2193 
Decoupling (fine or hyperfine structure), 
1262, 1291 
Degeneracy 
essential, 811, 825, 845 
exchange degeneracy, 1423 
exchange degeneracy removal, 1435 
lifted by a perturbation, 1125 
rotation invariance, 1072 
systematic and accidental, 203 
Degenerate eigenvalue, 127, 203, 217, 260 
Degereracy 
lifted by a perturbation, 1117 
parity, 199 
Delta Dirac function, 1515 
potential well and barriers, 83-85(ex.) 
use in quantum mechanics, 97, 106, 
280 
Density 
Lagrangian, 1986 
of probability, 264 
of states, 389, 1316, 1484, 1488 
operator, 449, 1391 
operator and matrix, 299 
particle density operator, 1756 
Density functions 
one and two-particle, 1502(ex.) 
Depletion (quantum), 1940 
Derivative of an operator, 169 
Detection probability amplitude (photon), 
2166 
Detectors (photon), 2165 
Determinant 
Slater determinant, 1438, 1679 
Deuterium, 834, 1107(ex.) 
Diagonalization 
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of a 2 x 2 matrix, 429 
of an operator, 128 
Diagram (dressed-atom), 2133 
Diamagnetism, 855 
Diatomic molecules 
rotation, 739 
Diffusion (momentum), 2030 
Dipole 
-dipole interaction, 1142, 1153 
-dipole magnetic interaction, 1237 
electric dipole transition, 863 
electric moment, 1080 
Hamiltonian, 2011 
magnetic dipole moment, 1084 
magnetic term, 1272 
trap, 2151 
Dirac, see Fermi 
delta function, 97, 106, 280, 1515 
equation, 1233 
notation, 102 
Direct 
and exchange terms, 1613, 1632, 1634, 
1646, 1650 
term, 1447, 1453 
Discrete 
bases of the state space, 91 
spectrum, 132, 217 
Dispersion (anomalous), 2149 
Dispersion and absorption (field), 2147 
Distribution 
Boltzmann, 1630 
Bose-Einstein, 1630 
Fermi-Dirac, 1630 
function (bosons), 1629 
function (fermions), 1629 
functions, 1625, 1733 
functions (BCS), 1899 
Distribution law 
Bose-Einstein, 652 
Divergence (energy), 2007 
Donor atom, 837, 1495 
Doppler 
cooling, 2026 
effect, 2022 
effect (relativistic), 2022 
free spectroscopy, 2105 
temperature, 2033 


Double 
condensate, 2237 
resonance method, 2059 
spin condensate, 2254 
Doublet (Autler-Townes), 2144 
Down-conversion (parametric), 2181 
Dressed 
states and energies, 2133 
Dressed-atom, 2129, 2133 
diagram, 2133 
strong coupling, 2141 
weak coupling, 2137 


E.P.R., 1225(ex.) 
Eckart (Wigner-Eckart theorem), see Wigner 
Effect 
Autler-Townes, 2144 
Mossbauer, 2040 
photoelectric, 2110 
Effective Hamiltonian, 2141 
Ehrenfest theorem, 242, 319, 522 
Eigenresult, 9 
Higenstate, 217, 232 
Eigenvalue, 11, 25, 176, 216 
degenerate, 217, 260 
equation, 126, 429 
of an operator, 126 
Eigenvector, 176 
of an operator, 126 
Einstein, 2110 
coefficients, 1334, 1356, 2083 
EPR argument, 297, 1104 
model, 534, 653 
Planck-Einstein relations, 3 
temperature, 659 
Einstein-Podolsky-Rosen, 2204, 2261 
Elastic 
scattering, 925 
scattering (photon), 2086 
scattering, form factor, 1411(ex.) 
total cross section, 972 
Elastically bound electron model, 1350 
Electric 
conductivity of a solid, 1492 
Electric dipole 
Hamiltonian, 2011 
interaction, 1342 
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matrix elements, 1344 
moment, 1080 
selection rules, 1345 
transition and selection rules, 863 
transitions, 2056 
Electric field (quantized), 2000, 2005 
Electric polarisability 
NHs, 484 
Electric polarizability 
of the 1s state in Hydrogen, 1299 
Electric quadrupole 
Hamiltonian, 1347 
moment, 1082 
transitions, 1348 
Electric susceptibility 
bound electron, 577 
of an atom, 1351 
Electrical 
susceptibility, 1223(ex.) 
Electrodynamics 
classical, 1957 
quantum, 1997 
Electromagnetic field 
and harmonic oscillators, 1968 
and potentials, 321 
angular momentum, 1968, 2043 
energy, 1966 
Lagrangian, 1986, 1992 
momentum, 1967, 2019 
polarization, 1970 
quantization, 631, 637 
Electromagnetic interaction of an atom 
with a wave, 1340 
Electromagnetism 
fields and potentials, 1536 
Electron spin, 393, 985 
Electron(s) 
configurations, 1463 
gas in solids, 1491 
in solids, 1177, 1481 
mass and charge, see front cover pages 
Electronic 
configuration, 1459 
paramagnetic resonance, 1225(ex.) 
shell, 827 
Elements of reality, 2205 
Emergence of a relative phase, 2248, 2253 
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Emission 
of a quantum, 1311 
photon, 2080 
spontaneous, 2081, 2135 
stimulated (or induced), 2081 
Energy, see Conservation, Uncertainty 
and momentum of the transverse elec- 
tromagnetic field, 1973 
band, 381 
bands in solids, 1177, 1481 
conservation, 248 
electromagnetic field, 1966 
Fermi energy, 1772 
fine structure energy levels, 986 
free energy, 2290 
levels, 359 
levels of harmonic oscillator, 509 
levels of hydrogen, 823 
of a paired state, 1869 
recoil energy, 2023 
Ensemble 
canonical, 2289 
grand canonical, 2291 
microcanonical, 2285 
statistical ensembles, 2295 
Entanglement 
quantum, 2187, 2193, 2203, 2242 
swapping, 2232 
Entropy, 2286 
EPR, 2204, 2261 
elements of reality, 2205 
EPRB, 2205 
paradox/argument, 1104 
Equation of state 
ideal quantum gas, 1640 
repulsive bosons, 1745 
Equation(s) 
Bloch, 1361 
Hamilton-Jacobi, 1982, 1983, 1988 
Lagrange, 1982, 1993 
Lorentz, 1959 
Maxwell, 1959 
Schrédinger, 11, 12, 306 
von Neumann, 306 
Essential degeneracy, 811, 825 
Ethane (molecule), 1223 
Ethylene (molecule), 536, 881 
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Evanescent wave, 29, 67, 70, 78, 285 
Evaporative cooling, 2034 
Even operators, 196 
Evolution 
field operator, 1765 
of quantum systems, 223 
of the mean value, 241 
operator, 313, 2069 
operator (expansion), 2070 
operator (integral equation), 2069 
Exchange, 1611 
degeneracy, 1423 
degeneracy removal, 1435 
energy, 1469 
hole, 1774 
integral, 1474 
term, 1447, 1451, 1453 
Excitations 
BCS, 1923 
Bogolubov, 1661 
vacuum, 1623 
Excited states (BCS), 1919 
Exciton, 838 
Exclusion principle (Pauli), 1437, 1444, 
1463, 1484 
Extensive (or intensive) variables, 2292 


Fermi 
contact term, 1238 
energy, 1445, 1481, 1486, 1772 
gas, 1481 
golden rule, 1318 
level, 1486, 1621 
radius, 1621 
surface (modified), 1914 
, see Fermi-Dirac 
Fermi level 
and electric conductivity, 1492 
Fermi-Dirac 
distribution, 1486, 1630, 1717 
statistics, 1446 
Fermions, 1434 
in a Fock state, 1771 
paired, 1874 
Ferromagnetism, 1477 
Feynman 


path, 2267 


postulates, 341 
Fictitious spin, 435, 1359 
Field 
absorption, 2149 
commutation relations, 1989, 1996 
dispersion and absorption, 2147 
intense laser, 2126 
interaction energy, 1764 
kinetic energy, 1763 
normal variables, 1971 
operator, 1752 
operator (evolution), 1763, 1765 
pair field operator, 1861 
potential energy, 1764 
quantization, 1765, 1999 
quasi-classical state, 2008 
spatial correlation functions, 1758 
Final states continuum, 1378, 1380 
Fine and hyperfine structure, 1231 
Fine structure 
constant, see front cover pages, 825 
energy levels, 1478 
Hamiltonian, 1233, 1276, 1478 
Helium atom, 1478 
Hydrogen, 1238 
of spectral lines, 986 
of the states 1s, 2s et 2p, 1276 
Fletcher, 2111 
Fluctuations 
boson occupation number, 1633 
intensity, 2125 
vacuum, 644, 2007 
Fluorescence (single atom), 2121 
Fluorescence triplet, 2144 
Fock 
space, 1593, 2004 
state, 1593, 1614, 1769, 2103 
Forbidden, see Band 
energy band, 381, 390, 1481 
transition, 1345 
Forces 
van der Waals, 1151 
Form factor 
elastic scattering, 1411(ex.) 
Forward scattering (direct and exchange), 
1874 


Fourier 
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series and transforms, 1505 
Fragmentation (condensate), 1654, 1776 
Free 

electrons in a box, 1481 

energy, 2290 

particle, 14 

quantum field (Fock space), 2004 

spherical wave, 941, 944, 961 

spherical waves and plane waves, 967 
Free particle 

stationary states with well-defined an- 

gular momentum, 959 
stationary states with well-defined mo- 
mentum, 19 

wave packet, 14, 57, 347 
Frequency 

Bohr, 249 

components of the field (positive and 

negative), 2072 

Rabi’s frequency, 1325 
Friction (coefficient), 2028 
Function 

of operators, 166 

periodic functions, 1505 

step functions, 1521 
Fundamental state, 41 


Gap (BCS), 1894, 1896, 1923 
Gauge, 1343, 1536, 1960, 1963 

Coulomb, 1965 

invariance, 321 

Lorenz, 1965 
Gaussian 

wave packet, 57, 292, 2305 
Generalized velocities, 214, 1530 
Geometric quantization, 2311 
Gerlach, see Stern 
GHZ state, 2222, 2227 
Gibbs-Duhem relation, 2296 
Golden rule (Fermi), 1318 
Good quantum numbers, 248 
Grand canonical, 1626, 2291 
Grand potential, 1627, 1721, 2292 
Green’s function, 337, 936, 1781, 1786, 

1789 

evolution, 1785 

Greenberger-Horne-Zeilinger, 2227 
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Groenewold’s formula, 2315 
Gross-Pitaevskii equation, 1643, 1657 
Ground state, 363 

harmonic oscillator, 509, 520 

Hydrogen atom, 1228(ex.) 
Group velocity, 55, 60, 614 
Gyromagnetic ratio, 396, 455 

orbital, 860 

spin, 988 


H} molecular ion, 85(ex.), 417, 1189 
Hadronic atoms, 840 
Hall effect, 1493 
Hamilton 
function, 1532 
function and equations, 1531 
Hamilton-Jacobi canonical equations, 214, 
1532, 1982, 1983, 1988 
Hamiltonian, 223, 245, 1527, 1983, 1988, 
1995 
classical, 1531 
effective, 2141 
electric dipole, 1342, 2011 
electric quadrupole, 1347 
fine structure, 1233, 1276 
hyperfine, 1237, 1267 
magnetic dipolar, 1347 
of a charged particle in a vector po- 
tential, 1539 
of a particle in a central potential, 
806, 1533 
of a particle in a scalar potential, 225 
of a particle in a vector potential, 
225, 323, 328 
Hanbury Brown and Twiss, 2120 
Hanle effect, 1372(ex.) 
Hard sphere 
scattering, 980, 981(ex.) 
Harmonic oscillator, 497 
in an electric field, 575 
in one dimension, 527, 1131 
in three dimensions, 569 
in two dimensions, 755 
infinite chain of coupled oscillators, 
611 
quasiclassical states, 583 
thermodynamic equilibrium, 647 
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three-dimensional, 841, 899(ex.) 
two coupled oscillators, 599 
Hartree-Fock 
approximation, 1677, 1701 
density operator (one-particle), 1691 
equations, 1686, 1731 
for electrons, 1695 
mean field, 1677, 1693 
potential, 1706 
thermal equilibrium, 1711, 1733 
time-dependent, 1701, 1708 
Healing length, 1652 
Heaviside step function, 1521 
Heisenberg 
picture, 317, 1763 
relations, 19, 39, 41, 45, 55, 232, 290 
Helicity (photon), 2051 
Helium 
energy levels, 1467 
ion, 838 
isotopes, 1480 
isotopes *He and *He, 1435, 1446 
solidification, 535 
Hermite polynomials, 516, 547, 561 
Hermitian 
conjugation, 111 
matrix, 124 
operator, 115, 124, 130 
Histories (classical), 2272 
Hole 
creation and annihilation, 1622 
exchange, 1774 
Holes, 1621 
Hybridization of atomic orbitals, 869 
Hydrogen, 645 
atom, 803 
atom in a magnetic field, 853, 855, 
862 
atom, relativistic energies, 1245 
Bohr model, 40, 819 
energy levels, 823 
fine and hyperfine stucture, 1231 
ionisation energy, see front cover pages 
ionization energy, 820 
maser, 1251 
molecular ion, 85(ex.), 417, 1189 
quantum theory, 41 


radial equation, 821 
Stark effect, 1298 
stationary states, 851 
stationary wave functions, 830 
Hydrogen-like systems in solid state physics, 
837 
Hydrogenoid systems, 833 
Hyperfine 
decoupling, 1262 
Hamiltonian, 1237, 1267 
Hyperfine structure, see Hydrogen, muo- 
nium, positronium, Zeeman ef- 
fect, 1231 
Muonium, 1281 


Ideal gas, 1625, 1787, 1791, 1804 
correlations, 1769 
Identical particles, 1419, 1591 
Induced 
emission, 1334, 1366, 2081 
emission of a quantum, 1311 
emission of photons, 1355 
Inequality (Bell’s), 2208 
Infinite one-dimensional well, 271 
Infinite potential well, 74 
in two dimensions, 201 
Infinitesimal unitary operator, 178 
Insulator, 1492 
Integral 
exchange integral, 1474 
scattering equation, 935 
Intense laser fields, 2126 
Intensive (or extensive) variables, 2292 
Interaction 
between magnetic dipoles, 1141 
dipole-dipole interaction, 1141, 1153 
electromagnetic interaction of an atom 
with a wave, 1340 
field and particles, 2009 
field and atom, 2010 
magnetic dipole-dipole interaction, 1237 
picture, 353, 1393, 2070 
tensor interaction, 1141 
Interference 
photons, 2167 
two-photon, 2170, 2183 
Ton HJ, 1189 
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Ionization 
photo-ionization, 2109 
tunnel ionization, 2126 

Isotropic radiation, 2079 


Jacobi, see Hamilton 


Kastler, 2059, 2062 
Ket, see state, 103, 119 

for identical particles, 1436 
Kuhn, see Thomas 


Lagrange 
equations, 1530, 1982, 1993 
fonction and equations, 214 
multipliers, 2281 
Lagrangian, 1530, 1980 
densities, 1986 
electromagnetic field, 1986, 1992 
formulation of quantum mechanics, 
339 
of a charged particle in an electro- 
magnetic field, 1538 
particle in an electromagnetic field, 
323 
Laguerre-Gaussian beams, 2065 
Lamb shift, 645, 1245, 1388, 2008 
Landau levels, 771 
Landé factor, 1072, 1107(ex.), 1256, 1292 
Laplacian, 1527 
of 1/r, 1524 
of Y;"(6, y)/r't*, 1526 
Larmor 
angular frequency, 857 
precession, 394, 396, 410, 455, 857, 
1071 
Laser, 1359, 1365 
Raman laser, 2093 
saturation, 1370 
trap, 2151 
Lattices (optical), 2153 
Least action 
principle of, 1539 
Legendre 
associated function, 714 
polynomial, 713 
Length (healing), 1652 
Level 
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anticrossing, 415, 482 
Fermi level, 1621 
Lifetime, 343, 485, 645 
of a discrete state, 1386 
radiative, 2081 
Lifting of degeneracy by a perturbation, 
1125 
Light 
quanta, 3 
shifts, 1834, 2138, 2151, 2156 
Linear, see operator 
combination of atomic orbitals, 1172 
operators, 90, 108, 163 
response, 1350, 1357, 1364 
superposition of states, 253 
susceptibility, 1365 
Local conservation of probability, 238 
Local realism, 2209, 2230 
Longitudinal 
fields, 1961 
relaxation, 1400 
relaxation time, 1401 
Lorentz equations, 1959 
Lorenz (gauge), 1965 


Magnetic 
dipole term, 1272 
dipole-dipole interaction, 1237 
effect of a magnetic field on the lev- 
els of the Hydrogen atom, 1251 
hyperfine Hamiltonian, 1267 
interactions, 1232, 1237 
quantum number, 811 
resonance, 455 
susceptibility, 1224, 1487 
Magnetic dipole 
Hamiltonian, 1347 
transitions and selection rules, 1084, 
1098, 1348 
Magnetic dipoles 
interactions between two dipoles, 1141 
Magnetic field 
and vector potential, 321 
charged particle in a, 240, 771 
effects on hydrogen atom, 853, 855 
harmonic oscillator in a, 899(ex.) 
Hydrogen atom in a magnetic field, 
1263, 1289 
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multiplets, 1074 
quantized, 2000, 2005 
Magnetism (spontaneous), 1737 
Many-electron atoms, 1459 
Maser, 477, 1359, 1365 
hydrogen, 1251 
Mass correction (relativistic), 1234 
Master equation, 1358 
Matrice(s), 119, 121 
diagonalization of a 2x2 matrix, 429 
Pauli matrices, 425 
unitary matrix, 176 
Maxwell’s equations, 1959 
Mean field (Hartree-Fock), 1693, 1708, 
1725 
Mean value of an observable, 228 
evolution, 241 
Measurement 
general postulates, 216, 226 
ideal von Neumann measurement, 2196 
of a spin 1/2, 394 
of observables, 216 
on a part of a physical system, 293 
state after measurement, 221, 227 
Mendeleev’s table, 1463 
Metastable superfluid flow, 1671 
Methane (molecule), 883 
Microcanonical ensemble, 2285 
Millikan, 2111 
Minimal wave packet, 290, 520, 591 
Mirrors for atoms, 2153 
Mixing of states, 1121, 1137 
Model 
Cooper model, 1927 
Einstein model, 534 
elastically bound electron, 1350 
vector model of atom, 1071 
Modes 
vibrational modes, 599, 611 
Modes (radiation), 1974, 1975 
Molecular ion, 417 
Molecule(s) 
chemical bond, 417, 869, 873, 878, 
883, 1189 
rotation, 796 
vibration, 527, 1137 
vibration-rotation, 885 


Mollow, 2144 
Moment 
quadrupole electric moment, 1225(ex.) 
Momentum, 1539 
conjugate, 214, 323, 1983, 1987, 1995 
diffusion, 2030 
electromagnetic field, 1967, 2019 
mechanical momentum, 328 
Monogamy (quantum), 2221 
Mossbauer effect, 1415, 2040 
Motional narrowing, 1323 
condition, 1323, 1398, 1408 
Multiphoton transition, 1368, 2040, 2097 
Multiplets, 1072, 1074, 1467 
Multipliers (Lagrange), 2281 
Multipolar waves, 2052 
Multipole 
moments, 1077 
Multipole operators 
introduction, 1077, 1083 
parity, 1082 
Muon, 527, 541, 1281 
Muonic atom, 541, 839 
Muonium, 835 
hyperfine structure, 1281 
Zeeman effect, 1281 





Narrowing (motional), 1323, 1408 
condition, 1398 

Natural width, 345, 1388 

Need for a quantum treatment, 2118, 2120 
Neumann 

spherical function, 967 

Neutron mass, see front cover pages 
Non-destructive detection of a photon, 
2159 

Non-diagonal order (BCS), 1912 
Non-locality, 2204 

Non-resonant excitation, 1350 
Non-separability, 2207 

Nonlinear 

response, 1357, 1368 

susceptibility, 1369 

Norm 

conservation, 238 

of a state vector, 104, 237 

of a wave function, 13, 90, 99 
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Normal 
correlation function, 1782, 1787 
variables, 602, 616, 631, 633 
variables (field), 1971 
Nuclear 
multipole moments, 1088 
Bohr magneton, 1237 
Nucleus 
spin, 1088 
volume effect, 1162, 1268 
Number 
occupation number, 1439, 1593 
photon number, 2135 
total number of particles in an ideal 
gas, 1635 


Observable(s), 130 
C.S.C.O., 133, 137 
commutation, 232 
compatibility, 232 
for identical particles, 1429, 1441 
mean value, 228 
measurement of, 216, 226 
quantization rules, 223 
symmetric observables, 1441 
transformation by permutation, 1434 
whose commutator is ih, 187, 289 
Occupation number, 1439, 1593 
operator, 1598 
Odd operators, 196 
One-particle 
Hartree-Fock density operator, 1691 
operators, 1603, 1605, 1628, 1756 
Operator(s) 
adjoint operator, 112 
annihilation operator, 504, 513, 514, 
1597 
creation and annihilation, 1990 
creation operator, 504, 513, 514, 1596 
derivative of an operator, 169 
diagonalization, 126, 128 
even and odd operators, 196 
evolution operator, 313, 2069 
field, 1752 
function of, 166 
Hermitian operators, 115 
linear operators, 90, 108, 163 
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occupation number, 1598 
one-particle operator, 1603, 1605, 1628, 
1756 
parity operator, 193 
particle density operator, 1756 
permutation operators, 1425, 1430 
potential, 168 
product of, 90 
reduced to a single particle, 1607 
representation, 121 
restriction, 165 
restriction of, 1125 
rotation operator, 1001 
symmetric, 1628, 1755 
translation operator, 190 
two-particle operator, 1608, 1610, 1631, 
1756 
unitary operators, 173 
Weyl operator, 2300 
Oppenheimer, see Born, 1177, 1190 
Optical 
excitation (broadband), 1332 
lattices, 2153 
pumping, 2062, 2140 
Orbital 
angular momentum (of radiation), 2052 
atomic orbital, 1496(ex.) 
hybridization, 869 
linear combination of atomic orbitals, 
1172 
quantum number, 1463 
state space, 988 
Order parameter for pairs, 1851 
Orthonormal basis, 91, 99, 101, 133 
characteristic relation, 116 
Orthonormalization 
and closure relations, 101, 140 
relation, 116 
Oscillation(s) 
between two discrete states, 1374 
between two quantum states, 418 
Rabi, 2134 
Oscillator 
anharmonic, 502 
harmonic, 497 
strength, 1352 


Pair(s) 
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annihilation-creation of pairs, 1831, 
1874, 1887 
BCS, wave function, 1909 
Cooper, 1927 
of particles (creation operator), 1813, 
1846 
pair field (commutation), 1861 
pair field operator, 1845 
pair wave function, 1851 
Paired 
bosons, 1881 
fermions, 1874 
state energy, 1869 
states, 1811 
states (building), 1818 
Pairing term, 1878 
Paramagnetism, 855 
Parametric down-conversion, 2181 
Parity, 2106 
degeneracy, 199 
of a permutation operator, 1431 
of multipole operators, 1082 
operator, 193 
Parseval 
Parseval-Plancherel equality, 20 
Parseval-Plancherel formula, 1511, 1521 
Partial 
reflection, 79 
trace of an operator, 309 
waves in the potential, 948 
waves method, 941 
Particle (current), 1758 
Particles and holes, 1621 
Partition function, 1626, 1627, 1717 
Path 
integral, 2267 
space-time path, 339 
Pauli 
exclusion principle, 1437, 1444, 1463, 
1481 
Hamiltonian, 1009(ex.) 
matrices, 425, 991 
spin theory, 986 
spinor, 993 
Penetrating orbit, 1463 
Penrose-Onsager criterion, 1776, 1860, 1947 
Peres, 2212 


Periodic 
boundary conditions, 1489 
classification of elements, 1463 
functions, 1505 
potential (one-dimensional), 375 
Permutation operators, 1425, 1430 
Perturbation 
applications of the perturbation the- 
ory, 1231 
lifting of a degeneracy, 1125 
one-dimensional harmonic oscillator, 
1131 
random perturbation, 1320, 1325, 1390 
sinusoidal, 1311 
stationary perturbation theory, 1115 
Perturbation theory 
time dependent, 1303 
Phase 
locking (BCS), 1893, 1916 
locking (bosons), 1938, 1944 
relative phase between condensates, 
2237, 2248 
velocity, 37 
Phase shift (collision), 951, 1497(ex.) 
with imaginary part, 971 
Phase velocity, 21 
Phonons, 611, 626 
Bogolubov phonons, 1660 
Photodetection 
double, 2172, 2184 
single, 2169, 2171 
Photoelectric effect, 1412(ex.), 2110 
Photoionization, 2109, 2165 
rate, 2115, 2124 
two-photon, 2123 
Photon, 3, 631, 651, 2004, 2005, 2110 
absorption and emission, 2067 
angular momentum, 1370 
antibunching, 2121 
detectors, 2165 
non-destructive detection, 2159 
number, 2135 
scattering (elastic), 2086 
scattering by an atom, 2085 
vacuum, 2007 
, see Absorption, Emission 
Picture 
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Heisenberg, 317, 1763 
interaction, 1393, 2070 
Pitaevskii (Gross-Pitaevskii equation), 1643, 
1657 
Plancherel, see Parseval 
Planck 
constant, see front cover pages, 3 
law , 2083 
Planck-Einstein relations, 3, 10 
Plane wave, 14, 19, 95, 943 
Podolsky (EPR argument), 297, 1104 
Pointer states, 2199 
Polarizability 
of the 1s state in Hydrogen, 1299 
Polarization 
electromagnetic field, 1970 
of Zeeman components, 1295 
space-dependent, 2156 
Polynomial method (harmonic oscillator), 
555, 842 
Polynomials 
Hermite polynomials, 516, 547, 561 
Position and momentum representations, 
181 
Positive and negative frequency compo- 
nents, 2072 
Positron, 1281 
Positronium, 836 
hyperfine structure, 1281 
Zeeman effect, 1281 
Postulate (von Neumann projection), 2202 
Postulates of quantum mechanics, 215 
Potential 
adiabatic branching, 932 
barrier, 26, 68, 367, 373 
centrifugal potential, 809, 888, 893 
Coulomb potential, cross section, 979 
cylindrically symmetric, 899(ex.) 
Hartree-Fock, 1706 
infinite one-dimensional well, 74 
operator, 168 
scalar and vector potentials, 1536, 
1960, 1963 
scattering by a, 923 
self-consistent potential, 1461 
square potential, 63 
square well, 29 
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step, 28, 65, 75, 284 
well, 71, 367 
well (arbitrary shape), 359 
well (infinite one-dimensional), 271 
well (infinite two-dimensional, 201 
Yukawa potential, 977 
Precession 
Larmor precession, 396, 1071 
Thomas precession, 1235 
Preparation of a state, 235 
Pressure (ideal quantum gas), 1640 
Principal part, 1517 
Principal quantum number, 827 
Principle 
of least action, 1539, 1980 
of spectral decomposition, 11, 216 
of superposition, 237 
Probability 
amplitude, 11, 253, 259 
conservation, 237 
current, 240, 283, 333, 349, 932 
current in hydrogen atom, 851 
density, 11, 264 
fluid, 932 
of photon absorption, 2076 
of the measurement results, 9, 11 
transition probability, 439 
Process (pair annihilation-creation), 1878, 
1887 
Product 
convolution product of functions, 1510 
of matrices, 122 
of operators, 90 
scalar product, 101, 141, 149, 161 
state (tensor product), 311 
tensor product, 147 
tensor product, applications, 441 
Projection theorem, 1070 
Projector, 109, 133, 165, 218, 222, 1108(ex.) 
Propagator 
for the Schrédinger equation, 335 
of a particle, 2267, 2272 
Proper result, 9 
Proton 
mass, see front cover pages 
spin and magnetic moment, 1237, 1274 
Pumping, 1358 
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Pure (state or case), 301 


Quadrupolar electric moment, 1082, 1225(ex.) 


Quanta (circular), 761, 783 
Quantization 

electrodynamics, 1997 

electromagnetic field, 631, 637, 1997 

of a field, 1765 

of angular momentum, 394, 677 

of energy, 3, 11, 71, 359 

of measurement results, 9, 216, 398 

of the measurement results, 405 

rules, 11, 223, 226, 2274 
Quantum 

angle, 2258 

electrodynamics, 1245, 1282, 1997 

entanglement, 2187, 2193 

monogamy, 2221 

number 

orbital, 1463 
principal quantum number, 827 

numbers (good), 248 

resonance, 417 

treatment needed, 2118, 2120 
Quasi-classical 

field states, 2008 

states, 765, 791, 801 

states of the harmonic oscillator, 583 
Quasi-particles, 1736, 1840 

Bogolubov phonons, 1954 

Quasi-particle vacuum, 1836 


Rabi 
formula, 440, 460, 1324, 1376 
formula), 419 
frequency, 1325 
oscillation, 2134 
Radial 
equation, 842 
equation (Hydrogen), 821 
equation in a central potential, 808 
integral, 1277 
quantum number, 811 
Radiation 
isotropic, 2079 
pressure, 2024 
Radiative 
broadening, 2138 


cascade of the dressed atom, 2145 
Raman 

effect, 532, 740, 1373(ex.) 

laser, 2093 

scattering, 2091 

scattering (stimulated), 2093 
Random perturbation, 1320, 1325, 1390 
Rank (Schmidt), 2196 
Rate (photoionization), 2115, 2124 
Rayleigh 

line, 752 

scattering, 532, 2089 
Realism (local), 2205, 2209 
Recoil 

blocking, 2036 

effect of the nucleus, 834 

energy, 1415, 2023 

free atom, 2020 

suppression, 2040 
Reduced 

density operator, 1607 

mass, 813 
Reduction of the wave packet, 221, 279 
Reflection on a potential step, 285 
Refractive index, 2149 
Reiche, see Thomas 
Relation (Gibbs-Duhem), 2296 
Relative 

motion, 814 

particle, 814 

phase between condensates, 2248, 2258 

phase between spin condensates, 2253 
Relativistic 

corrections, 1233, 1478 

Doppler effect, 2022 

mass correction, 1234 
Relaxation, 465, 1358, 1390, 1413, 1414(ex.) 

general equations, 1397 

longitudinal, 1400 

longitudinal relaxation time, 1401 

transverse, 1403 

transverse relaxation time, 1406 
Relay state, 2086, 2098, 2106 
Renormalization, 2007 
Representation(s) 

change of, 124 

in the state space, 116 
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of operators, 121 
position and momentum, 139, 181 
Schrédinger equation, 183-185 
Repulsion between electrons, 1469 
Resonance 
magnetic resonance, 455 
quantum resonance, 417, 1158 
scattering resonance, 69, 954, 983(ex.) 
two resonnaces with a sinusoidal ex- 
citation, 1365 
width, 1312 
with sinusoidal perturbation, 1311 
Restriction of an operator, 165, 1125 
Rigid rotator, 740, 1222(ex.) 
Ritz theorem, 1170 
Root mean square deviation 
general definition, 230 
Rosen (EPR argument), 297, 1104 
Rotating frame, 459 
Rotation(s) 
and angular momentum, 717 
invariance and degeneracy, 734 
of diatomic molecules, 739 
of molecules, 796, 885 
operator(s), 720, 1001 
rotation invariance, 1478 
rotation invariance and degeneracy, 
1072 
Rotator 
rigid rotator, 740, 1222(ex.) 
Rules 
quantization rules, 2274 
selection rules, 197 
Rutherford’s formula, 979 
Rydberg constant, see front cover pages 


Saturation 
of linear response, 1368 
of the susceptibility, 1369 

Scalar 
and vector potentials, 321, 1536 
interaction between two angular mo- 

menta, 1091 

observable, operator, 732, 737 
potential, 225 
product, 89, 92, 101, 141, 149, 161 
product of two coherent states, 593 
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Scattering 
amplitude, 929, 953 
by a central potential, 941 
by a hard sphere, 980, 981(ex.) 
by a potential, 923 
cross section, 933, 953, 972 
cross section and phase shifts, 951 
inelastic, 2091 
integral equation, 935 
of particles with spin, 1102 
of spin 1/2 particles, 1108(ex.) 
photon, 2086 
Raman, 2091 
Rayleigh, 532, 2089 
resonance, 954, 983(ex.) 
resonant, 2089 
stationary scattering states, 951 
stationary states, 928 
stimulated Raman, 2093 
Schmidt 
decomposition, 2193 
rank, 2196 
Schottky anomaly, 654 
Schrédinger, 2190 
equation, 11, 12, 223, 306 
equation in momentum representa- 
tion, 184 
equation in position representation, 
183 
equation, physical implications, 237 
equation, resolution for conservative 
systems, 245 
picture, 317 
Schwarz inequality, 161 
Second 
quantization, 1766 
harmonic generation, 1368 
Secular approximation, 1316, 1374 
Selection rules, 197, 863, 2014, 2056 
electric quadrupolar, 1348 
magnetic dipolar, 1098, 1348 
Self-consistent potential, 1461 
Semiconductor, 837, 1493 
Separability, 2207, 2223 
Separable density operator, 2223 
Shell (electronic), 827 
Shift 
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light shift, 2138 

of a discrete state, 1387 
Singlet, 1024, 1474 
Sinusoidal perturbation, 1311, 1374 
Sisyphus 

cooling, 2034 

effect, 2155 
Slater determinant, 1438, 1679 
Slowing down atoms, 2025 
Solids 

electronic bands, 1177 

energy bands of electrons, 1491 

energy bands of electrons in solids, 

381 
hydrogen-like systems in solid state 
physics, 837 

Space (Fock), 1593 
Space-dependent polarization, 2156 
Space-time path, 339, 1539 
Spatial correlations (ideal gas), 1769 
Specific heat 

of an electron gas, 1484 

of metals, 1487 

of solids, 653 

two level system, 654 
Spectral 

decomposition principle, 7, 11, 216 

function, 1795 

terms, 1469 
Spectroscopy (Doppler free), 2105 
Spectrum 

BCS elementary excitation, 1923 

continuous, 219, 264 

discrete, 132, 217 

of an observable, 126, 216 
Spherical 

Bessel equation, 961 

Bessel function, 944, 966 

free spherical waves, 961 

free wave, 944 

Neumann function, 967 

wave, 941 

waves and plane waves, 967 
Spherical harmonics, 689, 705 

addition of, 1059 

expression for 1=0,1,2 , 709 

general expression, 707 


Spin 
and magnetic moment of the proton, 
1237 
angular momentum, 987 
electron, 985, 1289 
fictitious, 435 
gyromagnetic ratio, 396, 455, 988 
nuclear, 1088 
of the electron, 393 
Pauli theory, 986, 988 
quantum description, 985, 991 
rotation operator, 1001 
scattering of particles with spin, 1102 
spin 1 and radiation, 2044, 2049, 2050 
system of two spins, 441 
Spin 1/2 
density operator, 449 
ensemble of, 1358 
fictitious, 1359 
interaction between two spins, 1141 
preparation and measurement, 401 
scattering of spin 1/2 particles, 1108(ex.) 
Spin-orbit coupling, 1018, 1234, 1241, 1279 
Spin-statistics theorem, 1434 
Spinor, 993 
rotation, 1005 
Spontaneous 
emission, 343, 645, 1301, 2081, 2135 
emission of photons, 1356 
magnetism of fermions, 1737 
Spreading of a wave packet, 59, 348 
Square 
barrier of potential, 26, 68 
potential, 26, 63, 75, 283 
potential well, 71, 271 
spherical well, 982(ex.) 
Standard representation (angular momen- 
tum), 677, 691 
Stark effect in Hydrogen atom, 1298 
State(s), see Density operator 
density of, 389, 1316, 1484, 1488 
Fock, 1593, 1614, 1769, 2103 
ground state, 363 
mixing of states by a perturbation, 
1121 
orbital state space, 988 
paired, 1811 
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pointer states, 2199 
quasi-classical states, 583, 765, 791, 
801 
relay state, 2086, 2098, 2106 
stable and unstable states, 485 
state after measurement, 221 
state preparation, 235 
stationary, 63, 359, 375 
stationary state, 24, 246 
stationary states in a central poten- 
tial, 804 
unstable, 343 
vacuum state, 1595 
vector, 102, 215 
Stationary 
perturbation theory, 1115 
phase condition, 18, 54 
scattering states, 928, 951 
states, 24, 63, 246, 359 
states in a periodic potential, 375 
states with well-defined angular mo- 
mentum, 944, 959 
states with well-defined momentum, 
943 
Statistical 
entropy, 2217 
mechanics (review of), 2285 
mixture of states, 253, 299, 304, 450 
Statistics 
Bose-Einstein, 1446 
Fermi-Dirac, 1446 
Step 
function, 1521 
potential, 28, 65, 75, 284 
Stern-Gerlach experiment, 394 
Stimulated 
(or induced) emission, 1334, 1366, 
2081 
Raman scattering, 2093 
Stokes Raman line, 532, 752 
Stoner (spontaneous magnetism), 1737 
Strong coupling (dressed-atom), 2141 
Subrecoil cooling, 2034 
Sum rule (Thomas-Reiche-Kuhn), 1352 
Superfluidity, 1667, 1674 
Superposition 
of states, 253 
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principle, 7, 237 
principle and physical predictions, 253 
Surface (modified Fermi surface), 1914 
Susceptibility, see Linear, nonlinear, ten- 
sor 
electric susceptibility of an atom, 1351 
electrical susceptibility, 577, e1223 
electrical susceptibility of NH3, 484 
magnetic susceptibility, 1224 
tensor, 1224, 1410(ex.) 
Swapping (entanglement), 2232 
Symmetric 
ket, state, 1428, 1431 
observables, 1429, 1441 
operators, 1603, 1605, 1608, 1610, 
1628, 1631, 1755 
Symmetrization 
of observables, 224 
postulate, 1434 
Symmetrizer, 1428, 1431 
System 
time evolution of a quantum system, 
223 
two-level system, 435 
Systematic 
and accidental degeneracies, 203 
degeneracy, 845 


Temperature (Doppler), 2033 
Tensor 

interaction, 1141 

product, 147, 441 

product of operators, 149 

product state, 295, 311 

product, applications, 201 

susceptibility tensor, 1224 
Term 

direct and exchange terms, 1613, 1632, 

1634, 1646, 1650 

pairing, 1878 

spectral terms, 1467, 1469 
Theorem 

Bell, 2204, 2208 

Bloch, 659 

projection, 1070 

Ritz, 1170 

Wick, 1799, 1804 
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Wigner-Eckart, 1065, 1085, 1254 
Thermal wavelength, 1635 
Thermodynamic equilibrium, 308 

harmonic oscillator, 647 

ideal quantum gas, 1625 

spin 1/2, 452 
Thermodynamic potential (minimization), 

1715 
Thomas precession, 1235 
Thomas-Reiche-Kuhn sum rule, 1352 
Three-dimensional harmonic oscillator, 569, 
841, 899(ex.) 
Three-level system, 1409(ex.) 
Three-photon transition, 1370 
Time evolution of quantum systems, 223 
Time-correlations (fluorescent photons), 
2145 
Time-dependent 

Gross-Pitaevskii equation, 1657 

perturbation theory, 1303 
Time-energy uncertainty relation, 250, 279, 

345, 1312, 1389 
Torsional oscillations, 536 
Torus (flow in a), 1667 
Total 

elastic scattering cross section, 972 

reflection, 67, 75 

scattering cross section (collision), 926 
Townes 

Autler-Townes effect, 1410 
Trace 

of an operator, 163 

partial trace of an operator, 309 
Transform (Wigner), 2297 
Transformation 

Bogolubov, 1950 

Bogolubov-Valatin, 1836, 1919 

Gauge, 1960 

of observables by permutation, 1434 
Transition, see Probability, Forbidden, Elec- 

tric dipole, Magnetic dipole, 

Quadrupole electric dipole, 2056 

magnetic dipole transition, 1098 

probability, 439, 1308, 1321, 1355 

probability per unit time, 1319 

probability, spin 1/2, 460 

three-photon transition, 1370 


two-photon, 2097 
virtual, 2100 
Translation operator, 190, 579, 791 
Transpositions, 1431 
‘Transverse 
fields, 1961 
relaxation, 1403 
relaxation time, 1406 
Trap 
dipolar, 2151 
laser, 2151 
Triplet, 1024, 1474 
fluorescence triplet, 2144 
Tunnel 
effect, 29, 70, 365, 476, 540, 1177 
ionization, 2126 
Two coupled harmonic oscillators, 599 
Two-dimensional 
harmonic oscillator, 755 
infinite potential well, 201 
wave packets, 49 
Two-level system, 393, 411, 435, 1357 
Two-particle operators, 1608, 1610, 1631, 
1756 
Two-photon 
absorption, 1373(ex.) 
interference, 2170, 2183 
transition, 1409(ex.), 2097 


Uncertainty 
relation, 19, 39, 41, 45, 232, 290 
time-energy uncertainty relation, 1312 
Uniqueness of the measurement result, 
2201 
Unitary 
matrix, 125, 176 
operator, 173, 314 
transformation of operators, 177 
Unstable states, 343 


Vacuum 
electromagnetism, 644, 2007 
excitations, 1623 
fluctuations, 2007 
photon vacuum, 2007 
quasi-particule vacuum, 1836 
state, 1595 

Valence band, 1493 
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Van der Waals forces, 1151 
Variables 
intensive or extensive, 2292 
normal variables, 602, 616, 631, 633 
Variational method, 1169, 1190, 1228(ex.) 
Vector 
model, 1091 
model of the atom, 1071, 1256 
observable, operator, 732 
operator, 1065 
potential, 225 
potential of a magnetic dipole, 1268 
Velocity 
critical, 1671 
generalized velocities, 214, 1530 
group velocity, 23, 614 
phase velocity, 21, 37 
Vibration(s) 
modes, 599, 611 
modes of a continuous system, 631 
of molecules, 885, 1137 
of nuclei in a crystal, 534, 611, 653 
of the nuclei in a molecule, 527 
Violations of Bell’s inequalities, 2210, 2265 
Virial theorem, 350, 1210 
Virtual transition, 2100 
Volume effect, 544, 840, 1162, 1268 
Von Neumann 
chain, 2201 
equation, 306 
ideal measurement, 2196 
reduction postulate, 2202 
statistical entropy, 2217 
Vortex in a superfluid, 1667 


Water (molecule), 873, 874 
Wave (evanescent), 67 
Wave function, 88, 140, 226 
BCS pairs, 1901, 1909 
Hydrogen, 830 
norm, 90 
pair wave functions, 1851 
particle, 11 
Wave packet(s) 
Gaussian, 57, 2305 
in a potential step, 75 
in three dimensions, 53 
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minimal, 290, 520, 591 
motion in a harmonic potential, 596 
one-photon, 2168 
particle, 13 
photon, 2163 
propagation, 20, 57, 242, 398 
reduction, 221, 227, 265, 279 
spreading, 57, 59, 347, 348(ex.) 
two-dimension, 49 
two-photons, 2181 
Wave(s) 
de Broglie wavelength, 10, 35 
evanescent, 29 
free spherical waves, 961 
multipolar, 2052 
partial waves, 948 
plane, 14, 19, 943 
wave function, 11, 88, 140, 226 
Wave-particle duality, 3, 45 
Wavelength 
Compton wavelength, 1235 
de Broglie, 10 
Weak coupling (dressed-atom), 2137 
Well 
potential square well, 29 
potential well, 367 
Weyl 
operator, 2300 
quantization, 2311 
Which path type of experiments, 2202 
Wick’s theorem, 1799, 1804 
Wigner transform, 2297 
Wigner-Eckart theorem, 1065, 1085, 1254 


Young (double slit experiment), 4 
Yukawa potential, 977 


Zeeman 
components, polarizations, 865 
effect, 855, 862, 987, 1251, 1253, 1257, 
1261, 1281 
polarization of the components, 1295 
slower, 2025 
Zeeman effect 
Hydrogen, 1289 
in muonium, 1281 
in positronium, 1281 
Muonium, 1284 
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Zone (Brillouin zone), 614 
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Directions for Use 


This book is composed of chapters and their complements: 


— The chapters contain the fundamental concepts. Except for a few 
additions and variations, they correspond to a course given in the last 
year of a typical undergraduate physics program (Volume I) or of a 
graduate program (Volumes II and III). The 21 chapters are complete in 
themselves and can be studied independently of the complements. 


— The complements follow the corresponding chapter. Each is labelled 
by a letter followed by a subscript, which gives the number of the chapter 
(for example, the complements of Chapter V are, in order, Ay, By, Cy, 
etc.). They can be recognized immediately by the symbol e that appears 
at the top of each of their pages. 


The complements vary in character. Some are intended to expand the 
treatment of the corresponding chapter or to provide a more detailed 
discussion of certain points. Others describe concrete examples or in- 
troduce various physical concepts. One of the complements (usually the 
last one) is a collection of exercises. 


The difficulty of the complements varies. Some are very simple examples 
or extensions of the chapter. Others are more difficult and at the grad- 
uate level or close to current research. In any case, the reader should 
have studied the material in the chapter before using the complements. 


The complements are generally independent of one another. The student 
should not try to study all the complements of a chapter at once. In 
accordance with his/her aims and interests, he/she should choose a small 
number of them (two or three, for example), plus a few exercises. The 
other complements can be left for later study. To help with the choise, 
the complements are listed at the end of each chapter in a “reader’s 
guide”, which discusses the difficulty and importance of each. 


Some passages within the book have been set in small type, and these 
can be omitted on a first reading. 
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Foreword 


Quantum mechanics is a branch of physics whose importance has continually in- 
creased over the last decades. It is essential for understanding the structure and dynamics 
of microscopic objects such as atoms, molecules and their interactions with electromag- 
netic radiation. It is also the basis for understanding the functioning of numerous new 
systems with countless practical applications. This includes lasers (in communications, 
medicine, milling, etc.), atomic clocks (essential in particular for the GPS), transistors 
(communications, computers), magnetic resonance imaging, energy production (solar 
panels, nuclear reactors), etc. Quantum mechanics also permits understanding surpris- 
ing physical properties such as superfluidity or supraconductivity. There is currently a 
great interest in entangled quantum states whose non-intuitive properties of nonlocality 
and nonseparability permit conceiving remarkable applications in the emerging field of 
quantum information. Our civilization is increasingly impacted by technological appli- 
cations based on quantum concepts. This why a particular effort should be made in the 
teaching of quantum mechanics, which is the object of these three volumes. 

The first contact with quantum mechanics can be disconcerting. Our work grew 
out of the authors’ experiences while teaching quantum mechanics for many years. It 
was conceived with the objective of easing a first approach, and then aiding the reader 
to progress to a more advance level of quantum mechanics. The first two volumes, first 
published more than forty years ago, have been used throughout the world. They remain 
however at an intermediate level. They have now been completed with a third volume 
treating more advanced subjects. Throughout we have used a progressive approach to 
problems, where no difficulty goes untreated and each aspect of the diverse questions is 
discussed in detail (often starting with a classical review). 

This willingness to go further “without cheating or taking shortcuts” is built into 
the book structure, using two distinct linked texts: chapters and complements. As we 
just outlined in the “Directions for use”, the chapters present the general ideas and 
basic concepts, whereas the complements illustrate both the methods and concepts just 
exposed. 

Volume I presents a general introduction of the subject, followed by a second 
chapter describing the basic mathematical tools used in quantum mechanics. While 
this chapter can appear long and dense, the teaching experience of the authors has 
shown that such a presentation is the most efficient. In the third chapter the postulates 
are announced and illustrated in many of the complements. We then go on to certain 
important applications of quantum mechanics, such as the harmonic oscillator, which 
lead to numerous applications (molecular vibrations, phonons, etc.). Many of these are 
the object of specific complements. 

Volume II pursues this development, while expanding its scope at a slightly higher 
level. It treats collision theory, spin, addition of angular momenta, and both time- 
dependent and time-independent perturbation theory. It also presents a first approach 
to the study of identical particles. In this volume as in the previous one, each theoretical 
concept is immediately illustrated by diverse applications presented in the complements. 
Both volumes I and II have benefited from several recent corrections, but there have also 
been additions. Chapter XIII now contains two sections §§ D and E that treat random 
perturbations, and a complement concerning relaxation has been added. 
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Volume III extends the two volumes at a slightly higher level. It is based on the 
use of the creation and annihilation operator formalism (second quantization), which is 
commonly used in quantum field theory. We start with a study of systems of identical 
particles, fermions or bosons. The properties of ideal gases in thermal equilibrium are 
presented. For fermions, the Hartree-Fock method is developed in detail. It is the base 
of many studies in chemistry, atomic physics and solid state physics, etc. For bosons, the 
Gross-Pitaevskii equation and the Bogolubov theory are discussed. An original presen- 
tation that treats the pairing effect of both fermions and bosons permits obtaining the 
BCS (Bardeen-Cooper-Schrieffer) and Bogolubov theories in a unified framework. The 
second part of volume III treats quantum electrodynamics, its general introduction, the 
study of interactions between atoms and photons, and various applications (spontaneous 
emission, multiphoton transitions, optical pumping, etc.). The dressed atom method is 
presented and illustrated for concrete cases. A final chapter discusses the notion of quan- 
tum entanglement and certain fundamental aspects of quantum mechanics, in particular 
the Bell inequalities and their violations. 

Finally note that we have not treated either the philosophical implications of quan- 
tum mechanics, or the diverse interpretations of this theory, despite the great interest 
of these subjects. We have in fact limited ourselves to presenting what is commonly 
called the “orthodox point of view”. It is only in Chapter XXI that we touch on certain 
questions concerning the foundations of quantum mechanics (nonlocality, etc.). We have 
made this choice because we feel that one can address such questions more efficiently 
after mastering the manipulation of the quantum mechanical formalism as well as its nu- 
merous applications. These subjects are addressed in the book Do we really understand 
quantum mechanics? (F. Laloé, Cambridge University Press, 2019); see also section 5 of 
the bibliography of volumes I and II. 
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A. — Introduction 
A-1. Importance of collision phenomena 


Many experiments in physics, especially in high energy physics, consist of directing 
a beam of particles (1) (produced for example by an accelerator) onto a target composed 
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Detector 







Incident beam 
> EI - OO rr 


articles (1) 
x particles (2) 


Detector 


Figure 1: Diagram of a collision experiment involving the particles (1) of an incident 
beam and the particles (2) of a target. The two detectors represented in the figure measure 
the number of particles scattered through angles 0, and 02 with respect to the incident 
beam. 





of particles (2), and studying the resulting collisions: the various particles! constituting 
the final state of the system — that is, the state after the collision (cf. Fig. 1) — are 
detected and their characteristics (direction of emission, energy, etc.) are measured. 
Obviously, the aim of such a study is to determine the interactions that occur between 
the various particles entering into the collision. 

The phenomena observed are sometimes very complex. For example, if particles 
(1) and (2) are in fact composed of more elementary components (protons and neutrons 
in the case of nuclei), the latter can, during the collision, redistribute themselves amongst 
two or several final composite particles which are different from the initial particles; in this 
case, one speaks of “rearrangement collisions”. Moreover, at high energies, the relativistic 
possibility of the “materialization” of part of the energy appears: new particles are then 
created and the final state can include a great number of them (the higher the energy of 
the incident beam, the greater the number). Broadly speaking, one says that collisions 
give rise to reactions, which are described most often as in chemistry: 


(1) + (2) > (3) + (4) + (5) +... (A-1) 


Amongst all the reactions possible? under given conditions, scattering reactions are de- 
fined as those in which the final state and the initial state are composed of the same 
particles (1) and (2). In addition, a scattering reaction is said to be elastic when none 
of the particles’ internal states change during the collision. 





lIn practice, it is not always possible to detect all the particles emitted, and one must often be 
satisfied with partial information about the final system. 

Since the processes studied occur on a quantum level, it is not generally possible to predict with cer- 
tainty what final state will result from a given collision; one merely attempts to predict the probabilities 
of the various possible states. 


924 


A. INTRODUCTION 





A-2. Scattering by a potential 


We shall confine ourselves in this chapter to the study of the elastic scattering of 
the incident particles (1) by the target particles (2). If the laws of classical mechanics 
were applicable, solving this problem would involve determining the deviations in the 
incident particles’ trajectories due to the forces exerted by particles (2). For processes 
occurring on an atomic or nuclear scale, it is clearly out of the question to use classical 
mechanics to resolve the problem; we must study the evolution of the wave function 
associated with the incident particles under the influence of their interactions with the 
target particles [which is why we speak of the “scattering” of particles (1) by particles 
(2)]. Rather than attack this question in its most general form, we shall introduce the 
following simplifying hypotheses: 


(2) We shall suppose that particles (1) and (2) have no spin. This simplifies the the- 
ory considerably but should not be taken to imply that the spin of particles is 
unimportant in scattering phenomena. 


(it) We shall not take into account the possible internal structure of particles (1) and 
(2). The following arguments are therefore not applicable to “inelastic” scattering 
phenomena, where part of the kinetic energy of (1) is absorbed in the final state 
by the internal degrees of freedom of (1) and (2) (cf. for example, the experiment 
of Franck and Hertz). We shall confine ourselves to the case of elastic scattering, 
which does not affect the internal structure of the particles. 


(iit) We shall assume that the target is thin enough to enable us to neglect multiple 
scattering processes; that is, processes during which a particular incident particle 
is scattered several times before leaving the target. 


(iv) We shall neglect any possibility of coherence between the waves scattered by the 
different particles which make up the target. This simplification is justified when 
the spread of the wave packets associated with particles (1) is small compared to 
the average distance between particles (2). Therefore we shall concern ourselves 
only with the elementary process of the scattering of a particle (1) of the beam by 
a particle (2) of the target. This excludes a certain number of phenomena which 
are nevertheless very interesting, such as coherent scattering by a crystal (Bragg 
diffraction) or scattering of slow neutrons by the phonons of a solid, which provide 
valuable information about the structure and dynamics of crystal lattices. When 
these coherence effects can be neglected, the flux of particles detected is simply 
the sum of the fluxes scattered by each of the NV target particles, that is, NV times 
the flux scattered by any one of them (the exact position of the scattering particle 
inside the target is unimportant since the target dimensions are much smaller than 
the distance between the target and the detector). 


(v) We shall assume that the interactions between particles (1) and (2) can be described 
by a potential energy V(r1 — re), which depends only on the relative position 
r =r, —Yrg of the particles. If we follow the reasoning of § B, Chapter VII, then, 
in the center-of-mass reference frame® of the two particles (1) and (2), the problem 





3In order to interpret the results obtained in scattering experiments, it is clearly necessary to return 
to the laboratory reference frame. Going from one frame of reference to another is a simple kinematic 
problem that we will not consider here. See for example Messiah (1.17), vol. I. Chap. X, § 7. 
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reduces to the study of the scattering of a single particle by the potential V(r). The 
mass p of this “relative particle” is related to the masses m; and mz of (1) and (2) 
by the formula: 

1 1 1 

-—=—+— (A-2) 


Lt my ms 


A-3. Definition of the scattering cross section 


Let Oz be the direction of the incident particles of mass yu (fig. 2). The potential 
V(r) is localized around the origin O of the coordinate system [which is in fact the center 
of mass of the two real particles (1) and (2)]. We shall designate by F; the flux of particles 
in the incident beam, that is, the number of particles per unit time which traverse a unit 
surface perpendicular to Oz in the region where z takes on very large negative values. 
(The flux F; is assumed to be weak enough to allow us to neglect interactions between 
different particles of the incident beam.) 

We place a detector far from the region under the influence of the potential and in 
the direction fixed by the polar angles 6 and y, with an opening facing O and subtending 
the solid angle dQ (the detector is situated at a distance from O which is large compared 
to the linear dimensions of the potential’s zone of influence). We can thus count the 
number dn of particles scattered per unit time into the solid angle dQ about the direction 
(6,y). The differential dn is obviously proportional to dQ and to the incident flux F;. 
We shall define (0, y) to be the coefficient of proportionality between dn and F; dQ: 








dn = F;0(0, yp) dQ (A-3) 








The dimensions of dn and F; are, respectively, T~' and (L?7)~1, o(0,¢) therefore has 
the dimensions of a surface; it is called the differential scattering cross section in the 
direction (0,y). Cross sections are frequently measured in barns and submultiples of 
barns: 


1 barn = 10~* cm? (A-4) 


The definition (A-3) can be interpreted in the following way: the number of par- 
ticles per unit time which reach the detector is equal to the number of particles which 
would cross a surface o(0, y) dQ placed perpendicular to Oz in the incident beam. 

Similarly, the total scattering cross section o is defined by the formula: 


a= | o(0,9) dQ (A-5) 


Comments: 
(i) Definition (A-3), in which dn is proportional to dQ, implies that only the 


scattered particles are taken into consideration. The flux of these particles 
reaching a given detector D [of fixed surface and placed in the direction 


926 


A. INTRODUCTION 





(6, y)] is inversely proportional to the square of the distance between D and 
O (this property is characteristic of a scattered flux). In practice, the incident 
beam is laterally bounded [although its width remains much larger than the 
extent of the zone of influence of V(r)], and the detector is placed outside 
its trajectory so that it receives only the scattered particles. Of course, such 
an arrangement does not permit the measurement of the cross section in 
the direction 6 = 0 (the forward direction), which can only be obtained by 
extrapolation from the values of o(@,y) for small 6. 


(ii) The concept of a cross section is not limited to the case of elastic scattering: 
reaction cross sections are defined in an analogous manner. 


A-4. Organization of this chapter 


§ B is devoted to a brief study of scattering by an arbitrary potential V(r) (de- 
creasing however faster than 1/r as r tends toward infinity). First of all, in § B-1, we 
introduce the fundamental concepts of a stationary scattering state and a scattering 
amplitude. We then show, in § B-2, how knowledge of the asymptotic behavior of the 
wave functions associated with stationary scattering states enables us to obtain scatter- 
ing cross sections. Afterwards, in § B-3, we discuss in a more precise way, using the 
integral scattering equation, the existence of these stationary scattering states. Finally 
(in § B-4), we derive an approximate solution of this equation, valid for weak potentials. 
This leads us to the Born approximation, in which the cross section is very simply related 
to the Fourier transform of the potential. 








Detector D 


Incident beam 





en 
V(r) 
oe 
7 
/ 
rr / 5 ms 
See 
or 
——— Region where the 


potential is effective 


Figure 2: The incident beam, whose flux of particles is F;, is parallel to the axis Oz; it 
is assumed to be much wider than the zone of influence of the potential V(r), which is 
centered at O. Far from this zone of influence, a detector D measures the number dn 
of particles scattered per unit time into the solid angle dQ, centered around the direction 
defined by the polar angles 0 and y. The number dn is proportional to F; and to dQ; the 
coefficient of proportionality a(@, yp) is, by definition, the scattering “cross section” in the 
direction (0, p). 
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For a central potential V(r), the general methods described in § B clearly remain 
applicable, but the method of partial waves, set forth in § C, is usually considered 
preferable. This method is based (§ C-1) on the comparison of the stationary states with 
well-defined angular momentum in the presence of the potential V(r) (which we shall 
call “partial waves”) and their analogues in the absence of the potential (“free spherical 
waves”). Therefore, we begin by studying, in § C-2, the essential properties of the 
stationary states of a free particle, and more particularly those of free spherical waves. 
Afterwards (§ C-3), we show that the difference between a partial wave in the potential 
V(r) and a free spherical wave with the same angular momentum | is characterized by a 
“phase shift” 6;. Thus, it is only necessary to know how stationary scattering states can 
be constructed from partial waves in order to obtain the expression of cross sections in 
terms of phase shifts (§ C-4). 


B. Stationary scattering states. Calculation of the cross section 


In order to describe in quantum mechanical terms the scattering of a given incident 
particle by the potential V(r), it is necessary to study the time evolution of the wave 
packet representing the state of the particle. The characteristics of this wave packet are 
assumed to be known for large negative values of the time t, when the particle is in the 
negative region of the Oz axis, far from and not yet affected by the potential V(r). It is 
known that the subsequent evolution of the wave packet can be obtained immediately if 
it is expressed as a superposition of stationary states. This is why we are going to begin 
by studying the eigenvalue equation of the Hamiltonian: 


H = H)+V(r) (B-1) 
where: 
Pp? 
Ayo =— B-2 
2p (B-2) 


describes the particle’s kinetic energy. 

Actually, to simplify the calculations, we are going to base our reasoning directly 
on the stationary states and not on wave packets. We have already used this procedure 
in Chapter I, in the study of “square” one-dimensional potentials (§ D-2 and comple- 
ment Hy). It consists of considering a stationary state to represent a “probability fluid” 
in steady flow, and studying the structure of the corresponding probability currents. 
Naturally, this simplified reasoning is not rigorous: it remains to be shown that it leads 
to the same results as the correct treatment of the problem, which is based on wave 
packets. Assuming this will enable us to develop certain general ideas easily, without 
burying them in complicated calculations’. 





4The proof was given in complement Jz, for a particular one-dimensional problem; we verified that the 
same results are obtained by calculating the probability current associated with a stationary scattering 
state or by studying the evolution of a wave packet describing a particle which undergoes a collision. 
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B-1. Definition of stationary scattering states 
B-1-a. Eigenvalue equation of the Hamiltonian 


Schrédinger’s equation describing the evolution of the particle in the potential V(r) 
is satisfied by solutions associated with a well-defined energy EF (stationary states): 


(r,t) = y(r)e PH" (B-3) 


where ¢(r) is a solution of the eigenvalue equation: 


h2 
[-FA+vie)] ole) = Bol (B-4) 

We are going to assume that the potential V(r) decreases faster than 1/r as r 
approaches infinity. Notice that this hypothesis excludes the Coulomb potential, which 
demands special treatment; we shall not consider it here. 

We shall only be concerned with solutions of (B-4) associated with a positive 
energy EF, equal to the kinetic energy of the incident particle before it reaches the zone 
of influence of the potential. Defining: 





Rk 

= B-5 
5 (B5) 

h2 
V(r) = 5 U(r) (B-6) 

2 

enables us to write (B-4) in the form: 

[A + k? —U(r)] g(r) = 0 (B-7) 


For each value of k (that is, of the energy E), equation (B-7) can be satisfied by an 
infinite number of solutions (the positive eigenvalues of the Hamiltonian H are infinitely 
degenerate). As in “square” one-dimensional potential problems (cf. Chap. I, § D-2 and 
complement Hy), we must choose from amongst these solutions the one that corresponds 
to the physical problem being studied (for example, when we wanted to determine the 
probability that a particle with a given energy would cross a one-dimensional potential 
barrier, we chose the stationary state which, in the region on the other side of the 
barrier, was composed simply of a transmitted wave). Here, the choice proves to be more 
complicated, since the particle is moving in three-dimensional space and the potential 
V(r) has, a priori, an arbitrary form. Therefore, we shall specify, using wave packet 
properties in an intuitive way, the conditions that must be imposed on the solutions 
of equation (B-7) if they are to be used in the description of a scattering process. We 
shall call the eigenstates of the Hamiltonian which satisfy these conditions stationary 


: , tt : ; 
scattering states, and we shall designate by se (r) the associated wave functions. 
B-1-b. Asymptotic form of stationary scattering states. Scattering amplitude 


For large negative values of t, the incident particle is free [V(r) is practically zero 
when one is sufficiently far from the point O], and its state is represented by a plane 
wave packet. Consequently, the stationary wave function that we are looking for must 
contain a term of the form e’**, where k is the constant which appears in equation (B-7). 
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When the wave packet reaches the region which is under the influence of the potential 
V(r), its structure is profoundly modified and its evolution complicated. Nevertheless, 
for large positive values of t, it has left this region and once more takes on a simple 
form: it is now split into a transmitted wave packet which continues to propagate along 
Oz in the positive direction (hence having the form e“**) and a scattered wave packet. 
Consequently, the wave function y{sert®) (yp), representing the stationary scattering state 
associated with a given energy E = h?k?/2y, will be obtained from the superposition of 
the plane wave e’** and a scattered wave (we are ignoring the problem of normalization). 

The structure of the scattered wave obviously depends on the potential V(r). Yet 
its asymptotic form (valid far from the zone of influence of the potential) is simple; 
reasoning by analogy with wave optics, we see that the scattered wave must present the 
following characteristics for large r: 


(i) In a given direction (6,y), its radial dependence is of the form e**"/r. It is a 
divergent (or “outgoing”) wave which has the same energy as the incident wave. The 
factor 1/r results from the fact that there are three spatial dimensions: (A+k?)e"*" 
is not zero, while: 

etkr 
) 


(A + k?) — =0 for r > ro where ro is any positive distance (B-8) 


(in optics, the factor 1/r insures that the total flux of energy passing through a 
sphere of radius r is independent of r for large r; in quantum mechanics, it is the 
probability flux passing through this sphere that does not depend on r). 


(ii) Since scattering is not generally isotropic, the amplitude of the outgoing wave 
depends on the direction (0, y) being considered. 


Finally, the wave function y (erat) (r) associated with the stationary scattering state 
is, by definition, the solution of equation (B-7) whose asymptotic behavior is of the form: 





eikr 





ven) wef + f(8,¢) (B-9) 


Too 








r 





In this expression, only the function f,(6,y), which is called the scattering amplitude, 
depends on the potential V(r). It can be shown (cf. § B-3) that equation (B-7) has 
indeed one and only one solution, for each value of k, that satisfies condition (B-9). 


Comments: 


(2) We have already pointed out that in order to obtain simply the time evolution of 
the wave packet representing the state of the incident particle, it is necessary to 
expand it in terms of eigenstates of the total Hamiltonian H rather than in terms 
of plane waves. Therefore, let us consider a wave function of the form®: 


(r,t) = [ dk g(k) ys" (x) etBet/h (B-10) 





5 Actually, it is also necessary to superpose the plane waves corresponding to wave vectors k having 
slightly different orientations, for the incident wave packet is limited in the directions perpendicular to 
Oz. For the sake of simplicity, we are concerning ourselves here only with the energy dispersion (which 
limits the spread of the wave packet along Oz) 
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where: 
h2 k2 
au 
and where the function g(k), taken to be real for the sake of simplicity, has a pro- 
nounced peak at k = ko and practically vanishes elsewhere; w(r,t) is a solution of 
Schrédinger’s equation and therefore correctly describes the time evolution of the 
particle. It remains to be shown that this function indeed satisfies the boundary 
conditions imposed by the particular physical problem being considered. Accord- 
ing to (B-9), it approaches asymptotically the sum of a plane wave packet and a 
scattered wave packet: 


Ex = 





(B-11) 


etkr 


e*Bt/h (B-12) 





wert) fo akg ayer etl + LT dieg(k) f(6,0) 
roo Jo 0 r 

The position of the maximum of each of these packets can be obtained from the 

stationary phase condition (cf. Chap. I, § C-2). A simple calculation then gives 

for the plane wave packet: 


z(t) = vet (B-13) 
with: 
eis (B-14) 
Lu 


As for the scattered wave packet, its maximum in the direction (6, ~) is located at 
a distance from the point O given by: 


ru (4, 9; t) = —a4,,.(9; £) + vet (B-15) 


where ai,(6, y) is the derivative with respect to k of the argument of the scattering 
amplitude f,(6,y). Note that formulas (B-13) and (B-15) are valid only in the 
asymptotic region (that is, for large |t|). 

For large negative values of t, there is no scattered wave packet, as can be seen 
from (B-15). The waves of which it is composed interfere constructively only 
for negative values of r, and these values lie outside the domain permitted to r. 
Therefore, all that we find in this region is the plane wave packet, which, according 
to (B-13), is making its way towards the interaction region with a group velocity 
ug. For large positive values of t, both packets are actually present; the first one 
moves off along the positive Oz axis, continuing along the path of the incident 
packet, and the second one diverges in all directions. The scattering process can 
thus be well described by the asymptotic condition (B-9). 


The spatial extension Az of the wave packet (B-10) is related to the momentum dispersion hAk 
by the relation: 

1 

Az~ Ak (B-16) 

We shall assume that Ak is small enough for Az to be much larger than the linear dimensions of 
the potential’s zone of influence. Under these conditions, the wave packet moving at a velocity 
ug towards the point O (Fig. 3) will take a time: 

Az 1 


AT~—~v 
UG ucAk 





(B-17) 


931 


CHAPTER VIII SCATTERING BY A POTENTIAL 





to cross this zone. Let us fix the time origin at the instant when the center of the incident wave 
packet reaches point O. Scattered waves exist only for t = —AT//2, i.e. after the forward edge 
of the incident wave packet has arrived at the potential’s zone of influence. For t = 0, the most 
distant part of the scattered wave packet is at a distance of the order of Az/2 from the point O. 


Let us now consider an a priori different problem, where we have a time-dependent potential, 
obtained by multiplying V(r) by a function f(t) that increases slowly from 0 to 1 between 
t = —AT/2 and t = 0. For t much less than —AT/2, the potential is zero and we shall assume 
that the state of the particle is represented by a plane wave (extending throughout all space). 
This plane wave begins to be modified only at t ~ —AT’/2, and at the instant t = 0 the scattered 
waves look like those in the preceding case. 


Thus we see that there is a certain similarity between the two different problems that we have 
just described. On the one hand, we have scattering by a constant potential of an incident wave 
packet whose amplitude at the point O increases smoothly between the times —AT'/2 and zero; 
on the other hand, we have scattering of a plane wave of constant amplitude by a potential that 
is gradually “turned on” over the same time interval [—AT/2, 0]. 


If Ak — 0, the wave packet (B-10) tends toward a stationary scattering state [g(k) tends toward 
6(k — ko)]; in addition, according to (B-17), AT becomes infinite and the turning on of the 
potential associated with the function f(t) becomes infinitely slow (for this reason, it is often 
said to be “adiabatic”). The preceding discussion, although qualitative, thus makes it possible to 
describe a stationary scattering state as the result of adiabatically imposing a scattering potential 
on a free plane wave. We could make this interpretation more precise by studying in a more 
detailed way the evolution of the initial plane wave under the influence of the potential f(t)V(r). 





Zone of influence 
of the potential 




















Figure 3: The incident wave packet of length Az moves at a velocity vg towards the 
potential V(r); it interacts with the potential during a time of the order of AT = Az/vg 
(assuming the size of the potential’s zone of influence to be negligible compared to Az). 





B-2. Calculation of the cross section using probability currents 
B-2-a. Probability fluid associated with a stationary scattering state 


In order to determine the cross section, one should study the scattering of an 
incident wave packet by the potential V(r). However, we can obtain the result much 
more simply by basing our reasoning on the stationary scattering states; we consider 
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such a state to describe a probability fluid in steady flow and we calculate the cross 
section from the incident and scattered currents. As we have already pointed out, this 
method is analogous to the one we used in one-dimensional “square” barrier problems: in 
those problems, the ratio between the reflected (or transmitted) current and the incident 
current yielded the reflection (or transmission) coefficient directly. 

Hence we shall calculate the contributions of the incident wave and the scattered 
wave to the probability current in a stationary scattering state. We recall that the 
expression for the current J(r) associated with a wave function y(r) is: 


B(x) = = Re em evee)| (B-18) 


B-2-b. Incident current and scattered current 


The incident current J; is obtained from (B-18) by replacing y(r) by the plane 
wave e*?; J; is therefore directed along the Oz axis in the positive direction, and its 
modulus is: 

hk 
[Ji] = — (B-19) 
Lb 

Since the scattered wave is expressed in spherical coordinates in formula (B-9), we 
shall calculate the components of the scattered current Jq along the local axes defined 
by this coordinate system. Recall that the corresponding components of the operator V 
are: 





0 
(V)r or 
1 0 
(V)o = 30 
1 O 
as rsin 0 Oy (2) 


If we replace y(r) in formula (B-18) by the function f;,(8, y)e*"/r, we can easily obtain 
the scattered current in the asymptotic region: 


(ae = Sli. OP 
br 
h a 
ade = 2 Re [=e gl.) 
A 1 1 a 
(Ja) = presind Re = F5(0, ez t8. 0) (B-21) 


Since r is large, (Jg)g and (Ja), are negligible compared to (Jq),, and the scattered 
current is practically radial. 


B-2-c. Expression for the cross section 


The incident beam is composed of independent particles, all of which are assumed 
to be prepared in the same way. Sending a great number of these particles amounts to 
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repeating the same experiment a great number of times with one particle whose state is 
always the same. If this state is vert) (p), it is clear that the incident flux F; (that is, 
the number of particles of the incident beam that cross a unit surface perpendicular to 
Oz per unit time) is proportional to the flux of the vector J; across this surface; that is, 
according to (B-19) : 


hk 
F, = C3] = C7 (B-22) 


Similarly, the number dn of particles that strike the opening of the detector (Fig. 2) 
per unit time is proportional to the flux of the vector Jq across the surface dS of this 
opening [the proportionality constant C is the same as in (B-22)]: 


dn =C Jqg-dS =C (Jy), r? dQ 
hk 
eG Ife(9,p)|? dQ (B-23) 
We see that dn is independent of r if r is sufficiently large. 


If we substitute formulas (B-22) and (B-23) into the definition (A-3) of the differ- 
ential cross section o(@,y), we obtain: 





(8, Y) = fi (9, y)? (B-24) 











The differential cross section is thus simply the square of the modulus of the scattering 
amplitude. 


B-2-d. Interference between the incident and the scattered waves 


In the preceding sections, we have neglected a contribution to the current associated with 
(scatt) 
UR 


wave e 


(r) in the asymptotic region: the one that arises from interference between the plane 
tkz 


and the scattered wave, and which is obtained by replacing y*(r) in (B-18) by e—**? 
and y(r) by fx(9, p)e*"/r, and vice versa. 


Nevertheless, we can convince ourselves that these interference terms do not appear when we 
are concerned with scattering in directions other than the forward direction (9 = 0). In order 
to see this, let us go back to the description of the collision in terms of wave packets (Fig. 4), 
and let us take into consideration the fact that in practice the wave packet always has a finite 
lateral spread. Initially, the incident wave packet is moving towards the zone of influence of V(r) 
(Fig. 4-a). After the collision (Fig. 4-b), we find two wave packets: a plane one which results 
from the propagation of the incident wave packet (as if there were no scattering potential) and a 
scattered one moving away from the point O in all directions. The transmitted wave thus results 
from the interference between these two wave packets. In general, however, we place the detector 
D outside the beam, so that it is not struck by transmitted particles; thus we observe only the 
scattered wave packet and it is not necessary to take into consideration the interference terms 


that we have just mentioned. 


Yet it follows from Figure 4-b that interference between the plane and scattered wave packets 
cannot be neglected in the forward direction, where they occupy the same region of space. The 
transmitted wave packet results from this interference. It must have a smaller amplitude than the 


incident packet because of conservation of total probability (that is, conservation of the number 
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Figure 4: Before the collision (fig. a), the incident wave packet is moving towards the 
zone of influence of the potential. After the collision (fig. b), we observe a plane wave 
packet and a spherical wave packet scattered by the potential (dashed lines in the figure). 
The plane and scattered waves interfere in the forward direction in a destructive way 
(conservation of total probability); the detector D is placed in a lateral direction and can 
only see the scattered waves. 





of particles: particles scattered in all directions of space other than the forward direction leave 
the beam, whose intensity is therefore attenuated after it has passed the target). It is thus the 
destructive interference between the plane and forward-scattered wave packets that insures the 


global conservation of the total number of particles. 


B-3. Integral scattering equation 


We propose to show now, in a more precise way than in § B-1-b, how one can 
demonstrate the existence of stationary wave functions whose asymptotic behavior is of 
the form (B-9). In order to do so, we shall introduce the integral scattering equation, 
whose solutions are precisely these stationary scattering state wave functions. 

Let us go back to the eigenvalue equation of H [formula (B-7)] and put it in the 
form: 


(A + k*) or) = U(r) o(r) (B-25) 


Suppose (we shall see later that this is in fact the case) that there exists a function 
G(r) such that: 


(A + k*) G(r) = 6(r) (B-26) 
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[G(r) is called the “Green’s function” of the operator A + k?]. Then any function y(r) 
which satisfies: 


tr) = a(t) + fa! Geer’) UC) ote) (B27) 
where yo(r) is a solution of the homogeneous equation: 
(A + k*)yo(r) =0 (B-28) 


obeys the differential equation (B-25). To show this, we apply the operator A + k? to 
both sides of equation (B-27); taking (B-28) into account, we obtain: 


(A+ k)y(r) = (A+ k?) per G(r —r’) U(r’) y(r’) (B-29) 


Assuming we can move the operator inside the integral, it will act only on the variable 
r, and we shall have, according to (B-26): 


(A +B )y(r) = / ar! 6(r — 2!) U(r’) p(x") 
= U(r) or) ee) 


Inversely, it can be shown that any solution of (B-25) satisfies (B-27)°. The differential 
equation (B-25) can thus be replaced by the integral equation (B-27). 

We shall see that it is often easier to base our reasoning on the integral equation. 
Its principal advantage derives from the fact that by choosing yo(r) and G(r) correctly, 
one can incorporate into the equation the desired asymptotic behavior. Thus, one single 
integral equation, called the integral scattering equation, becomes the equivalent of the 
differential equation (B-25) and the asymptotic condition (B-9). 

To begin with, let us consider (B-26). It implies that (A + k?)G(r) must be 
identically equal to zero in any region which does not include the origin [which, according 
to (B-8), is the case when G(r) is equal to e“*"/r]. Moreover, according to relation (61) 
of Appendix II, G(r) must behave like —1/47r when r approaches zero. In fact, it is 
easy to show that the functions: 





1 ettkr 


G(r) = 





(B-31) 





Ano 


are solutions of equation (B-26). We may write: 











AGi(r) =et#A (-z) 1 A (er) 


tap) Tap 


+2 lv (-z)| - [Ve*#*r] (B-32) 


A simple calculation then gives (cf. Appendix IT): 





AG (r) = —kGs (r) + 4(r) (B-33) 











®This can be seen intuitively if one considers U(r)y(r) to be the right-hand side of a differential 
equation: the general solution of (B-25) is then obtained by adding to the general solution of the 
homogeneous equation a particular solution of the complete equation [second term of (B-27)]. 
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which is what we wished to prove. G, and G_ are called, respectively, “outgoing and 
incoming Green’s functions”. 

The actual form of the desired asymptotic behavior (B-9) suggests the choice of 
the incident plane wave e*** for yo(r) and the choice of the outgoing Green’s function 
G(r) for G(r). In fact, we are going to show that the integral scattering equation can 
be written: 


yet) (p) = eikz a jor Gil(r — r’) U(r’) yet) (pt) (B-34) 


whose solutions present the asymptotic behaviour given by (B-9). 

To do this, let us place ourselves at a point M (position r), very far from the 
various points P (position r’) of the zone of influence of the potential’, whose linear 
dimensions are of the order of L (Fig. 5): 


r>L 
rsb (B-35) 





Figure 5: Approximate calculation of the dis- 
tance |r—r’| between a point M very far from 
O and a point P situated in the zone of influ- 
ence of the potential (the dimensions of this 
zone of influence are of the order of L). 








Since the angle between MO and MP is very small, the length MP (that is, 
lr — r’|) is equal, to within a good approximation, to the projection of MP on MO: 


jr—-r’|er-u-r (B-36) 
where u is the unit vector in the r direction. It follows that, for large r: 


1 etklr—r" | 1 etkr 


Gi(r—-r') = ene (B-37) 





~N 
An |r — x’ roo An r 





“Recall that we have explicitly assumed that U(r) decreases at infinity faster than 1 /r. 
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Substituting this expression back into equation (B-34), we obtain the asymptotic behavior 
of oe) (r): 





tkr 
scatt i le 
uf (r) a5 eikz ae ge 

Too An r 


/ Ar! ot Ur Tp!) ys" (p) (B-38) 


which is indeed of the form (B-9), since the integral is no longer a function of the distance 
r = OM but only (through the unit vector u) of the polar angles @ and y which fix the 
direction of the vector OM. Thus, by setting: 


1 1 g-ikwr’ sca ’ 
fel8,9) = —— J dr! oO" Ur) EM (L’) (B-39) 


we are led to an expression which is identical to (B-9). 
It is therefore clear that the solutions of the integral scattering equation (B-34) 
are indeed the stationary scattering states®. 


Comment: 


It is often convenient to define the incident wave vector k; as a vector of modulus 
k directed along the Oz axis of the beam such that: 


etkz = etki r (B-40) 


In the same way, the vector k, which has the same modulus k as the incident wave 
vector but whose direction is fixed by the angles @ and y is called the scattered 
wave vector in the direction (9, y): 


k,=ku (B-41) 


Finally, the scattering (or transferred) wave vector in the direction (0, y) is the 
difference between k, and k; (Fig. 6): 


K =k, —k; (B-42) 


B-4. The Born approximation 
B-4-a. Approximate solution of the integral scattering equation 


If we take (B-40) into account, we can write the integral scattering equation in the 
form: 


a) (r) = eikir ie [ae Ge (r = r’) U(r’) y (seat?) (p) (B-43) 


We are going to try to solve this equation by iteration. 





8In order to prove the existence of stationary scattering states rigorously, it would thus be sufficient 
to demonstrate that equation (B-34) admits a solution. 
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K ~~ Figure 6: Incident wave vector k;, scattered 
wave vector k, and transferred wave vector K. 





A simple change of notation (r => r’; r' => r’”) permits us to write: 
vert) (r!) = ef ker + / d°r” Gy. (0 =e") U(r") vo 0") (B-44) 
Inserting this expression in (B-43), we obtain: 
Sort) (p) =etkiry per Ga(r —r’) U(r’) eter” 
+ per fare G(r —r’) U(r’) Gy (r’ — 1”) U(r") veer) ("”) (B-45) 


The first two terms on the right-hand side of (B-45) are known; only the third one 


contains the unknown function yer) (p), This procedure can be repeated: changing r 


to r” and r’ to r’” in (B-43) gives yeeat®) (pi), which can be reinserted in (B-45). We 


then have: 
f(a) = ery fdr! Gyr — 2) UC) eH 
+ fate! fae" Geer) UG) G4! — UE” 


+ fot Bf as Gy(r —r’) U(r’) Gy(r’ — r”) U(r") 


x Gy (r” — 2”) U(r”) ve (0!) (B-46) 





where the first three terms are known; the unknown function ys") (7) has been pushed 
back into the fourth term. 

Thus we can construct, step by step, what is called the Born expansion of the 
stationary scattering wave function. Note that each term of this expansion brings in one 
higher power of the potential than the preceding one. Thus, if the potential is weak, each 
successive term is smaller than the preceding one. If we push the expansion far enough, 
we can neglect the last term on the right-hand side and thus obtain Sort) (yr) entirely 
in terms of known quantities. 

If we substitute this expansion of y(seat®) (p) into expression (B-39), we obtain the 
Born expansion of the scattering amplitude. In particular, if we limit ourselves to first 
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oe : Figure 7: Schematic representation 
foe ESS of the Born approximation: we only 
ee x consider the incident wave and the 
va y \ waves scattered by one interaction 
wt / with the potential. 
\ Y 





order in U, all we need to do is replace y{seat®) (p! ) by e**«*” on the right-hand side of 
(B-39). This is the Born approximation: 


1 


(B) (0, y) = aoe der’ ew tk u-r’ U(r’) elke’ 
TT 
~ = dB r! etek)" T(r’) 
Tt; 
1 sae a 
=e d3r' eK U(r’) (B-47) 
T 


where K is the scattering wave vector defined in (B-42). The scattering cross section, 
in the Born approximation, is thus very simply related to the Fourier transform of the 
potential, since, using (B-24) and (B-6), (B-47) implies: 


2 2 


B LM 
ot (6,¢) = An2ht 





ae V(r) 





(B-48) 


According to Figure 6, the direction and modulus of the scattering wave vector K 
depend both on the modulus k of k; and k, and on the scattering direction (0, y). Thus, 
for a given @ and y, the Born cross section varies with k, that is, with the energy of 
the incident beam. Similarly, for a given energy, a?) varies with 6 and y. We thus see, 
within the simple framework of the Born approximation, how studying the variation of 
the differential cross section in terms of the scattering direction and the incident energy 
gives us information about the potential V(r). 


B-4-b. Interpretation of the formulas 


We can give formula (B-45) a physical interpretation which brings out very clearly 
the formal analogy between quantum mechanics and wave optics. 

Let us consider the zone of influence of the potential to be a scattering medium 
whose density is proportional to U(r). The function G;(r — r’) [formula (B-31)] repre- 
sents the amplitude at the point r of a wave radiated by a point source situated at r’. 
Consequently, the first two terms of formula (B-45) describe the total wave at the point 
r as the result of the superposition of the incident wave e**:? and an infinite number of 
waves coming from secondary sources induced in the scattering medium by the incident 
wave. The amplitude of each of these sources is indeed proportional to the incident wave 
(e’*t’) and the density of the scattering material [U(r’)], evaluated at the corresponding 
point r’. This interpretation, symbolized by Figure 7, recalls Huygens’ principle in wave 
optics. 
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Actually, formula (B-45) includes a third term. However, we can interpret in 
an analogous fashion the successive terms of the Born expansion. Since the scattering 
medium extends over a certain area, a given secondary source is excited not only by the 
incident wave but also by scattered waves coming from other secondary sources. Figure 8 
represents symbolically the third term of the Born expansion [cf. formula (B-46)]. If the 
scattering medium has a very low density [U(r) very small], we can neglect the influence 
of secondary sources on each other. 


Comment: 


The interpretation that we have just given for higher-order terms in the Born 
expansion has nothing to do with the multiple scattering processes that can occur 
inside a thick target: we are only concerned, here, with the scattering of one 
particle of the beam by a single particle of the target, while multiple scattering 
brings in the successive interactions of the same incident particle with several 
different particles of the target. 


C. Scattering by a central potential. Method of partial waves 


C-1. Principle of the method of partial waves 


In the special case of a central potential V(r), the orbital angular momentum L of 
the particle is a constant of the motion. Therefore, there exist stationary states with well- 
defined angular momentum: that is, eigenstates common to H, L? and L,. We shall call 
the wave functions associated with these states partial waves and we shall write them 
k,lym("). The corresponding eigenvalues of H, L? and L, are, respectively, h?k?/2, 
I(1+1)h? and mh. Their angular dependence is always given by the spherical harmonics 
Y/"(8,~); the potential V(r) influences only their radial dependence. 

We expect that, for large r, the partial waves will be very close to the common 
eigenfunctions of Ho, L? and L,, where Ho is the free Hamiltonian [formula (B-2)]. This 
is why we are first going to study, in § C-2, the stationary states of a free particle, and, 
in particular, those which have a well-defined angular momentum. The corresponding 
wave functions Ge) na (F) are free spherical waves: their angular dependence is, of course, 
that of a spherical harmonic and we shall see that the asymptotic expression for their 
radial function is the superposition of an incoming wave e~’*"/r and an outgoing wave 
e’*r /r with a well-determined phase difference. 

The asymptotic expression for the partial wave Yx1,m(r) in the potential V(r) is 
also (§ C-3) the superposition of an incoming wave and an outgoing wave. However, the 





Figure 8: Schematic representation 
of the second-order term in U in the 
Born expansion: here we consider 
waves which are scattered twice by 
the potential. 
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phase difference between these two waves is different from the one that characterizes the 
corresponding free spherical wave: the potential V(r) introduces a supplementary phase 
shift 6,. This phase shift constitutes the only difference between the asymptotic behavior 
of Yx1,m and that of Ores Consequently, for fixed k, the phase shifts 6; for all values 
of J are all we need to know to be able to calculate the cross section. 

In order to carry out this calculation, we shall express (§ C-4) the stationary 
scattering state y{seet®) () as a linear combination of partial waves yx,1.m(r) having the 
same energy but different angular momenta. Simple physical arguments suggest that the 
coefficients of this linear combination should be the same as those of the free spherical 
wave expansion of the plane wave e***; this is in fact confirmed by an explicit calculation. 

The use of partial waves thus permits us to express the scattering amplitude, and 
hence the cross section, in terms of the phase shifts 6;. This method is particularly 
attractive when the range of the potential is not much longer than the wavelength asso- 
ciated with the particle’s motion, for, in this case, only a small number of phase shifts 
are involved (§ C-3-b-8). 


C-2. Stationary states of a free particle 


In classical mechanics, a free particle of mass ~ moves along a uniform linear 
trajectory. Its momentum p, its energy E = p?/2 and its angular momentum Y = r xp 
relative to the origin of the coordinate system are constants of the motion. 

In quantum mechanics, the observables P and L = R x P do not commute. Hence 
they represent incompatible quantities: it is impossible to measure the momentum and 
the angular momentum of a particle simultaneously. 

The quantum mechanical Hamiltonian Ho is written: 


1 
Hy = — P? (C51) 
2 


Hy does not constitute by itself a C.S.C.O.: its eigenvalues are infinitely degenerate 
(§ 2-a). On the other hand, the four observables: 


Ho, Py, Py, Pz (C-2) 


form a C.S.C.O. Their common eigenstates are stationary states of well defined momen- 
tum. A free particle may also be considered as being placed in a zero central potential. 
The results of Chap. VII then indicate that the three observables: 


Ho, ie, L, (C-3) 


form a C.8.C.O. The corresponding eigenstates are stationay states with well-defined 
angular momentum (more precisely, L* and L, have well-defined values, but L, and Ly 
do not). 

The bases of the state space defined by the C.S.C.O’s (C-2) and (C-3) are distinct, 
since P and L are incompatible quantities. We are going to study these two bases and 
show how one can pass from one to the other. 


942 


C. SCATTERING BY A CENTRAL POTENTIAL. METHOD OF PARTIAL WAVES 





C-2-a. Stationary states with well-defined momentum. Plane waves 


We already know (cf. Chap. II, § E-2-d) that the three observables P,, Py and P- 
form a C.S.C.O. (for a spinless particle). Their common eigenstates give a basis for the 
{|p)} representation: 


P |p) = p|p) (C-4) 


Since Hp commutes with these three observables, the states |p) are necessarily eigenstates 
of Ao: 


Ho |p) = a Ip) (C5) 


The spectrum of Ho is therefore continuous and includes all positive numbers and 
zero. Each of these eigenvalues is infinitely degenerate: to a fixed positive energy E 
there corresponds an infinite number of kets |p) since there exists an infinite number of 
ordinary vectors p whose modulus satisfies: 


|p| = V2uE (C6) 


The wave functions associated with the kets |p) are the plane waves (cf. Chap. II, 
§ E-1-a): 





1 \3? 
ei [ineae so ip-r/h i: 
e)=(s5) § (C7) 
We shall introduce here the wave vector k to characterize a plane wave: 
p 
k = C-8 
P (C8) 
and we shall define: 
\k) = (h)°*/? |p) (C-9) 
The kets |k) are stationary states with well-defined momentum: 
h?k? 
Ho |k) = k C-10 
vik) = S[k) (C-10a) 
P |k) = hk |k) (C-10b) 
They are orthonormal in the extended sense: 
(k|k’) = 6(k —k’) (C-11) 
and form a basis in the state space: 
pee |k) (k| = 1 (C-12) 
The associated wave functions are the plane waves; normalized in a slightly different 
way: 
1 \3/2 
k) = ( — a C-13 
ehy=(5-) (C-13) 
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C-2-b. Stationary states with well-defined angular momentum. Free spherical waves 


In order to obtain the eigenfunctions common to Ho, L? and L,, all we have to do 
is solve the radial equation for an identically zero central potential. The detailed solution 
of this problem is given in complement Ay; we shall be satisfied here with giving the 
results. 

Free spherical waves are the wave functions associated with the well-defined angular 


momentum stationary states |e m) Of a free particle; they are written: 


2k? ol 
Pel?) = 4/2 iar) ¥ (6,¢) (C-14) 


where 4; is a spherical Bessel function defined by: 


Ls 
jlo) = (1)! Cs) “As (C-15) 





The corresponding eigenvalues of Ho, L? and L, are, respectively, h?k?/2u, (1 + 1)h? 
and mh. 
The free spherical waves (C-14) are orthonormal in the extended sense: 


2 ~ é 3 mx m! 
(hale rms) = ShR Gal) jv Wn) ar xe f aryen(0,0) ¥8" (8,0) 


= 6(k—K’) by Sm! (C-16) 


and form a basis in the state space: 
co co +1 
0 0 
[eS Y [nd (Mm| = 17) 
l=0 m=-l 


C-2-c. Physical properties of free spherical waves 


Q. Angular dependence 


The angular dependence of the free spherical wave g(r) is entirely given by 


the spherical harmonic Y,'(6,). It is thus fixed by the eigenvalues of L? and L, (that 
is, by the indices | and m) and not by the energy. For example, a free s(/ = 0) spherical 
wave is always isotropic. 


B. Behavior in the neighborhood of the origin 


Let us consider an infinitesimal solid angle dQo about the direction (00, ¢o9); when 
the state of the particle is oo?) the probability of finding the particle in this solid 


angle between r and r + dr is proportional to: 
r? 92 (kr) |¥" (80, G0) |” dr dQ% (C-18) 
It can be shown (complement Ayu, § 2-c-~) that when p approaches zero: 
l 


12 Gea (C-19) 
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Ap? i?) 





0 5 10 15 p 


Figure 9: Graph of the function p*j7(p) giving the radial dependence of the probability of 


finding the particle in the state eo) )- At the origin, this function behaves like p?!*?; 


it remains practically zero as long as p < \/U(l+1). 





This result (which the discussion of Chapter VII, § A-2-c would lead us to expect) implies 
that the probability (C-18) behaves like r?/*? near the origin; hence, the larger | is, the 
more slowly it increases. 
The shape of the function p?j?(p) is shown in Figure 9. We see that this function 
remains small as long as: 
p<afitt (C-20) 


We may thus assume that the probability (C-18) is practically zero for: 
1 
ors Wi + 1) (C-21) 


From a physical point of view, this result is very important for it implies that a particle 
in the state |e? m) is practically unaffected by what happens inside a sphere centered 
at O of radius: 
1 
bi(k) = Z (i+ 1) (C-22) 


We shall return to this point in § C-3-b-£. 


Comment: 
In classical mechanics, a free particle of momentum p and angular momentum # 
moves in a straight line whose distance b from the point O is given (fig. 10) by: 

_ | 


b= 
P| 


(C-23) 
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Figure 10: Definition of the classi- 
cal impact parameter b of a particle 
of momentum p and angular mo- 
mentum £ relative to O. 








b is called the “collision parameter” or “impact parameter” of the particle relative 
to O; the larger |.@| is and the smaller the momentum (i.e. the energy), the larger 
bis. If |Z] is replaced by fi,/l(1+1) and |p| by hk in (C-23), we again find 
expression (C-22) for b:(k), which can thus be interpreted semi-classically. 


y. Asymptotic behavior 
It can be shown (complement Ayr, § 2-c-8) that as p approaches infinity: 


julp) o~ an (6-15) (C-24) 


pro p 


Consequently, the asymptotic behavior of the free spherical wave Oe nt) is: 


(0) 2k? enikr eil® _ pikr gif 
~N — —— y, wal -2 
Liim(T 9, ¥) Vige ol (6,9) Ske (C-25) 


roo 


At infinity, gO) therefore results from the superposition of an incoming wave 


e— "kr /r and an outgoing wave e**" /r, whose amplitudes differ by a phase difference equal 
to In. 


Comment: 


Suppose that we construct a packet of free spherical waves, all corresponding to 
the same values of | and m. A line of reasoning analogous to that of comment 
(i) of § B-1-b may be applied to it. The following conclusion results: for large 
negative values of t, only an incoming wave packet exists; while for large positive 
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values of t, only an outgoing wave packet exists. Therefore, a free spherical wave 
may be thought of in the following manner: at first we have an incoming wave 
converging towards O; it becomes distorted as it approaches this point, retraces 
its steps when it is at a distance of the order of bj(k) [formula (C-22)], and gives 
rise to an outgoing wave with a phase shift of I7. 


C-2-d. Expansion of a plane wave in terms of free spherical waves 


We thus have two distinct bases formed by eigenstates of Ho: the {|k)} basis 


associated with the plane waves and the {lee} m)} basis associated with the free spherical 


waves. It is possible to expand any ket of one basis in terms of vectors of the other one. 
Let us consider in particular the ket |0,0,k), associated with a plane wave of wave 
vector k directed along Oz: 


1 \3? 
_ ee stkz ie 
(r|0,0,k) = (=) e (C-26) 


\0,0,&) represents a state of well-defined energy and momentum (EF = h?k?/2u; p di- 
rected along Oz with modulus fik). Now: 


cikz — gikr cos 6 (C-27) 
is independent of y; since L, corresponds to - in the {|r)} representation, the ket 
|0,0,k) is also an eigenvector of L,, with the Secale zero: 

L, |0,0,k) =0 (C-28) 

Using the closure relation (C-17), we can write: 


|0, 0, k) = aw’) S ee, (oe, 


l=0 m=-l 





.k) (C-29) 


Since |0,0,4) and ve i are two eigenstates of Ho, they are orthogonal if the cor- 


responding eigenvalues are different; their scalar product is therefore proportional to 
6(k’ —k). Similarly, they are both eigenstates of L, and their scalar product is propor- 
tional to dmo [ef. relation (C-28)]. Formula (C-29) therefore takes on the form: 


|0, 0, k) a 5 Ck,l velo) (C-30) 


1=0 


The coefficients c,; can be calculated explicitly (complement Ayr, § 3). Thus we obtain: 





=> 4n(21 +1) jr(kr) Y;°(8) (C-31) 











A state of well-defined linear momentum is therefore formed by the superposition of 
states corresponding to all possible angular momenta. 
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Comment: 


The spherical harmonic Y;,°(@) is proportional to the Legendre polynomial P;(cos @) (com- 
plement Avi, § 2-e-a): 


(21+ 1) 


YO= 


P,(cos @) (C-32) 





Hence the expansion (C-31) is often written in the form: 


cay a (21 + 1) jx(kr) P;(cos 0) (C-33) 
l=0 


C-3. Partial waves in the potential V(r) 


We are now going to study the eigenfunctions common to H (the total Hamilto- 
nian), L? and L,; that is, the partial waves yx,1m(r)- 


C-3-a. Radial equation. Phase shifts 


For any central potential V(r), the partial waves ~x,1,m(r) are of the form: 


Pestle) = Reale) ¥"(8,9) = — uealr) ¥7"(8, 9) (C-34) 


where uz,1(1) is the solution of the radial equation: 





hed? 1+ 1)R h?k? 
[Di Ape pee = C-35 
Si ce + Dar? +V(r)| uxc(r) Dy Ur.(T) ( ) 
satisfying the condition at the origin: 
ur,i(0) = 0 (C-36) 


It is just as if we were dealing with a one-dimensional problem, where a particle 
of mass yz is under the influence of the potential (fig. 11): 


i+ 1)h? 
Qur? 
Ver(r) infinite for r <0 (C-37) 


forr >0 





Ver(r) = V(r) + 











For large r, equation (C-35) reduces to: 


= + | Uri(r) = 0 (C-38) 


dr? 00 
whose general solution is: 


unr) Aer + Ber (C-39) 


Since ux1(7) must satisfy condition (C-36), the constants A and B cannot be arbitrary. 
In the equivalent one-dimensional problem [formulas (C-37)], equation (C-36) is related 
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Vers OA 
| 
\ I+ bir Figure 11: The effective potential 
Voge 2Qpr? Vep(r) is the sum of the poten- 
\ tial V(r) and the centrifugal term 
U(L-+ yh? 
Qur2 
0 > r 














to the fact that the potential is infinite for negative r, and expression (C-39) represents 
the superposition of an “incident” plane wave e~**" coming from the right (along the 
axis on which the fictitious particle being studied moves) and a “reflected” plane wave 
e'kr propagating from left to right. Since there can be no “transmitted” wave [as V(r) 
is infinite on the negative part of the axis], the “reflected” current must be equal to the 
“incident” current. Thus we see that condition (C-36) implies that, in the asymptotic 
expression (C-39): 


|A| = |B (C-40) 
Consequently: 
Uni(r) ~ |Al [et*r era. tie ier e's] (C-41) 
Too 


which can be written in the form: 


Uk,i(T) ~ Csin (kr = 81) (C-42) 


Too 


The real phase 3; is completely determined by imposing continuity between (C-42) 
and the solution of (C-35) which goes to zero at the origin. In the case of an identically 
null potential V(r), we saw in § C-2-c-y that 3; is equal to I7/2. It is convenient to take 
this value as a point of reference, that is, to write: 


upi(r) ~~  Csin (kr ss iS ca 61) (C-43) 


co 


The quantity 6, defined in this way is called the phase shift of the partial wave yx 1,m(¥); 
it obviously depends on k, that is, on the energy. 
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C-3-b. Physical meaning of phase shifts 
Q. Comparison between partial waves and free spherical waves 
Taking (C-34) and (C-43) into account, we may write the expression for the asymp- 


totic behavior of Y%1,m(r) in the form: 


sin(kr — Im/2+ 61) .-m 
sin(r = In /2+ BD mig, 


en ikr ei(lF-51) _ eikr e7i(tF-81) 
ps SOON (O49) : 
sa toa 2ir 


Pk,l,m(L) poe GS 


Tr— oo 


(C-44) 





We see that the partial wave yx 1,m(r), like a free spherical wave [formula (C-25)], results 
from the superposition of an incoming wave and an outgoing wave. 

In order to develop the comparison between partial waves and free spherical waves 
in detail, we can modify the incoming wave of (C-44) so as to make it identical with 
the one in (C-25). To do this, we define a new partial wave Gx1,.(r) by multiplying 
Yk,m(r) by e*®! (this global phase factor has no physical importance) and by choosing 
the constant C' in such a way that: 


—ikr pila /2 ikr g—tln/2 92%) 
Creer’ =e e 
(C-45) 





Prim(t) ~ —Y¥"(4,9) BEE 
This expression can then be interpreted in the following way (cf. the comment in § C- 
2-c-y): at the outset, we have the same incoming wave as in the case of a free particle 
(aside from the normalization constant ,/2k?/7). As this incoming wave approaches 
the zone of influence of the potential, it is more and more perturbed by this potential. 
When, after turning back, it is transformed into an outgoing wave, it has accumulated 
a phase shift of 26, relative to the free outgoing wave that would have resulted if the 
potential V(r) had been identically zero. The factor e?** (which varies with | and k) 
thus summarizes the total effect of the potential on a particle of angular momentum I. 


Comment: 


Actually, the preceding discussion is only valid if we base our reasoning on a wave packet 
formed by superposing partial waves ~«,1,.m(r) with the same | and m, but slightly dif- 
ferent k. For large negative values of t, we have only an incoming wave packet; it is 
the subsequent evolution of this wave packet directed towards the potential’s zone of 
influence that we have analyzed above. 


We could also adopt the point of view of comment (iz) of § B-1-b; that is, we could study 
the effect on a stationary free spherical wave of slowly “turning on” the potential V(r). 
The same type of reasoning would then demonstrate that the partial wave yx,1,m(r) can 
be obtained from a free spherical wave OL hen (r) by adiabatically turning on the potential 


V(r). 


B. Finite-range potentials 


Let us suppose that the potential V(r) has a finite range ro; that is, that: 


V(r) =0 for r > ro (C-46) 
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We pointed out earlier (§ C-2-c-8) that the free spherical wave gy m, scarcely 


penetrates a sphere centered at O of radius b;(k) [formula (C-22)]. Therefore, if we 
return to the interpretation of formula (C-45) that we have just given, we see that a 
potential satisfying (C-46) has virtually no effect on waves for which: 


bi(k) > ro (C-47) 


since the corresponding incoming wave turns back before reaching the zone of influence 
of V(r). Thus, for each value of the energy, there exists a critical value Ij, of the angular 
momentum, which, according to (C-22), is given approximately by: 


V/ Ine (le + 1) & kro (C-48) 


The phase shifts 6; are appreciable only for values of J less than or of the order of yy. 

The shorter the range of the potential and the lower the incident energy, the 
smaller the value® of l,z. Therefore, it may happen that the only non-zero phase shifts 
are those corresponding to the first few partial waves: the s(1 = 0) wave at very low 
energy, followed by s and p waves for slightly greater energies, etc. 


C-4. Expression of the cross section in terms of phase shifts 


Phase shifts characterize the modifications, caused by the potential, of the asymp- 
totic behavior of stationary states with well-defined angular momentum. Knowing them 
should therefore allow us to determine the cross section. In order to demonstrate this, 
all we must do is express the stationary scattering state vert) (p) in terms of partial 


waves!?, and calculate the scattering amplitude in this way. 


C-4-a. Construction of the stationary scattering state from partial waves 


We must find a linear superposition of partial waves whose asymptotic behavior is 
of the form (B-9). Since the stationary scattering state is an eigenstate of the Hamilto- 
nian H, the expansion of y{eea*®) (yr) involves only partial waves having the same energy 
h?k?/2u. Note also that, in the case of a central potential V(r), the scattering problem 
we are studying is symmetrical with respect to rotation around the Oz axis defined by 
the incident beam. Consequently, the stationary scattering wave function y{seat®) () is 
independent of the azimuthal angle y, so that its expansion includes only partial waves 
for which m is zero. Finally, we have an expression of the form: 


v2) = Soi Pea,o(2) (C-49) 
l=0 


The problem thus consists of finding the coefficients c;. 





91yq is of the order of kro, which is the ratio between the range ro of the potential and the wavelength 
of the incident particle. 

10Tf there exist bound states of the particle in the potential V(r) (stationary states with negative 
energy), the system of partial waves does not constitute a basis of the state space; in order to form such 
a basis, it is necessary to add the wave functions of the bound states to the partial waves. 
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Q. Intuitive argument 


When V(r) is identically zero, the function ylseat®) (yr) reduces to the plane wave 


e’*z and the partial waves become free spherical waves gy m()- In this case, we already 
know the expansion (C-49): it is given by formula (C-31). 


For non-zero V(r), y{ecatt) (r) includes a diverging scattered wave as well as a plane 


wave. Furthermore, we have seen that %%1,9(r) differs from go) o(r) in its asymptotic 


behavior only by the presence of the outgoing wave, which has the same radial depen- 
dence as the scattered wave. We should therefore expect that the coefficients c of the 
expansion (C-49) will be the same as those in formula (C-31)1', that is: 


y{sert®) (p => 4x (21 + 1)x.1,0(r) (C-50) 


Comment: 


We can also understand (C-50) in terms of the interpretation offered in comment (ii) of § B-1-b 
and the comment in § C-3-b-a. If we have a plane wave whose expansion is given by (C-31) and 
we turn on the potential V(r) adiabatically, the wave is transformed into a stationary scattering 


state: the left-hand side of (C-31) must then be replaced by ySerth) (p ). In addition, each free 
spherical wave julkr)Y;,° (8) appearing on the right-hand side of (C-31) is transformed into a 


partial wave Gk,1,0(2) when the potential is turned on. If we take into account the linearity of 
Schrédinger’s equation, we finally obtain (C-50). 


B. Explicit derivation 


Let us now consider formula (C-50), which was suggested by a physical approach 
to the problem, and let us show that it does indeed supply the desired expansion. 

First of all, the right-hand side of (C-50) is a superposition of eigenstates of H 
having the same energy h?k?/2u; consequently, this superposition remains a stationary 
state. 

Therefore, all we must do is make sure that the asymptotic behavior of the sum (C- 
50) is indeed of type (B-9). In order to do this, we use (C-45): 


ye 4n(21+1) Gerolr me Dt /4n(21+ 1) ¥°(0 


1 : i rie ated 
x ae [er elt _ etkr ele et] (C-51) 





In order to bring out the asymptotic behavior of expansion (C-31), we write: 


e78 — 1 + ie sin dj (C-52) 





'lNote that the expansion (C-31) brings in julkr)¥/2 (8), that is, the free spherical wave 0 9 di- 


vided by the normalization factor ,/2k?/m; this is why we defined $,1,m(r) [formula (C-45)] from 
expression (C-25) divided by this same factor. 
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and, regrouping the terms that are independent of 6;, we have: 


Sit Vina /4n(21 +1) Ge2,0(r) a _So it Vint 1) ¥°(0) 
a 


ie) 





e Fe sin d,| (C-53) 


etkr gilt /2 _ eikr e—tln/2 eikr 1 
x 3 
2ikr rok 


Taking (C-25) and (C-31) into consideration, we recognize, in the first term of the right- 








hand side, the asymptotic expansion of the plane wave e“**, and we obtain finally: 
; etkr 
ye 4n(21 +1) Geao(r) e'*? + f,.(0) 3 (C-54) 
with: 
— . 
= N° /4n(21 + 1) ce! sin 6 ¥;°(8) (C-55) 
t=0 











We have thus demonstrated that the expansion of (C-50) is correct and have found 
at the same time the expression for the scattering amplitude f,(@) in terms of the phase 
shifts O}- 


C-4-b. Calculation of the cross section 
The differential scattering cross section is then given by formula (B-24): 


2 


o(9) = | fe(9 bani (21+ 1) e* sin 6, Y,2(0) 


(C-56) 








=a 


from which we deduce the total scattering cross section by integrating over the angles: 


a= | ado(6) = = a (20 + 1)(2U + 1) e® 2) sin 5 sin dy 


Ul’ 


x / dQ. Y;?*(0) ¥°(0)  (C-57) 


Since the spherical harmonics are orthonormal [formula (D-23) of Chapter VI], we have 
finally: 








An = : 
c= S-(2l +1)sin? 6; (C-58) 
1=0 





This result shows that the terms resulting from interference between waves of different 
angular momenta disappear from the total cross section. For any potential V(r), the 








12The factor i! is compensated by e~ 2 = (—i)! = (1/2)!. 
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contribution (21 + 1)(47/k?) sin? 6; associated with a given value of I is positive and has 
an upper bound, for a given energy, of (21 + 1)(4m/k?). 

In theory, formulas (C-56) and (C-58) necessitate knowing all the phase shifts 6). 
Recall (cf. § C-3-a) that these phase shifts can be calculated from the radial equation 
if the potential V(r) is known; this equation must be solved separately for each value of 
1 (most of the time, moreover, this implies resorting to numerical techniques). In other 
words, the method of partial waves is attractive from a practical point of view only when 
there is a sufficiently small number of non-zero phase shifts. For a finite-range potential 
V(r), we saw in § C-3-b-@ that the phase shifts 6; are negligible for 1 > ly,, the critical 
value [jy being defined by formula (C-48). 

When the potential V(r) is unknown at the outset, we attempt to reproduce the ex- 
perimental curves which give the differential cross section at a fixed energy by introducing 
a small number of non-zero phase shifts. Furthermore, the very form of the 0-dependence 
of the cross section often suggests the minimum number of phase shifts needed. For ex- 
ample, if we limit ourselves to the s-wave, formula (C-56) gives an isotropic differential 
cross section (Y?’ is a constant). If the experiments imply a variation of o(@) with 8, 
it means that phase shifts other than that of the s-wave are not equal to zero. Once 
we have thereby determined, from experimental results corresponding to different ener- 
gies, the phase shifts which do effectively contribute to the cross section, we can look 
for theoretical models of potentials that produce these phase shifts and their energy 
dependence. 


Comment: 


The dependence of cross sections on the energy E = h?k?/2u of the incident 
particle is just as interesting as the 6-dependence of o(6). In particular, in certain 
cases, one observes rapid variations of the total cross section o in the neighborhood 
of certain energy values. For example, if one of the phase shifts 6; takes on the 
value 7/2 for E = Eo, the corresponding contribution to o reaches its upper limit 
and the cross section may show a sharp peak at EF = Ep. This phenomenon 
is called “scattering resonance”. We can compare it to the behavior described in 
Chapter I (§ D-2-c-8) of the transmission coefficient of a “square” one-dimensional 
potential well. 


References and suggestions for further reading: 


Dicke and Wittke (1.14), Chap. 16; Messiah (1.17), Chap. X; Schiff (1.18), Chaps. 5 
and 9. 


More advanced topics: 


Coulomb scattering: Messiah (1.17), Chap. XJ; Schiff (1.18), § 21; Davydov (1.20), 
Chap. XI, § 100. 

Formal collision and S-matrix theory: Merzbacher (1.16), Chap. 19; Roman (2.3), 
part II, Chap. 4; Messiah (1.17), Chap. XIX; Schweber (2.16), part 3, Chap. 11. 

Description of collisions in terms of wave packets: Messiah (1.17), chap. X, §§ 4, 
5, 6; Goldberger and Watson (2.4), chaps. 3 and 4. 
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Determination of the potential from the phase shifts (the inverse problem): Wu 
and Ohmura (2.1), § G. 

Applications: Davydov (1.20), Chap. XI; Sobel’man (11.12), Chap. 11; Mott and 
Massey (2.5); Martin and Spearman (16.18). 

Scattering by multi-particle systems in the Born approximation and space-time 
correlation functions: Van Hove (2.39). 
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COMPLEMENTS OF CHAPTER VIII, READER’S GUIDE 


The main purpose of Chapter VIII is to be a reference for other courses, for instance in 


nuclear physics, where various physical applications of the theory of collisions can be found. 





Aviit THE FREE PARTICLE: STATIONARY 
STATES WITH WELL-DEFINED ANGULAR MO- 
MENTUM 


Formal examination of stationary wave functions 
for a free particle with well-defined angular 
momentum. The use of the Ly and L_ operators 
the 

and the demonstration of a certain 


permits introduction of spherical Bessel 
functions, 
number of their properties that were used in § C 


of Chapter VIII. 





Byirtr : PHENOMENOLOGICAL DESCRIPTION OF 
COLLISIONS WITH ABSORPTION 


This the 
the formalism of Chapter VIII to collisions 


complement permits extension of 


with absorption, and establishes the optical 


theorem. A phenomenological point of view is 
used, whose principle is analogous to that of 
Not difficult if Chapter VIII 


has been well assimilated. 


Complement Kurt. 





Cyit1 : SOME SIMPLE APPLICATIONS OF SCAT- 
TERING THEORY 


Illustration of the results of Chapter VIII by sev- 
eral specific examples. Section 1 is recommended 
for a first reading, since it presents important 
physical results in a simple manner (Rutherford’s 
formula). Section 2 can be considered as a worked 
example. Section 3 proposes exercises without 


their solutions. 
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Complement Avi 


The free particle: stationary states 
with well-defined angular momentum 





1 The radial equation .......... 0.002 e ee eee eens 959 
2 Free spherical waves... 2... 2... ee eee ee ee ee ene 961 
2-a Recurrence relations ............ 0.00000 0004 961 
2-b Calculation of free spherical waves ............... 962 
2-c Properties?) 0c soaps ee hen Soa eR A ee es 966 
3 Relation between free spherical waves and plane waves . . 967 





We introduced, in § C-2 of Chapter VIII, two distinct bases of stationary states of 
a free (spinless) particle whose Hamiltonian is written: 
p2 


Hy = — 
Ooi 


(1) 


The first of these bases is composed of the eigenstates common to Hp and the three 
components of the momentum P; the associated wave functions are the plane waves. 
The second consists of the stationary states with well-defined angular momentum, that 
is, the eigenstates common to Ho, L? and L,, whose principal properties we pointed out 
in §§ C-2-b, c and d of Chapter VIII. We intend to study here this second basis in more 
detail. In particular, we wish to derive a certain number of results used in Chapter VIII. 


1. The radial equation 


The Hamiltonian (1) commutes with the three components of the orbital angular mo- 
mentum L of the particle: 


[Ho,L] = 0 (2) 


Consequently, we can apply the general theory developed in § A of Chapter VII to this 
particular problem. We know that the free spherical waves (eigenfunctions common to 
Ho, L? and L,) are necessarily of the form: 


0 0 i 
Oe) nt) = RON(r) ¥;" (0, 9) (3) 
The radial function RO(r) is a solution of the equation: 


Rid Ul +1)h2] 0 


) (0) 
pa Sees =E 4 
Sanaa tpt | RON) = Be RO “ 
where £,,., is the eigenvalue of Ho corresponding to yp) m(r). If we set: 
0 1 © 
Rei (r) = = ue (r) (5) 
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(0) 


Kl 


the function u,; is given by the equation: 








d? l(i+1 Que. 
1) a MEKL | (O)(, 


dr2 2 h2 al ) =0 (6) 
to which we must add the condition: 


uy (0) = 0 (7) 

It can be shown, first of all, that equations (6) and (7) enable us to find the 
spectrum of the Hamiltonian Hp, which we already know from the study of the plane 
waves [formula (C-5) of Chapter VIII]. To do this, note that the minimum value of the 
potential (which is, in fact, identically zero) vanishes and that consequently there cannot 
exist a stationary state with negative energy (cf. complement Myr). Consider, therefore, 
any positive value of the constant FE, appearing in equation (6), and set: 


1 
k= 5 /2u Ex. (8) 


As r approaches infinity, the centrifugal term I(1+ 1)/r? becomes negligible compared to 
the constant term of equation (6), which can thus be approximated by: 


[+e] ue 0 9) 


dr? ae 
Consequently, all solutions of equation (6) have an asymptotic behavior (linear combi- 
nation of e*" and e~**") which is physically acceptable. Therefore, the only restriction 
comes from condition (7): we know (cf. Chap. VII, § A-3-b) that there exists, for a given 
value of E,,;, one and only one function (to within a constant factor) which satisfies (6) 
and (7). For any positive E,,;, the radial equation (6) has one and only one acceptable 
solution. 

This means that the spectrum of Ho includes all positive energies. Moreover, we 
see that the set of possible values of EF, does not depend on J; we shall therefore omit 
the index | for the energies. As for the index «, we shall identify it with the constant 
defined in (8); this allows us to write: 


- h2 k2 


E 
k Dh 





k>0 (10) 


d a 


Each of these energies is infinitely degenerate. Indeed, for fixed k, there exists an 
acceptable solution au} (r) of the radial equation corresponding to the energy Ey, for every 
value (positive integral or zero) of 1. Moreover, formula (3) associates (2/+ 1) independent 
wave functions Ge} ont) with a given radial function ull(r). Thus, we again find in this 
particular case the general result demonstrated in § A-3-b of Chapter VII: Ho, L? and 
L, form a C.S.C.O. in €,, and the specification of the three indices k, | and m gives 
sufficient information for the determination of a unique function in the corresponding 


basis. 
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2. Free spherical waves 


The radial functions RO (r) = u(r) /r can be found by solving equation (6) or equa- 
tion (4) directly. The latter is easily reduced (comment of § 2-c-8 below) to a differential 
equation known as the “spherical Bessel equation” whose solutions are well-known. In- 
stead of using these results directly, we are going to see how the various eigenfunctions 
common to Ho, L? and L, can be simply deduced from those which correspond to the 
eigenvalue 0 of L?. 


2-a. Recurrence relations 
Let us define the operator: 
P, =P, +iPy (11) 


in terms of the components P, and P, of the momentum P. We know that P is a vec- 
torial observable (cf. complement By1, § 5-c), which implies the following commutation 
relations! between its components and those of the angular momentum L: 


(Lz, Py] =0 
[Lz, Py] = 1th P- 
[L,, P.] = —ih Py (12) 


and the equations which are deduced from these by circular permutation of the indices 
x, y, z. Using these relations, a simple algebraic calculation gives the commutators of 
L, and L? with the operator P,; we find: 


[L., Py] =APy (13a) 
[L?, P,] = 2h(P.L, — P,L4)+ 2h Py (13b) 





Consider therefore any eigenfunction g(r) common to Ho, L? and L,, the 
corresponding eigenvalues being Ex, I(1+1)h? and mh. By applying the operators L+ 
and L_, we can obtain the 21 other eigenfunctions associated with the same energy FE, 


and the same value of J. Since Hp commutes with L, we have, for example: 


Hols Of} m(t) = L+ Ho Pelt) = Bele Pet (2) (14) 
and L GO a(t) (which is not zero if m is different from /) is an eigenfunction of Ho 


with the same eigenvalue as gy) m(t). Therefore: 





Ly Ge) a(t) x Oe ©) (15) 


Let us now allow P, to act on pW) m(t)- First of all, since Hp commutes with P, 





we can repeat the preceding argument for P, go) Moreover, from relation (13a): 


L,Py GO) in) = P.L; Ceri + AP, Bk 
=(m+ IAP, oe (r) (16) 





1 These relations can be obtained directly from the definition L = R x P and the canonical commu- 
tation rules. 
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Py. ge} m is therefore an eigenfunction of L, with the eigenvalue (m+ 1)h. If we use 


equation (13b) in the same way, we see that the presence of the term P,L implies 
that P, yo) is not, in general, an eigenfunction of L?; nevertheless, if m = 1, the 
contribution of this term is zero: 





LP, oO), = Py? oO), + 2AP,L. oO) +2 P, pO), 
= [MU +1) + 21+ 2) WP, yO), 
= (1+ 10+ 20 Py oO) (17) 


Consequently, P, go) , is a common eigenfunction of Ho, L? and L, with the eigenvalues 
Ex, (1+1)(1+2)h? and (1+1)h respectively. Since these three observables form a C.S.C.O. 
(§ 1), there exists only one eigenfunction (to within a constant factor?) associated with 
this set of eigenvalues: 
0 0 
Ps et alt) & Peter) (18) 
; ; 0 
We are going to use the recurrence relations (15) and (18) to construct the {yO (n)} 


basis from the functions go o(¥) corresponding to zero eigenvalues® for L? and L,. 


2-b. Calculation of free spherical waves 


Q. Solution of the radial equation for |= 0 


In order to determine the functions go g(r), we return to the radial equation (6), 


in which we set | = 0; taking definition (10) into account, this equation can be written: 
d? 0 
a + a ugo(r) =0 (19) 
The solution which goes to zero at the origin [condition (7)] is of the form: 


uv p(r) = ay sin kr (20) 


We choose the constant a, such that the functions go) o(r) are orthonormal in the 


extended sense; that is: 
[Pree role) = 5 -#) (21) 


It is easy to show (see below) that condition (21) is satisfied if: 


2 
pose (22) 
TT 





2Later (§ 2-b), we shall specify the coefficients that ensure the orthonormalization of the {p mt) t 
basis (in the extended sense, since k is a continuous index). 
3It must not be thought that the operator P_ = P, —iPy allows one to “step down” from an arbitrary 


value of | to zero. It can easily be shown, by an argument analogous to the preceding one, that: 


(0) (0) 
P_ py y(t) Px1+1,—(141) *) 
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which yields (Y) being equal to 1/47): 


(0) _ [2k? 1 sinkr 93 
Yi,0,0(0) = T Jar kr ( ) 


Let us verify that the functions (23) satisfy the orthonormalization relation (21). To do this, it 
is sufficient to calculate: 


(0) (0) 2 1 sinkr sink’r 

3 0)* 0 a. 2 

ic T P%.0,0(8) ¥x/,0,0(8) aa sue f r°dr ip kr Je 
0 


2 co 
=F ‘| drsin kr sin k/r (24) 
0 


Tv 








Replacing the sines by complex exponentials and extending the interval of integration over the 
range —co to +00, we obtain: 


2 oo 2 1 +00 

= , . , 
= dr sin kr sin k’r = — (-3) dr eer’ Jr _ gilk-k F] (25) 
™ Jo mw\ 4S JL 


co 


Since k and k’ are both positive, k + k’ is always different from zero and the contribution of 
the first term within the brackets is always zero. According to formula (34) of Appendix I, the 
second term yields finally: 


* 2 1 
if dr gh Po(#) PM g(t) = = (—F) (2m) 5k - 


7 
Speake (26) 
B. Construction of the other waves by recurrence 


Let us now apply the operator P, defined in (11) to the function ge) o(r) that we 
have just found. According to relation (18): 


0 0 
eo) s(n) x Peg a(n) 


x Py sin kr (27) 
kr 








In the {|r)} representation, which we have been using throughout, P, is the differential 
operator: 


hf o 0 
PL = -—(—+i— 28 
wy (= +5] (28) 
In formula (27), it acts on a function of r alone. Now: 


P.fr) = (2484) S90) 


r r 


= Bn pike) (29) 
a dr 


Thus we obtain: 





ge) (tr) x sine’? | _ sin | 


kr (kr)? 
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We recognize the angular dependence of Y;(0,y) [complement Ay, formula (32)]; by 


applying L_, the functions gy) g(r) and gy) _,() can be calculated. 


Although gy) ,(r) depends on @ and y, the application of P; to this function 
remains very simple. The canonical commutation relations indicate immediately that: 
[Pp,X +iY] =0 (31) 
Consequently, gy) ,(r) is given by: 


sin kr 
Pp? 
Ppo2(t) x a i 
z+ty d sinkr 

r dr kr 

1 d sinkr 

Aggy) Pe See 
x (a + ty) +> dr kr 
old ie | 








x Py 

















x (a + iy) (32) 


rdr|rdr_ kr 


In general: 





ld ) ae 


gt) ((r) x (x + iy)! : i (33) 


r dr 
The angular dependence of ge? , is contained in the factor: 

(x + iy)! = r'(sin 0)! e!? (34) 
which is indeed proportional to Y;(0, y). 


Let us define: 
1d ' sin p 

. lol 

julp) = (-1 (os) 

@=(yr (Cr) = 


ji, thus defined, is the spherical Bessel function of order |. The preceding calculation 
shows that go) ,() is proportional to the product of Y/(0,p) and j;(kr). We shall write 
(see below the problem of normalization): 


RO) =f ilar) (36) 


The free spherical waves are then written: 





(35) 


2k? | s 

Peln(®) = 4 —aulkr) ¥i"(8,) (37) 
They satisfy the orthonormalization relation: 

per ger a(t) ies (r) = O(k as a) our Omm! (38) 
and the closure relation: 

Co co +1 
iy de SS Pilin(®) Pitan (e’) = 8(@ — 2’) (39) 
: 1=0 m=-1 
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Let us now examine the normalization of the functions (37). To do so, let us begin by specifying 
the proportionality factors of the recurrence relations (15) and (18). For the first relation, we 
already know this factor from the properties of spherical harmonics (cf. complement Ayr): 


Le Pe) mt) = h/t +1) — mm £1) OO) ar (P) (40) 











As for relation (18), we proceed as follows. Using the explicit expression for Y/(6, y) [formulas (4) 
and (14) of complement Avy], equations (31) and (29) as well as definition (35), and taking (37) 
into account, we can write this relation as: 


(0) _ hk [2l+2 («) 
Pr Pet) = aa W43 PrAi+l, ie (t r) (41) 


In the orthonormalization relation (38), the factors 61j/6jmm7 on the right-hand side arise 
from the angular integration and the orthonormality of the spherical harmonics. To establish 
relation (38), it is thus sufficient to show that the integral: 








Ii(k,k’) = fi Pr gr) o, ) (42) 


is equal to 6(k — k’). We already know from (26) that Io(k,k’) has this value. Consequently, we 
shall demonstrate that, if: 


I(k, k’) = 6(k — k’) (43) 


then the same is true for Ij,1(k,k’). Relation (41) permits us to write Ij,1(k,k’) in the form: 


1 2+3 7 
fli) = pais Bee f or [Pe ol 00] [Ps o0)] 








h2kk! 214-2 
1 2+3 Ff 93, (0) (0) 
= Fekk! ats fe TY, 7 (0) P_ P+ yr r) (44) 


where P_ = Py — iPy is the adjoint of P_. Now: 





Pi Pes PoP? = P?.—p? (45) 
We know that oO, ! is an eigenfunction of P?. Since, in addition, P, is Hermitian, it results 
that: 

1 214+3 21/2 1 3 (0) . (0) 
halk) = a " kN (kk!) — | ar [P- gc »)| [P. oO Cr n)| (46) 





We must now calculate Pz gl ,(r). Using the fact that Y/ (0, ¢) is proportional to (x + iy)!/r! 
we easily find: 


Ak | 2k? 
Oy = —— 4] — cos ¥}(6, 9) juss (kr) 


y 
> 

aN 

ey 


hk 1 (0) 
i Japs he 


according to formula (35) of complement Ay;. Putting this result into (46), we finally obtain: 


2143 k’ 
Tiai(k, k’) = WH. =p ilk BY — aplintk, ,k’) (48) 


(r) (47) 


Hypothesis (43) thus implies: 
41(k, k’) = 6(k — k’) (49) 





L 


which concludes the argument by recurrence. 
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2-c. Properties 


Q. Behavior at the origin 
When p approaches zero, the function j;(p) behaves (see below) like: 


1 


ju(p) 4 error (50) 


Consequently, 0) m(z) is proportional to r! in the neighborhood of the origin: 


1 ee kr)! 
gO Gy ef PG) 


ro0 V7 (21+ 1)! (51) 


To demonstrate formula (50), starting from definition (35), it is sufficient to expand sin p/p in a 
power series in p : 


co 


sinp a p2P 
p 2 Gen Ope 1)! ip2) 


p=0 





1d\! 
We then apply the operator (< =) , which yields: 
p dp 








ito) = (-1Y'6' (22) ye ar 
= (-1)!p! S-( 1)? 2p(2p = eee S 2(l ca 1) pre?! (53) 
p=0 


The first | terms of the sum (p = 0 to | — 1) are zero, and the (1 + 1)th is written: 


jp) a (—1)! p! (-1)! 21(21 ae hid 





which proves (50). 


B. Asymptotic behavior 


When their argument approaches infinity, the spherical Bessel functions are related 
to the trigonometric functions in the following way: 


jp) ~ * sin (6-15) (55) 


poco 0 


The asymptotic behavior of the free spherical waves is therefore: 





2 : 
(0) 2k sin(kr = In /2) 
r) ~ se —Y;" (8, ¢) ———__— 
Lk,tm( ) pi l ( oP ¥) kr (56) 
ld sin p So bind ‘ 
If we apply the operator — ab once to ——, we can write j;() in the form: 
pdp p 
; 1 d\!-! [cos sin 
nl) = (rl (L2) [Soe See (57) 
pap p p 
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The second term inside the brackets is negligible compared to the first term when p approaches infinity. 
ld 

Moreover, when we apply — — a second time, the dominant term still comes from the derivative of the 
pdp 


cosine. Thus we see that: 


. li/fday\y!, 
lo) ~ (tel * (2) sine (58) 
poo pp \dp 
Since: 
l 
(=) sin p = (—1)' sin (6-:5) (59) 


the result is indeed (55). 


Comment: 


If we set: 
kr = p (60) 


[k being defined by formula (10)], the radial equation (4) becomes: 


abo 2 (52) " 





This is the spherical Bessel equation of order J. It has two linearly independent 
solutions, which can be distinguished, for example, by their behavior at the origin. 
One of them is the spherical Bessel function j;(p), which satisfies (50) and (55). For 
the other, we can choose the “spherical Neumann function of order |”, designated 
as ni(p), with the properties: 


(21 — 1)! 
m(p) ~, a (62a) 
1 
m(p) ~ —cos C — =) (62b) 
p-roo 0 2 
3. Relation between free spherical waves and plane waves 


We already know two distinct bases of eigenstates of Ho: the plane waves v(r) are 


eigenfunctions of the three components of the momentum P; the free spherical waves 


gy) m(z) are eigenfunctions of L? and L,. These two bases are different because P does 


not commute with L? and L,. 

A given function of one of these bases can obviously be expanded in terms of the 
other basis. For example, we shall express a plane wave yo (r) as a linear superposition 
of free spherical waves. Consider, therefore, a vector k in ordinary space. The plane 
wave v1. (r) that it characterizes is an eigenfunction of Hp with the eigenvalue h?k?/2u. 
Therefore, its expansion will include only the OO) an which correspond to this energy, 


that is those for which: 
k = |k (63) 
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This expansion will therefore be of the form: 


Co 


a(t) => S- cim(k) oe? (2) (64) 


l=0: m==1 
the free indices k and k being related by equation (63). It is easy to show, using the 


properties of the spherical harmonics (cf. complement Ay 1) and the spherical Bessel 
functions, that: 


= an S> So EY Ou, 94) nlkr) 20,9) (65) 


1=0 m=-1 
where 6; and y, are the polar angles that fix the direction of the vector k. If k is directed 
along Oz, expansion (65) reduces to: 


tkz 


e An (21+ 1) ju(kr) Y°(0) 


: 


ll 
3° 


i! (21 + 1)j1(kr) P;(cos 6) (66) 


Me 


l 


ll 
3° 


where P; is the Legendre polynomial of degree | [cf. equation (57) of complement Avy]. 


Let us first demonstrate relation (66). To do this, let us assume that the vector k chosen is 
collinear with Oz: 


ky = ky =0 (67) 
and points in the same direction. In this case, equation (63) becomes: 

kz, =k (68) 
and we want to expand the function: 

eikz — pikr cos 6 (69) 


in the {ee} (r)} basis. Since this function is independent of the angle y, it is a linear combi- 
nation of Snaly those basis functions for which m = 0: 


k ‘=> 
eikr cos a1 PO} a (r 


= SO a julkr) ¥(6) (70) 
l=0 


To calculate the numbers c;, we can consider e**"©°S® to be a function of the variable 6, with 
r playing the role of a parameter. Since the spherical harmonics form an orthonormal basis for 
functions of 6 and y, the “coefficient” cj j,(kr) can be expressed as: 


Cl iu(kr) = [os y°* (0) etkr cos 6 (71) 


Replacing Y,° by its expression in terms of Y;'(0, y) [formula (25) of complement Ay1], we obtain: 





L_\! xs 
ce ju(kr) = al) v0.0) eikr cos 6 


1 
4/ (21)! 
= 1 Ux by ike cos 8 
<a foo (0,9) ( - ) | (72) 
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since L+ is the adjoint operator of L_. Formula (16) of complement Avy then yields: 


be ig d 
(=) eikrcos@ _ (—1)! e# (sin 0)! ikr cos 6 
h d(cos 6)! 
= (-1)' e#(sin 6)! (ékr)! e208 8 (73) 


Now (sin@)! ec” is just, to within a constant factor, Y/(0,) [cf. formulas (4) and (14) of 
complement Ayr]. Consequently: 


2! 1! 
Cl I (kr) = (ikr)! aay; (0, ¢)| etkr cos 8 (74) 
“ ./Qn! (+1)! +1)! 


It is therefore sufficient to choose a particular value of kr, for which we know the value j;(kr), 
in order to calculate c;. Allow, for example, kr to approach zero: we know that j)(kr) behaves 
like (kr)', and so, in fact, does the right-hand side of equation (74). More precisely, using (50), 
we find: 


1 , 2 
TOI+ DN ‘Nam! Qly¥z@,9)|" (75) 


that is, since yi is normalized to 1: 





cy = i! 4/4n (21 + 1) (76) 
This proves formula (66). 


The general relation (65) can therefore be obtained as a consequence of the addition theorem for 
spherical harmonics [formula (70) of complement Ay ;]. Whatever the direction of k (defined by 
the polar angles 0, and y,), it is always possible, through a rotation of the system of axes, to 
return to the case we have just considered. Consequently, expansion (66) remains valid, provided 
kz is replaced by k-r and cos@ by cosa, where a is the angle between k and r: 


co 
r S> i! (21 +1) jy(kr) P;(cos a) (77) 
1=0 
The addition theorem for spherical harmonics permits the expression of P;(cos a) in terms of the 


angles (0,) and (0%, x), which yields finally formula (65). 


Expansions (65) and (66) show that a state of well-defined linear momentum in- 


volves all possible orbital angular momenta. 


To obtain the expansion of a given function g(r) in terms of plane waves, 


it is sufficient to invert formula (65), using the orthonormalization relation of spherical 
harmonics which are functions of 6; and y,. This yields: 


, dO ¥i"(0,, pu)e* = Ani! ju(kr) Vi" (8, ) (78) 


Thus we find: 


mk : * 2k? m ik-r 
Gel m(t) = Cu ay fan, Y;"(0, Px) e (79) 


An eigenfunction of L? and L, is therefore a linear superposition of all plane waves 
with the same energy: a state of well-defined angular momentum involves all possible 
directions of the linear momentum. 


References: 


Messiah (1.17), App. B, § 6; Arfken (10.4), § 11.6; Butkov (10.8), Chap. 9, § 9; 
see the subsection “Special functions and tables” of section 10 of the bibliography. 
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In Chapter VIII, we confined ourselves to the study of the elastic! scattering of 
particles by a potential. But we pointed out in the introduction of that chapter that col- 
lisions between particles can be inelastic and lead, under certain conditions, to numerous 
other reactions (creation or destruction of particles, etc...), particularly if the energy of 
the incident particles is high. When such reactions are possible, and one detects only 
elastically scattered particles, one observes that certain particles of the incident beam 
“disappear”; that is, they are not to be found either in the transmitted beam or amongst 
the elastically scattered particles. These particles are said to be “absorbed” during the 
interaction; in reality, they have taken part in reactions other than that of simple elastic 
scattering. If one is interested only in the elastic scattering, one seeks to describe the 
“absorption” globally, without going into detail about the other possible reactions. We 
are going to show here that the method of partial waves provides a convenient framework 
for such a phenomenological description. 


1. Principle involved 


We shall assume that the interactions responsible for the disappearance of the incident 
particles are invariant with respect to rotation about O. The scattering amplitude can 
therefore always be decomposed into partial waves, each of which corresponds to a fixed 
value of the angular momentum. 

In this section, we shall see how the method of partial waves can be modified to take 
a possible absorption into consideration. To do this, let us return to the interpretation of 
partial waves that we gave in § C-3-b-a of Chapter VIII. A free incoming wave penetrates 
the zone of influence of the potential and gives rise to an outgoing wave. The effect of 
the potential is to multiply this outgoing wave by e?**. Since the modulus of this factor 
is 1 (the phase shift 6; is real), the amplitude of the outgoing wave is equal to that of the 
incoming wave. Consequently (see the calculation of § 2-b below), the total flux of the 
incoming wave is equal to that of the outgoing wave: during the scattering, probability is 
conserved, that is, the total number of particles is constant. These considerations suggest 
that, in the cases where absorption phenomena occur, one can take them into account 
simply by giving the phase shift an imaginary part such that: 


jer ea (1) 





1A collision is called elastic if it changes neither the nature nor the internal state of the concerned 
particles; otherwise it is called inelastic. 
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The amplitude of the outgoing wave with angular momentum / is thus smaller than that 
of the incoming wave from which it arises. The fact that the outgoing probability flux 
is smaller than the incoming flux expresses the “disappearance” of a certain number of 
particles. 

We are going to make this idea more explicit and deduce from it the expressions 
for the scattering and absorption cross sections. However, we stress the fact that this 
is a purely phenomenological method: the parameters with which we shall characterize 
the absorption (modulus of e?** for each partial wave) mask an often very complicated 
reality. Note also that if the total probability is no longer conserved it is impossible 
to describe the interaction by a simple potential. A correct treatment of the set of 
phenomena which can then arise during the collision would demand a more elaborate 
formalism than the one developed in Chapter VIII. 


2. Calculation of the cross sections 


We return to the calculations of § C-4 of Chapter VIII, setting: 
n= e261 (2) 


Since the possibility of producing reactions other than that of elastic scattering is always 
expressed by a decrease in the number of elastically scattered particles, we must have: 


Im| <1 (3) 


(equality corresponding to cases where only elastic scattering is possible). The asymp- 
totic form of the wave function which describes the elastic scattering is therefore [cf. 
formula (C-51) of Chapter VIII]: 


ikr ,-ilt 


He) a Det VOTE DYN) 0 


2-a. Elastic scattering cross section 


The argument of § C-4-a of Chapter VIII remains valid and gives the scattering 
amplitude f;,(@) in the form: 


—_ 





= m—1 
=o Den ene) m(21+ 1) Y°(@) 5 (5) 


From this we deduce the differential elastic scattering cross section: 


2 


oal8) = 75 |S VR D Yeo) (6) 


l=0 


and the total elastic scattering cross section: 
T co 
oa = oY (2+ 1) [l= m? (7) 
1=0 
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Comment: 


According to the argument developed in § 1, the absorption of the wave (1) reaches 
a maximum when |7| is zero, that is, when: 


m = 0 (8) 


Formula (7) indicates however that, even in this limiting case, the contribution of 
the wave (1) to the elastic scattering cross section is not zero”. In other words, 
even if the interaction region is perfectly absorbing, it produces elastic scattering. 
This important phenomenon is a purely quantum effect. It can be compared to 
the behavior of a light wave which strikes an absorbing medium. Even if the 
absorption is total (perfectly black sphere or disc), a diffracted wave is observed 
(concentrated into a solid angle which becomes smaller as the surface of the disc 
becomes larger). Elastic scattering produced by a totally absorbing interaction is 
called, for this reason, shadow scattering. 


2-b. Absorption cross section 


Following the same principle as in § A-3 of Chapter VIII, we define the absorption 
cross section Gaps: it is the ratio between the number of particles absorbed per unit time 
and the incident flux. 

To calculate this cross section, it is sufficient, as in § B-2 of chapter VIII, to evaluate 
the total amount of probability AP which “disappears” per unit time. This probability 
can be obtained from the current J associated with the wave function (4). AP is equal 
to the difference between the flux of the incoming waves across a sphere (.S') of very large 
radius Ro and that of the outgoing waves; it is therefore equal to minus the net flux of 
the vector J leaving this sphere. Thus: 


AP =- i. J-ds (9) 
(S) 
with: 
scatt)* A sca 
J=Re of 1" () Vo Op) (10) 


Only the radial component J, of the current contributes to the integral (9): 


AP = -| Jnr? dQ (11) 
=Ro 
with: 
we = Ree Cee yee 0 ylscat®) ) (12) 
ip Or * 


In formula (12), the derivative does not modify the angular dependence of the 


(scatt) (r) 


various terms which compose vu; formula (4)]. Consequently, because of the 





?This contribution is zero only if 7 = 1, that is, if the phase shift is real and equal to an integral 
multiple of 7 [this was already contained in formula (C-58) of Chapter VII]. 
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orthogonality of the spherical harmonics, the cross terms between a partial wave (1) in 


y (erat) (r) and a different wave ((’) in yiceatty* (r) make a zero contribution to integral (11). 
We have therefore: 
AP = -y JO 7? dO (13) 
i=0 V7 =Ro 


where J.” is the radial component of the current associated with the partial wave (1). A 
simple calculation gives: 


hk (21 +1) 
l 
TS ge 


Toco bt 


7] |¥o@)| (14) 


that is, finally, since Y;9(0) is normalized: 


Apa ™ ® SY or+1) ) (2 = Im] (15) 


k2 
M 1=0 


The absorption cross section caps is therefore equal to the probability AP divided 
by the incident current hk/,: 


[13 


(21 +1) [2 — |mil?] (16) 


Oabs = 


~ 
Il 
° 


It is obvious that caps is zero if all the 7 have a modulus of 1; that is, according to (2), if 
all the phase shifts are real. In this case, there is only elastic scattering, and the net flux 
of probability leaving a sphere of large radius Ro is always zero. The total probability 
carried by the incoming waves is entirely transferred to the outgoing waves. On the other 
hand, when 7 is zero, the contribution of the wave (1) to the absorption cross section is 
maximum. 


Comment: 
hk 

The calculation of expression (15) shows that — D (21+1) is the amount of probability entering 
Le 


per unit time, and arising from the partial wave (1). If we divide this quantity by the incident 
current iik/p, we obtain a surface that can be called the “incoming cross section into the partial 
wave (l)”: 


o= el +1) (17) 


This formula can be interpreted classically. We can consider the incident plane wave as describing 
a beam of particles of uniform density, having a momentum hk parallel to Oz. What proportion of 


these particles reach the scattering potential, with an angular momentum h,/I(1+ 1)? We have 
already mentioned the link between angular momentum and the impact parameter in classical 
mechanics [cf. formula (C-23) of Chapter VII]]: 


L=b\p| =hkb (18) 


All we must do, therefore, is to draw, in the plane passing through O and perpendicular to Oz, 
a circular ring centered at O, of average radius b; such that: 


Ay/U(L +1) = hk hy (19) 
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and of width Ab; corresponding to Al = 1 in formula (19) (Fig. 1). All the particles crossing 


this surface reach the scattering potential with an angular momentum equal to h,/I(l +1), to 
within h. From (19) we derive: 


1 1 1 
b= -J/ll+1xe-[l+- 20 
PS ( -) (20) 
if 1 >> 1, and consequently: 
1 
Ab; = = 21 
1= 5 (21) 


The area of the circular ring of Figure 1 is therefore: 
Qn by Abj ~ pt a4) (22) 


Thus we find again, very simply, o;. 
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Figure 1: The incident particles must reach the potential with the impact parameter b; to 
within Ab; for their classical angular momentum to be hy/l(1+1) to within h. 





2-c. Total cross section. Optical theorem 


When a collision can give rise to several different reactions or scattering phenom- 
ena, the total cross section oto¢ is defined as the sum of the cross sections (integrated over 
all the directions of space) corresponding to all these processes. The total cross section 
is thus the number of particles which, per unit time, participate in one or another of the 
possible reactions, divided by the incident flux. 

If, as above, we treat globally all reactions other than elastic scattering, we have 
simply: 


(23) 


Otot = Gel + Oabs 
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Formulas (7) and (16) then give: 


Otot = 


ly 
Me 


(21+ 1)(1 — Rem) (24) 


ll 
o 


Now (1 — Rem) is the real part of (1 — 7), which appears in the elastic scattering 
amplitude [formula (5)]. Moreover, we know the value of Y,°(@) for @ = 0: 


+1 
yO) =a) (25) 





[cf. complement Avy, formulas (57) and (60)]. Consequently, if we calculate from (5) the 
imaginary part of the elastic scattering amplitude in the forward direction, we find: 


1 CO 
Im fe(0) = = > (21+1) sem (26) 
1=0 


Comparing this expression to formula (24), we see that: 


dn 
tot = q. Im f;,(0) (27) 
This relation between the total cross section and the imaginary part of the elastic scat- 
tering amplitude in the forward direction is valid in a very general sense; it constitutes 
what is called the optical theorem. 


Comment: 


The optical theorem is obviously valid in the case of purely elastic scattering 
(Cabs = 0; Otot = el). The fact that f;,(0) — i.e. the wave scattered in the forward 
direction — is related to the total cross section could have been predicted from 
the discussion in § B-2-d of Chapter VIII. It is the interference in the forward 
direction between the incident plane wave and the scattered wave that accounts 
for the attenuation of the transmitted beam, due to the scattering of particles in 
all directions of space. 


References and suggestions for further reading: 


Optical model: Valentin (16.1), § X-3. High energy proton-proton collisions: Amaldi 
(16.31). 
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There is no potential for which the scattering problem can be solved exactly! by a 
simple analytical calculation. Therefore, in the examples that we are going to discuss, we 
shall content ourselves with using the approximations that we introduced in Chapter VIII. 


1. The Born approximation for a Yukawa potential 


Let us consider a potential of the form: 


eer 
Vir) =Vo (1) 
where Vo and aq are real constants, with a@ positive. This potential is attractive or 
repulsive depending on whether Vo is negative or positive. The larger |Vo|, the more 
intense the potential. Its range is characterized by the distance: 


na (2) 





r 


since, as Figure 1 shows, V(r) is practically zero when r exceeds 2ro or 370. 

The potential (1) bears the name of Yukawa, who had the idea of associating it 
with nuclear forces, whose range is of the order of a fermi. To explain the origin of this 
potential, Yukawa was led to predict the existence of the 7-meson, which was indeed 
later discovered. Notice that for a = 0 this potential becomes the Coulomb potential, 
which can thus be considered to be a Yukawa potential of infinite range. 


1-a. Calculation of the scattering amplitude and cross section 

We assume that |Vo| is sufficiently small for the Born approximation (§ B-4 of 
Chapter VIII) to be valid. According to formula (B-47) of Chapter VIII, the scattering 
amplitude f0, y) is then given by: 


1 2uV ake Oo 
f(0,9) = 7 “Ef are (3) 








' Actually, we can rigorously treat the case of the Coulomb potential; however, as we pointed out in 
Chapter VIII (§ B-1), this necessitates a special method. 
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A Vr) 











Figure 1: Yukawa potential and Coulomb potential. The presence of the terme °" causes 


the Yukawa potential to approach zero much more rapidly when r >> ro = 1/a (range of 
the potential). 





where K is the momentum transferred in the direction (6, y) defined by relation (B-42) 
of Chapter VIII. 

Expression (3) involves the Fourier transform of the Yukawa potential. Since this 
potential depends only on the variable r, the angular integrations can easily be carried 
out (§ 2-e of Appendix I), putting the scattering amplitude into the form: 


Gite ABE Bae FF te enor 
fi ep eae 7) |K] ‘ rdr sin |K|r 








(4) 


After a simple calculation, we then find: 
(B) 6 38 2uVo 1 5 
k ( ,9) h2 a2 4 |K|2 ( ) 


Figure 6 of Chapter VIII shows that: 





IK| = 2ksin 5 (6) 


where k is the modulus of the incident wave vector and @ is the scattering angle. 
The differential scattering cross section is therefore written, in the Born approxi- 
mation: 


— 42Ve2 1 


(B) po 
a [a2 + 4k? sin? 9/2)” 


(7) 
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It is independent of the azimuthal angle y, as could have been foreseen from the fact that 
the problem of scattering by a central potential is symmetrical with respect to rotation 
about the direction of the incident beam. On the other hand, it depends, for a given 
energy (that is, for fixed k), on the scattering angle: in particular, the cross section in 
the forward direction (6 = 0) is larger than the cross section in the backward direction 
(9 = ). Finally, o(®)(6), for fixed 0, is a decreasing function of the energy. Notice, 
moreover, that the sign of Vo is of no importance in the scattering problem, at least in 
the Born approximation. 
The total scattering cross section is easily obtained by integration: 


4y2V2 Ar 
(B) — (2) py eS Oe 2 I 
o je a\”)(8) ht a2(a2 + 4k?) (8) 


1-b. The infinite-range limit 


We noted above that the Yukawa potential approaches a Coulomb potential when 
a tends towards zero. What happens, in this limiting case, to the formulas that we have 
just established? 

To obtain the Coulomb interaction potential between two particles having charges 
of Ziq and Z2q (q being the charge of the electron), we write: 





a=0 
Vo = 2122 e? (9) 
with: 
2 
2 q 
= 10 
: AT Eg (10) 


Formula (7) then gives: 

2 272 4 

HOG a Ee ae 

h4 ) 

16 k4* sin* . 

272 4 

= Zi Z5 e€ 4 (11) 

16 E?sin4 5 


(k has been replaced by its value in terms of the energy). 

Expression (11) is indeed that of the Coulomb scattering cross section (Ruther- 
ford’s formula). Of course, the way in which we have obtained it does not constitute a 
proof: the theory we have used is not applicable to the Coulomb potential. However, 
it is interesting to observe that the Born approximation for the Yukawa potential gives 
precisely Rutherford’s formula for the limiting situation where the range of the potential 
approaches infinity. 


Comment: 


The total scattering cross section for a Coulomb potential is infinite since the 
corresponding integral diverges for small values of 6 [expression (8) becomes infinite 
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when a@ approaches zero]. This results from the infinite range of the Coulomb 
potential: even if the particle passes very far from the point O, it is affected by 
the potential. This suggests why the scattering cross section should be infinite. 
However, in reality, one never observes a rigorously pure Coulomb interaction over 
an infinite range. The potential created by a charged particle is always modified 
by the presence, in its more or less immediate neighborhood, of other particles of 
opposite charge (screening effect). 


2. Low energy scattering by a hard sphere 
Let us consider a central potential such that: 


V(r)=0 for r>ro9 
=oco for r<ro (12) 


In this case, we say that we are considering a “hard sphere” of radius r9. We assume 
that the energy of the incident particle is sufficiently small for kro to be much smaller 
than 1. We can then (§ C-3-b-8 of chapter VIII and exercise 3-a below) neglect all the 
phase shifts except that of the s wave (J = 0). The scattering amplitude f;,(@) is written, 
under these conditions: 


fr(0) = zee siti Sete) (13) 
(since YP = 1/4). The differential cross section is isotropic: 

o(0) = |fu(6)|? = jy sin? bo(&) (14) 
so that the total cross section is simply equal to: 

c= or sin? d0(k) (15) 


To calculate the phase shift 6o(k), it is necessary to solve the radial equation 
corresponding to | = 0. This equation is written [cf. formula (C-35) of Chapter VIII]: 


d2 
—~+k?lupo(r)=0 for r> ro (16) 
dr? , 
which must be completed by the condition: 

ux,o(To) = 0 (17) 


since the potential becomes infinite for r = ro. The solution ugo(r) of equations (16) 
and (17) is unique to within a constant factor: 


uxo(r) =Csink(r—ro) for r>ro 
=0 for r<ro (18) 


The phase shift 5p is, by definition, given by the asymptotic form of ug (1): 


Ux,o(1) oe sin(kr + 60) (19) 
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Thus, using solution (18), we find: 
do(k) = —kro (20) 
If we insert this value into expression (15) for the total cross section, we obtain: 


o= a sin? kro ~ 4are (21) 
since by hypothesis kro is much smaller than 1. Therefore, o is independent of the energy 
and equal to four times the apparent surface of the hard sphere seen by the particles of 
the incident beam. A calculation based on classical mechanics would give for the cross 
section the apparent surface mr2: only the particles which bounce elastically off the hard 
sphere would be deflected. In quantum mechanics, however, one studies the evolution 
of the wave associated with the incident particles, and the abrupt variation of V(r) at 


r = To produces a phenomenon analogous to the diffraction of a light wave. 


Comment: 


Even when the wavelength of the incident particles becomes negligible compared 
to ro (kro > 1), the quantum cross section does not approach rr. It is possible, 
for very large k, to sum the series which gives the total cross section in terms of 
phase shifts [formula (C-58) of Chapter VIII]; we then find: 


o ~ 2Qnre (22) 
k—-00 
Wave effects thus persist in the limiting case of very small wavelengths. This is 
due to the fact that the potential under study is discontinuous at r = ro: it always 
varies appreciably within an interval which is smaller than the wavelength of the 
particles (cf. Chapter I, § D-2-a). 


3. Exercises 


3-a. Scattering of the p wave by a hard sphere 


We wish to study the phase shift 6,(k) produced by a hard sphere on the p wave 
(1 = 1). In particular, we want to verify that it becomes negligible compared to do(k) at 
low energy. 


a. Write the radial equation for the function uz,1(r) for r > ro. Show that its general 
solution is of the form: 


sin kr cos kr . 
Uni(r) =C i cos kr 4 a( kp sink) 





where C' and a are constants. 


6. Show that the definition of 6;(k) implies that: 
a = tan 6(k) 
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y. Determine the constant a from the condition imposed on u,z1(r) at r= ro. 


6. Show that, as k approaches zero, 6,(k) behaves like? (kro)?, which makes it negli- 
gible compared to 60(k). 


3-b. “Square spherical well”: bound states and scattering resonances 
Consider a central potential V(r) such that: 


V(r)=-Vo for r<ro 
=0 for r>T0 


where Vo is a positive constant. Set: 





Vi 
eesay = 


We shall confine ourselves to the study of the s wave (J = 0). 


a. Bound states (E <0) 


(i) Write the radial equation in the two regions r > ro and r < ro, as well as the 
condition at the origin. Show that, if one sets: 


—2pE 
p= 3) 


k= 4fke =p? 





the function uo(r) is necessarily of the form: 


uo(r) = Ae’ for r>79 
=BsinKr for r<ro 


(ii) Write the matching conditions at r = ro. Deduce from them that the only 
possible values for p are those which satisfy the equation: 


K 
tan Kro = —-— 


(iii) Discuss this equation: indicate the number of s bound states as a function 
of the depth of the well (for fixed ro) and show, in particular, that there are no bound 
states if this depth is too small. 





?This result is true in general: for any potential of finite range ro, the phase shift 61(k) behaves like 
(kro)?!+1 at low energies. 
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8. Scattering resonances (E > 0) 


(1) Again write the radial equation, this time setting: 
2uE 
Pe Ve 
K! = 4/k§ + k? 
Show that uxz.o(r) is of the form: 
Uro(r) = Asin(kr +69) for r>ro 


= Bsin K'r for r<ro 


(ii) Choose A = 1. Show, using the continuity conditions at r = ro, that the 
constant B and the phase shift 69 are given by: 
k2 
~ K+ ke cos? K'ro 
do => —kro + a(k) 
with: 


B? 


k 
tana(k) = i tan K'ro 


(iii) Trace the curve representing B? as a function of k. This curve clearly shows 
resonances, for which B? is maximum. What are the values of k associated with these 
resonances? What is then the value of a(k)? Show that, if there exists such a resonance 
for a small energy (kro < 1), the corresponding contribution of the s wave to the total 
cross section is practically maximal. 


y. Relation between bound states and scattering resonances 
1 
\— 


Assume that korg is very close to (2n + 1 5? where n is an integer, and set: 


koro = (2n+ ye +e with «<1 


(2) Show that, if ¢ is positive, there exists a bound state whose binding energy 
E = —h’ p?/2y is given by: 
p> Ekg 
(ii) Show that if, on the other hand, «¢ is negative, there exists a scattering reso- 
nance at energy E = h?k?/2u such that: 
2koe 
ro 
(211) Deduce from this that if the depth of the well is gradually decreased (for fixed 


ro), the bound state which disappears when koro passes through an odd multiple of 7/2 
gives rise to a low energy scattering resonance. 


ke w 





References and suggestions for further reading: 


Messiah (1.17), Chap. IX, § 10 and Chap. X, §§ III and IV; Valentin (16.1), Annexe II. 
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Until now, we have considered the electron to be a point particle possessing three 
degrees of freedom associated with its three coordinates x, y and z. Consequently, the 
quantum theory that we have developed is based on the hypothesis that an electron 
state, at a given time, is characterized by a wave function w(z, y, z) which depends only 
on x, y and z. Within this framework, we have studied a certain number of physical 
systems: amongst others, the hydrogen atom (in Chapter VII), which is particularly 
interesting because of the very precise experiments that can be performed on it. The 
results obtained in Chapter VII actually describe the emission and absorption spectra 
of hydrogen very accurately. They give the energy levels correctly and make it possible 
to explain, using the corresponding wave functions, the selection rules (which indicate 
which frequencies, out of all the Bohr frequencies that are a priori possible, appear in 
the spectrum). Atoms with many electrons can be treated in an analogous fashion (by 
using approximations, however, since the complexity of the Schrédinger equation, even 
for the helium atom with two electrons, makes an exact analytic solution of the problem 
impossible). In this case as well, agreement between theory and experiment is satisfying. 

However, when atomic spectra are studied in detail, certain phenomena appear, 
as we shall see, which cannot be interpreted within the framework of the theory that 
we have developed. This result is not surprising. It is clear that it is necessary to 
complete the preceding theory by a certain number of relativistic corrections: one must 
take into account the modifications brought in by relativistic kinemalics (variation of 
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mass with velocity, etc.) and magnetic effects which we have neglected. We know that 
these corrections are small (§ C-4-a of Chapter VII): nevertheless, they do exist, and can 
be measured. 

The Dirac equation gives a relativistic quantum mechanical description of the elec- 
tron. Compared to the Schrédinger equation, it implies a profound modification in the 
quantum description of the properties of the electron; in addition to the corrections al- 
ready pointed out concerning its position variables, a new characteristic of the electron 
appears: its spin. In a more general context, the structure of the Lorentz group (group of 
relativistic space-time transformations) reveals spin to be an intrinsic property of various 
particles, on the same footing, for example, as their rest mass!. 

Historically, electron spin was discovered experimentally before the introduction 
of the Dirac equation. Furthermore, Pauli developed a theory which allowed spin to 
be incorporated simply into non-relativistic quantum mechanics? through the addition 
of several supplementary postulates. Theoretical predictions for the atomic spectra are 
then obtained which are in excellent agreement with experimental results. 

It is Pauli’s theory, which is much simpler than Dirac’s, that we are going to 
develop in this chapter. We shall begin, in § A, by describing a certain number of 
experimental results, which revealed the existence of electron spin. Then we shall specify 
the postulates on which Pauli’s theory is based. Afterwards, we shall examine, in § B, 
the special properties of an angular momentum 1/2. Finally, we shall show, in § C, how 
one can take into account simultaneously the position variables and the spin of a particle 
such as the electron. 


A. Introduction of electron spin 


A-1. Experimental evidence 


Experimental demonstrations of the existence of electron spin are numerous and 
appear in various important physical phenomena. For example, the magnetic properties 
of numerous substances, particularly of ferromagnetic metals, can only be explained 
if spin is taken into account. Here, however, we are going to confine ourselves to a 
certain number of simple phenomena observed experimentally in atomic physics: the fine 
structure of spectral lines, the Zeeman effect and, finally, the behavior of silver atoms in 
the Stern-Gerlach experiment. 


A-1-a. Fine structure of spectral lines 


The precise experimental study of atomic spectral lines (for the hydrogen atom, 
for example) reveals a fine structure: each line is in fact made up of several components 
having nearly identical frequencies* but which can be clearly distinguished by a device 





1This does not mean that spin has a purely relativistic origin: it can be deduced from the structure 
of the non-relativistic transformation group (the Galilean group). 

?Pauli’s theory can be obtained as a limiting case of Dirac’s theory when the electron’s speed is small 
compared to that of light. 

3We shall see, for example in Chapter XII where the general perturbation theory treated in Chap- 
ter XI is used, how relativistic corrections and the existence of spin enable us to account quantitatively 
for the details of the hydrogen atomic spectrum (which would be inexplicable if we limited ourselves to 
the theory of Chapter VII). 

4For example, the resonance line of the hydrogen atom (2p + 1s transition) is actually double: the 
two components are separated by an interval of the order of 107+ eV (that is, about 10° times smaller 
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with good resolution. This means that there exist groups of atomic levels which are very 
closely spaced but distinct. In particular, the calculations of § C of Chapter VII give the 
average energies of different groups of levels for the hydrogen atom but do not explain 
the splittings within each group. 


A-1-b. “Anomalous” Zeeman effect 


When an atom is placed in a uniform magnetic field, each of its lines (that is, each 
component of the fine structure) splits into a certain number of equidistant lines, the 
interval being proportional to the magnetic field: this is the Zeeman effect. The origin of 
the Zeeman effect can be easily understood by using the results of Chapters VI and VII 
(complement Dy). The theoretical explanation is based on the fact that a magnetic 
moment M is associated with the orbital angular momentum L of an electron: 





h 
where {1g is the “Bohr magneton”: 
24h 
MB 3 (A-2) 


However, while this theory is confirmed by experiment in certain cases (the so-called 
“normal” Zeeman effect), it is, in other cases, incapable of accounting quantitatively for 
the observed phenomena (the so-called “anomalous” Zeeman effect). The most striking 
“anomaly” appears for atoms with odd atomic number Z (in particular, for the hydrogen 
atom): their levels are divided into an even number of Zeeman sub-levels, while, according 
to the theory, this number should always be odd, being equal to (2/+1) with / an integer. 


A-1-c. Existence of half-integral angular momenta 


We are confronted with the same difficulty in connection with the Stern-Gerlach 
experiment, which we described in Chapter IV (§ A-1); the beam of silver atoms is split 
symmetrically in two. These results suggest that half-integral values of 7 (which we saw 
in § C-2 of Chapter VI to be a priori possible) do indeed exist. But this poses a serious 
problem, since we showed in § D-1-b of Chapter VI that the orbital angular momentum 
of a particle such as an electron could only be integral (more precisely, it is the quan- 
tum number / which is integral). Even in atoms with several electrons, each of these 
has an integral orbital angular momentum, and we shall show in Chapter X that, under 
these conditions, the total orbital angular momentum of the atom is necessarily inte- 
gral. The existence of half-integral angular momenta thus cannot be explained without 
supplementary hypotheses. 


Comment: 


It is not possible to measure directly the angular momentum of the electron using 
the Stern-Gerlach apparatus. Unlike silver atoms, electrons possess an electric 
charge q, and the force due to the interaction between their magnetic moment and 
the inhomogeneous magnetic field would be completely masked by the Lorentz 
force qv x B. 





than the average 2p + 1s transition energy, which is equal to 10.2 eV). 
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A-2. Quantum description: postulates of the Pauli theory 


indexSpin!quantum description 

In order to resolve the preceding difficulties, Uhlenbeck and Goudsmit (1925) pro- 
posed the following hypothesis: the electron “spins” and this gives it an intrinsic angular 
momentum which is called the spin. To interpret the experimental results described 
above, one must also assume that a magnetic moment Me is associated® with this an- 
gular momentum S: 


Ms = 2K es (A-3) 
Note that the coefficient of proportionality between the angular momentum and the mag- 
netic moment is twice as large in (A-3) as in (A-1): one says that the spin gyromagnetic 
ratio is twice the orbital gyromagnetic ratio. 

Pauli later stated this hypothesis more precisely and gave a quantum description 
of spin which is valid in the non-relativistic limit. To the general postulates of quantum 
mechanics that we set forth in Chapter III must be added a certain number of postulates 
relating to spin. 

Until now, we have studied the quantization of orbital variables. With the position 
r and the momentum p of a particle such as the electron, we associated the observables 
R and P acting in the state space €,, which is isomorphic to the space F of wave 
functions. All physical quantities are functions of the fundamental variables r and p, 
and the quantization rules enable us to associate with them observables acting in €,.. We 
shall call €, the orbital state space. 

To these orbital variables we shall add spin variables which satisfy the following 
postulates: 


(i) The spin operator S is an angular momentum. This means (§ B-2 of Chapter VI) 
that its three components are observables which satisfy the commutation relations: 


[Se, Sy] = ih. (A-4) 


and the two formulas which are deduced by cyclic permutation of the indices a, y, 
z. 


(ii) The spin operators act in a new space, the “spin state space” €,, where S? and S, 
constitute a C.S.C.O. The space €, is thus spanned by the set of eigenstates |s,m) 
common to S? and S,: 


S? |s,m) = s(s + 1)h? |s, m) (A-5a) 
S. |s,m) = mh|s,m) (A-5b) 


According to the general theory of angular momentum (§ C of Chapter VI), we 
know that s must be an integral or half-integral number, and that m takes on all 





5 Actually, when one takes into account the coupling of the electron with the quantized electromag- 
netic field (quantum electrodynamics), one finds that the coefficient of proportionality between Mg and 
S is not exactly 2ug/h. The difference, which is of the order of 10~? in relative value, is easily observable 
experimentally; it is often called the “anomalous magnetic moment” of the electron. 
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(iii) 


values included between —s and +s differing from these two numbers by an integer 
(which may be zero). A given particle is characterized by a unique value of s: this 
particle is said to have a spin s. The spin state space €, is therefore always of 
finite dimension (2s + 1), and all spin states are eigenvectors of S? with the same 
eigenvalue s(s + 1)h?. 


The state space E of the particle being considered is the tensor product of E, and 
Es 


E=E€,@€, (A-6) 


Consequently (§ F of Chapter II), all spin observables commute with all orbital 
observables. 


Except for the particular case where s = 0, it is therefore not sufficient to specify a 
ket of €, (that is, a square-integrable wave function) to characterize a state of the 
particle. In other words, the observables X, Y and Z do not constitute a C.S.C.O. 
in the space state € of the particle (no more than do P,, Py, P, or any other 
C.S.C.O. of &,). It is also necessary to know the spin state of the particle, that is, 
to add to the C.S.C.O. of €& a C.S.C.O. of €, composed of spin observables, for 
example S? and S, (or S? and S,,). Every particle state is a linear combination of 
vectors which are tensor products of a ket of € and a ket of E, (see § C below). 


The electron is a spin 1/2 particle (s = 1/2) and its intrinsic magnetic moment is 
given by formula (A-3). For the electron, the space €, is therefore two-dimensional. 


Comments: 


(4) The proton and the neutron, which are nuclear constituents, are also spin 1/2 
particles, but their gyromagnetic ratios are different from that of the electron. 
At the present time, we know of the existence of particles of spin 0, 1/2, 1, 
3/2, 2, ete. 


(it) In order to explain the existence of spin, we could imagine that a particle 
like the electron, instead of being a point, has a certain spatial extension. It 
would then be the rotation of the electron about its axis that would give rise 
to an intrinsic angular momentum. However, it is important to note that, 
in order to describe a structure that is more complex than a material point, 
it would be necessary to introduce more than three position variables. If, 
for example, the electron behaved like a solid body, six variables would be 
required: three coordinates to locate one of its points chosen once and for 
all, such as its center of gravity, and three angles to specify its orientation 
in space. The theory that we are considering here is radically different. It 
continues to treat the electron like a point (its position is fixed by three 
coordinates). The spin angular momentum is not derived from any position 
or momentum variable®. Spin thus has no classical analogue. 





STf it were, moreover, it would necessarily be integral. 
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B. Special properties of an angular momentum 1/2 


We shall restrict ourselves from now on to the case of the electron, which is a spin 1/2 
particle. From the preceding chapters, we know how to handle its orbital variables. We 
are now going to study in more detail its spin degrees of freedom. 

The spin state space €, is two-dimensional. We shall take as a basis the orthonor- 
mal system {|+), |—)} of eigenkets common to S? and S, which satisfy the equations: 


3 




















S? |) = 2n? |) (B-1a) 
S.|+) = +5hI+) (Bb) 
(os (B-2a) 
(414)=(]-)=1 B-2b) 
Wye] + |-)Cl=a4 (B-3) 





where 1 is the unit operator. The most general spin state is described by an arbitrary 
vector of &5: 


Ix) = e+ |+) + e— |-) (B-4) 


where c; and c_ are complex numbers. According to (B-la), all the kets of €, are 
eigenvectors of S? with the same eigenvalue 3h?/4, which causes S? to be proportional 
to the identity operator of €,: 


3 
2_— "fp? B- 
$= 5 (B-5) 


(in the right hand side of this equation, as is usually done, we have not written the unit 
operator 1 explicitly). Since S is, by definition, an angular momentum, it possesses all 
the general properties derived in § C of Chapter VI. The action of the operators: 











Sz = Sz +iSy (B-6) 


on the basis vectors |+) and |—) is given by the general formulas (C-50) of Chapter VI 
when one sets 7 = s = 1/2: 
S+|+) =0 S+|-) = h|+) (B-7a) 
S_|+) =h|-) S_|-) =0 (B-7b) 
Any operator acting in €, can be represented, in the {|+), |—)} basis, by a 2 x 2 matrix. 


In particular, using (B-1b) and (B-7), we find the matrices corresponding to S,, Sy and 
S, in the form: 


(S) = 5 o (B-8) 
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where o designates the set of the three Pauli matrices: 


ag ee a) eG) (B-9) 


The Pauli matrices possess the following properties, which can easily be verified 
from their explicit form (B-9) (see also Complement Ary): 


Go, =0/7= 1 (B-10a 
Txz0y + OyOz =0 (B-10b 


) 
) 
[en; ey] = 2tez (B-10c) 

Oz0y = 10; (B-10d) 
(to the last three formulas must be added those obtained through cyclic permutation of 
the x, y, z indices). It also follows from (B-9) that: 


Tro, = Tro, = Tro, =0 (B-11la) 
Det 0, = Det a, = Det ao, = —1 (B-11b) 


Furthermore, any 2 x 2 matrix can be written as a linear combination, with complex 

coefficients, of the three Pauli matrices and the unit matrix. This is simply due to 
the fact that a 2 x 2 matrix has only four elements. Finally, it is easy to derive (see 
Complement Ary) the following identity: 


(0 -A)(o-B) =(A-B) 1+io-(AxB) (B-12) 


where A and B are two arbitrary vectors, or two vector operators whose three components 
commute with those of the spin S. If A and B do not commute with each other, the 
identity remains valid if A and B appear in the same order on the right-hand side as on 
the left-hand side. 

The operators associated with electron spin have all the properties that follow 
directly from the general theory of angular momentum. They have, in addition, some 
specific properties related to their particular value of s (that is, of 7), which is the smallest 
one possible (aside from zero). These specific properties can be deduced directly from 
(B-8) and formulas (B-10): 


2 2 2 h? 
ae (B-13a) 
SxSy + SySz =0 (B-13b) 
i 
SrSy = shS. (B-13c) 
SS s2=0 (B-13d) 


where the unit operator 1 is not explicitly written in the right hand side of (B-13a), as 
we will do from now on for the sake of simplicity. 


C.  Non-relativistic description of a spin 1/2 particle 


We now know how to describe separately the external (orbital) and the internal (spin) 
degrees of freedom of the electron. In this section, we are going to assemble these different 
concepts into one formalism. 
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C-1. Observables and state vectors 
C-1-a. State space 


When all its degrees of freedom are taken into account, the quantum state of an 
electron is characterized by a ket belonging to the space € which is the tensor product 
of €, and €, (§ A-2). 

We extend into €, following the method described in § F-2-b of Chapter II, both 
the operators originally defined in € and those which initially acted in E€, (we shall 
continue to use the same notation for these extended operators as for the operators from 
which they are derived). We thus obtain a C.S.C.O. in € through the juxtaposition of a 
C.S.C.O. of € and one of €,. For example, in €,, we can take S? and 9, (or S? and any 
component of 8). In €,, we can choose {X, Y, Z}, or {Px, Py, P.}, or, if H designates the 
Hamiltonian associated with a central potential, {H , L’, Lz} etc. From this we deduce 
various C.S.C.O. in €: 


CX, 28 pou (C-1a) 
TP. Pus Py, S’ 52} (C-1b) 
{H, L’, Lz, S*, Sy} (C-1c) 


etc. Since all kets of € are eigenvectors of S? with the same eigenvalue [formula (B-5)], 
we can omit S? from the sets of observables. 

We are going to use here the first of these C.S.C.O., (C-la). We shall take as a 
basis of € the set of vectors obtained from the tensor product of the kets |r) = |a, y, z) 
of €, and the kets |e) of E,: 


Ir, €) = |x, Y; %, E) = |r) @ le) (C-2) 
where the x, y, z, components of the vector r can vary from —oo to +00 (continuous 
indices), and ¢ is equal to + or — (discrete index). By definition, |r, <) is an eigenvector 
common to X, Y, Z, S? and S,: 

X |r, ¢) =a |r, €) 

Yr, ¢) =ylr, €) 

Z |r, €) = z|r, €) 


3 
Sir 2):= ve lr, €) 


8 |r, €) (C-3) 


S,|r,e) = eS 


Each ket |r, ¢) is unique to within a constant factor, since X, Y, Z, S? and S, constitute 
a C.S.C.O. The {|r, <)} system is orthonormal (in the extended sense), since the sets 
{|r)} and {|+), |—)} are each orthonormal in €, and &, respectively: 


(r’, e’ |r, €) = 6<-6(r’ — 1) (C-4) 


(dere is equal to 1 or 0 depending on whether ¢’ and ¢ are the same or different). Finally, 
it satisfies a closure relation in €: 


> fer Ir, €) (r, l= far lr, +) a, ++ far lr, -)@, -|=1 (C-5) 
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C-1-b. {|r, e)} representation 
a. State vectors 


Any state |w) of the space € can be expanded on the {|r, ¢)} basis. To do this, it 
suffices to use the closure relation (C-5): 


w) = fer.) ely) (C6) 


The vector |W) can therefore be represented by the set of its coordinates in the {|r, ¢)} 
basis, that is, by the numbers: 


(r,€|p) = ¥-(r) (C-7) 
which depend on the three continuous indices x, y, z (or, more succinctly, r) and on the 


discrete index ¢ (+ or —). In order to characterize the state of an electron completely, it 
is therefore necessary to specify two functions of the space variables x, y and z: 


p+(r) = (r, + 1%) 
p_(r) = (r, -— 1%) (C-8) 


These two functions are often written in the form of a two-component spinor, which 
we shall write [q](r): 


wey = (4) (C9) 


The bra (7)| associated with the ket |w) is given by the adjoint of (C-6): 

W1= > fatrwlr,e) a (C-10) 
that is, taking (C-7) into account: 

W1= > far vz) «el (C-11) 


The bra (w| is thus represented by the two functions wi (r) and w~*(r), which can be 
written in the form of a spinor which is the adjoint of (C-9): 


[W]'(r) = (Vi) v2) (C-12) 
With this notation, the scalar product of two state vectors |w) and |y), which, according 
to (C-5), is equal to: 

We) = [erwin 2) G19) 

= far Wi @er) +42 @)e-0)] (C-13) 
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can be written in the form: 
(bly) = per [H]'(r) [el (x) (C-14) 


This formula is very similar to the one that permitted the calculation of the scalar product 
of two kets of €, from the corresponding wave functions. However, it is important to 
note that here the matrix multiplication of the spinors [y]'(r) and [y](r) must precede 
the spatial integration. In particular, the normalization of the vector |y) is expressed by: 


(hb) = / ar ft (r) [] (x) = i ar [by (2)? + lY-OP] =1 (C-15) 


Amongst the vectors of €, some are the tensor products of a ket of €, and a ket 
of €, (this is the case, for example, for the basis vectors). If the state vector under 
consideration is of this type: 


Ib) = |v) ® |x) (C-16) 
with: 

ly) = ‘i dr y(n) |r) € & 

sedpve ee (C-17) 


the spinor associated with it takes on the simple form: 


— (e(r)ce\ _ Cy 
vite) = (Met) = 0) (2) (C-18) 
This results from the definition of the scalar product in €, and we have in this case: 
V+) = +1) = le) (+ 1x) = e@)e+ (C-19a) 
yr) = @, - 1%) = le) (1x) = e@)e- (C-19b) 


The square of the norm of |y) is then given by: 
(blab) = (vly) (xix) = (Les P +(e 7) per | (r) |? (C-20) 


B. Operators 


Let |<’) be the ket obtained from the action of the linear operator A on the ket |) 
of €. According to the results of the preceding section, |w’) and |W) can be represented 
by the two-component spinors [7)’|(r) and [7)|(r). We are now going to show that one 
can associate with A a 2 x 2 matrix [A] such that: 


Y'@) = LAI) (C-21) 


where the matrix elements remain in general differential operators with respect to the 
variable r. 
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(i) Spin operators. These were initially defined in €,. Consequently, they act only 
on the ¢ index of the basis vectors |r, ¢), and their matrix form is the one stated in § B. 
We shall limit ourselves to one example, say that of the operator S,. Its action on a 
vector |7) expanded as in (C-6) gives a vector |i’): 


Ww) =h i ar b_(r) |r, +) (C-22) 


since S$, annihilates all the |r, +) kets and transforms |r, —) into h|r, +). The compo- 
nents of |w’) in the {|r, ¢)} basis are, according to (C-22): 


(r, + [W’) = or) = hd_(@) 


(r, — |v) = ¥L(r) = 0 (C-23) 
The spinor representing |7)’) is therefore: 
[w'\(r) = n(*”) (C-24) 


This is indeed what is obtained if one performs the matrix multiplication of the spinor 


[d](r) by: 


[84] = 5 (e+ iy) =A(7 5) (C-25) 

(ii) Orbital operators. Unlike the preceding operators, they always leave unchanged 
the ¢ index of the basis vector |r, ¢): their associated 2 x 2 matrices are always propor- 
tional to the unit matrix. On the other hand, they act on the r-dependence of the spinors 
just as they act on ordinary wave functions. Consider, for example, the kets |W’) = X |w) 
and |7") = P, |W). Their components in the {|r, e)} basis are, respectively: 


vel) =O |X |v) =a dele) (C262) 
wile) =, €| Pe Ld) = Faevele) (C-260) 


The spinors [w’](r) and [7)"](r) are thus obtained from [w](r) by means of the 2 x 2 
matrices: 


ix1=(5 2) (C-27a) 
a 
— 0 
[P2] = ae (C-27b) 
O ae 


(itt) Mixed operators. The most general operator acting in € is represented, in matrix 
notation, by a 2 x 2 matrix whose elements are differential operators with respect to the 
r variables. For example: 


h - 
[L.S.] = 3 nOY he (C-28) 
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or: 
a a_ a 
h he! az Ox Oy 
[S-P] = j(oePetoyPytoP=a| 9 9 ‘ a (C-29) 


dc! Oy Oz 


Comments: 


(7) 


— 
2. 
. 

WN 
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The spinor representation {|r,¢)} is analogous to the {|r)} representation E,. 
The matrix element (w|A|y) of any operator A of € is given by the formula: 


(blAle) = fer Lala) (C-30) 


where [A] designates the 2 x 2 matrix that represents the operator A (one 
first carries out the matrix multiplications and then integrates over all space). 
This representation will only be used when it simplifies the reasoning and the 
calculations: as in €,, the vectors and operators themselves will be used as 
much as possible. 


Obviously, there also exists a {|p, ¢)} representation, whose basis vectors 
are the eigenvectors common to the C.S.C.0. {P,, Py, Pz, 8’, Sz}. The 
definition of the scalar product in € yields: 


1 ip-r 
(r,e|p,e) =(r|p) (ele) = nh)s/2° BEN Gees (C-31) 


In the {|p, €)} representation, one associates with each vector |W) of E a 
two-component spinor: 


_ w(p) 3 

fé\(p) = G eS) (0-32) 
with: 

¥v4(p) = (p, + | ¥) 

%_(p) = (p, — | ¥) (C-33) 


According to (C-31), %,(p) and w_(p) are the Fourier transforms of w,(r) 
and w_(r): 


BP) = (pel ¥) => far ipel ae) e/1¥) 


= 1 3 —ip-r/h 

= (Qnh)3/2 fe re we(r) (C-34) 
The operators are still represented by 2 x 2 matrices, and those corresponding 
to the spin operators remain the same as in the {|r, ¢)} representation. 
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C-2. Probability calculations for a physical measurement 


Using the formalism we have just described, we can apply the postulates of Chap- 
ter III to obtain predictions concerning the various measurements that one can imagine 
carrying out on an electron. We are going to give several examples. 

First of all, consider the probabilistic interpretation of the components w4(r) and 
w_(r) of the state vector |W) which we assume to be normalized [formula (C-15)]. Imagine 
that we are simultaneously measuring the position of the electron and the component 
of its spin along Oz. Since X, Y, Z and S, constitute a C.S.C.O., there exists only 
one state vector that corresponds to a given result: x, y, z and +h/2. The probability 
d°P(r,+) of the electron being found in the infinitesimal volume d°r around the point 
r(z,y, Z) with its spin “up” (component along Oz equal to +f/2) is equal to: 





a P(r, +) = |(r, + |p)? dor = [by (2)? dr (C-35) 
In the same way: 
d? P(r, —) = |{r, — |p|? d?r = |b_(r)? dr (C-36) 


is the probability of the electron being found in the same volume as before but with its 
spin “down” (component along Oz equal to —fi/2). 

If it is the component of the spin along Ox that is being measured at the same 
time as the position, all we need to do is use formulas (A-20) of Chapter IV. The X, 
Y, Z and S, operators also form a C.S.C.O.: to the measurement result {z, y, z, £h/2} 
corresponds a single state vector: 





1 
Ir) |=), = Va [lr, +) |r, —)] (C-37) 


The probability of the electron being found in the volume d*r around the point r with 
its spin in the positive direction of the Ox axis is then: 


2 
rx | le, + 1e) +O — 1 wl] = 5 We) +o Pa’ (C:38) 
J2 2 
Obviously, one can measure the momentum of the electron instead of its position. One 
then uses the components of |w) relative to the vectors |p, €) [cf. comment (ii) of § 1], that 
is, the Fourier transforms 7,(p) of ws(r). The probability d*P(p, +) of the momentum 
being p to within d®p and of the spin component along Oz being +h/2 is given by: 


d°P(p, +) =| (p, +|) |? d’p = |Ps(p)|? d’p (C-39) 


The various measurements that we have envisaged until now are all “complete” in the 
sense that they each relate to a C.S.C.O. For “incomplete measurements”, several or- 
thogonal states correspond to the same result, and it is necessary to sum the squares of 
the moduli of the corresponding probability amplitudes. 

For example, if one does not seek to measure its spin, the probability d°P(r) of 
finding the electron in the volume d’r in the neighborhood of the point r is equal to: 


























dPP(r) = [fhe (2)? + [b-@)/7] dr (C-40) 
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This is because two orthogonal state vectors, |r, +) and |r, —), are associated with the 
result {x, y, z}, their corresponding probability amplitudes being ~+(r) and y_(r). 

Finally, let us calculate the probability P, that the spin component along Oz is 
+h/2 (one is not seeking to measure the orbital variables). There exist an infinite number 
of orthogonal states, for example all the |r, +) with arbitrary r, which correspond to the 
result of the measurement. One must therefore sum over all possible values of r the 
squares of the moduli of the amplitudes (r, + | w) = w+(r), which gives: 


P= far lean? (C-41) 


Of course, if we are considering the component of the spin along Oz instead of along 
Oz, we integrate the result (C-38) over all space. These ideas generalize those of § B-2 
of Chapter IV, where we considered only the spin observables since the orbital variables 
could be treated classically. 


References and suggestions for further reading: 


History of the discovery of spin and references to original articles: Jammer (4.8), 
§ 3-4. 

Evidence of spin in atomic physics: Eisberg and Resnick (1.3), Chap. 8; Born 
(11.4), Chap. VI; Kuhn (11.1), Chap. III, §§ A.5, A.6 and F; see references of Chap- 
ter IV relating to the Stern-Gerlach experiment. 

The spin magnetic moment of the electron: Cagnac and Pebay-Peyroula (11.2). 
Chap. XII; Crane (11.16). 

The Dirac equation: Schiff (1.18), Chap. 13; Messiah (1.17). Chap. XX: Bjorken 
and Drell (2.6), Chaps. 1 to 4 

The Lorentz group: Omnes (16.13), Chap. 4; Bacry (10.31). Chaps. 7 and 8. 

Spin 1 particles: Messiah (1.17), § XTIL21. 
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COMPLEMENTS OF CHAPTER IX, READER’S GUIDE 


Several complements concerning the properties of spins 1/2 can be found at the end of 
Chapter IV; this is why Chapter IX has only two complements. 





Arx : ROTATION OPERATORS FOR A SPIN 1/2 This complement is a continuation of Comple- 
PARTICLE ment By;. It studies in detail the relationship 
between the spin 5 angular momentum and the 
geometric rotations of this spin. Moderately 


difficult. Can be omitted upon a first reading. 





Brx : EXERCISES Exercice 4 is worked out in detail. It studies 


the polarization of a beam of spin 4 particles 


caused by their reflection from a magnetized 





ferromagnetic material. This method is actually 
used in certain experiments. 
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Complement A\x 


Rotation operators for a spin 1/2 particle 





1 Rotation operators in state space............0.4208-4 1001 
l-a Total angular momentum .................0.. 1001 
1-b Decomposition of rotation operators into tensor products .. 1001 
2 Rotation of spin states ........ 2.2.2.0. ee ew ee ene 1002 
2-a, Explicit calculation of the rotation operators in €; ...... 1002 
2-b Operator associated with a rotation through an angle of 27 . 1003 
2-c Relationship between the vectorial nature of S and the behav- 
ior of a spin state upon rotation ................ 1004 
3 Rotation of two-component spinors. .............. 1005 





We are going to apply the ideas about rotation introduced in Complement By; to 
the case of a spin 1/2 particle. First, we shall study the form that rotation operators 
take on in this case. We shall then examine the behavior, under rotation, of the ket 
representing the particle’s state and of the two-component spinor associated with it. 


1. Rotation operators in state space 


1-a. Total angular momentum 


A spin 1/2 particle possesses an orbital angular momentum L and a spin angular 
momentum S. It is natural to define its total angular momentum as the sum of these 
two angular momenta: 


J=L+S (1) 


This definition is clearly consistent with the general considerations discussed in Comple- 
ment Byy. It insures that not only R and P, but also S, be vectorial observables. Note 
that, to test this, it is sufficient to calculate the commutators between the components 
of these observables and those of J; cf. § 5-c of Complement By. 


1-b. Decomposition of rotation operators into tensor products 


In the state space of the particle under study, the rotation operator Ru(a) is 
associated with the geometrical rotation Ru(a) through an angle a about the unit vector 
u (cf. Complement Byr, § 4): 


Ru(a) =e" (2) 


where J is the total angular momentum (1). 

Since L acts only in €,, and S only in €, (which implies, in particular, that all 
components of L commute with all components of S), we can write Ry(q) in the form of 
a tensor product: 


Ru(a) = © Ru(a) ® ©) Ru(a) (3) 
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where: 

© Ri(a) =e heku (4) 
and: 

() Ry(a) =e Fest (5) 


are the rotation operators associated with Ru(q@) in € and €, respectively. 
Consequently, if one performs the rotation Ry(a) on a spin 1/2 particle whose 
state is represented by a ket which is a tensor product: 


Ib) = |e) @ Ix) (6) 
with: 

ly) € & 

Ix) € Es (7) 


its state after rotation will be: 
I") = Ra(a) 1b) = [© Ra(a) y)] @ [Bala lx)] (8) 


The spin state of the particle is therefore also affected by the rotation. This is what we 
are going to study in more detail in § 2. 


2. Rotation of spin states 


We have already studied (§ 3 of Complement Byy) the rotation operators “) R in the 
space €,. Here we are interested in the operators ‘*)R which act in the spin state space 
Eg: 


2-a. Explicit calculation of the rotation operators in €, 


As in Chapter IX, we set: 


We want to calculate the operator: 


(3) Ru(a) = e7 ROP Serta es (10) 
To do this, let us use the definition of the exponential of an operator: 

() Ry(a) =1-—=—e-ut+— (%)" (o-u)?+...+ - (-iS)" (o-u)"+... (11) 
Now, applying identity (B-12) of Chapter IX, we immediately see that: 
| (12) 


(ou) 
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which leads to: 


1 if n is even 


o-u if n is odd (13) 


(o-uy"={ 


Consequently, if we group together the even and odd terms respectively, expansion (11) 
can be written: 


() Ru(a) = c 5 (S) bags =a ee a 
Qa a\3 —|)P a\ 2p+1 
-—to-u 5 (5) t. + a (=) ° s| (14) 


that is, finally: 














(8) Ru(a) = cos 5 —io-usin 5 (15) 








It will be very easy to calculate the action of the operator ‘*) R, in this form, on any spin 
state. 

Using this formula, we can write the rotation matrix Ry"/?)(a) explicitly in the 
{|+), |—)} basis, since we already know [formulas (B-9) of Chapter IX] the matrices 
which represent the oz, oy and a, operators. We find: 


a . . a ( 5 ) . & 
cos — — iu, sin = —iUz — Uy) sin = 

REA a={ ? a . 2 (16) 
(—tug + uy) sin 5 cos 5 + iu, sin 5 


where uz, Uy and uz, are the cartesian components of the vector u. 


2-b. Operator associated with a rotation through an angle of 27 


If we take 27 for the angle of rotation a, the geometrical rotation Ry(27) coincides, 
whatever the vector u may be, with the identity rotation. However, if we set a = 27 in 
formula (15), we see that: 


(8) RA (Qn) = -1 (17) 
whereas: 
(3) R(0) =1 (18) 


The operator associated with a rotation through an angle of 27 is not the identity oper- 
ator, but minus this operator. The group law is therefore conserved only locally in the 
correspondance between geometrical rotations and rotation operators in €, [see discus- 
sion in Complement By1, comment (iti) of § 3-c-y]. This is due to the half-integral value 
of the spin angular momentum of the particle which we are considering. 

The fact that the spin state changes sign during a rotation through an angle of 27 
is not disturbing, since two state vectors differing only by a global phase factor have the 
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same physical properties. It is more important to study the way in which an observable 
A transforms during such a rotation. It is easy to show that: 


A’ =) Ry(2n) A) RE(Qr) = A (19) 


This result is quite satisfying since a rotation through 27 cannot modify the measuring 
device associated with A. Consequently, the spectrum of A’ must remain the same as 
that of A. 
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Comment: 


We showed in Complement By; [comment (iii) of § 3-c-y] that: 
©) Ry(Qx) =1 (20) 
Consequently, in the global state space € = €, ® E,, as in E,, we have: 


Run) = © Ry(Qr) ® ©) Ry(2r) = -1 (21) 


Relationship between the vectorial nature of S and the behavior of a spin state 
upon rotation 


Consider an arbitrary spin state |x). We showed in Chapter IV (§ B-1-c) that there must exist 
angles @ and y such that |v) can be written (except for a global phase factor which has no 
physical meaning): 


ss 6 0 
Ix) = e7*¥/? cos 5 |+) + e#/? sin > i) (22) 


|x) then appears as the eigenvector associated with the eigenvalue +h/2 of the component S - v 
of the spin S along the unit vector v defined by the polar angles 0 and y. Now let us perform 
an arbitrary rotation on the state |x). Let us call v’ the result of the transformation of v by 
the rotation being considered. Since S is a vectorial observable, the state |x’) after the rotation 
must be an eigenvector, with the eigenvalue +h/2, of the component S-v’ of S along the unit 
vector v’ (cf. Complement Byr, § 5): 


Ix) =H), => |x") = Bhd «Her (23) 
with: 
v’=Rv (24) 


We shall be satisfied with verifying this for a specific case (cf. Fig. 1). Choose for v the unit 
vector e, of the Oz axis, and for v’ an arbitrary unit vector, with polar angles @ and y. v’ is 
obtained from v = e, by a rotation through an angle 9 about the unit vector u, which is fixed 
by the polar angles: 


T 
a 
pu =er . (25) 
Thus we must show that: 
($) Ra(8) [+) o |+)yy (26) 


The cartesian components of the vector u are: 
Uz = —siny 
Uy = Cosy 
uz =—0 (27) 
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so the operator (5) Ry(0) can be written, using formula (15): 
(Ss) Ru(@) = cos ; —io- usin § 


= 0OR 5 —i(-oz sin y + oy cos y) sin 5 


g@ 1 i ; 0 
= 608 5 5 (o+e-*¥ - o_e'®) sin 5 (28) 





Of = Oz Lidy (29) 


Now we know [cf. formulas (B-7) of Chapter IX] that: 





o+|+)=0 
o— |+) =2|-) (30) 





The result of the transformation of the ket |+) by the operator (*) Ru(0) is therefore: 
(s) 8 ig a 2 
Ru(9) |+) = cos 5 I+) +e Bin |-) (31) 


We recognize, to within a phase factor, the ket |+),,, [cf. formula (22)]: 





©) Ru (8) |+) = e8*/? |+) yy (2) 





Figure 1: A rotation through an 
angle @ about u brings the vector 
v =e, onto the unit vector v', with 
polar angles 0 and y. 








3. Rotation of two-component spinors 


We are now prepared to study the global behavior of a spin 1/2 particle under rotation. 
That is, we shall now take into account both its external and internal degrees of freedom. 
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Consider a spin 1/2 particle whose state is represented by the ket |w) of the state 
space € = €, @ €,. The ket |q) can be represented by the spinor [w](r), having the 
components: 

be(r) = (r, € | y) (33) 


If we perform an arbitrary geometrical rotation R on this particle, its state then becomes: 


1b") = Rly) (34) 
where: 
R="R@QOR (35) 


is the operator associated, in €, with the geometrical rotation R. How is the spinor, 
[w’](x), which corresponds to the state |W’), obtained from [w](r)? 
In order to answer this question, let us write the components 71 (r) of [w’]: 


pe(r) = (r, €| ) = (r, € | R| Y) (36) 
We can find the components of w(r) by inserting the closure relation relative to the 
{|r’, ’)} basis between R and |w): 


wn) =o / ar! (er, e | RI’, e’) (r', ef | ¥) (37) 


Now, since the vectors of the {|r, ¢)} basis are tensor products, the matrix elements of 
the operator R in this basis can be decomposed in the following manner: 


(r,e| Rix’, 6) = (r LR | r') (e | R | :') (38) 
We already know [cf. Complement By1, formula (26)] that: 

(r | OR | a(R rr yas |r (R25) | (39) 
Consequently, if we set: 

ORs =a? (40) 
formula (37) can finally be written: 


wer) = OR be (Ron) (41) 


e/ 














that is, explicitly: 


i (r) RE AEP apn) 42 
wii) Lae por} (yon me 
Thus we obtain the following result: each component of the new spinor [w’] at the 
point r is a linear combination of the two components of the original spinor [7] evaluated 
at the point R~'r (that is, at the point that the rotation maps into r)'. The coefficients 


of these linear combinations are the elements of the 2 x 2 matrix which represents ‘) R 
in the {|+) , |—)} basis of €, [cf formula (16)]. 


1Note the close analogy between this behavior and that of a vector field under rotation. 
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References and suggestions for further reading: 


Feynman III (1.2), Chap. 6; Chap. 18, § 18-4 and added note 1; Messiah (1.17), 
App. C; Edmonds (2.21), Chap. 4. 

Rotation groups and SU(2): Bacry (10.31), Chap. 6; Wigner (2.23), Chap. 15; 
Meijer and Bauer (2.18), Chap. 5. 

Experiments dealing with rotations of a spin 1/2: article by Werner et al. (11.18). 
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Complement Bix 
Exercises 


1. Consider a spin 1/2 particle. Call its spin S, its orbital angular momentum L and its 
state vector |7)). The two functions #4+(r) and w_(r) are defined by: 


v+(r) - (r, aa | v) 


Assume that: 








(r) [¥O(@, ¢) + SYP, 9) 


V3 
[yr (6, ve) ~~ Y? (9, ¢)| 


a 
+ 
s 
I 
ES 





where r, 6, y are the coordinates of the particle and R(r) is a given function of r. 
a. What condition must R(r) satisfy for |W) to be normalized? 


b. S, is measured with the particle in the state |W). What results can be found, and 
with what probabilities? Same question for D,, then for Sy. 


c. A measurement of L?, with the particle in the state |W), yielded zero. What 
state describes the particle just after this measurement? Same question if the 
measurement of L? had given 2h?. 


2. Consider a spin 1/2 particle. P and S designate the observables associated with its 
momentum and its spin. We choose as the basis of the state space the orthonormal basis 
\Pz, Py, Pz, +) of eigenvectors common to P,, Py, P, and S, (whose eigenvalues are, 
respectively, pz, Py, pz and +h/2). 

We intend to solve the eigenvalue equation of the operator A which is defined by: 








A=S-P 
a. Is A Hermitian? 


b. Show that there exists a basis of eigenvectors of A which are also eigenvectors of 
P,, Py, P,. In the subspace spanned by the kets |pz, py, pz, +), where pz, Py, Dz 
are fixed, what is the matrix representing A? 





c. What are the eigenvalues of A, and what is their degree of degeneracy? Find a 
system of eigenvectors common to A and P,;, Py, Pz. 


3. The Pauli Hamiltonian 
The Hamiltonian of an electron ot mass m, charge q, spin ho /2 (where oz, dy, oz 
are the Pauli matrices), placed in an electromagnetic field described by the vector po- 
tential A(r,t) and the scalar potential U(r, t), is written: 
1 gh 


H= sale — qA(R, t)]? + qU(R, t) - ae B(R, t) 
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The last term represents the interaction between the spin magnetic moment fe and 
the magnetic field B(R, t) = V x A(R, ¢). 


Show, using the properties of the Pauli matrices, that this Hamiltonian can also 


be written in the following form (“the Pauli Hamiltonian”): 


H= = {o.[P — gA(R, t)]}? + qU(R, t) 


4. We intend to study the reflection of a monoenergetic neutron beam which is per- 
pendicularly incident on a block of a ferromagnetic material. We call Ox the direction 
of propagation of the incident beam and yOz the surface of the ferromagnetic material, 
which fills the entire z > 0 region (see Figure 1). Let each incident neutron have an 
energy — and a mass m. The spin of the neutrons is s = 1/2 and their magnetic moment 
is written M = 9S (74 is the gyromagnetic ratio and S is the spin operator). 





incident neutrons 
> > x 








Figure 1 
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The potential energy of the neutrons is the sum of two terms: 


the first one corresponds to the interaction with the nucleons of the substance. 
Phenomenologically, it is represented by a potential V(a), defined by V(a) = 0 for 
x <0, V(x) =Vo>0 for x > 0. 


the second term corresponds to the interaction of the magnetic moment of each 
neutron with the internal magnetic field Bo of the material (Bo is assumed to be 
uniform and parallel to Oz). Thus we have W = 0 for x <0, W = aS, for x > 0 
(with wo = —yBo). Throughout this exercise we shall confine ourselves to the case: 


0< —<W 
Determine the stationary states of the particle that correspond to a positive incident 
momentum and a spin which is either parallel or antiparallel to Oz. 


We assume in this question that Vo — hwo/2 < E < Vo+ hwo/2. The incident 
neutron beam is unpolarized. Calculate the degree of polarization of the reflected 
beam. Can you imagine an application of this effect? 
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c. Now consider the general case where & has an arbitrary positive value. The spin of 
the incident neutrons points in the Ox direction. What is the direction of the spin 
of the reflected particles (there are three cases, depending on the relative values of 
E and Vo + hwo /2)? 


Solution of exercise 4 


a. The Hamiltonian H of the particle is: 


p2 
A= —+4V(X)+W 1 
= +V(X)+ (1) 
V(X), which acts only on the orbital variables, commutes with S,. Since W is propor- 
tional to S_, it also commutes with this operator. Furthermore, V(X) commutes with P, 
and P,, as well as with W (obviously, since W acts only on the spin variables). We can 
therefore find a basis of eigenvectors common to H, S,, Py, P,, which can be written: 











VB nye) = [?B) © Py) © [Pz) @ |+) (2) 


with: 





lve) € & 
lpy) € €y; Py |py) = Py |Py) 


\pz) € €,; P, \pz) = Pz \pz) 


A 
aE) (3) 




















t) € E,; S, | i 


where the ket lvE) is a solution of the eigenvalue equation: 


(of +92) + SP] lob) = Blv8) @ 

















+ V(X) 


2m 2m 


| de 1 
We assume in the statement of the problem that the neutron beam is normally incident, 
so we can set py = pz = 0. Let yR(ax) = (x | yj) be the wave function associated with 


|yE); it satisfies the equation: 























hn? d? i hwo 
2 


— FES + V2) 8] eB (a) = BRC) (5) 





Thus the problem is reduced to that of a classical one-dimensional “square well”: reflec- 
tion from a “potential step” (cf. Complement Hr). 

In the x < 0 region, V(x) is zero and the total energy F (which is positive) is 
greater than the potential energy. We know in this case that the wave function is a 
superposition of imaginary oscillatory exponentials: 





yE(x) = Aye” + Bye if «<0 (6) 
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with: 


ba Pme (7) 


A+ gives the amplitude of the wave associated with an incident particle having a spin 
either parallel or antiparallel to Oz. Bs gives the amplitude of the wave associated with 
a reflected particle for the same two spin directions. 

In the x > 0 region, V(x) is equal to Vo and, depending on the relative values of E 
and Vo + hwo/2, the wave functions can behave like oscillatory or damped exponentials. 
We shall consider three cases: 

(i) If EB > Vo + hwo /2, we set: 


2 h 
k= /9r (B- vor =) (8) 


and the transmitted wave behaves like an oscillatory exponential: 


yt(x)=Cre*4* if e>0 (9) 


























Moreover, the continuity conditions for the wave function and its derivative imply [cf 
Complement Hy, relations (13) and (14)]: 


B, kk Cz 2k 
Az k+ki, Az k+k, 








(10) 

















(zz) If, on the other hand, E < Vo — hwo /2, we must introduce the quantities p_: 


2m hwo 
pam fq (Yet G°- 8) a) 


and the wave in the x > 0 region is a real, damped exponential (evanescent wave): 














pp(z) = Die Pt” if «>0 (12) 





with, in this case [cf. Complement Hy, equations (22) and (23)]: 


Be. k—ips Ds 2k 
ae — fo 13 
Ax k + tpt Ax k + tpt ( ) 














(itz) Finally, in the intermediate case Vo — fiwo/2 < E < Vo + fiwo/2, we have: 





pr(z) = Die Pt® if «>0 (14a) 

yy(z)=C_e*-* if e>0 (14b) 
[definitions (8) and (11) of k_ and p are still valid]. Depending on the spin orientation, 
the wave is either a damped or an oscillatory exponential. We then have: 


B, k-ipy Dy _ 2k 

















= aa 15 
Ag -heGieo AG - Reto, ta) 
B. k-k’ Cx 2k 

ete oe ete ee 15b 
A_ kt+k’ AL k+ kl EP) 
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b. When Vo — fiwo/2 < E < Yo + hwo /2, we are in the situation of case (zii) above. 
If the projection onto Oz of the incident neutron spin is equal to h/2, the corresponding 
reflection coefficient is: 


By 
Ax 





2 é 
=| 227 (16) 


K+ ips 














On the other hand, if the projection of the spin onto Oz is equal to —h/2, the reflection 
coefficient is no longer 1, since it is given by: 


= (EE) a (17) 


B_ 
BO NA REEL 





Thus we see how the reflected beam can be polarized since, depending on the direction 
of its spin, the neutron has a different probability of being reflected. An unpolarized 
incident beam can be considered to be formed of neutrons whose spins have a probability 
1/2 of being in the state |+) and a probability 1/2 of being in the state |—). Taking (16) 
and (17) into account, we see that the probability that a particle of the reflected beam 
will have its spin in the state |+) is 1/(1+ R_), while for the state |—) it is R_/(1+ R_). 
Therefore, the degree of polarization of the reflected beam is: 


1 RL kk 
~ 1+R_ ke+k2 





(18) 


In practice, reflection from a saturated ferromagnetic substance is actually used in 
the laboratory to obtain beams of polarized neutrons. To increase the degree of polar- 
ization obtained, the beam is made to fall obliquely on the surface of the ferromagnetic 
mirror; thus, the theoretical results obtained here are not directly applicable. However, 
the principle of the experiment is the same. The ferromagnetic substance chosen is often 
cobalt. When cobalt is magnetized to saturation, one can obtain high degrees of polar- 
ization T (T’ = 80%). Note, furthermore, that the same neutron beam reflection device 
can serve as an “analyzer” as well as a “polarizer” for spin directions. This possibility 
has been exploited in precision measurements of the magnetic moment of the neutron. 

c. Consider a neutron whose momentum, of magnitude p = hk, is parallel to Oz. 
Assume that the projection (S,,) of its spin is equal to h/2. Its state is [cf. Chap. IV, 
relation (A-20)]: 


1b) = Ip) ® Sell+) + I-)] (19) 


1 
J2 
with: 


Cb) = ayane™ (20) 


How can we construct a stationary state of the particle in which the incident wave has 
the form (19)? We simply have to consider the state: 


lbs) = 5 |PE.0.0) st lvZ00)| (21) 
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which is a linear combination of two eigenkets of H defined in (2), associated with the 
same eigenvalue E = p?/2m. The part of the ket |g) which describes the reflected wave 
is then: 


1 

|-p) @ fer I+) + B-|-)| (22) 
where By, and B_ are given, depending on the case, by (10), (13) or (15) (A; and 
A_ being replaced by 1). Let us calculate, for a state such as (22), the average value 
(S). Since this state is a tensor product, the spin variables and the orbital variables 
are not correlated. Therefore, (S) can easily be obtained from the spin state vector 
By |+) + B_ |-), which gives: 





h BY B_+ BY By 
oe eS ees e 2 
hi(B* B, — Bt B_) 
aye iiries 23b 
h |B, —|B_P 
_h 2 
Bah |B? + |B_P (23c) 





Three cases can then be distinguished: 


(i) If FE > Vo + fiwo/2, we see from (10) that By and B_ are real. Formulas (23) then 
show that (S;) and (S,) are not zero but that (S,) = 0. Upon reflection of the 
neutron, the spin has thus undergone a rotation about Oy. Physically, it is the 
difference between the degrees of reflection of neutrons whose spin is parallel to Oz 
and those whose spin is antiparallel to Oz which explains why the (S,) component 
becomes positive. 


(it) If EB < Vo — fwo/2, equations (13) show that By and B_ are not real: they are 
two complex numbers having different phases but the same modulus. According 
to (23), we have, in this case, (S,) = 0 but (S,) # 0 and (S,) 4 0. Upon reflection 
of the neutron, the spin thus undergoes a rotation about Oz. The physical origin 
of this rotation is the following: because of the existence of the evanescent wave, 
the neutron spends a certain time in the x > 0 region; the Larmor precession about 
Bo that it undergoes during this time accounts for the rotation of its spin. 


(iii) If Vo — fiwo/2 < E < Vo + hwo /2, By is a complex number while B_ is a real 
number, and their moduli are different. None of the spin components, (S;), (Sy) 
or (S,), is then zero. This rotation of the spin upon reflection of the neutron is 
explained by a combination of the effects pointed out in (2) and (#i). 
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A. — Introduction 
A-1. Total angular momentum in classical mechanics 


Consider a system of N classical particles. The total angular momentum CL of 
this system with respect to a fixed point O is the vector sum of the individual angular 
momenta of the N particles with respect to this point O: 


N 
BSS oe. (A-1) 


with: 


L; =r7,xp; (A-2) 
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The time derivative of £ is equal to the moment with respect to O of the external forces. 
Consequently, when the external forces are zero (an isolated system) or all directed 
towards the same center, the total angular momentum of the system (with respect to 
any point in the first case and with respect to the center of force in the second one) is a 
constant of the motion. This is not the case for each of the individual angular momenta 
L, if there are internal forces, that is, if the various particles of the system interact. 

We shall illustrate this point with an example. Consider a system composed of 
two particles, (1) and (2), subject to the same central force field (which can be created 
by a third particle assumed to be heavy enough to remain motionless at the origin). If 
these two particles exert no force on each other, their angular momenta £; and L2 with 
respect to the center of force O are both constants of the motion. The only force then 
acting on particle (1), for example, is directed towards O; its moment with respect to this 
point is therefore zero, as is HL. On the other hand, if particle (1) is also subject toa 
force due to the presence of particle (2), the moment with respect to O of this force is not 
generally zero, and, consequently, £1 is no longer a constant of the motion. However, if 
the interaction between the two particles obeys the principle of action and reaction, the 
moment of the force exerted by (1) on (2) with respect to O exactly compensates that of 
the force exerted by (2) on (1): the total angular momentum CL is conserved over time. 

Therefore, in a system of interacting particles, only the total angular momentum is 
a constant of the motion: forces inside the system induce a transfer of angular momentum 
from one particle to the other. Thus we see why it is useful to study the properties of 
the total angular momentum. 


A-2. The importance of total angular momentum in quantum mechanics 


Let us treat the preceding example quantum mechanically. In the case of two 
non-interacting particles, the Hamiltonian of the system is given simply, in the {|r1, re)} 
representation: 





Ho = H, + Ae (A-3) 
with: 
h2 
Ay = “oe = V(r1) 
h2 
Ay => oi il V(re) (A-4) 


[1 and p2 are the masses of the two particles, V(r) is the central potential to which 
they are subject; A; and Az denote the Laplacian operators relative to the coordinates 
of particles (1) and (2) respectively]. We know from Chapter VII (§ A-2-a) that the three 
components of the operator Ly associated with the angular momentum L, of particle (1) 
commute with Hy: 


(Li, H,] =0 (A-5) 


Also, all observables relating to one of the particles commute with all those corresponding 
to the other one ; in particular: 


[Li, H2] =0 (A-6) 
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From (A-5) and (A-6), we see that the three components of L, are constants of the 
motion. An analogous argument is obviously valid for Lo. 

Now assume that the two particles interact, and that the corresponding potential 
energy vu(|r1 — r2|) depends only on the distance between them |r; — r2|!: 





tr — 2] = (a1 — @2)? + (yn — ye)? + (21 — 22)? (A-7) 
In this case, the Hamiltonian of the system is: 
H =H, + H2+0(|r1 — rol) (A-8) 


where H; and Hg are given by (A-4). According to (A-5) and (A-6), the commutator of 
L, with H reduces to: 


[Li, H] = (La, v(|r1 — rel)] (A-9) 
that is, for example for the component L1,: 


Ov Ov ) 


See fg ent A-1 
15 Oa (A-10) 


[Lre, H] = [Lre, v(le1 — ra))] =" ( 


Expression (A-10) is generally not zero: L, is no longer a constant of the motion. On 
the other hand, if we define the total angular momentum operator L by an expression 
similar to (A-1): 


L=L,+L, (A-11) 


we obtain an operator whose three components are constants of the motion. For example, 
we find: 


[Lz, H] = [Liz + Loz, H] (A-12) 
According to (A-10), this commutator is equal to: 


(L., H] = [[i,+ Lo,, H] 
h Ov Ov Ov Ov 
=, A-1 
j (« Bai Y1 dai + £2 ois y2 5) (A-13) 


But, since v depends only on |r; — r2| given by (A-7), we have: 











Ov /Olri a Yr2| , %1— £2 

= = A-14 
m1 Om ir Pa orn 
Ov = yo = ro| _ i %Q— Ly (A-14b) 


Ox2 Ox2 lr —Yr| 


and analogous expressions for 0v/Oy,, Ov/Oy2, Ov/Oz and Ov/Oz2 (v’ is the derivative 
of v, considered as a function of a single variable). Substituting these values into (A-13): 
hoo! 

1 lry = Yr2| 
=0 (A-15) 





[L., H] = {r1(y1 — y2) — yr(a1 — @2) + t2(y2 — yi) — yo(a2 — 21)} 





1The corresponding classical forces then necessarily obey the principle of action and reaction. 
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We therefore arrive at the same conclusion as in classical mechanics. 

Until now we have implicitly assumed that the particles being studied had no spin. 
Now let us examine another important example: that of a single particle with spin. First, 
we assume that this particle is subject only to a central potential V(r). Its Hamiltonian 
is then the one studied in § A of Chapter VII. We know that the three components of 
the orbital angular momentum L commute with this Hamiltonian. In addition, since the 
spin operators commute with the orbital observables, the three components of the spin 
S are also constants of the motion. But we shall see in Chapter XII that relativistic 
corrections introduce into the Hamiltonian a spin-orbit coupling term of the form: 


Hs0 = &(r)L-S (A-16) 


where €(r) is a known function of the single variable r (the physical meaning of this 
coupling will be explained in Chapter XII). When this term is taken into account, L and 
S no longer commute with the total Hamiltonian. For example?: 


[Lz, Ho] = €(r)[Lz, LaSz + LySy + L,S;] 
= €(r)(ihL,S, — ihLzSy) (A-17) 


and, similarly: 


[S., Ago] = E(r) [Sz, LyS_ + LySy + L,82] 
= €(r) GALS, —ihLySz) (A-18) 


However, if we set: 
J=L+S (A-19) 


the three components of J are constants of the motion. To see this, we can simply add 
equations (A-17) and (A-18): 


[Jes Ho] = [Lz + S:, Ho] = 0 (A-20) 


(an analogous proof could be given for the other components of J). The operator J 
defined by (A-19) is said to be the total angular momentum of a particle with spin. 

In the two cases just described, we have two partial angular momenta J, and Ja, 
which commute. We know a basis of the state space composed of eigen-vectors common 
to J?, Jiz, J3, Jo, However, J, and Jy are not constants of the motion, while the 
components of the total angular momentum: 


J=J,4+I, (A-21) 


commute with the Hamiltonian of the system. We shall therefore try to construct, using 
the preceding basis, a new basis formed by eigenvectors of J? and J,. The problem thus 
posed in general terms is that of the addition (or composition) of two angular momenta 
Ji and Jo. 

The importance of this new basis, formed of eigenvectors of J? and J,, is easy to 
understand. To determine the stationary states of the system, that is, the eigenstates of 





?To establish (A-17) and (A-18), one uses the fact that L, which acts only on the angular variables 
0 and y, commutes with €(r), which depends only on r. 
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H, it is simpler to diagonalize the matrix which represents H in this new basis. Since 
H commutes with J? and J,, this matrix can be broken down into as many blocks as 
there are eigensubspaces associated with the various sets of eigenvalues of J? and J, 
(cf. Chap. II, § D-3-a). Its structure is much simpler than that of the matrix which 
represents H in the basis of eigenvectors common to J?, Ji,, J3, Jez, since neither Jy, 
nor J, generally commutes with H. 

We shall leave aside for now the problem of the diagonalization of H (whether exact 
or approximate) in the basis of eigenstates of J? and J,. Rather, we shall concentrate 
on the construction of this new basis from the one formed by the eigenstates of J?, 
Jiz, J3, Jo,. A certain number of physical applications (many-electron atoms, fine and 
hyperfine line structure, etc.) will be considered after we have studied perturbation 
theory (complements of Chapter XI and Chapter XII). 

We shall begin (§ B) with an elementary treatment of a simple case, in which 
the two partial angular momenta we wish to add are spin 1/2’s. This will allow us to 
familiarize ourselves with various aspects of the problem, before we treat, in § C, the 
addition of two arbitrary angular momenta. 


B. Addition of two spin 1/2’s. Elementary method 


B-1. Statement of the problem 


We shall consider a system of two spin 1/2 particles (electrons or silver atoms in 
the ground state, for example), and we shall be concerned only with their spin degrees 
of freedom. Let S;, and Sz be the spin operators of the two particles. 


B-1-a. State space 


We have already defined the state space of such a system. Recall that it is a four- 
dimensional space, obtained by taking the tensor product of the individual spin spaces 
of the two particles. We know an orthonormal basis of this space, which we shall denote 
by {|e1, €2)}, that is, explicitly: 


{lé1, E2)} = ti a is a [3 fs as yy (B-1) 


These vectors are eigenstates of the four observables $7, $1,, $3, S2, (which are actually 
the extensions, into the tensor product space, of operators, defined in each of the spin 
spaces): 


3 
Silex, £2) = Ssle1, £2) = tle, 2) (B-2a) 
h 
Siz|€1, €2) = E15 ler, E2) (B-2b) 
h 
Soz|€1, €2) = e25 ler, E2) (B-2c) 


S7, $3, Si, and $5, constitute a C.S.C.O. (the first two observables are actually multiples 
of the identity operator, and the set of operators remains complete even if they are 
omitted). 
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B-1-b. Total spin S. Commutation relations 


We define the total spin S of the system by: 
S=S,+S2 (B-3) 


It is simple, knowing that S; and S2 are angular momenta, to show that S is as well. 
We can calculate, for example, the commutator of S; and Sy: 


(Sz, Sy] = [Ste + S22, Siy + Say] 
= (Six, Styl + [Sox, Soy] 
= ihS,, + ihSo, 
= ihS, (B-4) 


The operator S? can be obtained by taking the (scalar) square of equation (B-3): 
S? = (S, + So)? =S7 +83 +28, -S2 (B-5) 


since S; and Sz commute. The scalar product S$; -S2 can be expressed in terms of the 
operators Sj+, S,, and $4, S2,; it is easy to show that: 








S1 -Se = SigS22 + SiySay + 512522 
1 
= 5 (51+ S2- + S\_ S94) + $1,S9, (B-6) 


Note that, since S; and S2 each commute with S7 and $3, so do the three compo- 
nents of S. In particular, S? and S$, commute with S7 and S3: 


[Ses Si] - [Sey S3] =0 -Ta) 
[S?, Si] = [S*, $3] =0 (B-7b) 
In addition, S, obviously commutes with $ , and S9,: 
[Sx | a [Sz, S22] =0 (B-8) 
However, S? commutes with neither S1, nor S2z since, according to (B-5): 
[S?, S12] = [S7 + $5 +281 - Se, $1.] 
= 2[Si -Se, $12] 
= 2[S12S2x 7 S1yS2y; S12] 
= 2ih(—Siy Sox + SieS2y) (B-9) 


[this calculation is analogous to the one performed in (A-17) and (A-18)]. The com- 
mutator of S? with $2, is, of course, equal and opposite to the preceding one, so that 
S. = Siz + So, commutes with S?. 
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B-1-c. The basis change to be performed 


The basis (B-1), as we have seen, is composed of eigenvectors common to the 
C.S.C.O.: 


{Si, Se: S12, So} (B-10) 
Also, we have just shown that the four observables: 
Sj, $3, 8’, S, (B-11) 


commute. We shall see in what follows that they also form a C.S.C.O. 

Adding the two spins S; and S2 amounts to constructing the orthonormal system 
of eigenvectors common to the set (B-11). This system will be different from (B-1), since 
S? does not commute with $,, and S,. We shall write the vectors of this new basis 
|S, M), with the eigenvalues of S? and $3 (which remain the same) implicit. The vectors 
|S, M) therefore satisfy the equations: 


S3|S, M) = $3|8, M) = 2n?|8, 1) (B-12a) 
S?|S, M) = S(S +1)h?|S, M) (B-12b) 
S.|S, M) = Mh|S, M) (B-12c) 


We know that S is an angular momentum. Consequently, S must be a positive integer 

or half-integer, and M varies by one-unit jumps between —S and +S. The problem is 
therefore to find what values S and M can actually have, and to express the basis vectors 
{|S, M)} in terms of those of the known basis. 

In this section, we shall confine ourselves to solving this problem by the elementary 
method involving the calculation and diagonalization of the 4 x 4 matrices representing 
S? and S, in the {|e1, €2)} basis. In § C, we shall use another, more elegant, method, 
and generalize it to the case of two arbitrary angular momenta. 


B-2. The eigenvalues of S, and their degrees of degeneracy 


The observables S? and S3 are easy to deal with: all vectors of the state space are 
their eigenvectors, with the same eigenvalue 3h?/4. Consequently, equations (B-12a) are 
automatically satisfied for all kets |S, M). 

We have already noted [formulas (B-7) and (B-8)] that S, commutes with the 
four observables of the C.S.C.O. (B-10). We should therefore expect the basis vectors 
{|E1, €2)} to be automatically eigenvectors of S,. We can indeed show, using (B-2b) and 
(B-2c), that: 


1 
Sz|é1, €2) = (Siz + Sez) |e1, €2) = 9 (e1 + €2)hle1, €2) (B-13) 
le1, €2) is therefore an eigenstate of S, with the eigenvalue: 
1 
M= =(€1 + £2) (B-14) 


2 


Since €, and €g can each be equal to +1, we see that M can take on the values +1, 0 
and —1. 
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The values M = 1 and M = —1 are not degenerate. Only one eigenvector corre- 
sponds to each of them: |+, +) for the first one and |—, —) for the second one. On the 
other hand, M = 0 is two-fold degenerate: two orthogonal eigenvectors are associated 
with it, |+, —) and |—, +). Any linear combination of these two vectors is an eigenstate 
of S,, with the eigenvalue 0. 

These results appear clearly in the matrix which represents S, in the {|e1, €2)} 
basis. Choosing the basis vectors in the order indicated in (B-1), that matrix can be 
written: 


(Sz) =h 


0 
0 
‘ (B-15) 


oCoOrF 
ooo o 
ooo o 


—l 


B-3.  Diagonalization of S? 


All that remains to be done is to find and then diagonalize the matrix which 
represents S? in the {|e,, €2)} basis. We know in advance that it is not diagonal, since 
S? does not commute with $1, and S2,. 


B-3-a. Calculation of the matrix representing S? 
We are going to apply S? to each of the basis vectors. To do this, we shall use 
formulas (B-5) and (B-6): 
S? = S7 +8} +291,92, + 914So_ + S1_So4 (B-16) 


The four vectors |€1, €2) are eigenvectors of S?, $3, $1, and 92, [formulas (B-2)], and the 
action of the operators Si+ and S24 can be derived from formulas (B-7) of Chapter IX. 
We therefore find: 

















3 3 1 
S414, +) = (G0? | it?) bt t) + Sh’ l+, +) 
= 2h?|+, +) (B-17a) 
3 3 1 
Slt, -) = (Fee + FP) I -) = BH =) IH, 
=p apy (B-17b) 
3 3 1 
s*| +)= (Fe + 3) »+)— 5h l-, +) +4, -) 
= A I|-, +) + +, | (B-17c) 
1 
S4[-,-) = (GaP + GH) [oy =) + SHIM, -) 
= 2h?|-, —) (B-17d) 


The matrix representing S? in the basis of the four vectors |e1, €2), arranged in 
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the order given in (B-1), is therefore: 


2 
ee tN See eae 
Oi hy ~ Ae, 2G) 
(S*) = h? | (B-18) 

0, 1 1, O 
SS Eee ae 
0:1 O O01 2 

Comment: 


The zeros appearing in this matrix were to be expected. S? commutes with S,, and 
therefore has non-zero matrix elements only between eigenvectors of S, associated 
with the same eigenvalue. According to the results of § 2, the only non-diagonal 
elements of S? which could be different from zero are those which relate |+, —) to 
oa 


B-3-b. Eigenvalues and eigenvectors of S? 


Matrix (B-18) can be broken down into three submatrices (as shown by the dotted 
lines). Two of them are one-dimensional: the vectors |+, +) and |—, —) are eigenvectors 
of S?, as is also shown by relations (B-17a) and (B-17d). The associated eigenvalues are 
both equal to 2h?. 

We must now diagonalize the 2 x 2 submatrix: 


(so= (7 1) (B-19) 


which represents S? inside the two-dimensional subspace spanned by |+, —) and |—, +), 
that is, the eigensubspace of S, corresponding to M = 0. The eigenvalues fh? of matrix 
(B-19) can be obtained by solving the characteristic equation: 


(== 6 (B-20) 


The roots of this equation are X = 0 and A = 2. This yields the last two eigenvalues of 








S?: 0 and 2h?. An elementary calculation yields the corresponding eigenvectors: 
1 
vat —)+ |-,+)] for the eigenvalue 2h? (B-21a) 
1 
val —)— |-, +)] for the eigenvalue 0 (B-21b) 


(of course, they are defined only to within a global phase factor; the coefficients 1/./2 
insure their normalization). 

The operator S? therefore possesses two distinct eigenvalues: 0 and 2h?. The first 
one is non-degenerate and corresponds to vector (B-21b). The second one is three-fold 
degenerate, and the vectors |+, +), |—, —) and (B-21a) form an orthonormal basis in the 
associated eigensubspace. 
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B-4. Results: triplet and singlet 


Thus we have obtained the eigenvalues of S? and S,, as well as a system of eigen- 
vectors common to these two observables. We shall summarize these results by expressing 
them in the notation of equations (B-12). 

The quantum number S of (B-12b) can take on two values: 0 and 1. The first one 
is associated with a single vector, (B-21b), which is also an eigenvector of S, with the 
eigenvalue 0, since it is a linear combination of |+, —) and |—, +) ; we shall therefore 
denote this vector by |0, 0): 


1 
a 


Three vectors which differ by their values of M are associated with the value S = 1: 


|0, 0) = eI, -) —|-) +)] (B-22) 


4,1) = |4+,4) 
1,0) = ale =) Sate) (B-23) 
[h =) = = -) 


It can easily be shown that the four vectors |S, M) given in (B-22) and (B-23) 
form an orthonormal basis. Specification of S and M suffices to define uniquely a vector 
of this basis. From this, it can be shown that S? and S$, constitute a C.S.C.O. (which 
could include S$? and S32, although it is not necessary here). 

Therefore, when two spin 1/2’s (81 = so = 1/2) are added, the number S which 
characterizes the eigenvalues $(.$ + 1)h? of the observable S? can be equal either to 1 or 
to 0. With each of these two values of S is associated a family of (2S +1) orthogonal 
vectors (three for S$ = 1, one for S = 0) corresponding to the (2S +1) values of M which 
are compatible with S. 


Comments: 


(i) The family (B-23) of the three vectors |1, M) (M = 1, 0, —1) constilutes 
what is called a triplet ; the vector |0, 0) is called a singlet state. 


(ii) The triplet states are symmetric with respect to exchange of the two spins, 
whereas the singlet state is antisymmetric. This means that if each vector 
l€1, €2) is replaced by the vector |e2, €,), expressions (B-23) remain invariant, 
while (B-22) changes sign. We shall see in Chapter XIV the importance of 
this property when the two particles whose spins are added are identical. 
Furthermore, it enables us to find the right linear combination of |+, —) and 


|—, +) which must be associated with |+, +) and |—, —) (clearly symmetric) 
in order to complete the triplet. The singlet state, on the other hand, is the 
antisymmetric linear combination of |+, —) and |—, +), which is orthogonal 


to the preceding one. 
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C. Addition of two arbitrary angular momenta. General method 


C-1. Review of the general theory of angular momentum 


Consider an arbitrary system, whose state space is €, and an angular momentum J 
relative to this system (J can be either a partial angular momentum or the total angular 
momentum of the system). We showed in Chapter VI (§ C-3) that it is always possible 
to construct a standard basis {|k, j, m)} composed of eigenvectors common to J? and 
Jy: 


J*|k, j, m) = jj + 1A? |k, 3, m) (C-la) 
J,|k, J, m) = mhlk, 7, m) (C-1b) 


such that the action of the operators J, and J_ obeys the relations: 


Jak, j, m) =h/j(j +1) —m(m+t Dk, 7, me) (C-2) 


We denote by €(k, 7) the vector space spanned by the set of vectors of the standard 
basis which correspond to fixed values of k and j. There are (27 + 1) of these vectors, 
and, according to (C-1) and (C-2), they can be transformed into each other by J?, Jz, Jy 
and J_. The state space can be considered to be a direct sum of orthogonal subspaces 
E(k, 7) which possess the following properties: 





(2) E(k, j) is (27 + 1)-dimensional. 


(ii) E(k, 7) is globally invariant under the action of J?, Jz, Jz, and, more generally, of 
any function F(J). In other words, these operators have non-zero matrix elements 
only inside each of the subspaces E(k, j). 





(iit) Inside a subspace €(k, 7) the matrix elements of any function F(J) of the angular 
momentum J are independent of k. 


Comment: 


As we pointed out in § C-3-a of Chapter VI, we can give the index k a concrete physical meaning 
by choosing for the standard basis the system of eigenvectors common to J?, J, and one or 
several observables which commute with the three components of J and form a C.S.C.O. with 
J? and J,. If, for example: 


[A, J] =0 (C-3) 


and if the set {A, J?, Jz} is a C.S.C.O., we require the vectors |k, 7, m) to be eigenvectors of A: 


Alk, j, m) = an,5|k, J, ™) (C-4) 
Relations (C-1), (C-2) and (C-4) determine the standard basis {|k, 7, m)} in this case. Each of 


the E(k, 7) is an eigensubspace of A, and the index k distinguishes between the various eigenvalues 
az; associated with each value of j. 
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C-2. Statement of the problem 
C-2-a. State space 


Consider a physical system formed by the union of two subsystems (for example, 
a two-particle system). We shall use indices 1 and 2 to label quantities relating to the 
two subsystems. 

We shall assume that we know, in the state space €; of subsystem (1), a standard 
basis {|ki, j1, m1)} composed of common eigenvectors of J? and Ji,z, where J, is the 
angular momentum operator of subsystem (1): 


Tilki, ji, mi) = Gadi + DR" |kn, G1, ma) (C-5a) 
Siz|ki, ji, mi) = mihlki, j1, m1) (C-5b) 
Ji4|ka, ji, my) =h qj + 1) = mi(m1 aS 1)|ki, Ji, m+ 1) (C-5c) 











Similarly, we assume that the state space €2 of subsystem (2) is spanned by a standard 
basis {|k2, j2, m2)}: 











J5|k2, J2, m2) = jo(Jo + 1h? |keo, jo, m2) (C-6a) 
Joz|k2, J2, M2) = Mohi|ke, jo, m2) (C-6b) 
Jo|k2, Jo, M2) = hy/jo(J2 +1) — mo(mz2 + 1)|ke, j2, m2 + 1) (C-6c) 


The state space of the global system is the tensor product of €, and &2: 
E=L0& (C-7) 


We know a basis of the global system, formed by taking the tensor product of the bases 
chosen in €; and €). We shall denote by |ki, ka; 71, jo} m1, m2) the vectors of this basis: 


lk1, kas ji, Jas mi, M2) = |ki, jr, M1) @ |ka, Jo, M2) (C-8) 


The spaces €, and €2 can be considered to be the direct sums of the sub-spaces 
E1(k1, j1) and €2(k2, j2), which possess the properties recalled in § C-1: 


Ey => Sil jt) (C-9a) 


Ex = S- Ea(ka, ja) (C-9b) 





Consequently, € is the direct sum of the subspaces €(k1, ka; 1, jo) obtained by taking 
the tensor product of a space €)(ki, j1) and a space €(ke, je): 


E =o Elka, ke; Sr, 52) (C-10) 
® 
with: 
E(k1, ka; Ji, Jo) = Er(ki, ji) @ Ea(ka, jo) (C-11) 


The dimension of the subspace E(k, k2; j1, j2) is (291 + 1)(2j2 + 1). This subspace is 
globally invariant under the action of any function of J, and Jz (J; and Jz here denote 
the extensions into € of the angular momentum operators originally defined in €; and &2 
respectively). 
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C-2-b. Total angular momentum. Commutation relations 


The total angular momentum of the system under consideration is defined by: 
J=J,+J2 (C-12) 


where J; and Jz, extensions of operators acting in the different spaces €, and €2, com- 
mute. Of course, the components of J;, on the one hand, and of J2, on the other, satisfy 
the commutation relations that characterize angular momenta. It is easy to verify that 
the components of J also satisfy such relations [the calculation is the same as in (B-4)]. 

Since J; and Jz each commute with J? and J3, so does J. In particular, J? and 
J, commute with J? and J3: 


[Jz, 33] = [Jz, 33] = 0 (C-13a) 

[J°, Jz] = [J°, Jz] =0 (C-13b) 
Furthermore, Jj, and Jj, obviously commute with J, : 

[Jiz, Js] = [Joz, Jz] =0 (C-14) 


but not with J? since this last operator can be written in terms of J; and Jz in the form: 


J = 5? +534 25, - Jz (C-15) 
and, as in (B-9), J,, and Jo, do not commute with J, - Jz. We can also transform the 
expression for J? into: 


PH=R+ 524+ 2 Joe + Stade + Adon (C-16) 


C-2-c. The basis change to be performed 


A vector |ki, ko; j1, j23 m1, M2) of basis (C-8) is a simultaneous eigenstate of the 
observables: 


Ji, 53, Jiz, J2z (C-17) 


with the respective eigenvalues j1(j1 + 1)h?, jo(j2 +1)h?, mih, m2h. Basis (C-8) is well 
adapted to the study of the individual angular momenta J; and J2 of the two subsystems. 
According to (C-13), the observables: 


Jj, 53, J?, Je (C-18) 


also commute. We are going to construct an orthonormal system of common eigenvectors 
of these observables: this new basis will be well adapted to the study of the total angular 
momentum of the system. Note that this basis will be different from the preceding one, 
since J? does not commute with Jj, and Jz, (§ C-2-b above). 


Comment: 


To give a physical meaning to the two indices ki and keg, let us assume (comment of § C-1) that 
we know, in €;, a C.S.C.0., {A1, J; Jz} where Ay commutes with the three components of Jy, 
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and, in €2,a C.S.C.O., {A2, J, J2z} where Ag commutes with the three components of Jz. We 
can choose for a standard basis {|k1, 71, m1)} the orthonormal system of eigenvectors common 
to Aj, J? and J,z, and for {|k2, j2, m2)} the orthonormal system of eigenvectors common to 
Ag, J3 and Jaz. The set: 

{A1, Aa; J, 53; Jaz, Jaz} (C-19) 


then constitutes a C.S.C.O. in €, whose eigenvectors are the kets (C-8). Since the observable Aj 
commutes separately with the components of Ji, and with those of J2, it also commutes with 
J and, in particular, with J? and J,. The same is, of course, true of Ag. Consequently, the 
observables: 

Ai, A2, Jj, J3, J”, Je (C-20) 


commute. We shall see that they in fact form a C.S.C.O.: the new basis we are trying to find is 
the orthonormal system of eigenvectors of this C.5.C.O. 


The subspace €(k1, ko; j1, jo) of € defined in (C-11) is globally invariant under the 
action of any operator which is a function of J; and Jo, and, therefore, under the action 
of any function of the total angular momentum J. It follows that the observables J? and 
J,, which we want to diagonalize, have non-zero matrix elements only between vectors 
belonging to the same subspace (ki, ka; 71, j2). The matrices (which are, in general, 
infinite) representing J? and J, in the basis (C-8) are “block diagonal”, that is, they can 
be broken down into a series of submatrices, each of which corresponds to a particular 
subspace €(k1, ka; 71, j2). The problem therefore reduces to a change of basis inside each 
of the subspaces E(ky, k2; j1, j2), which are of finite dimension (27; + 1)(2j2 + 1). 

Moreover, the matrix elements in the basis (C-8) of any function of J, and Jz are 
independent of k, and ko. This is therefore true of those of J? and J,. Consequently, 
the problem of the diagonalization of J? and J, is the same inside all the subspaces 
E(k1, ko; 51, jo) that correspond to the same values j, and jo. It is for this reason that 
one usually speaks of adding angular momenta j,and jo without specifying the other 
quantum numbers. To simplify the notation, we shall henceforth omit the indices k, and 
kg. We shall denote by €(j1, jo) the subspace E(ki, ke; 71, j2) and by |j1, jo; mi, ma), 
the vectors of basis (C-8) belonging to this subspace: 


E(ji, jo) = Elki, ka; ji, Je) (C-21a) 
[31 J23 M1, M2) = |ki, ka; ji, joi m1, m2) (C-21b) 


Since J is an angular momentum and €(41, j2) is globally invariant under the action 
of any function of J, the results of Chapter VI recalled above (§ C-1) are applicable. 
Consequently, €(j1, j2) is a direct sum of orthogonal subspaces E(k, J), each of which is 
globally invariant under the action of J?, J,, J, and J_: 


E(j1, jo) = D> E(k, J) (C-22) 
@ 


Thus, finally, we are left with the following double problem: 


(i) Given j; and jg, what are the values of J which appear in (C-22), and how many 
distinct subspaces E(k, J) are associated with each of them? 


(ii) How can the eigenvectors of J? and J, belonging to E(j1, j2) be expanded on the 
{|\J1, j2} m1, M2)} basis? 
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§ C-3 supplies the answer to the first question, and § C-4 to the second. 


Comments: 


(i) We have introduced J; and Jz as the angular momenta of two distinct sub- 
spaces. In fact, we know (§ A-2) that we may be adding the orbital and spin 
angular momenta of the same particle. All the discussions and results of this 
section are applicable to this case, with €; and €2 simply being replaced by 
Ey and €,. 


(iz) In order to add several angular momenta, one first adds the first two, then 
the angular momentum so obtained to the third one, and so on until the last 
one has been added. 


C-3. Eigenvalues of J? and J. 
C-3-a. Special case of two spin 1/2’s 


First of all, let us again take up the simple problem treated in § B. The spaces 
€, and & each contain, in this case, a single invariant subspace, and the tensor product 
space €, a single subspace €(j1, j2), for which 7; = jo = 1/2. 

The results recalled in § C-1 make it very simple to find the values of the quantum 
number S associated with the total spin. The space € = €(1/2, 1/2) must be a direct 
sum of (2S+1)-dimensional subspaces E(k, S). Each of these subspaces contains one and 
only one eigenvector of $', corresponding to each of the values of M such that |M| < S. 
Now, we know (cf. § B-2) that the only values taken on by M are 1, —1 and 0, the first 
two being non-degenerate and the third, two-fold degenerate. From this, the following 
conclusions can be deduced directly: 


(2) Values of S' greater than 1 are excluded. For example, for S = 2 to be possible 
there would have to exist at least one eigenvector of S, of eigenvalue 2h. 


(ii) S' = 1 occurs (since M = 1 does) only once: M = 1 is not degenerate. 


(iit) This is also true for S = 0. The subspace characterized by S = 1 includes only 
one vector for which M = 0, and this value of M is doubly degenerate in the space 
E(1/2, 1/2). 


The four-dimensional space €(1/2, 1/2) can therefore be broken down into a sub- 
space associated with S = 1 (which is three-dimensional) and a subspace associated with 
S' = 0 (which is one-dimensional). 

Using a completely analogous argument, we shall determine the possible values of 
J in the general case in which j; and je are arbitrary. 


C-3-b. The eigenvalues of J, and their degrees of degeneracy 


In accordance with the conclusions of § C-2-c, we shall consider a well-defined 
subspace €(j1, j2), of dimension (27; + 1)(2j2 +1). We shall assume that 7; and j2 are 
labeled such that: 


28 (C-23) 
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The vectors |j1, j2; ™1, m2) are already eigenstates of J;: 


Jz\j1, Jo; M1, M2) = (Jiz + Joz)|91, Jo; M1, Me) 
= (m1 + m2)hlj1, J2; Mi, M2) (C-24) 


and the corresponding eigenvalues Mf are such that: 

M=m,+m™g2 (C-25) 
Consequently, M takes on the following values: 

jes Gi tyn ak gis 2 ya Gia) (C-26) 


To find the degree of degeneracy g;, ,;,(M/) of these values, we can use the following 
geometrical procedure. In a two-dimensional diagram, we associate with each vector 
|j1, j2; M1, M2) the point whose abscissa is m; and whose ordinate is m2. All these 
points are situated inside, or on the sides of, the rectangle whose corners are at (41, 2), 
(j1, —J2), (—j1, —J2) and (—j1, jz). Figure 1 represents the 15 points associated with the 
basis vectors in the case in which 7; = 2 and jg = 1 (the values of m; and mg are shown 
beside each point). All points situated on the same dashed line (of slope —1) correspond 
to the same value of M = m;+mz2. The number of such points is therefore equal to the 
degeneracy 9;,,;.(M) of this value of M. 





Mel? 


(— 2, 1) (-1, 1) (0,1) (d,1) (2, 1) 


M=3 
y 
NAS N N N 


=20) 61,0 Oo) Gao So) <i 
Ne a Ne ‘. - 
\G N NN 


re aS \ \ \ 


\ 


—_ NX N*y Nee i 
\ 
me ) 





2 


(-2,-1) (C©1,-1) (0O,-1) G,-1) (2, — 1) 





Figure 1: Pairs of possible values (m1, m2) for the kets |j1, j2; mi, m2). We have 
chosen the case in which j, = 2 and jg = 1. The points associated with a given value of 
M =m,+4+ mz are situated on a straight line of slope —1 (dashed lines). 





Now consider the various values of M, in decreasing order, tracing the line defined 
by each of them (Fig. 1). M = 7; + jo is not degenerate, since the line it characterizes 
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92,1) 





2 3 


Figure 2: Value of the degree of degeneracy g;,,;,(M) as a fonction of M. As in Figure 1, 
we have shown the case in which j, = 2 and jg = 1. The degree of degeneracy g;,,;.(M) 
is simply obtained by counting the number of points on the corresponding dashed line of 
Figure 1. 





passes only through the upper right-hand corner, whose coordinates are (1, j2): 
Gix,j(H1 + J2) = 1 (C-27) 


M = j1 + j2 —1 is doubly degenerate, since the corresponding line contains the points 
(ii, 2 — 1) and (fj — 1, je): 


Gir,0(1 + 92 — 1) =2 (C-28) 


The degree of degeneracy thus increases by one when M decreases by one, until we reach 
the lower right-hand corner of the rectangle (m1 = j1, m2 = —je), that is, the value 
M = ji — ja. The number of points on the line is then at a maximum and is equal to: 


Gir,32(H1 — Jo) = 2jo+1 (C-29) 


When M falls below 71 — je, 9;,,;.(M) first remains constant and equal to its maxi- 
mum value as long as the line associated with M cuts across the entire width of the 
rectangle, that is, until it passes through the upper left-hand corner of the rectangle 
(mi = —ji, M2 = ja): 


Gir jo(M) = 2j2 +1 for —(j1-—32) SM <j — jo (C-30) 


Finally, for M less than —(41 — jo), the corresponding line no longer intersects with the 
upper horizontal side of the rectangle, and gj, ;,(J/) steadily decreases by one each time 


M decreases by one, again reaching 1 when M = —(j1 + jz) (lower left-hand corner of 
the rectangle). Consequently: 
Gin j0(-M) = Gyr ,52 (M) (C-31) 


These results are summarized, for 7; = 2 and j2 = 1, in Figure 2, which gives g21(M/) as 
a function of M. 
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C-3-c. The eigenvalues of J? 


Note, first of all, that the values (C-26) of M are all integral if 7; and jo are both 
integral or both half-integral, and all half-integral if one of them is integral and the other 
half-integral. Consequently, the corresponding values of J will also be all integral in the 
first case and all half-integral in the second. 

Since the maximum value attained by M is 7; + jo, none of the values of J greater 
than 71; + je is found in €(j1, jo) and therefore none appears in the direct sum (C-22). 
With J = 71 + je is associated one invariant subspace (since M = 7; + je exists) and 
only one (since M = 7; + jo is not degenerate). In this subspace E(J = 71 + je), there 
is one and only one vector which corresponds to M = 7; + jg — 1; now this value of 
M is two-fold degenerate in €(j1, j2); therefore, J = 7; + jg — 1 also occurs, and to it 
corresponds a single invariant subspace €(J = j1 + jo — 1). 

More generally, we shall denote by pj, ,;,(J) the number of subspaces E(k, J) of 
E(j1, J2) associated with a given value of J, that is, the number of different values of k 
for this value of J (7; and jz having been fixed at the beginning). p;, j.(J) and g;,,;.(M4) 
are very simply related. Consider a particular value of M. To it corresponds one and 
only one vector in each subspace E(k, J) such that J > |M|. Its degree of degeneracy 
9j1,j(M) in E(j1, jz) can therefore be written: 


Gix,52(M) = Pj, .jo(J = |M]) + Pj, jo(J = |M| +1) 
ps old = |M[+2) +... (C-32) 
Inverting, we obtain p;,;,(J) in terms of g;, j,(M): 
Pjr,32(J) = Gjr,jo(M = J) — 91,7.(M = J +1) 
= 9514j2(M = —J) — 951,5.(M = —J—-1) (C-33) 
The results of § C-3-b then enable us to determine simply the values of the quantum 


number J which actually occur in E(j, j2) and the number of invariant subspaces E(k, J) 
which are associated with them. First of all, we obviously have: 


Pir ,j2(J) =0 for J>fitje (C-34) 
since gj, j.(M) is zero for |M| > j1 + jo. Furthermore, according to (C-27) and (C-28): 
Pjr,j2(J = 51 + ja) = Gj ,j.(M =f + jo) =1 (C-35a) 





Divgal Jd = jit jo- 1) = Gigs = jit jo- 1) _ Grae =ji + ja) =1 (C-35b) 
Thus, by iteration, we find all the values of p,, 5, (J): 





Pi g2(J = ji + jo — 2) = 1, ..., (C-36a) 

meg Psd = ji = 2) =1 (C-36b) 
and, finally, according to (C-30): 

Pirig(J)=0 for J<ji-je (C-37) 


Therefore, for fixed j; and j that is, inside a given space E(j1, j2), the eigenvalues 
of J? are such that?: 


P= Fytga a. Gubjeo lL. 4 Grp je a2 so5 Gr Fal (C-38) 


’Thus far, we have assumed j1 > j2, but it is simple to extend the discussion to the opposite case 
ji < jg: all we need to do is invert indices 1 and 2. 
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With each of these values is associated a single invariant subspace E(J), so that the index 
k which appears in (C-22) is actually unnecessary. This means, in particular, that if we 
fix a value of J belonging to the set (C-38) and a value of M which is compatible with 
it, there corresponds to them one and only one vector in E(j1, j2): the specification of J 
suffices for the determination of the subspace €(J), in which the specification of M then 
defines one and only one vector. In other words, J? and J, form a C.S.C.O. in E(j1, j2). 


Comment: 

It can be shown that the number of pairs (J, M) found in €(j1, jz) is indeed equal 
to the dimension (27; + 1)(2j2 + 1) of this space. This number (if, for example, 
ji > j2) is equal to: 


jitje 
Ss) (27+1) (C-39) 
J=ji-j2 
If we set: 
J=ji-jot+t (C-40) 


it is easy to calculate the sum (C-39): 


jitje 232 
SS) 2741) => 2A-+)+1] 
J=ji-—je2 1=0 


= 21 — Ja) + (Qin + 1) + 2°BER TY 


= (272 + 1)(2j1 +1) (C-41) 


C-4. Common eigenvectors of J’ and J, 


We shall denote by |J, M) the common eigenvectors of J? and J, belonging to the 
space E(j1, j2). To be completely rigorous, we should have to recall the values of 7; and 
j2 in this notation, but we shall not write them explicitly, since they are the same as in 
the vectors (C-21b) of which the |J, M) are linear combinations. Of course, the indices 
J and M refer to the eigenvalues of J? and J,: 


J?|J, M) = J(J+1)h?|J, M) (C-42a) 
J.|J, M) = MA\J, M) (C-42b) 
and the vectors |J, M), like all those of the space €(j1, j2), are eigenvectors of J? and 
J3 with eigenvalues j1(j1 + 1)h? and jo(j2 + 1)h? respectively. 
C-4-a. Special case of two spin 1/2’s 


First of all, we shall show how use of the general results concerning angular mo- 
menta leads us to the expression for the vectors |S, M) established in § B-3. It will not 
be necessary to diagonalize the matrix which represents S?. By generalizing this method, 
we shall then construct (§ 4-b) the vectors |J, M) for the case of arbitrary j1 and jo. 
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Qa. The subspace E(S' = 1) 


The ket |+, +) is, in the state space € = €(1/2, 1/2), the only eigenvector of 
S, associated with M = 1. Since S? and S, commute, and the value M = 1 is not 
degenerate, |+, +) must also be an eigenvector of S? (§ D-3-a of Chapter II). According 
to the reasoning of § C-3-a, the corresponding value of S must be 1. Therefore, we can 
choose the phase of the vector |S = 1, M = 1) such that: 


|1, 1) = |+, +) (C-43) 





It is then easy to find the other states of the triplet, since we know from the general 
theory of angular momentum that: 


S_|1, 1) =AV10 +1) — 10 — 11, 0) 


= hy2|1, 0) (C-44) 
Consequently: 
1 

1,0) = —~S_|4+, + C-45 

1, 0) = 5 eS-Ht, 4) (C-45) 


To calculate |1, 0) explicitly in the {|e1,¢2)} basis, it suffices to recall that definition 
(B-3) of the total spin S implies: 





S_ = S1_ + So- (C-46) 
We then obtain: 
1, 0) = al + So_)|+, +) 
= Gayla +) + Alb, -) 
= ll yt +, =] (C-47) 


Finally, we can again apply S_ to |1, 0), that is, (S;_ +S _) to expression (C-47). This 
yields: 


1 
1,=Db=——8_|1; 0 
fl, -1) = = 758-1, 0) 


a 
1 1 

= aie + S2-) ll +) + |+, -)] 

= selAl-, -) + Al-, - 

= ee (C-48) 


Of course, this last result could have been obtained directly, using an argument analogous 
to the one applied above to |+, +). However, the preceding calculation has a slight 
advantage: it enables us, in accordance with the general conventions set forth in § C-3-a 
of Chapter VI, to fix the phase factors which could appear in |1, 0) and |1, —1) with 
respect to the one chosen for |1, 1) in (C-43). 
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GB. The state |S =0, M = 0) 


The only vector |S = 0, M = 0) of the subspace €(S = 0) is determined, to within 
a constant factor, by the condition that it must be orthogonal to the three vectors |1, M) 
that we have just constructed. 


Since it is orthogonal to |1, 1) = |+, +) and |1, —1) = |-, —), |0, 0) must be a 
linear combination of |+, —) and |—, +): 
|0, 0) rs al+, =) + Bl=3 +) (C-49) 


which will be normalized if: 
(0, 0/0, 0) = jal? + |6/? =1 (C-50) 


We now insist that its scalar product with |1, 0) [cf. (C-47)] be zero: 
: (a+) =0 (C-51) 
— |W — a 
V2 
The coefficients a and £ are therefore equal in absolute value and of opposite sign. With 


(C-50) taken into account, this fixes them to within a phase factor: 


a= —B = —~e* C252 
B Fi (C-52) 
where y is any real number. We shall choose y = 0, which yields: 
1 
/2 


Thus we have calculated the four vectors |S, M) without explicitly having had to 
write the matrix that represents S? in the {|e1, ¢2)} basis. 


|0, 0) = cles =) = 3 +)] (C-53) 


C-4-b. General case (arbitrary 7; and j2) 
We showed in § C-3-c that the decomposition of €(j1, j2) into a direct sum of 
invariant subspaces E(J) is: 


E(h1, J2) = E(ja + ja) ® Elf + jo — 1) ©... BE (1 — Jal) (C-54) 


We shall now see how to determine the vectors |J, M) that span these subspaces. 


Q. The subspace E( J = j1 + j2) 


The ket |j1, jo; mi = ji, M2 = je) is, in E(j1, Jo), the only eigenvector of J, 
associated with M = 7, + jz. Since J? and J, commute, and the value M = 7; + jo is 
not degenerate, |j1, j2; m1 = j1, M2 = jz) must also be an eigenvector of J?. According 
to (C-54), the corresponding value of J can only be 7; + j2. We can choose the phase of 
the vector: 


lJ =jitjo, M=jit je) 
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such that: 
lj1 + jo 5 jr + Ja) = [91,925 Ji, Je) (C-55) 
Repeated application of the operator J_ on this expression enables us to complete 


the family of vectors |J, M) for which J = 7; + jo. According to the general formulas 
(C-50) of Chapter VI: 


J—|ji + go jr t+ jo) = hv 291 + Je) [91 + 2, G1 +52 - 1) (C-56) 


We can therefore calculate the vector corresponding to J = j1 + jg and M = j1 + jg —-1 
by applying J_ = Jy_ + Jo_ to the vector |j1, j2; j1, Ja): 


1 
lj1 +325 Jr +j2 —-1) = — J f+ je, fr +je) 
hy/2(ja + ja) 
1 


= —————— (Jh_ + Jo_) |, 23. fn, 52) 











hy/2(j1 + ja) 
1 = ee 
= [fi 251 |, 523 F — 1, Je) 
hy/2(j1 + ja) 
+ hy/2j2 |i1,d2 3 Fisd2—1)] (C-57) 
that is: 
lin +2. f+ 2-1) = 4/2 line sf — 1a) 
Jit jo 
ja  & o> 
’ ; ’ —1 C-58 
aaa \j1 J2 5 Ji, 32 ) ( ) 


Note that we obtain in this way a linear combination of the two basis vectors that 
correspond to M = 7; + jg — 1, and that this combination is directly normalized. 

We then repeat the procedure: we construct |j1 + ja, j1 + j2 — 2) by letting J_ 
act on both sides of (C-58) (for the right-hand side, we take this operator in the form 
J,_ + Jo_), and so on, through |j1 + j2,-(j1 + j2)), which is found to be equal to 
1, 32; —J1, —J2). 

We therefore know how to calculate the first [2(j1 + j2) +1] vectors of the {|J, M)} 
basis, which correspond to J = j; + jo and M = 9, + jo, j1 + jo —1, ..., -(j1 + jo) and 
span the subspace E(J = ji + j2) of E(ji, jo). 





B. The other subspaces E(J) 


Now consider the space .Y(j1 + j2), the supplement of E(j1 + ja) in E(j1, Je). 
According to (C-54), Y(j1 + j2) can be broken down into: 


S (jr + jo) = E(j. + Jo — 1) BEC + fo — 2) @... BE(1 — Jal) (C-59) 
We can therefore apply to it the same reasoning as was used in § a. 
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In Y(j1 + jz), the degree of degeneracy gi, (IM) of a given value of M is smaller 
by one than g;,;,(/), since E(j1 + j2) possesses one and only one vector associated with 
this value of M : 


Gags (M) = Fir 52 (My =1 (C-60) 


This means, in particular, that M = j; + je no longer exists in .“(j, + 72), and that the 
new maximum value M = 7; + j2 —1 is not degenerate. From this we see, as in § a, that 
the corresponding vector must be proportional to |J = j1 + jo —1, M = j1 + jo — 1). It 
is easy to find its expansion on the {|j1, j2; m1, m2)} basis, since, because of the value 
of M, it is surely of the form: 


Bi jemh ys jet ja — T= epi gas. Jia Jo 1) 
te i gees gi 199) (C-61) 
with: 
jo)? + |g)? =1 (C-62) 


to insure its normalization. It must also be orthogonal to |j1 + jo, j1 + j2 — 1), which 
belongs to €(j, + j2) and whose expression is given by (C-58). The coefficients a and 8 
must therefore satisfy: 


a a= eh 0 (C-63) 
Jit ja jit ja 


Relations (C-62) and (C-63) determine a and 6 to within a phase factor. We shall choose 
a and £ to be real and, for example, a positive. With these conventions: 














ji t+jeo—-1, jit+je—-1)=4]/- a lj1, 32 3 G1, J2 — 1) 
jit j2 
Ja ak es . 
é Gea C-64 
igs 91 J25 J j2) ( ) 


This vector is the first of a new family, characterized by J = j1+j2—1. Asin § a, 
we can derive the others by applying J_ as many times as necessary. Thus we obtain 
[2(j1 + jo — 1) + 1] vectors |J, M) corresponding to 

Jefitjo—1 and M=fitjo—-1, f+ jo -2,...,-Gitje—V), 


and spanning the subspace €(J = j1 + jo — 1). 
Now consider the space .Y(j1 + j2, 91 + jg — 1), the supplement of the direct sum 
E(j1 + jo) ® E(jr + jo — 1) in E(jir, J2)*: 


S (ji + Jo .d1 + je —1) = Effi + jo — 2) ®... BE(F1 — Jol) (C-65) 


In the space Y(j1 + jo , j1 + j2 — 1), the degeneracy of each value of M is again 
decreased by one with respect to what it was in “(ji + jo). In particular, the maximum 





4Of course, %(j1 + j2, 91 + j2 — 1) exists only if 71 + jo — 2 is not less than |j1 — jo| 
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value is now M = 3, + jo — 2, and it is not degenerate. The corresponding vector of 
SY (j1 + J2 5J1 +J2 —1) must therefore be |J = 91 + jo —2 , M = 91 + jg — 2). To express 
it in the {|j1,J2 ; mi,mz2)} basis, it is sufficient to note that it is a linear combination 
of the three vectors ld15J2 3 Fis J2 = 2), lj15 32 3 ji = 1, j2 = 1), \i15J2 3 ji al 2, J2). The 
coefficients of this combination are fixed to within a phase factor by the triple condition 
that it be normalized and orthogonal to |j;+J2 , j1 + jg —2) and |j1 +j2—-1, ji +jo—2) 
(which are already known). Finally, the use of J_ enables us to find the other vectors of 
this third family, thus defining E(j1 + jo — 2). 

The procedure can be repeated without difficulty until we have exhausted all values 
of M greater than or equal to |j1 — j2| [and, consequently, according to (C-31), also all 
those less than or equal to —|j1 — j2|]. We then know all the desired |.J, M) vectors. This 
method will be illustrated by two examples in Complement Ax. 


C-4-c. Clebsch-Gordan coefficients 
In each space €(j1, jz), the eigenvectors of J? and J, are linear combinations of 
vectors of the initial {|71, j2 3 m1,m2)} basis: 
ju J2 
[J, M)= S> S> lj15J2 ; m1,™M2) (j1,J2 ; my1,m2|J,M) (C-66) 


mi=—ji M2=—J2 


The coefficients (1, j2 ; m1,ma|J,M) of these expansions are called Clebsch-Gordan co- 
efficients. 


Comment: 


To be completely rigorous, we should write the vectors |j1, 72 ; m1, m2) and |J, M) 
as |k1, ko; j1,j2; mi, m2) and |k1, ke; 71,72; J, M) respectively [the values of ky and 
kg, like those of 7; and j2, would then be the same on both sides of relations (C- 
66)]. However, we shall not write k, and kz in the symbols which represent the 
Clebsch-Gordan coefficients, since we know that these coefficients are independent 
of ky and kg (§ C-2-c). 


It is not possible to give a general expression for the Clebsch-Gordan coefficients, 
but the method presented in § C-4-b enables us to calculate them by iteration for any 
values of 7; and jg. For practical applications, there are numerical tables of Clebsch- 
Gordan coefficients. 

Actually, to determine the Clebsch-Gordan coefficients uniquely, a certain number 
of phase conventions must be chosen. [We mentioned this fact when we wrote expressions 
(C-55) and (C-64)]. Clebsch-Gordan coefficients are always chosen to be real. The choice 
then bears on the signs of some of them (obviously, the relative signs of the coefficients 
appearing in the expansion of the same vector |J, M) are fixed; only the global sign of 
the expansion can be chosen arbitrarily). 

The results of § C-4-b imply that (j1,j2 ; m1,me\|J, M) is different from zero only 
if: 


M=m,+m2 (C-67a) 
li — Je] SI Sf t+ je (C-67b) 
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where J is of the same type (integral or half-integral) as 71 + jo and |j1 — je|. Condition 
(C-67b) is often called the “triangle rule”: one must be able to form a triangle with three 
line segments of lengths 71, j2 and J. 

Since the vectors |J, MM) also form an orthonormal basis of the space E(j1, j2), the 
expressions which are the inverse of (C-66) can be written: 


Jitje J 
lj1,32; ™1,m2)= SO S> |d,M) (J, Mir, jo 3 mi, me) (C-68) 
J=|ji-je| M=—J 


As the Clebsch-Gordan coefficients have all been chosen to be real, the scalar products 
appearing in (C-68) are such that: 


(J, M| ji, ja ; m1,™2) = (J15 92 ; mi,m2|J,M) (C-69) 


The Clebsch-Gordan coefficients therefore enable us to express the vectors of the old 
basis {|j1,J2 ; ™1,™m2)}, in terms of those of the new basis {(J, M)}. 

The Clebsch-Gordan coefficients possess interesting properties, some of which will 
be studied in Complement Bx. 


References and suggestions for further reading: 


Messiah (1.17), Chap. XIII, § V; Rose (2.19), Chap. III; Edmonds (2.21), Chaps. 
3 and 6. 

Relation with group theory: Meijer and Bauer (2.18), Chap. 5 § 5 and App. III 
of that Chapter; Bacry (10.31 ),Chap. 6; Wigner (2.23), Chaps. 14 and 15. 

Vectorial spherical harmonics: Edmonds (2.21), § 5-10; Jackson (7.5), Chap. 16; 
Berestetskii et al. (2.8), §§ 6 and 7 ; Akhiezer and Berestetskii (2.14), § 4. 
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Ax: EXAMPLES OF ADDITION OF ANGULAR MO- 
MENTA 


Illustrates the results of Chapter X by the sim- 
plest cases not treated in detail in this chapter: 
two angular momenta equal to 1, and an integral 
angular momentum 1 with a spin 1/2. Easy, 
recommended as an exercise illustrating methods 


of addition of angular momenta. 





Bx: CLEBSCH-GORDAN COEFFICIENTS 
Cx: ADDITION OF SPHERICAL HARMONICS 


Technical complements intended to demonstrate 
certain useful mathematical results; can be used 
as references. 

Bx: study of Clebsch-Gordan coefficients, which 
requently appear in physical problems involving 
angular momentum and rotational invariance. 
Cx: 
product of spherical harmonics; useful for certain 


proof of an expression concerning the 


subsequent complements and exercises. 





Dx: VECTOR OPERATORS: THE WIGNER- 
ECKART THEOREM 


Ex: ELECTRIC MULTIPOLE MOMENTS 


ntroduction of physical concepts (vector observ- 
ables, multipole moments) which play important 
roles in numerous fields. 

Dx: 
Wigner-Eckart theorem, which establishes pro- 


study of vector operators; proof of the 
portionality rules between the matrix elements of 
these operators. Rather theoretical, but recom- 
Can be 


helpful in an atomic physics course (the vector 


mended for its numerous applications. 


model, calculation of Landé factors, etc.). 





Ex: definition and properties of electric multipole 
moments of a classical or quantum mechanical 
(these 
multipole moments are frequently used in atomic 


system; study of their selection rules 


and nuclear physics). Moderately difficult. 





Fx: EVOLUTION OF TWO ANGULAR MOMENTA 
J; AND Jz COUPLED BY AN INTERACTION aJ; - 
J2 


Can be considered to be a worked exercise, treat- 
ing a problem fundamental to the vector model 
of the atom: the time evolution of two angular 
momenta J; and J2 coupled by an interaction 
w= aJ1 * J2. 
completes, as it were, the results of Chapter X 


This dynamical point of view 


concerning the eigenstates of W. Fairly simple. 





Gx : EXERCISES 





Exercises 7 to 10 are more difficult than the 
others. Exercices 7, 8, 9 are extensions of 
Complements Dx and Fx (concept of a standard 


component and that of an irreducible tensor 








operator, the Wigner-Eckart theorem). Exercise 
10 takes up the problem of the various ways of 


coupling three angular momenta. 
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Complement Ax 


Examples of addition of angular momenta 





1 Addition of j, =l and jo=1..................4. 1043 
la Thesubspace €(J=2).................000.. 1043 
1-b  Thesubspace€(J=1)................2.000.0. 1044 
1-c The vector |J=0,M=0) .......2.-2.2..22.00.. 1045 
2 Addition of an integral orbital angular momentum / and a 
Spin 1/2? sels. ese 3 fete bah de Wiel Sw Le Sayed, bs ER Se 1046 
2-a The subspace €(J=1+1/2) ...............0.. 1046 
2-b The subspace €(J=1-1/2) ..........2..0.00.0. 1048 





To illustrate the general method of addition of angular momenta described in 
Chapter X, we shall apply it here to two examples. 


1. Addition of j; = 1 and jo = 1 
First consider the case in which 7; = jo = 1. This is the case, for example, for a two- 


particle system in which both orbital angular momenta are equal to 1. Since each of the 


two particles is then in a p state, this is said to be a “p? configuration”. 


The space €(1, 1) with which we are concerned has 3 x 3 = 9 dimensions. We 
assume the basis composed of common eigenstates of J?, J3, Ji, and Jz, to be known: 


{|1, 1; my, m2)}, with m4, m2 =1,0,-1 (1) 
and we want to determine the {|.J, M)} basis of common eigenvectors of J7, J3, J? and 
J,, where J is the total angular momentum. 

According to § C-3 of Chapter X, the possible values of the quantum number J 
are: 


J=2,1,0. (2) 


We must therefore construct three families of vectors |J, M), containing, respectively, 
five, three and one vectors of the new basis. 


La. The subspace €(J = 2) 


The ket |J = 2, M = 2) can be written simply: 
|2,2) = |1,1; 1,1) (3) 
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Applying J_ to it, we find the vector |J = 2, M =1): 


1 
2,1) = —J_|2, 2 
2,1) = SJ, 2) 

1 


= 57 Y1- ag J_)|1,1 ; Ll) 
1 
1 
= —/|/1,1; 1,0)+]|1,1; 0,1 4 
5 |! por )] (4) 
We use J_ again to calculate | J = 2, M =0). After a simple calculation, we find: 
1 
2,0) = —[]1,1; 1,-1)4+2]1,1; 0,0)+|1,1; -1,1 5 
|2,0) Je |! )+2| pet )] (5) 
then: 
1 
2,—-1) = —|]1,1; 0,-1)+ 1,1; -1,0 6 
2, -1) Weal )+ | )] (6) 
and, finally: 
|2, —2) = [1 1; =I, —1) (7) 
1-b. The subspace €(.J = 1) 


We shall now proceed to the subspace E(J = 1). The vector |J = 1, M = 1) must 
be a linear combination of the two basis kets |1,1; 1,0) and |1,1; 0,1) (the only ones 
for which M = 1): 


|1,1) =a 1,1; 1,0)4+ 6|1,1; 0,1) (8) 
with: 

ja]? + |B? = 1 (9) 
For it to be orthogonal to the vector |2,1), it is necessary [cf. (4)] that: 

a+B=0 (10) 


We choose a and # to be real, and choose, by convention, a positive!. Under these 
conditions: 

1 
V2 
Application of J_ here again enables us to deduce |1,0) and |1, —1). We easily find, using 
the same technique as above: 


1 


1,0) = ae ; Lea hel ; 1,1) (12) 
1 
|1,-1) = Vi [\1,1; 0,-1) — |1,1; —1,0)) (13) 





1The component of the ket |J, J) on the ket |j1, 72 ; m1 =j1, m2 = J — j1) is always chosen to be 
real and positive (cf. Complement Bx, § 2). 
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It is interesting to note that expansion (12) does not contain the vector |1,1 ; 0,0), 
although it also corresponds to M = 0. It so happens that the corresponding Clebsch- 
Gordan coefficient is zero: 


(1,1; 0,0|1,0) =0 (14) 


1-c. The vector |.J = 0, M = 0) 


We are left with the calculation of the last vector of the {|J, M)} basis, associated 
with J = M = 0. This vector is a linear combination of the three basis kets for which 
M=0: 


|0,0) = af1,1; 1,-1)+)]1,1; 0,0) +c]1,1; —1,1) (15) 
with: 
Ja\? + |b|? + |el? = 1 (16) 








It must also be orthogonal to |2, 0) [formula (5)] and |1, 0) [formula (12)]. This gives the 
two conditions: 


a+2b+c=0 (17a) 
a-—c=0 (17b) 
These relations imply: 
a=-—b=c (18) 
We again choose a, b and c real, and agree to choose a positive (see note 1). We then 
obtain, using (16) and (18): 
1 
V3 


This completes the construction of the {|J, 1)} basis for the case j; = jo = 1. 


Comment: 

If the physical problem under study is that of a p? configuration of a two-particle 
system, the wave functions which represent the states of the initial basis are of the 
form: 


(ri, Pe{l,1 5 mi, m2) = Re, (171) Reo (v2) 7" (01, 91) ¥7" (82, v2) (20) 


where ri (71, 61, 91) and ro(r2, 02, Y2) give the positions of the two particles. Since 
the radial functions are independent of the quantum numbers m, and mg, the 
linear combinations that give the wave functions associated with the kets |J, M) 
are functions only of the angular dependence. For example, in the {|r1, r2)} 
representation, equation (19) can be written: 


1 
(1, T2|0, 0) = Fey 1011) Rea (02) Fe [Yi (01, 1) ¥y * (02, Ya) 


—Y) (01, p1) YP (82, po) + ¥-*(A1, G1) Yi! (02, 42) | (21) 
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2. Addition of an integral orbital angular momentum / and a spin 1/2 


Now consider the addition of an orbital angular momentum (7; = J, an integer) and a 
spin 1/2 (j2 = 1/2). This problem is encountered, for example, whenever one wants to 
study the total angular momentum of a spin 1/2 particle such as the electron. 

The space €(l,1/2) which we are considering here is 2(21 + 1)-dimensional. We 
already know a basis of this space”: 


{{l,1/2; m,e)} with m=1,1-1,..,-l1 and e=+ (22) 


formed of eigenstates of the observables L?, S?, L, and S,, where L and S are the orbital 
angular momentum and spin under consideration. We want to construct the eigenvectors 
|J, M) of J? and J,, where J is the total angular momentum of the system: 


J=L+S (23) 


First of all, note that if / is zero, the solution to the problem is obvious. It is easy 
to show in this case that the vectors |0, 1/2; 0, ¢) are also eigenvectors of J? and J, with 
eigenvalues such as J = 1/2 and M = ¢/2. On the other hand, if / is not zero, there are 
two possible values of J: 


1 1 
J=1+ 5? l 5 (24) 
2-a. The subspace €(.J = 1+ 1/2) 


The (21+ 2) vectors |J, M) spanning the subspace €(J = 1+ 1/2) can be obtained 
by using the general method of Chapter X. We have, first of all: 


1 1 
Diet a 





1 
sit +) (25) 


Through the action® of J_, we obtain |I + 5, 1-5): 


re) 5) : J 1+ 5tt5) 

2° 2 Pea = 2? 2 

1 1 
Sf Fy GS aed lt 

h TT: ) 2 








1 
 A/2+1 


e Vs zl ) (26) 


2If we wanted to conform strictly to the notation of Chapter X, we should write +1/2, and not e¢, in 
the basis kets. But we agreed in Chapters IV and IX to denote the eigenvectors of S, in the spin state 
space by |+) and |—). 

3To find the numerical coefficients appearing in the following equations, we can simply use the 
relation: j(j +1) —m(m—1) =(GG@+m)(G —m+1). 











avai l, sila L+)+8 
1 


1 
l,a31 1, +)+ 
2 21+ 1 
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We apply J_ again. An analogous calculation yields: 


1 
I, =;0-2 
>»? +) 


+v3 5 an )| (27) 





1 3 1 
rest = ra 
D ) aa | 





More generally, the vector |] + 1/2, M) will be a linear combination of the only 
two basis vectors associated with M : |I, 1/2; M—1/2, +) and |l, 1/2; M+1/2, —) (M 
is, of course, half-integral). Comparing (25), (26) and (27), we can guess that this linear 
combination should be: 

















1 1 | 1 1 1 
l1+-,M)= 1+M+—- jl, -=;M-—-=,+ 
2 ) Y2l+1 2 2 2 ) 
/ 1 1 1 
7 2 pea Tee. 9 
+y4/l M+ 5 |b 5i Mts, ) (28) 
with: 

1 1 3 1 1 

M=lI+5 we) 5? l pO Las ; (145) (29) 


Reasoning by recurrence, we can show this to be true, since application of J_ to both 
sides of (28) yields: 








h/ (+ M+ 3) (I- M+) 
1 


ha/ (i+ 
1 1 3 
be Med ny (tar 5) (: M+5) 
1 1 

Mis Bib: = See 

rw t ah a3) 
pid Ao WEP ARE ae Nae 
2 2 2 

1 ha 3 
| 5 |e 5s 5 +) 

1 1 

i ae 

ae 2° 


Jaei (l+M — 
i-m+2 ) 














S 








x 














NlR 




















1 
7M 2 


We indeed obtain the same expression as in (28), with M changed to M — 1. 


(30) 
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2-b. The subspace €(J = 1 — 1/2) 


We shall now try to determine the expression for the 21 vectors |J, M) associated 
with J = 1-1/2. The one which corresponds to the maximum value | — 1/2 of M is 
a normalized linear combination of |1,1/2 ; 1 —1,+) and |l,1/2 ; 1,—), and it must be 
orthogonal to | + 1/2, 1 — 1/2) [formula (26)]. Choosing the coefficient of |/,1/2 ; 1, —) 
real and positive (cf. note 1), we easily find: 


1 1 1 1 
a VO a ee 
| 2 7 ro | 2 ) 


The operator J_ enables us to deduce successively all the other vectors of the 
family characterized by J = 1—1/2. Since there are only two basis vectors with a given 
value of M, and since |] — 1/2, M) is orthogonal to |/+ 1/2, M), (28) leads us to expect 


that: 
Unie 
2 











i 1-1,4)] (31) 











1 1 1 1 
l-=,M)= =; M+, - 
| 2 ) V2i+1 ) 








2 2 
| 1 1 1 
_ 7 ef ee ee 2 
l Mt gia 5 +) (32) 
for: 
1 3 3 1 
M=l 53 l 5 i+5 ; (: 5) (33) 


By an argument analogous to the one in § 2-a, this formula can also be proved by 
recurrence. 


Comments: 


(i) The states |, 1/2; m, e) of a spin 1/2 particle can be represented by two- 
component spinors of the form: 


[gam 4] ©) = Br el¥, (4) (34a) 


jm] ) = Raatry¥in@.) (2) (34b) 


The preceding calculations then show that the spinors associated with the 
states |J, M) can be written: 


M—-iL 
1 Vli+M+35Y, 7(6,¢) 
[Bear] tr) — are el”) = es (35a) 
¥ I-M+35Y, °7(8,9) 





at ins 1 yM-2 19 
[er a.ae| (r) = es KUT) uate (35b) 
a 7) P 


V2i+1 
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(iz) In the particular case | = 1, formulas (25), (28), (31) and (32) yield: 


i a 
a a 





























Bi) See) ahd) 
eee ee, 
S ) = i, -) (36a) 
and: 
8) = VEpden-)—ahdses) 
Fe a) = aalh gs ) yeh d: 1, +) (36b) 








References and suggestions for further reading: 


Addition of an angular momentum / and an angular momentum S = 1: see “vectorial 
spherical harmonics” in the references of Chapter X. 
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Complement Bx 


Clebsch-Gordan coefficients 





1 General properties of Clebsch-Gordan coefficients. ..... 1051 
l-a Selection rules ... 2... 2... ... ee ee ee 1051 
1-b Orthogonality relations .................0002. 1053 
l1-c Recurrence relations ............ 0.00020 000% 1054 


2 Phase conventions. Reality of Clebsch-Gordan coefficients 1054 
2-a The coefficients (71, j2 ; ™1,™ma2|J, J); phase of the ket |J, J). 1055 


2-b Other Clebsch-Gordan coefficients .............0.. 1055 
3 Some useful relations ...............2.2.20202000. 1056 
3-a The signs of some coefficients ...............0.. 1056 
3-b Changing the order of 71 and jo... 2... ......0004. 1057 
3-C Changing the sign of M,m1 andm2.............. 1057 
3-d The coefficients (j,7 ; m,—m|0,0) ............0.. 1057 





Clebsch-Gordan coefficients were introduced in Chapter X [cf. relation (C-66)]: 
they are the coefficients (j1, 72 ; m1, m2|J, M) involved in the expansion of the ket |J, M) 
on the {|j1, jo ; ™1,™M2)} basis: 


J1 j2 
| J, M) = S° » (J15 Je ; m1,Mg| J, M) 7152 ; m1,™2) (1) 


M1=—ji M2=—J2 


In this complement, we shall derive some interesting properties of Clebsch-Gordan 
coefficients, some of which were simply stated in Chapter X. 

Note that, to define the (j1, j2 ; m1,me|J, M) completely, equation (1) is not suf- 
ficient. The normalized vector |J,M) is fixed only to within a phase factor by the 
corresponding eigenvalues J(J +1)h? and Mh, and a phase convention must be chosen 
in order to complete the definition. In Chapter X, we used the action of the J_ and 
J operators to fix the relative phase of the (2J + 1) kets |J,M) associated with the 
same value of J. In this complement, we shall complete this choice of phase by adopting 
a convention for the phase of the kets |J,J). This will enable us to show that all the 
Clebsch-Gordan coefficients are then real. 

However, before approaching, in § 2, the problem of the choice of the phase of the 
(j1, J23 M1, M2|J, M), we shall, in § 1, study some of their most useful properties which 
do not depend on this phase convention. Finally, § 3 presents various relations which 
will be of use in other complements. 


1. General properties of Clebsch-Gordan coefficients 


L-a. Selection rules 


Two important selection rules, which follow directly from the results of Chapter X 
concerning the addition of angular momenta, have already been given in that chapter [cf. 
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relations (C-67a) and (C-67b)]. We shall simply restate them here: the Clebsch-Gordan 
coefficient (1, j2 ; ™m1,me2|J, M) is necessarily zero if the following two conditions are 
not simultaneously satisfied: 


M=m,+mg2 (2) 


lj1 — ja] SI S fit Je (3a) 
Inequality (3a) is often called the “triangle selection rule”, since it means that a triangle 
can be formed with three line segments of lengths 71, 72 and J (cf. Fig. 1). These three 
numbers therefore play symmetrical roles here, and (3a) can also be written in the form: 

lJ-jilS<he<It+hn (3b) 
or: 


[J-gjl sa <Jt+he (3c) 





Figure 1: Triangle selection rule: the coeffi- 
I cient (j1, j2} m1, me|J, M) can be different 
D from zero only if it is possible to form a tri- 
angle with three line segments of lengths j1, 
Je, J. 


ji 





Moreover, the general properties of angular momentum require that the ket |J, M) 
and, therefore, the coefficient (71, j2 ; m1, me2|J, WM) exist only if M takes on one of the 
values: 


M=J,J-1,J/-2,...,-J (4a) 
Similarly, it is necessary that: 


m=, 1-1, yy -h (4b) 
Mg = 92 4 J2 sh 4.4a Ja (4c) 
If this is not the case, the Clebsch-Gordan coefficients are not defined. However, in what 
follows, it will be convenient to assume that they exist for all m,, m2 and M, but that 


they are zero if at least one of conditions (4) is not satisfied. These relations thus play 
the role of new selection rules for the Clebsch-Gordan coefficients. 
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1-b. Orthogonality relations 
Inserting the closure relation!: 
Jt J2 
S> SS Mats d2 ma, me) (it, 52 3 m1, m2] = 1 (5) 


mi=—ji M2=—J2 


in the orthogonality relation of the kets |J, M): 


(J, M| J", M") = 657 6mm (6) 
we obtain: 
J J2 
Yo SS GMa, d2 5 ma, ma) (it, d2 5 ma, meld, M’) = by due (7a) 
mi=—ji m2=—J2 


We shall see later [cf. relation (18b)] that the Clebsch-Gordan coefficients are real, which 
enables us to write this relation in the form: 

Jt J2 

> > (j1,J2 5 M1, Me|J,M) (51,52 5 m1, mMea|J’, M’) = dy dum (7b) 


mi=—j1i M2=—J2 


Thus we obtain a first “orthogonality relation” for the Clebsch-Gordan coefficients. We 
note, moreover, that the summation which appears in it is performed over only one index: 
for the coefficients of the left-hand side to be different from zero, m, and mz must be 
related by (2). 

Similarly, we insert the closure relation: 


jitja Ee 
SY) SS 1M), M|=1 (8) 
J=|j1-j2| M=-J 


in the orthogonality relation of the kets |j1, Jo ; m1, m2); we obtain: 


JitJe J 
3 ss (j1,52 3 m1, meal|J,M) (J, M\ji, 52 5 my,m 3) = Omim! Omam!, (9a) 
J=|j1-Jj2| M=—J 


that is, with (18b) taken into account: 


jitje2 J 
3 oS (j15J2 ; m1, m2|J,M) (F15J2 ; m,ms|J, M) — Smim! Omem!, (9b) 
J=lj—j2| M=—J 


Again, the summation is performed over only one index: since we must have M = 
my, + mz, the summation over M reduces to a single term. 





lThis closure relation is valid for a given subspace €(k1, k2 ; j1, j2) (ef. Chap. X, § C-2). 
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1-c. Recurrence relations 


In this section, we shall use the fact that the kets |j1, j2 ; m1, m2) form a standard 
basis. Thus: 


Sia |j1,j2 3 ™M1,me2) = hy ji(j1 +1) — mi(m, £1)|91, Jo 5 m1 £1,me) 
Joa|J1,J2 3 M1,Me2) = hy/jo(j2 +1) — mo(me + 1)|J1, j2 } M1, me + 1) (10) 


Similarly, by construction, the kets |J, M) satisfy: 
J4|J,M) =hyV/J(J+1)- M(M +1)|J,M £1) (11) 


We shall therefore apply the J_ operator to relation (1). Since J. = Jj_ + Jo_, 
we obtain (if M > —J): 




















ju j2 
JF +I) —M(M=-VDiJ,M-1)= So SO (ia, jo 3 mi, m5) J, M) 


ee fies 
mM, =—-jJ1 Myg>=—J2 


x | finn 1) ~ mh Gn 1) nda mt = 1,8) 
+ 4/ Jojo +1) — mg(m) - 1) |j1, 525 mi,mg—1)} (12) 


Multiplying this relation by the bra (j1, j2 ; ™m1, mel, we find: 


J(J +1) — M(M — 1) (j1, 52 5 ™m1,m2|J,M — 1) 
= Vji(j1 +1) — mi(mi + 1) (1, J2 3 m1 +1, mMe|J, M) 
+ V jojo +1) — mo(me + 1) (91,52 3 M1, Me + 1 J, M) (13) 
If the value of M is equal to —J, we have J_|J, —J) = 0, and relation (13) remains valid if 
we use the convention, given above in § 1-b, according to which (j1, j2 ; mi +1,me|J, M) 
is zero if |M|> J. 
Analogously, application of the operator J, = Ji4 + Jo4 to relation (1) leads to: 
I(T + 1) = M(M+ 1) (15 J2 ; my1,me|J, M+ 1) 
= Vii(j1 + 1) — mi(m — 1) (j1,52 5 m1 — 1,ma|J, M) 
+ Vja(j2 +1) — mo(me2 — 1) (91, Je 5 m1,me — 1|J, M) (14) 


(the left-hand side of this relation is zero if M = J); (13) and (14) are recurrence relations 
for the Clebsch-Gordan coefficients. 


2. Phase conventions. Reality of Clebsch-Gordan coefficients 


As we have seen, expressions (12) fix the relative phases of the kets |J, M) associated 
with the same value of J. To complete the definition of the Clebsch-Gordan coefficients 
involved in (1), we must choose the phase of the various kets |J, J). To this end, we shall 
begin by studying some properties of the coefficients (j1, j2 ; mi, me2|J, J). 
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2-a. The coefficients (j1,j2 ; ™m1,me|J, J); phase of the ket |./, J) 


In the coefficient (j1,j2 ; m1,m2—1|J, J), the maximum value of m1 is m1 = j1. According 
to selection rule (2), m2 is then equal to J — j1, [whose modulus is well below j2, according 
to (3b)]. As m1 decreases from this maximum value j1, one unit at a time, m2 increases until it 
reaches its maximum value m2 = j2 [m1 is then equal to J — j2, whose modulus is well below j1, 
according to (3c)]. In theory, therefore, (j1 + jg — J +1) non-zero Clebsch-Gordan coefficients 
(j1,j2 3 M1,m2|J, J) can exist. We are going to show that, indeed, none of them is ever zero. 


If we set M = J in (14), we obtain: 









j2(92 + 1) — ma(m2 - 1 
pimp Se BS ae. “Gs) 
ji(ji +1) — mi(mi — 1) 





The radical on the right-hand side of this relation is never zero, nor is it infinite, so long as the 
Clebsch-Gordan coefficients appearing there satisfy rules (4b) and (4c). Relation (15) therefore 
shows that if (j1,j2 ; j1, J — jilJ, J) were equal to zero, (j1,j2 3 j1 —1,J —j1 +1|J, J) would 
be zero as well, as would be all the succeeding coefficients (71, j2 ; mi, J — mi|J, J). Now, this is 
impossible, since the ket |J, J), which is normalized, cannot be zero. Therefore, all the coefficients 


(1,92 3 mi, J —mi|J, J) (with j1 > m1 > J — ja) are different from zero. 


In particular, the coefficient (j1,J2 3 ji, J — jilJ, J), in which m, takes on its max- 
imum value, is not zero. To fix the phase of the ket |J, J), we shall require this coefficient 
to satisfy the condition: 


ies 5i, fila) real and positive (16) 
Relation (15) then implies by recurrence that all the coefficients 
(j1,J2 3 mai,J —mi|J, J) 


are real [their sign being (—1)?1~™]. 


Comment: 


The phase convention we have chosen for the ket |J,J) gives the two angular 
momenta J; and Jz asymmetrical roles. It actually depends on the order in which 
the quantum numbers j; and j2 are arranged in the Clebsch-Gordan coefficients: 
if 7; and jz are permuted, the phase of the ket |J, J) will be fixed by the condition: 


(jo;d1 3 Ja, J — jald, J) real and positive (17) 
which is not necessarily equivalent, a priori, to (16) [(16) and (17) may define 
different phases for the ket |J, J)]. We shall return to this point in § 3-b. 

2-b. Other Clebsch-Gordan coefficients 


Relation (13) enables us to express, in terms of the (j1,J2 ; mi, m2|J, J), all the 
coefficients (j1,j2 ; mi, mg|J, J — 1); then, by the same method, all the other coefficients 
(j1,J2 3 ™M1,Me2|J, J — 2), etc. This relation, in which no imaginary numbers are involved, 
requires that all Clebsch-Gordan coefficients be real: 


(1, J2 ; m1,m2|J, M)* — (i152 ; m1, M2|J, M) (18a) 
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which can also be written: 
(j15 2 ; m1, M2l|J,M) = (J, M]j1, jo ; mM 1, M2) (18b) 


However, the signs of the (j1,j2 ; mi,me|J,M) do not obey any simple rule for 
MJ. 


3. Some useful relations 


In this section, we give some useful relations, which complement those given in § 1. To 
prove them, we shall begin by studying the signs of a certain number of Clebsch-Gordan 
coefficients. 


3-a. The signs of some coefficients 


Q. The coefficients (j1,J2 ; mMi,malj1 + jo, M) 


Convention (16) requires the coefficient (j1, 2 ; j1,J2|91 + j2, 91 + j2) to be real and pos- 
itive; it is, moreover, equal to 1 (cf. Chap. X, § C-4-b-a). Setting M = J = 71 + je in (13), we 
then see that the coefficients (71, j2 ; mi, me2|j1 + j2, 71 + j2 — 1) are positive. By recurrence, it 
is then easy to prove that: 


(j1,J2 3 Mi, mMa|ji + j2,M) = 0 (19) 


B. Coefficients in which m, has its maximum value 
Consider the coefficient (j1, J2 ; m1,M2|J,M). In theory, the maximum value of m1 is 

mi = ji. However, we then have mz = M — ji, which, according to (4c), is possible only if 
M — ji > —je that is: 

Mehn-h (20) 
If, on the other hand: 

M < ji — je (21) 
the maximum value of m1 corresponds to the minimum value of mz (mz = —j2), and is therefore 
equal to m1 = M + je. 


Let us show that all Clebsch-Gordan coefficients for which m, has its maximum value are 
non-zero and positive. To do so, we set m1 = ji, in (13); we find: 


J(J +1) — M(M — 1) (ji, 52 5 j1,malJ,M — 1) 
= V ja(j2 + 1) — mo(me + 1) (91,52 5 j1,ma + 1|J,M) (22) 
Using this relation, an argument by recurrence starting with (16) shows that all the coefficients 
(j1, 2; ji, M — jilJ, M) are positive [and non-zero if M satisfies (20)]. Analogously, setting 


m2 = —Je in (14), we could prove that all the coefficients (71, j2; M + j2, —j2|J, M) are positive 
[if M satisfies (21)]. 
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y. The coefficients (j1,J2 ; Mi,me|J, J) and (j1,J2 5 m1, mM2|J, —J) 
We saw in §2-a that the sign of (j1, j2 ; mi,me2|J, J) is (—1)21~™. In particular: 
the sign of (j1,j2 3 J —je,jalJ, J) is (-1)24?-7 (23) 
To determine the sign of (j1,j2 ; mi, me2|J,—J), we can set M = —J in (13), whose left- 
hand side then goes to zero. We therefore see that the sign of (j1, j2 ; m1, m2|J,—J) changes 


whenever m; (or m2) varies by +1. Since, according to § B, (j1,j2 ; jo — J, —je2|J,—J) is 
positive, it follows that the sign of (j1, 72 ; mi,ma|J,—J) is (—1)™2*%, and, in particular: 


the sign of (j1, 32 ;—j1, -J + jilJ, —J) is (—1)2 7? 77 (24) 





3-b. Changing the order of 7; and j2 


With the conventions we have chosen, the phase of the ket |J, J) depends on the or- 
der in which the two angular momenta j; and jz are arranged in the Clebsch-Gordan co- 
efficients (cf. comment of § 2-a). If they are taken in the order 71, j2, the component of 
|J, J) along |j1,72 3 31, J — ji) is positive, which means that the sign of the component along 
\j1,J2 3 J — jo, je) is (—1)21+?2~7, as is indicated by (23). On the other hand, if we pick the 
order jz, j1, relation (17) shows that the latter component is positive. Therefore, if we invert 71 
and jo, the ket |J,.J) is multiplied by (—1)?!*92~7. The same is true for the kets | J, M), which 
are constructed from |J, J) by the action of J in such a way that the order of j1 and j2 plays 
no role. Finally, the exchange of 7; and jz leads to the relation: 


(ja, j1 3 ma,mal J, M) = (1)? ~Y (jr, jo 5 mi, me|J, M) (25) 


3-c. Changing the sign of M, mi and m2 


In Chapter X and in this complement, we have constructed all the kets |J, M) (and, 
therefore, the Clebsch-Gordan coefficients) from the kets |J, J), by applying the operator J_. 
We can take the opposite point of view, and start with the kets |J,—J), using the operator J+. 
The reasoning which follows is exactly the same, and we find for the kets |J,-M) the same 
expansion coefficients on the kets |j1, j2; —m1,—mz) as for the |J, M) on the |ji, j2; m1, m2). 
The only differences that can appear are related to the phase conventions for the kets |J, M), 
since the analogue of (16) then requires (j1, j2; —j1, -J + jilJ, J) to be real and positive. 
Now, according to (24), the sign of this coefficient is, in reality, (—1)?1*+92~7. Consequently: 


(ji, Ja 3 —ma, —me| J, -—M) = (-1) 42-7 (jx, ja 3 mi, mel J, M) (26) 


In particular, if we set m1 = m2 = 0, we see that the coefficient (71, 72; 0,0|J,0) is zero 
when 71 + j2 — J is an odd number. 





3-d. The coefficients (7,7 ; m,—m|0,0) 
According to (3a), J can be zero only if 71 and jz are equal. We therefore substitute the 
values j1 = jo = Jj, M1 =™M, m2 = —m—1 and J = M = 0 into (13); we obtain: 
(94 m+1,—(m + 1)0,0) = — (9,9 ; m, —m|0, 0) (27) 


All the coefficients (j,7 ; m,—m|0,0) are therefore equal in modulus. Their signs change when- 
ever m varies by one, and, since (7,7 ; 3, —j|0,0) is positive, it is given by (—1)’~™. Taking into 
account orthogonality relation (7b), which indicates that: 
J 
S> (id 3m, —ml0,0)? = 1 (28) 


m=—-j 
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we find: 
(-1-" 
; —m|0,0) = ————— 29 
G9 ? m, m| ? ) J274+1 ( ) 
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In this complement, we use the properties of Clebsch-Gordan coefficients to prove 
relations that will be of use to us later, especially in Complements Ex and Axyy: the 
spherical harmonic addition relations. With this aim in mind, we shall begin by intro- 
ducing and studying the functions of two sets of polar angles 1 and Q2, the ®4/ (Q4; 2). 


1. ‘The functions ®%7 (Q,; Q2) 


Consider two particles (1) and (2), of state spaces €} and €? and orbital angular momenta 
L and Ly. We choose for the space €} a standard basis, formed by the kets {|e 4, mi) }; 
whose wave functions are: 


Pk limi (¥1) = Rey (71) ¥7"*(O1) (1) 


(Qy denotes the set of polar angles {61, y1} of the first particle). Similarly, we choose for 
E2 a standard basis, {|Yx.,12,m2)}- In all that follows, we shall confine the states of the 
two particles to the subspaces €(k1,1,) and E(k2,l2), where ki, 11, ka and ly are fixed; 
the radial functions and Rx, 1,(71) and Rx. ,1,(r2) play no role. 

The angular momentum of the total system (1) + (2) is: 


J Tee bs (2) 


According to the results of Chapter X, we can construct a basis of E(k, 1,) @ E(ka, lz) of 
eigenvectors |®4”) common to J? [eigenvalue J(J+1)h?] and J, (eigenvalue Mh). These 
vectors are of the form: 


Joy) = s s (li, le ; mi, Mal J, M) |Pkx tam, (1) ® |Pko,lo,mo(2)) (3a) 


mi=—l, m2=—le 
the inverse change of basis being given by: 


litle 


|Pka tama (1)) ® |Pke,le,me(2)) = a s (li, la ; ’ m1, mJ, M) \o3") (3b) 
J=|l1-lo| M=—-J 


Relation (3a) shows that the angular dependence of the states |®4) is described by the 
functions: 


BH (01;02) = SO S8 (iy la 5 mi, mal J, M) V7" (Oa) ¥;" (2) (4a) 


my me 
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Similarly, relation (3b) implies that: 


tls di 
Yi (OQa)¥?(Q2) =  S> SS (lla s mai, malJ,M) © (01,02) (4b) 
J=|l,—ly| M=—J 
To the observables L, and Lg correspond, for the wave functions, differential op- 
erators acting on the variables Q) = {61, 91} and Q2 = {62, y2}; in particular: 


h O 

L genie, 
lz > 7 Ooi (5a) 

h Oo 

L See, 
22> i Ops (5b) 


Since, by construction, the ket |e) is an eigenvector of J, = L1, + L2,, we can write: 


7 (so + Gog) BM Cavers ba ga) = Mh BY (0, prio) (6) 
Similarly, we have: 

|) = n/TT FD) = MED | OY) (7 
which implies, with formulas (D-6) of Chapter VI taken into account: 


; 0 0 
ativi | . 
{e or +icot | 








NY 














iss 0 . 0 
+ett¥2 sme + cot O2 | \ 6) (61, Y13 02, (2) 
= J/J(J +1) — M(M +1) ©¥**(6;, v1; 62, y2) (8) 





2. The functions F7"(Q) 


We now introduce the function F/” defined by: 
FI" (8,9) = Fi"(Q) = BF (Qi =  ; A =) (9) 


Fy” is a function of a single pair of polar angles Q = {6, y}, and can therefore characterize 
the angular dependence of a wave function associated with a single particle, of state space 
€, and angular momentum L. In fact, we shall see that F/” is not a new function, but is 
simply proportional to the spherical harmonic Y;”. 

To demonstrate this, we shall show that Fy” is an eigenfunction of L? and L, 
with the eigenvalues [(J + 1)h? and mh. We therefore begin by calculating the action 
of L, on F/”. According to (9), F/” depends on @ and » by way of Q; = {61,1} and 
Q2 = {02,2}, which are both taken equal to 2. If we apply the differentiation theorem 
for functions of functions, we find: 

ho 


L, Fy" (8, ) me eon ) 


=" {2 4 2] yma} oy 


a Ov1 Ov2 Q,=N22=A 
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Relation (6) then yields: 
LF" (0, 9) = mh F7" (8, 9) (11) 


which proves part of the result being sought. To calculate the action of L? on Fy”, we 
use the fact that: 


1 
L? = 5 (L4L_+L_Ly)+ 1? (12) 


Now, by using an argument analogous to the one that enabled us to write (10) and (11), 
relation (8) leads to: 


La FI"(0,p) =hVUl + 1) — m(m £1) F"*"(6, 9) (13) 


With this, (12) then yields: 











L? FY" (6, y) = r {[I(1 +1) —m(m — 1)] + [10 +1) — m(m 4-1) + 2m? } Fi" (0,¢) 
= I(14+ 1)h? F7"(0,¢) (14) 


Fy", which, according to (11), is an eigenfunction of L, with the eigenvalue mh, is 
therefore also an eigenfunction of L? with the eigenvalue I(1+1)h?. Since L? and L, form 
a C.S.C.O. in the space of functions of @ and y alone, F/” is necessarily proportional to the 
spherical harmonic Y;”. Relation (13) enables us to show easily that the proportionality 
coefficient does not depend on m, and we find: 


FI"(8, 9) = AI) ¥"(9, v) (15) 


We must now calculate this proportionality coefficient A(1). To do so, we shall 
choose a particular direction in space, the Oz direction (6 = 0, y indeterminate). In this 
direction, all the spherical harmonics Y;™ are zero ', except those corresponding to m = 0. 
When m = 0, the spherical harmonic Y;"(@ = 0,y) is given by [cf. Complement Avr, 
relations (57) and (60)]: 


21+1 








Y/(0 = 0, ~) = 1 
P(0=0,9)= (16) 
Substituting these results into (4a) and (9), we find: 
_ 21 1)(21 1 
FP"=°(8 = 0,9) = (asta ; 0, olf,0) YEH * UCR +9) (17) 
7 
Furthermore, according to (15) and (16): 
= 21+ 1 
FP=(9 = 0,9) = Ny — (18) 
An 
We therefore have: 
21 1)(21 1 
i) | ee i 60,201090) (19) 


4 (21 + 1) 


Since Y/™ is proportional to e’™?, they must be zero for the value of Y,™ in the Oz direction to be 
defined uniquely; to see this, set 6 = 0 in (66), (67) and (69) of Complement Ayr. 
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3. Expansion of a product of spherical harmonics; the integral of a product of 
three spherical harmonics 


With (9), (15) and (19) taken into account, relations (4a) and (4b) imply that: 


—1 








(2h, + 1)(2ly + 1) 
Y, ( ) 4n(2l + 1) (i, le ; 0, O|2, 0) 
x So asda 5 ma, mall, m) ¥" (QZ?) (20) 
m1 m2 
and: 
1,412 l 
m m (21, + 1) (2ly + 1) 
YP (Q)Y? ( = a a (11, la ; 0, O|!, 0) 
1=|ly-l2| m= 
x (ly, le 3 m1, mMa|l,m) ¥™(Q) (21) 


This last relation (in which the summation over m is actually unnecessary, since the 
only non-zero terms necessarily satisfy m = m1 + mg) is called the spherical harmonic 
addition relation?. According to formula (26) of Complement Bx, the Clebsch-Gordan 
coefficient (11,12 ; 0,0|1,0) is different from zero only if J; + lg —1 is even. The product 
Yi" (Q)Y;2" (Q) can therefore be expanded only in terms of spherical harmonics of orders: 


l=ht+lh, h+bh-2, ht+k—-4 ,.., |a-hl (22) 
In (21), the parity (—1)! of all the terms of the expansion on the right-hand side is thus 


indeed equal to (—1)""*"2, the parity of the product which constitutes the left-hand side. 
We can use the spherical harmonic addition relation to calculate the integral: 


I= pero y, 2 (Q) ¥4"9(Q) dQ (23) 
Substituting (21) into (23), we find expressions of the type: 
K(l,m ; l3,m3) = pro Yi, 3(Q) dQ (24) 


which, with the spherical harmonic complex conjugation relations and orthogonality 
relations taken into account [cf. Complement Avr, relations (55) and (45)], are equal to: 


K(l,m ; lz, msg) = ee! dil3 Onis (25) 


The value of J is therefore: 


(21, + 1)(2lp +1) 
¥™ (YY (O) V5 (OQ) dQ = (-1)™, | A 
/ ae) 4n(2l3 + 1) 
x (li, le ; 0, Ofl3,0) (li, l2 ; m1, mall3, —ms3) (26) 


This integral is, consequently, different from zero only if: 





?In the particular case in which lg = 1, m2 = O[Y?(,~) « cos6], it yields formula (35) of Comple- 
ment Ayq. 
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(4) my +m2+mz3 = 0, as could have been predicted directly, since the integral over 
in (23) is vise dy ei(mitmet+ms)e — OO wits anes 


(ii) a triangle can be formed with three line segments of lengths 11, lg and /3. 


(itt) ly + lg — 13 is even (necessary for (11,12 ; 0,0|l3,0) to be different from zero), that 
is, if the product of the three spherical harmonics Y;"*, Y/""? and Y;""° is an even 
function (obviously a necessary condition for its integral over all directions of space 
to be different from zero). 


Relation (26) expresses, for the particular case of the spherical harmonics, a more general 
theorem, called the Wigner-Eckart theorem (cf. Complement Dx). 
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Vector operators: the Wigner-Eckart theorem 





1 Definition of vector operators; examples ........... 1066 
2 The Wigner-Eckart theorem for vector operators ...... 1067 
2-a Non-zero matrix elements of V in a standard basis ...... 1067 

2-b Proportionality between the matrix elements of J and V inside 
a subspace:€(hi9). iv. weds kes edo Soe ee ee a 1068 

2-c Calculation of the proportionality constant; the projection 
theorems. eo BS ea eS Sl Be he 1070 

3 Application: calculation of the Landé g, factor of an atomic 
MEVELe coeie ea eile ge Serle Te LN Bote, Rei feels BY 1072 
3-a Rotational degeneracy; multiplets... ..........02.. 1072 


3-b Removal of the degeneracy by a magnetic field; energy diagram1073 





In Complement Byr (cf. § 5-b), we defined the concept of a scalar operator: it is an 
operator A which commutes with the angular momentum J of the system under study. An 
important property of these operators was then given (cf. § 6-c-8 of that complement): in 
a standard basis, {|k,7,m)}, the non-zero matrix elements (k, 7, m|A|k’, 7’, m’) of a scalar 
operator must satisfy the conditions 7 = 7’ and m = m’; in addition, these elements do 
not depend! on m, which allows us to write: 


(k, j, m|A|k’, j’,m’) = a;(k, k’) 054° Smm! (1) 
In particular, if the values of k and j are fixed, which amounts to considering the “re- 
striction” of A (cf. Complement By, § 3) to the subspace E(k, 7) spanned by the (27 +1) 
kets |k,j,m) (m = —j, -j +1,..., +7), we obtain a very simple (27 +1) x (27 + 1) matrix: 
it is diagonal and all its elements are equal. 

Now consider another scalar operator B. The matrix corresponding to it in the 
subspace E(k, 7) possesses the same property: it is proportional to the unit matrix. 
Therefore, the matrix corresponding to B can easily be obtained from the one associated 
with A, by multiplying all the (diagonal) elements by the same constant. We therefore 
see that the restrictions of two scalar operators A and B to a subspace €(k, 7) are always 
proportional. Denoting by P(k,7) the projector onto the subspace E(k, 7), we can write 
this result in the form?: 


The aim of this complement is to study another type of operators that possesses 
properties analogous to the ones just recalled: vector operators. We shall see that if 





1The proof of these properties was outlined in Complement By;. We shall return to this point in 
this complement (§ 3-a) when we study the matrix elements of a scalar Hamiltonian. 

?For two given operators A and B, the proportionality coefficient generally depends on the subspace 
E(k, 7) chosen; this is why we write X(k, 7). 
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V and V’ are vectorial, their matrix elements also obey selection rules, which we shall 
establish. Moreover, we shall show that the restrictions of V and V’ to E(k, j) are always 
proportional: 


These results constitute the Wigner-Eckart theorem for vector operators. 


Comment: 


Actually, the Wigner-Eckart theorem is much more general. For example, it en- 
ables us to obtain selection rules for the matrix elements of V between two kets 
belonging to two different subspaces E(k, 7) and E(k’, 7’), or to relate these elements 
to the corresponding elements of V’. The Wigner-Eckart theorem can also be ap- 
plied to a whole class of operators, of which scalars and vectors merely represent 
special cases: the irreducible tensor operators (cf. exercise 8 of Complement Gx), 
which we shall not treat here. 


1. Definition of vector operators; examples 


In § 5-c of Complement Byyz, we showed that an observable V is a vector if its three com- 
ponents V,,V, and V, in an orthonormal frame Oxyz satisfy the following commutation 
relations: 


[Je Vy] = iV, (4b) 
[Je, Ve] = —ihV, (4c) 


as well as those obtained by cyclic permutation of the indices x, y and z. 

To give an idea of what this means, we shall give some examples of vector operators. 

(i) The angular momentum J is itself a vector; replacing V by J in formulas (4), 
we simply obtain the relations that define an angular momentum (cf. Chap. VI). 

(ii) For a spinless particle whose state space is €,, we have J = L. It is then simple 
to show that R and P are vector operators. We have, for example: 


[Le, X] = [YP, — ZP,, X] =0 
Lz, Y] =[-ZP,,Y] = ihZ (5) 
(Lz, Z| = [YP., Z] = —ihY 


(iit) For a particle of spin S, whose state space is €, @ €,, J is given by J=L+S. 
In this case, the operators L, 8, R, P are vectors. If we take into account the fact that 
all the spin operators (which act only in €,) commute with the orbital operators (which 
act only in &,), the proof of these properties follows immediately from (2) and (ii). 

On the other hand, operators of the type L?, L-S, etc., are not vectors, but scalars 
(cf. comment (2) of Complement By1, § 5-c]. Other vector operators could, however, be 
constructed from those we have mentioned: R x S, (L-S) P, etc. 

(iv) Consider the system (1) + (2), formed by the union of two systems: (1), of 
state space €), and (2), of state space €2. If V(1) is an operator that acts only in €), and 
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if this operator is a vector [that is, satisfies commutation relations (4) with the angular 
momentum Jj of the first system], then the extension of V(1) into €; @€2 is also a vector. 
For example, for a two-electron system, the operators L;, Rj, S2, etc. are vectors. 


2. The Wigner-Eckart theorem for vector operators 


2-a. Non-zero matrix elements of V in a standard basis 


We introduce the operators Vi, V_, J; and J_ defined by: 















































Va = Vz £iVy 

Jz = Jy £idy (6) 
Using relations (4), we can easily show that: 

Ix; V4] = FAV, (7a) 

Jy, Vi] = —ifV, (7b) 

Jz, Va] = £RV (7c) 
from which we can deduce the commutation relations of J- and V1: 

J,,Vi])=0 (8a) 

J, V_] = 2AV, (8b) 

J_,V,] = —2AV, (8c) 

J_,V_]=0 (8d) 





Now consider the matrix elements of V in a standard basis. We shall see that the 
fact that V is a vector implies that a large number of them are zero. First of all, we 
shall show that the matrix elements (k,j,m|V.|k’,7’,m’) are necessarily zero whenever 
m is different from m’. It suffices to note that V, and J, commute [which follows, after 
cyclic permutation of the indices x, y and z, from relation (4a)]. Therefore, the matrix 
elements of V, between two vectors |k, 7,m) corresponding to different eigenvalues mh of 
J, are zero (cf. Chap. II, § D-3-a-8). 

For the matrix elements (k, j,m|V+|k’, j’,m’) of Vi, we shall show that they are 









































different from zero only if m — m’ = +1. Equation (7c) indicates that: 
IeVi = Vide + AVE (9) 
Applying both sides of this relation to the ket |k’, 7’,m’), we obtain: 
Jz(Vs|ki, 9’, m')) = Va Tz |k’,9’,m') £ RV |k’, 9, m’) 
= (m! + 1)AV4 |k’, j’,m’) (10) 











This relation indicates that Vx |k’,7’,m’) is an eigenvector® of J, with the eigenvalue 
(m’ + 1)h. Since two eigenvectors of the Hermitian operator J, associated with different 














31t should not be concluded that V+ |k,7,m) is necessarily proportional to |k, j,m +1). In fact, the 
argument we have given shows only that: 


Vx |k,j,m) = SE So cee i 
Kf 


For us to be able to omit, for example, the summation over j’, it would be necessary for V_; to commute 
with J?, which is not generally the case. 











k’,j',mt 1 
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eigenvalues are orthogonal, it follows that the scalar product (k, j,m|V|k’, 7’, m’) is zero 
ifm Am’ +1. 

Summing up, the selection rules obtained for the matrix elements of V are as 
follows: 








V, = Am=m-—m’' =0 (11a) 
Vy, == Am=m-m'=+41 (11b) 
V_ => Am=m-m’'=-1 (11c) 


From these results, we can easily deduce the forms of the matrices that represent the 
restrictions of the components of V inside a subspace E(k, 7). The one associated with 
V, is diagonal, and those associated with V. have matrix elements only just above and 
just below the principal diagonal. 





2-b. Proportionality between the matrix elements of J and V inside a subspace €(k, 7) 


Q. Matrix elements of V4 and V_ 
Expressing the fact that the matrix element of the commutator (8a) between the 
bra (k, j,m-+ 2| and the ket |k,7,m) is zero, we have: 
(kj, m+ 2| I Vy Ik, 3, m) = (kJ, m+ 2| ViJ4 1k, 9, m) (12) 


On both sides of this relation and between the operators J, and V,, we insert the closure 
relation: 


Rete = 1 (13) 
k!,j! ym! 


We thus obtain the matrix elements (k, j,m| J+ |k’, 7’, m’) of Ji; by the very construction 
of the standard basis {|k,7,m)}, they are different from zero only if k = k’, 7 = j’ and 
m= m/'+1. The summations over k’, 7’ and m’ are therefore unnecessary in this case, 
and (12) can be written: 

(k, j,m + 2| Jy |k,j,m + 1) (k,j,m + 1] Vy |k, j,m) 

= (k,j,m+ 2| Vy |k,j,m+ 1) (k,j,m+ 1 Jy |k, j,m) (14) 

that is: 

(k,j,m + 1| Va |k, j,m) = (k, jm + 2| Vi |k,j,m + 1) 

(k,j,m+ 1 J+ Ik, 3, m) — (k,j,m+ 2| Jy |k,j,m+ 1) 





(15) 














(as long as the bras and kets appearing in this relation exist, that is, as long as j — 2 > 
m > —j, we can show immediately that neither of the denominators can go to zero). 
Writing the relation thus obtained for m = —j7,—j + 1,...7 — 2, we get: 


(k,9,-9 +AV4 IRI, -9) _ (hd 9 + 21 V4 Nk FFL) _ 
541 Ts IEG 9) B57 +2 Ts BFF D) 
_ (kj, m+1/Vi [ky jm) _ 

~ (hj, TJ Ike) 
_ tk 
= 


























as 16 
Red; ald lk, 9,9 — 1) iP) 
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that is, if we call a1(k,7) the common value of these ratios: 
(k, j,m + 1| Vi Ik, 9, m) = a+(k, J) (k,j,m + 1| Jy. |k, 3, m) (17) 


where a,(k,7) depends on k and on j, but not on m. 

Selection rule (11b) implies that all the matrix elements (k, j,m| V+ |k,7,m’) and 
(k,j,m| J+ |k,j,m’) are zero if Am = m—m!' # +1. Therefore, whatever m and m’, we 
have: 


(k, j,m| Vy Rds m’) = a+(k, j) (k, j,m| Jy |k,j,m’) (18a) 


This result expresses the fact that all the matrix elements of V; inside E(k, 7) are pro- 
portional to those of J1. 

An analogous argument can be made by taking the matrix element of the commu- 
tator (8d) between the bra (k, j,m — 2| and the ket |k,7,m) to be zero. We are thus led 
to: 


(k, j,m| V_ |k, j,m’) = a_(k, j) (k, j,m| J_ |k, j,m') (18b) 


an equation which expresses the fact that the matrix elements of V_ and J_ inside E(k, 7) 
are proportional. 


B. Matrix elements of Vz 


To relate the matrix elements of V, to those of J,, we now place relation (8c) 
between the bra (k,7,m| and the ket |k, 7, m): 


—2h {k, j,m| Vz |k,j,m) = (k, j,m| (JV — Ve J_) |k, 3,m) 
=hy/j(9 +1) — m(m 4+ 1) (kj, m+ 1 V4 Ik, 7, m) 
—hy/jG +1) — m(m — 1) (kj, m| V4 |k, 3,m — 1) (19) 
Using (18a), we get: 
(k, j,m| Vz |k, j,™m) 


1 ee : 
= —504(k, Jj) {VIG + 1) — mlm +) (ke, j,m + 1] Je Ik, j,m) 


— VIG +1) = mim =) (k, j,m| J, |, jm — 1)} 
= 5 04(K, 9) {9G +1) —m(m+1)-FG+Y)+m(m—D} (20) 
that is: 
(k, j,m| Vz |k,j,m) = mh ay (k, J) (21) 
Similarly, an analogous argument based on (8b) and (18b) leads to: 
(k, j,m| Vz |k, j,m) = mh a_(k, j) (22) 


Relations (21) and (22) show that a,(k,7) and a_(k,7) are necessarily equal; from now 
on, we shall call their common value a(k, 7): 


a(k, j) = a+(k, j) = a_(k,j) (23) 
In addition, these relations imply that: 
(k, j,m| Vz |k, j,m’) = a(k, j) (k, j,m| J, |k, j,m’) (24) 
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y. Generalization to an arbitrary component of V 


Any component of V is a linear combination of V,;, V_ and V,. Consequently, 
using relation (23), we can summarize (18a), (18b) and (24) by writing: 


(k,j,m| V |k, j,m’) = a(k, 9) (k, j,m| Jk, j,m’) (25) 


Therefore, inside E(k,j), all the matrix elements of V are proportional to those of J. 
This result expresses the Wigner-Eckart theorem, for a special case. Introducing the 
“restrictions” of V and J to E(k,7) (cf. Complement Bry, § 3), we can also write it: 


Comment: 
Operator J commutes with P(k, 7) [cf. (27)]; since, moreover: 
[P(k, 5)” = P(k, 3) 


we can omit either one of the two projectors P(k, 7) on the right-hand side of (26). 


2-c. Calculation of the proportionality constant; the projection theorem 
Consider the operator J - V; its restriction to E(k, 7) is P(k,7)J -V P(k,j). To 
transform this expression, we can use the fact that: 


[J,P(k,7)] = 0 (27) 


a relation that can easily be verified by showing that the action of the commutators 
(Jz, P(k,7)] and [Jz, P(k,7)] on any ket of the {|k, 7,m)} basis yields zero. Using (26), 
we then get: 





P(k, 9) J -V P(k,j) = J.[P(k, 7) V PC, 9) 
= a(k, j) J?P(k, j) 
= atk, j) i(j + 1h? P(k, 5) (28) 


The restriction to the space €(k,7) of the operator J - V is therefore equal to the iden- 
tity operator’ multiplied by a(k,7j) j(j + 1)h?. Therefore, if |,,;) denotes an arbitrary 
normalized state belonging to the subspace €(k, 7), the average value (J -V),,; of J: V 
is independent of the ket |),_,;) chosen, since: 


(JV) kj = (We,g|I - Vide, 3) = ok, 5) 5G + DK? (29) 
If we substitute this relation into (26), we see that°, inside the subspace E(k, j): 


IN es AIM g 
V= “WH, = Gabe! (30) 


4Since J - V is a scalar, the fact that its restriction is proportional to the identity operator was to 
be expected. 

>We shall say that an operator relation is valid only inside a given subspace when it is actually valid 
only for the restrictions to this subspace of the operators being considered. To be completely rigorous, 
we should therefore have to place both sides of relation (30) between two projectors P(k, 7). 
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Figure 1: Classical interpretation of the pro- 
jection theorem: since the vector v rotates 
very rapidly about the total angular momen- 
tum j, only its static component vy should 
be taken into account. 








This result is often called the “projection theorem”. Whatever the physical system being 
studied, as long as we are concerned only with states belonging to the same subspace 
E(k, 7), we can assume that all vector operators are proportional to J. 

We can give the following classical physical interpretation of this property (cf. § 1 
of Complement Fx): if j denotes the total angular momentum of any isolated physical 
system, all the physical quantities attached to the system rotate about j, which is a 
constant vector (cf. Fig. 1). In particular, for a vector quantity v, all that remains after 
averaging over time is its projection vy onto j, that is, a vector parallel to j, given by: 

-v 


a formula which is indeed analogous to (30). 


Comments: 


(i) It cannot be deduced from (30) that, in the total state space [the direct 
sum of all the subspaces €(k,7)], W and J are proportional. It must be 
noted that the proportionality constant a(k,j) (or (J -V),,;) depends on 
the subspace €(k, 7) chosen. Moreover, any vector operator V may possess 
non-zero matrix elements between kets belonging to different subspaces while 
the corresponding elements of J are always zero. 


(it) Consider a second vector operator W. Its restriction inside €(k,7) is pro- 
portional to J, and therefore also to the restriction of V. Therefore, inside a 
subspace E(k, 7), all vector operators are proportional. 


However, to calculate the proportionality coefficient between V and W, we cannot simply replace 
J by W in (30) (which would give the value (V-W), ; / (Ww?) _). In the proof leading to relation 
; J 
(30), we used the fact that J commutes with P(k, 7) in (28), which is not generally the case for W. To 
calculate this proportionality coefficient correctly, we note that, inside the subspace €(k, 7): 
(JW), 


We a ee (32) 
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This yields, with (30) taken into account: 
Ve 


OW), oe 


3. Application: calculation of the Landé g,; factor of an atomic level 


In this section, we shall use the Wigner-Eckart theorem to calculate the effect of a mag- 
netic field B on the energy levels of an atom. We shall see that this theorem considerably 
simplifies the calculations and enables us to predict, in a very general way, that the mag- 
netic field removes degeneracies, causing equidistant levels to appear (to first order in 
B). The energy difference of these states is proportional to B and to a constant gj (the 
Landé factor) which we shall calculate. 

Let L be the total orbital angular momentum of the electrons of an atom (the sum 
of their individual orbital angular momenta L;), and let S be their total spin angular 
momentum (the sum of their individual spins S;). The total internal angular momentum 
of the atom (assuming the spin of the nucleus to be zero) is: 


J=L+S8S (34) 


In the absence of a magnetic field, we call Ho the Hamiltonian of the atom; Ho 
commutes® with J. We shall assume that Ho, L?, S?, J? and J, form a C.S.C.O., and 
we shall call |Eo, L, S, J, M) their common eigenvectors, of eigenvalues Eo, L(L + 1)h?, 
S(S +1)h?, J(J +1)h? and Mh, respectively. 


This hypothesis is valid for a certain number of light atoms for which the angular momentum 
coupling is of the L-S type (cf. Complement Bxrv). However, for other atoms, which have a 
different type of coupling (for example, the rare gases other than helium), this is not the case. 
Calculations based on the Wigner-Eckart theorem, similar to those presented here, can then be 
performed, and the central physical ideas remain the same. For the sake of simplicity, we shall 
confine ourselves here to the case in which L and S are actually good quantum numbers for the 


atomic state under study. 


3-a. Rotational degeneracy; multiplets 


Consider the ket Jy |Fo, L,S,J,M). According to the hypotheses set forth above, 
J commutes with Ho; therefore, Ji |Eo,L,5,J,M) is an eigenvector of Ho with the 
eigenvalue Ho. Furthermore, in accordance with the general properties of angular mo- 
menta and their addition, we have: 











Js. |Eo, L, 5, J,M) =h/J(T +1) — M(M £1) |Eo, L,S,J,M £1) (35) 











This relation shows that, starting with a state |Eo, L,S,J,M), we can construct 
others with the same energy: those for which —J < M < J. It follows that the eigenvalue 





6This general property follows from the invariance of the energy of the atom under a rotation of all 
the electrons, performed about an axis passing through the origin (which is the position of the nucleus, 
assumed to be motionless). Ho, which is invariant under rotation, therefore commutes with J (Ho is a 
scalar operator; cf. Complement Byr, § 5-b). 
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Eo is necessarily at least (2.J + 1)-fold degenerate. This is an essential degeneracy, 
since it is related to the rotational invariance of Ho (an accidental degeneracy may 
also be present). In atomic physics, the corresponding (2J + 1)-fold degenerate energy 
level is called a multiplet. The eigensubspace associated with it, spanned by the kets 
|Eo, L,S,J,M) with M = J, J —1,...,-J, will be written E(£o, L,S, J). 


3-b. Removal of the degeneracy by a magnetic field; energy diagram 


In the presence of a magnetic field B parallel to Oz, the Hamiltonian becomes (cf. 
Complement Dyrr): 


H=Ho+m (36) 
with: 
Ay = wy(L, + 28,) (37) 


(the factor 2 before S, arises from the electron spin gyromagnetic ratio). The “Larmor 
angular frequency” wy of the electron is defined in terms of its mass m and its charge q 
by: 

qB _ 


=", (38) 


Pe ae h 


(where zp = gh/2m is the Bohr magneton). 

To calculate the effect of the magnetic field on the energy levels of the atom, we shall 
consider only the matrix elements of H; inside the subspace €( Eo, L, S, J) associated with 
the multiplet under study. Perturbation theory, which will be explained in Chapter XI, 
justifies this procedure when B is not too large. 

Inside the subspace €(Eo, L,S,J), we have, according to the projection theorem 


(§ 2-c): 


© I) 5.15. 

t= Tg+pe 9 (39a) 
(S . J) i, L,S,J 

S= erat J (39b) 





where (L-J) x 7,97 and (S-J)p, 7,97 denote respectively the average values of the 
operators L- J and §-J for the states of the system belonging to E(Eo, L, S, J). Now, 
we can write: 


i 
L-J=L-(L+S8)=L’+,(5°-L’—s’) (40a) 
as well as: 
1 
S-J=S-(L+S8)=S*+5(J°-L*—-S*) (40b) 


It follows that: 


(L-J) 51,57 = L(L+1)h? + [J(J +1) — L(L +1) - S($ +1) (41a) 
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Figure 2: Energy diagram showing the removal of the (2J + 1)-fold degeneracy of a 
multiplet (here J = 5/2) by a static magnetic field B. The distance between two adjacent 
levels is proportional to |B| and to the Landé gz factor. 





and: 
S-I)nnng,7 = 95+ YA + © [I(F-+1) - E+ 1) - (9-49) (41b) 


Relations (41), substituted into (39) and then into (37), show that, inside the subspace 
€(Eo, L, S, J), the operator Hj is given by: 


Ay = gwd (42) 
where the Landé g, factor of the multiplet under consideration is equal to: 


Be SERV SECEY 
o> 5) pag ay. (43) 


Relation (42) implies that the eigenstates of the Hamiltonian Hj inside the eigen- 
subspace €(Eo, L, S, J) are simply the basis vectors |Eo, L, S, J, M), with the eigenvalues: 


FE, (M) = giM hwy, (44) 


We see that the magnetic field completely removes the degeneracy of the multiplet. 
As is shown by the diagram in Figure 2, a set of (2.J+1) equidistant levels appears, each 
one corresponding to one of the possible values of M. Such a diagram permits general- 
ization of our earlier study of the polarization and frequency of optical lines emitted by a 
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fictitious atom with a single spinless electron (the “normal” Zeeman effect; cf. Comple- 
ment Dyyz), to the case of atoms with several electrons whose spins must be taken into 
account. 


References and suggestions for further reading: 


Tensor operators: Schiff (1.18), § 28; Messiah (1.17), Chap. XIII, § VI; Edmonds 
(2.21), Chap. 5; Rose (2.19), Chap. 5; Meijer and Bauer (2.18), Chap. 6. 
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Consider a system .“ composed of N charged particles placed in a given electro- 
static potential U(r). We shall show in this complement how to calculate the interaction 
energy of the system .Y with the potential U(r) by introducing the electric multipole 
moments of .7. First of all, we shall begin by recalling how these moments are introduced 
in classical physics. Then we shall construct the corresponding quantum mechanical op- 
erators, and we shall see how, in a large number of cases, their use considerably simplifies 
the study of the electrical properties of a quantum mechanical system. This is because 
these operators possess general properties which are independent of the system being 
studied, satisfying in particular certain selection rules. For example, if the state of the 
system .Y being studied has an angular momentum j [i.e. is an eigenvector of J? with 
the eigenvalue j(j + 1)h?], we shall see that the average values of all multipole operators 
of order higher than 27 are necessarily zero. 


1. Definition of multipole moments 


1l-a. Expansion of the potential on the spherical harmonics 


For the sake of simplicity, we begin by studying a system .% composed of a single 
particle, of charge g and position r, placed in the potential U(r). We shall then generalize 
the results obtained to N-particle systems. 


a. Single particle 


In classical physics, the potential energy of the particle is: 
V(r) = qU(r) (1) 


Since the spherical harmonics form a basis for functions of @ and y, we can expand U(r) 
in the form: 


oo l 


U(r) => D> fim(r)¥i"4, ) (2) 


1=0 m=-l 
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We shall assume the charges creating the electrostatic potential to be placed outside 
the region of space in which the particle being studied can be found. In this whole region, 
we then have: 


AU(r) =0 (3) 


Now, we know [cf. relation (A-15) of Chapter VII] that the Laplacian A is related to the 
differential operator L? acting on the angular variables 6 and y by: 


1 L? 
se Sol 4 
r Ore Ber? (4) 
Also, the very definition of the spherical harmonics implies that: 


L*Y"(8, 9) = U1 + 1)h?¥"(8, ») (5) 


It is therefore easy to calculate the Laplacian of expansion (2). If we write, using (3), 
that each of the terms thus obtained is zero, we get: 


or ae | fum(r) = 0 (6) 


This equation has two linearly independent solutions, r! and r~“'+), Since U(r) is not 
infinite for r = 0, we must choose: 


fim(r) = 4 orame! (7) 


where the cj, are coefficients that depend on the potential under consideration (the 
factor ,/4m/(21 + 1) is introduced for convenience, as will be seen later). 
We can therefore write (2) in the form: 





oo l 
V(r) = g(r) = D0 DS cam Q7"(x) (8) 


1=0 m=-l 


where the functions Q7"(r) are defined by their expressions! in spherical coordinates: 


OM) =a sar "6, 9) (9 


In quantum mechanics, the same type of expansion is possible; the potential en- 
ergy operator of the particle is V(R) = qU(R), whose matrix elements in the {|r)} 
representation are (cf. Complement Br, § 4-b): 


(r|qU(R)|r’) = qU(r) d(x — 1’) (10) 
Expansion (8) then yields: 
oo l 
V(R) =qU(R) =O am? (11) 
l=0 m=-l 





1Note the difference between the curly capitals of these classical functions and the Q;" for the 
quantum operators. 
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where the operators @7” are defined by: 
(rlQM lr’) = Q(x) d(x — r') 


4n 
m el 12 





=4 
The Qj” are called “electric multipole operators”. 


B. Generalization to N particles 


Now consider N classical particles, with positions r,, ro, .... ry and charges q1, qo, 
..., gn- Their coupling energy with the external potential U(r) is: 


N 
V(ri,to, wot) = S> dnU (rn) (13) 


The argument of the preceding section can immediately be generalized to show that: 


oo I 


V(ri,fo,--50N) = s S° Clhm OF" (1,2, --.,0N) (14) 


1=0 m=-l 


where the coefficients cj, [which depend on the potential U(r)] have the same values 
as in the preceding section, and the functions Q7” are defined by their values in polar 
coordinates: 


Ae / An 
Q) Pits ciy Oped 3 In( Tn)! Osis Gia) (15) 


(6, and y, are the polar angles of r,). The multipole moments of the total system are 
therefore simply the sums of the moments associated with each of the particles. 

Similarly, in quantum mechanics, the coupling energy of the N particles with the 
external potential is described by the operator: 





oo l 
V(Ri,Re,...,Rw) =) D7 cm Qi" (16) 


1=0 m=-l 


with: 


(ry, Poy, PN lO hy Parent) 
= OM (r1,8e,..,0n) O(¥1 —7}) 6(re — 14)... (ry — ry) (17) 


1-b. Physical interpretation of multipole operators 


Q. The operator Q§; the total charge of the system 
Since Yj) is a constant (YJ = 1/47), definition (15) implies that: 


N 
n=1 


COMPLEMENT Ex ® 





The operator Q@ is therefore a constant, equal to the total charge of the system. 

The first term of expansion (14) therefore gives the coupling energy of the system 
with the potential U(r), assuming all the particles to be situated at the origin O. This 
is obviously a good approximation if U(r) does not vary very much in relative value over 
distances comparable to those separating the various particles from O (if the system 7% 
is centered at O, this distance is of the order of the dimensions of .7). Furthermore, 
there exists a special case in which expansion (14) is rigorously given by its first term: 
the case where the potential U(r) is uniform, and therefore proportional to the spherical 
harmonic / = 0. 


B. The operators Q7"; the electric dipole moment 


According to (15) and the expression for the spherical harmonics Y; [cf. Comple- 
ment Ay, equations (32)], we have: 


1 
Qt a Va dS Gn (tn + in) 


1 
Q;" = V2 dS An Cian) 


These three quantities can be considered to be the components of a vector on the complex 
basis of three vectors e;, eg and e_1: 


D= —Q;'e, -f Oeq _ OQie-1 (20) 
with: 
= ——~(e, + ie,) =e e_j= ate (e, — ie,) (21) 
e, = e, +ie,); eg =ez; eC_1= xa 
: V2 Z : ; J2 e 


(where e,, e, and e, are the unit vectors of the Ox, Oy and Oz axes). The components 
of this vector D on the Oxyz axes are then: 


1 
Of = 5 [Pr*- Di] = Dd) date 
a jae 
(2 


Qt [Pr*+ Di] =S5 anyn 


We recognize the three components of the total electric dipole moment of the system 
with respect to the origin O: 


N 
P=)" Gar, (23) 
n=1 


The operators Q7” are therefore actually the components of the electric dipole D = 
in In Rn. 
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Relations (19) enable us, moreover, to write the / = 1 terms of expansion (14) in 
the form: 


5 cm OP = - glen e4-1 ) Da ann 


m=-1 
= Salen + ¢1,-1) » Gn Yn + C10 ye dn Zn (24) 


We shall now show that the combinations of the coefficients c,,, that appear in this 
expression are none other than the components of the gradient of the potential U(r) at 
r = 0. If we take the gradient of expansion (8) of U(r), the 1 = 0 term (which is constant) 
disappears; the | = 1 term can be put into a form analogous to (24) and yields: 


1 1 
—=(e1,1 + c1,-1) ey + C10 &z (25) 


—(¢c11 — C1.— 
7g la 1d Va 


As for the 1 > 1 terms of (8), they are polynomials in z, y, z of degree higher than 1 (cf. 
§§ y and 6 below) which make no contribution to the gradient at r= 0. The / = 1 term 
of expansion (14) can therefore be written, using (23) and (25): 


(>: onin): (VU)r=0 = —D- E(r = 0) (26) 


where: 


E(r) = —VU(r) (27) 


[VU(r)] 0 = - ) ez — 


is the electric field at point r. Thus we recognize (26) as the well-known expression for 
the coupling energy between an electric dipole and the field €. 


Comments: 


(i) In physics, we often deal with systems whose total charge is zero (atoms, for 
example). Q9 is then equal to zero, and the first multipole operator appearing 
in expansion (14) is the electric dipole moment. This expansion can often be 
limited to the | = 1 terms [hence expression (26)], since the terms for which 
1 > 2 are generally much smaller (this is the case, for example, if the electric 
field varies little over distances comparable to the distances of the particles 
from the origin; the | > 2 terms are, furthermore, rigorously zero in a special 
case: the case in which the electric field is uniform [cf. §§ y~ and 6 below)]. 


(ii) For a system .Y composed of two particles of opposite charge +q and —q (an 
electric dipole), the dipole moment D is: 


D= q(r1 = ro) (28) 


Its value is related to the position of the “relative particle” (cf. Chap. VII, 
§ B) associated with the system .%; it therefore does not depend on the 
choice of the origin O. Actually this is a more general property: it is simple 
to show that the electric dipole moment of any electrically neutral system 7% 
is independent of the origin O chosen. 
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y. The operators Q3’; the electric quadrupole moment 


Using the explicit expression for the Yj" [cf. Complement Ayr, relations (33)], we 
could show without difficulty that: 


4 6 
OF: = _ > Qn (Zn = iy)? 


Q3" = seve os Qn Sol Bes = Yn) (29) 

















In this way, we obtain the five components of the electric quadrupole moment of the 
system .%. While the total charge of Y is a scalar, and its dipole moment is a vector D, 
it can be shown that the quadrupole moment is a second-rank tensor. In addition, an 
argument similar to the one in § 6 would enable us to write the | = 2 terms of expansion 
(14) in the form: 


see o2U Le 
Se C2,mQ5° = > sal ne D4 Alp (30) 


m=—2 ty 


(with 2’, 27 = x,y or z). These terms describe the coupling between the electric 
quadrupole moment of the system .¥ and the gradient of the field E(r) at point r = 0. 


é. Generalization: the electric l-pole moment 


We could generalize the preceding arguments and show from the general expression 
for the spherical harmonics [cf. Complement Avy, relations (26) or (30)] that: 


e the quantities Q7” are polynomials (which are homogeneous in 2, y, z) of degree 1. 


e the contribution to expansion (14) of the J terms involves Ith order derivatives of 
the potential U(r), evaluated at r = 0. 


Expression (14) for the potential can thus be seen to be a Taylor series expansion in 
the neighborhood of the origin. As the variation of the potential U(r) in the region about 
-/ becomes more complicated, higher order terms must be retained in the expansion. For 
example, if U(r) is constant, we have seen that the J = 0 term is the only one involved. 
If the field E(r) is uniform, the / = 1 terms must be added to the expansion. If it is the 
gradient of the field € that is uniform, we have | < 2, and so forth. 


1-c. Parity of multipole operators 


Finally, we shall consider the parity of the Qj". We know that the parity of Y/” 
is (—1)! [ef. Chap. VI, relation (D-28)]. Therefore (cf. Complement Fy, § 2-a), the 
electric multipole operator Qj” has a definite parity, equal to (—1)', independent of m. 
This property will prove useful in what follows. 
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1-d. Another way to introduce multipole moments 


We shall consider the same system of N charged particles as in § l-a. However, 
instead of considering the interaction energy of this system with a given external potential 
U(r), we shall try to calculate the potential W(p) created by these charges at a distant 
point p (cf. Fig. 1). For the sake of simplicity, we shall use classical mechanics to treat 
this problem. The potential W(p) is then: 


N 


1 Qn 
W(p)= 31 
(p) el (31) 








Now, when |p| > |r,|, it can be shown that: 


CO 


121 y(t) (08 a) (32) 


lP —Pn| P i= 











Figure 1: The potential W(p) created at a distant point by a system SY composed of 
N charged particles (of positions r1,¥2, ...) can be expressed in terms of the multipole 
moments of SY. 





where a, denotes the angle (p,r,,), and P, is the /th-order Legendre polynomial. Using 
the spherical harmonic addition theorem (cf. Complement Ayr, § 2-e-7), we can write: 


+1 
dn m —m m 
Pi(608 Om) = 35 dX ¥ "(Ons en) ¥i"(@, ®) (33) 
(where © and ® denote the polar angles of p). Substituting (32) and (33) into (31), we 
finally obtain: 


WO Sos (-1)" O7" 5 ¥i"(0,8) (34) 


ATE9 i= 








3° 
3 
y 
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where Q/"(r1,¥2, ..., rN) is defined by relation (15). 

Relation (34) shows that the specification of the Q7” perfectly defines the potential 
created by the particle system in regions of space outside the system .7%. This potential 
W(p) can be seen to be the sum of an infinite number of terms: 

(<) The | = 0 term gives the contribution of the total charge of the system. This 
term is isotropic (it does not depend on © and ®) and can be written: 





wip =e (35) 


This is the 1/p potential which would be created by the charges if they were all situated 
at O. It is zero if the system is globally neutral. 

(it) The | = 1 term gives the contribution of the electric dipole moment D of the 
system. By performing transformations analogous to those in § 1-b-G, it can be shown 
that this contribution can be written: 
1 D-p 
3 








Wi(p) (36) 


~ At E9 pP 


This potential decreases like 1/p? when p increases. 

(iii) The | = 2,3, ... terms give, in the same way, the contributions to the potential 
W(p) of the successive multipole moments of the system under study. When p increases, 
each of these contributions decreases like 1/p'+!, and its angular dependence is described 
by an /th-order spherical harmonic. Moreover, we see from (34) and definition (15) that 
the potential due to the multipole moment Q, is at most of the order of magnitude of 
Wo(p) x (d/p)', where d is the maximum distance of the various particles of the system 
YY from the origin. Therefore, if we are concerned with the potential at a point p such 
that p > d (the potential at a distant point), the Wi(p) terms decrease very rapidly 
when / increases, and we do not make a large error by retaining only the lowest values 
of J in (34). 


Comment: 


If we wanted to calculate the magnetic field created by a system of moving charges, 
we could introduce the magnetic multipole moments of the system in an analogous 
way: the magnetic dipole moment”, the magnetic quadrupole moment, etc. The 
parities of the magnetic moments are the opposite of those of the corresponding 
electric moments: the magnetic dipole moment is even, the magnetic quadrupole 
moment is odd, and so on. This property arises from the fact that the electric 
field is a polar vector while the magnetic field is an axial vector. 


2. Matrix elements of electric multipole moments 


We shall again consider, for the sake of simplicity, a system composed of a single spinless 
particle. However, generalization to N-particle systems presents no theoretical difficulty. 





?There is no magnetic multipole moment of order | = 0 (magnetic monopole). This result is related 
to the fact that the magnetic field, whose divergence is zero according to Maxwell’s equations, has a 
conservative flux. 
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The state space €, of the particle is spanned by an orthonormal basis, {|xn,1,m)}, 
of common eigenvectors of L? [eigenvalue I(J + 1)h?] and L, (eigenvalue mh). We shall 
evaluate the matrix elements of a multipole operator Qj)” in such a basis. 


2-a. General expression for the matrix elements 


Qa. Expansion of the matrix elements 


From the general results of Chapter VII, we know that the wave functions associ- 
ated with the states |yn,1,m) are necessarily of the form: 


Xn,lm(P) = Rnw(r) Yi" (4, ¢) (37) 
The matrix element of the operator Q/” can therefore be written, using (12): 


(Xa jli yma | Q;" | Xnojle,me) = 


Qn 
-[- rar sinoao [ de Xi, ty ma (Ts 950) QI", 8,0) Xnastama(t 8, 9) 


=q/ r?dr Re Re net f° sin 6 d0 
aif 1,l1 (r) sts ) 5 


x i dy ¥"™*(,0) Y"(0, p)¥i22(0, ) (38) 


Thus, in the matrix element under consideration, we have a radial integral and an angu- 
lar integral. The latter, furthermore, can be simplified; using the complex conjugation 
relation for spherical harmonics [cf. Chap. VI, relation (D-29)] and relation (26) of Com- 
plement Cx (Wigner-Eckart theorem for spherical harmonics), we can show that it can 
be written: 


T Qn 
ym f sinoao [ dy ¥-™ (8,9) ¥"(0, o)¥7" (6, ») = 


21+ 1)(2Qle +1 

ats 0,0 | 11,0) (l2,0 3 ma,m | ti, m1) (39) 

Finally, we obtain: 
(Xnitiymi | Qi” | Xnv,la,m2) = 


1 
= SRT (Xia sl lI Qi | Nixie) (lo, U; m2,™m | I1,™1) (40) 


where the “reduced matrix element” (xn, ,1, || Qz || Xno,t2) Of the [th-order electric multi- 
pole operator is defined by: 


(Xnala I Qi | Nia ts) =qV2lz +1 (lol; ; 0,0 | 11,0) 


x fo arr? Ria (7) Raat (41) 
0 
Relation (40) expresses, in the particular case of electric multipole operators, a general 


theorem whose application in the case of vector operators has already been illustrated 
(cf. Complement Dx): the Wigner-Eckart theorem. 
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Comment: 


We have confined ourselves here to a system .“% composed of a single spinless 
particle. Nevertheless, if we consider a system of N particles which may have spins, 
we can generalize the results we have obtained. To do so, we must introduce the 
total angular momentum J of the system (the sum of the orbital and spin angular 
momenta of the N particles), and denote by |¥n,j,m) the eigenvectors common to 
J* and J,. We can then derive a relation similar to (40), in which J, and Iz are 
replaced by j; and jz (cf. Complement Gx, exercise 8). However, the quantum 
numbers ji, j2, ™1 and mg can then be either integral or half-integral, depending 
on the physical system being considered. 


B. The reduced matrix element 


The reduced matrix element (xn, ,1, || Qz || Xn2,12) is independent of m,m, and mz. 
It involves the radial part R,1(r) of the wave functions Yn,1m(r, 6, y). Its value therefore 
depends on the {|Xn,,m)} basis chosen, and general properties can hardly be attributed 
to it. However, it can be noted that the Clebsch-Gordan coefficient (l2,1; 0,0 | 1,0) 
involved in (41) is zero if 1, + lz +1 is odd (cf. Complement Bx, § 3-c); this implies that 
the reduced matrix element has the same property. 


Comment: 


This property is related to the (—1)! parity of the electric multipole operators 
Q;”. For the magnetic multipole operators, we have already pointed out that their 


parity is (—1)'*'; therefore it is when 1, + lz +1 is even that their matrix elements 
are Zero. 
y. The angular part of the matrix element 


In (40), the Clebsch-Gordan coefficient (l2,1; m2,m | 11,71) arises solely from the 
angular integral appearing in the matrix element of Qj” [cf. (38)]. This coefficient 
depends only on the quantum numbers associated with the angular momenta of the 
states being considered and does not involve the radial dependence R,,1(r) of the wave 
functions. This is why it appears in the matrix elements of multipole operators whenever 
one chooses a basis of eigenvectors common to L? and L, (or J? and J, for a system of 
N particles which may have spins; cf. comment of § a above). Now, we know that such 
bases are frequently used in quantum mechanics, and, in particular, that the stationary 
states of a particle in a central potential W(r) can be chosen in this form. The radial 
functions R,,1(r) associated with the stationary states thus depend on the potential W(r) 
chosen; this is therefore also true for the reduced matrix element (xn, ,1, || Qu || Xno,l2) 
On the other hand, this is not the case for the angular dependence of the wave functions, 
and the same Clebsch-Gordan coefficient appears for all W(r); this is why it plays a 
universal role. 
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2-b. Selection rules 


According to the properties of Clebsch-Gordan coefficients (cf. Complement Bx, 
§ 1), (lo, 1; mz,m|l1,m1) can be different from zero only if we have both: 


my =m2.+tm (42) 
lag —b]) <i <ht+h (43) 


Therefore, relation (40) implies that if at least one of these conditions is not met, the 
matrix element (Xn, ,1;,m, | Q7” | Xno,l2,m2) is necessarily zero. We thus obtain selection 
rules that enable us, without calculations, to simplify considerably our search for the 
matrix which represents any multipole operator Q7”. 

Furthermore, we saw in § 2-a-6 that the reduced matrix element of a multipole 
operator obeys another selection rule: 


e for an electric multipole operator: 


ly + lg +10 = an even number (44a) 


e for a magnetic multipole operator: 


i) + lg +1 = an odd number (44b) 
2-c. Physical consequences 
Q. The average value of a multipole operator in a state of well-defined angular 
momentum 


Assume that the state |W) of the particle is one of the basis states |Xn,,1,,m,). The 
average value (Q7”) of the operator Q7” is then: 


(Q7") = (Xnigtam | Q7” | Xni,t,2) (45) 
Conditions (42) and (43) are written here: 

eG (46) 

0<1<2h (47) 
Thus we obtain the following important rules: 


e the average values, in a state |Xn,,1,,m,), Of all the operators Q7” are zero if m # 0: 


(QP) =0 if m#0 (48) 


e the average values, in a state |Xn,,4,,m,), of all operators of order | higher than 2l, 
are zero: 


(Q7”)=0 if 1>2h (49) 
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If we now assume that the state |q), instead of being a state |yn,,1,,m,), iS any 
superposition of such states, all corresponding to the same value of 11, it is not difficult 
to show that rule (49) remains valid [but not rule (48), since, in general, matrix elements 
for which m; # mz then contribute to the average value (Q7")]. Relation (49) is therefore 
a very general one and can be applied whenever the system is in an eigenstate of L?. 

Furthermore, relations (44) imply that the average value of an [th-order multipole 
operator can be different from zero only if: 


e for an electric multipole operator: 


| = an even number (50a) 


e for a magnetic multipole operator: 


| = an odd number (50b) 


The preceding rules enable us to obtain, conveniently and without calculations, 
some simple physical results. For example, in an | = 0 state (like the ground state of 
the hydrogen atom), the dipole moments (electric or magnetic), quadrupole moments 
(electric or magnetic), etc. are always zero. For an | = 1 state, only the Oth-, 1st- and 
2nd-order multipole operators can be non-zero; parity rules (50) indicate that they are 
the total charge and electric quadrupole of the system, as well as its magnetic dipole. 


Comment: 


The predictions obtained can be generalized to more complex systems (many- 
electron atoms for example). If the angular momentum of such a system is 7 
(integral or half-integral) one can show that it suffices to replace, in (49), I, by J. 


We shall apply, for example, rules (49) and (50) to the study of the electromagnetic 
properties of an atomic nucleus. We know that such a nucleus is a bound system 
composed of protons and neutrons, interacting through nuclear forces. If, in the 
ground state’, the eigenvalue of the square of the angular momentum is I(I+1)h?, 
the quantum number I is called the nuclear spin. 


The rules we have stated indicate that: 


e if J =0, the electromagnetic interactions of the nucleus are characterized by 
its total charge, all the other multipole moments being zero. This is the case, 
for example, for *He nuclei (“a-particles”), 7?Ne nuclei, etc. 

e if J = 1/2, the nucleus has an electric charge and a magnetic dipole moment 
[parity rule (50a) excludes an electric dipole moment]. This is the case for 
the 3He nucleus and the 'H nucleus (i.e., the proton), as well as for all spin 
1/2 particles (electrons, muons, neutrons, etc.). 

e if J =1, we must add the electric quadrupole moment to the charge and the 
magnetic dipole moment. This is the case for 7H (deuterium), °Li, etc. 


This argument can be generalized to any value of J. Actually, very few nuclei have 
spins greater than 3 or 4. 





3In atomic physics, one generally consider the nucleus to be in its ground state: the energies involved, 
although high enough to excite the electronic cloud of the atom, are much too small to excite the nucleus. 
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B. Matrix elements between states of different quantum numbers 


For arbitrary 1, l2, m1 and mz, the selection rules must be applied in their general 
forms, (42), (43) and (44). Consider, for example, a particle of charge q subjected to a 
central potential Vo(r), whose stationary states are the states |n1). Assume that we 
then add an additional electric field €, uniform and parallel to Oz. In the corresponding 
coupling Hamiltonian, the only non-zero term is the electric dipole term (cf. § 1-b-@): 


V(R) =-D-€ 
= -D.£ (51) 


As we saw in (22), the operator D, is equal to the operator Q9. Selection rules (42) and 
(43) then indicate that: 


e the states |y¥n,14m) coupled by the additional Hamiltonian V(R) necessarily corre- 
spond to the same value of m. 


e the /-values of the two states necessarily differ by +1 [they cannot be equal, accord- 
ing to (44a)]. We can predict without calculation that a large number of matrix 
elements of V(R) are zero. This considerably simplifies, for example, the study of 
the Stark effect (cf. Complement Exq;), and that of the selection rules governing 
the emission spectrum of atoms (cf. Complement Axzrr). 


References and suggestions for further reading: 


Cagnac and Pebay-Peyroula (11.2), annexe IV; Valentin (16 1), Chap. VIII; Jackson 
(7.5). Chaps. 4 and 16. 
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Evolution of two angular momenta J, and J: coupled by an 
interaction aJ, - J» 
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In a physical system, we must often consider the effect of a coupling between two 
partial angular momenta J; and Jj. These can, for example, be the angular momenta 
of two electrons in an atom, or the orbital and spin angular momenta of an electron. In 
the presence of such a coupling, J; and Jg are no longer constants of the motion; only 
their sum: 


J=I,4+I2 (1) 


commutes with the total Hamiltonian of the system. 
We shall assume that the term of the Hamiltonian which introduces a coupling 
between J; and J has the simple form: 


W=aJ,-Joe (2) 


where a is a real constant. Such a situation is frequently encountered in atomic physics. 
We shall see numerous examples in Chapter XII, when we use perturbation theory to 
study the effect of interactions involving electron or proton spins on the hydrogen atom 
spectrum. When the coupling has the form (2), classical theory predicts that the classical 
angular momenta JZ; and Jz will precess about their resultant ZY with an angular 
velocity proportional to the constant a (cf. § 1 below). The “vector model” of the atom, 
which played a very important role in the history of the development of atomic physics, 
is founded on this result. In this complement, we shall show how, with the knowledge 
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of the common eigenstates of J? and J,, one can study the motion of the average values 
(Ji) and (Jz), and again derive, at least partially, the results of the vector model of 
the atom (§§ 2 and 3). In addition, this study will enable us to specify in simple cases 
the polarization of the electro-magnetic waves emitted or absorbed in magnetic dipole 
transitions. Finally, (§ 4), we shall take up the case in which the two angular momenta 
J, and Jg are coupled only during a collision but not permanently. This case will serve 
as a simple illustration of the important concept of correlation between two systems. 


1. Classical review 


l-a. Equations of motion 


If 6 is the angle between the classical angular momenta 71 and J» (Fig. 1), the 
coupling energy can be written: 


W=aId1-F72=4/ih2 0080 (3) 


Let Ho be the energy of the total system in the absence of coupling [Ho can represent, 
for example, the sum of the rotational kinetic energies of systems (1) and (2)]. We shall 
assume: 


W « Ho (4) 





J | 


Figure 1: Two classical angular momenta 
J and Jz are coupled by an interaction 


term W=aJ1-JF2 =ahJ2 cos 0. 





Let us calculate the moment M, of the forces acting on system (1). Let u bea 
unit vector, and dW the variation of the coupling energy when the system (1) is rotated 
through an angle da about u. We know (the theorem of virtual work) that: 


dw 


Pee 


(5) 
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Starting with (3) and 5), we obtain, via a simple calculation: 
My, = -aJ1 x J2 (6a) 
My = -aJ2x Ji (6b) 


and, consequently: 








dF 
a =-aJ\ x Jo (7a) 
dF 
= =-aJ2x Ji (7b) 
1-b. Motion of 7; and 72 


Adding (7a) and (7b), we obtain: 


“(S1 MGS =O (8) 


which shows that the total angular momentum 71 + JZ2 is indeed a constant of the 
motion. Furthermore, it can easily be deduced from (7a) and (7b) that: 








dJi\ _ dJ2\ _ 
Sr ( $B) = 52- (SB) = (9 
and: 
d d d 
Gis (572) + (57) -Jn=4 (Fy Jn) =0 (10) 


The angle @ between 7, and Zo, as well as the moduli of 7; and F2, therefore remain 
constant over time. Finally: 


d 
qt = T2 x Ti = ATF — Fi) x Ir =aT x Ji (11) 


Since J = J, + J2 is constant, the preceding equation shows that 71 precesses about 
J with an angular velocity equal to a|Z| (Fig. 2). 

Under the effect of the coupling, 7; and J2 therefore precess about their resultant 
J with an angular velocity proportional to |7| and to the coupling constant a. 


2. Quantum mechanical evolution of the average values (J;) and (J2) 
2-a Calculation of iy ) and Sg ) 
de ae 


Recall, first of all, that if A is an observable of a quantum mechanical system of 
Hamiltonian H, we have (cf. Chap. III, § D-1-d): 


SAAN) = > 


5 (A, HI) () (12) 
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F2 Figure 2: Under the effect of the coupling 
W = aJi- J2, the angular momenta J, 
and J2 precess about their resultant J, 
which is a constant of the motion. 


J | 





In the present case, the Hamiltonian H is equal to: 
H=H+W (13) 


where Hp is the sum of the energies of systems (1) and (2), and W is the coupling between 
J; and Jz given in (2). In the absence of such a coupling, J; and Jz are constants of the 
motion (they commute with Hp). Therefore, in the presence of the coupling, we have 
simply: 


Sh) = 5 W) = 


dt iA ([Ji, Ja - Ja) (14) 


d 
and an analogous expression for a 2). The calculation of the commutator appearing 


in formula 14) does not present any difficulty. We have, for example: 
[Stes Ji Jo] = [SieySiyJoy] + (Fix, JizJoz] 
= th) zJey — hh y Jez 


From this, we see finally that: 


<(d1) =—-a (Ji x Je) (16a) 
£32) =—-a (Jo x Ji) (16b) 
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2-b. Discussion 


Note the close analogy between formulas (7a) and (7b) on the one hand and for- 
mulas (16a) and (16b) on the other. Adding (16a) and (16b), we again find that J is a 
constant of the motion, since: 


d d d 


= J) =0 (17) 


seen \S = foe 
ge a 
However, we must recall that, in general: 

(Ji x Jo) # (Ji) x (Ja) (18) 


The motion of the average values is therefore not necessarily identical to the classical 
motion. To examine this point in greater detail, we shall now study a special case: that 
in which J; and J2 are two spin 1/2’s, which we shall denote by 8; and Sp. 


3. The special case of two spin 1/2’s 
The evolution of a quantum mechanical system can easily be calculated in the basis of 


eigenstates of the Hamiltonian of this system. Therefore, we shall begin by determining 
the stationary states of the two-spin system. 


3-a. Stationary states of the two-spin system 
Let: 
S=S8,+S2 (19) 
be the total spin. Squaring both sides of (19), we obtain: 
S? = $7485 +28, -S2 (20) 


which enables us to write W in the form: 





a a 3 
W = 0S; -S2= 5 [s? —s? — 82] = 5 [s 5H] (21) 


(all vectors of the state space are eigenvectors of S? and S3 with the eigenvalue 3h?/4). 

In the absence of coupling, the Hamiltonian Ho of the system is diagonal in the 
{le1,€2)} basis (with ¢1 = +, e2 = +) of eigenstates of S,, and S2,, as well as in the 
{|S,M)} basis (with S = 0 or 1, —S < M < +S) of eigenstates of S? and S,. The 
various vectors |€,,€2) or |S, M) are eigenvectors of Hp with the same eigenvalue, which 
we shall take to be the energy origin. 

When we take the coupling W into account, we see from formula (21) that the 
total Hamiltonian H = Ho + W is no longer diagonal in the {|e1,€2)} basis. However, 
we may write: 











(Ho + W)|S, M) = n [sis +1) = | \5, M) (22) 
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The stationary states of the two-spin system therefore separate into two levels (Fig. 3): 
the S = 1 level, three-fold degenerate with energy E, = ah?/4, and the non-degenerate 
S = 0 level, with energy Eg = —3ah?/4. The splitting between the two levels is equal to 
ah?. If we set: 


ah? = hO (23) 


Q./27 is the only non-zero Bohr frequency of the two-spin system. 








e Hp Hy)+W 
2 
ae S=1 
A 
0 
ah 
3ah2 
om S=0 
A 


Figure 8: Energy levels of a system of two spin 1/2’s. On the left-hand side of the 
figure, the coupling is assumed to be zero, and we obtain a single level which is four-fold 
degenerate. The coupling W = aS, - Sz splits it into two distinct levels, separated by an 
energy of ah”: the triplet level (S = 1, three-fold degenerate) and the singlet level (S = 0, 
non-degenerate). 





3-b. Calculation of (S1)(t) 


In order to find the evolution of (S1)(¢), we must first calculate the matrices rep- 
resenting S),,51, and $1, (or, more simply, S;, and S|, = Si, +%51,) in the {|S,M)} 
basis of stationary states. If we use expressions (B-22) and (B-23) of Chapter X, which 
give the expansion of the states |S,M) on the {|e1,¢2)} basis, it is possible to easily 
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calculate the action of S,, or S,4 on the kets |S, WM). We find: 


h 
$1,|1,1) = gil, 1) 


h 
$1,|1,0) = 310.9) 





i (24) 
S12{1,-1) = -5{1,-1) 
h 
S4,|0, 0) = =|1,0) 
2 
and: 
S14[1,1) =0 
h 
$14|1,0) = e/1,1) 
S141, -1) = “((1,0) + [0,0)) os 
14+ ]+; = V2 , ) 
h 
S00} 
1+10,0) = - 5111) 


From this, we can immediately derive the matrices representing $,, and S$), in the basis 
of the four states |S, M) arranged in the order |1,1), |1,0), |1,-—1) and |0,0): 


10 00 
h}o00 01 
(2) =F | 00 -10 (26) 
01 0 0 
010-1 
h 001 0 
001 0 
Comment: 


It can easily be shown that the restrictions of the $1, and Si+ matrices to the S = 1 subspace are 
proportional respectively (with the same proportionality coefficient) to the matrices representing 
S, and S + in the same subspace. This result could have been expected, in view of the Wigner- 
Eckart theorem relative to vector operators (cf. Complement Dx). 


Let: 


|y(0)) = a0, 0) + Ba], -1) + Boll, 0) + 1/1, 1) (28) 


be the state of the system at the instant t = 0. From this we deduce the expression for 
|2X(t)) (to within the factor e**¢”#/4): 


[2h(t)) = a0, 0) + [B-1]1, -1) + Bol1,0) + 61/1, 1)]e"* (29) 
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It is then easy to obtain, using (26) and (27): 


(Siz) (t) = (b(t) | Siz | b(t) 


Nl ot 


1211? _ |G—1|? oe eit aps 4 eT iM a* Bo| (30) 


(S14) (t) = (W(t) | Sit | (4)) 


2 s [6180 + 858-1 — ec Bra +e“ o* B_1] ey) 


The average values (S},)(t) and (S1,)(t) can be expressed in terms of (S)+)(t): 
(Ste)(t) = Re (S1+)(t) (32) 
(Siy)(t) = Im (S1+)(t) (33) 


Analogous calculations enable us to obtain the three components of (S2) (t). 


3-c. Discussion. Polarization of the magnetic dipole transitions 


Studying the motion of (Sj) (t) does more than compare the vector model of the 
atom with the predictions of quantum mechanics. It also enables us to specify the 
polarization of the electromagnetic waves emitted due to the motion of (S;) (¢). 

The Bohr frequency (1/27 appears in the evolution of (81) (t) because of the ex- 
istence of non-zero matrix elements of Sj, Si,, or 51, between the state |0,0) and one 
of the states |1,M) (with M = —1, 0, +1). In (28) or (29), we shall begin by assuming 
that, with @ non-zero, only one of the three coefficients G_,, 8p or (1 is different from 
zero. The examination of the motion of (S;) (t) in the three corresponding cases thus will 
enable us to specify the polarization of the radiation associated with the three magnetic 
dipole transitions: 


10,0) < |1,0), |0,0) 4 |1,1) and 0,0) © |1, —-1) 
We can always choose a to be real; we shall set: 


Bu = \Gule’e™ (M = —1,0,1) (34) 


Comment: 


Actually, the electromagnetic waves are radiated by the magnetic moments M, and Mg associ- 
ated with S; and Se (hence the name, magnetic dipole transitions). Mi and M2 are proportional 
respectively to S; and Sg. To be completely rigorous, we should then study the evolution of 
(M, + M2) (t). Here we shall assume (M1) >> (M2). Such a situation is found, for example, 
in the ground state of the hydrogen atom: the hyperfine structure of this state is due to the 
coupling between the spin of the electron and that of the proton (cf. Chap. XII, § D). But the 
magnetic moment of the electron spin is much larger than that of the proton, so that the emis- 
sion and absorption of electromagnetic waves at the hyperfine transition frequency are essentially 
governed by the motion of the electron spin. Taking (M2) into account as well would complicate 
the calculations without modifying the conclusions. 
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a. The |0,0) ¢+|1,0) transition (8, = B_, = 0) 
If we take 8, = B_1 = 0 in (30), (31), (32) and (33), we get: 
(Siz)(t) = (Siy)(t) = 0 
(S1z)(t) = ha |Bo| cos (Qt — yo) (35) 
Furthermore, it can easily be seen that: 
(Sz)(t) = (Sy)(t) = (Sz)(4) = 0 (36) 


(Si) (¢) and (Sz) (¢) are then permanently of opposite direction and vibrate along Oz at 
the frequency 0Q./2n (Fig. 4). 





(Si) @ 


Figure 4: If the state of the two-spin system 
is a superposition of only the two stationary 
states |0,0) and |1,0), (Si) and (So) are al- 
ways of opposite direction and vibrate along 
Oz at the frequency Q/2r. 


(S5)@ 





The electromagnetic waves emitted by (S;) therefore have a magnetic field! linearly 
polarized along Oz (“7 polarization”). 

We see in this example that ((Si))? varies over time and is therefore not equal 
to (S?) (which is constant and equal to 3h?/4). This represents an important difference 
with the classical situation studied in § 1, in which 7, maintains a constant length over 
time. 





1Since these are magnetic dipole transitions, we are concerned with the magnetic field vector of the 
radiated wave. In the case of an electric dipole transition (cf. Complement Dvir, § 2-c), on the other 
hand, we would be concerned with the radiated electric field. 
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B. The |0,0) © |1,1) transition (8 = B_1 = 0) 


We find in this case: 


(Sie)(6) = 51? 


(Siz)(8) = ——Lalf| cos(Mt — 1) 


V2 


(Siy)(¢) = ——“<al|Bi | sin(t — gr) 


V2 


(37) 


Furthermore, it can easily be verified that: 


ee 
(S..)(t) = (Sy)(t) = 0 


(38) 


From this, it can be seen (Fig. 5) that (S,)(t) and (S2)(t) precess counterclockwise 
at an angular velocity 2 about their resultant (S), which is parallel to Oz. The elec- 
tromagnetic waves emitted by (S1)(t) in this case therefore have a right-hand circular 


polarization (“a+ polarization”). 


Note that here the motion obtained for the average values (S;) and (S2) is the 


classical motion. 





(S) 







(Sy) 


(Si) 


1100 


Figure 5: If the state of the two-spin sys- 
tem is a superposition of only the stationary 
states |0,0) and |1,1), (S1) and (Sz) precess 
counterclockwise about their resultant (S), 
with the angular velocity Q. 
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Figure 6: If the state of the two-spin sys- 
tem is a superposition of only the stationary 
states |0,0) and |1,—1), (Si) and (So) still 
precess in the counterclockwise direction with 
the angular velocity Q about their resultant 
(S); however, the latter is now directed op- 
posite to Oz. 








y. The |0,0) + |1,-1) transition (69 = 61 = 0) 


The calculations are closely analogous to those of the preceding section and lead to 
the following result (Fig. 6): (Si)(t) and (S2)(t) precess about Oz, again at the angular 
velocity 9, but in the clockwise direction. It must be noted that (S,) = —h|8_1|? is 
now negative, so that while the direction of the precession of (S;) and (S2) about Oz 
is different from what it was in the preceding case, it remains the same relative to (S). 
The electromagnetic waves emitted by (Si) are now left-hand circularly polarized (“o_ 
polarization”). 


é. General case 


In the general case (any a, 6-1, 85 and {1), we see from (30), (31), (32) and 
(33) that the components of (S,)(t) on the three axes contain a static part and a part 
modulated at the frequency 1/27. Since these three projected motions are sinusoidal 
motions of the same frequency, the tip of (S1)(t) describes an ellipse in space. As the 
sum 


(Si)(t) + (S2)(t) = (S) 


remains constant, the tip of (S2)(t) also describes an ellipse (Fig. 7). 

Thus we find for the general case only part of the results of the vector model of 
the atom. We do find that, the larger the coupling constant a, the more rapidly (S1)(¢) 
and (S2)(t) precess about (S). However, as we saw clearly in the special case a studied 
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(S) 


Figure 7: Motion of (S1)(t) and (S2)(t) in 

(S>) (2) the general case, in which the state of the 
two-spin system is a superposition of the 
four stationary states |0,0), |1,1), |1,0) and 
|1,-1). The resultant (S) is still constant 
but is not necessarily directed along Oz. (81) 
and (S2) no longer have constant lengths, 
and their tips describe ellipses. 


($1) 





above, |(S1)(t)| is not constant, and the tip of (S1)(t) does not describe a circle in the 
general case. 


4. Study of a simple model for the collision of two spin 1/2 particles 


4-a. Description of the model 


Consider two spin 1/2 particles, whose external degrees of freedom we shall treat 
classically and whose spin degrees of freedom we shall treat quantum mechanically. We 
shall assume that their trajectories are rectilinear (Fig. 8) and that the interaction be- 
tween the two spins S, and Sg is of the form W = aS; -So, where the coupling constant a 
is a rapidly decreasing function of the distance r separating the two particles. 

Since r varies over time, so does a. The shape of the variation of a with respect to t 





Interaction region 


Figure 8: Collision between two spin 1/2 
particles (1) and (2) whose orbital variables 
can be treated classically. The spin state of 
each particle is represented by a large arrow. 
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a(t) 


Figure 9: Shape of the variation of the cou- 
pling constant a(t) during the collision. 








is shown in Figure 9. The maximum corresponds to the time when the distance between 
the two particles is at a minimum. To simplify the reasoning, we shall replace the curve 
in Figure 9 by the one in Figure 10. 


The problem we have here is the following: before the collision, that is, at t = —oo, 
the spin state of the two-particle system is: 
|y(—00)) = |+, -) (39) 


What is the state |¢(+00)) of the system after the collision? 


4-b. State of the system after collision 


Since the Hamiltonian is zero for t < 0, we have: 
|Y(0)) = |(-00)) = |+, -) 


1 
= —|[1,0) + |0,0 40 
Ji [|1,0) + |0, 0)] (40) 
The results of the preceding section concerning the eigenstates and eigenvalues of W = 
aS, - Sp are applicable between times 0 and T and enable us to calculate |~(T)): 


1 
|W(T)) = Va 


Multiplying (41) by the global phase factor e(#0+#.)T/2" (of no physical importance), 
setting Ey — Ey = AQ [cf. formula (23)], and returning to the {|e1,€2)} basis, we find: 


IL, Oem B2/P 4 Od\er er (41) 





OT OT 
|y(T)) = cos ele? ~ isin >—|-, +) (42) 
Finally, since the Hamiltonian is zero for t > T’, we have: 
|y(+00)) = |o(T)) (43) 
a(t) 
a Figure 10: Simplified curve used to represent 


schematically the variation of the coupling 
constant a(t) during the collision. 
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Comment: 


The calculation could be performed for an arbitrary function a(t) of the type 
shown in Figure 9. It would then be necessary to replace, in the preceding formula, 


QT = 
aT = a by i. a(t) dt (cf. exercise 2 of Complement Exqrz). 


4-c. Discussion. Correlation introduced by the collision 
If the condition: 


OT 
ae . +knr , kaninteger 20 (44) 


is satisfied, we see from (42) that: 
|p(+00)) = |-, +) (45) 


The orientation of the two spins, in this case, is exchanged during the collision. 
On the other hand, if: 


< =kz , kaninteger 20 (46) 
we find that: 
|b(+00)) = |+, —) = |b(—c0)) (47) 


In this case, the collision has no effect on the orientation of the spins. 
For other values of T, we have: 


|(+00)) = al+, —) + Bl-, +) (48) 


with a and 6 simultaneously non-zero. The state of the two-spin system has been trans- 
formed by the collision into a linear superposition of the two states |+,—) and |—,+). 
|W(+00)) is therefore no longer a tensor product, although |w(—oo)) was one: the inter- 
action of the two spins has introduced correlations between them. 

To see this, we shall analyze an experiment in which, after the collision, an observer 
[observer (1)] measures S),. According to formula (48) for |¢(+00o)), he has the proba- 
bility || of finding +h/2 and ||? of finding —h/2 [according to (42), |a|* + |8|? = 1). 
Assume that he finds —f/2. Immediately after this measurement, the state of the total 
system is, according to the wave packet reduction postulate, |—,+). If, at this moment, 
a second observer [observer (2)] measures S2,, he will always find +A/2. Similarly, it can 
easily be shown that if observer (1) finds the result +f/2, observer (2) will then always 
find —h/2. Thus, the result obtained by observer (1) critically influences the result that 
observer (2) will obtain later, even if at the time of these two measurements, the particles 
are extremely far apart. This apparently paradoxical result (the Einstein-Podolsky-Rosen 
argument, cf. Chap. XXI, § F) reflects the existence of a strong correlation between the 
two spins, which has appeared because of their interaction during the collision. 
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Note, finally, that if we are concerned with only one of the two spins, it is impossible to describe 
its state after the collision by a state vector, since, according to formula (48), |y(+0o)) is not a 
tensor product. Spin (1), for example, can be described in this case only by a density operator 
(cf. Complement Eqyr). Let: 


p = |(+00)) (%(+00)| (49) 


be the density operator of the total two-spin system. According to the results of Complement Eqy1 
(§ 5-b), the density operator of spin (1) can be obtained by taking the partial trace of p with 
respect to the spin variables of particle (2): 


p(1) = Trop (50) 
Similarly: 
o(2) = Th p (51) 
It is easy to calculate, from expression (48) for |W(-++oo)), the matrix representing p in the four- 
state basis, {|+,+),|+,—),|—-,+),|-, —)}, arranged in this order. We find: 
0 0 0 0 
0 jal? aB* 0 
= 52 
P™ 10 Bax |Bi? 0 (52) 
0 0 0 0 


Applying (50) and (51), we then find: 


_ (la? 0 
p(l) = ( ‘ oe) (53) 
_ (is? 0 
p(2) = ( A se] (54) 
Starting with expressions (53) and (54), we can form: 
p’ = p(1) ® (2) (55) 


whose matrix representation can be written: 


lol? |e? 0 0 O 

= 0 la|* 0 0 

= 0 0 |g 0 
0 0 0 al? |B)? 


(56) 


We see that p’ is different from p, reflecting the existence of correlations between the two spins. 


References and suggestions for further readings: 


The vector model of the atom: Eisberg and Resnick (1.3), Chap. 8, § 5; Cagnac 
and Pebay-Peyroula (11.2), Chaps. XVI, § 3B and XVII, §§ 3E and 4C. 
The Einstein-Podolsky-Rosen paradox/argument: see references of Complement Dy. 
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Complement Gx 
Exercises 


1. Consider a deuterium atom (composed of a nucleus of spin J = 1 and an electron). 
The electronic angular momentum is J = L+S, where L is the orbital angular momentum 
of the electron and S is its spin. The total angular momentum of the atom is F = J+I, 
where I is the nuclear spin. The eigenvalues of J? and F? are J(J+1)h? and F(F+1)h? 
respectively. 


a. What are the possible values of the quantum numbers J and F for a deuterium 
atom in the 1s ground state? 


b. Same question for deuterium in the 2p excited state. 


2. The hydrogen atom nucleus is a proton of spin J = 1/2. 


a. In the notation of the preceding exercise, what are the possible values of the quan- 
tum numbers J and F' for a hydrogen atom in the 2p level? 


b. Let {|n,1,m)} be the stationary states of the Hamiltonian Ho of the hydrogen atom 
studied in § C of Chapter VII. 


Let {|n,1,s, J, Mz)} be the basis obtained by adding L and S to form J (Mh is 
the eigenvalue of J,); and let {|n,l,s,J,I,F,Mr)} be the basis obtained by adding J 
and I to form F (Mri is the eigenvalue of F-). 

The magnetic moment operator of the electron is: 


M = wpa(L + 28) /h 
In each of the subspaces E(n = 2,1 =1,s = 1/2, J, I = 1/2, F) arising from the 2p level 
and subtended by the 2F' + 1 vectors 


1 
n ’ s at 2? ’ r) 


corresponding to fixed values of J and F, the projection theorem (cf. Complement Dx, 
§§ 2-c and 3) enables us to write: 


M= Isp yE /h 


Calculate the various possible values of the Landé factors g,, corresponding to the 2p 
level. 


3. Consider a system composed of two spin 1/2 particles whose orbital variables are 
ignored. The Hamiltonian of the system is: 


H= w1 St, + w2S2z 


where S;, and $2, are the projections of the spins S$; and S2 of the two particles onto 
Oz, and w, and wy are real constants. 


1107 


COMPLEMENT Gx ® 





a. The initial state of the system, at time t = 0, is: 
il 
2 


(with the notation of § B of Chapter X). At time t, S? = (Sj + S2)? is measured. 
What results can be found, and with what probabilities? 


1H (0)) [seer 


b. If the initial state of the system is arbitrary, what Bohr frequencies can appear in 
the evolution of (Se\e Same question for S, = Siz + Soy. 


4. Consider a particle (a) of spin 3/2 which can disintegrate into two particles, (b) of 
spin 1/2 and (c) of spin 0. We place ourselves in the rest frame of (a). Total angular 
momentum is conserved during the disintegration. 


a. What values can be taken on by the relative orbital angular momentum of the 
two final particles? Show that there is only one possible value if the parity of the 
relative orbital state is fixed. Would this result remain valid if the spin of particle 
(a) were greater than 3/2? 


b. Assume that particle (a) is initially in the spin state characterized by the eigenvalue 
mah of its spin component along Oz. We know that the final orbital state has a 
definite parity. Is it possible to determine this parity by measuring the probabilities 
of finding particle (b) either in the state |+) or in the state |—) (you may use the 
general formulas of Complement Ax, § 2)? 


5. Let S = 8; + S2.+S8sz3 be the total angular momentum of three spin 1/2 particles 
(whose orbital variables will be ignored). Let |e1,<2,¢3) be the eigenstates common to 
Si, 522,532, of respective eigenvalues €1 h/2, €2 h/2, e3 h/2. Give a basis of eigenvectors 
common to S? and S,, in terms of the kets |e1,¢2,¢3). Do these two operators form 
a C.S.C.0.? (Begin by adding two of the spins in order to obtain a partial angular 
momentum, and then add it to the third one.) 


6. Let S; and S2 be the intrinsic angular momenta of two spin 1/2 particles, Ri and 


Rg, their position observables, and m1 and mg, their masses (with p = aes the 
reduced mass). Assume that the interaction W between the two particles is of the form: 


$1 -S» 
he 
where U(R) and V(R) depend only on the distance R = |Ri — R2| between the particles. 





W =U(R)+V(R) 


a. Let S=S,+Sz be the total spin of the two particles. 











a. Show that: 
8s See Se 
Hag toe 
of) 8ae85 
POE ap 


are the projectors onto the total spin states S = 1 and S = 0 respectively. 
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6. Show from this that W = W,(R) Pi + Wo(R) Po, where Wi(R) and Wo(R), 
are two fonctions of R, to be expressed in terms of U(R) and V(R). 


b. Write the Hamiltonian H of the “relative particle” in the center of mass frame; P 
denotes the momentum of this relative particle. Show that H commutes with S? 
and does not depend on S,. Show from this that it is possible to study separately 
the eigenstates of H corresponding to $ = 1 and S=0. 


Show that one can find eigenstates of H, with eigenvalue FE, of the form: 


41 
Ive) = Avo lve) |S =0,M =0)+ a AM lve) |S = 1, M) 
M=-1 


where Ago and 17 are constants, and |y%,) and |yj,) are kets of the state space E, 
of the relative particle (Mh is the eigenvalue of S,). Write the eigenvalue equations 
satisfied by |y%,) and |y}). 


c. We want to study collisions between the two particles under consideration. Let 
E = h?k?/2y be the energy of the system in the center of mass frame. We assume 
in all that follows that, before the collision, one of the particles is in the |+) spin 
state, and the other one, in the |—) spin state. Let lwt*) be the corresponding 


stationary scattering state (cf. Chap. VIII, § B). Show that: 
1 1 
Y) = = |eh) |S = 0, M =0) + = |pi) |S =1,.M=0 
lw! glee | ’ ) 7g \Pe| ’ ) 


where |e) and oa) are the stationary scattering states for a spinless particle of 
mass p, scattered respectively by the potentials Wo(R) and W,(R). 


d. Let fo(@) and f,(@) be the scattering amplitudes that correspond to |p?) and |y;). 
Calculate, in terms of fo(@) and f1(0), the scattering cross section o,(9) of the two 
particles in the 6 direction, with simultaneous flip of the two spins (the spin which 
was in the |+) state goes into the |—) state, and vice versa). 


e. Let 6) and 6; be the phase shifts of the J partial waves associated respectively with 
Wo(R) and Wi(R) (cf. Chap. VIII, § C-3). Show that the total scattering cross 
section o,, with simultaneous flip of the two spins, is equal to: 


(21+ 1) sin?(d; — 6?) 


aa: 


Th = 
k? 
l 


ll 
° 


7. We define the standard components of a vector operator V as the three operators: 


1 
1 é 
VS ya + iVy) 
Via 
1 
1 A 
vo = Ve iVy) 
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Using the standard components vi ) and we? of the two vector operators V and W, 
we construct the operators: 


[VO aw Ol =e mth Lip,q| K,M) VOw® 


where the (1,1; p,q | K, M) are the Clebsch-Gordan coefficients entering into the addition 
of two angular momenta 1 (these coefficients can be obtained from the results of § 1 of 
Complement Ax). 


a. 


. Express the five components [Vo ® Ww] ai 


Show that [V @ wy is proportional to the scalar product V -W of the two 
vector operators. 


. Show that the three operators [Vo ® Ww] . are proportional to the three stan- 


dard components of the vector operator V x W. 


2 
@) in terms of the various operators Vz, 











Vi = Vz +iVy, We, We = We + iWy. 








. We choose V = W = R, where R is the position observable of a particle. Show 


that the five operators [R™ @ Roy]? are proportional to the five components 
Q# of the electric quadrupole moment operator of this particle [cf. formula (29) 
of Complement Ex]. 


. We choose V = W = L, where L is the orbital angular momentum of the particle. 


Express the five operators [L™ @ pa] in terms of L,,L,,L_. What are the 


selection rules satisfied by these five operators in a standard basis {|k,1,m)} of 
eigenstates common to L? and L, (in other words, on what conditions is the matrix 
element 


(k,l, m| [EL @ 10 |" |k’ Um’) 


non-zero)? 


8. Irreducible tensor operators; Wigner-Eckart theorem 


The 2K +1 operators Te with K an integer > 0 and Q = —K,-K+1,...+K, 


are, by definition, the 2K +1 components of an irreducible tensor operator of rank K if 
they satisfy the following commutation relations with the total angular momentum J of 
the physical system: 


ae tg? | = nergy? (1) 
[Js.T, a | = h/K(K +1) - Q(@ 4 DTS, (2) 
[J_. 73] = nV K(K +1) - QQ -DT8%, (3) 


a. 
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Show that a scalar operator is an irreducible tensor operator of rank K = 0, and 
that the three standard components of a vector operator (cf. exercise 7) are the 
components of an irreducible tensor operator of rank kK = 1. 
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b. Let {|k, J, M)} be a standard basis of common eigenstates of J? and J,. By tak- 
ing both sides of (1) to have the same matrix elements between |k, J,M) and 


|k’, J’, M"), show that (k, JM | iS | k!,J’,M") is zero if M is not equal to 
Q+M’'. 

c. Proceeding in the same way as above with relations (2) and (3), show that the 
(2.J+1)(2K +1) (2J’+1) matrix elements (k, TM | TSO Rea, M') corresponding 


to fixed values of k, J, K, k’, J’ satisfy recurrence relations identical to those satisfied 
by the (2J +1)(2K + 1)(2J’ +1) Clebsch-Gordan coefficients (J’, K; M’,Q | J, M) 
(cf. Complement Bx, §§ 1-c and 2) corresponding to fixed values of J, K, J’. 





d. Show that: 

(k, SMe DS | ed M') =a(J’,K;M’',Q|J,M) (4) 
where a is a constant depending only on k, J, K,k’, J’, which is usually written in 
the form: 

1 
a = ——— (kJ) T™ |) k, J’) 
a (eI IT™ I 


e. Show that, conversely, if (2K +1) operators i satisfy relation (4) for all |k, J, M) 
and |k’, J’, M’), they satisfy relations (1), (2) and (3), that is, they constitute the 
(2K + 1) components of an irreducible tensor operator of rank K. 


f. Show that, for a spinless particle, the electric multipole moment operators Q/” 
introduced in Complement Ex are irreducible tensor operators of rank / in the state 
space €; of this particle. Show that, in addition, when the spin degrees of freedom 
are taken into account, the operators Q/” remain irreducible tensor operators in 
the state space €, @ €, (where &, is the spin state space). 


g- Derive the selection rules satisfied by the Q7” in a standard basis {|k,l, J, M7)} 
obtained by adding the orbital angular momentum L and the spin S of the particle 
to form the total angular momentum J = L +S [I(1 + 1)h?, J(J + 1)h?, Myh are 
the eigenvalues of L?, J?, J, respectively]. 


9. Let Aa be an irreducible tensor operator (exercise 8) of rank K, acting in a state 
space €;, and Bo an irreducible tensor operator of rank K2 acting in a state space 


€2. With AG? and Ba? we construct the operator: 


kK) 


( 
CEP = [AG @ BRD] = 7 (1, Kas Q1, Qa | K,Q) AL BLO 


Q1Q2 
a. Using the recurrence relations for Clebsch-Gordan coefficients (cf. Complement Bx), 
show that the Co satisfy commutation relations (1), (2) and (3) of exercise 8 with 


the total angular momentum J = Ji; + Je of the system. Show that the Ce are 
the components of an irreducible tensor operator of rank K. 
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b. Show that the operator Yo(-1)°45 BY is a scalar operator (you may use the 
results of § 3-d of Complement Bx). 


10. Addition of three angular momenta 

Let €(1), E(2), €(3) be the state spaces of three systems (1), (2) and (3), of angular 
momenta J;, Jo, J3. We shall write J = J; + Jo + J for the total angular momentum. 
Let {|ka,Ja,Ma)}, {|ko, Jo, Mo) }, {|ke, je; Me) } be the standard bases of E(1), E(2), E(3), 
respectively. To simplify the notation, we shall omit the indices ky, ky,k-, as we did in 
Chapter X. 

We are interested in the eigenstates and eigenvalues of the total angular momentum 
in the subspace E(ja, jn, jc) subtended by the kets: 


{|ja7™a) |Jo™b) |Je™Me) } 
—Ja SMa SJja » jb < My <S Jo » Je SMe < Je (1) 


We want to add jg, jp, je to form an eigenstate of J? and J, characterized by the quantum 
numbers j¢ and my. We shall denote by: 


das (Jodc)jes If Ms) (2) 


such a normalized eigenstate obtained by first adding 7, to j, to form an angular mo- 
mentum je, then adding j, to j. to form the state |j;my). One could also add j, and j, 
to form jg and then add j, to 7, to form the normalized state |j;my), written: 


l(JaIb)Jqs Jes JfM#) (3) 


a. Show that the system of kets (2), corresponding to the various possible values of je, 
jf, my, forms an orthonormal basis in E(ja, jo, jc). Same question for the system 
of kets (3), corresponding to the various values of jg, jf, my. 


b. Show, by using the operators J, and J_, that the scalar product of kets 


((Jadb)Ig. Jes Jf Mz | Jas (Joje)Jes J fmf) does not depend on my, denoting such a 
scalar product by (ade igrderIt | Jas Cee Ie) 


c. Show that: 
lia, (Jode)Jes pM) = Y_ ((Jado)IarIes It | Jar (Iode)Ies I#) (Sas Ib)Iqr Joi I¢Ms) 
Jog 


(4) 


d. Using the Clebsch-Gordan coefficients, write the expansions for vectors (2) and (3) 
on the basis (1). Show that: 


S- (ios Joi Mb, Me | Jaciite) (Fan tet ites, 118 | Jp,ms) = 
Me 


S- Yar Jbi Ma, Mp | Gostitg) (jg Je} Mg, Me | Jf,™mf) 
Jg™g 


x (Gade ieJadt | Jas (joe )der IF) (5) 
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e. Starting with relation (5), prove, using the Clebsch-Gordan coefficient orthogonality 
relations, the following relations: 


> (jb Je3 Mp, MelJje; Me) (jas Je} Ma, Mel f, mf) (a> Ma\Ja, Jo; Ma, mp) 


MaMpMe 
= ay Jes Md, MelIF, mf) (Jab) Ja; Jes Gr lGas (joje)je3 Jf) (6) 


as well as: 


(GaJo)Ja, Jes Jf | Jas (Jode)Jei If) = 





1 Py sh . 
25 Ly ye (Jb, Jc3 Mb, Mc | jes Me) 


MaMbMceMdMeMF 
x Gases Ma, Me | jf,™s) (ja, Ma | Jas Jb; Ma, mp) (if, MF | Jas Jes Ma, Me) (7) 
References 


Exercises 8 et 9: see references of Complement Dx. 
Exercise 10: Edmonds (2.21), Chap. 6; Messiah (1.17), § XIII-29 and App. C; Rose (2.19), 
App. 1. 
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The quantum mechanical study of conservative physical systems (that is, systems 
whose Hamiltonians are not explicitly time-dependent) is based on the eigenvalue equa- 
tion of the Hamiltonian operator. We have already encountered two important examples 
of physical systems (the harmonic oscillator and the hydrogen atom) whose Hamiltonians 
are simple enough for their eigenvalue equations to be solved exactly. However, this hap- 
pens in only a very small number of problems. In general, the equation is too complicated 
for us to be able to find its solutions in an analytic form!. For example, we do not know 
how to treat many-electron atoms, even helium, exactly. Besides, the hydrogen atom 
theory explained in Chapter VII (§ C) takes into account only the electrostatic interac- 
tion between the proton and the electron; when relativistic corrections (such as magnetic 
forces) are added to this principal interaction, the equation obtained for the hydrogen 
atom can no longer be solved analytically. We must then resort to solving it numerically 
with a computer. There exist, however, approximation methods that enable us to obtain 
analytically approximate solutions of the basic eigenvalue equation in certain cases. In 
this chapter, we shall study one of these methods, known as “stationary perturbation 
theory”?. (In Chapter XIII, we shall describe “time-dependent perturbation theory”, 





1Of course, this phenomenon is not limited to the domain of quantum mechanics. In all fields of 
physics, there are very few problems that can be treated completely analytically. 

?Perturbation theory also exists in classical mechanics, where it is, in principle, entirely analogous 
to the one we shall describe here. 
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which is used to treat systems whose Hamiltonians contain explicitly time-dependent 
terms.) 

Stationary perturbation theory is very widely used in quantum physics, since it 
reflects the physicist’s usual approach to problems. In studying a phenomenon or a 
physical system, one begins by isolating the principal effects that are responsible for the 
main features of this phenomenon or this system. When they have been understood, 
one tries to explain the “finer” details by taking into account less important effects that 
were neglected in the first approximation. It is in treating these secondary effects that 
one commonly uses perturbation theory. In Chapter XII, we shall see, for example, the 
importance of perturbation theory in atomic physics: it will enable us to calculate the 
relativistic corrections in the case of the hydrogen atom. Similarly, Complement Bxqy, 
which is devoted to the helium atom, indicates how perturbation theory allows us to treat 
many-electron atoms. Numerous other applications of perturbation theory are given in 
the complements of this chapter and the following ones. 

Let us mention, finally, another often used approximation method, the variational 
method, which we shall present in Complement Ex;. We shall briefly examine its ap- 
plications in solid state physics (Complement Fx;) and in molecular physics (Comple- 
ment Gxr). 


A. Description of the method 


A-1. Statement of the problem 


Perturbation theory is applicable when the Hamiltonian H of the system being 
studied can be put in the form: 


H=Hj)+W (A-1) 


where the eigenstates and eigenvalues of Hp are known, and where W is much smaller than 
Hp. The operator Ho, which is time-independent, is called the “unperturbed Hamilto- 
nian” and W, the “perturbation”. If W is not time-dependent, we say that we are dealing 
with a “stationary perturbation”; this is the case we are considering in this chapter (the 
case of time-dependent perturbations will be studied in Chapter XIII). The problem is 
then to find the modifications produced in the energy levels of the system and in its 
stationary states by the addition of the perturbation W. 

When we say that W is much smaller than Ho, this means that the matrix elements 
of W are much smaller? than those of Hp. To make this more explicit, we shall assume 
that W is proportional to a real parameter which is dimensionless and much smaller 
than 1: 


W=dW with ’\<1 (A-2) 


(where W is an operator whose matrix elements are comparable to those of Ho). Per- 
turbation theory consists of expanding the eigenvalues and eigenstates of H in powers of 
A, keeping only a finite number of terms (often only one or two) of these expansions. 
We shall assume the eigenstates and eigenvalues of the unperturbed Hamiltonian 
Ho to be known. In addition, we shall assume, that the unperturbed energies form a 





3More precisely, the important point is that the matrix elements of W are much smaller than the 
differences between eigenvalues of Ho (cf. comment of § B-1-b). 
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discrete spectrum, and we shall label them by an integral index p : Ep. The corresponding 
eigenstates will be denoted by les), the additional index i permitting us, in the case of a 
degenerate eigenvalue E,, to distinguish between the various vectors of an orthonormal 
basis of the associated eigensubspace. We therefore have: 


Ho|yi,) = Ely) (A-3) 


where the set of vectors lvs) forms an orthonormal basis of the state space: 
(Polen) = Opp Si (A-4a) 


dedi lep) (pl = 1 (A-4b) 


If we substitute (A-2) into (A-1), we can consider the Hamiltonian of the system 
to be continuously dependent on the parameter » characterizing the intensity of the 
perturbation: 


H(A) = Ho + WW (A-5) 


When ) is equal to zero, H(A) is equal to the unperturbed Hamiltonian Ho. The eigen- 
values E(A) of H(A) generally depend on \, and Figure 1 represents possible forms of 
their variations with respect to i. 

An eigenvector of H()) is associated with each curve of Figure 1. For a given value 
of A, these vectors form a basis of the state space [H(A) is an observable]. When . is 
much smaller than 1, the eigenvalues E(\) and the eigenvectors |¢)(A)) of H(A) remain 
very close to those of Hp = H(A = 0), which they approach when A —> 0. 

The operator H(A) may, of course, have one or several degenerate eigenvalues. For 
example, in Figure 1, the double curve represents a doubly degenerate energy (the one 
which approaches E? when 4 —> 0), which corresponds, for all \, to a two-dimensional 
eigensubspace. It is also possible for several distinct eigenvalues F(A) to approach the 
same unperturbed energy* E? when A —> 0; this happens for instance for E3 in Figure 1. 
In such a case, we say that the effect of the perturbation is to remove the degeneracy of 
the corresponding eigenvalue of Ho. 

In the following section, we shall give an approximate solution of the eigenvalue 
equation of H(A) for 4 < 1 [of course, we assume that we cannot solve this equation 
exactly; otherwise it would not be necessary to resort to perturbation theory to find the 
eigenstates and eigenvalues of H = H(,)]. 


A-2. Approximate solution of the H(A) eigenvalue equation 


We are looking for the eigenstates |¢)(A)) and eigenvalues E(\) of the Hermitian 
operator H(A): 


A(A) lbQ)) = EQ) [YO)) (A-6) 





4 Additional degeneracies may appear for particular non-zero values of (crossing at X = Aj in 
Figure 1). We shall assume here that \ is small enough to avoid such a situation. 
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We shall assume® that E(A) and |2(A)) can be expanded in powers of in the 
form: 


E(A) =e0 tAe1 +... 4+ AMegt... (A-7a) 
|W(A)) = JO) + AJL) +... +A |g) +... (A-7b) 


We then substitute these two expansions, as well as definition (A-5) of H(A), into equa- 
tion (A-6): 


(Ho + AW) be a! ) = | Dat ay y aM ) (A-8) 
q=0 q’/=0 q=0 


We require this equation to be satisfied for A small but arbitrary. We must therefore 
equate the coefficients of successive powers of A on both sides. This leads to: 


e for Oth-order terms in d: 
Ho|0) = €o|0) (A-9) 
e for lst-order terms: 


(Ho £0) [1) + (W — 1) |0) =0 (A-10) 





E(A) 


Figure 1: Variation of the eigen- 
values E(X) of the Hamiltonian 
H(A) = Ho +AW with respect to . 
Each curve corresponds to an eigen- 
state of H(A). For \ = 0, we obtain 
the spectrum of Hp. We have as- 
sumed here that the eigenvalues E3 
and EY are doubly degenerate; ap- 
plication of the perturbation AW re- 
moves the degeneracy of E3, but not 
that of E}. An additional two-fold 
degeneracy appears for X= Aq. 








5This is not obvious from a mathematical point of view, the basic problem being the convergence of 
the series (A-7). 
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e for 2nd-order terms: 


(Ho — €0) |2) + (W -«1) |1) - e210) =0 (A-11) 


e for gth-order terms: 


A 


(Ho eo) la) + (W e1) la 1) —e9|q — 2)... — eql0) =0 (A-12) 





We shall confine ourselves here to the study of the first three equations, that is, 
we shall neglect, in expansions (A-7), terms of orders higher than 2 in X. 

We know that the eigenvalue equation (A-6) defines |~(A)) only to within a con- 
stant factor. We can therefore choose the norm of |7(A)) and its phase: we shall re- 
quire |(A)) to be normalized, and we shall choose its phase such that the scalar product 
(O|W(A)) és real. To Oth order, this implies that the vector denoted by |0) must be 
normalized: 


(0|0) =1 (A-13) 


Its phase, however, remains arbitrary; we shall see in §§ B and C how it can be chosen 
in each particular case. To lst order, the square of the norm of |~(A)) can be written: 


((A)HO)) = [0] + ACAI] []0) + Al1)] + OQ”) 
= (00) + A[(1]0) + (0[1)] + OV”) (A-14) 





(where the symbol O(X?) stands for all the terms of order higher than or equal to p). 
Using (A-13), we see that this expression is equal to 1 to first order if the \ term is zero. 
But the choice of phase indicates that the scalar product (0|1) is real (since 2 is real). 
We therefore obtain: 

(0|1) = (1/0) = 0 (A-15) 


An analogous argument, for 2nd order in 4, yields: 
1 
(02) = (2/0) = —5 (1|1) (A-16) 
and, for gth order: 


(O|q) = (ql) 
= —5[la- 111) + q—212) +... + la —2) + (la 1)] (A-17) 





When we confine ourselves to second order in A, the perturbation equations are 
therefore (A-9), (A-10) and (A-11). With the conventions we have set, we must add 
conditions (A-13), (A-15) and (A-16). 

Equation (A-9) expresses the fact that |0) is an eigenvector of Hp with the eigen- 
value €9. €9 therefore belongs to the spectrum of Ho. This was to be expected, since each 
eigenvalue of H(A), when 4 —> 0, approaches one of the unperturbed energies. We then 
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choose a particular value of ¢9, that is, an eigenvalue E° of Ho. As Figure 1 shows, there 
can exist one or several different energies E(A) of H(A) that approach E® when \ —> 0. 

Consider the set of eigenstates of H(A) corresponding to the various eigenvalues 
E(A) that approach E® when \ —> 0. They span a vector subspace whose dimension 
clearly cannot vary discontinuously when A varies in the neighborhood of zero. This 
dimension is consequently equal to the degeneracy g, of E°. In particular, if E® is 
non-degenerate, it can give rise only to a single energy H(A), and this energy is non- 
degenerate. 

To study the influence of the perturbation W, we shall consider separately the case 
of non-degenerate, and degenerate levels of Ho. 


B. Perturbation of a non-degenerate level 


Consider a particular non-degenerate eigenvalue E? of the unperturbed Hamiltonian Ho. 
Associated with it is an eigenvector |y,) which is unique to within a constant factor. We 
want to determine the modifications in this unperturbed energy and in the corresponding 
stationary state produced by the addition of the perturbation W to the Hamiltonian. 

To do so, we shall use perturbation equations (A-9) through (A-12), as well as 
conditions (A-13) and (A-15) through (A-17). For the eigenvalue of H(A) that approaches 
E® when 4 —> 0, we have: 


é9 = EP (B-1) 
which, according to (A-9), implies that |0) must be proportional to |y,,). The vectors |0) 
and |y,) are both normalized [cf. (A-13)], and we shall choose: 

|0) = |en) (B-2) 


Thus, when ’ —> 0, we again find the unperturbed state |y,,) with the same phase. 

We call E,(A) the eigenvalue of H(A) which, when 4 —> 0, approaches the eigen- 
value E° of Hp. We shall assume \ small enough for this eigenvalue to remain non- 
degenerate, that is, for a unique eigenvector |y,,(A)) to correspond to it (in the case of 
the n = 2 level of Figure 1, this is satisfied if A < \,). We shall now calculate the first 
terms of the expansion of £,(A) and |w,(A)) in powers of A. 


B-1. First-order corrections 
We shall begin by determining ¢; and the vector |1) from equation (A-10) and 
condition (A-15). 


B-1-a. Energy correction 


Projecting equation (A-10) onto the vector |y,,), we obtain: 


(‘en| (Ho — €0) |1) + (Yn| (W — €1) |0) = 0 (B-3) 


The first term is zero, since |y,) = |0) is an eigenvector of the Hermitian operator Ho 
with the eigenvalue E® = ey. With (B-2) taken into account, equation (B-3) then yields: 


£1 = (eal W 10) = (onl W len) (B-4) 
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In the case of a non-degenerate state FE)’, the eigenvalue E,,(A) of H which corresponds 
to E® can be written, to first order in ‘he perturbation W = AW: 





En (A) = Ee + (nl Ww len) ae O()?) (B-5) 











The first-order correction to a non-degenerate energy E® is simply equal to the average 
value of the perturbation term W in the unperturbed state |p,). 


B-1-b. Eigenvector correction 
The projection (B-3) obviously does not exhaust all the information contained in 
perturbation equation (A-10). We must now project this equation onto all the vectors of 
the {|vi)} basis other than |y,,). We obtain, using (B-1) and (B-2): 
(g5| (Ho — ER) |1) + (ep| (W - 1) lon) =0 (pn) (B-6) 


(since the eigenvalues ED other than E® can be degenerate, we must retain the degeneracy 
index i here). Since the eigenvectors of Ho associated with different eigenvalues are 
orthogonal, the last term, E1 (pln); is zero. Furthermore, in the first term, we can let 
Hp act on the left on (y}|. (B-6) then becomes: 

(Ep — En) (pI) + (¢5| W len) = 0 (B-7) 


which gives the coefficients of the desired expansion of the vector |1) on all the unper- 
turbed basis states, except |y,): 
i 1 ily 
(yi |1) = Fo — FO (gi W |vn) (p # n) (B-8) 
n P 


The last coefficient which we lack, (y,|1), is actually zero, according to condition (A-15), 
which we have not yet used [|y,), according to (B-2), coincides with |0)]: 


(en|1) = 0 (B-9) 


We therefore know the vector |1) since we know its expansion on the {|}, } basis: 


=e eo. he 2p) (B-10) 


pAn 1% 


Consequently, to first order in the perturbation W = AW, the eigenvector |w,(A)) 
of H corresponding to the unperturbed state |y,,) can be written: 


Ien(A)) = pn) + Do eae ee ee lei) + 0002) (B11) 


pen 4% 


The first-order correction of the state vector is a linear superposition - all the unper- 
turbed states other than |y,,): the perturbation W is said to produce a “mixing” of the 
state |y,) with the other eigenstates of Ho. The contribution of a given state |y3,) is 
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zero if the perturbation W has no matrix element between |y,) and |v3). In general, 
the stronger the coupling induced by W between |y,,) and om) (characterized by the 
matrix element (y},|W|y,)), and the closer the level E} to the level E? under study, the 
greater the mixing with |¢%). 


Comment: 


We have assumed that the perturbation W is much smaller than the unperturbed 
Hamiltonian Ho, that is, that the matrix elements of W are much smaller than 
those of Ho. It appears here that this hypothesis is not sufficient: the first order 
correction of the state vector is small only if the non-diagonal matrix elements of 
W are much smaller than the corresponding unperturbed energy differences. 


B-2. Second-order corrections 


The second-order corrections can be extracted from perturbation equation (A-11) 
by the same method as above, with the addition of condition (A-16). 


B-2-a. Energy correction 


To calculate 2, we project equation (A-11) onto the vector |y,), using (B-1) 
and (B-2): 


(Gn|(Ho — EN)|2) + (pn|(W — €1)|1) — £2 (Pnlyn) = 0 (B-12) 


For the same reason as in § B-1-a, the first term is zero. This is also the case for €1(yp|1), 
since, according to (B-9), |1) is orthogonal to |y,). We then get: 


eo = (yal W 1) (B-13) 


that is, substituting expression (B-10) for the vector |1): 





Mh ka i 
(B-14) 


=) aS 


pAn + 
This result enables us to write the energy F(A), to second order in the perturba- 
tion W = XW, in the form: 


Pel 


En(A) = Ep + (nl W pn) + 95) hee + O(d*) (B-15) 


pyn 4% 


Comment: 

The second-order energy correction for the state |y,) due to the presence of the 
state |y!,) has the sign of E) — E). We can therefore say that, to second or- 
der, the closer the state ) to the state |y,), and the stronger the “coupling” 
[<3 | W |vn) |, the more these two levels “repel” each other. 
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B-2-b. Eigenvector correction 


By projecting equation (A-11) onto the set of basis vectors oo) different from 
lyn), and by using conditions (A-16), we could obtain the expression for the ket |2), 
and therefore the eigenvector to second order. Such a calculation presents no theoretical 
difficulties, and we shall not give it here. 


Comment: 


In (B-4), the first-order energy correction is expressed in terms of the zeroth- 
order eigenvector. Similarly, in (B-13), the second-order energy correction involves 
the first-order eigenvector [which explains a certain similarity of formulas (B-10) 
and (B-14)]. This is a general result: by projecting (A-12) onto |y,), one makes 
the first term go to zero, which gives €, in terms of the corrections of order q — 1, 
q—2,... of the eigenvector. This is why we generally retain one more term in the 
energy expansion than in that of the eigenvector: for example, the energy is given 
to second order and the eigenvector to first order. 


B-2-c. Upper limit of <2 


If we limit the energy expansion to first order in A, we can obtain an approximate 
idea of the error involved by evaluating the second-order term which is simple to obtain. 

Consider expression (B-14) for eg. It contains a sum (which is generally infinite) 
of terms whose numerators are positive or zero. We denote by AE the absolute value of 
the difference between the energy E® of the level being studied and that of the closest 
level. For all n, we obviously have: 


Ey — E}| > AE (B-16) 


This gives us an upper limit for the absolute value of €2: 





1 ee 2 
leal < He Do | (45 W lyn) (B-17) 
pen 4% 
which can be written: 
1 7 : ehh hs 
leal < Hp DL DL onl W 95) (| W lend 
pen % 
1 % deans Sedlllvea 
< AE (gn| W S> » lve) (ei || W len) (B-18) 
pen t 


The operator which appears inside the brackets differs from the identity operator only 
by the projector onto the state |y,,), since the basis of unperturbed states satisfies the 
closure relation: 


lPn) (Pl + >) do |e) (| = 1 (B-19) 


pen 4% 
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Inequality (B-18) therefore becomes simply: 


1 . ‘ 
leal < Aap Pal W [1 — |n) (Pnl] W len) 


< Fag | al W? ben) — (Weal W lo0)) | (B20) 


Multiplying both sides of (B-20) by \? we obtain an upper limit for the second- 
order term in the expansion of E,,(A), in the form: 


1 


ne (AW)? (B-21) 


|M’e2| < 
where AW is the root-mean-square deviation of the perturbation W in the unperturbed 
state |y,). This indicates the order of magnitude of the error on the energy resulting 
from taking only the first-order correction into account. 


C. Perturbation of a degenerate state 


Now assume that the level E? whose perturbation we want to study is g,-fold degenerate 
(where g,, is greater than 1, but finite). We denote by €° the corresponding eigensubspace 
of Ho. In this case, the choice: 


é9 = E° (C-1) 


does not suffice to determine the vector |0), since equation (A-9) can theoretically be 
satisfied by any linear combination of the g, vectors |v.) (¢ = 1,2, ..., gn). We know 
only that |0) belongs to the eigensubspace spanned by them. 

We shall see that, this time, under the action of the perturbation W, the level E? 
generally gives rise to several distinct “sublevels”. Their number, f,, is between 1 and 
gn- If fn is less than gy, some of these sublevels are degenerate, since the total number 
of orthogonal eigenvectors of H associated with the f,, sublevels is always equal to gy. 
To calculate the eigenvalues and eigenstates of the total Hamiltonian H, we shall limit 
ourselves, as usually done, to first order in \ for the energies and to zeroth order for the 
eigenvectors. 

To determine ¢; and |0), we can project equation (A-10) onto the g, basis vectors 
|v). Since the |y!,) are eigenvectors of Hp with the eigenvalue E? = eo, we obtain the 
Qn relations: 


(gi| W 10) = er (¢5,10) (C-2) 


We now insert, between the operator W and the vector |0), the closure relation for the 
{\p},)} basis: 


DD (enIW lee ) (e510) = 1 (en10) (C-3) 


The vector |0), which belongs to the eigensubspace associated with EY, is orthogonal to 
all the basis vectors |v) for which p is different from n. Consequently, on the left-hand 
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side of (C-3), the sum over the index p reduces to a single term (p = n), which gives: 


S~ (i, |W |e%, (ei 10) = e1(yi, 10) (C-4) 


v=l1 


We arrange the g2 numbers (y',|W|y%) (where n is fixed and i, i’ = 1,2,... gn) in 
&@ Gn X Gn Matrix of row index i and column index 7’. This square matrix, which we shall 
denote by (W()) is, so to speak, cut out of the matrix which represents W in the {|i} 
basis: (W™) is the part which corresponds to €°. Equations (C-4) then show that the 
column vector of elements (y‘,|0) (i = 1,2,...gn) is an eigenvector of (W™) with the 
eigenvalue ¢€1. 

System (C-4) can, moreover, be transformed into a vector equation inside €°. All 
we need to do is define the operator W'), the restriction of® W to the subspace Eo; 
W™ acts only in €°, and it is represented in this subspace by the matrix of elements 
(yi |W|yt), that is, by (W™). System (C-4) is thus equivalent to the vector equation: 


Ww” |0) = €1|0) (C-5) 


[We stress the fact that the operator W) is different from the operator W of which it is 
the restriction: equation (C-5) is an eigenvalue equation inside €2, and not in all space]. 

Therefore, to calculate the eigenvalues (to first order) and the eigenstates (to zeroth 
order) of the Hamiltonian corresponding to a degenerate unperturbed state E°, diagonalize 
the matrix (W™), which represents the perturbation’ W, inside the eigensubspace E° 
associated with E®. 

Let us examine more closely the first-order effect of the perturbation W on the 
degenerate state E®. Let ef GH4, 2s fo?) be the various distinct roots of the charac- 
teristic equation of (W'™). Since (W'™) is Hermitian, its eigenvalues are all real, and 
the sum of their degrees of degeneracy is equal to gy, ( fp < gn). Each eigenvalue intro- 
duces a different energy correction. Therefore, under the influence of the perturbation 
W= AW, the degenerate level splits, to first order, into oe distinct sublevels, whose 
energies can be written: 

Enj(A)=EntAe{ 9 =1,2,..f9 < gn (C-6) 
If f©? = gn, we say that, to first order, the perturbation W completely removes the 
degeneracy of the level E°. If fi < gn, the degeneracy, to first order, is only partially 
removed (or not at all if f? =1), 

We shall now choose an eigenvalue ef of W™), If this eigenvalue is non-degenerate, 
the corresponding eigenvector |0) is uniquely determined (to within a phase factor) by 
(C-5) [or by the equivalent system (C-4)]. There then exists a single eigenvalue F(A) of 
H(A) which is equal to E°+ Ae/, to first order, and this eigenvalue is non-degenerate®. On 





SIf P, is the projector onto the subspace E20, W) can be written (Complement Bjy, § 3): w™ = 
PW Pn. 

7(W()) is simply equal to \(W”)); this is why its eigenvalues yield directly the corrections €1. 

8The proof of this point is analogous to the one that shows that a non-degenerate level of Ho gives 
rise to a non-degenerate level of H(A) (cf. end of § A-2). 
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the other hand, if the eigenvalue ef of W() being considered presents a g-fold degeneracy, 
(C-5) indicates only that |0) belongs to the corresponding g-dimensional subspace eo, 
This property of él can, actually, reflect two very different situations. One could distin- 


guish between them by pursuing the perturbation calculation to higher orders of 4, and seeing 
whether the remaining degeneracy is removed. These two situations are the following: 


(i) Suppose that there is only one exact energy E(A) that is equal, to first order, to 
E} + r«1, and that this energy is q-fold degenerate [in Figure 1, for example, the energy E(.) 
that approaches E? when ’ —> 0 is two-fold degenerate, for any value of A]. A g-dimensional 
eigensubspace then corresponds to the eigenvalue E(A), whatever \, so that the degeneracy of 
the approximate eigenvalues will never be removed, to any order of X. 

In this case, the zeroth-order eigenvector |0) of H(A) cannot be completely specified, since 
the only condition imposed on |0) is that of belonging to a subspace which is the limit, when 
 — 0, of the g-dimensional eigensubspace of H(A) corresponding to E(A). This limit is none 
other than the eigensubspace F. sg of (Ww) associated with the eigenvalue 7 chosen. 

This first case often arises when Ho and W possess common symmetry properties, im- 
plying an essential degeneracy for H(A). Such a degeneracy then remains to all orders in 
perturbation theory. 


(iz) It may also happen that several different energies E(X) are equal, to first order, to 
Eo+ rel (the difference between these energies then appears in a calculation at second or higher 
orders). 

In this case, the subspace F. oe obtained to first order is only the direct sum of the limits, 
for 4 —> 0, of several eigensubspaces associated with these various energies F(A). In other 
words, all the eigenvectors of H(A) corresponding to these energies certainly approach kets of 
a, but, inversely, a particular ket of FO 
H(A). 

In this situation, going to higher order terms allows one, not only to improve the accuracy 
of the energies, but also to determine the zeroth-order kets |0). However, in practice, the partial 


is not necessarily the limit |0) of an eigenket of 


information contained in equation (C-5) is often considered sufficient. 


Comments: 


(i) When we use the perturbation method to treat all the energies? of the spec- 
trum of Ho, we must diagonalize the perturbation W inside each of the eigen- 
subspaces €° corresponding to these energies. It must be understood that 
this problem is much simpler than the initial problem, which is the complete 
diagonalization of the Hamiltonian in the entire state space. Perturbation 
theory enables us to ignore completely the matrix elements of W between 
vectors belonging to different subspaces €°. Therefore, instead of having to 
diagonalize a generally infinite matrix, we need only diagonalize, for each of 
the energies E° in which we are interested, a matrix of smaller dimensions, 
generally finite. 


(ii) The matrix (W™) clearly depends on the {|y’,)} basis initially chosen in this 
subspace €2° (although the eigenvalues and eigenkets of W™ obviously do not 
depend on it). Therefore, before we begin the perturbation calculation, it is 
advantageous to find a basis that simplifies as much as possible the form of 





°The perturbation of a non-degenerate state, studied in § B, can be seen as a special case of that of 
a degenerate state. 
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(W“™) for this subspace, and, consequently, the search for its eigenvalues 
and eigenvectors (the simplest situation is obviously the one in which this 
matrix is obtained directly in a diagonal form). To find such a basis, we 
often use observables which commute both!° with Hy and W. Assume that 
we have an observable A which commutes with Hp and W. Since Hp and A 
commute, we can choose for the basis vectors |y?,) eigenstates common to Ho 
and A. Furthermore, since W commutes with A, its matrix elements are zero 
between eigenvectors of A associated with different eigenvalues. The matrix 
(W)) then contains numerous zeros, which facilitates its diagonalization. 


(iii) Just as for non-degenerate levels (cf. comment of § B-1-b), the method 
described in this section is valid only if the matrix elements of the pertur- 
bation W are much smaller than the differences between the energy of the 
level under study and those of the other levels (this conclusion would have 
been evident if we had calculated higher-order corrections). However, it is 
possible to extend this method to the case of a group of unperturbed levels 
that are very close to each other (but distinct) and very far from all the 
other levels of the system being considered. This means, of course, that the 
matrix elements of the perturbation W are of the same order of magnitude 
as the energy differences inside the group, but are negligible compared to the 
separation between a level in the group and one outside. We can then ap- 
proximately determine the influence of the perturbation W by diagonalizing 
the matrix which represents H = Hp + W inside this group of levels. It is by 
relying on an approximation of this type that we can, in certain cases, reduce 
the study of a physical problem to that of a two-level system, such as those 
described in Chapter IV (§ C). 


References and suggestions for further reading: 


For other perturbation methods, see, for example: 


Brillouin-Wigner series (an expansion which is simple for all orders but which 
involves the perturbed energies in the energy denominators): Ziman (2.26), § 3.1. 

The resolvent method (an operator method which is well suited for the calculation 
of higher-order corrections): Messiah (1.17), Chap. XVI, § 111; Roman (2.3), § 4-5-d. 

Method of Dalgarno and Lewis (which replaces the summations over the interme- 
diate states by differential equations): Borowitz (1.7). § 14-5; Schiff (1.18), Chap. 8, 
§ 33. Original references: (2.34), (2.35), (2.36). 

The W.K.B. method, applicable to quasi-classical situations: Landau and Lifshitz 
(1.19), Chap. 7; Messiah (1.17), Chap. VI, § 11; Merzbacher (1.16), Chap. VII; Schiff 
(1.18), § 34; Borowitz (1.7), Chaps. 8 and 9. 

The Hartree and Hartree-Fock methods: see Complement Exy; Messiah (1.17), 
Chap. XVIII, § 11; Slater (11.8), Chaps. 8 and 9 (Hartree) and 17 (Hartree-Fock); 
Bethe and Jackiw (1.21), Chap. 4. See also references of Complement Axry. 





10Recall that this does not imply that Hp and W commute. 
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Axi: A ONE-DIMENSIONAL HARMONIC OSCIL- 
LATOR SUBJECTED TO A PERTURBING POTEN- 
TIAL IN x, x7, x° 


Bx1: INTERACTION BETWEEN THE MAGNETIC 
DIPOLES OF TWO SPIN 1/2 PARTICLES 


Cx1: VAN DER WAALS FORCES 


Dx1: THE VOLUME EFFECT: THE INFLUENCE OF 
THE SPATIAL EXTENSION OF THE NUCLEUS ON 
THE ATOMIC LEVELS 


Axr, Bx1, Cx; and Dx;: illustrations of stationary 
perturbation theory using simple and important 
examples. 


Study of a one-dimensional harmonic oscillator 


3 


perturbed by a potential in x, x7, Simple, 


advised for a first reading. The last example 
(perturbing potential in «*) permits the study of 
the anharmonicity in the vibration of a diatomic 
molecule (a refinement on the model presented in 


Complement Ay). 


Can be considered as a worked example, illus- 
trating perturbation theory for non-degenerate 
as well as degenerate states. Familiarizes the 
reader with the dipole-dipole interaction between 
magnetic moments of two spin 1/2 particules. 


Simple. 


Study of the long-distance forces between two 
neutral atoms using perturbation theory (Van 
der Waals forces). The accent is placed on the 
physical interpretation of the results. A little less 
simple than the two preceding complements: can 


be reserved for later study. 


Study of the influence of the nuclear volume 
on the energy levels of hydrogen-like atoms. 
Simple. Can be considered as a _ sequel of 


Complement Ayr. 





Exr: THE VARIATIONAL METHOD 


Presentation of another approximation method, 


the variational method. Important, since the 
applications of the variational method are very 


numerous. 
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Fx 1: ENERGY BANDS OF ELECTRONS IN SOLIDS: 
A SIMPLE MODEL 


Gxr: A SIMPLE EXAMPLE OF THE CHEMICAL 
BOND: THE H? ION 


Hx1 : EXERCISES 
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Fxi, Gxt: 
variational method. 


two important applications of the 


Introduction, using the strong-bonding approxi- 
mation, of the concept of an allowed energy band 
for the electrons of a solid. Essential, because of 
Moderetely difficult. 
The accent is placed on the interpretation of the 


its numerous applications. 


results. The view point adopted is different from 
that of Complement Oy71 and somewhat simpler. 


Studies the phenomenon of the chemical bond for 
the simplest possible case, that of the (ionized) 
Hy molecule. Shows how quantum mechanics 
explains the attractive forces between two atoms 
whose electronic wave fonctions overlap. Includes 
a proof of the virial theorem. Essential from the 
point of view of chemical physics. Moderately 


difficult. 


@ HARMONIC OSCILLATOR PERTURBED BY A POTENTIAL IN X, X?, X® 





Complement Ay, 


A one-dimensional harmonic oscillator subjected to a perturbing 


potential in x, x”, x° 





1 Perturbation by a linear potential ............... 1131 
l-a The exact solution ..............2.-.2. 0200004 1132 
1-b The perturbation expansion. ................0-. 1133 
Perturbation by a quadratic potential ............. 1133 
Perturbation by a potential inv? ............2.002. 1135 
3-a The anharmonic oscillator... ................0-. 1135 
3-b The perturbation expansion. ................0-. 1136 

3-c Application: the anharmonicity of the vibrations of a diatomic 
molecule .cs ek ee EE Bete oes ee ea od Pe a eee 1137 





In order to illustrate the general considerations of Chapter XI by a simple example, 
we shall use stationary perturbation theory to study the effect of a perturbing potential 
in x, x? or x on the energy levels of a one-dimensional harmonic oscillator (none of these 
levels is degenerate, cf. Chap. V). 

The first two cases (a perturbing potential in 2 and in x”) are exactly soluble. 
Consequently, we shall be able to verify in these two examples that the perturbation 
expansion coincides with the limited expansion of the exact solution with respect to the 
parameter that characterizes the strength of the perturbation. The last case (a perturbing 
potential in x) is very important in practice for the following reason. Consider a potential 
V(a) which has a minimum at x = 0. To a first approximation, V(x) can be replaced 
by the first term (in «?) of its Taylor series expansion, in which case we are considering 
a harmonic oscillator and, therefore, an exactly soluble problem. The next term of the 
expansion of V(x), which is proportional to 2°, then constitutes the first correction to 
this approximation. Calculation of the eflect of the term in x?, consequently, is necessary 
whenever we want to study the anharmonicity of the vibrations of a physical system. It 
permits us, for example, to evaluate the deviations of the vibrational spectrum of diatomic 
molecules from the predictions of the (purely harmonic) model of Complement Ay. 


1. Perturbation by a linear potential 


We shall use the notation of Chapter V. Let: 


| 
Hy = —— + =mw?X? (1) 
2m 2 
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be the Hamiltonian of a one-dimensional harmonic oscillator of eigenvectors |y,) and 
eigenvalues!: 


1 
with n = 0,1, 2... 
We add to this Hamiltonian the perturbation: 
W = iwX (3) 


where is a real dimensionless constant much smaller than 1, and X is given by for- 
mula (B-1) of Chapter V (since X is of the order of 1, hwX is of the order of Hp and 
plays the role of the operator W of Chapter XI). The problem consists of finding the 
eigenstates |y,,) and eigenvalues E,, of the Hamiltonian: 


H=HHj)+W (4) 


L-a. The exact solution 


We have already studied an example of a linear perturbation in X: when the 
oscillator, assumed to be charged, is placed in a uniform electric field €, we must add to 
Ho the electrostatic Hamiltonian: 


Discs 
W = -gEX = —gE\/ —X (5) 
mu 


where q is the charge of the oscillator. The effect of such a term on the stationary states of 
the harmonic oscillator was studied in detail in Complement Fy. It is therefore possible 
to use the results of this complement to determine the eigenstates and eigenvalues of the 
Hamiltonian H given by (4) if we perform the substitution: 


Ahi <— —gE4/ als (6) 
MW 


Expression (39) of Fy thus yields immediately: 
1 »? 


Similarly, we see from (40) of Fy (after having replaced P by its expression in terms of 
the creation and annihilation operators a! and a): 


Ibn) =e VEC) Lep,) (8) 


The expansion of the exponential then yields: 


jin) = [1 - Zo(at 0) +... be 


— lon) yf 2+ lpnen) + A/S bona) + (9) 


1To specify that we are considering the unperturbed Hamiltonian, as in Chapter XI, we add the 
index 0 to the eigenvalue of Ho. 
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1-b. The perturbation expansion 


We replace X by wala + a) in (8) [ef. formula (B-7a) of Chapter V]. 
We obtain: 


hw 
W =\— (al +a 10 
a (al +a) (10) 
W then mixes the state |y,) only with the two states |y,41) and |yn_1). The only 
non-zero matrix elements of W are, consequently: 


1 
no hes 





(en+i]W |en) =A 
n 
(Yn—1| W |¥n) = A 5 iw (11) 
According to general expression (B-15) of Chapter XI, we have: 
n! WwW n 
En = Ex, + (On| W len) + yew a ie MV os (12) 
nen Be 
Substituting (11) into (12) and replacing E° — E®, by (n—n’)hw, we immediately obtain: 


2 2 
2 Os + x hw Ba 


= (n4 5) ho Shot. (13) 





Ey, = E2+0 





This shows that the perturbation expansion of the eigenvalue to second order in 2 coin- 
cides? with the exact solution (7). 
Similarly, general formula (B-11) of Chapter XI: 


(Yn’| W |Yn) 
lon) = Pn) + ye “70 _ BO IPn) +... (14) 
n’én it, n! 


yields here: 


[Wn) as len) — 4] net Jeon) +a) Bnew ar ses (15) 


an expression which is identical to expansion (9) of the exact solution. 


2. Perturbation by a quadratic potential 


We now assume W to have the following form: 


1 A 1 
W = ZphwX* = J pmuX° (16) 





?It can be shown that all terms of order higher than 2 in the perturbation expansion are zero. 
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where p is a real dimensionless parameter much smaller than 1. H can then be written: 


2 


P 1 
H=H = — + imu?(1 xX? 1 
o+tW a tym +p) (17) 


In this case, the effect of the perturbation is simply to change the spring constant of the 
harmonic oscillator. If we set: 


w? = w*(1+p) (18) 


we see that H is still a harmonic oscillator Hamiltonian, whose angular frequency has 
become w’. 

In this section, we shall confine ourselves to the study of the eigenvalues of H. 
According to (17) and (18), they can be written simply: 


1 1 
Bn= (n+ 5) hu! = (n+ 5) oT (19) 
that is, expanding the radical: 


By = (nt 5) to ft +$—- 4... (20) 


Let us now find result (20) by using stationary perturbation theory. Expression (16) 
can also be written: 


1 2 1 
Wa t Es Se Aoial tok Geir asia 
= 7ehw (a +a) = 70 (al? + a? + aa! + ata) 
= so hs [al? + a? + 2ala+ 1] (21) 


From this, it can be seen that the only non-zero matrix elements of W associated with 
lyn) are: 


(Gn| W en) = 5? (n+ 5) ne 
(Pn+2|W |~n) = olin + 1)(n+ gy? oe 


When we use this result to evaluate the varions terms of (12), we find: 


2 





ee 1 p" hw  p hw 
= poe =) hw - — 1 2)—4+— 2) ress 
En = E,, B(n+3) Ww 190% + \(n+ 5 + ygnn 5 + 
1 p 1 p? 
— for = Te to be a 
=e (n+ 5) hu (n+ 5) mo +... 
_ 1 pp 


which indeed coincides with expansion (20). 
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3. Perturbation by a potential in x° 


We now add to Hp the perturbation: 
W = ochwX8 (24) 


where o is a real dimensionless number much smaller than 1. 


3-a. The anharmonic oscillator 


Figure 1 represents the variation with respect to x of the total potential mw? x? + 
W (a) in which the particle is moving. The dashed line gives the parabolic potential 
4mw*x* of the “unperturbed” harmonic oscillalor. We have chosen o < 0, so that the 
total potential (the solid curve in the figure) increases less rapidly for x > 0 than for 
x <0. 





1 
fe marx? + W(x) 








X4 0 Xp 


Figure 1: Variation of the potential associated with an anharmonic oscillator with respect 
to x. We treat the difference between the real potential (solid line) and the harmonic 
potential (dashed line) of the unperturbed Hamiltonian as a perturbation (x4 and xp are 
the limits of the classical motion of energy E). 





When the problem is treated in classical mechanics, the particle with total en- 
ergy E is found to oscillate between two points, x4 and xp (Fig. 1), which are no longer 
symmetric with respect to O. This motion, while it remains periodic, is no longer sinu- 
soidal: there appears, in the Fourier expansion of x(t), a whole series of harmonics of the 
fundamental frequency. This is why such a system is called an “anharmonic oscillator” 
(its motion is no longer harmonic). Finally, let us point out that the period of the motion 
is no longer independent of the energy E, as was the case for the harmonic oscillator. 
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3-b. The perturbation expansion 


Qa. Matrix elements of the perturbation W 


We replace X by ya (al ta) in (24). Using relations (B-9) and (B-17) of Chapter V, 
we obtain, after a simple calculation: 
ed [at + a3 + 3Nal +3(N + 1a] (25) 
"93/2 
where N = ala was defined in Chapter V [formula (B-13)]. 


From this can immediately be deduced the only non-zero matrix elements of W 
associated with |p): 


(gn+3| W |~n) = 0 fee at) a 


oO 


(Yn—3| Ww a) 





8 
n+1\2 
(enti W Ken) = 8e ( ) he 


nl 


(Gn—1| W |~n) = 30 (5) fis (26) 


B. Calculation of the energies 
We substitute results (26) into the perturbation expansion of F,,, see relation (12). 
Since the diagonal element of W is zero, there is no first-order correction. The four matrix 


elements (26) enter, however, into the second-order correction. A simple calculation thus 
yields: 


1 15° 5 iy? Cs 
= — =. =| hw-—o*hwt... 2 
E (n+ 5) hw 1° (n+ 5) Ww — 79° w+ (27) 


The effect of W is therefore to lower the levels (whatever the sign of a). The larger 
n, the greater the shift (Fig. 2). The difference between two adjacent levels is equal to: 


1 
En — Ey—1 = hw f — pon (28) 


It is no longer independent of n, as it was for the harmonic oscillator. The energy states 
are no longer equidistant and move closer together as n increases. 
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WV Calculation of the eigenstates 


Substituting relations (26) into expansion (14), we easily obtain: 


n+1 





1bn) = Pn) ~ 30 ( \ ions) +30 (2)? enn) 


_ a fen oee ee ~) 2 oes 


$F ona) + (29) 


Under the effect of the perturbation W, the state |y,,) is therefore mixed with the states 
l~n+1)s [Pn—1)s |Pn+3) and |Yn—s). 


3-c. Application: the anharmonicity of the vibrations of a diatomic molecule 


In Complement Ay, we showed that a heteropolar diatomic molecule could absorb 
or emit electromagnetic waves whose frequency coincides with the vibrational frequency 
of the two nuclei of the molecule about their equilibrium position. If we denote by x 
the displacement r — r, of the two nuclei from their equilibrium position r., the electric 
dipole moment of the molecule can be written: 





n+1 
spe OE i 
ees Tas 
\ 
Seen 
Ng 
Sue ie 


Figure 2: Energy levels of Hp (dashed lines) and of H (solid lines). Under the effect of 
the perturbation W, each level of Ho is lowered, and the higher n, the greater the shift. 
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The vibrational frequencies of this dipole are therefore the Bohr frequencies which can 
appear in the expression for (X)(t). For a harmonic oscillator, the selection rules satisfied 
by X are such that only one Bohr frequency can be involved, the frequency w/2m (cf. 
Complement Av). 

When we take the perturbation W into account, the states |y,) of the oscillator 
are “mixed” [cf. expression (29)], and X can connect states |y,) and |w,,) for which 
n’ —n # +1: new frequencies can thus be absorbed or emitted by the molecule. 

To analyze this phenomenon more closely, we shall assume that the molecule is 
initially in its vibrational ground state |q9) (this is practically always the case at ordinary 
temperatures T since, in general, hw >> kT). By using expression (29), we can calculate, 
to first order® in o, the matrix elements of X between the state |) and an arbitrary 
state |7,). A simple calculation thus yields the following matrix elements (all the others 
are zero to first order in a): 





(W1| X |bo) = s (31a) 
(ol X yo) = a5 (31b) 
(vol X Io) = So (31c) 


From this, we can find the transition frequencies observable in the absorption 
spectrum of the ground state. We naturally find the frequency: 


_ FE, -£o 


h (32a) 


Vy 


which appears with the greatest intensity since, according to (81a), (w1| Xx |Wo) is of 
zeroth-order in o. Then, with a much smaller intensity [cf. formula (31b)], we find the 
frequency: 


_ Ex— Eo 


; (32b) 


V2 
which is often called the second harmonic (although it is not rigorously equal to twice 
4). 


Comment: 

Result (31c) means that the average value of X is not zero in the ground state. This can 
easily be understood from Figure 1, since the oscillatory motion is no longer symmetric 
about O. If o is negative (the case in Figure 1), the oscillator spends more time in the 
x > 0 region than in the x < 0 region, and the average value of X must be positive. We 
thus understand the sign appearing in (31c). 


The preceding calculation reveals only one new line in the absorption spectrum. 
Actually, the perturbation calculation could be pursued to higher orders in o, taking 
into account higher order terms in expansion (30) of the dipole moment D(x), as well as 





3Tt would not be correct to keep terms of order higher than 1 in the calculation, since expansion (29) 
is valid only to first order in a. 
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terms in «4, z°... in the expansion of the potential in the neighborhood of « = 0. All the 
frequencies: 
Ey, -— E 
ioe (33) 


h 


with n = 3,4,5... would then be present in the absorption spectrum of the molecule (with 
intensities decreasing very rapidly when n increases). This would finally give, for this 
spectrum, the form shown in Figure 3. This is what is actually observed. 


0 Vy Vy V3 V4 Vv 


Figure 3: Form of the vibrational spectrum of a heteropolar diatomic molecule. A series of 
“harmonic” frequencies V2, V3...Up,... appear in addition to the fundamental frequency 
wy. This results from the anharmonicity of the potential, as well as higher order terms 
in the power series expansion in x (the distance between the two atoms) of the molecular 
dipole moment D(x). Note that the corresponding lines are not quite equidistant and that 
their intensity decreases rapidly when n increases. 





Note that the various spectral lines of Figure 3 are not equidistant since, according 
to formula (28): 








E, — Eo Ww 15 5 

est h = ( 57") a 
Ey — Ey Ww 2 

SY SS T5 30 

V2 V1 h on a”) (35) 
_ F3-—Fy w 45 5 

V3 —V2 = ae (1 ro) (36) 


which gives the relation: 


15 
See 


ae (37) 


(v2 — 1) — 4 = (v3 — v2) — (V2 -1) = 


Thus we see that the study of the precise positions of the lines of the absorption spectrum 
makes it possible to find the parameter co. 
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Comments: 


(7) 


The constant € appearing in (52) of Complement Fyz can be evaluated by using 
formula (27) of the present complement. Comparing these two expressions and 
replacing n by v in (27), we obtain: 


E =S=—o (38) 


Now, the perturbing potential in Fy is equal to —gx?, while here we have chosen 
it equal to chw#*, that is, equal to: 


1 
3, 5\ 2. 
a (=e ) x (39) 


We therefore have: 


pees es (40) 


m3w® 





which, substituted into (38), finally yields: 


15 g?h 
é=-7 3 


4 mw 





(41) 


In the expansion of the potential in the neighborhood of x = 0, the term in 2* is 
much smaller than the term in z° but it corrects the energies to first order, while the 
term in x? enters only in second order (cf. § 3-b-@ above). It is therefore necessary 
to evaluate these two corrections simultaneously (they may be comparable) when 
the spectrum of Figure 3 is studied more precisely. 


References and suggestions for further reading: 


Anharmonicity of the vibrations of a diatomic molecule: Herzberg (12.4), vol. I, Chap. III, 


§ 2. 
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Interaction between the magnetic dipoles of two spin 1/2 particles 





1 The interaction Hamiltonian W................. 1141 
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1-b An equivalent expression forW..............--. 1142 
l-c Selection. rules: 2. gc eee ee oe a Be ee ee 1143 
2 Effects of the dipole-dipole interaction on the Zeeman sub- 
levels of two fixed particles. ............0-0.0.00068. 1144 
2-a Case where the two particles have different magnetic moments 1144 
2-b Case where the two particles have equal magnetic moments . 1147 
2-c Example: the magnetic resonance spectrum of gypsum... . 1149 
3 Effects of the interaction in a bound state .......... 1149 





In this complement, we intend to use stationary perturbation theory to study the 
energy levels of a system of two spin 1/2 particles placed in a static field Bo and coupled 
by a magnetic dipole-dipole interaction. 

Such systems do exist. For example, in a gypsum monocrystal (CaSOu, 2H20), 
the two protons of each crystallization water molecule occupy fixed positions, and the 
dipole-dipole interaction between them leads to a fine structure in the nuclear magnetic 
resonance spectrum. 

In the hydrogen atom, there also exists a dipole-dipole interaction between the 
electron spin and the proton spin. In this case, however, the two particles are moving 
relative to each other, and we shall see that the effect of the dipole-dipole interaction 
vanishes due to the symmetry of the 1s ground state. The hyperfine structure observed 
in this state is thus due to other interactions (contact interaction; cf. Chap. XII, §§ B-2 
and D-2 and Complement Ax11). 


1. The interaction Hamiltonian W 


1-a. The form of the Hamiltonian W. Physical interpretation 
Let S; and Sz be the spins of particles (1) and (2), and My and Mg their corre- 
sponding magnetic moments: 
Mi = 81 
Me = 72 So (1) 
[where 7 and 4 are the gyromagnetic ratios of (1) and (2)]. 
We call W the interaction of the magnetic moment Mo with the field created by 


M; at (2). If n denotes the unit vector of the line joining the two particles and r, the 
distance between them (Fig. 1), W can be written: 


1 
W = yyy 4 [Sy +82 — 3(81 -m) (Son) 2) 
T r 
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Figure 1: Relative disposition of the magnetic moments M, and Mg of particles (1) 
and (2) (r is the distance between the two particles, and n is the unit vector of the 
straight line between them). 





The calculation which enables us to obtain expression (2) is in every way analogous to 
the one that will be presented in Complement Cx; and which leads to the expression for 
the interaction between two electric dipoles. 


1-b. An equivalent expression for W 


Let @ and y be the polar angles of n. If we set: 





g(r) =$-2 OF (3) 


we get: 
W= g(r) {3 [S1, cos @ + sin 6 (S$), cosy + Si, sin y)] 
x [Sz cos 6 + sin 6 (S2z cos p + Soy sin y)] — $1 - S.} 


1 ; é 
= g(r) {3 [s. cos 6 + 5 sin 0 (Si,e°°? + s-e%)| 





1 . : 
x |. cos 8 + 5 sin 6 (S,e°? + Se) —S,- S.} (4) 
that is: 
W = €(r)[(To+T™4+M%1+T14+22+T_2] (5) 
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le cos” 6 — 1) Syz S22 
0 1 2 

TT =-] (3cos* 9 — 1) (S14 S2_ + $4- S24) 
3 7 

T, = 5 sin @ cos@e~"? ($1, S24 + S14 S22) 
3 2 

T = 5 sin 6 cos Pe’? (Si, Se_ + S1_ S22) 

To = ; sin? 0e~ 7? $44. Soy 

To= = sin? 067" 5) So_ 


Each of the terms T, (or Tj) appearing in (5) is, according to (6), the product 
of a function of @ and » proportional to the second-order spherical harmonic Y,! and 
an operator acting only on the spin degrees of freedom [the space and spin operators 
appearing in (6) are second-rank tensors; W, for this reason, is often called the “tensor 
interaction”]. 


1-c. Selection rules 


r, 6 and y are the spherical coordinates of the relative particle associated with the 
system of two particles (1) and (2). The operator W acts only on these variables and on 
the spin degrees of freedom of the two particles. Let {|Yn,1,m)} be a standard basis in the 
state space €, of the relative particle, and {|¢1,¢2)}, the basis of eigenvectors common to 
Si, and So, in the spin state space (€1 = +,€2 = +). The state space in which W acts is 
spanned by the {|¥n,t,m) ® |€1, €2)} basis, in which it is very easy, using expressions (5) 
and (6), to find the selection rules satisfied by the matrix elements of W. 





Qa. Spin degrees of freedom 


To changes neither ¢, nor €9. 


T) “flips” both spins: 


l+,-) —> |-,+) and |-,+) — |4+,-) 


T, flips one of the two spins up: 


|—, €2) =e |+, €2) or les, =) ae \e1, +) 


Similarly, T_; flips one of the two spins down: 


|+, €2) —_ |—, €2) or \e1, +) =r ler, —) 


Finally, T2 and T_2 flip both spins up and down, respectively: 
l=) =e |+, +) and |+, +) = =>) 
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B. Orbital degrees of freedom 


When we calculate the matrix element of €(r)T, between the state |y,1,) and 
the state |~n/v jm’), the following angular integral appears: 


[ v8.9) ¥300,9) ¥"(6,9) a0 (7) 
which, according to the results of Complement Cx, is different from zero only for: 


'=1, 1-2, 1+4+2 (8a) 
m' =m+q (8b) 
Note that the case / = l’ = 0, although not in contradiction with (8), is excluded because 


we must always be able to form a triangle with J, l’ and 2, which is impossible when 
1 =l' =0. We must have then: 


LU >1 (8c) 
2. Effects of the dipole-dipole interaction on the Zeeman sublevels of two fixed 
particles 


In this section, we shall assume the two particles to be fixed in space. We shall therefore 
quantize only the spin degrees of freedom, considering the quantities r, 9 and y as given 
parameters. 

The two particles are placed in a static field Bo parallel to Oz. The Zeeman 
Hamiltonian Hp, describing the interaction of the two spin magnetic moments with Bo, 
can then be written: 


Ho = 01 Siz + w2S2z (9) 
with: 

w1 = —71Bo 

w2 = —72.Bo (10) 


In the presence of the dipole-dipole interaction W, the total Hamiltonian H of the system 
becomes: 


H=Hj)+W (11) 


We shall assume the field By to be large enough and treat W as a perturbation of Ho. 


2-a. Case where the two particles have different magnetic moments 


Q. Zeeman levels and the magnetic resonance spectrum in the absence of interaction 


According to (9), we have: 
A 
Ao|€1,€2) = 3 (€1w1 + €gW2) |E1, €2) (12) 
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h 
5 (1 + @>) 





h 
- 5 (1 + @>) 


Figure 2: Energy levels of two spin 1/2 particles, placed in a static field Bo parallel to 
Oz. The two Larmor angular frequencies, wy = —7y1Bo and we = —72Bo, are assumed 
to be different. 

For figure a, the energy levels are calculated without taking account of the dipole-dipole 
interaction W between the two spins. 

For figure b, we take this interaction into account. The levels undergo a shift whose 
approximate value, to first order in W, is indicated on the right-hand side of the figure. 
The solid-line arrows join the levels between which Si, has a non-zero matrix element, 
and the shorter dashed-line arrows those for which So, does. 





Figure 2a represents the energy levels of the two-spin system in the absence of the dipole- 
dipole interaction (we have assumed w, > wo > 0). Since w, 4 we, these levels are all 
non-degenerate. 

If we apply a radio-frequency field B; coswt parallel to Ox, we obtain a series of 
magnetic resonance lines. The frequencies of these resonances correspond to the vari- 
ous Bohr frequencies which can appear in the evolution of (71512 + y¥2S2x) (the radio- 
frequency field interacts with the component along Oz of the total magnetic moment). 
The solid-line (dashed-line) arrows of Figure 2a join levels between which $},(52.) has 
a non-zero matrix element. Thus we see that there are two distinct Bohr angular fre- 
quencies, equal to w, and we. (Fig. 3a), which correspond simply to the resonances of the 
individual spins, (1) and (2). 


B. Modifications created by the interaction 


Since all the levels of Figure 2a are non-degenerate, the effect of W can be obtained 
to first order by calculating the diagonal elements of W, (€1, €2|W|e1, €2). It is clear from 
expressions (5) and (6) that only the term T) makes a non-zero contribution to this 
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Figure 3: The Bohr frequencies appearing in the evolution of (Six) and (Sox) give the 
positions of the magnetic resonance lines that can be observed for the two-spin system 
(the transitions corresponding to the arrows of Figure 2). In the absence of a dipole- 
dipole interaction, two resonances are obtained, each one corresponding to one of the two 
spins (fig. a). The dipole-dipole interaction is expressed by a splitting of each of the two 
preceding lines (fig. b). 





matrix element, which is then equal to: 








h2 
(€1, €2|W|e1, €2) = €(r) (3 cos” 6 — 1) F1E2D = e160 hO (13) 
with: 
Q = Dea (3cos*@—1) = hyo W172 (3 cos” @ — 1) (14) 
4 16x 3 
Since W is much smaller than Ho, we have: 
Q <K wi — we (15) 


From this we can immediately deduce the level shifts to first order in W: AQ for |+, +) 
and |—,—), and —AQ for |+,—) and for |—,+) (Fig. 2b). 

What now happens to the magnetic resonance spectrum of Figure 3a? If we are 
concerned only with lines whose intensities are of zeroth order in W (that is, those that 
approach the lines of Figure 2a when W approaches zero), then to calculate the Bohr 
frequencies appearing in (S;,) and (S2,) we simply use the zeroth-order expressions 
for the eigenvectors!. It is then the same transitions which are involved (compare the 
arrows of Figures 2a and 2b). We see, however, that the two lines which correspond to the 
frequency w in the absence of coupling (solid-line arrows) now have different frequencies: 





lIf we used higher-order expressions for the eigenvectors, we would see other lines of lower intensity 
appear (they disappear when W —> 0). 
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w, + 20 and w, — 2. Similarly, the two lines corresponding to w (dashed-line arrows) 
now have frequencies of we + 2Q and we — 20. The magnetic resonance spectrum is 
therefore now composed of two “doublets” centered at w; and we, the interval between 
the two components of each doublet being equal to 40 (Fig. 3b). 

Thus, the dipole-dipole interaction leads to a fine structure in the magnetic reso- 
nance spectrum, for which we can give a simple physical interpretation. The magnetic 
moment Mj associated with S; creates a “local field” b at particle (2). Since we assume 
Bo to be very large, S; precesses very rapidly about Oz, so we can consider only the 
Si, component (the local field created by the other components oscillates too rapidly to 
have a significant effect). The local field b therefore has a different direction depending 
on whether the spin is in the state |+) or |—), that is, depending on whether it points 
up or down. It follows that the total field “seen” by particle (2), which is the sum of Bo 
and b, can take on two possible values”. This explains the appearance of two resonance 
frequencies for the spin (2). The same argument would obviously enable us to understand 
the origin of the doublet centered at w1. 


2-b. Case where the two particles have equal magnetic moments 
Q. Zeeman levels and the magnetic resonance spectrum in the absence of the 
interaction 


Formula (12) remains valid if we choose w; and w2 to be equal. We shall therefore 
set: 


Wy = W2 =W = —7Bo (16) 


The energy levels are shown in Figure 4a. The upper level, |+,+), and the lower level, 
—,—), of energies hw and —hw, are non-degenerate. On the other hand, the intermediate 
level, of energy 0, is two-fold degenerate: to it correspond the two eigenstates |+, —) and 
layer) 

The frequencies of the magnetic resonance lines can be obtained by finding the 
Bohr frequencies involved in the evolution of (51, + Sz.) (the total magnetic moment is 
now proportional to the total spin S = S; + S2). We easily obtain the four transitions 
represented by the arrows in Figure 4a, which correspond to a single angular frequency 
w. This finally yields the spectrum of Figure 5a. 


B. Modifications created by the interaction 


The shifts of the non-degenerate levels |+,+) and |—,—) can be obtained as they 
were before, and are both equal to RQ [we must replace, however, 7 and y2 by ¥ in 
expression (14) for Q]. 

Since the intermediate level is two-fold degenerate, the effect of W on this level 
can now be obtained by diagonalizing the matrix that represents the restriction of W to 
the subspace {|+,—),|—-,+)}. The calculation of the diagonal elements is performed as 
above and yields: 


(+,—-|W]+, -) = (-, +|W|-, +) = -hO (17) 








? Actually, since |Bo| >> |b|, it is only the component of b along Bo which is involved. 
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Figure 4: The two spin 1/2 particles are assumed to have the same magnetic moment 
and, conseqnently, the same Larmor angular frequency w = —yBo. 

In the absence of a dipole-dipole interaction, we obtain three levels, one of which is two- 
fold degenerate (fig. a). Under the effect of the dipole-dipole interaction (fig. b), these 
levels undergo shifts whose approximate values (to first order in W) are indicated on 
the right-hand side of the figure. To zeroth-order in W, the stationary states are the 
eigenstates |S,M) of the total spin. The arrows join the levels between which Siz + Sox 
has a non-zero matrix element. 








As for the non-diagonal element (+, —|W|—, +), we easily see from expressions (5) and (6) 
that only the term Tj contributes to it: 
prs ae OD) iy cast 4). ts = 
(4, |W| i+) = 4 (3. cos 0 1) x ( ‘ \($14.So_ + S;_S+)| i+) 
h2 
men) a td cos” @ — 1) = —AQ (18) 


We are then led to the diagonalization of the matrix: 


AO G . (19) 


whose eigenvalues are —2AQ and 0; they are respectively associated with the eigenvectors 
1 1 

v1) = yall =) 1 [atk}) and |¢2) = aailt =} = [yap 

Figure 4b represents the energy levels of the system of two coupled spins. The 
energies, to first order in W, are given by the eigenstates to zeroth order. 

Note that these eigenstates are none other than the eigenstates |S, 7) common to 
S? and S,, where S = S; + Sg is the total spin. Since the operator S, commutes with 
S?, it can only couple the triplet states, that is, |1,0) to |1,1) and |1,0) to |1,-1). This 
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Figure 5: Shape of the magnetic resonance spectrum which can be observed for a system 
of two spin 1/2 particles, with the same gyromagnetic ratio, placed in a static field Bo. 
In the absence of a dipole-dipole interaction, we observe a single resonance (fig. a). In the 
presence of a dipole-dipole interaction (fig. b), the preceding line splits. The separation 
6Q between the two components of the doublet is proportional to 3cos? @ — 1, where @ is 
the angle between the static field Bo and the straight line joining the two particles. 





gives the two transitions represented by the arrows in Figure 4b, and to which correspond 
the Bohr frequencies w+ 3Q and w — 3Q. The magnetic resonance spectrum is therefore 
composed of a doublet centered at w, the separation between the two components of the 
doublet being equal to 62 (Fig. 5b). 


2-c. Example: the magnetic resonance spectrum of gypsum 


The case studied in § 2-b above corresponds to that of two protons of a crystal- 
lization water molecule in a gypsum monocrystal (CaSO4, 2H2O). These two protons 
have identical magnetic moments and can be considered to occupy fixed positions in the 
crystal. Moreover, they are much closer to each other than to other protons (belonging to 
other water molecules). Since the dipole-dipole interaction decreases very quickly when 
the distance increases (1/r? law), we can neglect interactions between protons belonging 
to other water molecules. 

The magnetic resonance spectrum is indeed observed to contain a doublet? whose 
separation depends on the angle 6 between the field Bo and the straight line joining the 
two protons. If we rotate the crystal with respect to the field Bo, this angle @ varies, and 
the separation between the two components of the doublet changes. Thus, by studying 
the variations of this separation, we can determine the positions of the water molecules 
relative to the crystal axes. 

When the sample under study is not a monocrystal, but rather a powder composed 
of small, randomly oriented monocrystals, 6 takes on all possible values. We then observe 
a wide band, due to the superposition of doublets having different separations. 


3. Effects of the interaction in a bound state 


We shall now assume that the two particles, (1) and (2), are not fixed, but can move 
with respect to each other. 





3 Actually, in a gypsum monocrystal, there are two different orientations for the water molecules, 
and, consequently, two doublets corresponding to the two possible values of @. 
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Consider, for example, the case of the hydrogen atom (a proton and an electron). 
When we take only the electrostatic forces into account, the ground state of this atom 
(in the center of mass frame) is described by the ket |y1,0,9), labeled by the quantum 
numbers n = 1, 1 = 0, m = 0 (cf. Chap. VII). The proton and the electron are spin 1/2 
particles. The ground state is therefore four-fold degenerate, and a possible basis in the 
corresponding subspace is made up of the four vectors: 


{l¢1,0,0) @ lex, €2)} (20) 


where ¢€1, and €2, equal to + or —, represent respectively the eigenvalues of S, and I, (S 
and I: the electron and proton spins). 

What is the effect on this ground state of the dipole-dipole interaction between S 
and I? The matrix elements of W are much smaller than the energy difference between the 
1s level and the excited levels, so that it is possible to treat the effect of W by perturbation 
theory. To first order, it can be evaluated by diagonalizing the 4 x 4 matrix of elements 
(p1,0,0; €4,€2|W|¢1,0,0, €1, €2). The calculation of these matrix elements, according to (5) 
and (6), involves angular integrals of the form: 


[6.0 Y80.0) Y8(0,9) a0 (a) 


which are equal to zero, according to the selection rules established in § 1-c above [in this 
particular case, it can be shown very simply that integral (21) is equal to zero: since Yj) 
is a constant, expression (21) is proportional to the scalar product of Y,! and Y), which 
is equal to zero because of the spherical harmonic orthogonality relations]. 

The dipole-dipole interaction does not modify the energy of the ground state to 
first order. It enters, however, into the (hyperfine) structure of the excited levels with 
| > 1. We must then calculate the matrix elements (Yntjm’,€1,€2|W|Pntyms E1; €2), that 
is, the integrals: 


[6.0 ¥300,8) ¥"0,9) a0 (22) 
which, according to (8c), become non-zero as soon as | > 1. 


References and suggestions for further reading: 
Evidence in nuclear magnetic resonance experiments of the magnetic dipole inter- 


actions between two spins in a rigid lattice: Abragam (14.1), Chap. IV, § II and 
Chap. VII, § IA; Slichter (14.2), Chap. 3; Pake (14.6). 
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4 Interaction of a hydrogen atom in the ground state with a 
conducting wall... 2... ee ee ee eee ee ee ee ee es 1160 





The character of the forces exerted between two neutral atoms changes with the 
order of magnitude of the distance R separating these two atoms. 

Consider, for example, two hydrogen atoms. When R is of the order of atomic 
dimensions (that is, of the order of the Bohr radius ao), the electronic wave functions 
overlap, and the two atoms attract each other, since they tend to form an Hz molecule. 
The potential energy of the system has a minimum! for a certain value R, of the distance 
R between the atoms. The physical origin of this attraction (and therefore of the chemical 
bond) lies in the fact that the electrons can oscillate between the two atoms (cf. §§ C-2-c 
and C-3-d of Chapter IV). The stationary wave functions of the two electrons are no 
longer localized about only one of the nuclei; this lowers the energy of the ground state 
(cf. Complement G xz). 

At greater distances, the phenomena change completely. The electrons can no 
longer move from one atom to the other, since the probability amplitude of such a process 
decreases with the decreasing overlap of the wave functions, that is, exponentially with 
the distance. The preponderant effect is then the electrostatic interaction between the 
electric dipole moments of the two neutral atoms. This gives rise to a total energy which 
is attractive and which decreases, not exponentially, but with 1/R°. This is the origin 
of the Van der Waals forces, which we intend to study in this complement by using 
stationary perturbation theory (confining ourselves, for the sake of simplicity, to the case 
of two hydrogen atoms). 

It should be clearly understood that the fundamental nature of Van der Waals 
forces is the same as that of the forces responsible for the chemical bond: the basic 





1 At very short distances, the repulsive forces between the nuclei always dominate. 
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Figure 1: Relative position of the two hydrogen atoms. R is the distance between the two 
protons, which are situated at A and B, and n is the unit vector on the line joining them. 
r,4 and rp are the position vectors of the two electrons with respect to points A and B 
respectively. 





Hamiltonian is electrostatic in both cases. Only the variation of the energies of the 
quantum stationary states of the two-atom system with respect to R allows us to define 
and differentiate these two types of forces. 

Van der Waals forces play an important role in physical chemistry, especially when 
the two atoms under consideration have no valence electrons (forces between rare gas 
atoms, stable molecules, etc.). They are partially responsible for the differences between 
the behavior of a real gas and that of an ideal gas. Finally, as we have already said, these 
are long-range forces, and are therefore involved in the stability of colloids. 

We shall begin by determining the expression for the dipole-dipole interaction 
Hamiltonian between two neutral hydrogen atoms (§ 1). This will enable us to study the 
Van der Waals forces between two atoms in the 1s state (§ 2), or between an atom in the 
2p state and an atom in the 1s state (§ 3). Finally, we shall show (§ 4) that a hydrogen 
atom in the 1s state is attracted by its electrical mirror image in a perfectly conducting 
wall. 


1. The electrostatic interaction Hamiltonian for two hydrogen atoms 


1-a. Notation 


The two protons of the two hydrogen atoms are assumed to remain motionless at 
points A and B (Fig. 1). We shall set: 


R= OB-— OA (1) 

R= |R| (2) 
R 

"= RI " 


1152 


@ VAN DER WAALS FORCES 





R is the distance between the two atoms, and n is the unit vector on the line that joins 
them. Let r4 be the position vector of the electron attached to atom (A) with respect 
to point A, and rz, the position vector of the electron attached to atom B with respect 
to B. We call: 


Da= ta (4) 
Dgp=qeB (5) 


the electric dipole moments of the two atoms (q is the electron charge). 
We shall assume throughout this complement that: 


kR> lral, [ral (6) 


Although they are identical, the electrons of the two atoms are well separated, and their 
wave functions do not overlap. It is therefore not necessary to apply the symmetrization 
postulate (cf. Chap. XIV, § D-2-b). 


1-b. Calculation of the electrostatic interaction energy 


Atom (A) creates at (B) an electrostatic potential U with which the charges of 
(B) interact. This gives rise to an interaction energy W. 

We saw in Complement Ex that U can be calculated in terms of R, n and the 
multipole moments of atom (A). Since (A) is neutral, the most important contribution 
to U is that of the electric dipole moment D,. Similarly, since (B) is neutral, the most 
important term in W comes from the interaction between the dipole moment Dg of 
(B) and the electric field E = —WU which is essentially created by D4. This explains 
the name of “dipole-dipole interaction” given to the dominant term of W. There exist, 
of course, smaller terms (dipole-quadrupole Wgg and Wyq, quadrupole-quadrupole Wgq, 
etc.), and W is written: 


W = Waa + Wag + Waa + Wag + °°: (7) 


To calculate Wag, we shall start with the expression for the electrostatic potential created 
by Da at (B): 








1 Da-R 
Ce a AT EG 7 (8) 
which leads to: 
B= -VaU = - 74 Fol -3(ea na (9) 
and, consequently: 
ae 
Wai = —E- Dg = pg lta-te —3(ta-n) (te -n)| (10) 


We have set e? = q?/4meo, and we have used expressions (4) and (5) for D4 and Dg. In 
this complement, we shall choose the Oz axis parallel to n, so that (10) can be written: 
et 
Waa = RS (rate t+ yaye — 2zAZB) (11) 
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In quantum mechanics, Wag becomes the operator Wg, which can be obtained by 
replacing in (11) 2,4, ya, ... zB by the corresponding observables X 4, Y4, ... ZB, which 
act in the state spaces €4 and €g of the two hydrogen atoms?: 


2 


e 
Waa = py (XaXp + Ya¥p - 2Z4Zp) (12) 

2. Van der Waals forces between two hydrogen atoms in the 1s ground state 

2-a. Existence of a —C’//R°® attractive potential 

Q. Principle of the calculation 


The Hamiltonian of the system is: 
H = Hoa + Hop + Waa (13) 


where Ho, and Hop are the energies of atoms (A) and (B) when they are isolated. 
In the absence of Wag, the eigenstates of H are given by the equation: 


Dre pan) (14) 


where the |Yn1,m) and the E,, were calculated in § C of Chapter VII. In particular, the 
ground state of Hp4+ Hop is lvtto.03 yoo) of energy —2F;. It is non-degenerate (we 
do not take spins into account). 

The problem is to evaluate the shift in this ground state due to Wag and, in 
particular, its R-dependence. This shift represents, so to speak, the interaction potential 
energy of the two atoms in the ground state. 

Since Waq is much smaller than Ho, and Hog, we can calculate this effect by 
stationary perturbation theory. 


(Hoa + How) |e mi Pom’) = (En t+ En’) 





B. First-order effect of the dipole-dipole interaction 


Let us show that the first-order correction: 





El = (vtoo ; $10.0 Waal v0.03 v¥o,0) (15) 


is zero; the energy ¢€1 involves, according to expression (12) for Waa, products of the 
form (¥fo0 [Xl vio.) (YPo,.0 [Xe YPo,0) (and analogous quantities in which X, is 
replaced by Y4, Z4 and Xp by Yg, Zz). These products are zero since, in a stationary 
state of the atom, the average values of the components of the position operator are zero. 


Comment: 


The other terms, Wag, Waa, Waq-.. of expansion (7) involve products of two mul- 
tipole moments, one relative to (A) and the other one to (B), at least one of which 
is of order higher than 1. Their contributions are also zero to first order: they 





?The translational external degrees of freedom of the two atoms are not quantized: for the sake of 
simplicity, we assume the two protons to be infinitely heavy and motionless. In (12), R is therefore a 
parameter and not an observable. 
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are expressed in terms of average values in the ground state of multipole opera- 
tors of order greater than or equal to one, and we know (cf. Complement Ex, 
§ 2-c) that such average values are zero in an | = 0 state (triangle rule of Clebsch- 
Gordan-coefficients). Therefore we must find the second-order effect of Waa, which 
constitutes the most important energy correction. 


y. Second-order effect of the dipole-dipole interaction 


According to the results of Chapter XI, the second-order energy correction can be 
written: 


A AB Pee ot meat pe ES 
’ A sn Pr Um! |Waal 1,0,05 ePo.0)| 
a De 
nlm, n/l'm’ —2E, — Ey, — Ent 





(16) 


where the notation )>’ means that the state |y#y 9 ; y2o,9) is excluded from the sum- 
mation®. 

Since Waa is proportional to 1/R®, €2 is proportional to 1/R®. Furthermore, all the 
energy denominators are negative, since we are starting from the ground state. Therefore, 
the dipole-dipole interaction gives rise to a negative energy proportional to Li Re: 


C 


6 (17) 


i 


Van der Waals forces are therefore attractive and vary with 1 re RS 
Finally, let us calculate the expansion of the ground state to first order in Wag. 
We find, according to formula (B-11) of Chapter XI: 


|o) = lyf oo ; v¥ 00) 


, 


ae 
nlm, n'l’m! 





(4 sm ; Phu m' Waal ¢%10,03 ¥f0,0) 
| 


A B 
> Pry , [o oeizene, 
Prim ’ n'lim —2E; rs E,, es En 





(18) 


Comment: 

The matrix elements appearing in expressions (16) and (18) above involve the quantities 
(Ga tm |Xa| 110.0) Ce |Xp| yi 0,0) (and analogous quantities in which X4 and 
Xp are replaced by Y4 and Yg or Z4 and Zz), which are different from zero only if | = 1 
and l’ = 1. These quantites are indeed proportional to products of angular integrals 


i: Y"™* (Qa) Y# (Qa) Yo (Qa) an] x / Y""* (QB) Yi" (Qz) Yo’ (Qz) dQz 


which, according to the results of Complement Cx, are zero if 1 #1 or I’ #1. We can 
therefore, in (16) and (18), replace | and I’ by 1. 





3This summation is performed not only over the bound states, but also over the continuous spectrum 
of Ho, + Hos. 
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2-b. Approximate calculation of the constant C 


According to (16) and (12), the constant C appearing in (17) is given by: 


2 
wn a A 5 OP rm (X4XB + YaYe — 2Z4Zz)| vf 00; ePo.0)| 
—e nlm, n/m! 2E,;+ E, + En: 





(19) 


We must have n > 2 and n’ > 2. For bound states, |E,,| = Ey/n? is smaller than 
E,, and the error is not significant if we replace in (19) E,, and E,, by 0. For states 
in the continuous spectrum, F,, varies between 0 and +oo. The matrix elements of the 
numerator become small, however, as soon as the size of E,, becomes appreciable, since 
the spatial oscillations of the wave function are then numerous in the region in which 
1,0,0(r) is non-zero. 

To have an idea of the order of magnitude of C, we can therefore replace all the 
energy denominators of (19) by 2E;. Using the closure relation and the fact that the 
diagonal element of Wag is zero (§ 2-a-8), we then get: 

ere a oad B OSA B 
Ce QE; (10,03 vi00| (X,Xp + YaYp — 2Z4Zp) |~%0,03 Yio0) (20) 

This expression is simple to calculate: because of the spherical symmetry of the 
1s state, the average values of the cross terms of the type X~4Y4, XpYp, ... are zero. 
Furthermore, and for the same reason, the various quantities: 


(pt oo x4 vtoo) , (pi'oo [YA | vtton) sey (pPo0 |Z5| vPo0) 


are all equal to one third of the average value of R4, = X4+Yi+2Z%. We finally obtain, 
using the expression for the wave function ¥1,0,0(r): 


2 


a4 2 
= zs = 6 ea} (21) 


Ce QE, x 6 Keto a |~t4o,0) 





(where ao is the Bohr radius) and, consequently: 
5 2 5 
5 2%  ,€° (a0 
a= 6° Fs = 05 (Fe) (22) 


The preceding calculation is valid only if ag < R (no overlapping of the wave functions). 
Thus we see that €2 is of the order of the electrostatic interaction between two charges 
gq and —q, multiplied by the reduction factor (ay/R)” <1. 


2-c. Discussion 


Q. “Dynamical” interpretation of Van der Waals forces 


At any given instant, the electric dipole moment (we shall say, more simply, the 
dipole) of each atom has an average value of zero in the ground state | yj9.9) or | yfo.0)- 
This does not mean that any individual measurement of a component of this dipole will 
yield zero. If we make such a measurement, we generally find a non-zero value; however, 
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we have the same probability of finding the opposite value. The dipole of a hydrogen 
atom in the ground state should therefore be thought of as constantly undergoing random 
fluctuations. 

We shall begin by neglecting the influence of one dipole on the motion of the other 
one. Since the two dipoles are then fluctuating randomly and independently, their mean 
interaction is zero: this explains the fact that Waq has no first-order effect. 

However, the two dipoles are not really independent. Consider the electrostatic 
field created by dipole (A) at (B). This field follows the fluctuations of dipole (A). The 
dipole it induces at (B) is therefore correlated with dipole (A), so the electrostatic field 
which “returns” to (A) is no longer uncorrelated with the motion of dipole (A). Thus, 
although the motion of dipole (A) is random, its interaction with its own field, which 
is “reflected” to it by (B), does not have a average value of zero. This is the physical 
interpretation of the second-order effect of Wag. 

The dynamical aspect is therefore useful for understanding the origin of Van der 
Waals forces. If we were to think of the two hydrogen atoms in the ground state as two 
spherical and “static” clouds of negative electricity (with a positive point charge at the 
center of each one), we would be led to a rigorously zero interaction energy. 


B. Correlations between the two dipole moments 


Let us show more precisely that there exists a correlation between the two dipoles. 

When we take Wag into account, the ground state of the system is no longer 
| vtto.0; $0.0), but |o) [ef. expression (18)]. As shown below, a simple calculation 
yields: 


(Yo| Xa |o) = --- = (Wol Zz |Wo) = 0 (23) 


to first order in Waa. 


Consider, for example, the matrix element (~o|Xa|wWo). The zeroth-order term, 
(vto,03 yoo |X| pi'0,03 y¥0,0) is zero, since it is equal to the average value of X 4 in the ground 
state |~i10,0)- To first order, the summation appearing in formula (18) must be included. Since 
Waa contains only products of the form X,4Xzp, the coefficients of the kets |¢i0,03 Yar m') 
and [ae sec gt 0,0) in this summation are zero. The first-order terms which could be different 
from zero are therefore proportional to 


(Pht Pri tym’ |XAl Yoo; Yt0,0), with 140 and I’ 0; 


These terms are all zero since X4 does not act on |yf’o,9) and (gh tm |Pt0,0) = 0 for l’ £0. 


Thus, even in the presence of an interaction, the average values of the components 
of each dipole are zero. This is not surprising: in the interpretation of § 2-c-a, the dipole 
induced in (B) by the field of dipole (A) fluctuates randomly, like this field, and has, 
consequently, an average value of zero. 

Let us show, on the other hand, that the two dipoles are correlated, by evaluating 
the average value of a product of two components, one relative to dipole (A) and the 
other, to dipole (B). We shall calculate (a#o| (XaXp+ YaYp_ —2Z,4Zp) |Wo), for exam- 
ple, which, according to (12), is nothing more than (R3/e?) (Wo| Waa |Wo). Using (18), 
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we immediately find, taking (15) and (16) into account, that: 


3 
(wWo| (X4XpB + YaYp — 2Z4Z3) lwo) = den # 0 (24) 


Thus, the average values of the products X4Xp, YaYp and Z,4Zz are not zero, as would 
be the products of average values (X4)(XB), (Ya)(Ye) and (Z4)(Zg) according to (23). 
This proves the existence of a correlation between the two dipoles. 


y. Long-range modification of Van der Waals forces 


The description of § 2-c-a above enables us to understand that the preceding 
calculations are no longer valid if the two atoms are too far apart. The field produced 
by (A) and “reflected” by (B) returns to (A) with a time lag due to the propagation 
(A) > (B) - (A), and we have argued as if the interactions were instantaneous. 

We can see that this propagation time can no longer be neglected when it becomes 
of the order of the characteristic times of the atom’s evolution, that is, of the order of 
27 /Wni, Where Wp = (EF, — E1)/h denotes a Bohr angular frequency. In other words, 
the calculations performed in this complement assume that the distance R between the 
two atoms is much smaller than the wavelengths 27c/wn1 of the spectrum of these atoms 
(about 1 000 A). 

A calculation which takes propagation effects into account gives an interaction 
energy which, at large distances, decreases as 1/R’. The 1/R® law which we have found 
therefore applies to an intermediate range of distances, neither too large (because of the 
time lag) nor too small (to avoid overlapping of the wave functions). 


3. Van der Waals forces between a hydrogen atom in the 1s state and a 
hydrogen atom in the 2p state 


3-a. Energies of the stationary states of the two-atom system. Resonance effect 


The first excited level of the unperturbed Hamiltonian Ho, + Hog is eight-fold 

degenerate. The associated eigensubspace is spanned by the eight states : 

{|¢th0,0; ¥¥0,0); |¥%0,01 S%0.0); |¥tto.0; Fim)» with m= -1, 0, +1; 

5 iors YP 00)» with m’ = —1, 0,+1}, which correspond to a situation in which one 
of the two atoms is in the ground state, while the other one is in a state of the n = 2 
level. 

According to perturbation theory for a degenerate state, to obtain the first-order 
effect of Wag, we must diagonalize the 8 x 8 matrix representing the restriction of Waa 
to the eigensubspace. We shall show that the only non-zero matrix elements of Waq are 
those which connect a state |yt0,03 51m) to the state |yshs mi YF 0,0): The operators 
X4,Ya,Za appearing in the expression for Wag are odd and can therefore couple lytio0) 
only to one of the |o3h4 om) an analogous argument is valid for Xg,Yzg,Zg. Finally, the 
dipole-dipole interaction is invariant under a rotation of the two atoms about the Oz 
axis which joins them; therefore W zg commutes with L4,+ Dg, and can only join two 
states for which the sum of the eigenvalues of L.4, and Dp, is the same. 

Therefore, the preceding 8 x 8 matrix can be broken down into four 2 x 2 matrices. 
One of them is entirely zero (the one which concerns the 2s states), and the other three 
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are of the form: 


(rains "0" ) 2) 


where we have set: 


Kim 
(vt 0.03 YF 1m Waa |oSts ani YF 00) R (26) 


km is a calculable constant, of the order of e?a2, which will not be specified here. 
We can easily diagonalize matrix (25), obtaining the eigenvalues +k,,/R> and 
—k,/R°, associated respectively with the eigenstates: 


1 
a (|¢%0,03 Y3 1m) + ed ani Yi 0,0)) 


and: 


1 
V2 (leto,03 YF 1m) = [eo imi v¥0,0)) 


This reveals the following important results: 


— The interaction energy varies as |/R® and not as 1/R®, since Waq now modifies the 
energies to first order. The Van der Waals forces are therefore more important than 
they were between two hydrogen atoms in the 1s state (resonance effect between 
two different states of the total system with the same unperturbed energy). 


— The sign of the interaction can be positive or negative (eigenvalues +k,,/R° and 
—km/R?). There exist therefore states of the two-atom system for which there is 
attraction, and others for which there is repulsion. 


3-b. Transfer of the excitation from one atom to the other 


The two states |yf1o 9; 21m) and |¢31 mi%Fo,0) have the same unperturbed en- 
ergy and are coupled by a non-diagonal perturbation. According to the general results 
of § C of Chapter IV (two-level system), we know that there is oscillation of the system 
from one level to the other with a frequency proportional to the coupling. 

Therefore, if the system starts in the state |yi'o0;¢21.m) at t = 0, it arrives 
after a certain time (the larger R, the longer the time) in the state [esha ami YF): The 
excitation thus passes from (B) to (A), then returns to (B), and so on. 


Comment: 

If the two atoms are not fixed but, for example, undergo collision, R varies over time 
and the passage of the excitation from one atom to the other is no longer periodic. 
The corresponding collisions, called resonant collisions, play an important role in the 
broadening of spectral lines. 
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Figure 2: To calculate the interaction energy of a hydrogen atom with a perfectly con- 
ducting wall, we can assume that the electric dipole moment qr of the atom interacts 
with its electrical image —qr’, (d is the distance between the proton A and the wall). 





4. Interaction of a hydrogen atom in the ground state with a conducting wall 


We shall now consider a single hydrogen atom (A) situated at a distance d from a wall 
which is assumed to be perfectly conducting. The Oz axis is taken along the perpendic- 
ular to the wall passing through A (Fig. 2). The distance d is assumed to be much larger 
than the atomic dimensions. We can therefore ignore the atomic structure of the wall, 
and assume that the atom interacts with its electrical image on the other side of this wall 
(that is, with a symmetrical atom with opposite charges). The dipole interaction energy 
between the atom and the wall can easily be obtained from expression (12) for Wag by 
making the following substitutions: 


e? + —e? 

R > 2d 

Xp Xl,=Xa (27) 
Yp > Yh =Ya 


Gg B= ZA 


(the change of e? to —e? is due to the sign difference of the image charges). 


Furthermore it is necessary to divide by 2 since the dipole image is fictitious, 
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proportional to the electric dipole of the atom*. We then get: 


e2 


W = —T6B 


(X4+Y4+2Z%) (28) 
which represents the interaction energy of the atom with the wall [W acts only on the 


degrees of freedom of (A)]. 
If the atom is in its ground state, the energy correction to first order in W is then: 


€'1 = (¢1,0,0/W]|¢¥1,0,0) (29) 


Using the spherical symmetry of the ls state, we obtain: 


2 2 D2. 

; e€ R4 e* ag 

= ——__4 ss => 
Ey [eqs t (1.0.01 3 1#1,0,0) TB (30) 


We see that the atom is attracted by the wall: the attraction energy varies as 1/d?, and, 
therefore, the force of attraction varies as 1/d?. 

The fact that W has an effect even to first order can easily be understood in terms 
of the discussion of § 2-c above. In the present case, there is a perfect correlation between 
the two dipoles, since they are images of each other. 


References and suggestions for further reading: 


Kittel (13.2), Chap. 3. p. 82; Davydov (1.20), Chap. XII. §§ 124 and 125; 
Langbein (12.9). 

For a discussion of retardation effects, see: Power (2.11), §§ 7.5 and 8.4 (quantum 
electrodynamic approach); Landau and Lifshitz (7.12), Chap. XIII, § 90 (electromag- 
netic fluctuation approach). 

See also Derjaguin’s article (12.12). 





4This 1/2 factor is easily understood if one remembers that the energy of an electrostatic system is 
proportional to the integral over all space of the square of the electric field. For the system of Fig. 2, 
the electric field is zero below the rOy plane. 
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The volume effect: the influence of the spatial extension of the 
nucleus on the atomic levels 





1 First-order energy correction ...........6+e+0+0+0e00% 1164 
l-a Calculation of the correction ..............004. 1164 
1-b Discussion’. ..ia 3.4 42 foe RE oe ek Be OR es 1165 
2 Application to some hydrogen-like systems .......... 1166 
2-a The hydrogen atom and hydrogen-like ions .......... 1166 
2-b Muonicratoms::) s.02 acne core eRe, Don Bh ee eS 1167 





The energy levels and the stationary states of the hydrogen atom were studied in 
Chapter VII by assuming the proton to be a charged point particle, which creates an 
electrostatic 1/r Coulomb potential. Actually, this is not quite true. The proton is not 
strictly a point charge; its charge fills a volume which has a certain size (of the order of 
1 fermi = 10~!8 cm). When an electron is extremely close to the center of the proton, 
it “sees” a potential that no longer varies as 1/r, and which depends on the spatial 
charge distribution associated with the proton. This is true, furthermore, for all atoms: 
inside the volume of the nucleus, the electrostatic potential depends on how the charges 
are distributed. We thus expect the atomic energy levels, which are determined by the 
potential to which the electrons are subject at all points of space, to be affected by this 
distribution: this is what is called the “volume effect”. The experimental and theoretical 
study of such an effect is therefore important, since it can supply information about the 
internal structure of nuclei. 

In this complement, we shall give a simplified treatment of the volume effect of 
hydrogen-like atoms. To have an idea of the order of magnitude of the energy shifts it 
causes, we shall confine ourselves to a model in which the nucleus is represented by a 
sphere of radius po, in which the charge —Zq is uniformly distributed. In this model, the 
potential created by the nucleus is (cf. Complement Ay, § 4-b): 


_ Ze 
r for r > po 
Vir)=¢ ya [pp \? (1) 
— |{(—] -3 





(we have set e? = q?/4meo). The shape of the variation of V(r) with respect to r is 
shown in Figure 1. 

The exact solution of the Schrédinger equation for an electron subject to such a 
potential poses a complicated problem. Therefore, we shall content ourselves with an 
approximate solution, based on perturbation theory. In a first approximation, we shall 
consider the potential to be a Coulomb potential [which amounts to setting p9 = 0 in (1)). 
The energy levels of the hydrogen atom are then the ones found in § C of Chapter VII. 
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Figure 1: Variation with respect to r of the electrostatic potential V(r) created by the 
charge distribution —Zq of the nucleus, assumed to be uniformly distributed inside a 
sphere of radius po. For r < po, the potential is parabolic. For r > po, it is a Coulomb 
potential [the extension of this Coulomb potential into the r < po zone is represented by 
the dashed line; W(r) is the difference between V(r) and the Coulomb potential]. 





We shall treat the difference W(r) between the potential V(r) written in (1) and the 
Coulomb potential as a perturbation. This difference is zero when r is greater than the 
radius pp of the nucleus. It is therefore reasonable that it should cause a small shift in 
the atomic levels (the corresponding wave functions extend over dimensions of the order 
of ap >> po), which justifies a treatment by first-order perturbation theory. 
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1. First-order energy correction 


L-a. Calculation of the correction 


By definition, W(r) is equal to: 


a) 20 | 
Be) 8 
PO Tr if O<r< po (2) 


0 if r > po 


Ze* 
Wir) = 4 Po 





Let |Yn,tzm) be the stationary states of the hydrogen-like atom in the absence of the 
perturbation W. To evaluate the effect of W to first order, we must calculate the matrix 
elements: 


(Pn,t,m| Ww lPn,t/,m') = Jeo Vek) y;”'(Q) 


xf Parra (7) Rae WO) (3) 


In this expression, the angular integral simply gives 6jjdmm’. To simplify the radial 
integral, we shall make an approximation and assume! that: 


po < ao (4) 


that is, that the r < po region, in which W(r) is not zero, is much smaller than the 
spatial extent of the functions R,1(r). When r < po, we then have: 


Rra(r) > Rr (0) (5) 


The radial integral can therefore be written: 


Z 2 PO 2 9 
pa [Rit (0)|? [ r?dr (Z) + enue | (6) 
2/p0 JO Po r 


which gives: 


Ze? 
I= 0 0 |Rnt (0)|? (7) 
and: 
Ze? 2 2 
(On twm| W \Cn,vant) = 70 0 |Rn,t (O)|" dur Omm’ (8) 


We see that the matrix representing W in the subspace €, corresponding to the 
nth level of the unperturbed Hamiltonian is diagonal. Therefore, the first-order energy 
correction associated with each state |y,1,) can be written simply: 

Ze? 


AE = aa |Rnt (0)|? (9) 


1This is certainly the case for the hydrogen atom. In § 2, we shall examine condition (4) in greater 
detail. 
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This correction does not depend? on m. Furthermore, since R,,) (0) is zero unless | = 0 
(cf. Chap. VII, § C-4-c), only the s states (1 = 0 states) are shifted, by a quantity which 
is equal to: 


Ze? 
AE,,0 = ae |Rn,o (0)|? 


Qn Ze? 


—— Po |Yn,0,0 (0) |? (10) 


(we have used the fact that YP = 1/V47r). 


1-b. Discussion 


AE,,,9 can be written: 


3 
AE,o0 = — 11 
E, 40 10’? ( ) 
where: 
2 
ge (12) 
Po 


is the absolute value of the potential energy of the electron at a distance po from the 
center of the nucleus, and: 


P = Srp lenoo(0)P (13) 
is the probability of finding the electron inside the nucleus. P and w enter into (11) 
because the effect of the perturbation W(r) is felt only inside the nucleus. 
For the method which led us to (10) and (11) to be consistent, the correction AE), 0 
must be much smaller than the energy differences between unperturbed levels. Since w 
is very large (an electron and a proton attract each other very strongly when they are 
very close), P must therefore be extremely small. Before taking up the more precise 
calculation in § 2, we shall evaluate the order of magnitude of these quantities. Let: 


h2 


202) = Fiat 


(14) 


be the Bohr radius when the total charge of the nucleus is —Zq. If n is not too high, the 
wave functions yp 0,0 (r) are practically localized inside a region of space whose volume 
is approximately [Jag (Z)|®. As for the nucleus, its volume is of the order of pi, so: 


o 5] = 








?This result could have been expected, since the perturbation W, which is invariant under rotation, 
is a scalar (cf. Complement Byy, § 5-b). 
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Relation (11) then yields: 


Ze? 3 
AEn,o < ace | fo | 





po |ao(Z) 
3 Be |p| 
~ ag(Z) | (16) 


Now, Ze?/ao(Z) is of the order of magnitude of the binding energy EF; (Z) of the unper- 
turbed atom. The relative value of the correction is therefore equal to: 


AEn,o ~| 00 } a7) 








E,(Z) ao(Z) 
If condition (4) is met, this correction will indeed be very small. We shall now calculate 
it more precisely in some special cases. 
2. Application to some hydrogen-like systems 


2-a. The hydrogen atom and hydrogen-like ions 


For the ground state of the hydrogen atom, we have [cf. Chap. VII, relation (C- 
39a)]: 


Ri 0(r) = an) 2) te. 170 (18) 


[where ap is obtained by setting Z = 1 in (14)]. Formula (10) then yields: 


2 2 
AF} 9 = ae (2) = =Br (2) (19) 
Now, we know that, for hydrogen: 

ap ~ 0,53 A =5.3 1074 m (20) 
Furthermore, the radius pp of the proton is of the order of: 

po (proton) ~ 1 F = 107"? m (21) 
If we substitute these numerical values into (19), we obtain: 

AE\ 9 ~ 4.5 107° Ey ~ 6 107° eV (22) 


The result is therefore very small. 
For a hydrogen-like ion, the nucleus has a charge of —Zq. We can then apply (10), 
which amounts to replacing e? in (19) by Ze?, and ao by ao (Z) = ao/Z. We obtain: 


2 Z2¢2 AZ ; 


where po (A, Z) is the radius of the nucleus, composed of A nucleons (protons or neu- 
trons), Z of which are protons. In practice, the number of nucleons of a nucleus is not very 
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different from 2 Z; in addition, the “nuclear density saturation” property is expressed by 
the approximate relation: 


po(A, Z) « AM? x Zi3 (24) 
The variation of the energy correction with respect to Z is then given by: 
AE1 0 (Z) « Z14/8 (25) 
or: 
AF) 0(Z) 8 
EO =x 78/8 26 
E;}(Z) ~ ee) 


AE; 9 (Z) therefore varies very rapidly with Z, under the effect of several concordant 
factors: when Z increases, ag decreases and po increases. The volume effect is therefore 
significantly larger for heavy hydrogen-like ions than for hydrogen. 


Comment: 


The volume effect also exists for all the other atoms. It is responsible for an 
isotopic shift of the lines of the emission spectrum. For two distinct isotopes of 
the same chemical element, the number Z of protons of the nucleus is the same, 
but the number A — Z of neutrons is different; the spatial distributions of the 
nuclear charges are therefore not identical for the two nuclei. 


Actually, for light atoms, the isotopic shift is caused principally by the nuclear 
finite mass effect (cf. Complement Av, § 1-a-a). On the other hand, for heavy 
atoms (for which the reduced mass varies very little from one isotope to another), 
the finite mass effect is small; however, the volume effect increases with Z and 
becomes preponderant. 


2-b. Muonic atoms 


We have already discussed some simple properties of muonic atoms (cf. Comple- 
ment Ay, § 4 and Ayn, § 2-a). In particular, we have pointed out that the Bohr radius 
associated with them is distinctly smaller than for ordinary atoms (this is caused by the 
fact that the mass of the ~~ muon is approximately equal to 207 times that of the elec- 
tron). From the qualitative discussion of § 1-b, we may therefore expect an important 
volume effect for muonic atoms. We shall evaluate it by choosing two limiting cases: a 
light muonic atom (hydrogen) and a heavy one (lead). 


a. The muonic hydrogen atom 


The Bohr radius is then: 

= gt \ soe 

ao (ps »P je 207 
that is, of the order of 250 fermi. It therefore remains, in this case, distinctly greater 


than po. If we replace ag by ag /207 in (19), we find: 
AE, o(u~, pt) & 1.9 x 107° Ex(u-, pt) x5 x 1077 eV (28) 


(27) 


Although the volume effect is much larger than for the ordinary hydrogen atom, it still 
yields only a small correction to the energy levels. 
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B. The muonic lead atom 


The Bohr radius of the muonic lead atom is [cf. Complement Ay, relation (25)]: 
ao(u, Pb) ~ 3x 107? m (29) 


The «~ muon is now very close to the lead nucleus; it is therefore practically unaffected 
by the repulsion of the atomic electrons which are located at distinctly greater distances. 
This could lead us to believe that (10), which was proven for hydrogen-like atoms and 
ions, is directly applicable to this case. Actually, this is not true, since the radius of the 
lead nucleus is equal to: 


po(Pb) ~ 8.5F = 8.5 x 107 m (30) 


which is not small compared to ag(u~ , Pb). Equation (10) would therefore lead to large 
corrections (several MeV), of the same order of magnitude as the energy E;(~, Pb). This 
means that, in this case, the volume effect can no longer be treated as a perturbation 
(see discussion of § 4 of Complement Ay). To calculate the energy levels, it is necessary 
to know the potential V(r) exactly and to solve the corresponding Schrédinger equation. 

The muon is therefore more inside the nucleus than outside, that is, according to 
(1), in a region in which the potential is parabolic. In a first approximation, we could con- 
sider the potential to be parabolic everywhere (as is done in Complement Ay) and then 
treat as a perturbation the difference which exists for r > 9 between the real potential 
and the parabolic potential. However, the extension of the wave function corresponding 
to such a potential is not sufficiently smaller than pp for such an approximation to lead 
to precise results, and the only valid method consists of solving the Schrédinger equation 
corresponding to the real potential. 


References and suggestions for further reading: 


The isotopic volume effect: Kuhn (11.1), Chap. VI, § C-3; Sobel’man (11.12), Chap. 6, 
§ 24. 

Muonic atoms (sometimes called mesic atoms): Cagnac and Pebay-Peyroula (11.2), 
Chap. XIX, § 7-C; De Benedetti (11.21); Wiegand (11.22); Weissenberg (16.19), § 4-2. 
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The variational method 
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The perturbation theory studied in Chapter XI is not the only general approxima- 
tion method applicable to conservative systems. We shall give a concise description here 
of another of these methods, which also has numerous applications, especially in atomic 
and molecular physics, nuclear physics, and solid state physics. First of all, we shall 
indicate, in § 1, the principle of the variational method. Then we shall use the simple 
example of the one-dimensional harmonic oscillator to bring out its principal features 
(§ 2), which we shall briefly discuss in § 3. Complements Fx; and Gx; apply the varia- 
tional method to simple models which enable us to understand the behavior of electrons 
in a solid and the origin of the chemical bond. 


1. Principle of the method 


Consider an arbitrary physical system whose Hamiltonian H is time-independent. To 
simplify the notation, we shall assume that the entire spectrum of H is discrete and 
non-degenerate: 


H lyn) = En |Gn) 32 =0, 1, 2, ... (1) 


Although the Hamiltonian H is known, this is not necessarily the case for its eigenvalues 
E,, and the corresponding eigenstates |y,). The variational method is, of course, most 
useful in the cases in which we do not know how to diagonalize H exactly. 


1-a. A property of the ground state of a system 


Choose an arbitrary ket |y) of the state space of the system. The average value of 
the Hamiltonian H in the state |y) is such that: 


a) = WIE) se (2) 


(oly) 


(where Eo is the smallest eigenvalue of H), equality occuring if and only if |w) is an 
eigenvector of H with the eigenvalue Eo. 
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To prove inequality (2), we expand the ket |) on the basis of eigenstates of H: 


= S> Cn |'Pn) (3) 
n 
We then have: 
(b| H |b) = Da leal En 2Eo ) Neal! (4) 
with, of course: 


(b| ¥) = ds leal! (5) 


which proves (2). For inequality (4) to become an equality, it is necessary and sufficient 
that all the coefficients c, be zero, with the exception of co; |W) is then an eigenvector 
of H with the eigenvalue Eo. 

This property is the basis for a method of approximate determination of Eg. We 
choose (in theory, arbitrarily, but in fact, by using physical criteria) a family of kets 
\W(a)) which depend on a certain number of parameters which we symbolize by a. We 
calculate the average value (H) (a) of the Hamiltonian H in these states, and we minimize 
(H) (a) with respect to the parameters a. The minimal value so obtained constitutes 
an approximation of the ground state Ep of the system. The kets |wW(a)) are called trial 
kets, and the method itself, the variational method. 


Comment: 


The preceding proof can easily be generalized to cases in which the spectrum of 
H is degenerate or includes a continuous part. 


1-b. Generalization: the Ritz theorem 


We shall show that, more generally, the average value of the Hamiltonian H is 
stationary in the neighborhood of its discrete eigenvalues. 
Consider the average value of H in the state |): 


_ WiHW) 
(| ¥) 
as a functional of the state vector |y), and calculate its increment 6 (H) when |y) becomes 


|W) + |W), where |dwW) is assumed to be infinitely small. To do so, it is useful to write 
(6) in the form: 


(H) (6) 


(1) (b |b) = (b| Hy) (7) 
and to differentiate both sides of this relation: 
(b |b) d(H) + (A) [Cp | dh) + (de | ¥)] (8) 


= (| H dy) + 6d] Hd) 
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that is, since (H) is a number: 


(lh) 6 (A) 
= (P| [H — (H)] Oy) + (6e| [H — CD] |v) (9) 


The average value (H) will be stationary if: 
6(H) =0 (10) 


which, according to (9), means that: 


(| [H — (H1)] |d) + (6p [H — (H1)] |b) = 0 (11) 
We set: 

I~) = [H — (H)] |v) (12) 
Relation (11) can then be written simply: 

(p | 5b) + (Sv |v) =0 (13) 


This last relation must be satisfied for any infinitesimal ket |dw). In particular, if we 
choose: 


|5y) = dA |) (14) 
(where 6 is an infinitely small real number), (13) becomes: 
2(p|~)dA=0 (15) 


The norm of the ket |y) is therefore zero, and |y) must consequently be zero. With 
definition (12) taken into account, this means that: 


A |b) = (1) |¥) (16) 


Consequently, the average value (H) is stationary if and only if the state vector |) to 
which it corresponds is an eigenvector of H, and the stationary values of (H) are the 
eigenvalues of the Hamiltonian. 

The variational method can therefore be generalized and applied to the approx- 
imate determination of the eigenvalues of the Hamiltonian H. If the function (H) (a) 
obtained from the trial kets |W(a)) has several extrema, they give the approximate val- 
ues of some of its energies EF, (cf. exercise 10 of Complement Hx1). 


1-c. A special case where the trial functions form a subspace 


Assume that we choose for the trial kets the set of kets belonging to a vector 
subspace ¥ of €. In this case, the variational method reduces to the resolution of the 
eigenvalue equation of the Hamiltonian H inside F, and no longer in all of €. 

To see this, we simply apply the argument of § 1-b, limiting it to the kets |w) of the 
subspace ¥. The maxima and minima of (H), characterized by 6 (H) = 0, are obtained 
when |w) is an eigenvector of H in ¥. The corresponding eigenvalues constitute the 
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variational method approximation for the true eigenvalues of H in €. They also provide 
upper bounds of these eigenvalues: we have seen that the lowest energy that is obtained 
is larger than the true energy of the ground state, but it is also possible to show (cf. 
MacDonald’s article in the references of this complement) that the next lowest energy is 
greater than the energy of the true first excited state, etc. When the dimension of F is 
increased by one unit, one obtains a new series of energies with a new energy above all 
the others, which themselves decrease (or possibly remain at the same value). 

We stress the fact that the restriction of the eigenvalue equation of H to a sub- 
space F of the state space € can considerably simplify its solution. However, if F is badly 
chosen, it can also yield results which are rather far from the true eigenvalues and eigen- 
vectors of H in € (cf. § 3). The subspace F must therefore be chosen so as to simplify the 
problem enough to make it soluble, without too greatly altering the physical reality. In 
certain cases, it is possible to reduce the study of a complex system to that of a two-level 
system (cf. Chap. IV), or at least, to that of a system of a limited number of levels. 
Another important example of this procedure is the method of the linear combination of 
atomic orbitals, widely used in molecular physics. This method (cf. Complement Gxy) 
essentially determines the wave functions of electrons in a molecule in the form of linear 
combinations of eigenfunctions associated with the various atoms which constitute the 
molecule, treated as if they were isolated. It therefore limits the search for the molecular 
states to a subspace chosen using physical criteria. Similarly, in Complement Fx 7, we 
shall choose as a trial wave function for an electron in a solid a linear combination of 
atomic orbitals relative to the various ions which constitute this solid. 


Comment: 


Note that first-order perturbation theory fits into this special case of the variational 
method: F is then an eigensubspace of the unperturbed Hamiltonian Ho. 


2. Application to a simple example 


To illustrate the discussion of § 1 and to give an idea of the validity of the approximations 
obtained with the help of the variational method, we shall apply this method to the 
one-dimensional harmonic oscillator, whose eigenvalues and eigenstates we know (cf. 
Chap. V). We shall consider the Hamiltonian: 


(17) 
and we shall solve its eigenvalue equation approximately by variational calculations. 


2-a. Exponential trial functions 


Since the Hamiltonian (17) is even, it can easily be shown that its ground state 
is necessarily represented by an even wave function. To determine the characteristics of 
this ground state, we shall therefore choose even trial functions. We take, for example, 
the one-parameter family: 


a(t) =e 3; a>O (18) 
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The square of the norm of the ket |.) is equal to: 


+00 5 
(a | Wa) al / dx e708 (19) 


—oo 


and we find: 


ee eae. 1 
(Hal A Re) = / dx eee + jima?| enon” 


7 ~ Sen da? 
= [ro =F sim] i dx e720” (20) 

so that: 
(FH) (a) = Fa + smu? (21) 


The derivative of the function (H) (a) goes to zero for: 


1 mw 


= = 2 22 
a= a= 5 (22) 
and we then have: 
1 
(H) (a0) = shu (23) 


The minimum value of (H) (a) is therefore exactly equal to the energy of the ground 
state of the harmonic oscillator. This result is due to the simplicity of the problem 
that we are studying: the wave function of the ground state happens to be precisely 
one of the functions of the trial family (18), the one which corresponds to value (22) of 
the parameter a. The variational method, in this case, gives the exact solution of the 
problem (this illustrates the theorem proven in § 1-a). 

If we want to calculate (approximately, in theory) the first excited state E, of the 
Hamiltonian (17), we should choose trial functions which are orthogonal to the wave 
function of the ground state. This follows from the discussion of § 1-a, which shows that 
the lower bound of (H) is E,, and no longer Epo if the coefficient co is zero. We therefore 
choose the trial family of odd functions: 


2 


Wa(x) = cew™ (24) 


In this case: 


+00 
(Wa | We) co) i dx ee 208 (25) 
—cC 
and: 
h? 1 3 +oo 
(Wal H Wa) = [2 x 80+ Smut x 2] fo” aa? en 5 
which yields: 
BI 2 « 2B). pil 
(H) (a) = a gm (27) 
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This function, for the same value ag as above [formula (22)], presents a minimum equal 
to: 


(H) (op) = Shu (28) 


Here again, we find exactly the energy E£ and the associated eigenstate because the trial 
family includes the correct wave function. 


2-b. Rational wave functions 


The calculations of § 2-a enabled us to familiarize ourselves with the variational 
method, but they do not really allow us to judge its effectiveness as a method of approx- 
imation, since the families chosen always included the exact wave function. Therefore, 
we shall now choose trial functions of a totally different type, for example!: 


1 
a(z) = — —_ } > 0 29 
Yalz)=ao— 5 a (29) 
A simple calculation then yields: 


+00 xv Tt 
(be lve) =f = ete (30) 





and, finally: 


(H) (a) = —-+ =mw*a (31) 
a = a = —=— (32) 


(H) (ao) = ah (33) 


This minimum value is therefore equal to \/2 times the exact ground state energy hw/2. 
To measure the error committed, we can calculate the ratio of (H) (a9) — hw/2 to the 
energy quantum fw: 


(H) (a) — hw y2=1 
ge ee (34) 
3. Discussion 


The example of § 2-b shows that it is easy to obtain the ground state energy of a system, 
without significant error, starting with arbitrarily chosen trial kets. This is one of the 





1Our choice here is dictated by the fact that we want the necessary integrals to be analytically 
calculable. Of course, in most real cases, one resorts to numerical integration. 
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principal advantages of the variational method. Since the exact eigenvalue is a minimum 
of the average value (#7), it is not surprising that (H) does not vary very much near this 
minimum. 

On the other hand, as the same reasoning shows, the “approximate” state can be 
rather different from the true eigenstate. Thus, in the example of § 2-b, the wave function 
1/(a? + ag) [where ag is given by formula (32)] decreases too rapidly for small values of 
x and much too slowly when x becomes large. Table I gives quantitative support for this 
qualitative assertion. It gives, for various values of x?, the values of the exact normalized 
eigenfunction: 


yo(x) = (2a9 /)'/4e7 20%” 


[where ap was defined in (22)] and of the approximate normalized eigenfunction: 


of (oo)! Yan (2) = of 2 = sf? (2500) aie (35) 




















0 0.893 1.034 
1/2 0.696 0.605 
1 0.329 0.270 
3/2 0.094 0.140 
2 0.016 0.083 
5/2 0.002 0.055 
3 0.000 1 0.039 
Table I 


It is therefore necessary to be very careful when physical properties other than 
the energy of the system are calculated using the approximate state obtained from the 
variational method. The validity of the result obtained varies enormously depending 
on the physical quantity under consideration. In the particular problem which we are 
studying here, we find, for example, that the approximate average value? of the operator 
X? is not very different from the exact value: 


(Wao | os |e) = ohn Te 
(Wao Ia) V2 mw 


which is to be compared with h/2mw. On the other hand, the average value of X* is 
infinite for the wave function (35), while it is, of course, finite for the real wave function. 


(36) 





? The average value of X is automatically zero, as is correct since we have chosen even trial functions. 
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More generally, Table I shows that the approximation will be very poor for all properties 
that depend strongly on the behavior of the wave function for x 2 2/,/a0. 

The drawback we have just mentioned is all the more serious as it is very difficult, 
if not impossible, to evaluate the error in a variational calculation if we do not know 
the exact solution of the problem (and, of course, if we use the variational method, it is 
because we do not know this exact solution). 

The variational method is therefore a very flexible approximation method, which 
can be adapted to very diverse situations and which gives great scope to physical intu- 
ition in the choice of trial kets. It gives good values for the energy rather easily, but 
the approximate state vectors may present certain completely unpredictable erroneous 
features, and we cannot check these errors. This method is particularly valuable when 
physical arguments give us an idea of the qualitative or semi-quantitative form of the 
solutions. 


References and suggestions for further reading: 


The Hartree-Fock method, often used in physics, is an application of the variational 
method. See references of Chapter XI and Complement Exy of Volume ITI. 

The variational method is of fundamental importance in molecular physics. See 
references of Complement Gxq. 

For a simple presentation of the use of variational principles in physics, see Feyn- 
man II (7.2), Chap. 19. 

J.K.L. MacDonald, Physical Review vol. 143, pages 830 4 833 (1933). 
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Energy bands of electrons in solids: a simple model 





1 A first approach to the problem: qualitative discussion .. 1178 
2 A more precise study using a simple model. ......... 1181 
2-a Calculation of the energies and stationary states ....... 1181 
2-b Discussions «4 ba) bs hae bee Se ok Seek bs 1187 





A crystal is composed of atoms evenly distributed in space so as to form a three- 
dimensional periodic lattice. The theoretical study of the properties of a crystal, which 
brings into play an extremely large number of particles (nuclei and electrons), poses a 
problem which is so complicated that it is out of the question to treat it rigorously. We 
must therefore resort to approximations. 

The first of these is of the same type as the Born-Oppenheimer approximation 
(which we encountered in § 1 of Complement Ay). It consists of considering, first of all, 
the positions of the nuclei as fixed, which enables us to study the stationary states of the 
electrons subjected to the potential created by the nuclei. The motion of the nuclei is not 
treated until later, using the knowledge of the electronic energies!. In this complement, 
we shall concern ourselves only with the first step of this calculation, and we shall assume 
the nuclei to be motionless at the nodes of the crystalline lattice. 

This problem still remains extremely complicated. It is necessary to calculate the 
energies of a system of electrons subjected to a periodic potential and interacting with 
each other. We then make a second approximation: we assume that each electron, at a 
position r;, is subjected to the influence of a potential V (r;) which takes into account 
the attraction exerted by the nuclei and the average effect of the repulsion of all the other 
electrons”. The problem is thus reduced to one involving independent particles, moving 
in a potential that has the periodicity of the crystalline lattice. 

The physical characteristics of a crystal therefore depend, in a first approximation, 
on the behavior of independent electrons subjected to a periodic potential. We could be 
led to think that each electron remains bound to a given nucleus, as happens in isolated 
atoms. We shall see that, in reality, the situation is completely different. Even if an 
electron is initially in the neighborhood of a particular nucleus, it can move into the 
zone of attraction of an adjacent nucleus by the tunnel effect, then into another, and so 
on. Actually, the stationary states of the electrons are not localized in the neighborhood 
of any nucleus, but are completely delocalized: the probability density associated with 
them is uniformly distributed over all the nuclei*. Thus, the properties of an electron 





Recall that the study of the motion of the nuclei leads to the introduction of the normal vibrational 
modes of the crystal: the phonons (cf. Complement Jy). 

?This approximation is of the same type as the “central field” approximation for isolated atoms (cf. 
Complement Axqyv, § 1). 

$This phenomenon is analogous to the one we encountered in the study of the ammonia molecule (cf. 
Complement Gyy). There, since the nitrogen atom can move from one side of the plane of the hydrogen 
atoms to the other, by the tunnel effect, the stationary states give an equal probability of finding it in 
each of the two corresponding positions. 
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placed in a periodic potential resemble those of an electron free to move throughout 
the crystal more than they do those of an electron bound to a particular atom. Such a 
phenomenon could not exist in classical mechanics: the direction of a particle traveling 
through a crystal would change constantly under the influence of the potential variations 
(for example, upon skirting an ion). In quantum mechanics, the interference of the waves 
scattered by the different nuclei permit the propagation of an electron inside the crystal. 

In § 1, we shall study very qualitatively how the energy levels of isolated atoms 
are modified when they are brought gradually closer together to form a linear chain. 
Then, in § 2, still confining ourselves, for simplicity, to the case of a linear chain, we shall 
calculate the energies and wave functions of stationary states a little more precisely. We 
shall perform the calculation in the “tight bonding approximation”: when the electron 
is in one site, it can move to one of two neighboring sites via the tunnel effect. The tight 
bonding approximation is equivalent to assuming that the probability of its tunneling 
is small. We shall, in this way, establish a certain number of results (the delocalization 
of stationary states, the appearance of allowed and forbidden energy bands, the form of 
Bloch functions) which remain valid in more realistic models (three-dimensional crystals, 
bonds of arbitrary strength). 

The “perturbation” approach that we shall adopt here constructs the stationary 
states of the electrons from atomic wave functions localized about the various ions. It has 
the advantage of showing how atomic levels change gradually to energy bands in a solid. 
Note, however, that the existence of energy bands can be directly established from the 
periodic nature of the structure in which the electron is placed (see, for example, Com- 
plement Oy, in which we study quantization of the energy levels in a one-dimensional 
periodic potential). 

Finally, we stress the fact that we are concerned here only with the properties of the 
individual stationary states of the electrons. To construct the stationary state of a system 
of N electrons from these individual states, it is necessary to apply the symmetrization 
postulate (cf. Chap. XIV), since we are dealing with a system of identical particles. 
We shall treat this problem again in Complement Cxry, when we shall describe the 
spectacular consequences of Pauli’s exclusion principle on the physical behavior of the 
electrons in a solid. Many other examples of the effects of the symmetrization will be 
discussed in Chapters XV to XVII. 


1. A first approach to the problem: qualitative discussion 


Let us go back to the example of the ionized H} molecule, studied in §§ C-2-c and C-3-d 
of Chapter IV. Consider, therefore, two protons P, and P2, whose positions are fixed, 
and an electron which is subject to their electrostatic attraction. This electron sees a 
potential V(r), which has the form indicated in Figure 1. In terms of the distance R 
between P; and P» (considered as a parameter) what are the possible energies and the 
corresponding stationary states? 

We shall begin by considering the limiting case in which R >> ao (where apo is the 
Bohr radius of the hydrogen atom). The ground state is then two-fold degenerate: the 
electron can form a hydrogen atom either with P, or with P»; it is practically unaffected 
by the attraction of the other proton, which is very far away. In other words, the 
coupling between the states |y1) and |y2) considered in Chapter IV (localized states in 
the neighborhood of P; or P2; cf. Fig. 13 of Chapter IV) is then negligible, so that |y1) 
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Figure 1: The potential seen by the electron as it moves along the Ox axis defined by the 
two protons in the ionized Hf molecule. We obtain two wells separated by a barrier. If, 
at any instant, the electron is localized in one of the two wells, it can move into the other 
well via the tunnel effect. 





and |y2) are practically stationary states. 

If we now choose a value of R comparable to ag it is no longer possible to neglect 
the attraction of one or the other of the protons. If, at ¢ = 0, the electron is localized 
in the neighborhood of one of them, and even if its energy is lower than the height 
of the potential barrier situated between P,; and P, (cf. Fig. 1), it can move to the 
other proton by the tunnel effect. In Chapter IV we studied the effect of coupling of 
the states |y,) and |y2), and we showed that it produces an oscillation of the system 
between these two states (the dynamical aspect). We have also seen (the static aspect) 
that this coupling removes the degeneracy of the ground state and that the corresponding 
stationary states are “delocalized” (for these states, the probability of finding the electron 
in the neighborhood of P; or P2 is the same). Figure 2 shows the form of the variation 
with respect to R of the possible energies of the system’. 

Two effects appear when we decrease the distance R between P, and P 2. On the 
one hand, an R = oo energy value gives rise to two distinct energies when R decreases 
(when the distance RF is fixed at a given value Ro, the stronger the coupling between the 
states |y1) and |y2), the greater the difference between these two energies). On the other 
hand, the stationary states are delocalized. 

It is easy to imagine what will happen if the electron is subject to the influence, not 
of two, but of three identical attractive particles (protons or positive ions), arranged, for 
example, in a straight line at intervals of R. When R is very large, the energy levels are 
triply degenerate, and the stationary states of the electron can be chosen to be localized 
in the neighborhood of any one of the fixed particles. 

If R is decreased, each energy gives rise to three generally distinct energies and, in a 





4A detailed study of the Hy ion is presented in Complement Gxyq. 
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Figure 2: Variation of the energy of stationary states of the electron in terms of the 
distance R between the two protons of the Hf ion. When R is large, there are two prac- 
tically degenerate states, of energy —E;. When R decreases, this degeneracy is removed. 
The smaller R, the greater the splitting. 





stationary state, the probabilities of finding the electron in the three wells are comparable. 
Moreover, if, at the initial instant, the electron is localized in the right-hand well, for 
example, it moves into the other wells during its subsequent evolution®. 

The same ideas remain valid for a chain composed of an arbitrary number NV of 
ions which attract an electron. The potential seen by the electron is then composed of VV 
regularly spaced identical wells (in the limit in which NV — oo, it is a periodic potential). 
When the distance R between the ions is large, the energy levels are N/-fold degenerate. 
This degeneracy disappears if the ions are moved closer together: each level gives rise 
to distinct levels, which are distributed, as shown in Figure 3, in an energy interval of 
width A. What now happens if the value of N is very large? In each of the intervals 
A, the possible energies are so close that they practically form a continuum: “allowed 
energy bands” are thus obtained, separated by “forbidden bands”. Each allowed band 
contains NV levels (actually 2N if the electron spin is taken into account). The stronger 
the coupling causing the electron to pass from one potential well to the next one, the 
greater the band width. (Consequently, we expect the lowest energy bands to be the 
narrowest since the tunnel effect which is responsible for this passage is less probable 
when the energy is smaller). The stationary states of the electron are all delocalized. 
The analogue here of Figure 3 of Complement My is Figure 4, which represents the 
energy levels and gives an idea of the spatial extension of the associated wave functions. 

Finally, note that if, at t = 0, the electron is localized at one end of the chain, it 
propagates along the chain during its subsequent evolution. 





5See exercise 8 of Complement Jry. 
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Figure 3: Energy levels of an electron subject to the action of N regularly spaced identical 
tons. When R is very large, the wave functions are localized about the various ions, and 
the energy levels are the atomic levels, N-fold degenerate (the electron can form an atom 
with any one of the N ions). In the figure, two of these levels are shown, of energies 
—E and —E’. When R decreases, the electron can pass from one ion to another by the 
tunnel effect, and the degeneracy of the levels is removed. The smaller R, the greater the 
splitting. For the value Ro of R found in a crystal, each of the two original atomic levels 
is therefore broken down into N very close levels. If N is very large, these levels are so 
close that they yield energy bands, of widths A and A’, separated by a forbidden band. 





2. A more precise study using a simple model 


2-a. Calculation of the energies and stationary states 


To complete the qualitative considerations of the preceding section, we shall dis- 
cuss the problem more precisely, using a simple model. We shall perform calculations 
analogous to those of § C of Chapter IV, but adapted to the case in which the system 
under consideration contains an infinite number of ions (instead of two), regularly spaced 
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Figure 4: Energy levels for a potential composed of several regularly spaced wells. Two 
bands are shown in this figure, one of width A and the other of width A’. The deeper the 
band, the more narrow it is, since crossing the barrier by the tunnel effect is then more 


difficult. 





in a linear chain. 


Q. Description of the model; simplifying hypotheses 


Consider, therefore, an infinite linear chain of regularly spaced positive ions. As 
in Chapter IV, we shall assume that the electron, when it is bound to a given ion, has 
only one possible state: we shall denote by |v,) the state of the electron when it forms 
an atom with the nth ion of the chain. For the sake of simplicity, we shall neglect the 
mutual overlap of the wave functions v,(x) associated with neighboring atoms, and we 
shall assume the {|v,,)} basis to be orthonormal: 


(Un|vp) = dnp (1) 


Moreover, we shall confine ourselves to the subspace of the state space spanned by the 
kets |un). It is obvious that by restricting the state space accessible to the electron in 
this way, we are making an approximation. This can be justified by using the variational 
method (cf. Complement Ex;): by diagonalizing the Hamiltonian H, not in the total 
space, but in the one spanned by the |v,), it can be shown that we obtain a good 
approximation for the true energies of the electron. 

We shall now write the matrix representing the Hamiltonian H in the {|v,,)} basis. 
Since the ions all play equivalent roles, the matrix elements (v,,| H |v,) are necessarily 
all equal to the same energy Eo. In addition to these diagonal elements, H also has non- 
diagonal elements (v,,| H |vp) (coupling between the various states |v,,), which expresses 
the possibility for an electron to move from one ion to another). This coupling is obviously 
very weak for distant ions; this is why we shall take into account only the matrix elements 
(Un| H |vnti), which we shall choose equal to a real constant — A. Under these conditions, 
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the (infinite) matrix that represents H can be written: 


Eo —-A 0 0 
2 =A Ey —A 0 
(H) = 0 —A Eo —A (2) 
0 0 -A Eo 


To find the possible energies and the corresponding stationary states, we must diagonalize 
this matrix. 


B. Possible energies; the concept of an energy band 
Let |y) be an eigenvector of H; we shall write it in the form: 


+00 


ly) = SO calea) (3) 


q=—00 


Using (2), the eigenvalue equation: 


H |p) = E |g) (4) 
projected onto |u,), yields: 
Eq — Acg+1 — ACg-1 = Eg (5) 


When q takes on all positive or negative integral values, we obtain an infinite 
system of coupled linear equations which, in certain ways, recall the coupled equations 
(5) of Complement Jy. As in that complement, we shall look for simple solutions of the 
form: 


Cq = evkal (6) 


where / is the distance between two adjacent ions, and k& is a constant whose dimensions 
are those of an inverse length. We require k to belong to the “first Brillouin zone”, that 
is, to satisfy: 
1 T 
“ Rhee oy (7) 
This is always possible, because two values of k differing by 27/I give all the coefficients 
Cq the same value. Substituting (6) into (5), we obtain: 


Eye — A etk(Qthl 4 gtk(q-1)l| _ FF eikal (8) 


that is, dividing by e’*4: 


E = E(k) = Eo — 2Acoskl (9) 

If this condition is satisfied, the ket |y) given by (3) and (6) is an eigenket of H; its 
energy depends on the parameter k, as is indicated by (9). 

Figure 5 represents the variation of E with respect to k. It shows that the possible 


energies are situated in the interval [fy — 2A, Eo + 2A]. We therefore obtain an allowed 
energy band, whose width 4A is proportional to the strength of the coupling. 
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Figure 5: Possible energies of the 
electron in terms of the parameter k 
(k varies within the first Brillouin 
zone). An energy band therefore 
appears, with a width 4A which is 
proportional to the coupling between 
neighboring atoms. 
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y. Stationary states; Bloch functions 


Let us calculate the wave function y; (x) = (x | yz) associated with the stationary 
state |y,) of energy E(k). Relations (3) and (6) lead to: 


+00 
on) = D> ef* 4 ley) (10a) 
that is: 
+00 
ya (2) = D> ety, (zx) (10b) 
where: 
Uq (x) = (x | vq) (11) 


is the wave function associated with the state |v,). Since the state |v,) can be obtained 
from the state |vo) by a translation of gl we have: 


Uq (x) = vo (@ — al) (12) 


so that (10b) can be written: 


+00 
pr (x) = S> ey (a — ql) (13) 


q=—0o 
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We now calculate wz (x + 1): 


pr (x +l) 5 eta [x — (q—1) I] 


q=-—00 
+00 
S- e*(I-Dlan [x — (q—1)]] 
qa—- co 
‘oo, (a) (14) 
To express this remarkable property simply, we set: 
Gr (x) = e* ug (2) (15) 
The function uz (2) so defined then satisfies: 
ux (+1) = up (2) (16) 


Therefore, the wave function y; (x) is the product of e** and a periodic function which 
has the period | of the lattice. A function of type (15) is called a Bloch function. Note 


that, if n is any integer: 


lee (a + nl)|? = |pr (2)|? (17) 


a result which demonstrates the delocalization of the electron: the probability density of 
finding the electron at any point on the z-axis is a periodic function of x. 


Comment: 

Expressions (15) and (16) have been proven here for a simple model. Actually, this result 
is more general and can be proven directly from the symmetries of the Hamiltonian H 
(Bloch’s theorem). To show this, let us call S(a) the unitary operator associated with a 
translation a along Ox (cf. Complement Er, § 3). Since the system is invariant under 
any translation that leaves the ion chain unchanged, we must have: 


[H, S (1)] =0 (18a) 
We can therefore construct a basis of eigenvectors common to the operator S(l) and H. 
Now, equation (14) is simply the one that defines the eigenfunctions of S (—l) [since 
this operator is unitary, its eigenvalues can always be written in the form e’*’, where k 
satisfies condition (7); cf. Complement Cr, § 1-c]. It is then simple to get, as before, 
(15) and (16) from (14). 

Note that, for any a, we have, in general: 


[H, 5(a)] #0 (18b) 


unlike the situation of a free particle (or one subject to the influence of a constant 
potential). For a free particle, since H commutes with all operators S(a) (that is, with 
the momentum P,; cf. Complement Er, § 3), the stationary wave functions are of the 
form: 


tka 


w(x) xe (19) 


This means that the function u,(x) appearing in (15) is necessarily a constant, which is a 
more restrictive condition. In the problem studied in this complement, the commutator of 
relation (18b) vanishes only for certain values of a, which implies less restrictive conditions 
for the wave function. 
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é. Periodic boundary conditions 


To each value of k in the interval [—7/1,-+7/l] corresponds an eigenstate |p) of H, 
with the coefficients c, appearing in expansion (3) of |y) given by equation (6). We thus 
obtain an infinite continuum of stationary states. This is due to the fact that we have 
considered a linear chain containing an infinite number of ions. What happens when we 
consider a finite linear chain, of length L, composed of a large number NV of ions? 

The qualitative considerations of § 1 show that there must then be NV levels in the 
band (2 WN if spin is taken into account). The exact determination of the corresponding 
N stationary states is a difficult problem, since it is necessary to take into account the 
boundary conditions at the ends of the chain. It is clear, however, that the behavior of 
electrons sufficiently far from the ends are little affected by the “edge effects”®. This is 
why one generally prefers, in solid state physics, to substitute new boundary conditions 
for the real boundary conditions; despite their artificial character, these new conditions 
lead to much simpler calculations, while conserving the most important properties nec- 
essary for the comprehension of the physical effects (other than the edge effects). 

These new boundary conditions, called periodic boundary conditions, or “Born- 
Von Karman conditions” (B.V.K. conditions), require the wave function to take on the 
same value at both ends of the chain. We can also imagine that we are placing an infinite 
number of identical chains, all of length L, end to end. We then require the wave function 
of the electron to be periodic, with a period L. Equations (5) remain valid, as does their 
solution (6), but the periodicity of the wave function now implies: 


t= (20) 
Consequently, the only possible values of k are of the form: 


20 

k,n =n ZL (21) 
where n is a positive or negative integer or zero. Let us now verify that the B.V.K. 
conditions give the correct result for the number of stationary states contained in the 
band. To do so, we must calculate the number of allowed values k,, included in the first 
Brillouin zone defined in (7). We obtain this number by dividing the width 27/1 of this 

zone by the interval 27/L between two adjacent values of k, which indeed gives us: 
2n f2r OL 
i Too ue N-12N (22) 
We should also show that the NV stationary states obtained with the B.V.K. con- 
ditions are distributed in the allowed band with the same density’ p(E) as the true sta- 
tionary states (associated with the real boundary conditions). As the density of states 
p(E) plays a very important role in the comprehension of the physical properties of 
a solid (we shall discuss this point in Complement Cxrv), it is important for the new 
boundary conditions to leave it unchanged. That the B.V.K. conditions give the correct 
density of states will be proven in Complement Cxry (§ 1-c) for the simple example of a 
free electron gas enclosed in a “rigid box”. In this case, the true stationary states can be 
calculated and compared with those obtained by using the periodic boundary conditions 

on the walls of the box (see also § 3-a of Complement Orr). 





6For a three-dimensional crystal, this amounts to establishing a distinction between “bulk effects” 
and “surface effects”. 
‘o(E) dE is the number of distinct stationary states with energies included between E and E+dE. 
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2-b. Discussion 


Starting with a discrete non-degenerate level for an isolated atom (for example, 
the ground level) we have obtained a series of possible energies, grouped in an allowed 
band of width 4A for the chain of ions being considered. If we had started with another 
level of the atom (for example, the first excited level), we would have obtained another 
energy band, and so on. Each atomic level yields one energy band, as Figure 6 shows, 
and there appears a series of allowed bands, separated by forbidden bands. 

Relation (6) shows that, for a stationary state, the probability amplitude of find- 
ing the electron in the state |v,) is an oscillating function of g, whose modulus does 
not depend on q. This recalls the properties of phonons, the normal vibrational modes 
of an infinite number of coupled oscillators for which all the oscillators participate in 
the collective vibration with the same amplitude, but with a certain phase shift (cf. 
Complement Jy). 





Allowed bands 





Figure 6: Allowed bands and forbidden bands on the energy azis. 





How can we obtain states in which the electron is not completely delocalized? For 
a free electron, we saw in Chapter I that we must superpose plane waves so as to form a 
free “wave packet ”: 


(a,t) = se [aval i{kx—E(k)t/h] (23) 


The maximum of this wave packet propagates at the group velocity (cf. Chap. I, § C): 


Rn 1 [dE hko 
_1{dké _ hiko 24 
Va Sl. hg He (24) 


[where ko is the value of k for which the function g (k) presents a peak]. Here, we must 
superpose wave functions of type (15), and the corresponding ket can be written: 


fe) = Te f ake gl Je) (25) 


where g(k) is a function of k which has the form of a peak about k = ko. We shall 
calculate the probability amplitude of finding the electron in the state |v,). Using (10a) 
and (1), we can write: 


(ug | ~ (t)) dk g(k eilkql—B(k)t/R] (26) 


a! 
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Replacing qi by x in this relation, we obtain a function of z: 


1 ke— 
x (21) = ee f akeg( hy tO 7) 











Only the values at the points z = 0, +ql, +ql, etc... of this function are really significant 
and yield the desired probability amplitudes. 

Relation (27) is entirely analogous to (23). By applying (24), it can be shown that 
x(x, t) takes on significant values only in a limited domain of the x-axis whose center 
moves at the velocity: 


vo=5 ||. (28) 





It follows that the probability amplitude (vu, | ~ (¢)) is large only for certain values of g: 
therefore, the electron is no longer delocalized, but moves in the crystal at the velocity 
Vg given by (28). 

Equation (9) enables us to calculate this velocity explicitly: 





2Al 
Va = 7. sin Kol (29) 
This function is shown in Figure 7. It is zero when kp = 0, that is, when the energy is 
AV atk) 
2Al 
fe eer ae 
h 





Figure 7: Group velocity of the electron as 
a function of the parameter k. This velocity 
goes to zero, not only for k = 0 (as for the 
free electron), but also for k = +7/l (the 
edges of the first Brillouin zone). 


Yr 





—all + all 








minimal; this is also a property of the free electron. However, when ko takes on non-zero 
values, important departures from the behavior of a free electron occur. For example, as 
soon as kp > 7/21, the group velocity is no longer an increasing function of the energy. 
It even goes to zero when kg = +7/I (at the borders of the first Brillouin zone). This 
indicates that an electron cannot move in the crystal if its energy is too close to the 
maximum value Eo + 2A appearing in Figure 5. The optical analogy of this situation 
is Bragg reflection. X rays whose wavelength is equal to the unit edge of the crystalline 
lattice cannot propagate in it: interference of the waves scattered by each of the ions 
lead to total reflection. 


References and suggestions for further reading: 


Feynman III (1.2), Chap. 13; Mott and Jones (13.7), Chap. II, § 4; references of 
section 13 of the bibliography. 
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1. Introduction 


In this complement, we intend to show how quantum mechanics enables us to understand 
the existence and properties of the chemical bond, which is responsible for the formation 
of various molecules from isolated atoms. Our aim is to explain the basic nature of these 
phenomena and not, of course, to enter into details which could only be covered in a 
specialized book on molecular physics. This is why we shall study the simplest existing 
molecule, the Hy ion, which is composed of two protons and a single electron. We 
have already discussed certain aspects of this problem, in Chapter IV (§ C-2-c) and in 
exercise 5 of Complement Ky; we shall consider it here in a more realistic and systematic 
fashion. 


L-a. General method 


When the two protons are very far from each other, the electron forms a hydrogen 
atom with one of them, and the other one remains isolated, in the form of an H* ion. 
If the two protons are brought closer together, the electron will be able to “jump” from 
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Py Py 


Figure 1: We callr, the distance between the electron (M) and proton P,, rg the distance 
between the electron and proton P2, and R the internuclear distance P,P. 





one to the other. This radically modifies the situation (cf. Chap. IV, § C-2). We shall 
therefore study the variation of the energies of the stationary states of the system with 
respect to the distance between the two protons. We shall see that the energy of the 
ground state reaches a minimum for a certain value of this distance, which explains the 
stability of the HY molecule. 

In order to treat the problem exactly, it would be necessary to write the Hamilto- 
nian of the three-particle system and solve its eigenvalue equation. However, it is possible 
to simplify this problem considerably by using the Born-Oppenheimer approximation (cf. 
Complement Ay, § 1-a). Since the motion of the electron in the molecule is considerably 
more rapid than that of the protons, the latter can be neglected in a first approxima- 
tion. The problem is then reduced to the resolution of the eigenvalue equation of the 
Hamiltonian of the electron subject to the attraction of two protons which are assumed 
to be fixed. In other words, the distance R between the two protons is treated, not like a 
quantum mechanical variable, but like a parameter, on which the electronic Hamiltonian 
and total energy of the system depend. 

In the case of the Hy ion, it so happens that the equation simplified in this way 
is exactly soluble for all values of R. However, this is not true for other, more complex, 
molecules. The variational method, described in Complement Ex;, must then be used. 
Although we are confining ourselves here to the study of the H} ion, we shall use the 
variational method, since it can be generalized to the case of other molecules. 


1-b. Notation 


We shall call R the distance between the two protons, situated at P, and P2, and 
ry and rz the distances of the electron to each of the two protons (Fig. 1). We shall relate 
these distances to a natural atomic unit, the Bohr radius ap (cf. Chap. VII, § C-2), by 
setting: 

p= R/ao 
pi="i/ao pz = T2/a0 (1) 


The normalized wave function associated with the ground state 1s of the hydrogen 
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atom formed around proton P, can be written: 
1 
3 


TAG 





yi= oo (2) 
Similarly, we express the energies in terms of the natural unit E; = e?/2a9; Ey; is the 
ionization energy of the hydrogen atom. 
It will sometimes be convenient in what follows to use a system of elliptic coordi- 
nates, in which a point M of space (here, the electron) is defined by: 
Ste PET 
LL RB ; 
Ti — 72 Pl — p2 
Y= —— = 3 
= - (3) 
and the angle y which fixes the orientation of the MP, P2 plane about the P; Py axis 
(this angle also enters into the system of polar coordinates whose Oz axis coincides with 
P,P). If we fix u and v, and if ~ varies between 0 and 27, the point M describes a circle 
about the P; P2 axis. If y (or v) and y are fixed, M describes an ellipse (or a hyperbola) 
of foci P,; and Pj when v (or p) varies. It can easily be shown that the volume element 
in this coordinate system is: 


R? 
d?r = eh 2 _ py?) du dv dy (4) 
To do so, we simply calculate the Jacobian J of the transformation: 
{x,y,z} => {u,v } (5) 


We see immediately that, if P,P: is chosen as the Oz axis, with the origin O in the middle of 
P,P»: 


2 2 2 ( ay 
rr=xtytilz-= 








2 
R\? 
rial ty + (2+ 5) 
y 
t =—2 6 
Sea (6) 


We can then find: 


Hea (+ )=5(2 =) = ithe 




















Ox R\ Ox Ox RiX\r re Tir2 

ov i (= =) _ Va 

Ox R\ 0x Ox T17T2 

Ow _ wy 

Oy rire 

OR jos YUE 

Oy pyre 

Ow  1)z-R/2 2z+R/2 pz +vR/2 
ols + Pl 

Oz R TY T2 rire 

Ov 1)z-R/2 z+R/2|_ vze+pR/2 

Oz R T1 r2 T1T2 

Op _ y Op _ x Op _ 0 (7) 

Ox x? + y? Oy «2+y? Oz 


1191 


COMPLEMENT Gy, @ 





The Jacobian J can therefore be written: 





1 px by pz+vR/2 
PT oie. sina pee Re 
—y/ (x +y") a/ (« +y") 0 
— 1 R, 2 2 
=a 5 vu’) (8) 
Since: 
4rir 
pers ae (9 


we get, finally: 


8 
J= FG) (10) 


1-c. Principle of the exact calculation 


In the Born-Oppenheimer approximation, the equation to be solved in order to 
find the energy levels of the electron in the Coulomb field of the two fixed protons can 
be written: 


-5-A-—- — + 4] ofr) = Ep(r) (11) 


If we go into the elliptical coordinates defined in (3), we can separate the variables p, 
y and yw. Solving the equations so obtained, we find a discrete spectrum of possible 
energies for each value of R. We shall not perform this calculation here, but shall merely 
represent (the solid-line curve in Figure 2) the variation of the ground state energy with 
respect to R. This will enable us to compare the results we shall obtain by the variational 
method with the values given by the exact solution of equation (11). 


2. The variational calculation of the energies 


2-a. Choice of the trial kets 


Assume R to be much larger than ag. If we are concerned with values of r; of the 
order of ao, we have, practically: 


a for R, r2 > ao (12) 


The Hamiltonian: 


p2 e2 e2 e2 


Pe ee 13 
2m T1 T2 R ( ) 


is then very close to that of a hydrogen atom centered at proton P,. Analogous con- 
clusions are, of course, obtained for R much larger than ap, and rz of the order of ao. 
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Figure 2: Variation of the energy E of the molecular ion Hi with respect to the distance 
R between the two protons. 
. solid line: the exact total energy of the ground state (the stability of the Hf ion is due 
to the existence of a minimum in this curve). 
. dotted line: the diagonal matrix element Hi; = H22 of the Hamiltonian H (the variation 
of this matriz element cannot explain the chemical bond). 
. dashed line: the results of the simple variational calculation of § 2 for the bonding and 
antibonding states (though approximate, this calculation explains the stability of the Ay 
ion). 

triangles: the results of the more elaborate variational calculation of § 3-a (taking 
atomic orbitals of adjustable radius considerably improves the accuracy, especially at 
small distances). 





Therefore, when the two protons are very far apart, the eigenfunctions of the Hamiltonian 
(13) are practically the stationary wave functions of hydrogen atoms. 


This is, of course, no longer true when ag is not negligible compared to R. We 
see, however, that it is convenient, for all R, to choose a family of trial kets constructed 
from atomic states centered at each of the two protons. This choice constitutes the 
application to the special case of the Hf ion of a general method known as the method 
of linear combination of atomic orbitals. More precisely, we shall call |y1) and |y2) the 
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kets which describe the 1s states of the two hydrogen atoms: 








1 
(r | v1) =e 
V 7a9 
1 —p2 
(r | g2) = t= e (14) 
0 


We shall choose as trial kets all the kets belonging to the vector subspace F spanned by 
these two kets, that is, the set of kets |) such that: 


Ib) = c1 |Y1) + €2 |p2) (15) 
The variational method (Complement Exy) consists of finding the stationary values of: 
(b| 7 |y) 
(aaa (16) 
(b | ¥) 


within this subspace. Since this is a vector subspace, the average value (7) is minimal or 
maximal when |w) is an eigenvector of H inside this subspace F, and the corresponding 
eigenvalue constitutes an approximation of a true eigenvalue of H in the total state space. 


2-b. The eigenvalue equation of the Hamiltonian H in the trial ket vector subspace F 


The resolution of the eigenvalue equation of H within the subspace F is slightly 
complicated by the fact that |y1) and |y2) are not orthogonal. 

Any vector |1) of F is of the form (15). For it to be an eigenvector of H in F with 
the eigenvalue EL, it is necessary and sufficient that: 


(pilH |v) =E(yilb) t=1,2 (17) 


that is: 


i (yi| A |p3) = By (piles) (18) 


We set: 
Sig = (pi | ¥5) 
Fj = (yi| 1 |¢;) (19) 


We must solve a system of two linear homogeneous equations: 


(Hy, — ES4,) ec + (Ai2 — ESj2) co = 0 
(Aa = E81) Cr =r (H22 = E822) c2 = 0 (20) 





This system has a non-zero solution only if: 


Ay, — ES\, Hy — ES)2 


=0 21 
Az, — ES, Ho. — ES22 21) 


The possible eigenvalues F are therefore the roots of a second-degree equation. 
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2-c. Overlap, Coulomb and resonance integrals 
|y~1) and |y2) are normalized; consequently: 
Si = S22 =1 (22) 


On the other hand, |y1) and |y2) are not orthogonal. Since the wave-functions (14) 
associated with these two kets are real, we have: 


Si2 = So =5: (23) 
with: 
S= (oi |) = i ar yr (xt) go (r) (24) 


S is called an overlap integral, since it receives contributions only from points of space 
at which the atomic wave functions y; and 2 are both different from zero (such points 
exist if the two atomic orbitals partially “overlap”). A simple calculation gives: 








1 
S=e? fi +p+ | (25) 
To find this result, we can use elliptic coordinates (3), since: 
+ 
pa=t 5 “p 
bv 
pe Pe (26) 


According to expression (14) for the wave functions and the one for the volume element, (4), we 
must calculate: 


+00 +1 aa 
gente - wf dy #08 0 (uw? —v*)e¥P 


mag 


+00 
p 2 zs 
eS d 1S up 2 
a w(u se (27) 


which easily yields (25). 


By symmetry: 





Ay = Ao2 (28) 
According to expression (13) for the Hamiltonian H, we obtain: 
P22. 2 e 2 
Ay, = 29 
n= vil [> - £] len) - Goal Shen) + & len) (29) 
2 2 
Now, |v1) is a normalized eigenket of one The first term of (29) is therefore equal 


1 
to the energy — £7, of the ground state of the hydrogen atom, and the third term is equal 
to e?/R; we thus have: 
e 
PRET A eee (30) 
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with: 
2 


C= (il Sta) = f a'r = feat)? (31) 


C is called a Coulomb integral. It describes (to within a change of sign) the electro- 
static interaction between the proton P, and the charge distribution associated with the 
electron when it is in the 1s atomic state around the proton P,. We find: 


C= Ex ; [1 —e-(1 + p)] (32) 


To find this result, we use elliptic coordinates again: 
2 


C= = a peas / (Ww - v”) du dv a 2 e Ht)e 
aopTa, 8 —vV 


+00 
= Erp" | auf dy (utvje “tre (33) 


Elementary integrations then lead to result (32). 











In formula (30), C can be considered to be a modification of the repulsive energy 
e?/R of the two protons: when the electron is in the state |y1), the corresponding charge 
distribution “screens” the proton P;. Since |v (r)|? is spherically symmetric about P,, 
if the proton P, was far enough from it this charge distribution would appear to P, like 
a negative point charge e situated at its center P,, (so that the charge of the proton P; 
would be totally cancelled). This does not actually happen unless R is much larger than 
ag: 


lim [F-c|=0 (34) 


R- oo 
For finite R, the screening effect can only be partial, and we must have: 


e2 


<-O>0 (35) 


The variation of the energy eS —C with respect to R is shown in Figure 2 by the dotted 
line. It is clear that the variation of Hi; (or H22) with respect to R cannot explain the 
chemical bond, since this curve has no minimum. 

Finally, let us calculate Hy2 and H21. Since the wave functions y (r) and @ (r) 
are real, we have: 


M2 = Ao (36) 
Expression (13) for the Hamiltonian gives: 
P2. @ 32 32 
Az = (¢1| E “| lya) + R (g1|y2) — (vil ee) (37) 


2m 


that is, according to definition (24) of S: 


2 
Helene + ot A (38) 
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with: 


A= (vil < |2) = / ar pute) = gale) (39) 


We shall call A the resonance integral’. It is equal to: 
A= Ey; x 2e-° (1+ p) (40) 


The use of elliptic coordinates enables us to write A in the form: 
2 


e Lae as 2 
A=——Z —v~)dp dv dp ———— 
ee ee tee 


+oo 
= ee: f du2ue “? 
1 


ea HP 





(41) 


The fact that Hy is different from zero expresses the possibility of the electron 
“jumping” from the neighborhood of one of the protons to that of the other one. If, 
at some time, the electron is in the state |y,) (or |p2)), it oscillates in time between 
the two sites, under the influence of Hj. This non-diagonal matrix element is therefore 
responsible for the phenomenon of quantum resonance, which we described qualitatively 
in § C-2-c of Chapter IV (hence the name of integral A). 

To sum up, the parameters which are functions of R and are involved in equation 
(21) for the approximate energies FE are: 


Si = S92 =1 Sig =Sn =S 
2 
Hi = Ha = —Er+ = —C 


2 
Ajo = Ho = (2 + =) S-A (42) 


where S, C and A are given by (25), (32) and (40), and are plotted in Figure 3. Note 
that the non-diagonal elements of determinant (21) take on significant values only if the 
orbitals y; (r) and 2 (r) partially overlap, since the product yy; (r) ¢2(r) appears in 
definition (39) of A, as well as in that of S. 


2-d. Bonding and antibonding states 
a. Calculation of the approximate energies 
We set: 
B=e Ey 
A=a Ey 
C= Y Ey (43) 





1Certain authors call A an “exchange integral”. We prefer to restrict the use of this term to another 
type of integral which is encountered in many-particle systems (Complement Bxyyv, § 2-c-8). 
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>p=— 
49 


Figure 3: Variation of S (the overlap integral), C (the Coulomb integral) and A (the 
resonance integral) with respect to p = R/ap. When R — co, S and A approach zero 
exponentially, while C decreases only with e?/R (the “screened” interaction 7 —C of 


the proton P, with the atom centered at Py also decreases exponentially, however). 





Equation (21) can then be written: 











-14+2-y-« ate re 
ae 7 1+2)s a-—eéeS 0 (44) 
(-14+2)S-a-es Sle 
or: 
2 OV Ale 
apes Ls) Sat ee De PS (45) 
p p 
This gives the following two values for e: 
2 a-y 
=-1+- 4 
Ey "4 ta6 (46a) 
2 at+y 
~=-l4+-- 46b 
€ os tag (46b) 


€4 and e_ both approach —1 when p approaches infinity. This means that the two 
approximate energies E+ approach —F7, the ground state energy of an isolated hydrogen 
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atom, as expected (§ 2-a). Furthermore, it is convenient to choose this value as the energy 
origin, that is, to set: 


AE = E(p)— E(w) =E+£; (47) 


Using (25), (32) and (40), the approximate energies AF, and AE_ can be written: 





2 
5 26? C+p) + [L-e 1+) 
AEx = Ey; <= E 


p 1F-e-? (1+ p+ p?/3) 








(48) 





The variation of AE, /E; with respect to p is shown in dashed lines in Figure 2. We see 
that AE_ has a negative minimum for a certain value of the distance R between the two 
protons. Although this is an approximation (cf. Fig. 2), it explains the existence of the 
chemical bond. 

As we have already pointed out, the variation with respect to R of the diagonal 
elements Hy, and H22 of determinant (21) has no minimum (dotted-line curve of Fig- 
ure 2). The minimum of AF_ therefore is due to the non-diagonal elements Hy2 and 
Sig. This shows that the phenomenon of the chemical bond appears only if the electronic 
orbitals of the two atoms participating in the bond overlap sufficiently. 





B.  Eigenstates of H inside the subspace F 


The eigenstate corresponding to E_ is called a bonding state, and the one corre- 
sponding to F,, an antibonding state, since E+ always remains greater than the energy 
—Ey, of the system formed by a hydrogen atom in the ground state and an infinitely 
distant proton. 

According to (45): 





2 2 
ytet1-2=2la+(e+1-2)5] (49) 
p p 
System (20) then gives: 


qj reg= 0 (50) 





The bonding and antibonding states are therefore symmetric and antisymmetric linear 
combinations of the kets |y1) and |y2). To normalize them, it must be recalled that |y1) 
and |g) are not orthogonal (their scalar product is equal to S'). We therefore obtain: 


1 


Re aay? — |~2)] (51a) 


a (51b) 


omy + |2)] 


Note that the bonding state |W_), associated with E_, is symmetric under exchange of 
|y1) and |y2), while the antibonding state is antisymmetric. 
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Comment: 


It could have been expected that the eigenstates of H inside the subspace F would 
be symmetric and antisymmetric combinations of |y1) and |y2): for given positions 
of the two protons, there is symmetry with respect to the bisecting plane of P; Ps, 
and H remains unchanged if the roles of the two protons are exchanged. 


The bonding and antibonding states are approximate stationary states of the sys- 
tem under study. We pointed out in Complement Ex; that the variational method can 
give a valid approximation for the energies but gives a more debatable result for the 
eigenfunctions. It is instructive, however, to have an idea of the mechanism of the chem- 
ical bond, to represent graphically the wave functions associated with the bonding and 
antibonding states, which are often called bonding and antibonding molecular orbitals. 
To do so, we can, for example, trace the surfaces of equal |1)| (the locus of points in space 
for which the modulus |)| of the wave function has a given value). If w is real, we indicate 
by a + (or —) sign the regions in which it is positive (or negative). This is what is done 
in Figure 4 for w, and w_ (the surfaces of equal || are surfaces of revolution about the 
P,P axis, and Figure 4 only shows their cross sections in a plane containing P, P2). The 
difference between the bonding orbital and the antibonding orbital is striking. In the 
first one, the electronic cloud “streches out” to include both protons, while in the second 
one, the position probability of the electron is zero in the bisecting plane of P; P2. 


Comment: 


We can calculate the average value of the potential energy in the state |y_), which, 
if we use (51b), (31) et (39), is equal to: 





























Vv) =W-/5-£-<]ie) 
=< ae lo e v1) + (Yr < ¢2) 
+(¢1 “ gi) + (P1 “ e2)| 
=k; = - yget2a+) (52) 


Subtracting this from (46b), we obtain the kinetic energy: 


y= (F) = (4-9) 


2m 
1 
= E;——~(1 - 
Tel S+a) (53) 


We shall discuss later (§ 5) to what extent (52) and (53) give good approximations 
for the kinetic and potential energies. 
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a b 


Figure 4: Schematic drawings of the bonding molecular orbital (fig. a) and the antibonding 
molecular orbital (fig. b) for the Hf ion. We have shown the cross section in a plane 
containing P,P of a family of surfaces for which the modulus || of the wave function 
has a constant given value. These are surfaces of revolution about P,P 2 (we have shown 
4 surfaces, corresponding to 4 different values of ||). The + and — signs indicated in 
the figure are those of the wave function (which is real) in the corresponding regions. 
The dashed line is the trace of the bisecting plane of P, P2, which is a nodal plane for the 
antibonding orbit. 





3. Critique of the preceding model. Possible improvements 


3-a. Results for small 2 


What happens to the energy of the bonding state and the corresponding wave function 
when R —> 0? 

We see from Figure 3 that S, A and C approach, respectively, 1, 2E; and 2E; when 
p —> 0. If we subtract the repulsion term e? /R. of the two protons, to obtain the electronic 
energy, we find: 


Pa (54) 


In addition, since |y1) approaches |p2), |) reduces to |y1) (the ground state 1s of the hydrogen 
atom). 

This result is obviously incorrect. When R = 0, we have the equivalent? of a helium 
ion He*. The electronic energy of the ground state of H{ must coincide, for R = 0, with that 
of the ground state of He*. Since the helium nucleus is a Z = 2 nucleus, this energy is (cf. 
Complement Avir): 


—Z°E, = —4E; (55) 


and not —3E;. Furthermore, the wave function ~_(r) should not approach yi(r) = (mag)7'/? e7 "1, 
but rather (ra3/Z?)~1/? e~ 2°! with Z = 2 (the Bohr orbit is twice as small). This enables us 
to understand why the disagreement between the exact result and that of § 2 above becomes 





In addition to the two protons, the helium nucleus of course contains one or two neutrons. 
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important for small values of R (Fig. 2): this calculation uses atomic orbitals which are too 
spread out when the two protons are too close to each other. 

A possible improvement therefore consists of enlarging the family of trial kets because of 
these physical arguments and using kets of the form: 


|b) = c1lyi(Z)) + c2|¢2(Z)) (56) 


where |yi(Z)) and |y2(Z)) are associated with 1s atomic orbitals of radius ao /Z centered at P; 
and P2. The ground state still corresponds, for reasons of symmetry, to c1 = cz. We consider Z 
like a variational parameter in seeking, for each value of R, the value of Z which minimizes the 
energy. 

The calculation can be performed completely in elliptic coordinates. We find (cf. Fig. 5) 
that the optimal value of Z decreases from Z = 2 for R=0 to Z = 1 for R —> ov, as it should. 

The curve obtained for AF_ is much closer to the exact curve (cf. Fig. 2). Table I 
gives the values of the abscissa and ordinate of the minimum of AF_ obtained from the various 
models considered in this complement. It can be seen from this table that the energies found by 
the variational method are always greater than the exact energy of the ground state; in addition, 
we see that enlarging the family of trial kets improves the results for the energy. 


3-b. Results for large R 


When R —> co, we see from (48) that Ey and E_ exponentially approach the same 
value —E,;. Actually, this limit should not be obtained so rapidly. To see this, we shall use a 
perturbation approach, as in Complement Cx1, (Van der Waals forces) or Ex1 (the Stark effect 
of the hydrogen atom). Let us evaluate the perturbation of the energy of a hydrogen atom (in 
the 1s state), situated at P2, produced by the presence of a proton P; situated at a distance R 
much greater than ao (p >> 1). In the neighborhood of P2, the proton P; creates an electric field 
E, which varies like 1/ R?. This field polarizes the hydrogen atom and causes an electric dipole 
moment D, proportional to E, to appear. The electronic wave function is distorted, and the 
barycenter of the electronic charge distribution moves closer to P; (Fig. 6). E and D are both 
proportional to 1/ R? and have the same sign. The electrostatic interaction between the proton 
P, and the atom situated at Pz must therefore lower?. Consequently, the asymptotic behavior 
of AE, and AE_ must vary, not exponentially, but as —c/ R‘ (where c is a positive constant) 
the energy by an amount which, like —E- D, varies as 1/R*. 

It is actually possible to find this result by the variational method. Instead of linearly 
superposing 1s orbitals centered at P; and P2, we shall superpose hybrid orbitals y1, and x2, 
which are not spherically symmetric about P; and P2. The hybrid orbital x2 is obtained, for 
example, by linearly superposing a 1s orbital and a 2p orbital, both centered‘ at Pp»: 


xa(r) = gis(r) + 0 vip(r) (57) 


and has a form analogous to the one shown in Figure 6. Now, consider determinant (21). The 
non-diagonal elements Hi2 = (x1|H|x2) and Si2 = (x1|x2) still approach zero exponentially 
when R —> oo. This is because the product x1(r)x2(r) appears in the corresponding integrals; 
even though distorted, the orbitals yi(r) and x2(r) still remain localized in the neighborhoods 
of P, and P2 respectively, and their overlap goes to zero exponentially when R —> co. The two 
eigenvalues EF, and E_ therefore both approach Hi; = H22 when R —> oo, since determinant 
(21) becomes diagonal. 

Now, what does H22 represent? As we have seen (cf. § 2-c), it is the energy of a 
hydrogen atom placed at P2 and perturbed by the proton P;. The calculation of § 2 neglected 





3More precisely, the energy is lowered by -4 E-D (cf. Complement Exqy, § 1). 
4The symmetry axis of the 2p orbital is chosen along the straight line joining the two protons. 
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0 1 2 3 4 5 


Figure 5: For each value of the internuclear distance, we have calculated the value of 
Z which minimizes the energy. For R = 0, we have the equivalent of a Het ion, and 
we indeed find Z = 2. For R > ao, we have essentially an isolated hydrogen atom, 
which gives Z = 1. Between these two extremes, Z is a decreasing function of p. The 
corresponding optimal energies are represented by triangles in Figure 2. 





any polarization of the 1s electronic orbital due to the effect of the electric field created by 
P,, and this is why we found an energy correction decreasing exponentially when R increases. 
However, if, as we are doing here, we take into account the polarization of the electronic orbital, 
we find a correction in —c/R*. The fact that, in (57), we consider only the mixing with the 2p 
orbital causes the value of c given by the variational calculation to be approximate (whereas the 
perturbation calculation of the polarization involves all the excited states, cf. Complement Exzr). 

The two curves AEF, and AE_ therefore do approach each other exponentially, since the 
difference between #4 and E_ involves only the non-diagonal elements Hj2 and Si2, and their 
common value for large R approaches zero proportionally to —1/ R‘ (Fig. 7). 

The preceding discussion also suggests using polarized orbitals like the one in (57), not 
only for large R, but also for all other values of R as well. We would thus enlarge the family 





Figure 6: Under the effect of the electric field E created by the proton P,, the electronic 
cloud of the hydrogen atom centered at Py becomes distorted, and this atom acquires an 
electric dipole moment D. An interaction energy results which decreases with 1/R* when 
R increases. 
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AE_ 


AE 


Figure 7: When p — ov, the energies of the bonding and antibonding states approach 
each other exponentially. However, they approach their limiting value less rapidly (like 


1/R?). 





of trial kets and consequently improve the accuracy. In expression (57), we then consider o as 
a variation parameter, like the parameter Z that defines the Bohr radius ao/Z associated with 
the 1s and 2p orbitals. To make the method even more flexible, we choose different parameters 
Z and Z’ for yi, and Yap. For each value of R, we then minimize the average value of H in the 
state |yv1) + |y2) (which, for reasons of symmetry, is still the ground state), and we determine 
the optimal values of o, Z, Z’. The agreement with the exact solution then becomes excellent 
(cf. Table I). 


4. Other molecular orbitals of the H} ion 


In the preceding sections, we obtained by the variational method a bonding and an 
antibonding molecular orbitals. They were obtained from the ground state 1s of each of 
































Distance d’équilibre Profondeur du puits de 
des deux protons potentiel 
(abscisse du minimum | (valeur du minimum de 
de AE_) AE_) 
Méthode variationnelle du § 2 
(orbitales 1s avec Z = 1) 2,50 ao 1,76 eV 
Méthode variationnelle du § ?? 
(orbitales 1s avec Z variable) 2,00 ao 2,35 eV 
Méthode variationnelle du § 3-b 
(orbitales hybrides avec Z, Z’, o 2,00 ao 2,73 eV 
variables) 
Valeurs exactes 2,00 ao 2,79 eV 
Tableau I 
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the two hydrogen atoms, formed about the two protons. Of course, we chose the 1s state 
because it was clear that this would be the best choice for obtaining an approximation of 
the ground state of a system of two protons and one electron. We can obviously envisage, 
with the method of linear combination of atomic orbitals (§ 2-a), using excited states 
of the hydrogen atom to obtain other molecular orbitals of higher energies. The main 
interest of these excited orbitals will be to give us an idea of the phenomena which can 
come into play in molecules which are more complex than the H} ion. For example, to 
understand the properties of a diatomic molecule containing several electrons, we can, 
in a first approximation, treat these electrons individually, as if they did not interact 
with each other. We thus determine the various possible stationary states for an isolated 
electron placed in the Coulomb field of the nuclei, and then place the electrons of the 
molecule in these states, taking the Pauli principle into account (Chap. XIV, § D-1) and 
filling the lowest energy states first (this procedure is analogous to the one described 
for many-electron atoms in Complement Axry). In this section, we shall indicate the 
principal properties of the excited molecular orbitals of the He ion, while keeping in 
mind the possibilities of generalization to more complex molecules. 


4-a. Symmetries and quantum numbers. Spectroscopic notation 


(1) The potential V created by the two protons is symmetric with respect to revolution 
about the P,P: axis, which we shall choose as the Oz axis. This means that V 
and, consequently, the Hamiltonian H of the electron, do not depend on the angular 
variable ~ which fixes the orientation about Oz of the MP; Pz plane containing the 
Oz axis and the point M. It follows that H commutes with the component L, 
of the orbital angular momentum of the electron [in the {|r)} representation, L, 


becomes the differential operator FEO which commutes with any y-independent 
a 


operator]. We can then find a system of eigenstates of H that are also eigenstates 
of L,, and class them according to the eigenvalues mh of L,. 


(ii) The potential V is also invariant under reflection through any plane containing 
P,P», that is, the Oz axis. Under such a reflection, an eigenstate of LD, of eigenvalue 
mh is transformed into an eigenstate of L, of eigenvalue —mhi (the reflection changes 
the sense of revolution of the electron about Oz). Because of the invariance of V, 
the energy of a stationary state depends only on |mJ. 


In spectroscopic notation, we label each molecular orbital with a Greek letter in- 
dicating the value of |m|, as follows: 


|m| =Ooo 
lm|J=lonr (58) 
lm) =2o6 


(note the analogy with atomic spectroscopic notation: o, 7, 6 recall s, p, d). For 
example, since the ground state 1s of the hydrogen atom has a zero orbital angular 
momentum, the two orbitals studied in the preceding sections are o orbitals (it can 
be shown that this is also true for the exact stationary wave functions, and not 
only for the approximate states obtained by the variational method). 
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This notation does not use the fact that the two protons of the H} ion have equal 
charges. The o, 7, 6 classification of molecular orbitals therefore remains valid for 
a heteropolar diatomic molecule. 


(iii) In the Hf ion (and, more generally, in homopolar diatomic molecules), the potential 
V is invariant under reflection through the middle O of P, Pj. We can therefore 
choose eigenfunctions of the Hamiltonian H in such a way that they have a definite 
parity with respect to the point O. For an even orbital, we add to the Greek letter 
which characterizes |m|, an index g (from the German “gerade”); this index is u 
(“ungerade”) for odd orbitals. Thus, the bonding orbital obtained above from the 
1s atomic states is a a, orbital, while the corresponding antibonding orbital is oy. 


(iv) Finally, we can use the invariance of H under reflection through the bisecting plane 
of P, Pz to choose stationary wave functions which have a definite parity in this 
operation, that is, a parity defined with respect to the change in sign of the variable 
z. Functions which are odd under this reflection are labeled with an asterisk. They 
are necessarily zero at all points of the bisecting plane of P,P», like the orbital 
shown in Figure 4b; these are antibonding orbitals. 


Comment: 


Reflection through the bisecting plane of P; P2 can be obtained by performing a 
reflection through O followed by a rotation of 7 about Oz. The parity (iv) is 
therefore not independent of the preceding symmetries (the “g” states will have 
an asterisk for odd |m| and none for even |m|; the situation is reversed for the “w” 
states). However, it is convenient to consider this parity, since it enables us to 
determine the antibonding orbitals immediately. 


4-b. Molecular orbitals constructed from the 2p atomic orbitals 


If we start with the excited state 2s of the hydrogen atom, arguments analogous 
to those of the preceding sections will give a bonding o,(2s) orbital and an antibonding 
o*(2s) orbital, with forms similar to those in Figure 4. We shall therefore concern 
ourselves instead with molecular orbitals obtained from the excited atomic states 2p. 


Q. Orbitals constructed from 2p, states 


We shall denote by lvdp.) and Ivy.) the atomic states 2p, (cf. Complement Evnr, 
§ 2-b), centered at P, and P, respectively. The form of the corresponding orbitals is 
shown in Figure 8 (note the choice of signs, indicated in the figure). 

By a variational calculation analogous to the one in § 2, we can construct, starting 
with these two atomic states, two approximate eigenstates of the Hamiltonian (13). The 
symmetries recalled in § 4-a imply that, to within a normalization factor, these molecular 
states can be written: 


leap.) + Sp.) (59a) 
leap.) — |Sp,) (59b) 
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Figure 8: Schematic representation of the 2p, atomic orbitals centered at P, and P2 (the 
Oz azis is chosen along P, P:) and used as a basis for constructing the excited molecular 
orbitals o,(2p,) and o%(2p,) shown in Figure 9 (note the sign convention chosen). 





The shape of the two molecular orbitals so obtained can easily be deduced from Figure 8; 
they are shown in Figure 9. 

The two atomic states 2p, are eigenstates of L, with the eigenvalue zero; the same 
is therefore also true of the two states (59). The molecular orbital associated with (59a) 
is even and is written o,(2p_); the one corresponding to (59b) is odd under a reflection 
through O as well as under a reflection through the bisecting plane of P; P2, and we shall 
therefore denote it by o%(2p-). 





* 
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Figure 9: Schematic representation of the excited molecular orbitals: the bonding orbital 
og(2p.) (fig. a) and the antibonding orbital o%(2p.) (fig. b). As in Figure 8, we have 
drawn the cross section in a plane containing P,P: of a constant modulus || surface. 
This is a surface of revolution about P\P2. The sign shown is that of the (real) wave 


function. The dashed-line curves are the cross sections in the plane of the figure of the 
nodal surfaces (\w| = 0). 
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Remark: 


As we mentioned in the introduction of this complement, the major interest of the excited 
orbitals we study here is their application to molecules more complex than Hf. For such 
molecules, the orbitals 2s and 2p have different energies, so that it is legitimate to consider 
them separately. If, however, we specifically study the hydrogen molecular H} ion, the 
sates 2s and 2p are then degenerate, so that they are immediately mixed by the electric 
field of a nearby proton. In this case, there is no reason to study the orbitals 2s et 2p, 
separately; it is more appropriate to introduce hybrid orbitals similar to those discussed 
in § 3 of Complement Evrr. 


B. Orbitals constructed from 2p, or 2p, states 


We shall now start with the atomic states |p}, ) and |y3,_), with which are associ- 
ated the real wave functions (cf. Complement Eyqr, § 2-b) shown in Figure 10 (note that 
the surfaces of equal |y| whose cross sections in the Oz plane are given in Figure 10 
are surfaces of revolution, not about Oz, but about axes parallel to Ox and passing 
through P, and P2). Recall that the atomic orbital 2p, is obtained by the linear combi- 
nation of eigenstates of L, corresponding to m = 1 and m = —1. The molecular orbitals 
constructed from these atomic orbitals therefore have |m| = 1; they are 7 orbitals. 


_. Se Seo 





Figure 10: Schematic representation of the atomic orbitals 2p, centered at P, and P 2 (the 
Oz azis is chosen along P;P2) and used as a basis for constructing the excited molecular 
orbitals T,(2pz) and 75 (2px) shown in Figure 11. For each orbital, the surface of equal 
||, whose cross section in the xOz plane is shown, is a surface of revolution, no longer 
about Oz, but about a straight line parallel to Ox and passing either through P, or P3. 





Here again, the approximate molecular states produced from the atomic states 2p, 
are the symmetric and antisymmetric linear combinations: 
Pap.) — Pap.) (60b) 


The form of these molecular orbitals can easily be qualitatively deduced from Figure 10. 
The surfaces of equal |x| are not surfaces of revolution about Oz, but are simply sym- 
metric with respect to the rOz plane. Their cross sections in this plane are shown in 
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Figure 11: Schematic representation of the excited molecular orbitals: the bonding orbital 
Tu(2px) (fig. a) and the antibonding orbital 73(2px) (fig. b). For each of these two 
orbitals, we have shown the cross section in the xOz plane of a surface on which || has 
a given constant value. This surface is no longer a surface of revolution but is simply 
symmetric with respect to the rOz plane. The meaning of the signs and the dashed lines 
is the same as in Figures 4, 8, 9, 10. 





Figure 11. We see immediately in this figure that the orbital associated with state (60a) 
is odd with respect to the middle O of P,P, but even with respect to the bisecting plane 
of P; P2; it will therefore be denoted by 7,,(2p,). On the other hand, the orbital corre- 
sponding to (60b) is even with respect to point O and odd with respect to the bisecting 
plane of P, P2: it is an antibonding orbital, denoted by 73 (2p.). We stress the fact that 
these 7 orbitals have planes of symmetry, not axes of revolution like the o orbitals. 

Of course, the molecular orbitals produced by the atomic states 2p, can be deduced 
from the preceding ones by a rotation of 7/2 about P; P». 

m orbitals analogous to the preceding ones are involved in the double or triple 
bonds of atoms such as carbon (cf. Complement Evi, §§ 3-c and 4-c). 


Comment: 


We saw earlier (§ 2-d) that the energy separation of the bonding and antibonding 
levels is due to the overlap of the atomic wave functions. Now, for the same 
distance R, the overlap of the Po», and Lan, orbitals, which point towards each 
other, is larger than that of v3, and y3,,, whose axes are parallel (Fig. 8 and 10). 
We see that the energy difference between o,(2p,) and o%(2p,) is larger than that 
between 7,(2p2) and 73(2p,) [or tu(2py) and 73(2p,)]. The hierarchy of the 
corresponding levels is indicated in Figure 12. 
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Te 2D, 1. 2p, 
2?» 2Py» 2Py 
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Figure 12: The energies of the various excited molecular orbitals constructed from the 
atomic orbitals 2p,, 2p, and 2p, centered at P; and P2 (the Oz axis is chosen along 
P,P2). By symmetry, the molecular orbitals produced by the 2p, atomic orbitals are 
degenerate with those produced by the 2p, atomic orbitals. The difference between the 
bonding and antibonding molecular orbitals 7y(2p2,y) and 75 (2pz,y) ts, however, smaller 
than the corresponding difference between the og(2p,) and o*(2p,) molecular orbitals. 
This is due to the larger overlap of the two 2p, atomic orbitals. 





5. The origin of the chemical bond; the virial theorem 


5-a. Statement of the problem 


When the distance R between the protons decreases, their electrostatic repulsion 
e?/R increases. The fact that the total energy E_(R) of the bonding state decreases 
(when R decreases from a very large value) and then passes through a minimum therefore 
means that the electronic energy begins by decreasing faster than e?/R increases (of 
course, since this term diverges when R —+ 0, it is the repulsion between the protons 
which counts at short distances). We can then ask the following question: does the 
lowering of the electronic energy, which makes the chemical bond possible, arise from a 
lowering of the electronic potential energy or from a lowering of the kinetic energy or 
from both? 

We have already calculated, in (52) and (53), approximate expressions for the 
(total) potential and kinetic energies. We might then consider studying the variation of 
these expressions with respect to R. Such a method, however, would have to be used 
with caution, since, as we have already pointed out, the eigenfunctions supplied by a 
variational calculation are much less precise than the energies. We shall discuss this 
point in greater detail in § 5-d-3 below. 

Actually, it is possible to answer this question rigorously, thanks to the “virial 
theorem”, which provides exact relations between F(R) and the average kinetic and 
potential energies. Therefore, in this section, we shall prove this theorem and discuss its 
physical consequences. The results obtained, furthermore, are completely general and 


6 


1210 


@ A SIMPLE EXAMPLE OF THE CHEMICAL BOND: THE Hy ION 





can be applied, not only to the molecular ion Hj, but also to all other molecules. Before 
considering the virial theorem itself, we shall begin by establishing some results which 
we shall need later. 


5-b. Some useful theorems 
Qa. Euler’s theorem 
Recall that a function f (a1, x2, ..., 2) of several variables x1, x2, ... Yn is said to 


be homogeneous of degree s if it is multiplied by \* when all the variables are multiplied 
by : 


f(A®1, A@2, --- AT) = A°f (x1, La, Ln) (61) 
For example, the potential of a three-dimensional harmonic oscillator: 

V(z,y,2) = xm (a? +y? +27) (62) 
is homogeneous of degree 2. Similarly, the electrostatic interaction energy of two particles: 


E€a€b _ Calb (63) 
Tab 4/ (ta — Zo)? + (Ya — Ys)? + (Za — 2%)? 








is homogeneous of degree —1. 
Euler’s theorem indicates that any function f which is homogeneous of degree s 
satisfies the identity: 





3 5m A F(21, oy Le, wy Ln) (64) 


To prove this, we calculate the derivatives with respect to of both sides of (61). The 
left-hand side yields: 


O 
Ds 5a 


and the right-hand side yields: 





voy Nn) X (Atti) = 3a: (try os Aen) (65) 


sr\S—" f (x1, ...5 Ln) (66) 
If we set (65) equal to (66), with \ = 1, we obtain (64). 


Euler’s theorem can very easily be verified in examples (62) and (63). 


B. The Hellman-Feynman theorem 


Let H(A) bea Hermitian operator which depends on a real parameter A, and |q(A)) 
a normalized eigenvector of H(A) of eigenvalue F(A): 


A(A)(A)) = EQ)IYOA)) (67) 
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The Hellmann-Feynman theorem indicates that: 


d 


d 
SEO) = WO HOO) (69) 


This relation can be proven as follows. According to (67) and (68), we have: 


BA) = WAYIAO)OA)) (70) 


If we differentiate this relation with respect to A, we obtain: 


a d 
EA = WIG FOO) 
+ [Swen] zewoy + wore | Fa] (71) 


that is, using (67) and the adjoint relation [H(A) is Hermitian, hence E()) is real]: 


d 


d 
EO) = WAT AAW) 


+60) {worl} wan + wor! [sen] } (72) 


On the right-hand side, the expression inside curly brackets is the derivative of (w(A)|W())), 
which is zero since |y(A)) is normalized; we therefore find (69). 


y. Average value of the commutator [H, A] in an eigenstate of H 


Let |¢) be a normalized eigenvector of the Hermitian operator H, of eigenvalue E. 
For any operator A: 


(v|[H, A]|b) = 0 (73) 
since, as H|w) = E\w) and (~|H = E(y|: 


(Y|(HA — AH) |p) = EQ)|Aly) — EQ)|Aly) = 0 (74) 


5-c. The virial theorem applied to molecules 


Q. The potential energy of the system 


Consider an arbitrary molecule composed of N nuclei and Q electrons. We shall 
denote by r?(k = 1, 2, ... N) the classical positions of the nuclei, and by rf and p§(i = 
1, 2, ...Q) the classical positions and momenta of the electrons. The components of these 
vectors will be written 27, yz, zj, etc. 

We shall use the Born-Oppenheimer approximation, considering the r? as given 
classical parameters. In the quantum mechanical calculation, only the rf and pf become 
operators, R§ and P£. We must therefore solve the eigenvalue equation: 


Art, es PH )POT, os TN) = BOT, os THIVOT, 5 TN) (75) 
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of a Hamiltonian H which depends on the parameters r7, ..., ry and which acts in the 
state space of the electrons. The expression for H can be written: 


H=T.+V(r{, ..., ry) (76) 


where T, is the kinetic energy operator of the electrons: 
ae 
‘i (Pe? 77 
Da PD (77) 


and V(r, ..., ry) is the operator obtained by replacing the r¢ by the operators R¢ in 
the expression for the classical potential energy. The latter is the sum of the repulsion 
energy V.- between the electrons, the attraction energy V., between the electrons and 
the nuclei, and the repulsion energy V,;,, between the nuclei, so that: 


V(rt, sy UN) = Vee + Ven (47, 3 UR) + Van (27, UA) (78) 


Actually, since V,, depends only on the r? and does not involve the R&, Van is a 
number and not an operator acting in the state space of the electrons. The only effect 
of Van is therefore to shift all the energies equally, since equation (75) is equivalent to: 


A(r?, -- PN )IYOT, PN) = Be(r?, - PN )IP(ET, PV) (79) 
where: 
A. (rt, ...) ty) = Te + Vee + Ven(r7, -) UW) = A - Van (tT, os VN) (80) 


and where the electronic energy F, is related to the total energy E by: 
Ee(rt, Uy) = BCT; Py) — Van (fT, DN) (81) 


We can apply Euler’s theorem to the classical potential energy, since it is a ho- 
mogeneous function of degree —1 of the set of electronic and nuclear coordinates. Since 
the operators R£ all commute with each other, we get the relation between the quantum 
mechanical operators: 


N Q 
Sore: VEV+ SRE. VEV = -V (82) 
k=1 


wl 


where VZ and V£ denote the operators obtained by substitution of the Rf for the r¢ 
in the gradients with respect to rf? and rf in the classical expression for the potential 
energy. Relation (82) will serve as the foundation of our proof of the virial theorem. 


B. Proof of the virial theorem 
We apply (73) to the special case in which: 


Q 
A- > RR’. Pé (83) 
wl 
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To do so, we find the commutator of H with A: 


Q 
[a Sons rs Sy e XPT Xe Pel 


1=1 2,y,z 
= = ny {- 


(we have used the commutation relations of a function of the momentum with the posi- 
tion, or vice versa; cf. Complement By, § 4-c). The first term inside the curly brackets 
is proportional to the kinetic energy T.. According to (82), the second term is equal to: 





‘2 
eee JR. viv} (84) 


N 
-V-S rg. VRV (85) 
k=1 


Consequently, relation (73) yields: 
N 
2(Te) + (V) + Sore (VEV) = 0 (86) 
k=1 


that is, since the Hamiltonian H depends on the parameters r? only through V: 


N 
2(Te) + (V) =— org: (VRH) (87) 


The components rj here play a role analogous to that of the parameter \ in (69). Ap- 
plication of the Hellmann Feynman theorem to the right-hand side of equation (87) then 
gives: 


N 


2(Te) + (V) = — Sore VEER, os TR, eons Th) (88) 
k=1 


Furthermore, we obviously have: 
(Te) + (V) = E(rt, -- ry) (89) 


We can then easily find from (88) and (89): 





N 
(T.) = -—E-— Sort. VRE 
ve (90) 
(VV) =2E+ So rt- Vie 
k=1 











Thus, we obtain a very simple result: the virial theorem applied to molecules. It enables 
us to calculate the average kinetic and potential energies if we know the variation of the 
total energy with respect to the positions of the nuclei. 
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Comment: 


The total electronic energy FE. and the electronic potential energy (V.) are also 
related by: 








N 
(Ve) = 2Ee+ » re Vike (91) 
=1 








This relation can be proven by substituting (81) and the explicit expression for V;,, in 
terms of the rz into the second relation of (90). However, it is simpler to note that the 
electronic potential energy Ve = Vee + Ven, like the total potential energy V, is a homoge- 
neous function of degree —1 of the coordinates of the system of particles. Consequently, 
the preceding arguments apply to H, as well as to H, and we can simultaneously replace 
E by E. and V by Vz in both relations (90). 


y. A special case: the diatomic molecule 


When the number N of nuclei is equal to two, the energies depend only on the 
internuclear distance R. This further simplifies the expression for the virial theorem, 
which becomes: 

















dE 
(T.) = -E- R— 
dR 
dE (92) 
V) =2E+ R—— 
(V) + Rap 
Since & depends on the nuclear coordinates only through R, we have: 
OE dE OR (93) 


Oxy ~ dR Oxe 
and, consequently: 


,0B dE OR 
Dd, Doth aoe an Dy Ds dee (94) 


k=1,2 x,y,z k=1,2 x,y,z 





Now, the distance R between the nuclei is a homogeneous function of degree 1 of the coordinates 
of the nuclei. Application of Euler’s theorem to this function enables us to replace the double 
summation appearing on the right-hand side of (94) by R, and we finally obtain: 


a o dE 


k=1,2 
When this result is substituted into (90), it gives relations (92). 
In (92) as in (90), we can replace E by E, and V by Vz. 
5-d. Discussion 


Q. The chemical bond is due to a lowering of the electronic potential energy 


Let E., be the value of the total energy E of the system when the various nuclei 
are infinitely far apart. If it is possible to form a stable molecule by moving the nuclei 


1215 


COMPLEMENT Gy, @ 





closer together, there must exist a certain relative arrangement of these nuclei for which 
the total energy F passes through a minimum Eo < E,. For the corresponding values 
of r?, we then have: 


VrE=0 (96) 


Relations (90) then indicate that, for this equilibrium position, the kinetic and potential 
energies are equal to: 


(Te)o = —Eo 
(V)o = 2B (97) 


Furthermore, when the nuclei are infinitely far from each other, the system is composed 
of a certain number of atoms or ions without mutual interactions (the energy no longer 
depends on the r?). For each of these subsystems, the virial theorem indicates that 
(T.) = —E, (V) = 2E and, for the system as a whole, we must therefore also have: 


(Te) oo = —Exo 
Vy 00 = 2B (98) 


Subtracting (98) from (97) then gives: 


(Te)o - (Te) oo = —(Eo = Eo) >0 
(V)o — (V) co = 2(Eo — Exo) < 0 (99) 


The formation of a stable molecule is therefore always accompanied by an increase in the 
kinetic energy of the electrons and a decrease in the total potential energy. The electronic 
potential energy must, furthermore, decrease even more since the average value (Vin) (the 
repulsion between the nuclei), which is zero at infinity, is always positive. It is therefore 
a lowering of the potential energy of the electrons (V.. + Ven) that is responsible for the 
chemical bond. At equilibrium, this lowering must outweigh the increase in (T.) and 
(Vin): 


B. The special case of the Ay ion 


(i) Application of the virial theorem to the approximate variational energy. 

We return to the study of the variation of (T.) and (V) for the Hf ion. We shall begin 
by examining the predictions of the variational model of § 2, which led to the approximate 
expressions (52) and (53). From the second of these relations, we deduce that: 

1 


AT. = (Te) — (Te)oo = 7=-glA - 25 Er) (100) 


Since S' is always greater than A/2E, (cf. Fig. 3), this calculation would tend to indicate 
that AT. is always negative. This appears, moreover, in Figure 13, where the dashed lines 
represent the variations of the approximate expressions (52) and (53). In particular, we see 
that, according to the variational calculation, AT. is negative at equilibrium (p ~ 2.5) and 
AV is positive. These results are both incorrect, according to (99). We see here the limits of a 
variational calculation, which gives an acceptable value for the total energy (T. +V), but not for 
(Te) and (V) separately. These latter average values depend too strongly on the wave function. 
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Figure 18: The electronic kinetic energy (Te) and the potential energy (V) of the Hz 
ion as functions of p = R/ao (for purposes of comparison, we have also shown the total 
energy EF = (Te) + (V)). 

. solid lines: the exact values (the chemical bond is due to the fact that (V) decreases a 
little faster than (T.) increases). 

. long dashes: the average values calculated from the bonding wave function given by the 
simple variational method of § 2. 

. short dashes: the values obtained by the application of the virial theorem to the energy 
given by the same variational calculation. 





The virial theorem enables us, without having to resort to the rigorous calculation men- 
tioned in § 1-c, to obtain a much better approximation for (T.) and (V). All we need to do is 
apply the exact relations (92) to the energy F calculated by the variational method. We should 
expect an acceptable result, since the variational approximation is now used only to supply the 
total energy E. The values thus obtained for (T~) and (V) are represented by short dashed 
lines in Figure 13. For purposes of comparison, we have shown in solid lines the exact values of 
(T-) and (V) (obtained by application of the virial theorem to the solid-line curve of Figure 2). 
First of all, we see that for p = 2.5, the curve in short dashed lines indicates, as expected, that 
AT. is positive and AV is negative. In addition, the general shape of these curves reproduces 
rather well that of the solid-line curves. As long as p = 1.5, the virial theorem applied to the 
variational energy does give values which are very close to reality. This represents a considerable 
improvement over the direct calculation of the average values in the approximate states. 

(it) Behavior of (T) and (V) 

The solid-line curves of Figure 13 (the exact curves) show that (T.) —> 4E; and (V) —> 
+oo when R —> 0. Indeed, when R = 0, we have the equivalent of a Het ion for which the 
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electronic kinetic energy is 4E;. The divergence of (V) is due to the term (Van) = e?/R, which 
becomes infinite when R —+ 0 (the electronic potential energy (V.) = (V) —e?/R remains finite 
and approaches —8E;, which is indeed its value in the He™ ion). 

The behavior for large R deserves a more detailed discussion. We have seen above (§ 3-b) 
that the energy E_ of the ground state behaves, for R > ao, like: 


a 

E_~-E;- Ri (101) 
where a is a constant which is proportional to the polarizability of the hydrogen atom. By 
substituting this result into formulas (92), we obtain: 


3a 
(Te) a Ey = Rt 
2a 


When R decreases from a very large value, (T-) begins by decreasing with 1/ R‘ from its asymp- 
totic value E£, and (V) begins by increasing from —2E,. These variations then change sign (this 
must be so since (Te)o is larger than (T.)o. and (V)o is smaller than (V)..): as R continues 
to decrease (cf. Fig. 13), (T-) passes through a minimum and then increases until it reaches 
its value 4E; for R = 0. As for the potential energy (V), it passes through a maximum, then 
decreases, passes through a minimum, and then approaches infinity when R —> 0. How can we 
interpret these variations? 








Figure 14: Variation of the potential energy V. of the electron subjected to the simulta- 
neous attraction of the two protons P, and Pz as one moves along the line P,P2. In the 
bonding state, the wave function is concentrated in the region between P, and P2, and 
the electron benefits simultaneously from the attraction of both protons. 





As we have noted several times, the non-diagonal elements Hi2 and H2; of determinant 
(21) approach zero exponentially when R —+ oo. We can therefore argue only in terms of Hii 
or H22 in discussing the variation of the energy of the Hy ion at large internuclear distances. 
The problem is then reduced to the study of the perturbation of a hydrogen atom centered at 
P2 by the electric field of the proton P;. This field tends to distort the electronic orbital by 
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stretching it in the P, direction (cf. Fig. 6). Consequently, the wave function extends into a 
larger volume. According to Heisenberg’s uncertainty relations, this allows the kinetic energy 
to decrease; this can explain the behavior of (T.) for large R. 

Arguing in terms of H22, we can also explain the asymptotic behavior of (V). The 


discussion of § 3-b showed that, for R >> ao, the polarization of the hydrogen atom situated at 
2 


P>2 makes its interaction energy ( — Set 2 with P; slightly negative (proportional to —1/R’*). 
TL 


2 


If (V) is positive, it is because the potential energy ~~ \ of the atom at P2 increases more 
r2 
ee e 
rapidly, when P; is brought closer to P2, than ( —— + R decreases. This increase in ( ) 
T1 r2 


is due to the fact that the attraction of P,; moves the electron slightly away from P2 and carries 
it into regions of space in which the potential created by P2 is less negative. 

For R ~ Ro (the equilibrium position of the Hy ion), the wave function of the 
bonding state is highly localized in the region between the two protons. The decrease 
in (V) (despite the increase in e?/R) is due to the fact that the electron is in a region 
of space in which it benefits simultaneously from the attraction of both protons. This 
lowers its potential energy (cf. Fig. 14). This combined attraction of the two protons 
also leads to a decrease in the spatial extension of the electronic wave function, which is 
concentrated in the intermediate region. This is why, for R close to Ro, (T.) increases 
when R decreases. 


References and suggestions for further reading (H} ion, H2 molecule, nature of the chemical 
bond, etc.): 


Pauling (12.2); Pauling and Wilson (1.9), Chaps. XII and XIII; Levine (12.3), 
Chaps. 13 and 14; Karplus and Porter (12.1), Chap. 5, § 6; Slater (1.6), Chaps. 
8 and 9; Eyring et al (12.5), Chaps. XI and XII; Coulson (12.6), Chap. IV; Wahl 
(12.13). 
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Complement H x; 
Exercises 


1. A particle of mass m is placed in an infinite one-dimensional well of width a: 
V(x) =0 for 0<a<a 
V(x) =+00 everywhere else 


It is subject to a perturbation W of the form: 


W(x) = awo 6 (« - a) 


where wo is a real constant with the dimensions of an energy. 


a. Calculate, to first order in wo, the modifications induced by W(2z) to the energy 
levels of the particle. 


b. Actually, the problem is exactly soluble. Setting k = \/2mE/h?, show that the 
possible values of the energy are given by one of the two equations sin (ka/2) = 0 
or tan (ka/2) = —h?k/mawo (as in exercise 2 of Complement Ky, watch out for 
the discontinuity of the derivative of the wave function at 2 = a/2). 


Discuss the results obtained with respect to the sign and size of wo. In the limit wo —> 0, 
show that one obtains the results of the preceding question. 
2. Consider a particle of mass m placed in an infinite two-dimensional potential well of 


width a (cf. Complement Gy) : 


V(z,y)=0 if O<a2<a and O0<y<a 


V(x,y) =+00 everywhere else 


This particle is also subject to a perturbation W described by the potential: 


W(a,y) = wo for 0<a<5 and 0<y< 


wls 


W(a,y) =0 everywhere else. 
a. Calculate, to first order in wo, the perturbed energy of the ground state. 


b. Same question for the first excited state. Give the corresponding wave functions to 
zeroth order in wo. 


3. A particle of mass m, constrained to move in the xOy plane, has a Hamiltonian: 


Pe $P?.* Fh 
Ho = — + 44+ =mw?(X?+Y7) 
2m 2m 2 


(a two-dimensional harmonic oscillator, of angular frequency w). We want to study the 
effect on this particle of a perturbation W given by: 


W =A, W, + A2W2 
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where A, and Ag are constants, and the expressions for W; and W are: 


W, = mw? XY 


2 
room 


h2 


(Lz is the component along Oz of the orbital angular momentum of the particle). 


In the perturbation calculations, consider only the corrections to first order for the 


energies and to zeroth order for the state vectors. 


a. 


Indicate without calculations the eigenvalues of Ho, their degrees of degeneracy 
and the associated eigenvectors. 

In what follows, consider only the second excited state of Ho, of energy 3hw and 
which is three-fold degenerate. 


Calculate the matrices representing the restrictions of W; and W2 to the eigensub- 
space of the eigenvalue 3hw of Ho. 


Assume Ag = 0 and A, <1. 
Calculate, using perturbation theory, the effect of the term A,Wj, on the second 


excited state of Ho. 


Compare the results obtained in c with the limited expansion of the exact solution, 
to be found with the help of the methods described in Complement Hy (normal 
vibrational modes of two coupled harmonic oscillators). 


. Assume Az < Ay < 1. Considering the results of question c to be a new unper- 


turbed situation, calculate the effect of the term A2W2. 


. Now assume that A; =0 and A» <1. 


Using perturbation theory, find the effect of the term A2W 2 on the second excited 
state of Ho. 


. Compare the results obtained in f with the exact solution, which can be found 


from the discussions of Complement Dyt. 


. Finally, assume that A; < Ag « 1. Considering the results of question f to be a 


new unperturbed situation, calculate the effect of the term \,W. 


4. Consider a particle P of mass yp constrained to move in the rOy plane in a circle 
centered at O with fixed radius p (a two-dimensional rotator). The only variable of 
the system is the angle a = (Ox, OP), and the quantum state of the particle is defined 
by the wave function (a) (which represents the probability amplitude of finding the 
particle at the point of the circle fixed by the angle a). At each point of the circle, (a) 
can take on only one value, so that: 


(at 2n) = v(a) 


w(a) is normalized if: 


QT 
7 hb(a) 2 do = 1 
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hd 

. Consider the operator M = ——. Is M Hermitian? Calculate the eigenvalues and 
ida 

normalized eigenfunctions of M. What is the physical meaning of M? 


. The kinetic energy of the particle can be written: 


M2 
2p? 


Calculate the eigenvalues and eigenfunctions of Hp. Are the energies degenerate? 


Hy = 


. At t= 0, the wave function of the particle is N cos? a (where N is a normalization 
coefficient). Discuss the localization of the particle on the circle at a subsequent 
time ft. 


. Assume that the particle has a charge q and that it interacts with a uniform elec- 
tric field € parallel to Ox. We must therefore add to the Hamiltonian Ho the 
perturbation: 


W = -qdE pcosa 


Calculate the new wave function of the ground state to first order in €. Determine 
the proportionality coefficient x (the linear suceptibility) between the electric dipole 
parallel to Ox acquired by the particle and the field €. 


. Consider, for the ethane molecule CH3 — CHs, a rotation of one CH3 group relative 
to the other about the straight line joining the two carbon atoms. 


To a first approximation, this rotation is free, and the Hamiltonian Hp introduced 
in b describes the rotational kinetic energy of one of the CH3 groups relative to the 
other (2p? must, however, be replaced by AJ, where J is the moment of inertia of 
the CH3 group with respect to the rotational axis and A is a constant). To take 
account of the electrostatic interaction energy between the two CH3 groups, we 
add to Ho a term of the form: 


W = bcos3a 


where 6 is a real constant. 


Give a physical justification for the a-dependence of W. Calculate the energy and 
wave function of the new ground state (to first order in b for the wave function and 
to second order for the energy). Give a physical interpretation of the result. 


5. Consider a system of angular momentum J. We confine ourselves in this exercise 
to a three-dimensional subspace, spanned by the three kets |+ 1), |0), | — 1), common 
eigenstates of J? (eigenvalue 2h”) and J, (eigenvalues +h, 0, —h). The Hamiltonian Ho 
of the system is: 


b 
Ho = ~J2 
0 ad, + - J, 


where a and 6 are two positive constants, which have the dimensions of an angular 
frequency. 
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a. What are the energy levels of the system? For what value of the ratio b/a is there 
degeneracy? 


b. A static field Bo is applied in a direction u with polar angles 6 and y. The 
interaction with Bo of the magnetic moment of the system: 


M=y7J 


(y: the gyromagnetic ratio, assumed to be negative) is described by the Hamilto- 


nian: 
W= Wo Ju 
where wo = —7|Bo| is the Larmor angular frequency in the field Bo, and J, is the 


component of J in the u direction: 


Jy = J, cos 6 + Jz sin @ cos yp + Jy sin @ sin yp 


Write the matrix that represents W in the basis of the three eigenstates of Ho. 


c. Assume that b = a and that the u direction is parallel to Ox. We also have wo < a. 


Calculate the energies and eigenstates of the system, to first order in wo for the 
energies and to zeroth order for the eigenstates. 


d. Assume that b = 2a and that we again have wo < a, the direction of u now being 
arbitrary. 


In the {| + 1), |0), | — 1)} basis, what is the expansion of the ground state |W) of 
Ho + W, to first order in wo? 


Calculate the average value (M) of the magnetic moment M of the system in the 
state |¢#o). Are (M) and Bo parallel? 


Show that one can write: 
(Mi). => xXqB; 
Ey) 


with i,j = «,y,z. Calculate the coefficients x;; (the components of the suscepti- 
bility tensor). 


6. Consider a system formed by an electron spin S and two nuclear spins I, and Iz (S 
is, for example, the spin of the unpaired electron of a paramagnetic diatomic molecule, 
and IT, and Iz are the spins of the two nuclei of this molecule). 

Assume that S, I), Ip are all spin 1/2’s. The state space of the three-spin system 
is spanned by the eight orthonormal kets |eg, €1, €2), common eigenvectors of S,, Iiz, 
In,, with respective eigenvalues egh/2, e,h/2, egh/2 (with eg = 4, €) = +, €2 = +). For 
example, the ket |+, —, +) corresponds to the eigenvalues +h/2 for S,, —h/2 for 12, 
and +h/2 for Inz. 
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a. We begin by neglecting any coupling of the three spins. We assume, however, that 
they are placed in a uniform magnetic field B parallel to Oz. Since the gyromagnetic 
ratios of I, and I, are equal, the Hamiltonian Hp of the system can be written: 


Ho = OS, + wli, + wl, 


where 2 and w are real, positive constants, proportional to |B|. Assume Q > 2w. 


What are the possible energies of the three-spin system and their degrees of degen- 
eracy? Draw the energy diagram. 


b. We now take coupling of the spins into account by adding the Hamiltonian: 
W=aS-I,+aS-I, 


where a is a real, positive constant (the direct coupling of I, and I, is negligible). 


What conditions must be satisfied by e9, €1, €2, &'g, €4, €9 for aS-I, to have a 
non-zero matrix element between |eg, €1, €2) and |e’y, £4, €o)? Same question for 
as - Ty. 


c. Assume that: 
ah? <hO, hw 


so that W can be treated like a perturbation with respect to Hp. To first order in 
W, what are the eigenvalues of the total Hamiltonian H = Hyp +W? To zeroth 
order in H, what are the eigenstates of H? Draw the energy diagram. 


d. Using the approximation of the preceding question, determine the Bohr frequencies 
which can appear in the evolution of (S,,) when the coupling W of the spins is taken 
into account. 


In an E.P.R. (Electronic Paramagnetic Resonance) experiment, the frequencies of 
the observed resonance lines are equal to the preceding Bohr frequencies. What is 
the shape of the E.P.R. spectrum observed for the three-spin system? How can the 
coupling constant a be determined from this spectrum? 


e. Now assume that the magnetic field B is zero, so that 2 = w = 0. The Hamiltonian 
then reduces to W. 


a. Let I=1, + Ip be the total nuclear spin. What are the eigenvalues of I? and 
their degrees of degeneracy? Show that W has no matrix elements between 
eigenstates of I? of different eigenvalues. 

GB. Let J = S +1 be the total spin. What are the eigenvalues of J? and their 
degrees of degeneracy? Determine the energy eigenvalues of the three-spin sys- 
tem and their degrees of degeneracy. Does the set {J?, J,} form a C.S.C.O.? 
Same question for {I?, J?, J,}. 


7. Consider a nucleus of spin J = 3/2, whose state space is spanned by the four vectors 
|m) (m = +3/2, +1/2, —1/2, —3/2), common eigenvectors of I? (eigenvalue 15h?/4) and 
I, (eigenvalue mh). 
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This nucleus is placed at the coordinate origin in a non-uniform electric field derived 

from a potential U(z, y, z). The directions of the axes are chosen such that, at the origin: 
OU. ~ OU. 000% 
OxOy OyOz Ozdx 


Recall that U satisfies Laplace’s equation: 
AU =0 


We shall assume that the interaction Hamiltonian between the electric field gradi- 
ent at the origin and the electric quadrupole moment of the nucleus can be written: 


qQ 1 


Hy = = 
0 21(21 — 1) he? 


[a,,12 + ayle + Gazi, | 


where q is the electron charge, @ is a constant with the dimensions of a surface and 
proportional to the quadrupole moment of the nucleus, and: 


(80). (PU). (#u 
DO NGEE Jase NBR gs NBR 


(the index 0 indicates that the derivatives are evaluated at the origin). 
a. Show that, if U is symmetric with respect to revolution about Oz, Hp has the form: 
Ho = A[3I? — I(T +1)] 


where A is a constant to be specified. What are the eigenvalues of Ho, their degrees 
of degeneracy and the corresponding eigenstates? 


b. Show that, in the general case, Hp can be written: 
Ho = A[BI2 — 17 +1))+ BUZ +2) 


where A and B are constants, to be expressed in terms of a, and ay. 


What is the matrix which represents Ho in the {|m)} basis? Show that it can be 
broken down into two 2 x 2 submatrices. Determine the eigenvalues of Ho and their 
degrees of degeneracy, as well as the corresponding eigenstates. 


c. In addition to its quadrupole moment, the nucleus has a magnetic moment M = yI 
(y: the gyromagnetic ratio). Onto the electrostatic field is superposed a magnetic 
field Bo, of arbitrary direction u. We set wo = —7¥|Bol. 


What term W must be added to Hp in order to take into account the coupling 
between M and Bo? Calculate the energies of the system to first order in Bo. 

d. Assume Bo to be parallel to Oz and weak enough for the eigenstates found in b 
and the energies to first order in wo found in c to be good approximations. 


What are the Bohr frequencies which can appear in the evolution of (J,,)? Deduce 
from them the shape of the nuclear magnetic resonance spectrum which can be 
observed with a radiofrequency field oscillating along Oz. 
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8. A particle of mass m is placed in an infinite one-dimensional potential well of width 
a: 


V(z)=0 for 0<a<a 
V(x) =+00 elsewhere 


Assume that this particle, of charge —q, is subject to a uniform electric field €, with the 
corresponding perturbation W being: 


waee(x-2) 


a. Let €, and €g be the corrections to first- and second-order in € for the ground state 
energy. 


Show that ¢, is zero. Give the expression for €2 in the form of a series, whose terms 
are to be calculated in terms of g,€,m,a,h (the integrals given at the end of the 
exercise can be used). 


b. By finding upper bounds for the terms of the series for 2, give an upper bound for 
€2 (cf. § B-2-c of Chapter XI). Similarly, give a lower bound for ¢2, obtained by 
retaining only the principal term of the series. 

With what accuracy do the two preceding bounds enable us to bracket the exact 
value of the shift AF in the ground state to second order in €? 


c. We now want to calculate the shift AF by using the variational method. Choose 
as a trial function: 


vale) = y/Ssin (%) [1+ rae (# - $)| 


where A is the variational parameter. Explain this choice of trial functions. 


Calculate the average energy (H)(A) of the ground state to second order in € 
[assuming the expansion of (H)(A) to second order in € to be sufficient]. Determine 
the optimal value of X. Find the result AE,,, given by the variational method for 
the shift in the ground state to second order in €. 


By comparing AF\,, with the results of b, evaluate the accuracy of the variational 
method applied to this example. 


We give the integrals: 


2 [ ( “) «i (=) si QnTx d 16na 1 
= — —)sin ( — } sin (| —— Se —— 
a Jo ce a a ’ mw? (1 —4n?)? 


MH, 2235 x. 

2 [* a\2 9 (72 a? /1 1 
* Sees BG Vi Gaps a EE, Se 
a (« ») ( a ) oo (| =) 
2 [ a\ . (72x TX a 
— («- <) sin (=) cos (=) dz = -— 
a Jo 2 a a 20 


For all the numerical calculations, take 7? = 9.87. 
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9. We want to calculate the ground state energy of the hydrogen atom by the variational 
method, choosing as trial functions the spherically symmetrical functions y,(r) whose 
r-dependence is given by: 


pa(r) =C (1- =) for r<a 
a 
Yalr)=0 for r>a 


C is a normalization constant and a is the variational parameter. 


a. Calculate the average value of the kinetic and potential energies of the electron in 
the state |y,). Express the average value of the kinetic energy in terms of Vy, so 
as to avoid the “delta functions” which appear in Ay (since Vy is discontinuous). 


b. Find the optimal value ap of a. Compare ap with the Bohr radius ap. 


c. Compare the approximate value obtained for the ground state energy with the 
exact value —F}. 


10. We intend to apply the variational melhod to the determination of the energies of a 
particle of mass m in an infinite potential well: 


V(z) =0 -a<a<a 
V(x) = co everywhere else 


a. We begin by approximating, in the interval [—a,+a], the wave function of the 





ground state by the simplest even polynomial which goes to zero at x = +a: 
w(z)=a?—2* for -a<a<a 
wv(x2) =0 everywhere else 


(a variational family reduced to a single trial function). 
Calculate the average value of the Hamiltonian H in this state. Compare the result 


obtained with the true value. 


b. Enlarge the family of trial functions by choosing an even fourth-degree polynomial 
which goes to zero at 7 = +a: 





Wo(x) = (a? — 2?) (a? ax”) for -a<a<a 

Walz) = 0 everywhere else 
(a variational family depending on the real parameter a). 
(a) Show that the average value of H in the state w(z) is: 


R2 3302 — 42a + 105 
Pe oe 
(H)(0) = 52 Oa? = da + 2D 
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(8) Show that the values of a which minimize or maximize (H)(a) are given by 
the roots of the equation: 


13a? — 98a + 21=0 


Show that one of the roots of this equation gives, when substituted into 

+ 
(71) (a), a value of the ground state energy that is much more precise than the 
one obtained in a. 


(6) What other eigenvalue is approximated when the second root of the equa- 
tion obtained in b-G is used? Could this have been expected? Evaluate the 
precision of this determination. 


c. Explain why the simplest polynomial which permits the approximation of the first 


excited state wave function is x(a? — x7). 


What approximate value is then obtained for the energy of this state? 
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CHAPTER XII THE FINE AND HYPERFINE STRUCTURE OF THE HYDROGEN ATOM 





A. Introduction 


The most important forces inside atoms are Coulomb electrostatic forces. We took them 
into account in Chapter VII by choosing as the hydrogen atom Hamiltonian: 

Pp? 

au 
The first term represents the kinetic energy of the atom in the center of mass frame (ju 
is the reduced mass). The second term: 
¢’ 1 e2 


4néy R R 





V(R 


represents the electrostatic interaction energy between the electron and the proton (gq is 
the electron charge). In § C of Chapter VII, we calculated in detail the eigenstates and 
eigenvalues of Ho. 

Actually, expression (A-1) is only approximate: it does not take any relativistic 
effects into account. In particular, all the magnetic effects related to the electron spin 
are ignored. Moreover, we have not introduced the proton spin and the corresponding 
magnetic interactions. The error is, in reality, very small, since the hydrogen atom is a 
weakly relativistic system (recall that, in the Bohr model, the velocity v in the first orbit 
n = 1 satisfies v/c = e?/he = 1/137 « 1). In addition, the magnetic moment of the 
proton is very small. 

However, the considerable accuracy of spectroscopic experiments makes it possible 
to observe effects that cannot be explained in terms of the Hamiltonian (A-1). Therefore, 
we shall take into account the corrections we have just mentioned by writing the complete 
hydrogen atom Hamiltonian in the form: 


H=Hj+W (A-3) 


where Hp is given by (A-1) and where W represents all the terms neglected thus far. Since 
W is much smaller than Hp, it is possible to calculate its effects by using the perturbation 
theory presented in Chapter XI. This is what we propose to do in this chapter. We shall 
show that W is responsible for a “fine structure”, as well as for a “hyperfine structure” 
of the various energy levels calculated in Chapter VII. Furthermore, these structures can 
be measured experimentally with very great accuracy (the hyperfine structure of the 1s 
ground state of the hydrogen atom is currently known with 12 significant figures; the 
ratio between certain atomic frequencies has been measured with 18 digits!). We shall 
also consider, in this chapter and its complements, the influence of an external static 
magnetic or electric field on the various levels of the hydrogen atom (the Zeeman effect 
and the Stark effect). 

This chapter actually has two goals. On the one hand, we want to use a concrete 
and realistic case to illustrate the general stationary perturbation theory discussed in 
the preceding chapter. On the other hand, this study, which bears on one of the most 
fundamental systems of physics (the hydrogen atom), brings out certain concepts which 
are basic to atomic physics. For example, § B is devoted to a thorough discussion of 
various relativistic and magnetic corrections. This chapter, while not indispensable for 
the study of the last two chapters, presents concepts fundamental to atomic physics. 
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B. Additional terms in the Hamiltonian 


The first problem to be solved obviously consists of finding the expression for W. 


B-1. The fine-structure Hamiltonian 
B-1-a. The Dirac equation in the weakly relativistic domain 


In Chapter IX, we mentioned that the spin appears naturally when we try to estab- 
lish an equation for the electron which satisfies both the postulates of special relativity 
and those of quantum mechanics. Such an equation exists: it is the Dirac equation, which 
makes it possible to account for numerous phenomena (electron spin, the fine structure 
of hydrogen, etc.) and to predict the existence of positrons. 

The most rigorous way of obtaining the expression for the relativistic corrections 
[appearing in the term W of (A-3)] therefore consists of first writing the Dirac equation 
for an electron placed in the potential V(r) created by the proton (considered to be 
infinitely heavy and motionless at the coordinate origin). One then looks for its limiting 
form when the system is weakly relativistic, as is the case for the hydrogen atom. We then 
recognize that the description of the electron state must include a two-component spinor 
(cf. Chap. IX, § C-1). The spin operators S,, Sy, Sz, introduced in Chapter IX then 
appear naturally. Finally, we obtain an expression such as (A-3) for the Hamiltonian H, 
in which W appears in the form of a power series expansion in v/c which we can evaluate. 

It is out of the question here to study the Dirac equation, or to establish its form 
in the weakly relativistic domain. We shall confine ourselves to giving the first terms of 
the power series expansion in u/c of W and their interpretation. 





p2 p! 1 1av(R) i 
HH = 2 = L . t A nee B-1 
eer’ 2Me pe) 8m3c? -24m2c?, R dR : 8m2c? VD toe) 
NE) Ne See 
Ho Wmv Wso D 


We recognize in (B-1) the rest-mass energy m,c? of the electron (the first term) and the 
non-relativistic Hamiltonian Ho (the second and third terms)!. The following terms are 
called fine structure terms. 


Comment: 


Note that it is possible to solve the Dirac equation exactly for an electron placed in 
a Coulomb potential. We thus obtain the energy levels of the hydrogen atom without 
having to make a limited power series expansion in u/c of the eigenstates and eigenvalues 
of H. The “perturbation” point of view we are adopting here is, however, very useful in 
bringing out the form and physical meaning of the various interactions which exist inside 
an atom. This will later permit a generalization to the case of many-electron atoms (for 
which we do not know how to write the equivalent of the Dirac equation). 





1Expression (B-1) was obtained by assuming the proton to be infinitely heavy. This is why it is the 
mass me of the electron that appears, and not, as in (A-1), the reduced mass yp of the atom. As far as 
Ho is concerned, the proton finite mass effect is taken into account by replacing me by u. However, we 
shall neglect this effect in the subsequent terms of H, which are already corrections. It would, moreover, 
be difficult to evaluate, since the relativistic description of a system of two interacting particles poses 
serious problems [it is not sufficient to replace me by p in the last terms of (B-1)]. 
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B-1-b. Interpretation of the various terms of the fine-structure Hamiltonian 
a. Variation of the mass with the velocity (Wmy term) 


(i) The physical origin 
The physical origin of the W,,, term is very simple. If we start with the relativistic 
expression for the energy of a classical particle of rest-mass m, and momentum p: 


E=cy/p?+ mc? (B-2) 


and perform a limited expansion of F in powers of |p|/m_c, we obtain: 


p? p* 


2ne 8msc? 








B=mc?+ (B-3) 
In addition to the rest-mass energy (m_c”) and the non-relativistic kinetic energy (p?/2m.), 
we find the term —p*/8m3c*, which appears in (B-1). This term represents the first en- 
ergy correction, due to the relativistic variation of the mass with the velocity. 

(ii) Order of magnitude 

To evaluate the size of this correction, we shall calculate the order of magnitude 
of the ratio Wmv / Ho: 





p! 
Mantg Ey es ° (B-4) 
Hy §6p? Am2c2 A \c/ A 187 

2Me 


since we have already mentioned that, for the hydrogen atom, v/c ~ a. Since Hp ~ 10 eV, 
we see that Wmy ~ 107? eV. 


8B.  Spin-orbit coupling (Wso term) 

() The physical origin 

The electron moves at a velocity v = p/m, in the electrostatic field E created by 
the proton. Special relativity indicates that there then appears, in the electron frame, a 
magnetic field B’ given by: 


1 
B'=—,vxE (B-5) 
c 


to first order in v/c. Since the electron possesses an intrinsic magnetic moment Mg = 
gS/m,, it interacts with this field B’. The corresponding interaction energy can be 
written: 








W! = —My -B’ (B-6) 
Let us express W’ more explicitly. The electrostatic field E appearing in (B-5) is equal 
ld - 
to —— sa Z , where V(r) = —<_ is the electrostatic energy of the electron. From this, 
q dr r r 
we get: 
11d 
p= 2 De, (B-7) 


qc2r dr me 
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In the corresponding quantum mechanical operator, there appears: 
PxR=-L (B-8) 
Finally, we obtain: 


1 14dV(R) e 1 
W'= — L-S=—,{ 
mc? R dR m2c? R8 








L-S (B-9) 


Thus we find, to within the factor? 1/2, the spin-orbit term Wgo which appears in (B-1). 
This term then represents the interaction of the magnetic moment of the electron spin 
with the magnetic field “seen” by the electron because of its motion in the electrostatic 
field of the proton. 

(ii) Order of magnitude 

Since L and S are of the order of h, we have: 














e hh 
Let us compare Wso with Ho, which is of the order of e?/R: 
e?h? 
Wso m2c? R3 he 
~ —£ = B-11 
Ho e? m2c? R? ( ) 
R 
R is of the order of the Bohr radius, ag = h?/m,e?. Consequently: 
Wso e4 2 1 @ 
mu =e a B-12 
Hy fee ~ ~ \137 eY) 


Y. The Darwin term Wp 


(z) The physical origin 

In the Dirac equation, the interaction between the electron and the Coulomb field 
of the nucleus is “local”; it only depends on the value of the field at the electron position 
r. However, the non-relativistic approximation (the series expansion in u/c) leads, for 
the two-component spinor which describes the electron state, to an equation in which 
the interaction between the electron and the field has become non-local. The electron is 
then affected by all the values taken on by the field in a domain centered at the point r, 
and whose size is of the order of the Compton wavelength h/m_-c of the electron. This is 
the origin of the correction represented by the Darwin term. 

To understand this more precisely, assume that the potential energy of the electron, 
instead of being equal to V(r), is given by an expression of the form: 


/ d°p f(p) V(r + p) (B-13) 





?It can be shown that the factor 1/2 is due to the fact that the motion of the electron about the 
proton is not rectilinear. The electron spin therefore rotates with respect to the laboratory reference 
frame (Thomas precession: see Jackson (7.5) section 11-8, Omnes (16.13) chap. 4 § 2, or Bacry (10.31) 
Chap. 7 § 5-d). 
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where f(p) is a function whose integral is equal to 1, which only depends on |p|, and which 
takes on significant values only inside a volume of the order of (h/ mec)?, centered at p = 0. 

If we neglect the variation of V(r) over a distance of the order of h/mec, we can replace 
V(r+ p) by V(r) in (B-18) and take V(r) outside the integral, which is then equal to 1. (B-13) 
reduces, in this case, to V(r). 

A better approximation consists of replacing, in (B-13), V(r + p) by its Taylor series 
expansion in the neighborhood of p = 0. The zeroth-order term gives V(r). The first-order 
term is zero because of the spherical symmetry of f(p). The second-order term involves the 
second derivatives of the potential energy V(r) at the point r and quadratic functions of the 
components of p, weighted by f(p) and integrated over d?p. This leads to a result of the order 
of 


(h/mec)?AV(r) 
It is therefore easy to accept the idea that this second-order term should be the Darwin term. 


(it) Order of magnitude 
Replacing V(R) by —e?/R, we can write the Darwin term in the form: 


> a(2) _ re sp) (B14) 


e —= 
8m2c? R 2m2c? 





(we have used the expression for the Laplacian of 1/R given by formula (61) of Ap- 
pendix II). 
When we take the average value of (B-14) in an atomic state, we find a contribution 

equal to: 

mer h? 2 

Ime b(0)| 
where ~(0) is the value of the wave function at the origin. The Darwin term therefore 
affects only the s electrons, which are the only ones for which w(0) 4 0 (cf. Chap. VII, 
§ C-4-c). The order of magnitude of |b(0)|? can be obtained by taking the integral of 
the square of the modulus of the wave function over a volume of the order of a@ (where 
ag is the Bohr radius) to be equal to 1. Thus we obtain: 


1 m3 6 
0)\? ~ Bea ESE B-1 


which gives the order of magnitude of the Darwin term: 


2-2 8 
me“h 2.4 


os 0)|? ~ 2S B-1 
Wp mee |~(0)| MeC oa q = Mec a (B-16) 





Since Hp ~ m-c?a”, we again see that: 


Wp 2 1 . 
—=— ~ oo’? = ( — B-1 
ay (sz) ot) 


Thus, all the fine structure terms are about 10* times smaller than the non-relativistic 
Hamiltonian of Chapter VII. 
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B-2. Magnetic interactions related to proton spin: the hyperfine Hamiltonian 
B-2-a. Proton spin and magnetic moment 


Thus far, we have considered the proton to be a physical point of mass M, and 
charge g, = —q. Actually, the proton, like the electron, is a spin 1/2 particle. We shall 
denote by I the corresponding spin observable. 

With the spin I of the proton is associated a magnetic moment M;. However, the 
gyromagnetic ratio is different from that of the electron: 





My = gptin T/A (B-18) 
where py, is the nuclear Bohr magneton: 
Oph 
In = (B-19) 
2M, 


and the factor g,, for the proton, is equal to: g, ~ 5,585. Because of the presence of 
M, (the proton mass) in the denominator of (B-19), jz, is close to 2000 times smaller 
than the Bohr magneton jeg (recall that wp = qh/2m_.). Although the angular momenta 
of the proton and the electron are the same, nuclear magnetism, because of the mass 
difference, is much less important than electronic magnetism. The magnetic interactions 
due to the proton spin I are therefore very weak. 


B-2-b. The magnetic hyperfine Hamiltonian W,, 7 


The electron moves, therefore, not only in the electrostatic field of the proton, 
but also in the magnetic field created by M;. When we introduce the correspond- 
ing vector potential into the Schrédinger equation®, we find that we must add to the 
Hamiltonian (B-1) an additional series of terms for which the expression is (cf. Comple- 
ment Axi): 





Lo q 1 
Wrp = -— L-M — |38(Ms5-n)(M;-n) -Ms-M 
hf an nz rt R3 [3(Ms5 -n)(Mz -n) s:M/] 


+™Ms -M, a(R) (B-20) 


Ms is the spin magnetic moment of the electron, and n is the unit vector of the straight 
line joining the proton to the electron (Fig. 1). 

We shall see that Ws introduces energy shifts which are small compared to those 
created by Wy. This is why Wp, is called the “hyperfine structure Hamiltonian”. 


B-2-c. Interpretation of the various terms of W), + 


The first term of W), represents the interaction of the nuclear magnetic moment 
M, with the magnetic field (uo /47)qL/m_-r? created at the proton by the rotation of 
the electronic charge. 

The second term represents the dipole-dipole interaction between the electronic 
and nuclear magnetic moments: the interaction of the magnetic moment of the electron 
spin with the magnetic field created by M; (cf. Complement Bxy) or vice versa. 





3Since the hyperfine interactions are very small corrective terms, they can be found using the non- 
relativistic Schrédinger equation. 
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M 


Ss 


Figure 1: Relative disposition of the 
magnetic moments M; and Mg of 
the proton and the electron; n is the 
unit vector on the line joining the 
n two particles. 





Finally, the last term, also called Fermi’s “contact term”, arises from the singularity 
at r = 0 of the field created by the magnetic moment of the proton. In reality, the proton 
is not a point. It can be shown (cf. Complement Axyzr) that the magnetic field inside 
the proton does not have the same form as the one created outside by My; (and which 
enters into the dipole-dipole interaction). The contact term describes the interaction of 
the magnetic moment of the electron spin with the magnetic field inside the proton (the 
“delta” function expresses the fact that this contact term exists, as its name indicates, 
only when the wave functions of the electron and proton overlap). 


B-2-d. Orders of magnitude 
It can easily be shown that the order of magnitude of the first two terms of W), 
is: 
Gir tio. ei 4 


a ee B-21 
mM,R? 4r m.M,c? R° ( ) 


By using (B-10), we see that these terms are about 2 000 times smaller than Wgo. 
As for the last term of (B-20), it is also 2 000 times smaller than the Darwin term, 
which also contains a 6(R) function. 


Cc. The fine structure of the n = 2 level 


C-1. Statement of the problem 
C-1-a. Degeneracy of the n = 2 level 


We saw in Chapter VII that the energy of the hydrogen atom depends only on the 
quantum number n. The 2s (n = 2,1 = 0) and 2p (n = 2,1 = 1) states therefore have 
the same energy, equal to: 

By Ns gg 
=a = aghk a 
If the spins are ignored, the 2s subshell is composed of a single state, and the 2p subshell 
of three distinct states which differ by their eigenvalue mzfh of the component L, of the 
orbital angular momentum L (my = 1, 0,—1). Because of the existence of electron and 
proton spins, the degeneracy of the n = 2 level is higher than the value calculated in 
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Chapter VII. The components S, and J, of the two spins can each take on two values: 























mg = £1/2, my = 41/2. One possible orthonormal basis in the n = 2 level is given by 
the kets: 
1 1 
n=2;1=0; mp =0; ms=+=3; mp =+= (C-1) 
2 2 
(2s subshell, of dimension 4) and: 
1 1 
{pen2i fats m= 10,415 me= tsi m= +3) (C-2) 





(2p subshell, of dimension 12). 
The n = 2 shell then has a total degeneracy equal to 16. 
According to the results of Chapter XI (§ C), in order to calculate the effect of 
a perturbation W on the n = 2 level, it is necessary to diagonalize the 16 x 16 matrix 
representing the restriction of W to this level. The eigenvalues of this matrix are the first 
order corrections to the energy, and the corresponding eigenstates are the eigenstates of 
the Hamiltonian to zeroth order. 


C-1-b. The perturbation Hamiltonian 


In all of this section, we shall assume that no external field is applied to the 
atom. The difference W between the exact Hamiltonian H and the Hamiltonian Ho of 
Chapter VII (§ C) contains fine structure terms, indicated in § B-1 above: 


Wy = Winv + Ws0 + Wd (C-3) 
and hyperfine structure terms W),,, introduced in § B-2. We thus have: 
W=Wy+ Whe (C-4) 


Since Wy is close to 2 000 times larger than W;,¢ (cf. § B-2-d), we must obviously begin 
by studying the effect of W;, before considering that of W),, on the n = 2 level. We shall 
see that the n = 16 degeneracy of this level is partially removed by Wy. The structure 
which appears in this way is called the “fine structure”. 

W),¢ may then remove the remaining degeneracy of the fine structure levels and 
cause a “hyperfine structure” to appear inside each of these levels. 

In this section (§ C), we shall confine ourselves to the study of the fine structure 
of the n = 2 level. The calculations can easily be generalized to other levels. 


C-2. Matrix representation of the fine-structure Hamiltonian W, inside the n = 2 level 
C-2-a. General properties 


The properties of Wy, as we shall see, enable us to show that the 16 x 16 matrix 
which represents it in the n = 2 level can be broken down into a series of square sub- 
matrices of smaller dimensions. This will considerably simplify the determination of the 
eigenvalues and eigenvectors of this matrix. 
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Q. Wy does not act on the spin variables of the proton 


We see from (B-1) that the fine structure terms do not depend on I. It follows 
that the proton spin can be ignored in the study of the fine structure (afterwards, we 
multiply by 2 all the degrees of degeneracy obtained). The dimension of the matrix to 
be diagonalized therefore falls from 16 to 8. 


8. Wy does not connect the 2s and 2p subshells 


Let us first prove that L? commutes with Wy. The operator L? commutes with 
the various components of L, with R (L? acts only on the angular variables), with P? [cf. 
formula (A-16) of Chapter VII], and with S (L? does not act on the spin variables). L? 
therefore commutes with W,,, (which is proportional to P*), with Wso (which depends 
only on R, L, S), and with Wp (which depends only on R). 

The 2s and 2p states are eigenstates of L? with different eigenvalues (0 and 2h?). 
Therefore, Wy, which commutes with L?, has no matrix elements between a 2s state and 
a 2p state. The 8 x 8 matrix representing Wy inside the n = 2 level can be broken down, 
consequently, into a 2 x 2 matrix relative to the 2s state and a 6 x 6 matrix relative to 
the 2p state: 


2s 2p 


Qs Se Se 0 





Comment: 


The preceding property can also be considered to be a consequence of the fact that 
Wy is even. Under a reflection, R changes to —R (R = |R| remains unchanged), 
P to —-P, Lto L, and S to S. It is then easy to see that Wy remains invariant. 
Wy therefore has no matrix elements between the 2s and 2p states, which are of 
opposite parity (cf. Complement Fy,). 


C-2-b. Matrix representation of Wy in the 2s subshell 


The dimension 2 of the 2s subspace is the result of the two possible values m, = 
+1/2 of S, (since we are ignoring I, for the moment). 

Wmy and Wp do not depend on S. The matrices which represent these two oper- 
ators in the 2s subspace are therefore multiples of the unit matrix, with proportionality 
coefficients equal, respectively, to the purely orbital matrix elements: 





p4 


(n=2; 1=0; m= 0|- ana 





n=2;1=0; m= 0) 
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and: 


2 


(n=2; 1=0; mp =0 Rms! 


V(R)|n=2; 1=0; m= 0) 


Since we know the eigenfunctions of Ho, the calculation of these matrix elements presents 
no theoretical difficulty. We find (cf. Complement Bxzr): 


13 
(Wrisos = —TogMmeca® (C-5) 
1 
(Wp)o, = —qgimeca (C-6) 


Finally, calculation of the matrix elements of Wgo involves “angular” matrix ele- 
ments of the form (J =0, mp, = 0 | Lz y,z | =0,mz = 0), which are zero because of the 
value | = 0 of the quantum number /. Therefore: 


(Wso)2, =9 (C-7) 


Thus, under the effect of the fine structure terms, the 2s subshell is shifted as a 
whole with respect to the position calculated in Chapter VII by an amount equal to 
—5m,c?a*/128. 


C-2-c. Matrix representation of W; in the 2p subshell 
a. Winy and Wp terms 


The Wmy and Wp terms commute with the various components of L, since L acts 
only on the angular variables and commutes with R and P? (which depends on these 
variables only through L?; cf. chapter VII). L therefore commutes with W,,, and Wp. 
Consequently, Win» and Wp are scalar operators with respect to the orbital variables 
(cf. Complement By1, § 5-b). Since Wy, and Wp do not act on the spin variables, 
it follows that the matrices which represent W,,, and Wp inside the 2p subspace are 
multiples of the unit matrix. The calculation of the proportionality coefficient is given 
in Complement Bx; and leads to: 


7 
(Winv) op = —gzgq™mec a (C-8) 


(Wp)>, = 0 (C-9) 


P 


The result (C-9) is due to the fact that Wp is proportional to 6(R) and can therefore 
have a non-zero average value only in an s state (for | > 1, the wave function is zero at 
the origin). 


B. Wso term 


We must calculate the various matrix elements: 


(n=2i LS ee oe Sine, CAS | nee Ca: s= 54 msi ms) 
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with: 
£(R) 


= ee 
~ Im2c? R3 


(C-11) 


If we use the {|r)} representation, we can separate the radial part of matrix element 
(C-10) from the angular and spin parts. Thus we obtain: 


1 1 
fap (U= 15 8= 54 mbims |L-S|1=1; 8= 55 msi ms) (C-12) 
where £, is a number, equal to the radial integral: 
ee 2d Cut 
2p = mee B 73 |Raa(r)| ear (C-13) 


Since we know the radial function R2i(r) of the 2p state, we can calculate £2,. We find 
(cf. Complement Bxq1): 


cet 204 
fap = Aap Me & (C-14) 


The radial variables have therefore disappeared. According to (C-12), the problem 
is reduced to the diagonalization of the operator 2, L-S, which acts only on the angular 
and spin variables. 

To represent the operator ,L-S by a matrix, several different bases can be 
chosen: 


e first of all, the basis: 


{[=t8= jimims)} (C-15) 


which we have used thus far and which is constructed from common eigenstates of L?, 
S*, Lz, Sz; 


e or, introducing the total angular momentum: 


J=L+S (C-16) 


the basis: 


{|= t= 5:4m)} (C-17) 


constructed from the eigenstates common to L?, S?, J?, J,. According to the results of 
chapter X, since / = 1 and s = 1/2, J can take on two values: J = 1+ 1/2 = 3/2 and 
J =1-—1/2=1/2. Furthermore, we know how to go from one basis to the other, thanks 
to the Clebsch-Gordan coefficients [formulas (36) of Complement Ax]. 

We shall now show that the second basis (C-17) is better adapted than the first 
one to the problem which interests us here, since €, L-S is diagonal in the basis (C-17). 
To see this, we square both sides of (C-16). We find (L and S commute): 


J? =(L+S8)? =12+8?4+2L-S (C-18) 
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which gives: 
1 
op LS = 5p (J? - L? - 8?) (C-19) 
Each of the basis vectors (C-17) is an eigenstate of L?, S?, J?; we thus have: 
1 13s as 3 1 
bop L-S|l=1;s= yi dims = 5 hank J(J+1)-2- Z l=ls= yi dims 
(C-20) 


We see from (C-20) that the eigenvalues of £, L-S depend only on J and not on 
my; they are equal to: 


1 3 3 1 

582 E ea 2 = “| h? = —2p nh = — Fg (C-21) 
for J = 1/2, and: 

1 15 3 1 1 

5 oe =z —2— 7 hn = + 582p nh = ogee (C-22) 
for J = 3/2. 


The six-fold degeneracy of the 2p level is therefore partially removed by Wgo. We 
obtain a four-fold degenerate level corresponding to J = 3/2, and a two-fold degenerate 
level corresponding to J = 1/2. The (2J + 1)-fold degeneracy of each J state is an 
essential degeneracy related to the rotation invariance of Wy. 


Comments: 

(z) In the 2s subspace (1 = 0, s = 1/2), J can take on a single value, J = 04+1/2 = 
1/2. 

(ii) In the 2p subspace, Wm, and Wp are represented by multiples of the unit 
matrix. This property remains valid in any basis since the unit matrix is invariant 
under a change of basis. The choice of basis (C-17), required by the Wgo term, is 
therefore also adapted to the W,,, and Wp terms. 


C-3. Results: the fine structure of the n = 2 level 
C-3-a. Spectroscopic notation 

In addition to the quantum numbers n, | (and s), the preceding discussion in- 
troduced the quantum number J on which the energy correction due to the spin-orbit 
coupling term depends. 

For the 2s level, J = 1/2; for the 2p level, J = 1/2 or J = 3/2. The level associated 
with a set of values, n, 1, J is generally denoted by adding an index J to the symbol 
representing the (n,/) subshell in spectroscopic notation (cf. Chap. VII, § C-4-b): 


nly (C-23) 


where | stands for the letter s for 1] = 0, p for 1 = 1, d for | = 2, f for |] = 3... Thus, the 
n = 2 level of the hydrogen atom gives rise to the 2s} /2, 2p1/2 and 2p3/2 levels. 
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C-3-b. Positions of the 2s; /2, 2p; /2 and 2pz3 2 levels 


By regrouping the results of § 2, we can now calculate the positions of the 21/2, 
2pi/2 and 2p3/2 levels with respect to the “unperturbed” energy of the n = 2 level 
calculated in Chapter VII and equal to —pc?a?/8. 

According to the results of § 2.b, the 281 /2 level is lowered by a quantity equal to: 


9 24 
Jog Meco (C-24) 
According to the results of § 2.c, the 2p1/2 level is lowered by a quantity equal to: 
if 1 aca. 8 2,4 
(-sq = a) MeCa” = —FogMeca (C-25) 


Thus we see that the 2s,/2 and 2p;/2 levels have the same energy. According to the 
theory presented here, this degeneracy must be considered to be accidental, as opposed 
to the essential (2J + 1)-fold degeneracy of each J level. 

Finally, the 2p3/2 level is lowered by a quantity: 


7 1 oA 1 24 
pte ee 2 fe ase 9 
( 384 7 ss) MeCa igo (C-26) 


The preceding results are shown in Figure 2. 


Comments: 


(2) Only the spin-orbit coupling is responsible for the separation between the 2p1/2 
and 2p37/2 levels, since Wn, and Wp shift the entire 2p level as a whole. 


(ii) The hydrogen atom can go from the 2p state to the 1s state by emitting a 
Lyman a photon (A = 1216 A). The material presented in this chapter shows 
that, because of the spin-orbit coupling, the Lyman a line actually contains two 
neighboring lines*, 2pi/2 — 1si/2 and 2p3/2 — 1s1/2, separated by an energy 
difference equal to: 

—m,cat = Sie 


128 32 


When they are observed with a sufficient resolution, the lines of the hydrogen 
spectrum therefore present a “fine structure”. 

(iii) We see in Figure 2 that the two levels with the same J have the same en- 
ergy. This result is not merely true to first order in Wy: it remains valid to all 
orders. The exact solution of the Dirac equation gives, for the energy of a level 
characterized by the quantum numbers n,/,s, J, the value: 


= 2 
Ens = MeC 





—21 ~1/2 
1+ (n- 3-5 4+ VO+IRF= a8) | (C-27) 





4TIn the ground state, ! = 0 and s = 1/2, so J can take on a single value J = 1/2. Wy therefore does 
not remove the degeneracy of the 1s state, and there is only one fine structure level, the 1s, /2 level. 
This is a special case, since the ground state is the only one for which I is necessarily zero. This is why 
we have chosen here to study the excited n = 2 level. 
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Figure 2: Fine structure of the n = 2 level of the hydrogen atom. Under the effect of 
the fine structure Hamiltonian Wy, the n = 2 level splits into three fine structure levels, 
written 281/2, 2pi/2 and 2pz/2. We have indicated the algebraic values of the shifts, 
calculated to first order in Wy. The shifts are the same for the 281 2 and 2p;/2 levels (a 
result which remains valid, moreover, to all orders in W;). When we take into account 
the quantum mechanical nature of the electromagnetic field, we find that the degeneracy 
between the 2812 and 2pj/2 levels is removed (the Lamb shift; see Figure 4). 





We see that the energy depends only on n and J, and not on I. 


If we make a limited expansion of formula (C-27) in powers of a, we obtain: 


1 1 MeC n 3 
En = eC = ea — “ ona ee - eas C-28 
PR ST eg ON ety). Ae Meee) 
The first term is the rest-mass-energy of the electron. The second term follows 
from the theory of Chapter VII. The third term gives the correction to first order 
in Wy calculated in this chapter. 





(iv) Even in the absence of an external field and incident photons, a fluctuating 
electromagnetic field must be considered to exist in space (cf. Complement Kv, 
§ 3-d-d). This phenomenon is related to the quantum mechanical nature of the 
electromagnetic field, which we have not taken into consideration here. The cou- 
pling of the atom with these fluctuations of the electromagnetic field removes the 
degeneracy between the 2s1/2 and 2p1/2 levels. The 2s1/2 level is raised with re- 
spect to the 2p, /2 level by a quantity called the “Lamb shift”, which is of the order 
of 1060 MHz (Fig. 4, page 1250). 


The theoretical and experimental study of this phenomenon, which was 
discovered in 1949, has been the object of a great deal of research, leading to the 
development of modern quantum electrodynamics. 
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D. The hyperfine structure of the n= 1 level 


It would now seem logical to study the effect of W),¢ inside the fine structure levels 21/2, 
2p1/2 and 2p3/2, in order to see if the interactions related to the proton spin I cause a 
hyperfine structure to appear in each of these levels. However, since Wy does not remove 
the degeneracy of the ground state 1s, it is simpler to study the effect of Wzy on this 
state. The results obtained in this special case can easily be generalized to the 25172, 
2p1/2 and 2p3/2 levels. 


D-1. Statement of the problem 
D-1-a. The degeneracy of the 1s level 


For the 1s level, there is no orbital degeneracy (1 = 0). On the other hand, the S, 
and I, components of S and I can still take on two values: mg = +1/2 and m; = +1/2. 
The degeneracy of the 1s level is therefore equal to 4, and a possible basis in this level is 
given by the vectors: 








1 1 
{ [n= 1st = Ors = O1ms = 51m = +5 )} (D-1) 
D-1-b. The 1s level has no fine structure 


We shall show that the Wy; term does not remove the degeneracy of the 1s level. 
The Wy,» and Wp terms do not act on mg and my, and are represented in the 1s 
subspace by multiples of the unit matrix. We find (cf. Complement Bxyy): 


5 
(Wmvis = —gmecra! (D-2) 
1 
(Wo)1, = smear! (D-3) 


Finally, calculation of the matrix elements of the Wso term involves the “angular” ma- 
trix elements (1 = 0,mz =0| Lzy,2 |1=0,mz = 0), which are obviously zero (J = 0); 
therefore: 


(Wso),, =9 (D-4) 


In conclusion, Wy merely shifts the 1s level as a whole by a quantity equal to: 


5. ol 1 
(-5 + 5) mecat = —gmec’a! (D-5) 


without splitting the level. This result could have been foreseen: since | = 0 and s = 1/2, 
J can take on a single value, J = 1/2, and the 1s level therefore gives rise to only one 
fine structure level, 2s} /2. 

Since the Hamiltonian Wy does not split the 1s level, we can now consider the 
effect of the W,f term. To do so, we must first calculate the matrix which represents 
Wyy in the 1s level. 
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D-2. Matrix representation of W;,; in the 1s level 
D-2-a. Terms other than the contact term 


Let us show that the first two terms of W;,r [formula (B-20)] make no contribution. 

Calculation of the contribution from the first term, — 4° —4,,L - M7, leads to the 
“angular” matrix elements (J =0;mz, =0|L|1=0,m, =0), which are obviously zero 
(1 = 0). 

Similarly, it can be shown (cf. Complement Bx, § 3) that the matrix elements of 
the second term (the dipole-dipole interaction) are zero because of the spherical symmetry 


of the 1s state. 





D-2-b. The contact term 


The matrix elements of the last term of (B-20), that is, of the contact term, are of 
the form: 


2 
(n= 151 O5my = Osis Shae Ms -M, 6(R) n= 15l=O;my = O;msim ) 


(D-6) 


If we go into the {|r)} representation, we can separate the orbital and spin parts 
of this matrix element and put it in the form: 


A (m's;my |1-S | ms;mz) (D-7) 


where A is a number given by: 


¢ Ip 


3eoc? meM, 








(n=1;1=0;m, =0] 6(R) |n=1;1=0;m, =0) 








2 

qd Ip 1 2 
= — |Rip(0 
3e9c? meMp gq Pio (9)| 


4 Me 2.4 me\~* 1 
S30 Se. ee Ares), “ees D-8 
39°, ca ( + in) =) (D-8) 


We have used the expressions relating Mg and M; to S and I [cf. B-18], as well as the 
expression for the radial function Rj9(r) given in § C-4-c of Chapter VII°. 

The orbital variables have therefore completely disappeared, and we are left with 
a problem of two spin 1/2’s, I and S, coupled by an interaction of the form: 


AI-S (D-9) 


where A is a constant. 





>The factor (1-+me/M,)~° in (D-8) arises from the fact that it is the reduced mass py which enters 
into Rio(0). It so happens that, for the contact term, it is correct to take the nuclear finite mass effect 
into account in this way. 


1247 


CHAPTER XII THE FINE AND HYPERFINE STRUCTURE OF THE HYDROGEN ATOM 





D-2-c. Eigenstates and eigenvalues of the contact term 


formed by the eigenvectors common to S?, I”, $,, I,. We can also, by introducing the 
total angular momentum’®: 


To represent the operator AI-S, we have thus far considered only the basis: 





1 1 
ep Nes . D-1 
os = jimsims )} (D-10) 


F=S+I (D-11) 


use the basis: 


formed by the eigenstates common to S?, I’, F?, F,. Since s = I = 1/2, F can take on 
only the two values F = 0 and F = 1. We can easily pass from one basis to the other by 
means of (B-22) and (B-23) of Chapter X. 

The {|F,mr)} basis is better adapted than the {|ms,my,)} basis to the study of 
the operator AI-S, as this operator is represented in the {|F,m)} basis by a diagonal 
matrix (for the sake of simplicity, we do not explicitly write s = 1/2 and J = 1/2). This 
is true, since we obtain, from (D-11): 


AI-S= “ (F? —I? — S$?) (D-13) 





1 1 
sa Gila 5iFime)} (D-12) 


It follows that the states |F', mr) are eigenstates of AI-S: 
Ah? 
AI-S|F, mp) = 5 [F(F +1) -I(7+1)-S($+1)]|F, mr) (D-14) 


We see from (D-14) that the eigenvalues depend only on F’, and not on mp. They are 
equal to: 





Ahi? 3. 83 Ahi? 
r 2-3-a/- 4 ee) 
for F = 1, and: 
Ah? 3. 83 3AR? 
5 0 : i =-3 (D-16) 





©The total angular momentum is actually F = L+ S$ +I, that is, F = J+I. However, for the ground 
state, the orbital angular momentum is zero, so F reduces to (D-11). 
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The four-fold degeneracy of the 1s level is therefore partially removed by Wp. 
We obtain a three-fold degenerate F' = 1 level and a non-degenerate F' = 0 level. The 
(2F + 1)-fold degeneracy of the F = 1 level is essential and is related to the invariance 
of Wy under a rotation of the total system. 


D-3. The hyperfine structure of the 1s level 


D-3-a. Positions of the levels 


Under the effect of Wy, the energy of the 1s level is lowered by a quantity m,.c?a*/8 
with respect to the value —jic?a?/2 calculated in Chapter VI. Wp, then splits the 11/2 
level into two hyperfine levels, separated by an energy Ah? (Fig. 3). Ah? is often called 
the “hyperfine structure of the ground state”. 








ls 
1 
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Figure 8: The hyperfine structure of the n = 1 level of the hydrogen atom. Under the 
effect of Wrz, the n = 1 level undergoes a global shift equal to —m.c?a*/8; J can take 
on a single value, J = 1/2. When the hyperfine coupling Wpy is taken into account, the 
181/2 level splits into two hyperfine levels, F = 1 and F = 0. The hyperfine transition 
F=16 F =0 (the 21 cm line studied in radioastronomy) has a frequency which is 
known experimentally to twelve significant figures (thanks to the hydrogen maser). 
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F=2 
2P3/2 ; F=1 
AE 
F=1 
Zc 
Se ee < 
2519 M 
: F=0 
S 
| F=1 
2P 1/0 ——e F= 0 


Figure 4: The hyperfine structure of the n = 2 level of the hydrogen atom. The separation 
S between the two levels 281/2 and 2p,/2 is the Lamb shift, which is about ten times 
smaller than the fine structure splitting AE separating the two levels 2p,/2 and 2p3/2 
(SY ~ 1057,8 MHz: AE ~ 10969,1 MHz). When the hyperfine coupling Wry is taken 
into account, each level splits into two hyperfine sublevels (the corresponding value of 
the quantum number F is indicated on the right-hand side of the figure). The hyperfine 
splittings are equal to 23.7 MHz for the 2p3/2 level, 177.56 MHz for the 2sy/2 level and 
59.19 MHz for the 2p; /2 level (for the sake of clarity, the figure is not drawn to scale). 





Comment: 


It could be found, similarly, that Wp splits each of the fine structure levels 2842, 
2p1/2 and 2p3/2 into a series of hyperfine levels, corresponding to all the values of 
F separated by one unit and included between J + I and |J — J]. For the 2817/2 
and 2p1/2 levels, we have J = 1/2. Therefore, F takes on the two values F = 1 
and F = 0. For the 2p3/2 level, J = 3/2, and, consequently, we have F = 2 and 
F =1 (cf. Fig. 4). 


D-3-b. Importance of the hyperfine structure of the 1s level 


The hyperfine structure of the ground state of the hydrogen atom is currently the 
physical quantity which is known experimentally to the highest number of significant 
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figures. Expressed in Hz, it is equal to’: 


A 
a = 1420405 751, 767 + 0,001 Hz (D-17) 


TT 





Such a high degree of experimental accuracy was made possible by the development 
of the “hydrogen maser” in 1963. The principle of such a device is, very schematically, 
the following: hydrogen atoms, previously sorted (by a magnetic selection of the Stern- 
Gerlach type) so as to choose those in the upper hyperfine level F’ = 1, are stored ina glass 
cell (the arrangement is similar to the one shown in Figure 6 of Complement Fry). This 
constitutes an amplifying medium for the hyperfine frequency [E(F = 1) — E(F = 0)]/h. 
If the cell is placed in a cavity tuned to the hyperfine frequency, and if the losses of the 
cavity are small enough for the gain to be greater than the losses, the system becomes 
unstable and can oscillate: we obtain an “atomic oscillator” (a maser). The frequency of 
the oscillator is very stable and of great spectral purity. Its measurement gives directly 
the value of the hyperfine splitting, expressed in Hz. 

Note, finally, that hydrogen atoms in interstellar space are detected in radioastron- 
omy by the radiation they emit spontaneously when they fall from the F = 1 hyperfine 
level to the F' = 0 hyperfine level of the ground state (this transition corresponds to a 
wave length of 21 cm). Most of the information we possess about interstellar hydrogen 
clouds is supplied by the study of this 21 cm line. 


E. The Zeeman effect of the 1s ground state hyperfine structure 


E-1. Statement of the problem 
E-1-a. The Zeeman Hamiltonian Wz 
We now assume the atom to be placed in a static uniform magnetic field Bo parallel 


to Oz. This field interacts with the various magnetic moments present in the atom: the 
1 and Mg = -—“S, and 


Me Me 
I [cf. expression (B-18)]. 


orbital and spin magnetic moments of the electron, M; = 


I9p 
2M, 

The Zeeman Hamiltonian Wz which describes the interaction energy of the atom 
with the field Bo can then be written: 








the magnetic moment of the nucleus, M; = — 


Wz =—-Bo:-(M;,+Ms +Mr7) 
oy (Eesha. (E-1) 


where wo (the Larmor angular frequency in the field Bo) and w,, are defined by: 





wo = — Bo (E-2) 
2Me 
q 
Wn = 2M, $°0 (E-3) 
Since M, >> me, we clearly have: 
lwo] > Jwn| (E-4) 





’The calculations presented in this chapter are obviously completely incapable of predicting all these 
significant figures. Moreover, even the most advanced theories cannot, at the present time, explain more 
than the first five or six figures of (D-17). 
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Comment: 


Rigorously, Wz contains another term, which is quadratic in Bo (the diamagnetic 
term). This term does not act on the electronic and nuclear spin variables and 
merely shifts the 1s level as a whole, without modifying its Zeeman diagram, which 
we shall study later. Moreover, it is much smaller than (E-1). Recall that a detailed 
study of the effect of the diamagnetic term is presented in Complement Dyry. 


E-1-b. The perturbation “seen” by the 1s level 


In this section, we propose to study the effect of Wz on the 1s ground state of 
the hydrogen atom (the case of the n = 2 level is slightly more complicated since, in a 
zero magnetic field, this level possesses both a fine and a hyperfine structure, while the 
n = 1 level has only a hyperfine structure; the principle of the calculation is nevertheless 
the same). Even with the strongest magnetic fields that can be produced in the labo- 
ratory, Wz is much smaller than the distance between the 1s level and the other levels; 
consequently, its effect can be treated by perturbation theory. 

The effect of a magnetic field on an atomic energy level is called the “Zeeman 
effect”. When Bo is plotted on the x-axis and the energies of the various sublevels it 
creates are plotted on the y-axis, a Zeeman diagram is obtained. 

If Bo is sufficiently strong, the Zeeman Hamiltonian Wz can be of the same order 
of magnitude as the hyperfine Hamiltonian® W;, or even larger. On the other hand, if 
Bo is very weak, Wz < W),. Therefore, in general it is not possible to establish the 
relative importance of Wz and W;,z. To obtain the energies of the various sublevels, 
(Wz + Wy, ) must be diagonalized inside the n = 1 level. 

We showed in § D-2 that the restriction of Wp to the n = 1 level could be put 
in the form AI - S. Using expression (E-1) for Wz, we see that we must also calculate 
matrix elements of the form: 


(n= 1;1=0;my = 0; m'g5;m)| wo(Lz + 282) + wy, |n = 151 = 0; my = 0;ms;mz) 
(E-5) 


The contribution of woL, is zero, since | and my are zero. Since 2w oS, + wyl, acts 
only on the spin variables, we can, for this term, separate the orbital part of the matrix 
element: 











d 


(n=1;1=0;myp =0|n=1;1=0;m, =0)=1 (E-6) 


from the spin part. 
In conclusion, therefore, we must, ignoring the quantum numbers n,l,mz, diago- 
nalize the operator: 


AI-S + 2uo Sz + wl, (E-7) 


which acts only on the spin degrees of freedom. To do so, we can use either the {|mg, mr)} 
basis or the {|F',mr)} basis. 

According to (E-4), the last term of (E-7) is much smaller than the second one. To 
simplify the discussion, we shall neglect the term w,,/, from now on (it would be possible, 





8Recall that Wy shifts the 1s level as a whole: it therefore also shifts the Zeeman diagram as a whole. 
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however, to take it into account®). The perturbation “seen” by the 1s level can therefore 
be written, finally: 


AI-S + 2wy Sz (E-8) 


E-1-c. Different domains of field strength 


By varying Bo, we can continuously modify the magnitude of the Zeeman term 
2wo9S,. We shall consider three different field strengths, determined by the respective 
orders of magnitude of the hyperfine term and the Zeeman term: 


(i) hwo < Ah”: weak fields 

(ii) hwo >> Ah?: strong fields 
(iii) hwo ~ Ah?: intermediate fields 
We shall later see that it is possible to diagonalize operator (E-8) exactly. However, 
in order to give a particularly simple example of perturbation theory, we shall use a 
slightly different method in cases (i) and (iz). In case (2), we shall treat 2w gS, like a 
perturbation with respect to AI-S. On the other hand, in case (27), we shall treat AI-S 


like a perturbation with respect to 2w 9S. The exact diagonalization of the set of two 
operators, indispensable in case (iii), will allow us to check the preceding results. 


E-2. The weak-field Zeeman effect 


The eigenstates and eigenvalues of AI-S have already been determined (§ D-2). 
We therefore obtain two different levels: the three-fold degenerate level, 


{|F =1; mp = -1,0,+1)}, 


of energy Ah?/4, and the non-degenerate level, {|F = 0; mp = 0)}, of energy —3.Ah?/4. 
Since we are treating 2w 9S, like a perturbation with respect to AI-S, we must now 
separately diagonalize the two matrices representing 2w 9S, in the two levels, F = 1 and 
F = 0, corresponding to two distinct eigenvalues of AI-S. 


E-2-a. Matrix representation of S, in the {|F,m)} basis 


Since we shall need it later, we shall begin by writing the matrix which represents 
S, in the {|F,m p)} basis (for the problem which concerns us here, it would suffice to 
write the two submatrices corresponding to the F = 1 and F = 0 subspaces). 

By using formulas (B-22) and (B-23) of Chapter X, we easily obtain: 


A 
S,|F=1,mp=1) = 3 /F = 1 mr = 1) 
A 
S,|F=1;mr=0) = 3 |F = 0; mr = 0) 
A 
S,|F =1; mp =—-1)= age Sis) 


A 
S,|F=0;mp=0) = 3 |F = 1 mr = 0) 





®This is what we do in Complement Cxqz, in which we study the hydrogen-like systems (muonium, 
positronium) for which it is not possible to neglect the magnetic moment of one of the two particles. 
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which gives the following expression for the matrix representing S, in the {|F,m )} basis 
(the basis vectors are arranged in the order |1,1), |1,0), |1,—1), |0,0)): 





1 0 0/0 

h 0 0 Oj}; 1 

0 1 0 
Comment: 


It is instructive to compare the preceding matrix with the one which represents F’, in the 


same basis: 
1 0 0} 0 
0 0 0; 0 
(FAJ=Fl 9 9 alo (E-11) 
0 O 0 





We see, first of all, that the two matrices are not proportional: the (F.) matrix is diagonal, 
while the (.S,) one is not. 


However, if we confine ourselves to the restrictions of the two matrices in the 
F = 1 subspace [limited by the darker line in expressions (E-10) and (E-11)], we see 
that they are proportional. Denoting by P; the projector onto the F = 1 subspace (cf. 
Complement Br), we have: 


1 
PiS2Pi = 5 PiFePi (B-12) 


It would be simple to show that the same relation exists between S, and F, on the one 
hand, and Sy, and Fy, on the other. 


We have thus found a special case of the Wigner-Eckart theorem (Complement Dx), 
according to which, in a given eigensubspace of the total angular momentum, all the ma- 
trices which represent vector operators are proportional. It is clear from this example that 
this proportionality exists only for the restrictions of operators to a given eigensubspace 
of the total angular momentum, and not for the operators themselves. 


Moreover, the proportionality coefficient 1/2 which appears in (E-12) can be ob- 
tained immediately from the projection theorem. According to formula (30) of Comple- 
ment Ex, this coefficient is equal to: 

(S-Fypo.  F(F4+1)+s(s+1)—-1(I+1) 


(F2) p21 2F(F +1) eae) 





Since s = J = 1/2, (E-13) is indeed equal to 1/2. 


E-2-b. Weak-field eigenstates and eigenvalues 


According to the results of § a, the matrix which represents 2w9S, in the F = 1 
level can be written: 


hu 0 0 
ji 0 “0 (E-14) 
Oc 0: has 
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In the F = 0 level, this matrix reduces to a number, equal to 0. 
Since these two matrices are diagonal, we can immediately find the weak-field 
eigenstates (to zeroth order in wo) and the eigenvalues (to first order in wo): 


Eigenstates Eigenvalues 
|F =1; mp = 1) oe + hu 
|F=1;mp=0) © ea (E-15) 
|F=1;mp= liye — hwo 
Ah? 


In Figure 5, we have plotted hwo on the x-axis and the energies of the four Zeeman 
sublevels on the y-axis (Zeeman diagram). In a zero field, we have the two hyperfine levels, 
F=1and F =0. When the field Bo is turned on, the |F = 0, mp = 0) sublevel, which 
is not degenerate, starts horizontally; as for the F' = 1 level, its three-fold degeneracy is 
completely removed: three equidistant sublevels are obtained, varying linearly with hwo 
with slopes of +1, 0, —1 respectively. 








E 
A Mp 
+1 
F=1 0 
Figure 5: The weak-field Zeeman diagram of 
the 1s ground state of the hydrogen atom. 
om The hyperfine F = 1 level splits into three 
& equidistant levels, each of which corresponds 
to a well-defined value of the quantum num- 
ber mp. The F = 0 level does not undergo 
any shift to first order in wo. 
F=0 +— 9 
I 
I 
I 
I 
I 
I 
0 hog 





The preceding treatment is valid as long as the difference hwo between two adjacent 
Zeeman sublevels of the F’ = 1 level remains much smaller than the zero-field difference 
between the F’ = 1 and F = 0 levels (the hyperfine structure). 
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Comment: 


The Wigner-Eckart theorem, mentioned above, makes it possible to show that, in a 
given level F of the total angular momentum, the Zeeman Hamiltonian wo(L, + 2S.) is 
represented by a matrix proportional to F,. Thus, we can write, denoting the projector 
onto the F level by Pr: 


Pr [wo(Lz + 25,)] Pr = grwoPrF.Pr (E-16) 


gr is called the Landé factor of the F' state. In the case which concerns us here, gr=1 = 1. 


E-2-c. The Bohr frequencies involved in the evolution of (fF) and (S); comparison with the vector 
model of the atom 


In this section, we shall determine the different Bohr frequencies which appear in the 
evolution of (F) and (S), and show that certain aspects of the results obtained recall those 
found by using the vector model of the atom (cf. Complement Fx). 

First of all, we shall briefly review the predictions of the vector model of the atom (in 
which the various angular momenta are treated like classical vectors) as far as the hyperfine 
coupling between I and S is concerned. In a zero field, F = I+ S is a constant of the motion. 
I and S precess about their resultant F with an angular velocity proportional to the coupling 
constant A between I and S. If the system is, in addition, placed in a weak static field Bo 
parallel to Oz, onto the rapid precessional motion of I and S about F is superposed a slow 
precessional motion of F about Oz (Larmor precession; Fig. 6). 

F, is therefore a constant of the motion, while S, has a static part (the projection onto Oz 
of the component of S parallel to F), and a part which is modulated by the hyperfine precession 
frequency (the projection onto Oz of the component of S perpendicular to F, which precesses 
about F). 

Let us compare these semi-classical results with those of the quantum theory presented 
earlier in this section. To do so, we must consider the time evolution of the average values 
(F.) et (Sz). According to the discussion of § D-2-d of Chapter III, the average value (G)(t) 
of a physical quantity G contains a series of components which oscillate at the various Bohr 
frequencies (EH — E’)/h of the system. Also, a given Bohr frequency appears in (G)(t) only if the 
matrix element of G between the states corresponding to the two energies is different from zero. 
In the problem which concerns us here, the eigenstates of the weak-field Hamiltonian are the 
|F', mp) states. Now consider the two matrices (E-10) and (E-11) which represent S$, and F, in 
this basis. Since FP, has only diagonal matrix elements, no Bohr frequency different from zero 
can appear in (F-)(t): (F,) is therefore static. On the other hand, Sz has, not only diagonal 
matrix elements (with which is associated a static component of (S,)), but also a non-diagonal 
element between the |F = 1;mr = 0) and |F =0;mr =0) states, whose energy difference is 
Ah’, according to Table (E-15) (or Figure 5). It follows that (S,) has, in addition to a static 
component, a component modulated at the angular frequency Ah. This result recalls the one 


obtained using the vector model of the atom!?. 





104 parallel could also be established between the evolution of (Fz), (Sz), (Fy), (Sy), and that of the 
projections of the vectors F and S of Figure 6 onto Ox and Oy. However, the motion of (F) and (S) 
does not coincide perfectly with that of the classical angular momenta. In particular, the modulus of 
(S) is not necessarily constant (in quantum mechanics, (Ss?) # (S)”); see discussion of Complement Fx. 
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Pe > 








Figure 6: The motion of S, I and F in the vector model of the atom. S, I precess rapidly 
about F under the effect of the hyperfine coupling. In a weak field, F slowly precesses 
about Bo (Larmor precession). 





E-3. 


Comment: 


A relation can be established between perturbation theory and the vector model of the 
atom. The influence of a weak field Bo on the F = 1 and F = 0 levels can be obtained 
by retaining in the Zeeman Hamiltonian 2wo9S, only the matrix elements in the F = 1 
and F = 0 levels, “forgetting” the matrix element of S, between |F = 1;mpr = 0) and 
|F = 0;mr = 0). Proceeding in this way, we also “forget” the modulated component of 
(Sz), which is proportional to this matrix element. We therefore keep only the component 
of (S) parallel to (F). 


Now, this is precisely what we do in the vector model of the atom when we want to 
evaluate the interaction energy with the field Bo. In a weak field, F does precess about 
Bo much more slowly than S does about F. The interaction of Bo with the component 
of S perpendicular to F therefore has no effect, on the average; only the projection of S 
onto F counts. This is how, for example, the Landé factor is calculated. 


The strong-field Zeeman effect 


We must now start by diagonalizing the Zeeman term. 
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E-3-a. Eigenstates and eigenvalues of the Zeeman term 


This term is diagonal in the {|mg,my)} basis: 


2woS, |ms,my) = 2mg hwo |mg, mz) (E-17) 








Since mg = +1/2, the eigenvalues are equal to thw o. Each of them is therefore two-fold 
degenerate, because of the two possible values of my. We therefore have! : 
2woSz|+, +) = +hwo|+, +) 


(E-18) 
2woS.|—, +) = —hu|-, +) 








E-3-b. Effects of the hyperfine term considered as a perturbation 


The corrections to first order in A can be obtained by diagonalizing the restrictions 
of the operator AI-S to the two subspaces {|+,+)} and {|—,+)} corresponding to the 
two different eigenvalues of 2w9S,. 

First of all, notice that, in each of these two subspaces, the two basis vectors |+, +) 
and |+,—) (or |—,+) and |—,—)) are also eigenvectors of F,, but do not correspond to 
the same value of mp = mg + my. Since the operator AI-S = 4 (Ee ey S?) 
commutes with F,, it has no matrix elements between the two states |+,+) and |+,—), 
or |—,+) and |—, —). The two matrices representing AI-S in the two subspaces {|+, +)} 
and {|—,+)} are then diagonal, and their eigenvalues are simply the diagonal elements 
(mg;my | AI-S | mg;mr) which can also be written, using the relation: 














1 
I-S=L£8,+ 5 + S_ + I_S4) (E-19) 
in the form: 


(mg,m; | AI-S | mg, mr) 
= (mg,my, | AI,S, |mg,mr) = Ah’mgm; (E-20) 


Finally, in a strong field, the eigenstates (to zeroth order in A) and the eigenvalues 
(to first order in A) are: 





ELigenstates Eigenvalues 
l+,+) = hwot ae 
he ee (B-21) 
l-,+) <= -hwo - ae 
l-,-) = —hwo + — 





11To simplify the notation, we shall often write leg,€r) instead of |mg,my), where eg and e€;7 are 
equal to + or —, depending on the signs of mg and my. 
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In Figure 7, the solid-line curves on the right-hand side (for hw >> Ah?) represent 
the strong-field energy levels: we obtain two parallel straight lines of slope + 1, separated 
by an energy Ah?/2, and two parallel straight lines of slope — 1, also separated by Ah?/2. 
The perturbation treatments presented in this section and the preceding one therefore 
give the strong-field asymptotes and the tangents at the origin of the energy levels. 


Comment: 


The strong-field splitting Ah?/2 of the two states, |+,+) and |+,—) or |-,+) and 
|—,—), can be interpreted in the following way. We have seen that only the term 





An 





Figure 7: The strong-field Zeeman diagram of the 1s ground state of the hydrogen atom. 


For each orientation of the electronic spin (eg = + or eg = —), we obtain two par- 
allel straight lines separated by an energy Ah?/2, each one corresponding to a different 
orientation of the proton spin (ey =+ ore; =—). 
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E-3-c. 


IS, of expression (E-19) for I-S is involved in a strong field, when the hyperfine 
coupling is treated like a perturbation of the Zeeman term. The total strong-field 
Hamiltonian (E-8) can therefore be written: 


2woS', + ALS, — (0 + ss] S, (E-22) 


It is as if the electronic spin “saw”, in addition to the external field Bg, a smaller 
“internal field”, arising from the hyperfine coupling between I and S and having 
two possible values, depending on whether the nuclear spin points up or down. 
This field adds to or substracts from Bo and is responsible for the energy difference 
between |+,+) and |+,—) or between |—,+) and |-,-—). 


The Bohr frequencies involved in the evolution of (S_) 


In a strong field, the Zeeman coupling of S with Bo is more important than the 


hyperfine coupling of S with I. If we start by neglecting this hyperfine coupling, the 
vector model of the atom predicts that S will precess (very rapidly since |Bo| is large) 
about the Oz direction of Bo (I remains motionless, since we have assumed w, to be 
negligible). 
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Figure 8: The motion of S in the vector 

model of the atom. In a strong field, S pre- 

cesses rapidly about Bo (here we are neglect- 

ing both the Zeeman coupling between I and 

Bo and the hyperfine coupling between I and 
1 S, so that I remains motionless). 
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Expression (E-19) for the hyperfine coupling remains valid for classical vectors. 
Because of the very rapid precession of S, the terms S; and S_ oscillate very fast and 
have, on the average, no effect, so that only the term J,S, counts. The effect of the 
hyperfine coupling is therefore to add a small field parallel to Oz and proportional to I, 
(cf. comment of the preceding section), which accelerates or slows down the precession 
of S about Oz, depending on the sign of [,. The vector model of the atom thus predicts 
that S', will be static in a strong field. 

We shall show that quantum theory gives an analogous result for the average value 
(S.) of the observable S_,. In a strong field, the well-defined energy states are, as we have 
seen, the states |ms,my). Now, in this basis, the operator S, has only diagonal matrix 
elements. No non-zero Bohr frequency can therefore appear in (S,), which, consequently, 
is a static quantity!”, unlike its weak-field counterpart (cf. § E-2-c). 


E-4. The intermediate-field Zeeman effect 
E-4-a. The matrix which represents the total perturbation in the {|F,m)} basis 


The {|F',m)} states are eigenstates of the operator AI-S. The matrix which 
represents this operator in the {|F,m)} basis is therefore diagonal. The diagonal ele- 
ments corresponding to F = 1 are equal to Ah?/4, and those corresponding to F = 0, to 
—3Ah?/4. Furthermore, we have already written, in (E-10), the matrix representation 
of S, in the same basis. It is now very simple to write the matrix which represents the 
total perturbation (E-8). Arranging the basis vectors in the order |1,1), |1,—1), |1,0), 
|0,0), we thus obtain: 


























AM + wy 0 0 0 
0 AR, = hitiy.| 0 0 
(E-23) 
0 0 AP | hwo 
0 0 Fug | 34 
Comment: 


S, and F, commute; 2w 9S, can therefore have non-zero matrix elements only 
between two states with the same my. Thus, we could have predicted all the 
zeros of matrix (E-23). 





12The study of (Sz) and (Sy) presents no difficulty. We find two Bohr angular frequencies: one, 
wo + Ah/2, slightly larger than wo, and the other one, wo — Afi/2, slightly smaller. They correspond to 
the two possible orientations of the “internal field”, produced by Iz, which adds to the external field Bo. 
Similarly, we find that I precesses about the “internal field” produced by Sz. 
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E-4-b. Energy values in an arbitrary field 


Matrix (E-23) can be broken into two 1 x 1 matrices and one 2 x 2 matrix. The 
two 1 x 1 matrices immediately yield two eigenvalues: 
h2 
A, = cal + hwo 
(E-24) 
Ey = ae = hur 


corresponding respectively to the state |1,1) (that is, the state |+,+)) and to the state 
|1,—1) (that is, the state |—,—)). In Figure 9, the two straight lines of slopes ,+1 and 
—1 passing through the point whose ordinate is +Ah?/4 for a zero field (for which the 
perturbation theory treatment gave only the initial and asymptotic behavior) therefore 
represent, for any Bo, two of the Zeeman sublevels. 

The eigenvalue equation of the remaining 2 x 2 matrix can be written: 








he 3.Ah? 
(4 B) ( a B) h?we = 0 (E-25) 
The two roots of this equation can easily be found: 
he n2\? 
i, (+) + Hue (E-26) 
4 2 
he ne? 
E,= a = (+) + hw? (E-27) 


When hwy varies, the two points of abscissas hwo and ordinates E3 and Ey follow the two 
branches of a hyperbola (Fig. 9). The asymptotes of this hyperbola are the two straight 
lines whose equation is E = —(Ah?/4) + hwo, obtained in § 3 above. The two turning 
points of the hyperbola have abscissas of wo = 0 and ordinates of —(Ah?/4) + Ah?/2, 
that is, Ah?/4 and —3.Ah?/4. The tangents at both these points are horizontal. This is 
in agreement with the results of § 2 for the states |F = 1; mp = 0) and |F = 0;mp = 0). 

The preceding results are summarized in Figure 9, which is the Zeeman diagram 
of the 1s ground state. 








E-4-c. Partial hyperfine decoupling 


In a weak field, the well-defined energy states are the states |F,m ); in a strong 
field, the states |mg, my); in an intermediate field, the eigenstates of matrix (E-23), which 
are intermediate between the states |F,m) and the states |mg, mr). 

One thus moves continuously from a strong coupling between I and S (coupled 
bases) to a total decoupling (uncoupled bases) via a partial coupling. 


Comment: 


An analogous phenomenon exists for the Zeeman fine structure effect. If, for 
simplicity, we neglect Wrz, we know (§ C) that, in a zero field, the eigenstates 
of the Hamiltonian H are the |J,m z) states corresponding to a strong coupling 
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Mp 








ANP? 14 
(F=1) 


3A 1714 
(F=0) 








Figure 9: The Zeeman diagram (for an arbitrary field) of the 1s ground state of the 
hydrogen atom: mp remains a good quantum number for any value of the field. We 
obtain two straight lines, of opposite slopes, corresponding to the values, +1 and —1, of 
mp, as well as a hyperbola whose two branches are associated with the two mp = 0 levels. 
Figures 5 and 7 give, respectively, the tangents at the origin and the asymptotes of the 
levels shown in this diagram. 





between L and S (the spin-orbit coupling). This property remains valid as long 
as Wz < Wy. If, on the other hand, Bo is strong enough to make Wz >> Wy, 
we find that the eigenstates of H are the |mz,mg) states corresponding to a total 
decoupling of L and S. The intermediate zone (Wz ~ Wy) corresponds to a partial 
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coupling of L and S. See, for example, Complement Dxq;, in which we study the 
Zeeman effect of the 2p level (without taking W;, into account). 


References and suggestions for further reading: 


The hydrogen atom spectrum: Series (11.7), Bethe and Salpeter (11.10). 

The Dirac equation: the subsection “Relativistic quantum mechanics” of section 2 
of the bibliography and Messiah (1.17), Chap. XX, especially §§ V and IV-27. 

The fine structure of the n = 2 level and the Lamb shift: Lamb and Retherford 
(3.11); Frisch (3.13); Series (11.7), Chaps. VI, VII and VIII. 

The hyperfine structure of the ground state: Crampton et al. (3.12). 

The Zeeman effect and the vector model of the atom: Cagnac and Pebay-Peyroula 
(11.2), Chap. XVII, §§ 3E and 4C; Born (11.4), Chap. 6, § 2. 

Interstellar hydrogen: Roberts (11.17); Encrenaz (12.11), Chap. IV. 
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COMPLEMENTS OF CHAPTER XII, READER’S GUIDE 








Axit : THE MAGNETIC HYPERFINE HAMILTO- Derivation of the expression for the hyperfine 

NIAN Hamiltonian used in Chapter XII. Gives the 
physical interpretation of the various terms 
appearing in the Hamiltonian — in particular the 
contact term. Rather difficult. 

Bx1r : CALCULATION OF THE AVERAGE VALUES The detailed calculations of certain radial 

OF THE FINE-STRUCTURE HAMILTONIAN IN THE integrals appearing in the expression obtained 

1s, 2s AND 2p STATES in Chapter XII for the energy shifts. Not 


conceptually difficult. 





Cx : THE HYPERFINE STRUCTURE AND THE 
ZEEMAN EFFECT FOR MUONIUM AND POSITRO- 
NIUM 





Extension of the study of §§ D and E of 
Chapter XII to two 
systems, muonium and_ positronium, 


important hydrogen-like 
already 





presented in Complement Ayr. Brief description 
of experimental methods for studying these two 
systems. Simple if the calculations of §§ D and E 
of Chapter XII have been well understood. 





Dxir : THE INFLUENCE OF THE ELECTRON SPIN 
ON THE ZEEMAN EFFECT OF THE HYDROGEN 
RESONANCE LINE 


Study of the effect of the electronic spin on 
the frequencies and polarizations of the Zeeman 
components of the resonance line of hydrogen. Im- 
proves the results obtained in Complement Dvytr, 
in which the electron spin was ignored (uses 
certain results of that complement). Moderately 
difficult. 





Exrr : THE STARK EFFECT OF THE HYDROGEN 
ATOM 


Study of the effect of a static electric field on 
the ground state (n = 1) and of the first excited 
state (n = 2) of the hydrogen atom (Stark effect). 
Shows the importance for the Stark effect of the 
existence of a degeneracy between two states of 
different parities. Rather simple. 
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Complement Axi 


The magnetic hyperfine Hamiltonian 





1 Interaction of the electron with the scalar and vector po- 
tentials created by the proton .................. 1267 
2 The detailed form of the hyperfine Hamiltonian ....... 1268 
2-a Coupling of the magnetic moment of the proton with the or- 
bital angular momentum of the electron ............ 1268 
2-b Coupling with the electron spin... .............. 1270 
3 Conclusion: the hyperfine-structure Hamiltonian ...... 1274 





The aim of this complement is to justify the expression for the hyperfine Hamil- 
tonian given in Chapter XII [relation (B-20)]. As in that chapter, we shall confine our 
reasoning to the hydrogen atom, which is composed of a single electron and a proton, 
although most of the ideas remain valid for any atom. We have already said that the 
origin of the hyperfine Hamiltonian is the coupling between the electron and the elec- 
tromagnetic field created by the proton. We shall therefore call A;(r) and U;(r) the 
vector and scalar potentials associated with this electromagnetic field. We shall begin 
by considering the Hamiltonian of an electron subjected to these potentials. 


1. Interaction of the electron with the scalar and vector potentials created by 
the proton 


Let R and P be the position and momentum of the electron, S, its spin; m_., its mass; 
and q, its charge; up = qh/2m, is the Bohr magneton. 
The Hamiltonian H of the electron in the field of the proton can be written: 





H [P — gA,(R)2 + qUr(R) — 25 G) (vx A(R) (1) 


= 2Me 


This operator is obtained from expression (B-46) of Chapter HII (the Hamiltonian of 
a spinless particle) by adding to it the coupling energy between the magnetic moment 
2488/h associated with the spin and the magnetic field V x A;(r). 

We shall begin by studying the terms which, in (1), arise from the scalar potential 
U;(r). According to Complement Ex, this potential results from the superposition of 
several contributions, each of them associated with one of the electric multipole moments 
of the nucleus. For an arbitrary nucleus, we must consider: 


(i) The total charge —Zq of the nucleus (the moment of order k = 0), which yields 
a potential energy: 


Zq¢’ 
Aneor 





Vo(r) = qUo(r) = — (2) 
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(with, for the proton, Z = 1). Now, the Hamiltonian which we chose in Chapter VII for 
the study of the hydrogen atom is precisely: 
p2 


Ho = re + Vo(R) (3) 





Vo(R) has therefore already been taken into account in the Hamiltonian Ho. 

(ii) The electric quadrupole moment (k = 2) of the nucleus. The corresponding 
potential adds to the potential Vo and yields a term of the hyperfine Hamiltonian, called 
the electric quadrupole term. The results of Complement Ex enable us to write this term 
without difficulty. In the case of the hydrogen atom, it is zero, since the proton, which is 
a spin 1/2 particle, has no electric quadrupole moment (cf. § 2-c-a of Complement Ex). 


(iit) The electric multipole moments of order k = 4, 6, etc... which are theoretically 
involved as long as k < 2/; for the proton, they are all zero. 

Thus, for the hydrogen atom, potential (2) is really the potential seen by the 
electron’. There is no need to add any corrections to it (by hydrogen atom, we mean 
the electron-proton system, excluding isotopes such as deuterium: since the deuterium 
nucleus has a spin J = 1, we would have to take into account an electric quadrupole 
hyperfine Hamiltonian — see comment (i) at the end of this complement). 

Now let us consider the terms arising from the vector potential A;(r) in (1). We 
denote by M; the magnetic dipole moment of the proton (which, for the same reason as 
above, cannot have magnetic multipole moments of order k > 1). We have: 


— po My; xr 
Ar 





Ar(r) (4) 


The hyperfine Hamiltonian W; can now be obtained by retaining in (1) the terms which 
are linear in Ay: 





Wat = a [P-A;(R)+A7(R)-P] — 2up =] -V x A(R) (5) 


e 


and by replacing A; by expression (4) (since Wy already makes a very small correction 
to the energy levels of Ho, it is perfectly legitimate to ignore the second-order term, in 
A7). This is what we shall do in the following section. 


2. The detailed form of the hyperfine Hamiltonian 


2-a. Coupling of the magnetic moment of the proton with the orbital angular 
momentum of the electron 


First of all, we shall calculate the first term of (5). Using (4), we have: 


et pa MrxR)-P| (6) 


P-A,(R) +A,(R) P= 12 {P- (My xR) wt Bs 


An 





1We are concerned here only with the potential outside the nucleus, where the multipole moment 
expansion is possible. Inside the nucleus, we know that the potential does not have form (2). This causes 
a shift in the atomic levels called the “volume effect”. This effect was studied in Complement Dxyz, and 
we shall not take it into account here. 
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We can apply the rules for a mixed vector product to vector operators as long as we do 
not change the order of two non-commuting operators. The components of M; commute 
with R and P, so we have: 


(M; x R)-P=(R~x P)-M;=L-M;, (7) 
where: 
L=RxP (8) 


is the orbital angular momentum of the electron. It can easily be shown that: 








1 
Lb, ja] =° (9) 
(any function of |R| is a scalar operator), so that: 
1 L-M, 
pi (Mi x R)-P = 73 (10) 
Similarly: 
1 1 M,-L 
since: 
-PxR=L (12) 
Thus, the first term of (5) makes a contribution Wit to Wiz which is equal to: 
L Ho 9 oMr-L_ po, Mr: (L/h) 
= 2 = 2 1 
Wht ~~ an Deng” RB an PB RB ) 


This term corresponds to the coupling between the nuclear magnetic moment My, and 
the magnetic field: 


= Poa 
At mer? 





Br 


created by the current loop associated with the rotation of the electron (cf. Fig. 1). 


Comment: 


The presence of the 1/R? term in (13) might lead us to believe that there is a 
singularity at the origin, and that certain matrix elements of Wiy are infinite. Ac- 


tually, this is not the case. Consider the matrix element (Phim | Why | arm! )s 


where |(Px,1,m) and |~x vm’) are the stationary states of the hydrogen atom found 
in Chapter VII. In the {|r)} representation, we have: 


(| Skim) = Ykm(¥) = Revlr) Y/"(4, ¢) (14) 
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Figure 1: Relative disposition of the mag- 
netic moment M, of the proton and the field 
|/ Br, created by the current loop associated 
with the motion of the electron of charge q 
and velocity v (Br is antiparallel to the or- 
bital angular momentum L of the electron). 





with [cf. Chap. VII, relation (A-28)]: 


Rear) ~, er! (15) 


With the presence of the r? dr term in the integration volume element taken into 
account, the function to be integrated over r behaves at the origin like r!t"+2-3 = 
r+U-1_ Furthermore, the presence of the Hermitian operator L in (13) means that 
the matrix element (Yx,1,m | Why | Ykrv,m') is zero when J or I’ is zero. We then 


have 1+ 1! > 2, and r'+""-1 yemains finite at the origin. 


2-b. Coupling with the electron spin 


We shall see that, for the last term of (5), the problems related to the singularity 
at the origin of the vector potential (4) are important. This is why, in studying this 
term, we shall choose a proton of finite size, letting its radius approach zero at the end 
of the calculations. Furthermore, from a physical point of view, we now know that the 
proton does possess a certain spatial extension and that its “magnetism” is spread over a 
certain volume. However, the dimensions of the proton are much smaller than the Bohr 
radius ap. This justifies our treating the proton as a point particle in the final stage of 
the calculation. 


Q. The magnetic field associated with the proton 


Consider the proton to be a particle of radius po (Fig. 2), placed at the origin. The 
distribution of magnetism inside the proton creates, at a distant point, a field B which 
can be calculated by attributing to the proton a magnetic moment My, which we shall 
choose parallel to Oz. For r >> po, we obtain the components of B from the curl of the 
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x 


Figure 2: The magnetic field created by the proton. Outside the proton, the field is that 
of a dipole. Inside, the field depends on the exact distribution of the magnetism of the 
proton, but we can, in a first approximation, consider tt to be uniform. The contact term 
corresponds to the interaction between the spin magnetic moment of the electron and this 
uniform field B; inside the proton. 





vector potential written in (4): 


Ho Lz 

By, = —3M,— 

. ta Ty 

Lo ye 

By = Ag et oS (16) 
Lo 372 = 2 

Be ey 
4nd 


Expressions (16), moreover, remain valid even if r is not very large compared to po. We 
have already emphasized that the proton, since it is a spin 1/2 particle, has no magnetic 
multipole moments of order k > 1. The field outside the proton is therefore a pure dipole 
field. 

Inside the proton, the magnetic field depends on the exact magnetic distribution. 
We shall assume this field B; to be uniform (by symmetry, it must then be parallel to 
M, and, therefore, to Oz)?. 

To calculate the field B; inside the proton, we shall write the equation stating that 
the flux of the magnetic field through a closed surface, bounded by the xOy plane and 
the upper hemisphere centered at O and of infinite radius, is zero. Since, as r — co, |B| 
decreases as 1/r?, the flux through this hemisphere is zero. Therefore, if ®;(9) denotes 
the flux through a disk centered at O of radius po in the rOy plane, and ®,(po), the flux 





?The following argument can be generalized to cases where B, varies in a more complicated fashion 
(see comment (iz) at the end of this complement). 
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through the rest of the xOy plane, we have: 


®;(p0) + ®e(po) = 0 (17) 


Relations (16) enable us to calculate ®.(9) easily, and we get: 


+00 1 
®.(p0) = anf rdr -2m,5| 


ee Ar 
2 
= EN yee (18) 
An Po 


As for the flux ®;(p9) of Bj, it is equal to: 
; (po) = mpoBi (19) 
so that (17) and (18) yield: 


2 
lo 97 


B= = 20 


Thus, we know the values of the field created by the proton at all points in space. We 
can now calculate the part of W;, related to the electron spin S. 


B. The magnetic dipole term 
If we substitute (16) into the term —2yp (2) - V x Az, we obtain the operator: 





yar _ _ Ho 2uBMy {sz-% +YS,+Z5, 8S, } (21) 


hf An hh R R? 


that is, taking into account the fact that M;, is, by hypothesis, parallel to Oz: 


di Ho 2uB 1 (S-R)(M,;-R) 
wap = 276 = {s.m,-35 SS Co 


This is the expression for the Hamiltonian of the dipole-dipole interaction between two 
magnetic moments M; and Mg = 2u, S/h (cf. Complement Bxy, § 1). 

Actually, expression (16) for the magnetic field created by the proton is valid only 
for r > po, and (22) should be applied only to the part of the wave functions which 
satisfies this condition. However, when we let po approach zero, expression (22) gives no 
singularity at the origin; it is therefore valid in all space. 


Consider the matrix element: 


dip 
(@ustmse | Wrap | Prt atte’) 


(we are adding here the indices < and ¢’ to the states | Yx,1,m) considered above in order to label 
the eigenvalues ch/2 and ¢’h/2 of Sz) and, in particular, the radial integral which corresponds 
to it. At the origin, the function of r to be integrated behaves like pire P28 oo pth, Now, 
according to condition (8-c) of Complement Bx1, the non-zero matrix elements are obtained for 
1+l' > 2. There is therefore no divergence at the origin. In the limit where pp —> 0, the 


integral over r becomes an integral from 0 to infinity, and expression (22) is valid in all space. 
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V The contact term 


We shall now substitute (20) into the last term of (5), so as to obtain the con- 
tribution of the internal field of the proton to W,z. We then obtain an operator Whips 
which we shall call the “contact term”, and whose matrix elements in the {|YK1,m,e)} 
representation are: 


(Pk,tmelWr |Px! t,m’,e’) 
— Ho Anns 
salle (e | S |e’) es Pr pt malt) peramar(t) (23) 
<po 


Let po approach zero. The integration volume, 4732/3, also approaches zero, and the 
right-hand side of (23) becomes: 





Lo 2B My 87 








— ROME (6 | S22) Gilt = 0) Perth mr(t = 0) (24) 
The contact term is therefore given by: 
Lo 8a 2uBS 
Kp = —-—.— M_,- R 2 
Wey = 225 My (PHBE ) ace) (25) 


Although the volume containing an internal magnetic field (20) approaches zero when 
po —> 0, the value of Wy), remains finite, since this internal field approaches infinity as 


1/p. 


Comments: 


(z) In (25), the function 6(R) of the operator R is simply the projector: 
5(R) = |r = 0)(r = 0| (26) 


(ii) The matrix element written in (23) is different from zero only if J = I! = 
This is a necessary condition for Yx,1m(¥ = 0) and yx vm:(¥ = 0) to be non-zero 
(cf. Chap. VII, § C-4-c-8). The contact term therefore exists only for the s states. 
(iit) In order to study, in § 2-a, the coupling between M, and the orbital angular 
momentum of the electron, we assumed expression (4) for A;(r) to be valid in 
all space. This amounts to ignoring the fact that the field B actually has the 
form (20) inside the proton. We might wonder if this procedure is correct, or if 
there is not also an orbital contact term in Wi: 


Actually, this is not the case. The term in P - A; + A; - P would lead, for 
the field B;, to an operator proportional to: 


Ho 2 
B,;-L= —M,5L, 2 
Aa To8 (27) 


Let us calculate the matrix element of such an operator in the {|~x,1,m)} represen- 
tation. The presence of the operator L, requires, as above, |, |’ > 1. The radial 
function to be integrated between 0 and po then behaves at the origin like r!+!"+2 
and therefore goes to zero at least as rapidly as r+. Despite the presence of the 
1/p% term in (27), the integral between r = 0 and r = po therefore goes to zero in 


the limit where p97 —> 0. 
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3. Conclusion: the hyperfine-structure Hamiltonian 


Now, let us take the sum of the operators Wi, Wap and Wis: We use the fact that the 
magnetic dipole moment M, of the proton is proportional to its angular momentum I: 


I 
M; = Ipken (;;) (28) 
(cf. § B-2-a of Chapter XII). We obtain: 


Ho 2Btngp f[1-L | ,d-R)(S-R)_ I-S 80 
= + —1-S6(R 2 
MO ae { Rt? Re Re ge OY ey) 





This operator acts both in the state space of the electron and in the state space of the 
proton. It can be seen that this is indeed the operator introduced in Chapter XII [cf. 
(B-20)]. 


Comments: 


(1) We will now discuss the generalization of formula (29) to the case of an atom 
having a nuclear spin J > 1/2. 


First of all, if J = 1, we have already seen that the nucleus can have an 
electric quadrupole moment which adds a contribution to the potential Vo(r) 
given by (2). An electric quadrupole hyperfine term is therefore present in 
the hyperfine Hamiltonian, in addition to the magnetic dipole term (29). 
Since an electrical interaction does not directly affect the electron spin, this 
quadrupole term only acts on the orbital variables of the electrons. 


If now J > 1, other nuclear electric or magnetic multipole moments can 
exist, increasing in number as J increases. The electric moments give rise 
to hyperfine terms acting only on the orbital electron variables, while the 
magnetic terms act on both the orbital and the spin variables. For elevated 
values of I, the hyperfine Hamiltonian has therefore a complex structure. In 
practice however, for the great majority of cases, one can limit the hyperfine 
Hamiltonian to magnetic dipole and electric quadrupole terms. This is due 
to the fact that the multipole nuclear moments of an order superior to 2 
make extremely small contributions to the hyperfine atomic structures. These 
contributions are therefore difficult to observe experimentally. This arises 
essentially from the extremely small size of the nuclei compared to the spatial 
extent ag of the electronic wave functions. 


(it) The simplifying hypothesis which we have made concerning the field B(r) created 
by the proton (a perfectly uniform field within a sphere, a dipole field outside) 
is not essential. The form (25) of the magnetic dipole Hamiltonian remains valid 
whenever the nuclear magnetism has an arbitrary repartition, giving rise to more 
complicated internal fields B;(r) (assuming however that the spatial extent of the 
nucleus is negligible compared to ao; cf. the following comment). The argument is 
actually a direct generalization of that given in this complement. Consider a sphere 
S- centered at the origin, containing the nucleus and having a radius ¢ < ao. 
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If I = 4, the field outside Sz has the form (16) and, since ¢ is very small 
compared to ao, its contribution leads to the terms (13) and (22). As for the 
contribution of the field B(r) inside S-, it depends only on the value at the origin 
of the electronic wave functions and on the integral of B(r) inside S,. Since the 
flux of B(r) across all closed surfaces is zero, the integral in S- of each component 
of B(r) can be transformed into an integral outside of S-, where B(r) has the 
form (16). A simple calculation will again give exactly expression (25) which is 
therefore independent of the simplifying hypothesis that we have made. 

If I > 3 the nuclear contribution to the electromagnetic field outside of 
S- gives rise to the multipole hyperfine Hamiltonian which we have discussed in 
comment (7) above. On the other hand, one can easily show that the contribution 
of the field inside S- does not give rise to any new term: only the magnetic dipole 
possesses a contact term. 


(tii) In all of the above, we have totally neglected the dimensions of the nucleus compared 
to those of the electronic wave functions (we have taken the limit po/ao — 0). This 
is obviously not always realistic, in particular for heavy atoms whose nuclei have a 
relatively large spatial extension. If one studies these “volume effects” (keeping for 
example several of the lower order terms in po/ao), a series of new terms appears 
in the electron-nucleus interaction Hamiltonian. We have already encountered this 
type of effect in Complement Dx1 where we studied the effects of the radial distribu- 
tion of the nuclear charge (nuclear multipole moments of order k = 0). Analogous 
phenomena occur concerning the spatial distribution of nuclear magnetism and lead 
to modifications of different terms of the hyperfine Hamiltonian (29). In particu- 
lar, a new term must be added to the contact term (25) when the electronic wave 
functions vary significantly within the nucleus. This new term is neither simply 
proportional to 6(R), nor to the total magnetic moment of the nucleus. It depends 
on the spatial distribution of the nuclear magnetism. From a practical point of 
view, such a term is interesting since, using precise measurements of the hyperfine 
structure of heavy atoms, it permits obtaining information concerning the variation 
of the magnetism within the corresponding nuclei. 


References and suggestions for further reading: 


The hyperfine Hamiltonian including the electric quadrupole interaction term: Abragam 
(14.1), Chap. VI; Kuhn (11.1), Chap. VI, § B; Sobel’man (11.12), Chap. 6. 
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Complement By, 


Calculation of the average values of the fine-structure Hamiltonian in 
the 1s, 2s and 2p states 





1 = Calculation of (1/R), (1/R?) and (1/R°).........008. 1276 
2 The average values (Winy) - 0 0 0 ee ee ee ee 1278 
3 The average values (Wp) . 2.6 eee ee ee 1279 
4 Calculation of the coefficient £2, associated with Wso in 

the: 2p level - o's: ae Sees © ea ae Be eas elec Bees 1279 





For the hydrogen atom, the fine-structure Hamiltonian Wy is the sum of three 
terms: 


Wy =Wme +Ws0+Wp (1) 


studied in § B-1 of Chapter XII. 

The aim of this complement is to give the calculation of the average values of these 
three operators for the 1s, 2s and 2p states of the hydrogen atom, a calculation which 
was omitted in Chapter XII for the sake of simplicity. We shall begin by calculating the 
average values of (1/R), (1/R?) and (1/R°) in these states. 


1. Calculation of (1/R), (1/R?) and (1/R?) 


The wave function associated with a stationary state of the hydrogen atom is (cf. 
Chap. VII, § C): 


Pn,l,m(¥) oar Rain) Vi", ) (2) 


Y/"(6, ¢) is a spherical harmonic. The expressions for the radial functions R,,1(r) corre- 
sponding to the 1s, 2s, 2p states are: 


Rio(r) = 2(ag)~3/? e77/a0 








Ro o(r) = 2(2a9)~3/2 (1 — | e-r/2a0 " 
2a0 
Ro1(r) = (2ag) ~3/2(3)-1/2 e77/2a0 
ao 
where ag is the Bohr radius: 
h 2 
ao = AtrEo a (4) 


Meqz Mee? 


The Y/” are normalized with respect to 6 and y, so that the average value (R%) of the 
qth power (where q is a positive or negative integer) of the operator R associated with 
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r = |r| in the state |Yn 1m) can be written!: 


(RP ntom = fT? Rad) a (5) 
0 


It therefore does not depend on m. If (3) is substituted into (5), there appear integrals 
of the form: 


kp) = | rke—PF/40 dr (6) 


where p and k are integers. We shall assume here that k > 0, that is, q > —2. An 
integration by parts then yields directly: 


love) k OG 
I(k, p) = |-S2erer/m a + Kao 7 pk—le pr/ao dr 
P 0 P Jo 


= 21(k - 1,0) (7) 


Since, furthermore: 


1(0,p) = [erie ar = © (8) 
() P 
we obtain, by recurrence: 
an \ ®t! 
r(k,p) = # (2) (9) 
Pp 
Now, let us apply this result to the average values to be determined. We obtain: 
4 cn —2r/a 
(1/R)is = = re °dr 
a Jo 
4 1 
= —/(1,2) = — 10 
gill.2) == (10a) 
(1/R) : J ieee), eter 
a r|l1—~—] e r 
Oe Bae iy 2a9 
esha T(1,1) T(2,1)+ d I(3, 1) 
= Dae ; ao Aa 
1 
ey SSt 10b 
4ag ( ) 
Le fe ae 
1/R)ap = —= =) 8 od 
Q/Rlp= ag | r(Z) errmear 
1 1 
= —~+/1(3,1) = — 10 
24a ( ; ) 4ag ( c) 





1Of course, this average value exists only for values of gq which make integral (5) convergent. 
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Similarly: 
2 
(/R 1. = 41(0,2) = 3 (11a) 
ao a 
Weta rae ie oy | ee (11b) 
2az ag; Aue 4a? 
1 1 
2 a = 
(1) Rap = yg 12V) = (11) 


It is clear that the expression for the average value of 1/R® is meaningless for the 1s and 
2s states [since integral (5) is divergent]. For the 2p state, it is equal to: 





1 1 
1/R?)op = —I(1,1) = —> 12 
(1/R )2p 24a5 ( ) ) 24a8 ( ) 
2. The average values (W,,,,) 
Let: 
p2 
Ao = +V (13) 
2Me 
be the Hamiltonian of the electron subjected to the Coulomb potential. We have: 
P* = 4m? [Ho — VI’ (14a) 
with: 
V= Me (14b) 
OR 
so that: 
1 2 
= —-— [Ho - 1 
Winv Im.c2 [ 0 4 ( 5) 


We shall take the average values of both sides of this expression in a state |~p1,m)- 
Since Ho and V are Hermitian operators, we obtain: 


1 
WMNeC? 


(Ww) n,m = — [(En)? + 2B, e? (1/R)na + e* (1/R) ni] (16) 


In this expression, we have set: 


Ey 1 


ao —zge mec” (17) 


(18) 
is the fine-structure constant. 
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If we apply relation (16) to the case of the 1s state, we obtain, using (10a) and 
(11a): 


(W, ) LE 1 4,2 4 2 26 49e (19) 
mvyls = —=—— | FA MEC — amc — — 
: Im.c2 | 4 ao az 
that is, since, according to (4) and (18), e?/a9 = a?m_c?: 
1 1 5 
(Winv)1s = —soimec” i —1+ | = — goimec” (20) 


The same type of calculation, for the 2s state, leads to: 
Tey on CI Be, AL (ae 
es oe e 5s) -257+7] =-7zs e 21 
(Winv)2: A Mee (:) 34 + | 128° MeC (21) 
and, for the 2p state, to: 
(Winv) engi, 2 2 *lgll 1 ao ay Ce (22) 
fg? ae Nr 8 84° 12 384 


3. The average values (Wp) 


With (14b) and the fact that A(1/r) = —476(r) taken into account, the average value 
of Wp in the |Yn,im) state can be written [see also formula (B-14) of Chapter XII]: 


2 


h 
Bee ATe” WPntam(e = 0)| (23) 


(Wp) n,tym = 
This expression goes to zero if Yn1m("¥ = 0) = 0, that is, if / A 0. Therefore: 
(Wp) 2p =0 (24a) 


For the 1s and 2s levels, we obtain, using (2), (23) and the fact that Yj = 1//4r: 


We» Be es 1g 
(Wp)1s = 8mec e |1,0(0)| = 5 MeC (24b) 
as well as: 
(Wp)25 = alias e” |R29(0)|" = Eis 2 (24c) 
D/2s 8m2c? 2 2,0 16 e 
4. Calculation of the coefficient £2, associated with Wso in the 2p level 


In § C-2-c-8 of Chapter XII, we defined the coefficient: 


e = [Rai(r)I? 95 
Eo i: Paar ap (25) 


2m2c? r 
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According to (3): 


fe a2 ad (26) 
°P  Im2c? 24a2° 
Relation (9) then yields: 


Sue e? 1 14, 2 (27) 
*? ~ Om2ce 2das 4BRe 





References: 


Several radial integrals for hydrogen-like atoms are given in Bethe and Salpeter 
(11.10). 
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Complement Cx; 


The hyperfine structure and the Zeeman effect for muonium and 
positronium 





1 The hyperfine structure of the 1s ground state........ 1281 
2 The Zeeman effect in the 1s ground state ........... 1282 
2-a The Zeeman Hamiltonian ................00.0. 1282 
2-b Stationary state energies... 2... 2.0... .2.2.20008. 1283 
2-c The Zeeman diagram for muonium ............... 1284 
2-d The Zeeman diagram for positronium ............. 1286 





In Complement Ay, we studied some hydrogen-like systems, composed, like the 
hydrogen atom, of two oppositely charged particles electrostatically attracted to each 
other. Of all these systems, two are particularly interesting: muonium (composed of 
an electron, e~, and a positive muon, 4+) and positronium (composed of an electron, 
e-, and a positron, e+). Their importance lies in the fact that the various particles 
which come into play (the electron, the positron and the muon) are not directly affected 
by strong interactions (while the proton is). The theoretical and experimental study of 
muonium and positronium therefore permits a very direct test of the validity of quantum 
electrodynamics. 

Actually, a very precise information we now possess about these two systems comes 
from the study of the hyperfine structure of their 1s ground state [the optical lines joining 
the 1s ground state to the various excited states have been observed for positronium; cf. 
Ref. (11.25)]. This hyperfine structure is the result, as in the case of the hydrogen atom, 
of magnetic interactions between the spins of the two particles. We shall describe some 
interesting features of the hyperfine structure and the Zeeman effect for muonium and 
positronium in this complement. 


1. The hyperfine structure of the 1s ground state 


Let S; be the electron spin and Sg, the spin of the other particle (the muon or the 
positron, which are both spin 1/2 particles). The degeneracy of the 1s ground state is 
then, as for hydrogen, four-fold. 

We can use stationary perturbation theory to study the effect on the 1s ground 
state of the magnetic interactions between S; and Sp. The calculation is analogous to 
the one in § D of Chapter XII. We are left with a problem of two spin 1/2’s coupled by 
an interaction of the form: 


AS1-S» (1) 
where A is a constant which depends on the system under study. We shall denote by 


Aun, Am, Ap the three values of A which correspond respectively to hydrogen, muonium 
and positronium. 
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It is easy to see that: 
An < Am < Ap (2) 


since the smaller the mass of particle (2), the larger its magnetic moment. Now the 
positron is about 200 times lighter than the muon, which is close to 10 times lighter than 
the proton. 


Comment: 


The theory of Chapter XII is insufficient for the extremely precise study of the hyperfine 
structure of hydrogen, muonium and positronium. In particular, the hyperfine Hamilto- 
nian Wp, given in § B-2 of this chapter describes only part of the interactions between 
particles (1) and (2). For example, the fact that the electron and the positron are an- 
tiparticles of each other (they can annihilate to produce photons) is responsible for an 
additional coupling between them which has no equivalent for hydrogen and muonium. 
In addition, a series of corrections (relativistic, radiative, recoil effects, etc.) must be 
taken into account. These are complicated to calculate and must be treated by quantum 
electrodynamics. Finally, for hydrogen, nuclear corrections are also involved which are 
related to the structure and polarizability of the proton. However, it can be shown that 
the form (1) of the coupling between S; and S2 remains valid, the constant A being given 
by an expression which is much more complicated than formula (D-8) of Chapter XII. 
The hydrogen-like systems studied in this complement are important precisely because 
they enable us to compare the theoretical value of A with experimental results. 


The eigenstates of A 81 - Sp are the |F,mp) states, where F and mp are the 
quantum numbers related to the total angular momentum: 


F=8),+S. (3) 


As in the case of the hydrogen atom, F can take on two values, F = 1 and F = 0. The 
two levels, F = 1 and F = 0, have energies equal to Ah?/4 and —3Ah?/4, respectively. 
Their separation Ah? gives the hyperfine structure of the 1s ground state. Expressed in 
MHz, this interval is equal to: 





h 
5 Am = 4463.317 + 0.021 MHz (4) 
TT 


for muonium, and: 





h 
9, 4P = 203 403 + 12 MHz (5) 
T 
for positronium. 


2. The Zeeman effect in the 1s ground state 


2-a. The Zeeman Hamiltonian 


If we apply a static field Bo parallel to Oz, we must add, to the hyperfine Hamil- 
tonian (1), the Zeeman Hamiltonian which describes the coupling of Bo to the magnetic 
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moments: 

M, =7S1 (6) 
and: 

My, = 7282 (7) 
of the two spins, with gyromagnetic ratios y; and 72. If we set: 

w, = —71 Bo (8) 

we = —72Bo (9) 


this Zeeman Hamiltonian can be written: 
wi Siz + W252 (10) 


In the case of hydrogen, the magnetic moment of the proton is much smaller than 
that of the electron. We used this property in § E-1 of Chapter XII to neglect the Zeeman 
coupling of the proton, compared to that of the electron!. Such an approximation is less 
justified for muonium, since the magnetic moment of the muon is larger than that of 
the proton. We shall therefore take both terms of (10) into account. For positronium, 
furthermore, they are equally important: the electron and positron have equal masses 
and opposite charges, so that: 


v1 =-%2 (positronium) (11) 
or: 

Ww = —we (positronium) (12) 
2-b. Stationary state energies 


When Bp is not zero, it is necessary, in order to find the stationary state energies, 
to diagonalize the matrix representing the total Hamiltonian: 


AS, So +0151, + w2So, (13) 


in an arbitrary orthonormal basis, for example, the {|F',m;)} basis. A calculation which 
is analogous to the one in § E-4 of Chapter XII then leads to the following matrix (the 
four basis vectors are arranged in the order |1,1), |1,—1), |1,0), |0,0)): 

















2 
: 0 0 
0) ae — wy + we) | 
0 0 
0 0 

















(14) 





'Recall that the gyromagnetic ratio of the electron spin is y1 = 2up/h (ug: the Bohr magneton). 
Thus, if we set wo = —upBo/h (the Larmor angular frequency), the constant w; defined by (8) is equal 
to 2wo (this is, furthermore, the notation used in § E of Chapter XII; to obtain the results of that section, 
it therefore suffices, in this complement, to replace w1 by 2wo and wz by 0). 
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Matrix (14) can be broken down into two 1 x 1 submatrices and a 2 x 2 submatrix. 
Two eigenvalues are therefore obvious: 


Ah? hh 

Ey = “A. + 5 1 i we) (15) 
Ah? h 

E> ed a _ 3 1 oe we) (16) 





They correspond, respectively, to the states |1,1) and |1,—1), which, moreover, coincide 
with the states |+,-+) and |—, —) of the {|e1,€2)} basis of common eigenstates of S$), and 
So,. The other two eigenvalues can be obtained by diagonalizing the remaining 2 x 2 
submatrix. They are equal to: 











Ah? Ah2\" 2 

aes te ( 2 gee a 
Ah? Ah2\? — hi 

ae (S ) Te a ee) 


In a weak field, they correspond to the states |1,0) and |0,0), respectively, and, in a 
strong field, to the states |+,—) and |—, +). 


2-c. The Zeeman diagram for muonium 


The only differences with the results of § E-4 of Chapter XII arise from the fact that 
here, we are taking the Zeeman coupling of particle (2) into account. These differences 
appear only in a sufficiently strong field. 

Let us therefore consider the form taken on by the energies E3 and E4 when 
h(w, — we) >> Ah?. In this case: wy > we 


Ale. hh 

E3 ~ a + 5 (4 — we) (19) 
Ah? ht 

Ey = =, = 5 (4 -— we) (20) 


Now, compare (19) with (15) and (20) with (16). We see that, in a strong field, the 
energy levels are no longer represented by pairs of parallel lines, as was the case in § E-3 
of Chapter XII. The slopes of the asymptotes of the FE, and E3 levels are, respectively, 
Ay +72) and hy — 2); those of the Ey and FE, levels, B(wy +72) and B(y — 2). 
Since the two particles (1) and (2) have opposite charges, 7 and y2 have opposite signs. 
Consequently, in a sufficiently strong field, the E3 level (which then corresponds to the 
|+,—) state) moves above the Ey level (the |+,-+) state), since its slope, —2 (+1 — 72) is 
greater than —4 (7 +42). 

The distance between the £, and E3 levels therefore varies in the following way with 
respect to Bo (cf. Fig. 1): starting from 0, it increases to a maximum for the value of Bo which 
makes the derivative of: 


2 
fy, — b3 = “ + f(Bo) (21) 
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E , 
F=1 
F=0 
Bo 
0 > 





Figure 1: The Zeeman diagram for the 1s ground state of muonium. Since we are not 
neglecting here the Zeeman coupling between the magnetic moment of the muon and the 
static field Bo, the two straight lines (which correspond, in a strong field, to the same 
electron spin orientation but different muon spin orientations) are no longer parallel, 
as was the case for hydrogen (in the Zeeman diagram of Figure 9 of Chapter XII, the 
Larmor angular frequency wy, of the proton was neglected). For the same value of the 
static field Bo, the splitting between the E, and E3 levels is maximal and that between the 
Ey and Ex levels is minimal. The arrows represent the transitions studied experimentally 


for this value of the field Bo. 
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equal to zero, with: 





(v1 — y2)? (22) 


2 
Ale)” | FB 
2 4 


f(Bo) = Sim + 72) Bo — ( 


The distance then goes to zero again, and finally increases without bound. As for the distance 
between the Ez and E74 levels, it starts with the value Ah’, decreases to a minimum for the 
value of Bo which makes the derivative of: 


2 
Ey -— EE, = a — f(Bo) (23) 


equal to zero and then increases without bound. 

Since it is the same function f(Bo) that appears in (21) and (23), we can show that, for 
the same value of Bo [the one which makes the derivative of f(Bo) go to zero], the distances 
between the £; and £3 levels and between the /2 and E41 levels are either maximal or minimal. 
This property was recently used to improve the accuracy of experimental determinations of the 
hyperfine structure of muonium. 

By stopping polarized muons (for example, in the |+) state) in a rare gas target, one 
can prepare, in a strong field, muonium atoms which will be found preferentially in the |+, +) 
and |—,+) states. If we then apply simultaneously two radio frequency fields whose frequencies 
are close to (£1 — E3)/h and (E2 — E4)/h, we induce resonant transitions from |+,+) to |+, —) 
and from |—,+) to |—,—) (arrows in Figure 1). It is these transitions which are detected 
experimentally, since they correspond to a flip of the muon spin which is revealed by a change in 
the anisotropy of the positrons emitted during the 6-decay of the muons. If we are operating in 
a field Bo such that the derivative of f(Bo) is zero, the inhomogeneities of the static field, which 
may exist from one point to another of the cell containing the rare gas, are not troublesome, 
since the resonant frequencies of muonium, (£1 — F£3)/h and (E2 — F4)/h, are not affected, to 
first order, by a variation of Bo [ref. (11.24)]. 





Comment: 

For the ground state of the hydrogen atom, we obtain a Zeeman diagram analogous 
to the one in Figure 1 when we take into account the Zeeman coupling between 
the proton spin and the field Bo. 


2-d. The Zeeman diagram for positronium 


If we set wy = —we (this property is a direct consequence of the fact that the 
positron is the antiparticle of the electron) in (15) and (16), we see that the Fy and EF» 
levels are independent of Bo: 





2 
pee (24) 
4 
On the other hand, we obtain from (17) and (18): 

he h2\? 

By =A 4 (AE) neh (25) 
4 2 
he h2\? 

By =~ A = f(A) + vt (26 
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Figure 2: The Zeeman diagram for the 1s ground state of positronium. As in the cases 
of hydrogen and muonium, this diagram is composed of one hyperbola and two straight 
lines. However, since the gyromagnetic ratios of the electron and positron are equal 
and opposite, the two straight lines have a zero slope and, consequently, are superposed 
(in the two corresponding states, with energy E, and E2, the total magnetic moment 
is zero, since the electron and positron spins are parallel). The arrow represents the 
experimentally studied transition. 
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The Zeeman diagram for positronium therefore has the form shown in Figure 2. It is 
composed of two superposed straight lines parallel to the Bo axis and one hyperbola. 


Actually, positronium is not stable. It decays by emitting photons. In a zero field, 
it can be shown by symmetry considerations that the F = 0 state (the singlet spin state, 
or “parapositronium”) decays by emitting two photons. Its half-life is of the order of 7 ~ 
1,251071° s. On the other hand, the F = 1 state (the triplet spin state, or “orthopositronium”) 
can decay only by emitting three photons (since the two-photon transition is forbidden). This 
process is much less probable, and the half-life of the triplet is much longer, on the order of 
m1 ~1,4107" s. 

When a static field is applied, the E; and Ez levels retain the same lifetimes since the 
corresponding eigenstates do not depend on Bo. On the other hand, the |1,0) state is “mixed” 
with the |0,0) state, and vice versa. Calculations analogous to those of Complement Hry show 
that the lifetime of the E3 level is reduced relative to its zero-field value 7 (that of the E4 level 
is increased relative to the value 79). The positronium atoms in the E3 state then have a certain 
probability of decaying by emission of two photons. 

This inequality of the lifetimes of the three states of energies E1, E2, E3 when Bo is 
non-zero is the basis of the methods for determining the hyperfine structure of positronium. 
Formation of positronium atoms by positron capture by an electron generally populates the 
four states of energies FF, E2, E3, Ea equally. In a non-zero field Bo, the two states FE; and Fe 
decay less rapidly than the E3 state, so that in the stationary state, they are more populated. If 
we then apply a radiofrequency field oscillating at the frequency (£3 — F1)/h = (E3 — E2)/h, we 
induce resonant transitions from the E; and E2 states to the E3 state (the arrow of Figure 2). 
This increases the decay rate via two-photon emission, which permits the detection of resonance 
when (with fixed Bo) we vary the frequency of the oscillating field. Determination of F3 — Fy 
for a given value of Bo then allows us to find the constant A by using (24) and (25). 

In a zero field, resonant transitions could also be induced between the unequally populated 
F =1and F = 0 levels. However, the corresponding resonant frequency, given by (5), is high 
and not easily produced experimentally. This is why one generally prefers to use the “low 
frequency” transition represented by the arrow of Figure 2. 


References and suggestions for further reading: 


See the subsection “Exotic atoms” of section 11 of the bibliography. 
The annihilation of positronium is discussed in Feynman III (1.2), § 18-3. 
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1. Introduction 


The conclusions of Complement Dy; relative to the Zeeman effect for the resonance line 
of the hydrogen atom spectrum (the 1s © 2p transition) must be modified to take into 
account the electron spin and the associated magnetic interactions. This is what we shall 
do in this complement, using the results obtained in Chapter XII. 

To simplify the discussion, we shall neglect effects related to nuclear spin (which 
are much smaller than those related to the electron spin). Therefore, we shall not take 
the hyperfine coupling W;,¢ (chap. XII, § B-2) into account, choosing the Hamiltonian H 
in the form: 


H=Ho+W;+Wz (1) 


Ho is the electrostatic Hamiltonian studied in Chapter VII (§ C), Wy, the sum of the 
fine structure terms (chap. XII, § B-1): 


Wy = Winv + Wo + Wso (2) 


and Wz, the Zeeman Hamiltonian (chap. XII, § E-1) describing the interaction of the 
atom with a magnetic field Bo parallel to Oz: 


Wz = wo(Lz + 282) (3) 
where the Larmor angular frequency wo is given by: 


q 
Wo = —5 Bo (4) 
Me 





[we shall neglect w,, relative to wo; see formula (E-4) of Chapter XII]. 

We shall determine the eigenvalues and eigenvectors of H by using a method anal- 
ogous to that of § E of Chapter XII: we shall treat Wy and Wz like perturbations of Hp. 
Although they have the same unperturbed energy, the 2s and 2p levels can be studied 
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separately since they are connected neither by Wy (chap. XII, § C-2-a-8) nor by Wz. 
In this complement, the magnetic field Bo will be called weak or strong, depending on 
whether Wz is small or large compared to Wy. Note that the magnetic fields considered 
here to be “weak” are those for which Wz is small compared to Wy but large compared 
to W;z, which we have neglected. These “weak fields” are therefore much stronger than 
those treated in § E of Chapter XII. 

Once the eigenstates and eigenvalues of H have been obtained, it is possible to 
study the evolution of the average values of the three components of the electric dipole 
moment of the atom. Since an analogous calculation was performed in detail in Com- 
plement Dyj1, we shall not repeat it. We shall merely indicate, for weak fields and for 
strong fields, the frequencies and polarization states of the various Zeeman components 
of the resonance line of hydrogen (the Lyman a line). 


2. The Zeeman diagrams of the 1s and 2s levels 


We saw in § D-1-b of Chapter XII that Wy shifts the 1s level as a whole and gives rise 
to only one fine-structure level, 1s;/2. The same is true for the 2s level, which becomes 
281/2. In each of these two levels, we can choose a, basis: 


of eigenvectors common to Ho, L?, Lz, Sz, I, (the notation is identical to that of Chap- 

ter XII; since H does not act on the proton spin, we shall ignore m, in all that follows). 
The vectors (5) are obviously eigenvectors of Wz with eigenvalues 2mghwy. Thus, 

each 1s 1/2 or 2817/2 level splits, in a field Bo, into two Zeeman sublevels of energies: 











1 
nil = O:ms,=O;ms = 51m, = +5 )} (5) 


E(n;l = 0;mz = 0; mg) = E(ns1/2) + 2mghu (6) 


where E(ns1/2) is the zero-field energy of the nsj,2 level, calculated in §§ C-2-b and 
D-1-b of Chapter XII. The Zeeman diagram of the 1s 1/2 level (as well as the one for 
the 21/2 level) is therefore composed of two straight lines of slopes + 1 and —1 (Fig. 1), 
corresponding, respectively, to the two possible orientations of the spin relative to Bo 
(mg = +1/2 and mg = —1/2). 

Comparison of Figure 1 and Figure 9 of Chapter XII shows that to neglect, as we 
are doing here, the effects related to nuclear spin amounts to considering fields Bo which 
are so large that Wz >> Why. We are then in the asymptotic region of the diagram of 
Figure 9 of Chapter XII, where we can ignore the splitting of the energy levels due to 
the proton spin and hyperfine coupling. 


3. The Zeeman diagram of the 2p level 
In the six-dimensional 2p subspace, we can choose one of the two bases: 

{In = 2;1=1;mz;ms)} (7) 
or: 


{|n = 2;1= 1; J;my)} (8) 
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Figure 1: The Zeeman diagram of the 1s1/2 
level when the hyperfine coupling Why ts ne- 
glected. The ordinate of the point at which 
the two levels mg = £1/2 cross is the en- 
ergy of the 18/2 level (i.e., the eigenvalue 
—E; of Ho, corrected for the global shift 
produced by the fine-structure Hamiltonian 
W,). Figure 9 of Chapter XII gives an idea 
of the modifications of this diagram produced 
by Whr- 





EAs 42) 





hay 








adapted, respectively, to the individual angular momenta L and S and to the total 
angular momentum J = L+S [cf. (36a) and (36b) of Complement Ax]. 

The terms W,,, and Wp which appear in expression (2) for Wy shift the 2p level as 
a whole. Therefore, to study the Zeeman diagram of the 2p level, we simply diagonalize 
the 6 x 6 matrix which represents Wso + Wz in either one of the two bases, (7) or 
(8). Actually, since Wz and Wso0 = £2, L-S both commute with J, = L, + Sz, this 
6 x 6 matrix can be broken down into as many submatrices as there are distinct values 
of m ;. Thus, there appear two one-dimensional submatrices (corresponding respectively 
to my = +3/2 and m; = —3/2) and two two-dimensional submatrices (corresponding 
respectively to my = +1/2 and m; = —1/2). The calculation of the eigenvalues and 
associated eigenvectors (which is very much like that of § E-4 of Chapter XII) presents 
no difficulties and leads to the Zeeman diagram shown in Figure 2. This diagram is 
composed of two straight lines and four hyperbolic branches. 

In a zero field, the energies depend only on J. We obtain the two fine-structure 
levels, 2p3/2 and 2p /2, already studied in § C of Chapter XII, whose energies are equal 
to: 


E(2p3/2) = E(2p) + week (9) 


E(2p1/2) = E(2p) — Eph? (10) 


E(2p) is the 2p level energy E(2p) corrected for the global shift due to Wn» and Wp 
[cf. expressions (C-8) and (C-9) of Chapter XII]. £2, is the constant which appears in 
the restriction €, L-S of Wgo to the 2p level [cf. expression (C-13) of Chapter XI]]. 
In weak magnetic fields (Wz «< Wgo), the slope of the energy levels can also be 
obtained by treating Wz like a perturbation of W,. It is then necessary to diagonalize the 
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E(2p3;2) 





E(2p 1) 





ho, 
0 = 








Figure 2: The Zeeman diagram of the 2p level when the hyperfine coupling Why is ne- 
glected. In a zero field, we find the fine-structure levels, 2p,/2 and 2p3/2. The Zeeman 
diagram is composed of two straight lines and two hyperbolas (for which the asymptotes 
are shown in dashed lines). The hyperfine coupling Wr would significantly modify this 
diagram only in the neighborhood of wo = 0. E(2p) is the 2p level energy (the eigenvalue 
—E,/4 of Ho) corrected for the global shift produced by Wny + Wo. 





4x4 and 2x2 matrices representing Wz in the 2p3/2 and 2pj/2 levels. Calculations anal- 
ogous to those of § E-2 of chapter XII show that these two submatrices are respectively 
proportional to those which represent woJ, in the same subspaces. The proportionality 
coefficients, called “Landé factors” (cf. Complement Dx, § 3), are equal, respectively, 
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to!: 


g(2p3/2) = (11) 


9(2p1/2) = (12) 


WIN wile 


In weak fields, each fine-structure level therefore splits into 2J + 1 equidistant Zeeman 
sublevels. The eigenstates are the states of the “coupled” basis, (8), corresponding to 
the eigenvalues: 


E(J,my) = E(2pz) + mz g(2pz) hwo (13) 


where the E(2p,;) are given by expressions (9) and (10). 

In strong fields (Wz >> Wso), we can, on the other hand, treat Wso0 = 2) L-S 
like a perturbation of Wz, which is diagonal in basis (7). As in § E-3-b of chapter XII, 
it can easily be shown that only the diagonal elements of £2, L-S are involved when the 
corrections are calculated to first order in Wso. Thus, we find that in strong fields, the 
eigenstates are the states of the “decoupled” basis, (7), and the corresponding eigenvalues 
are: 


E(mz, mg) = E(2p) + (my + 2mg)hwo + mpmg ho, (14) 


Formula (14) gives the asymptotes of the diagram of Figure 2. 

As the magnetic field Bo increases, we pass continuously from basis (8) to basis (7). 
The magnetic field gradually decouples the orbital angular momentum and the spin. This 
situation is the analogue of the one studied in § E of Chapter XII, in which the angular 
momenta S and I were coupled or decoupled, depending on the relative importance of 
the hyperfine and Zeeman terms. 


4. The Zeeman effect of the resonance line 


4-a. Statement of the problem 


Arguments of the same type as those of § 2-c of Complement Dyyy (see, in particu- 
lar, the comment at the end of that complement) show that the optical transition between 
a 2p Zeeman sublevel and a 1s Zeeman sublevel is possible only if the matrix element 
of the electric dipole operator gR between these two states is different from zero?. In 
addition, depending on whether it is the g(X +7Y), q(X —iY) or gZ operator which has 
a non-zero matrix element between the two Zeeman sublevels under consideration, the 
polarization state of the emitted light is a+, a~ or 7. Therefore, we use the previously 
determined eigenvectors and eigenvalues of H in order to obtain the frequencies of the 
various Zeeman components of the hydrogen resonance line and their polarization states. 


Comment: 





1These Landé factors can be calculated directly from formula (43) of Complement Dx. 
2The electric dipole, since it is an odd operator, has no matrix elements between the 1s and 2s states, 
which are both even. This is why we are ignoring the 2s states here. 
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Figure 8: The disposition, in a weak field, of the Zeeman sublevels arising from the fine- 
structure levels, 1s1/2, 2p1/2, 2p3/2 (whose zero-field energies are marked on the vertical 
energy scale). On the right-hand side of the figure are indicated the splittings between 
adjacent Zeeman sublevels (for greater clarity, these splittings have been exaggerated with 
respect to the fine-structure splitting which separates the 2p/2 and 2p3/2 levels), as well 
as the values of the quantum numbers J andm, associated with each sublevel. The arrows 
indicate the Zeeman components of the resonance line, each of which has a well-defined 


polarization, 0+, o~ ort. 
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The g(X + iY), q(X — iY) and qZ operators act only on the orbital part of the wave 
function and cause mz to vary, respectively, by +1, —1 and 0 (cf. Complement Dvn, 
§ 2-c); mg is not affected. Since mz = mz +™mzg is a good quantum number (whatever 
the strength of the field Bo), Amy = +1 transitions have a o* polarization; Am; = —1 
transitions, a 0” polarization; and Am, = 0 transitions, a 7 polarization. 


4-b. The weak-field Zeeman components 


Figure 3 shows the weak-field positions of the various Zeeman sublevels resulting 
from the 1s1/2, 2p1/2 and 2p3/z levels, obtained from expressions (6), (13), (11) and (12). 
The vertical arrows indicate the various Zeeman components of the resonance line. The 
polarization is o*, o~ or 7, depending on whether Amy = +1, —1 or 0. 

Figure 4 shows the positions of these various components on a frequency scale, 
relative to the zero-field positions of the lines. The result differs notably from that of 
Complement Dy (see Figure 2 of that complement), where, observing in a direction 
perpendicular to By, we had three equidistant components of polarization o*, 7, 07, 
separated by a frequency difference wo /27. 



































Figure 4: Frequencies of the various Zeeman components of the hydrogen resonance line. 
a) In a zero field: two lines are observed, separated by the fine-structure splitting 3£2,)h/4n 
(fap ts the spin-orbit coupling constant of the 2p level) and corresponding respectively 
to the transitions 2p3;2 ++ 1581/2 (the line on the right-hand side of the figure) and 
2p1/2 <4 181/2 (the line on the left-hand side). 

b) In a weak field Bo: each line splits into a series of Zeeman components whose polar- 
izations are indicated; wo/27 is the Larmor frequency in the field Bo. 





4-c. The strong-field Zeeman components 


Figure 5 shows the strong-field positions of the Zeeman sublevels arising from the 
1s and 2p levels [see expressions (6) and (14)]. To first order in Wgo, the degeneracy 
between the states |mz = —1,mg = 1/2) and |mz = 1,mg = —1/2) is not removed. The 
vertical arrows indicate the Zeeman components of the resonance line. The polarization 
is o*, o or 7m, depending on whether Amz = +1,-—1 or 0 (recall that in an electric 
dipole transition, the quantum number mg is not affected). 
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Figure 5: The disposition, in a strong field (decoupled fine structure), of the Zeeman 
sublevels arising from the 1s and 2p levels. On the right-hand side of the figure are 
indicated the values of the quantum numbers my and mg associated with each Zeeman 
sublevel, as well as the corresponding energy, given relative to E(1s,/2) or E(2p). The 
vertical arrows indicate the Zeeman components of the resonance line. 





The corresponding optical spectrum is shown in Figure 6. The two 7 transitions 
have the same frequency (cf. Fig. 5). On the other hand, there is a small splitting, 
h£2p)/2n, between the frequencies of the two oF transitions and between those of the two 
o~ transitions. The mean distance between the o* doublet and the 7 line (or between 
the m line and the o~ doublet) is equal to wo/2a. The spectrum of Figure 6 is therefore 
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Figure 6: The strong-field positions of the Zeeman components of the hydrogen resonance 
line. Aside from the splitting of the o* and a~ lines, this spectrum is identical to the one 
obtained in Complement Dyr, where the effects related to electron spin were ignored. 





similar to that of Figure 2 of Complement Dy. Furthermore, the splitting of the oT 
and o~ lines, due to the existence of the electron spin, is easy to understand. 

In strong fields, L and S are decoupled. Since the 1s 4 2p transition is an electric 
dipole transition, only the orbital angular momentum L of the electron is affected by the 
optical transition. An argument analogous to the one in § E-3-b of Chapter XII shows 
that the magnetic interactions related to the spin can be described by an “internal field” 
which adds to the external field By and whose sign changes, depending on whether the 
spin points up or down. It is this internal field that causes the splitting of the o* and 
a” lines (the z line is not affected, since its quantum number my is zero). 


References and suggestions for further reading: 


Cagnac and Pebay-Peyroula (11.2), Chaps. XI and XVII (especially § 5-A of that 
chapter); White (11.5), Chap. X; Kuhn (11.1), Chap. ITI, § F; Sobel’man (11.12), 
Chap. 8, § 29. 
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Consider a hydrogen atom placed in a uniform static electric field € parallel to Oz. 
To the Hamiltonian studied in Chapter XII must be added the Stark Hamiltonian Ws, 
which describes the interaction energy of the electric dipole moment qgR of the atom with 
the field €. Wg can be written: 


Ws=-q €-R=-q €Z (1) 


Even for the strongest electric fields that can be produced in the laboratory, we 
always have Ws < Hop. On the other hand, if € is strong enough, Ws can have the same 
order of magnitude as Wy and Wp, or be even larger. To simplify the discussion, we 
shall assume throughout this complement that € is strong enough for the effect of Wg 
to be much larger than that of Wy or Wz. We shall therefore calculate directly, using 
perturbation theory, the effect of Wg on the eigenstates of Ho found in Chapter VII (the 
next step, which we shall not consider here, would consist of evaluating the effect of Wy, 
and then of W;,, on the eigenstates of Hp + Ws). 

Since both Hp and Wg do not act on the spin variables, we shall ignore the quantum 
numbers mg and m;. 


1. The Stark effect on the n = 1 level 


1l-a. The shift of the 1s state is quadratic in € 


According to perturbation theory, the effect of the electric field can be obtained to 
first order by calculating the matrix element: 





—gE(n = 1,1=0,mz, = 0|Z|n = 1,1 =0, mz = 0) 





Since the operator Z is odd, and since the ground state has a well-defined parity (it is 
even), the preceding matrix element is zero. 

There is therefore no effect which is linear in €, and we must go on to the next 
term of the perturbation series: 


2 
202 |(1,0,0|Z|n, 1, m)| 
= gE OO 2 
e2=4 a E, BE, (2) 
nAl1,l,m 
where E,, = —E;/n? is the eigenvalue of Ho associated with the eigenstate |n,1,m) (cf. 


Chap. VII, § C). The preceding sum is certainly not zero, since there exist states |n,1,m) 
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whose parity is opposite to that of |1,0,0). We conclude that, to lowest order in €, the 
Stark shift of the 1s ground state is quadratic. Since EF, — EF, is always negative, the 
ground state is lowered. 


1-b. Polarizability of the 1s state 


We have already mentioned that, for reasons of parity, the average values of the 
components of the operator gR are zero in the state |1,0,0) (the unperturbed ground 
state). 

In the presence of an electric field € parallel to Oz, the ground state is no longer 
|1,0,0), but rather (according to the results of § B-1-b of Chapter XI): 


1, m|Z|1,0,0 
(n,1,m|Z| i 


E,—E, (3) 


lwo) = |1,0,0) —gé > 


nAl1,l,m 


This shows that the average value of the electric dipole moment qgR in the perturbed 
ground state is, to first order in €, (wo|gR|wWo). Using expression (3) for |Wo), we then 
obtain: 


(WoldRivo) =-Veé S> 


nA1,l,m 
(1,0, 0/R|n,1,m)(n, 1, m|Z|1,0,0) + (1,0, 0|Z]n, l,m) (n, t, m|R|1, 0, 0) 
Be, 





(4) 


Thus, we see that the electric field € causes an “induced” dipole moment to appear, 
proportional to €. It can easily be shown, by using the spherical harmonic orthogonality 
relation!, that (a#o|q¢X|Wo) and (wWolgY Wo) are zero, and that the only non-zero average 
value is: 


I Z\1,0,0 
(olaZ lo) = -2¢7€ 7 (obemiZi OOF (5) 


nZ#l En 
l,m 


In other words, the induced dipole moment is parallel to the applied field €.This is not 
surprising, given the spherical symmetry of the 1s state. The coefficient of proportionality 
x between the induced dipole moment and the field is called the linear electric suscepti- 
bility. We see that quantum mechanics permits the calculation of this susceptibility for 
the 1s state: 


nl En 
l,m 





1 This relation implies that (1,0,0|Z|n,1,m) is different from zero only if 1 = 1, m = 0 (the argument 
is the same as the one given for (2,1,m|Z|2,0,0) in the beginning of § 2 below). Consequently, in (2), 
(3), (4), (5), (6), the summation is actually carried out only over n (it includes, furthermore, the states 
of the positive energy continuum). 
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2. The Stark effect on the n = 2 level 


The effect of Wg on the n = 2 level can be obtained to first order by diagonalizing the 
restriction of Wg to the subspace spanned by the four states of the {|2, 0,0); |2,1,m),m = 
—1,0,+1} basis. 

The |2,0,0) state is even; the three |2,1,m) states are odd. Since Wg is odd, the 
matrix element (2,0,0|Wg|2,0,0) and the nine matrix elements (2,1, m’|Wgs|2,1,m) are 
zero (cf. Complement Fy). On the other hand, since the |2,0,0) and |2,1,m) states have 
opposite parities, (2,1,m|Wgs|2,0,0) can be different from zero. 

Let us show that actually only (2,1,0|Wg|2,0,0) is non-zero. Wg is proportional 
to Z = Rcos@ and, therefore, to Y°(@). The angular integral which enters into the 
matrix elements (2, 1,m|Wg|2,0,0) is therefore of the form: 


ip ¥7"*() ¥P(M) ¥O(Q) aa 


Since Y/ is a constant, this integral is proportional to the scalar product of Y? and Yj" 
and is therefore different from zero only if m = 0. Moreover, since Y?, Rai (r) and Rgo0(r) 
are real, the corresponding matrix element of Wg is real. We shall set: 


(2,1, 0|Ws|2,0,0) = 7€ (7) 


without concerning ourselves with the exact value of y [which could be calculated without 
difficulty since we know the wave functions y210(r) and ¢e2,0,9(r)]. 

The matrix which represents Wg in the n = 2 level, therefore, has the following 
form (the basis vectors are arranged in the order |2,1,1), |2,1,—1), |2,1,0), |2,0,0)): 





























0/0 0 
0) 0 0 
(8) 
0 | 0 VE 
0;/0]7E |} 0 





We can immediately deduce the corrections to first order in € and the eigenstates to 
zeroth order: 


Higenstates Corrections 
|2,1,1) 4 0 
|2,1,-1) o 0 


1 
ay 
J2 


Thus, we see that the degeneracy of the n = 2 level is partially removed and that the 
energy shifts are linear, and not quadratic, in €. The appearance of a linear Stark effect 
is a typical result of the existence of two levels of opposite parities and the same energy, 
here the 2s and 2p levels. This situation exists only in the case of hydrogen (because of 
the [-fold degeneracy of the n # 1 shells). 


(|2, 1,0) _s |2,0,0)) > VE. 
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Comment: 


The states of the n = 2 level are not stable. Nevertheless, the lifetime of the 
2s state is considerably longer than that of the 2p states, since the atom passes 
easily from 2p to 1s by spontaneous emission of a Lyman a photon (lifetime of 
the order of 10~%s), while decay from the 2s state requires the emission of two 
photons (lifetime of the order of a second). For this reason, the 2p states are said 
to be unstable and the 2s state, metastable. 


Since the Stark Hamiltonian Wg has a non-zero matrix element between 2s 
and 2p, any electric field (static or oscillating) “mixes” the metastable 2s state with 
the unstable 2p state, greatly reducing the 2s state’s lifetime. This phenomenon 
is called “metastability quenching” (see also Complement Hyy, in which we study 
the effect of a coupling between two states of different lifetimes). 


References and suggestions for further reading: 


The Stark effect in atoms: Kuhn (11.1), Chap. ITI, §§ A-6 and G. Ruark and Urey 
(11.9), Chap. V, §§ 12 and 13; Sobel’man (11.12), Chap. 8, § 28. 

The summation over the intermediate states which appears in (2) and (6) can be 
calculated exactly by the method of Dalgarno and Lewis; see Borowitz (1.7), § 14-5; 
Schiff (1.18), § 33. Original references: (2.34), (2.35), (2.36). 

Quenching of metastability: see Lamb and Retherford (3.11), App. I; Sobel’man 
(11.12), Chap. 8, § 28.5. 
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A. Statement of the problem 


Consider a physical system with Hamiltonian Hp. The eigenvalues and eigenvectors of 
Ho will be denoted by E,, and |y,): 


Ho|%n) = En|¥n) (A-1) 
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For the sake of simplicity, we shall consider the spectrum of Ho to be discrete and non- 
degenerate; the formulas obtained can easily be generalized (see, for example, § C-3). We 
assume that Ho is not explicitly time-dependent, so that its eigenstates are stationary 
states. 

At t = 0, a perturbation is applied to the system. Its Hamiltonian then becomes: 


H(t) = Ho + W(t) (A-2) 
with: 
W(t) = W(t) (A-3) 


where ) is a real dimensionless parameter much smaller than 1 and W(t) is an observable 
(which can be explicitly time-dependent) of the same order of magnitude as Ho, and zero 
for t < 0. 

The system is assumed to be initially in the stationary state |y,;), an eigenstate 
of Ho of eigenvalue E;. Starting at t = 0 when the perturbation is applied, the system 
evolves: the state |y;) is no longer, in general, an eigenstate of the perturbed Hamiltonian. 
We propose, in this chapter, to calculate the probability Y;,(t) of finding the system in 
another eigenstate |y,) of Ho at time t. In other words, we want to study the transitions 
that can be induced by the perturbation W(t) between the stationary states of the 
unperturbed system. 

The treatment is very simple. Between the times 0 and t, the system evolves in 
accordance with the Schrodinger equation: 


in w(t) = [Ho + AW] WO) (A-4) 


The solution |w(t)) of this first-order differential equation corresponding to the initial 
condition: 


[p(t = 0)) = Iva) (A-5) 
is unique. The desired probability Y;(t) can be written: 
Piz (t) = Kes lv@)P? (A-6) 


The whole problem therefore consists of finding the solution |7(t)) of (A-4) that 
corresponds to the initial condition (A-5). However, such a problem is not generally 
rigorously soluble. This is why we resort to approximation methods. We shall show 
in this chapter how, if » is sufficiently small, the solution |q(t)) can be found in the 
form of a power series expansion in . Thus, we shall calculate |(t)) explicitly to first 
order in \, as well as the corresponding probability (§ B). The general formulas obtained 
will then be applied (§ C) to the study of an important special case, the one in which 
the perturbation is a sinusoidal function of time or a constant (the interaction of an 
atom with an electro-magnetic wave, which falls into this category, is treated in detail in 
Complement Axq1). This is an example of the resonance phenomenon. Two situations 
will be considered: the one in which the spectrum of Ho is discrete, and the one in 
which the initial state |y;) is coupled to a continuum of final states. In the latter case, 
we shall prove an important formula known as “Fermi’s golden rule”. In § D we will 
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consider another important case in which the perturbation fluctuates randomly; it is 
then characterized by its time-dependent correlation function, and will be treated with 
a perturbative calculation that is valid for short times. We will then show in § E how 
to extend the valitidy of this calculation to long times, within a general approximation 
called “motional narrowing approximation”. 


Comment: 


The situation treated in § C-3 of Chapter IV can be considered to be a special case 
of the general problem discussed in this chapter. Recall that, in Chapter IV, we 
discussed a two-level system (the states |y1) and |y2)), initially in the state |y1), 
subjected, beginning at time t = 0, to a constant perturbation W. The probability 
f(t) can then be calculated exactly, leading to Rabi’s formula. 


The problem we are taking up here is much more general. We shall consider 
a system with an arbitrary number of levels (sometimes, as in § C-3, with a 
continuum of states) and a perturbation W(t) which is an arbitrary function of the 
time. This explains why, in general, we can obtain only an approximate solution. 


B. Approximate solution of the Schrédinger equation 


B-1. The Schrédinger equation in the {|y,,)} representation 


The probability Y(t) explicitly involves the eigenstates |y;) and |yy) of Ho. It 
is therefore reasonable to choose the {|y,)} representation. 


B-1-a. The system of differential equations for the components of the state vector 


Let c,(t) be the components of the ket |y(t¢)) in the {|yn)} basis: 
b(t) os S| en(t)|~n) (B-1) 


with: 


en(t) = (Ynlv(t)) (B-2) 
Wr(t) denotes the matrix elements of the observable W(t) in the same basis: 

(enlW (t)|ex) = War(t) (B-3) 
Recall that Ho is represented in the {|y,,)} basis by a diagonal matrix: 

(Yn|Holen) = Endnk (B-4) 


We shall project both sides of Schrédinger equation (A-4) onto |y,). To do so, we 
insert the closure relation: 


Yo lee) ee] = 1 (B-5) 
k 
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and use relations (B-2), (B-3) and (B-4). We obtain: 


ih ent) = Enen(t) + > War (Cex (t) (B-6) 


The set of equations (B-6), written for the various values of n, constitutes a system of 
coupled linear differential equations of first order in t, which enables us, in theory, to 
determine the components c,(t) of |w(t)). The coupling between these equations arises 
solely from the existence of the perturbation AW (t), which, by its non-diagonal matrix 
elements \W,,,(t), relates the evolution of c,(t) to that of all the other coefficients c;,(t). 


B-1-b. Changing functions 


When AW(t) is zero, equations (B-6) are no longer coupled, and their solution is 
very simple. It can be written: 


Cn(t) = bane tEnt/h (B-7) 


where b, is a constant which depends on the initial conditions. 

Now, if AW(t) is not zero, while remaining much smaller than Ho because of the 
condition \ < 1, we expect the solution c,,(t) of equations (B-6) to be very close to 
solution (B-7). In other words, if we perform the change of functions: 


Cn(t) = b,(t)e~*2nt/* (B-8) 


we can predict that the b,(t) will be slowly varying functions of time. 
We substitute (B-8) into equation (B-6); we obtain: 


d 
es by -beere eR? 


= En, b(t) e~*En!/" +S AWar(t) b(t) ew F*/® —— (B-9) 
k 


We now multiply both sides of this relation by e+*”»!/", and introduce the Bohr angular 
frequency: 


Wn = (B-10) 
related to the pair of states EF, and E,. We obtain: 


in bal Caen nk(t) by, (t) (B-11) 


B-2. Perturbation equations 


The system of equations (B-11) is rigorously equivalent to Schrédinger equation 
(A-4). In general, we do not know how to find its exact solution. This is why we shall 
use the fact that A is much smaller than 1 to try to determine this solution in the form 
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of a power series expansion in (which we can hope to be rapidly convergent if is 
sufficiently small): 


by (t) = 00 (t) + ABD (t) + A726) (t) +... (B-12) 


If we substitute this expansion into (B-11), and if we set equal the coefficients of 
X” on both sides of the equation, we find: 


(i) forr=0: 

Ly) =0 B-13 

hE H(t) = (B-13) 
since the right-hand side of (B-11) has a common factor X. Relation (B-13) expresses the 


fact that ob) does not depend on t. Thus, if » is zero, b,(t) reduces to a constant [cf. 
(B-7)]. 


(it) forr £0: 
£10 =e an(t) BY —")(t) (B-14) 


We see that, with the zeroth-order solution determined by (B-13) and the initial condi- 
tions, recurrence relation (B-14) enables us to obtain the first-order solution (r = 1). It 
then furnishes the second-order solution (r = 2) in terms of the first-order one and, by 
recurrence, the solution to any order r in terms of the one to order r — 1. 


B-3. Solution to first order in 
B-3-a. The state of the system at time t 


For t < 0, the system is assumed to be in the state |y;). Of all the coefficients 
b,(t), only 6,(t) is different from zero (and, furthermore, independent of t since AW is 
then zero). At time t = 0, AW(t) may become discontinuous in passing from a zero value 
to the value AW(0). However, since W(t) remains finite, the solution of the Schrédinger 
equation is continuous at t = 0. It follows that: 

ba(t = 0) = bi (B-15) 


and this relation is valid for all >. Consequently, the coefficients of expansion (B-12) 
must satisfy: 
t 
o(¢=0)=0 if r>1 (B-17) 
Equation (B-13) then immediately yields, for all positive t: 
BO) (t) = dni (B-18) 
which completely determines the zeroth-order solution. 
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This result now permits us to write (B-14), for r = 1, in the form: 


. d tu z 
ihe on (t) = doe ohn (ton: 
= enit W,,;(t) (B-19) 


an equation which can be integrated without difficulty. Taking into account initial con- 
dition (B-17), we find: 


1 Us a 
OM =— Mi cleat’ W(t!) dt! (B-20) 
wh Jo 


If we now substitute (B-18) and (B-20) into (B-8) and then into (B-1), we obtain 
the state |w(t)) of the system at time t, calculated to first order in 4. 


B-3-b. The transition probability 7, ; (¢) 


According to (A-6) and definition (B-2) of c(t), the transition probability YF; (t) 
is equal to |cr(t)|?, that is, since by(t) and c;(t) have the same modulus [cf. (B-8)]: 


P g(t) = |b (4)/? (B-21) 
where: 
by(t) = 0 (t) + AO) (t) +... (B-22) 


can be calculated from the formulas established in the preceding section. 
From now on, we shall assume that the states |(p;) and |y;) are different. We shall 
therefore be concerned only with the transitions induced by \W(t) between two distinct 


stationary states of Hp. We then have p® (t) = 0, and, consequently: 


Pis(t) = 67) (OP (B-23) 


Using (B-20) and replacing AW(t) by W(t) [cf. (A-3)], we finally obtain: 





2 


t 
Pi; (t) [ eivest W(t!) dt! (B-24) 


1 
~ he 














Consider the function W;;,(t’), which is zero for t/ < 0 and ¢’ > t, and equal to 
W;.(t’) for 0 < t! < t (cf. Fig. 1). Wy;(t’) is the matrix element of the perturbation 
“seen” by the system between the time t = 0 and the measurement time t, when we 
try to determine if the system is in the state |y;). Result (B-24) shows that Y;,/(t) is 
proportional to the square of the modulus of the Fourier transform of the perturbation 
actually “seen”, Wy,(t’). This Fourier transform is evaluated at an angular frequency 
equal to the Bohr angular frequency associated with the transition under consideration. 

Note also that the transition probability A; f(t) is zero to first order if the matrix 
element W,;(t) is zero for all t. 
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Comment: 


We have not discussed the validity conditions of the approximation to first order 
in A. Comparison of (B-11) with (B-19) shows that this approximation simply 
amounts to replacing, on the right-hand side of (B-11), the coefficients b,(t) by 
their values b;(0) at time t = 0. It is therefore clear that, so long as t remains small 
enough for b,(0) not to differ very much from b;(t), the approximation remains 
valid. On the other hand, when t becomes large, there is no reason why the 
corrections of order 2, 3, etc. in A should be negligible. 


C. An important special case: a sinusoidal or constant perturbation 


C-1. Application of the general equations 


Now assume that W(t) has one of the two simple forms: 


W(t) = Wsinwt (C-1la) 
W(t) = W coswt (C-1b) 


where W is a time-independent observable and w, a constant angular frequency. Such 
a situation is often encountered in physics. For example, in Complements Axyqy and 
Bx, we consider the perturbation of a physical system by an electromagnetic wave 
of angular frequency w; Y; f(t) then represents the probability, induced by the incident 
monochromatic radiation, of a transition between the initial state |y;) and the final state 
ler). 

With the particular form (C-la) of W(t), the matrix elements W,;(t) take on the 
form: 


‘ . Wey " 
Wy. (t) = Wy, sinwt = ae —e *) (C-2) 





Wrlt) 


Figure 1: The variation of the func- 
tion W,;(t') with respect to t'. This 
function coincides with W;(t') in 
the interval 0 < t' < t, and goes to 
zero outside this interval. It is the 
Fourier transform of W,;(t!) that 
enters into the transition probabil- 
ity PY; z(t) to lowest order. 
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where Wri is a time-independent complex number. Let us now calculate the state vector 
of the system to first order in A. If we substitute (C-2) into general formula (B-20), we 
obtain: 


A . t - , - / 
bp (4) = -= | eee _ ei(wni—w)t dt’ (C-3) 
0 


The integral which appears on the right-hand side of this relation can easily be calculated 
and yields: 








W. e 1 — et(Wnitw)t 1 4 ei(wni —w)t 
A (¢) — —m! C-4 
nm (t) Qh Wni tw Wni — W ce) 
Therefore, in the special case we are treating, general equation (B-24) becomes: 
2 
2 |W A 1 etwritw)t fH etwri—w)t 

Pij(tw) =» PPO) = 5 C5 

pitile) po Ah? Wg tw W pg — W a 





(we have added the variable w in the probability Y;r, since the latter depends on the 
frequency of the perturbation). : 
If we choose the special form (C-1b) for W(¢) instead of (C-la), a calculation 
analogous to the preceding one yields: 
2 2 
_ |Wrl 


L—etrte)t 1 — gilwss—w)t 
Piz (t; w) = Ah2 





(C-5b) 








Wp tw Wri —W 


The operator W coswt becomes time-independent if we choose w = 0. The transition 
probability Y;-(t) induced by a constant perturbation W can therefore be obtained by 
replacing w by 0 in (C-5b): 











W. 4 - iw 2 
Pi z(t) = Poe [eee 
Wil" 
= Mal (8,04) (C6) 
with: 
sin(w wtf) 
Rua | (C-7) 
: (wi /2) 


In order to study the physical content of equations (C-5b) and (C-6), we shall 
first consider the case in which |y,;) and |yy) are two discrete levels (§ C-2), and then 
that in which |p) belongs to a continuum of final states (§ C-3). In the first case, 
Pi s(t;w) lor A;z(t)] really represents a transition probability which can be measured, 
while, in the second case, we are actually dealing with a probability density (the truly 
measurable quantities then involve a summation over a set of final states). From a 
physical point of view, there is a distinct difference between these two cases. We shall 
see in Complements Cxyz and Dxq that, over a sufficiently long time interval, the system 
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E E; 
i | %;) |9;) 


E 
re) —_______—__ |») 


a b 


Figure 2: The relative disposition of the energies E; and Ey associated with the states 
lpi) and |p). If Ej < Ey (fig. a), the |y;) —> |v) transition occurs through absorption 
of an energy quantum hw. If, on the other hand, E; > Ey (fig. 6), the |yi) — |v) 
transition occurs through induced emission of an energy quantum hw. 





oscillates between the states |y,;) and |yy) in the first case, while it leaves the state |y;) 
irreversibly in the second case. 

In § C-2, in order to concentrate on the resonance phenomenon, we shall choose a 
sinusoidal perturbation, but the results obtained can easily be transposed to the case of a 
constant perturbation. On the other hand, we shall use this latter case for the discussion 
of § C-3. 


C-2. Sinusoidal perturbation coupling two discrete states: the resonance phenomenon 
C-2-a. Resonant nature of the transition probability 


When the time t is fixed, the transition probability Y;/(t; w) is a function only of 
the variable w. We shall see that this function has a maximum for: 


Ww WH; (C-8a) 
or: 
W™~ —W Fi (C-8b) 


A resonance phenomenon therefore occurs when the angular frequency of the pertur- 
bation coincides with the Bohr angular frequency associated with the pair of states |y;) 
and |y,). If we agree to choose w > 0, relations (C-8) give the resonance conditions cor- 
responding respectively to the cases wy; > 0 and wy; < 0. In the first case (cf. Fig. 2-a), 
the system goes from the lower energy level E; to the higher level Ey by the resonant 
absorption of an energy quantum fw. In the second case (cf. Fig. 2-b), the resonant 
perturbation stimulates the passage of the system from the higher level E; to the lower 
level Ey (accompanied by the induced emission of an energy quantum fw). Throughout 
this section, we shall assume that wy; is positive (the situation of Figure 2-a). The case 
in which wy; is negative could be treated analogously. 
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To reveal the resonant nature of the transition probability, we note that both 
expressions (C-5a) and (C-5b) for Y;(t;w) involve the square of the modulus of a sum 
of two complex terms. The first of these terms is proportional to: 

A, = 1 — ei(writwyt — _jeilwopetuye/2 sin [(wy; + w)t/2] (C-9a) 
wp tw (wy; + w)/2 


and the second one, to: 


1 = et(wri-w)t 


A_= = —jeiwri—w)t/2 sin [wi = w)t/2] (C-9b) 


Wf, — W (wf —w)/2 
The denominator of the A_ term goes to zero for w = wy;, and that of the A; term, 
for w = —wy;. Consequently, for w close to wy;, we expect only the A_ term to be 
important; this is why it is called the “resonant term”, while the A; term is called the 
“anti-resonant term” (A; would become resonant if, for negative wy;, w were close to 
—w fi). 
Let us then consider the case in which: 


lu — wi] K wry (C-10) 


neglecting the anti-resonant term A (the validity of this approximation will be discussed 
in § C-2-c below). Taking (C-9b) into account, we then obtain: 


| 2 





Pig t:00) = MEL Pe ws — wp) (c-11) 
with: 
Fi(t,w —wyi) = ee} (C-12) 


Figure 3 represents the variation of Y;,(t;w) with respect to w, for a given time t. It 
clearly shows the resonant nature of the transition probability. This probability presents 
a maximum for w = w;, when it is equal to |Wy;|?t?/4h?. As we move away from wi, 
it decreases, going to zero for jw — wy;| = 27/t. When |w — wy;| continues to increase, it 
oscillates between the value |W ;|?/h?(w — w;)? and zero (“diffraction pattern”). 


C-2-b. The resonance width and the time-energy uncertainty relation 


The resonance width Aw can be approximately defined as the distance between 
the first two zeros of Y;f(t;w) on each side of w = wy;. It is inside this interval that 
the transition probability takes on its largest values [the first secondary maximum Yj, 
attained when (w — w;)t/2 = 37/2, is equal to |W ;|?/t?/9n7h?, that is, less than 5% of 
the transition probability at resonance]. We then have: 


An 
Sf 


The larger the time t, the smaller this width. 
Result (C-13) presents a certain analogy with the time-energy uncertainty relation 
(cf. Chap. II, § D-2-e). Assume that we want to measure the energy difference Ey — E; = 


Aw (C-13) 
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0 OF; o 


Figure 3: Variation, with respect to w, of the first-order transition probability P; z(t; w) 
associated with a sinusoidal perturbation of angular frequency w; t is fixed. When w ~ 
Wi, a Tesonance appears whose intensity is proportional to t? and whose width is inversely 
proportional to t. 





hwy, by applying a sinusoidal perturbation of angular frequency w to the system and 
varying w so as to detect the resonance. If the perturbation acts during a time t, the 
uncertainty AE on the value E; — E; will be, according to (C-13), of the order of: 


AE = hAw ~ " (C-14) 


Therefore, the product tAF cannot be smaller than h. This recalls the time-energy 
uncertainty relation, although ¢ here is not a time interval characteristic of the free 
evolution of the system, but is externally imposed. 


C-2-c. Validity of the perturbation treatment 


Now let us examine the limits of validity of the calculations leading to result (C-11). 
We shall first discuss the resonant approximation, which consists of neglecting the anti- 
resonant term A,, and then the first-order approximation in the perturbation expansion 
of the state vector. 


a. Discussion of the resonant approximation 


Using the hypothesis w ~ wy;, we have neglected A, relative to A_. We shall 
therefore compare the moduli of A; and A_. 
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The shape of the function |A_(w)|? is shown in Figure 3. Since |A,(w)|? = 
|A_(—w)|?, |A4(w)|? can be obtained by plotting the curve which is symmetric with 
respect to the preceding one relative to the vertical axis w = 0. If these two curves, of 
width Aw, are centered at points whose separation is much larger than Aw, it is clear 
that, in the neighborhood of w = w;, the modulus of Ay is negligible compared to that 


of A_. The resonant approximation is therefore justified on the condition! that: 


ee 


2|w5| > Aw (C-15) 


that is, using (C-13): 





1 
ie (C-16) 
lwye] 


t> 
Result (C-11) is therefore valid only if the sinusoidal perturbation acts during a time 
t which is large compared to 1/w. The physical meaning of such a condition is clear: 
during the interval [0, ¢], the perturbation must perform numerous oscillations to appear 
to the system as a sinusoidal perturbation. If, on the other hand, ¢ were small compared 
to 1/w, the perturbation would not have enough time to oscillate and would be equivalent 
to a perturbation varying linearly in time [in the case (C-1la)] or constant [in the case 


(C-1b)]. 


Comment: 


For a constant perturbation, condition (C-16) can never be satisfied, since w is 
zero. However, it is not difficult to adapt the calculations of § C-2-b above to this 
case. We have already obtained [in (C-6)| the transition probability Y;,(t) for 
a constant perturbation by directly setting w = 0 in (C-5b). Note that the two 
terms A, and A_ are then equal, which shows that if (C-16) is not satisfied, the 
anti-resonant term is not negligible. 


The variation of the probability Y;;(t) with respect to the energy difference hw f; 
(with the time ¢ fixed) is shown in Figure 4. This probability is maximal when 
w fi = 0, which corresponds to what we found in § C-2-b above: if its angular 
frequency is zero, the perturbation is resonant when wy; = 0 (degenerate lev- 
els). More generally, the considerations of § C-2-b concerning the features of the 
resonance can be transposed to this case. 


B. Limits of the first-order calculation 


We have already noted (cf. comment at the end of § B-3-b) that the first-order 
approximation can cease to be valid when the time t becomes too large. This can indeed 
be seen from expression (C-11), which, at resonance, can be written: 


[Wil 
# iw =wp) = i 





? (C-17) 





Note that if condition (C-15) is not satisfied, the resonant and anti-resonant terms interfere: it is 
not correct to simply add |A+|? and |A_|?. 
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This function becomes infinite when t —> oo, which is absurd, since a probability can 
never be greater than 1. 

In practice, for the first-order approximation to be valid at resonance, the proba- 
bility in (C-17) must be much smaller than 1, that is?: 


A 
ea (C-18) 
[Wri 
To show precisely why this inequality is related to the validity of the first-order approximation, 
it would be necessary to calculate the higher-order corrections from (B-14) and to examine 
under what conditions they are negligible. We would then see that, although inequality (C-18) 
is necessary, it is not rigorously sufficient. For example, in the terms of second or higher order, 











0 Oe; 


Figure 4: Variation of the transition probability P;5(t) associated with a constant pertur- 
bation with respect to wp; = (Ey — E;)/h, for fixed t. A resonance appears, centered about 
wy; = 0 (conservation of energy), with the same width as the resonance of Figure 3, but 
an intensity four times greater (because of the constructive interference of the resonant 
and anti-resonant terms, which, for a constant perturbation, are equal). 





For this theory to be meaningful, it is obviously necessary for conditions (C-16) and (C-18) to be 
compatible. That is, we must have: 


1 Zz h 
lwp] [Weel 








This inequality means that the energy difference |Ey — E,;| = hlwy;| is much larger than the matrix 
element of W(t) between |y;) and |y,). 
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there appear matrix elements Wen of W other than Wri on which certain conditions must be 
imposed for the corresponding corrections to be small. 


Note that the problem of calculating the transition probability when t does not 
satisfy (C-18) is taken up in Complement Cxqy7, in which an approximation of a different 
type is used (the secular approximation). 


C-3. Coupling with the states of the continuous spectrum 


If the energy Hy belongs to a continuous part of the spectrum of Ho, that is, if the 
final states are labeled by continuous indices, we cannot measure the probability of finding 
the system in a well-defined state |p y) at time t. The postulates of Chapter III indicate 
that in this case the quantity |(p¢|~(t))|? which we determined above (approximately) is 
a probability density. The physical predictions for a given measurement then involve an 
integration of this probability density over a certain group of final states (which depends 
on the measurement to be made). We shall consider what happens to the results of the 
preceding sections in this case. 


C-3-a. Integration over a continuum of final states: density of states 
a. Example 

To understand how this integration is performed over the final states, we shall first 
consider a concrete example. 

We shall discuss the problem of the scattering of a spinless particle of mass m 
by a potential W(r) (cf. Chap. VIII). The state |w(t)) of the particle at time t can be 
expanded on the states |p) of well-defined momenta p and energies: 


2 


pe ~ (C-19) 
The corresponding wave functions are the plane waves: 
1 \3/2 | 
(r|p) = (=) gpa (C-20) 


The probability density associated with a measurement of the momentum is |(p|q(t)) |? 
[|W(t)) is assumed to be normalized]. 

The detector used in the experiment (see, for example, Figure 2 of Chapter VIII) 
gives a signal when the particle is scattered with the momentum py. Of course, this 
detector always has a finite angular aperture, and its energy selectivity is not perfect: it 
emits a signal whenever the momentum p of the particle points within a solid angle dQ - 
about py and its energy is included in the interval dE’ centered at Ey = PF /2m. If Dy 
denotes the domain of p-space defined by these conditions, the probability of obtaining 
a signal from the detector is therefore: 


spy t)= fap liplv(e)P (C-21) 
peDs 
To use the results of the preceding sections, we shall have to perform a change of variables 


which results in an integral over the energies. This does not present any difficulties, since 
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we can write: 
d°p = p*dpdQ (C-22) 


and replace the variable p by the energy E, to which it is related by (C-19). We thus 
obtain: 


d°p = p(E)dEdQ (C-23) 


where the function p(£), called the density of final states, can be written, according to 
(C-19), (C-22) and (C-23): 


dp m 
ied ROE 9 -24 
p(E£) = p 4B ao mE (C-24) 
(C-21) then becomes: 
5P(py,t) = | dQ. dE p(E) |(plv(t))? (C-25) 
NQNESQ Ff; ECOE; 


B. The general case 


Assume that, in a particular problem, certain eigenstates of Hp are labeled by a 
continuous set of indices, symbolized by a, such that the orthonormalization relation can 
be written: 


(ala") = d(a — a’) (C-26) 


The system is described at time t by the normalized ket |)(t)). We want to calculate the 
probability 6A (a,,t) of finding the system, in a measurement, in a given group of final 
states. We characterize this group of states by a domain Dy of values of the parameters 
a, centered at ay, and we assume that their energies form a continuum. The postulates 
of quantum mechanics then yield: 


bPayt) =f da Kalwoyh (C-27) 


As in the example of § a above, we shall change variables, and introduce the density 
of final states. Instead of characterizing these states by the parameters a, we shall use 
the energy F and a set of other parameters @ (which are necessary when Ho alone does 
not constitute a C.S.C.O.). We can then express da in terms of dF and d@: 


da = p(8, E)dGdE (C-28) 


in which the density of final states* p(8,E) appears. If we denote by 667 and dE; the 
range of values of the parameters 8 and FE defined by Dy, we obtain: 


5P(a;,t) = | dé dE p(8,E) |(8, Elp(t))2 (C-29) 
BESBy; ECSEs 


where the notation |a) has been replaced by |8,£) in order to point up the E- and 
B-dependence of the probability density |(a|q(t))|?. 





3In the general case, the density of states p depends on both E and 8. However, it often happens 
(cf. example of § a above) that p depends only on E. 
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C-3-b. Fermi’s golden rule 


In expression (C-29), |w(t)) is the normalized state vector of the system at time ft. 
As in § A of this chapter, we shall consider a system which is initially in an eigenstate 
\yi) of Ho [|y:) therefore belongs to the discrete spectrum of Ho, since the initial state 
of the system must, like|y(t)), be normalizable]. In (C-29), we shall replace the notation 
b6P(ayz,t) by /A(yi,ay,t) in order to remember that the system starts from the state 
yi). 

The calculations of § B and their application to the case of a sinusoidal or constant 
perturbation (§§ C-1 and C-2) remain valid when the final state of the system belongs 
to the continuous spectrum of Ho. If we assume W to be constant, we can therefore use 
(C-6) to find the probability density |(8, E|w(t))|? to first order in W. We then get: 





KB, BI) P = galls. BlWienPF (t, =>) (C-30) 


where £ and E£; are the energies of the states |3, £) and |y;) respectively, and F is the 
function defined by (C-7). We get for 6YA(y;, a, t), finally: 
E— #; 


1 
JP 49 yt ap: 
( “= ) i -_ EcoE; 


The function F (¢, BAF.) varies rapidly about E = £; (cf. Fig. 4). If ¢ is sufficiently 
large, this function can be approximated, to within a constant factor, by the function 
6(E — F;), since, according to (11) and (20) of Appendix II, we have: 





d8 dE (8, B) (8, B|W |p) (PF (« ) (C-31) 











BaBy - Bay | 
him, F (« ) = m5 ( = ) = anne be - B (C-32) 


On the other hand, the function p(@, E)|(8, E|W|p;)|? generally varies much more slowly 
with EF. We shall assume here that ¢ is sufficiently large for the variation of this function 
over an energy interval of width 47h/t centered at E = E; to be negligible*. We can then 
in (C-31) replace F (t, 45"*) by its limit (C-32). This enables us to perform the integral 
over F immediately. If, in addition, 66, is very small, integration over £ is unnecessary, 
and we finally get: 





— when the energy EF; belongs to the domain dE; : 


20 
SP (pi, ag, t) = By >t \(B5, By = E;|W|yi)|?p(67, Es = E;) — (C-33a) 
— when the energy FE; does not belong to this domain: 
bP (pi, a7,t) =0 (C-33b) 


As we saw in the comment of § C-2-c-a, a constant perturbation can induce tran- 
sitions only between states of equal energies. The system must have the same energy (to 
within 27h/t) in the initial and final states. This is why, if the domain 6E; excludes the 
energy E;, the transition probability is zero. 





49(6, E)|(8, E|W|y;)|? must vary slowly enough to enable the finding of values of t that satisfy the 
stated condition but remain small enough for the perturbation treatment of W to be valid. Here, we 
also assume that dE >> 4ah/t. 
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The probability (C-33a) increases linearly with time. Consequently, the transition 
probability per unit time, DW(y;, af), defined by: 


_d 


is time-independent. We introduce the transition probability density per unit time and 
per unit interval of the variable £: 





Ce 
w(pi, ap) = eee (C-35) 
It is equal to: 
20 
w(pi,as) = = B, Ey = E,|Wly.)|? o(6;, Es = Ei) (C-36) 











This important result is known as Fermi’s golden rule. 


Comments: 


(i) Assume that W is a sinusoidal perturbation of the form (C-la) or (C-1b), 
which couples a state (|y;) to a continuum of states |G, Ey) with energies E’ 
close to E; + hw. Starting with (C-11), we can carry out the same procedure 
as above, which yields: 


T 
w(Yyi, af) = ap hr Ex = E,+ hw|W| yi)? o( 6s, Ey = Ei thw)  (C-37) 


(ii) Let us return to the problem of the scattering of a particle by a potential W whose 
matrix elements in the {|r)} representation are given by: 


(r|W|r') = W(x)d(r — 2’) (C-38) 


Now assume that the initial state of the system is a well-defined momentum state: 


I(t = 0)) = [pi) 2) 
and let us calculate the scattering probability of an incident particle of momentum 
Pp; into the states of momentum p grouped about a given value py (with |ps| = |pi|). 


(C-36) gives the scattering probability w(p.:,py) per unit time and per unit solid 
angle about p = pr: 


20 
w(Pi, Pr) = =|(ps|W pi)’ o( Ey = Es) (C-40) 
Taking into account (C-20), (C-38) and expression (C-24) for ae we then get: 
w(Pi, Ps) = Tm? san) |f atreer es 2 )) (C-41) 


On the right-hand side of this relation, we recognize the Fourier transform of the 
potential W(r), evaluated for the value of p equal to p; — pr. 
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Note that the initial state |p;) chosen here is not normalizable, and it cannot 
represent the physical state of a particle. However, although the norm of |p;) is 
infinite, the right-hand side of (C-41) maintains a finite value. Intuitively, we can 
therefore expect to obtain a correct physical result from this relation. If we divide 
the probability obtained by the probability current: 


1 \° Ak; 1 \3 /2E; 
Hs (=a) m (sa) m (C42) 


associated, according to (C-20), with the state |pi), we obtain: 





2 
w(Pi,Py) Mm 


Ji ~ Anh 





(C-43) 





[oe el(Pi—P 7) F/h YY (yp) 





which is the expression for the scattering cross section in the Born approximation 
(§ B-4 of Chap. VIII). 

Although it is not rigorous, the preceding treatment enables us to show that 
the scattering cross sections of the Born approximation can also be obtained by a 
time-dependent approach, using Fermi’s golden rule. 


D. Random perturbation 


Another interesting case occurs when the perturbation applied to the system fluctuates 
in a random fashion. Consider for example an atom (a) having a spin magnetic moment, 
and moving in a gas of particles (b) which also have magnetic moments. As atom (a) 
undergoes a series of random collisions with particles (b), it is subjected to a magnetic 
field that varies randomly from one collision to another. The resulting interactions can 
change the orientation of the atom’s magnetic moment. This type of situation is treated 
here (§ D). We shall go back to the calculation of § B assuming that the matrix element 
Wyi(t) of the perturbation is a random function of time. Our aim is to study the transi- 
tion probability Y;,(t) for going from the state |p;) to the state |y,) after a time t, and 
determine how it differs from the result found in the previous section. 


D-1. Statistical properties of the perturbation 


Here we consider the evolution of a single quantum system, atom (a) in the example 
described above, and study its evolution averaged over time. We thus need to consider 
the properties of statistical averages over time” of the perturbation W(t). We note 
W; f(t) the average value of the matrix element W;; (t), and assume it is equal to zero: 





Wis (t) = 0 (D-1) 


This means that W;, (t) fluctuates between values that can be opposite. Since the matrix 
elements W;, and W+; are two complex conjugate numbers, their product is necessarily 
positive or zero, hence having in general a non-zero average value: 


Wrl)W, (1) > 0 (D-2) 





5The point of view of Complement Exr is more directly related to most experimental situations: 
we study an ensemble of N individual quantum systems described by their density operator. The two 
approaches are nevertheless equivalent since, in statistical mechanics, averaging over “a Gibbs ensemble” 
is equivalent to averaging a single system over a long time. 
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It will be useful in what follows to also consider the average value of such a product taken 
at different instants t and t+ 7, called the correlation function C; (7): 


Wrilt + 7) Wis (t) = Ciz(7) 40 (D-3) 


The 7 dependence of Ci;(7) characterizes the time during which the perturbation keeps 
a “memory” of its value: Ci (7) is non-zero as long as W;;(t-+7) remains correlated with 
W; f(t). The correlation function Ci(7) goes to 0 when the time difference |r| is longer 
than a characteristic time 7, called the “correlation time” : 


Wrlt)Wist—7) =Cy(r) > O if |rl>7 (D-4) 


We shall consider the case where 7, is very short compared to all the other evolution times 
of the system. For instance, in the example mentioned above of an atom (a) diffusing 
in a gas of particles (b), the correlation time is of the order of the duration of a single 
collision, generally (much) shorter than 10~1° s. 

We assume the random perturbation to be stationary, meaning that the correla- 
tion functions depend only on the difference 7 between the two instants t+ 7 and t. 
Consequently, we can also write: 


Wyi(t)Wis(t — 7) = Ciz(7) (D-5) 


Using complex conjugation, relation (D-3) can be written: 





Wis (t+ 7)Weilt) = Wyilt) Wig (t + 7) = Ci(7) (D-6) 
Comparing with (D-5) yields: 
Cis(7) = Ciz(-7) (D-7) 


Changing the sign of the variable 7 transforms the function C;,(7) into its complex 
conjugate; in particular, C;;(0) is real. 

In the following computations, il will be useful to introduce the Fourier transform 
Ciz(w) of the function Cj (7): 


+00 
Oe x ie dr e-7C;(r) (D-8) 


leading to its inverse relation: 


1 ree 5 th 
Cis(7) = —= dw et”? Ci e(w D-9 
= ef s(w) (0-9) 
Relation (D-7) implies that C;;(w) is a real function. 


D-2. Perturbative computation of the transition probability 


As in (B-8), we perform the change of functions that transform c,(t) into b,(t), 
which eliminates the variations of the coefficients due to Ho alone (this amounts to using 
the interaction picture, cf. exercise 15 of Complement Ly). We assume that b;(0) = 1 
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and b;(0) = 0. We then look for the probability amplitude by(t) for the system, starting 
at time t = 0 from the state |p,;), to be found at time t in the state |y-). Equation (B-20) 
is now written: 
Oe Lal sone 
= 2s twgit' We (t') dt! D-10 
WP) = = f elem! Wyler (D-10) 


The probability of finding the system in the state |y,) at time t is obtained by multiplying 
(D-10) by its complex conjugate. Since wy; = —wis and W7, = Wir, we get: 


Te Po esa ose vt 
MO} x BMW] = = | eltist” W(t!) a! | eittest Wy, (t/a! (D-11) 


The transition probability Y;,(t) is the average of (D-11) over the various values of the 
random perturbation. This leads to: 


TT 1 t t 7 Phy 
P(t) = WOW x PPO =z i dt! i dieu WE) (D-12) 
0 0 
Setting: 
r=t'—-t" (D-13) 


and using (D-5) enable us to write (D-12) as: 


1 t t’ ; 
P;;(t) = if ig [are ere) (D-14) 


(the change of sign coming from dr = —dt” is accounted for by interchanging the inte- 
gration limits). 
We assume in what follows that: 


t> Te (D-15) 


The integral over dt’ is taken over a time interval from 0 to t, very large compared to T.. 
Its value will not be significantly modified if we shorten that interval at both end by a 
few 7. If n is of the order of a few units (n = 2 or n = 3 for instance), we can write: 


1 t—nTe t’ . 
Pit) = af dt’ fe dre" Ceelr) (D-16) 


NTe 


In the integral over dt, the upper limit is t’ > n7,; this upper limit may be extended to 
infinity since Ci(7) goes to zero when T > 7,, and hence the additional contribution to 
the integral is zero. In the same way, the negative lower limit t’ — ¢ can be replaced by 
—oo, since the condition t/ —t < —nz, ensures that the function to be integrated is zero 
in the additional integration domain. The integral over dt becomes independent of t’, so 
that the integral over dt’ is easily computed and leads to: 


t—nTe 
/ dt’ = (t—2n7,) ~t (D-17) 


Te 
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We then get: 
Pi z(t)~Tt (D-18) 


where the constant I is defined by: 





+00 

ie af Cis(7) eT dr = NG ae (D-19) 
h? J_s, he 

This result involves the Fourier transform Cj s(w;7) of the correlation function Cj;(r) 

defined by relation (D-8), taken at the (angular) frequency w;r = —wy; of the transition 

between the initial state |y,) and the final state |pyy). As already mentioned, relation 

(D-7) shows that the constant T is real. 

The transition probability from |y;) to |g) after a time t is thus proportional to 
that time. This means that when the perturbation is random, one can define (at least 
for short times® where the perturbative treatment to lowest order is valid) a transition 
probability per unit time from |y,) to |y;). It is proportional to the Fourier transform 
of the correlation function of the perturbation, computed at the angular frequency w;. 
This is a very different result from the one obtained in (C-11) and (C-12) for a sinusoidal 
perturbation. In that case, the transition probability increased as t? for short times, and 
then oscillated as a function of time. 


D-3. Validity of the perturbation treatment 


Result (D-18), obtained by a perturbative treatment, is valid as long as the tran- 
sition probability remains small, that is if: 


pee (D-20) 
: és 
On the other hand, to establish (D-18) we assumed in (D-15) that ¢ was much larger 
than 7,. The two conditions (D-20) and (D-15) are compatible only if: 


: D-21 
TeX r (D-21) 
The calculation we just presented implies the existence of two very different time scales: 
the evolution time of the system, of the order of 1/T, often called the “relaxation time”; 
the correlation time, 7, which is much shorter and characterizes the memory of the 
fluctuations of the random perturbation. 

Equation (D-21) simply expresses the fact that, during this correlation time, the 
system barely evolves. Using for I’ relation (D-19), this inequality can be written solely 
with parameters concerning the perturbation. This inequality is often called the “mo- 
tional narrowing condition”, for reasons that will be explained in § 2-c-d of Complement 
Exut- 





6We shall see in the next section under which conditions this result remains valid for long times. 
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E. Long-time behavior for a two-level atom 


Until now, we have limited ourselves in this chapter to perturbative calculations of the 
transition probability after a time t. We found that it increases as t? for a sinusoidal 
perturbation, but linearly as t for a random perturbation with a short memory. As a 
probability cannot become larger than one, such approximations are only valid for small 
values of ¢t. In the last part of this chapter, we shall present treatments that permit us 
to study and compare the long-time behaviors of a system subjected to these two types 
of perturbations. For the sake of simplicity, we shall limit our study to the case of a 
two-level system. 


E-1. Sinusoidal perturbation 


We already studied in Complement Fyy the long-time behavior of a two-level sys- 
tem subjected to a sinusoidal perturbation. We computed the exact evolution of a spin 
1/2 in the special case where the Hamiltonian H obeys relation (14) of Fry: 


A wo wee 
HO=5( (ea, (E41) 


(this matrix is written using the basis {|+) , |—)} of the eigenvectors of the S, spin compo- 
nent). The diagonal of this matrix yields the matrix elements of the Hamiltonian Ho; this 
Hamiltonian comes from the coupling of the spin with a static magnetic field Bo, parallel 
to the Oz axis. The perturbation Hamiltonian W (t) corresponds to the non-diagonal 
parts of the matrix; it comes from the coupling of the spin with a radiofrequency field 
rotating around the Oz axis at the angular frequency w. We showed in Complement Fry 
that the quantum evolution of a spin 1/2 was identical to the classical evolution of a 
magnetic dipole with a proportional angular momentum. This led to a useful image for 
the evolution of a spin in a magnetic field, composed of a constant and a rotating field. 
Now we saw in Complement Cry that any two-level system is perfectly isomorphic 
toaspin 1/2. The states |y,;) and |v) are associated with the spin states |+) and |—), and 
the Hamiltonian Hp leads to two non-perturbed energies EF; = fiwo/2 and Ey = —hwo/2; 
this means that wo = wy. We assume that the perturbation W that couples the two 
states |y,) and |y,) is the analog of the action of a magnetic field B, rotating in the 
plane xOy at the frequency w; it is thus responsible for the non-diagonal matrix elements 
of (E-1), with: 
—twt 


hy 

hu ; 
Wri) => elt (E-2) 
(the number w, is supposed to be real; if this is not the case, a change of the relative 
phase of |y,;) and |v) allows this condition to be fulfilled). We can then directly trans- 
pose the results of Complement Fry, with no additional computations. Relation (27) of 
Complement Fry shows that the transition probability is given by “Rabi’s formula”: 


_ wy og tc) a (Oy Gs at - 
PURIST raat | UES is) 5 oy) 
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Since the quantum and classical evolution coincide in the present situation, they 
can be simply interpreted in terms of the classical precession of a magnetic moment 
around an “effective field”. At resonance, the effective field is located in the zOy plane, 
for instance along the Ox axis. The spin, initially parallel to Oz, precesses around Oz, 
hence tracing large circles in the plane yOz. Relation (E-3) shows that the probability 
for the spin to reverse its initial orientation is written: 


Pes () = sin? (3*) (E-4) 


This probability oscillates between 0 and 1 with a precession angular frequency w,; = 
2W;,/h, called “Rabi’s frequency”. This type of long lasting oscillations could not have 
been obtained’ by a perturbation treatment. 

For a non-resonant perturbation, the effective field has a component along the Oz 
axis. As it precesses, the magnetic moment now follows a cone; the larger the discrepancy 
between w and the resonant frequency, the smaller the cone’s aperture becomes (Figure 2 
of Complement Fyy). We must now use the complete relation (E-3) which, also, predicts 
a sinusoidal oscillation. It should be noted that, if |w —wi,| > Wi,/2h, we find again 
the result of equations (C-11) and (C-12) of Chapter XIII, which thus provide a good 
approximation in this case. 


Comment: 


The previous results assume that the perturbation can be reduced to a single 
rotating field. Replacing in (E-1) the exponentials e+* by the sinusoidal functions 
sin wt or cos wt, it introduces two rotating fields with opposite frequencies -tw; they 
both act simultaneously on the system, leading to a more complex situation. The 
results remain, however, valid as long as the perturbation is weak enough (meaning 
w1 < wo) and w not too far from one of the two resonances (w ~ wo or WwW Y —Wwo). 








E-2. Random perturbation 


As for the spin 1/2 case considered above, we assume here that the perturbation 
W does not have diagonal elements: 


Wis = Wy; =0 (E-5) 


(Complement Ex11 presents a more general calculation, where this hypothesis is no longer 
necessary). 

In § E-1, we assumed that the system was initially in the state |y;), hence only 
b;(t = 0) was different from zero. This rules out the possibility of any superposition of 
states at the initial moment. To remove this restriction, we now assume that the system 
is, at instant t, in any superposition of the states |y;) and |p): 


|U(t)) = di(the 7" |i) + bg (He "7 1"/" lps) (E-6) 


We then consider a later instant, t+ At, and compute the evolution of the system between 
the times t and t+ At, to second order in W. 





“One must sum an infinite number of perturbative terms to reconstruct a sine squared. 
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E-2-a. State vector of the system at time ¢ + Az to second order in W 


To zeroth-order of the perturbation, relation (B-13) shows that neither b;(t + At) 
nor by(¢+ At) depend on At: 


b(t + At) = b(t) OM (t+ At) = byt) (E-7) 


To first order, we use relation (B-14) with r = 1; hypothesis (E-5) means that b; is only 
coupled to by, and vice versa. Integrating over time, we get: 


1 1 t+At : ; 
HP (E+ At) = 5 belt) i bir W(t") dd! 
t 


1 At ‘ 

= | eer CHEW, (t+ t") de” (E-8) 
0 

where we have set t” = t’ —t; we also get a similar relation where the indices i and f are 

interchanged: 


1 BS : 
p(t At) = = d,(2) | eieriltt y(t + 4") ad! (E-9) 
0 


~ ih 
The term (E-8) describes an atom that was at time ¢ in the state |y,) and is found at 
time t+ ¢t” in the state |y;); the term (E-9) describes the inverse process. 

To second order, we again use relation (B-14), this time with r = 2; after integra- 
tion, it leads to: 


& 
ob (e+ At) =e om aaahas (t’) b(t") dt’ 
: ~ ih, ea 


1 At 


Hs fcr g(t +t") OP (e+ t”) de” (E-10) 
ih Jo 


We now change the integration variable ¢” to t’, and insert relation (E-9) after replacing 
At by t’; this leads to: 


1 Be ; me i 
b(t + At) = — 72%) f eis (OW, (t+ t/) at [ et W (E+ t”) dt” 


1 As Otis is 
agro b(t) f es Wit +t’) at f er Wri(t+t") dt” (E11) 
This perturbative term describes an atom that was at time t in the state |y;), then made 
a transition to the state |y,) at time t+ t” (included between t and t + t’), then came 
back to the state |y;) at time t+ t’ (included between ¢ and t+ At). Here also we can 
interchange the indices i and f to get the probability amplitude of the inverse process. 


E-2-b. Average occupation probabilities to second order 


For given values of the random variables W;7 and Wy;, the probability of finding 
the system in the state |y;) is |b;(t + At)|?. To second order in W, this squared modulus 
contains the following terms: 
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— the squared modulus of w(t + At), which is of zeroth order. 

~a first-order term containing the product of pi?) (t+At) and the complex conjugate 
of w(t + At), or the opposite. Due to condition (E-5), this term, linear in W, averages 
out to zero over all the possible values of W; and Wy,. It will not be taken into account. 

— the squared modulus of wt + At), which is of order 2. 

— finally, twice the real part of the product of Bi (t+At) and the complex conjugate 
of w(t + At), which is also of order 2. 


We thus get: 


| b(t + At) 2 + | BY (t + At) |? +2Re {(0¢e + At)] x [BP (t+ At)" } (E-12) 


This expression is rewritten below in a slightly different form. The first and third term 
are regrouped in a first line, while the second term is rewritten in the second line. Note 
that the first term is rewritten using (E-7), while for the third term we use the complex 
conjugate of the second line of (E-11), obtained by replacing w; by wy; (and vice versa) 
as well as Wi, by Wy; (and vice versa). This leads to: 


| bi(t + At) [Pe 
2 PT on Bad OS le 
b(t) |? | 1 — =Re ert We (t+!) dt! | est W(t +t”) at” 
he . if s f 
1 At / : At ; ji 
+ 15) PG | cl Wr (t+t!) at! i otis Wi g(t + 1) dt” (E-13) 
0 0 


We now average this probability over the various values of the random variables 
Wy; and W,f. We get in (E-13) the product of two matrix elements of W and of the 
amplitude squared of 6;(t) and b;(t). Rigorously speaking, these quantities are not 
mutually independent, since the system’s state at time ¢ is determined by the values of 
the perturbation at an earlier time. This correlation actually lasts over a time much 
shorter than At, of the order of the correlation time 7, of the functions Wy; and Wis — 
cf. relation (D-4); therefore, a very short time 7, after the instant t, Wp; and W,y are no 
longer correlated with the values of |b;, r(t)/?. It is then justified to compute separately 
the two averages: 





| b;,¢(t) |? x Double integral ~ | 6; ¢(¢) |? x Double integral (E-14) 

The averages | b;(t) |? and | b(t) |? of the populations of the states |p;) and |v) 

are simply the diagonal elements of the density operator (Complement Exyy;). Noting 
p(t) this operator, we get: 





pii(t) = |bi(t)|? 
py y(t) = \by(t)/? (E-15) 
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The variation rate of #;;(t) between the times t and t+ At is: 


Apult) — lb(t-+ Ad? — [b(O)P 





At At ue) 
Relation (E-13) then yields: 
Apult ‘ Se 
APD _ 5.5) [+ Jt] + ysl) Je (E17) 
where J; and Jz are the averages of double integrals: 
At 
Ji = al wf det” eis EN (E+ EV Wig (E+ t”) 
At At 
b= aa dt! i dt” ots UT EP) Wig (EB) (E-18) 


The computation of the average values of these two double integrals is similar to 
the one performed in § D-2. It is carried out in detail below and leads to: 


Rak (E-19) 
r 
A= xt 4d (E-20) 


In these relations, [ and 6;f are expressed in terms of the Fourier transform C;/(w) of 
Cis(7), which was introduced in (D-8). The constant I was given in (D-19): 


: 2 & 1 a Wi fT 
T= ap i if (@it) = ro) ee Cit (7) e fT dr (E-21) 


and 6;- is defined by: 


by = Cis (w) (E-22) 


+00 
asp / ig 
V2rh? 2 W — Wi fF 


where P means the principal part (Appendix II, §1-b). 


Computation of J; and Jo: 


The double integral appearing in Jz has already been encountered in (D-12), while com- 
puting the value of Y;+(t); we must simply replace t by At. Its value is given in (D-18), 
which becomes here [At. According to the definition (E-18) of Jz, we must then divide 
this result by At, which leads to relation (E-19). 


The computation of J; is similar to that of Jz, except that the upper limit of the integral 
over dt” is At instead of t’. In the first line of (E-18), we can make the change of variables 
t' —t” =7 to transform the integrations according to: 


At re At 0 At t! 
| dt’ i, dt” > — | dt’ ) dr = i dt’ ii dr (E-23) 
0 0 0 tf 0 0 
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As we did in (D-16), when At >> 7, we can replace the lower limit of the integral over dt’ 
by a few 7., without any significant change of the result. The upper limit of the integral 
over dr is then longer than a few 7, and can be extended to +00. The integral over dt’ 
then reduces to a simple factor At, which cancels that same factor in the denominator 
of (E-18). This leads to: 


I~ aa dre SW, (t)Wis(U — 7) (E-24) 


or else, using relation (D-9) to introduce the Fourier transform of Cj, (r): 








1 +00 +oo0 m 
J, & —— dw Ci¢(w dr ele #is)t E-25 
ag ftw Cirw) f (8-25) 
The integral over 7 leads to: 
+00 ; 
| dr et —#is)7 (E-26) 
0 
To make this integral convergent, we introduce an infinitesimal (positive) factor « and 
write: 
| dr eM —wistielr — _ += . (E-27) 
i iw —wip te) w—wir tie 


In the limit ¢ > 0 we get, taking into account relation (12) of Appendix II: 





+00 
[ dr et — Mit 9)" — 6 (w — wit) + iP (E-28) 
0 


W— Wif 
Inserting this result in (E-25) we find (E-20), where I and 6;7 are given by (E-21) and 
(E-22). 

E-2-c. Time evolution of the populations 


According to (E-20), we can write J; + Jf =T. Inserting this result into (E-17) 
and using (E-19), we get: 





“pull = Tp (t) + Th;s(t) 
“00 = +P p(t) — Tay s(t) (E-29) 


The interpretation of these two equations is straightforward: at any time t the system 
goes from |y;) to |yy), and from |yr) to |y;), with a probability per unit time that is 
constant and equal to TI. If, at time t, the two populations of |y;) and |yy) are different, 
they will both tend exponentially towards the same value 1/2, without ever coming back 
to their initial values. This long-time irreversibility is clearly very different from what 
we obtained for a two-level system subjected to a sinusoidal perturbation. We no longer 
observe the oscillating and reversible behavior, similar to the Rabi precession of the spin 
1/2 associated with the two-level system (§ E-1). 

One may wonder how a prediction valid for long times can be obtained while using 
perturbation calculations limited to second order in W: expressions such as (E-11) and 
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(E-13) are certainly no longer valid for large values of At. This is due to the random 
character of the perturbation, which has a correlation time 7, much shorter than the 
evolution time [~1. At any time ¢ (even very distant from the initial time t = 0) the 
system has little memory of its past evolution. Between the instant ¢ and t+ At, its 
evolution only depends on what occurred before ¢ during the time interval [t — 7, ¢]. 
When 7, is very short compared to At, the system barely evolves during the time t to 
t+At , and a perturbation treatment can be applied. This amounts to dividing the time 
into time intervals of width At, very long compared to 7,, but nevertheless very short 
compared to the characteristic evolution time ['-!. 


E-2-d. Time evolution of the coherences 


In addition to the populations (E-15) of the two levels, we must also consider 
the “coherences” existing between them. It is the non-diagonal matrix elements of the 
density operator: 


pis(t + At) = [bile + Ad) [ope + AD) (E-30) 


that characterize the existence of coherent linear superpositions of the two levels. Up to 
second order in W, such a non-diagonal element includes zeroth order, first order and 
second order terms. The zeroth order term is a constant, since we defined in (E-6) the 
coefficients [b;(¢)] and [by(t)]* in the interaction representation (in the usual represen- 
tation, this term would correspond to the free evolution of the coherence at the Bohr 
frequency). The first order terms cancel out since we assumed that the average values 
of the perturbation matrix elements are zero. To second order in W, these coherences 
are obtained by first replacing, in (E-30), [b;(t + At)] and [by(t + At)]* by their series 
expansion in power of W. One must then take the average over the various values of the 
random perturbation. This leads to: 


pis(t + At) — pig (t) = POE + Ad] PP (e+ ad]* 
+ [P(E + Ady] [BO (E+ At] 


+ [OP (E+ Ad] [OP (t+ Ad)]* + .. (E-31) 











(i) Let us consider the first two lines of this relation; we will show in (ii) below 
why the third line can be left out. The zeroth order coefficients, [o, (t + At)] and 
[oY (t + At)]*, remain equal to their initial values, written [b;(¢)] and [b;(t)]*. Using the 
second line of (E-11), we can write: 


[oS (t + At)] [6 (t+ Avy} 


1 Ot) hy er 
= — za i(t) u5(t) f eit Wi r(t +t’) at [ es Welt +t”) dt” (E-32) 
0 JO 


whose average value yields the second line of (E-31). 
The first line of (E-31) is obtained by interchanging i and f in the second line of 
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(E-11), taking its complex conjugate, and multiplying the result by b;(t). This leads to: 


[of (¢ + At)] [BP (e+ At)}* 


1 * as —iw it’ y7* 4 iw; pt!” W7* 
= — x5 bil t) u(t) f eH WE (E+ rae’ f eit We(et t”) det” (E-33) 
This expression is identical to (E-32) since wr; = —w;r and W5, = Wir. 


We now average over the various values of W;; and W,;. As we did before, we 
can average independently 6;(t)b;(¢) and the double integral of (E-32). The computation 
of the average value of this double integral has already been performed in § E-2-b and 
yields At x Ji, where J; is given in (E-20). This result must be doubled since the two 
terms (E-32) and (E-33) are equal and add up. This finally leads to: 





pis (t + At) = pis (t)[1 — 2J7 At] = pir (t)[1 — At(T — 2% dif) (E-34) 
or else: 
=) z= — = Bip (t) _ (Ce pone (E-35) 


Let us go back to the initial components c;(t) and c(t) of the state vector. Relation 
(B-8) shows that the elements of the density matrix constructed with these components 
are: 


pis (t) = [ea(t)] [ep (@)]* = 2 /* [b,)] [bp ]* = ie (E-36) 
which leads to: 

d : tw gt d i 

qehis t) = twig pis(t) +e bit (t) (E-37) 


Now for short enough values of At, the derivative of p;¢(t) is given by (E-35). Using this 
relation in (E-37), we get: 


Spis(t) =~ +i (wig —26))] var (O (E-38) 


This means that the coherence between |y;) and |yf) is damped at a rate I’, and that 
its evolution frequency is shifted by —26;,. 

(ii) The third line of (E-31) is proportional to b(t + At)b*(t + At), and is therefore 
responsible for a coupling between f;¢(t + At) and f,;(t + At): the rate of variation of 
pis(t + At) is a priori dependent on f,s(t + At). However, if the energy difference 
hlw,;¢| is sufficiently large, the unperturbed evolution frequencies of these nondiagonal 
elements are very different, so that the effect of this coupling by the perturbation remains 
negligible (it actually disappears within the secular approximation). Moreover, if the 
statistical distribution of the random perturbation has a rotational symmetry around 
the Oz axis®, this third line is equal to zero; this is demonstrated in a more general case? 
in Complement Exyyr. 





®The Oz axis is defined for the spin 1/2 associated with the two-level system. 

°The diagonal elements of W are generally not equal to zero. This means that the coherences can 
also be coupled to the populations. In Complement Extj1, W is supposed to be invariant with respect 
to a rotation around any axis. 
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E-2-e. Energy shifts 


The previous computation shows that the two states are shifted by the perturba- 
tion, but it does not give the value of the shift of each state; relation E-38 only simply 
predicts that the difference of the shifts h(d; — 6;) of the two states must be equal to 
—2hd;z. We will now prove that the shifts are opposite, 6; = —d;f and df = +d;¢. The 
most convenient demonstration uses the theory of the “dressed atom”, which will be 
presented in Complement Cxx. A more elementary demonstration is given below. 


Imagine that there exists a third, so called “spectator”, state |yx), which is not coupled 
to the perturbation, so that its energy is not shifted by the perturbation. We assume 
that there is a coherence f;,(t) between |y;) and |y,), and study how it is modified by 
the perturbation acting on |y;). The computation of f;x(t + At) is quite similar to that 
of ~is(t+ At), except that by (t+ At) remains equal to b(t), up to any order in W since 
the state |.) is not coupled to the perturbation W. Replacing f by k in (E-31), the only 


non-zero term is on the second line, equal to Ep?) (t + At)bz(t). The computation proceeds 


as for b(t + At)b;(¢) and leads to the same result as (E-32) where f is replaced by k. 
Averaging over W yields the same result as (E-34) where f is again replaced by k; the 
factor 2 in front of J is no longer there, since the term of the first line of (E-31) no 
longer comes into play to double the value of the second line. We finally get: 

Aes) a Pik (t + A) Pik (t) a 5 i dif) Pik (t) (E-39) 
The coherence between |y;) and |y,) is damped at a rate ['/2 and its evolution frequency, 
equal to wiz = wi — wz in the absence of the perturbation, is changed by —d;s. Since the 
state |yx) is not coupled to the perturbation, the state |y;) must be shifted by 6; = —hdj,. 
As for the state |yy), it is shifted by 6¢ = +hd,y, since relation (E-38) indicates that the 
difference between the two shifts of |y:) and |yy;) must be equal to —2hd;,. 





Let us focus on the sign of 5:7, given by relation (E-22). We saw in § D-1 that Ci(w) 
is real; we assume this function to be positive in an angular frequency domain centered 
around w = we, and zero everywhere else. Relation (E-22) shows that: 


We > wip => Of >0 3 We<wip => Sif <0 (E-40) 


For E; > Ey, we have wis > 0; when w, > wir, relation (E-38) shows that the shift 4; , 
decreases the energy difference between the two states |y;) and |yy). For E; < Ey, we 
have wi < 0; it is now when w,. < wis < 0 that the shift decreases the energy difference. 
In both cases, and if w, has the same sign as w;¢, the energy difference is decreased when 
|we| > |wiy|; in the opposite case, the energy levels get further from each other. 


E-3. Broadband optical excitation of an atom 


We now apply the previous results to the excitation of a two-level atom by broad- 
band radiation. The radiation is described by an incoherent superposition of monochro- 
matic fields with frequencies w spreading over an interval of width Aw, and with random 
phases. Consequently, the coupling between the atom and the radiation is a random 
perturbation. The larger Aw, the shorter the perturbation correlation time, as we shall 
see below. We can directly use the results of §§ D and E, to obtain the absorption rate 
of the radiation by the atom, as well as the energy shifts due to the coupling between 
the atom and the radiation!®. 





10This problem is also studied in § 3-b of Complement Axyi using a different method. In that 
complement, we shall sum the transition probabilities associated with each of the monochromatic waves 
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E-3-a. Correlation functions of the interaction Hamiltonian 


The matrix element Wy,(t) of the perturbation W associated with the atom- 
radiation coupling can be written as: 


Wri (t) = — (gs| DE (t) lpi) = —DE (t) (E-41) 
where D is the electric dipole moment of the atom and E(t) the electric field of the 
incident radiation!!; we have set: 

D = (ps| D |i) (E-42) 
and will assume, for the sake of simplicity, that D is real (this can be obtained by a change 


of the relative phase of |y;) and |y,)). The correlation function of the perturbation is 
then proportional to that of the electric field: 


Wri (t) Wiz (7) = D? E(t) E(t —7) (B-43) 


This field can be expanded on its Fourier components: 


E(t) = = re x du el Bw) (E44) 
with, since the field is real: 

E(-w) = E*(w) (E-45) 
We assume that the phases of the w components are independent of each other, and 
completely random. This leads to: 

Bw) E*(w!) =I (w) 5 (w -w') (E-46) 


where I (w)describes the spectral distribution of the incident radiation; the function I (w) 
is supposed to have a width Aw. 

Taking (E-45) and (E-46) into account, we can now write the correlation function 
(E-43) as: 


$e 2 tf on 
Wri (t)Wis (t-7) = ae [ew [aw eit giw'(t-7) E(w) E* (w’) 
T 
2 
ae [ew I (wy e* (E-47) 
Qn 


We first note that this function only depends on the difference of times: the perturbation 
is a stationary random function. Secondly, if the spectral distribution I (w) of the inci- 
dent radiation is a bell shaped curve of width Aw, the time correlation function of the 
perturbation decreases with a characteristic time 7, inversely proportional to this width: 


4 
To > Aas 
This means that, if we assume that the atom is excited by a radiation with a broad 
enough spectrum, the correlation time 7, will be short enough to fulfill the conditions 
necessary for applying the results of §§ D and E. 


(E-48) 





present in the incident radiation. 
11To simplify the equations, we shall ignore the vectorial nature of E(t) et D. 
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E-3-b. Absorption rates and light shifts 
Relation (E-47) shows that: 


Cis (w) = = Tw) (E-49) 


Using (D-19) for the value of I, we get: 


D2 
[T= qt (wis) (E-50) 
As we saw above, I yields the transition rate per unit time between the states |y;) 
and |y;). This rate is proportional to I(w,,), ie. to the Fourier transform of the time 
correlation function of the perturbation, calculated at the frequency w;s of the transition. 
This result is entirely different from the result obtained with a monochromatic radiation. 
In this latter case, and at resonance, one expects a Rabi oscillation between the two 
states |y;) and |y,). 
When considering the excitation probability of an atom in its ground state, the 
states |y;) and |y;) are, respectively, the lower and upper states of the transition. This 
means that: 


EB, - Ey = hus <0 (E-51) 


The angular frequency w ; appearing in (E-50) is then negative: in an absorption pro- 
cess, it is the Fourier components with negative frequencies w that come into play (note 
however that for an electric field in coswt or sinwt, the positive and negative frequency 
components have the same intensity, and the distinction is no longer essential). Further- 
more, the previous calculations are still valid when FE; — Ey > 0, a case that corresponds 
to “stimulated emission”, or induced emission (see § C-2 of Chapter XX). During this 
process, the radiation stimulates the transition of the atom from an excited state to its 
ground state. This treatment justifies the introduction by Einstein (§ C-4 of Chapter XX) 
of the coefficients By; and By describing the absorption and stimulated emission in the 
presence of black body radiation (which is broadband). 

We can also evaluate the atomic energy shifts due to the presence of the radiation. 
The results of § E-2-c show that the excitation of the atom by broadband radiation shifts 
the states |p;) and |yy) by the respective values —fd;, and +hd;r. The “light shift” 6,5 
is proportional (with a positive proportionality constant) to the following integral over 
Ww: 
1 


W — Wf 





Oip & P f aw I(w) (E-52) 
These light shifts are proportional to the light intensity since they depend linearly on 
I(w). Their sign depends on the detuning between the central frequency w, of the incident 
radiation and the frequency wy; of the atomic transition. As we have seen in § E-2-e, 
if |w.| is larger that |w,¢|, meaning that the incident radiation is detuned towards the 
blue, the energies of the two levels get closer under the effect of the radiation. We get 
the opposite conclusion if the incident radiation is detuned towards the red. These light 
shifts will be further discussed using the “dressed atom approach” in Complement Cx x. 
We will show that they also exist for an atom excited by monochromatic radiation, and 
that they are useful tools for manipulating atoms and their motion. 
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References and suggestions for further reading: 


Perturbation series expansion of the evolution operator: Messiah (1.17), Chap. XVII, 
§§ 1 and 2. 

Sudden or adiabatic modification of the Hamiltonian: Messiah (1.17), Chap. XVII, 
§ II ; Schiff (1.18), Chap. 8, § 35. 

Diagramatic representation of a perturbation series (Feynman diagrams) : Ziman 
(2.26), Chap. 3 ; Mandl (2.9), Chaps. 12 to 14 ; Bjorkén and Drell (2.10), Chaps. 16 and 
Le 
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Axiit : INTERACTION OF AN ATOM WITH AN 
ELECTROMAGNETIC WAVE 


Illustration of the general considerations of § C-2 
of Chapter XIII, using the important example 
of an atom interacting with a sinusoidal electro- 
magnetic wave. Introduces fundamental concepts 
such as: spectral line selection rules, absorption 
and induced emission of radiation, oscillator 
strength... Although moderately difficult, can be 
recommended for a first reading, because of the 


importance of the concepts introduced. 





Bxiir : LINEAR AND NON-LINEAR RESPONSE OF 
A TWO-LEVEL SYSTEM SUBJECTED TO A SINU- 
SOIDAL PERTURBATION 


A simple model for the study of some non-linear 
in the 
electromagnetic wave with an atomic system 


effects that appear interaction of an 
(saturation effects, multiple-quanta transitions, 
etc.). More difficult than Axi (graduate level); 
should therefore be reserved for a subsequent 
study. 





Cxi11 : OSCILLATIONS OF A SYSTEM BETWEEN 
TWO DISCRETE STATES UNDER THE EFFECT OF 
A RESONANT PERTURBATION 


Study of the behavior, over a long time interval, of 
a system that has discrete energy levels, subjected 
to a resonant perturbation. Completes, in greater 
detail, the results of § C-2 of Chapter XIII, which 
are valid only for short times. Relatively simple. 





Dx111 : DECAY OF A DISCRETE STATE RESO- 
NANTLY COUPLED TO A CONTINUUM OF FINAL 
STATES 


Study of the behavior, 
terval, 


over a long time in- 
of a discrete state resonantly coupled 
to a continuum of final states. Completes 
the results obtained in § C-3 of Chapter XIII 
(Fermi which were established 
Proves that the 


probability of finding the particle in the discrete 


golden rule), 


only for short time intervals. 
level decreases exponentially, and justifies the 


concept of lifetimes introduced phenomeno- 


logically in Complement Kyy;. Important for 


its numerous physical applications; graduate level. 
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Exi1 : TIME-DEPENDENT RANDOM PERTURBA- 
TION, RELAXATION 


This complement provides a more detailed and 





E-2 on 
The 
“motional narrowing condition” is assumed to 


precise view of the study of §§ D and 
the effects of a random _ perturbation. 
be valid, which means that the memory time 
of the perturbation is much shorter than the 
time it takes for the perturbation to have a 
significant effect. This complement first part, 
this complement provides de general equations of 
evolution of the density matrix. In a second part, 
the theory is applied to an ensemble of spins 1/2 
coupled to a random isotropic perturbation. This 
complement is important because of its numerous 
applications: magnetic resonance, optics, etc. 





Fx : EXERCISES 


Exercise 10 can be done at the end of Comple- 
ment Axi; it is a step by step study of the 
effects of the external degrees of freedom of a 
quantum mechanical system on the frequencies 
of the electromagnetic radiation it can absorb 


(Doppler effect, recoil energy, Méssbauer effect). 


Some exercises (especially 8 and 9) are more diffi- 
cult than others, but treat important phenomena. 
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Complement Axi 


Interaction of an atom with an electromagnetic wave 





1 The interaction Hamiltonian. Selection rules......... 1340 
l-a Fields and potentials associated with a plane electromagnetic 
WAVE: a GE ric Rive ae Die ee ge Gala ee ea ee ae 1340 
1-b The interaction Hamiltonian at the low-intensity limit .... 1341 
l-c The electric dipole Hamiltonian. ................ 1342 
1-d The magnetic dipole and electric quadrupole Hamiltonians . 1347 
2 Non-resonant excitation. Comparison with the elastically 
bound electron model... ..........2. 0002 ee eee 1350 
2-a Classical model of the elastically bound electron ....... 1350 
2-b Quantum mechanical calculation of the induced dipole moment1351 
2-c Discussion. Oscillator strength ................. 1352 
3 Resonant excitation. Absorption and induced emission . . 1353 
3-a Transition probability associated with a monochromatic wave 1353 
3-b Broad-line excitation. Transition probability per unit time. . 1354 





In § C of Chapter XIII, we studied the special case of a sinusoidally time-dependent 
perturbation: W(t) = Wsinwt. We encountered the resonance phenomenon which oc- 
curs when w is close to one of the Bohr angular frequencies wr; = (Ey — E;)/h of the 
physical system under consideration. 

A particularly important application of this theory is the treatment of an atom 
interacting with a monochromatic wave. In this complement, we will use this example to 
illustrate the general considerations of Chapter XIII and to introduce certain fundamental 
concepts of atomic physics such as spectral line selection rules, absorption and induced 
emission of radiation, oscillator strength, etc... 

As in Chapter XIII, we shall confine ourselves to first-order perturbation calcula- 
tions. Some higher-order effects in the interaction of an atom with an electromagnetic 
wave (“non-linear” effects) will be taken up in Complement Bxqy1. 

We shall begin (§ 1) by analyzing the structure of the interaction Hamiltonian 
between an atom and the electromagnetic field. This will permit us to isolate the electric 
dipole, magnetic dipole and electric quadrupole terms, and to study the corresponding 
selection rules. Then we shall calculate the electric dipole moment induced by a non- 
resonant incident wave (§ 2) and compare the results obtained with those of the model of 
the elastically bound electron. Finally, we shall study (§ 3) the processes of absorption 
and induced emission of radiation which appear in the resonant excitation of an atom. 


Comment: 


In all complements of Chapter XIII the atom is treated quantum mechanically, but the elec- 
tromagnetic field is treated classically, as a time-dependent perturbation acting on the atom. 
In Chapter XX and its complements, a more elaborate study will be given with a full quan- 
tum treatment of both the electromagnetic field and the atom; the interaction hamiltonian is 


1339 


COMPLEMENT Axi, @ 





then time-independent. This permits the description of physical effects such as the spontaneous 
emission of photons by atoms in excited states, which does not appear when the field is treated 


classically. 
1. The interaction Hamiltonian. Selection rules 
l-a. Fields and potentials associated with a plane electromagnetic wave 


Consider a plane electromagnetic wave!, of wave vector k (parallel to Oy) and 
angular frequency w = ck. The electric field of the wave is parallel to Oz and the 
magnetic field, to Ox (Fig. 1). 





Figure 1: The electric field E and 
magnetic field B of a plane wave of 
wave vector k. 








For such a wave, it is always possible, with a suitable choice of gauge (cf. Ap- 
pendix III, § 4-b-a), to make the scalar potential U(r,t) zero. The vector potential 
A(r,t) is then given by the real expression: 


A(r, t) = Agezet(#Y-#9) + AXe,e~ilky-wt) * 


where Ap is a complex constant whose argument depends on the choice of the time origin. 
We then have: 


a 
E(r,t) = —5A(r,t) = iwAge,e'*Y—-“4) — iw Are,e ilhy—#t) (2) 
B(r,t) = V x A(r,t) = ikApeze\*9-“) — ik Ave,e ihy—##) (3) 


We shall choose the time origin such that the constant Ag is pure imaginary, and we set: 


iwAg = (4a) 


ikAg = (4b) 


w| BWwl] mM 





1For the sake of simplicity, we shall confine ourselves here to the case of a plane wave. The results 
obtained in this complement, however, can be generalized to an any electromagnetic field. 
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where € and B are two real quantities such that: 


E w 

ar 
We then obtain: 

E(r,t) = Ee, cos(ky — wt) (6) 

B(r,t) = Be, cos(ky — wt) (7) 


E and B are therefore the amplitudes of the electric and magnetic fields of the plane wave 
considered. 
Finally, we shall calculate the Poynting vector? G associated with this plane wave: 


G=ea7?ExB (8) 


Replacing E and B in (8) by their expressions (6) and (7), and taking the time-average 
value over a large number of periods, we obtain, using (5): 


mes 2 


G= enc ey (9) 


1-b. The interaction Hamiltonian at the low-intensity limit 


The preceding wave interacts with an atomic electron (of mass m and charge 
q) situated at a distance r from O and bound to this point O by a central potential 
V(r) (created by a nucleus assumed to be motionless at O). The quantum mechanical 
Hamiltonian of this electron can be written: 


H= 5 (P -gA(R, A)? +V(R) 2 +8 -B(R,t) (10) 


The last term of (10) represents the interaction of the spin magnetic moment of the 
electron with the oscillating magnetic field of the plane wave. A(R,t) and B(R,t) are 
the operators obtained by replacing, in the classical expressions (1) and (3), 2, y, z by 
the observables X, Y, Z. 

In expanding the square that appears on the right-hand side of (10), we should, 
in theory, remember that P does not generally commute with a function of R. Such 
a precaution is, however, unnecessary in the present case, since, as A is parallel to Oz 
[formula (1)], only the P, component enters into the double product; now P, commutes 
with the Y component of R, which is the only one to appear in expression (1) for A(R, t). 
We can then take: 


H =H) +Wit) (11) 
where: 
p2 
Hyp = — + V(R) (12) 
2m 





?Recall that the energy flux across a surface element dS' perpendicular to the unit vector n is equal 
toG-ndS. 
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is the atomic Hamiltonian, and: 
q q ¢ 
W(t) =—-+P.-A(R,t) — ~S-B(R,t) + +-[A(R,d)]? (13) 
m m 2m 


is the interaction Hamiltonian with the incident plane wave [the matrix elements of W(t) 
approach zero when Ag approaches zero]. 

The first two terms on the right-hand side of (13) depend linearly on Ao, and 
the third one depends on it quadratically. With ordinary light sources, the intensity is 
sufficiently low that the effect of the A? term can be neglected compared to that of the 
Ap term. We shall therefore write: 


W(t) ~ W7(t) + Wilt) (14) 
with: 
W(t) = -{p .A(R,1) (15) 
Wrr(t) = -4s -B(R,t) (16) 


We shall evaluate the relative orders of magnitude of the matrix elements of W;(t) 
and W7;(t) between two bound states of the electron. Those of S are of the order of h, 
and B is of the order of kAo [cf. formula (3)]. Thus: 


q 
Wirt) 7,*A0 hk 


a enh 17 
W(t) < po P “ 





According to the uncertainty relations, /p is, at most, of the order of atomic dimensions 
(characterized by the Bohr radius, aj ~ 0.5 A). k is equal to 2x/\, where A is the 
wavelength associated with the incident wave. In the spectral domains used in atomic 
physics (the optical or Hertzian domains), is much greater than ao, so that: 





Wilt) _ ao 
~—<«l 18 
W(t) ee 
1-c. The electric dipole Hamiltonian 
Q. The electric dipole approximation. Interpretation 


Using expression (1) for A(R, t), we can put W;(t) in the form: 








W7(t) = — = P,[Age*¥ e™" of Ape et) (19) 
We now expand the exponential e+**Y in powers of kY: 
; 1 
etthY — 1 4ikY — sey: + ss (20) 





Since Y is of the order of atomic dimensions, we have, as above: 


kY ~ < <1 (21) 
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We therefore obtain a good approximation for W; by retaining only the first term of 
expansion (20). Let Wpg be the operator obtained by replacing et**Y by 1 on the 
right-hand side of (19). Using (4-a), we get: 





Wes = SP ai (22) 
mw 
Wpzx(t) is called the “electric dipole Hamiltonian”. The electric dipole approximation, 
which is based on conditions (18) and (21), therefore consists of neglecting W;,(t) relative 
to W(t) and identifying W(t) with Wpx(t): 


W(t) ~ Wok(t) (23) 


Let us show that, if we replace W(t) by Wpx(t), the electron oscillates as if it were 
subjected to a uniform sinusoidal electric field Ee, cos wt, whose amplitude is that of the 
electric field of the incident plane wave evaluated at the point O. Physically, this means 
that the wave function of the bound electron is too localized about O for the electron 
to “feel” the spatial variation of the electric field of the incident plane wave. We shall 
therefore calculate the evolution of (R)(t). Ehrenfest’s theorem (cf. Chap. III, § D-1-d) 
leads to: 


d 1 P ef 
—(R) = —(([R, Ho + Wpe)) = se + cee es. sin wt 
dt th mi mw (24) 
d 1 
ae ) al , Ho + Wpe)) (VV(R)) 
Eliminating (P) from these two equations, we obtain, after a simple calculation: 

d2 

maa (R) = —(VV(R)) + gEe,z cos wt (25) 


which is indeed the predicted result: the center of the wave packet associated with the 
electron moves like a particle of mass m and charge q, subjected to both the central force 
of the atomic bond [the first term on the right-hand side of (25)] and the influence of a 
uniform electric field [the second term of (25)]. 


Comment: 


Expression (22) for the electric dipole interaction Hamiltonian seems rather unusual for 
a particle of charge q interacting with a uniform electric field E = €e, coswt. We would 
tend to write the interaction Hamiltonian in the form: 


Wpa(t) = —D-E= —gEZ cosut (26) 


where D = dR is the electric dipole moment associated with the electron. 


Actually, expressions (22) and (26) are equivalent. We shall show that we can go 
from one to the other by a gauge transformation (which does not modify the physical 
content of quantum mechanics; cf. Complement Hy). The gauge used to obtain (22) is: 


Ate = Xe, since a8) (27a) 
eo (27b) 
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[to write (27a), we have replaced Ao by €/2iw in (1); cf. formula (4a)]. Now consider 
the gauge transformation associated with the function: 


x(r,t) = 2 sin wt (28) 


It leads to a new gauge {A’,U’} characterized by: 





A'=A4 Vx = 025 [sin(hy wt) + sin wt] (29a) 
U'=U- x = —z€ coswt (29b) 


The electric dipole approximation amounts to replacing ky by 0 everywhere. We then 
see that in this approximation: 


A’e eo. [sin(—wt) + sinwt] =0 (30) 


If, in addition, we neglect, as we did above, the magnetic interaction terms related to the 
spin, we obtain, for the system’s Hamiltonian: 
1 
HS n= gA’)? + V(R) + qU’(R, t) 
P? ; 
= — +V(R)+ qu'(R,t) 
2m 
= Ho +W'(t) (31) 


where Ho is the atomic Hamiltonian given by (12), and: 
W'(t) = qU'(R, t) = —qZE coswt = Wpx(t) (32) 


is the usual form (26) of the electric dipole interaction Hamiltonian. 


Recall that the state of the system is no longer described by the same ket when we go 
from gauge (27) to gauge (29) (cf. Complement Hr). The replacement of Wpx(t) by 
Wpp(t) must therefore be accompanied by a change of state vector, the physical content, 
of course, remaining the same. 


In the rest of this complement, we shall continue to use gauge (27). 


B. The matrix elements of the electric dipole Hamiltonian 


Later, we shall need the expressions for the matrix elements of Wp between |y;) 
and |pf), eigenstates of Ho of eigenvalues E; and Ey. According to (22), these matrix 
elements can be written: 


gE. 
(y|Woe(t)|¢i) = nae wt (ip ¢|Pz|p:) (33) 


It is simple to replace the matrix elements of P, by those of Z on the right-hand 
side of (33). Insofar as we are neglecting all magnetic effects in the atomic Hamiltonian 
[cf. expression (12) for Ho], we can write: 


OH P. 


(2, Ho] = hoe = ih (34) 
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which yields: 
(vs llZ, Holly:) = (vs|ZHo — HoZ|p:) 


=2-(Bi = BOAT = — WRI (35) 


a 
m 
Introducing the Bohr angular frequency wy; = (Ey — E;)/h, we then get: 


(pr lPzles) = imu gi 6|Z|¢%) (36) 


and, consequently: 
Whig. 
(p7|Woe(t)|ys) = ig—? E sin wt (yp ¢|Z| ps) (37) 


The matrix elements of Wpz(t) are therefore proportional to those of Z. 


Comment: 


It is the matrix element of Z which appears in (37) because we have chosen the 
electric field E(r,t) parallel to Oz. In practice, we may be led to choose a frame 
Oxyz related, not to the light polarization, but to the symmetry of the states |y;) 
and |y;). For example, if the atoms are placed in a uniform magnetic field Bo, 
the most convenient quantization axis for the study of their stationary states |y,) 
is obviously parallel to Bo. The polarization of the electric field E(r,t) can then 
be arbitrary relative to Oz. In this case, we must replace the matrix element of Z 
in (37) by that of a linear combination of X, Y and Z. 


7. Electric dipole transition selection rules 


If the matrix element of Wpg between the states |y;) and |v) is different from 
zero, that is, if (pf|Z|~;) is non-zero?, the transition |y;) —> |yf) is said to be an 
electric dipole transition. To study the transitions induced between |y;) and |yy) by the 
incident wave, we can then replace W(t) by Wpz(t). If, on the other hand, the matrix 
element of Wpz(t) between |y;) and |ys) is zero, we must pursue the expansion of W(t) 
further, and the corresponding transition is either a magnetic dipole transition or an 
electric quadrupole transition, etc...4. (see following sections). Since Wpz(t) is much 
larger than the subsequent terms of the power series expansion of W(¢) in ao/X, electric 
dipole transitions will be, by far, the most intense. In fact, most optical lines emitted by 
atoms correspond to electric dipole transitions. 

Let: 


Pri limi (r) _ Raj lj ee (6, y) 


ig (38) 
Onstpang®) = Rap (T)Y, (0, y) 





° Actually, it suffices for one of the three numbers (yF|Z|i), (yp ¢|X|~i) or (pz |¥|yi) to be different 
from zero (cf. comment of § 8 above). 

4It may happen that all the terms of the expansion have zero matrix elements. The transition is 
then said to be forbidden to all orders (it can be shown that this is always the case if |y;) and |y+¢) both 
have zero angular momenta). 
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be the wave functions associated with |p;) and |y,). Since: 


p= Reig (= r ¥2(6) (39) 


the matrix element of Z between |y;) and |yy) is proportional to the angular integral: 


[eovrre.e) 0) ¥"0,9) (40) 


According to the results of Complement Cx, this integral is different from zero only if: 





lpy= Gal (41) 
and: 
Mf = Mm; (42) 


Actually, it would suffice to choose another polarization of the electric field (for example, 
parallel to Ox or Oy; see comment of § 8) to have: 





mp = My 1 (43) 


From (41), (42) and (43), we obtain the electric dipole transition selection rules: 





Al = ly = l; =x+1 (44a) 
Am = my —m, = —1,0,4+1 (44b) 
Comments: 


(i) Z is an odd operator. It can connect only two states of different parities. 
Since the parities of |(p;) and |yy) are those of J; and ly, Al = 1, — 1; must be 
odd, as is compatible with (44a). 


(ii) If there exists a spin-orbit coupling €(r)L-S between L and S (cf. Chap. XII, § B- 
1-b-@), the stationary states of the electron are labeled by the quantum numbers 
l, s, J, mz (with J = L +S). The electric dipole transition selection rules can 
be obtained by looking for the non-zero matrix elements of R. in the {|l, s, J,mz)} 
basis. By using the expansions of these basis vectors on the kets |!,m)|s,mg) (cf. 
Complement Ax, § 2), we find, starting with (44a) and (44b), the selection rules: 


AJ =0, +1 (44a) 
Al= +1 (44b) 
Am, = 0,+1 (44c) 





Note that a AJ = 0 transition is not forbidden [unless J; = J¢ = 0; cf. note on 
the preceding page]. This is due to the fact that J is not related to the parity of 
the level. 


Finally, we point out that selection rules (44a, 44b, 44c) can be generalized to 
many-electron atoms. 
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1-d. The magnetic dipole and electric quadrupole Hamiltonians 


Q. Higher-order terms in the interaction Hamiltonian 


The interaction Hamiltonian given by (14) can be written in the form: 
W(t) = W7(t) + Wir(t) = Wok (t) + [Wi(t) — Woe (t)] + Wri (t) (45) 


Thus far, we have studied Wpz(t). As we have seen, the ratio of W;(t) —- Wox(t) and 
Wrr(t) to Wpox(t) is of the order of ag/A. 

To calculate W(t) — Wox(t), we simply replace et*Y by e#**¥ —1 ~ +ikY +... 
in (19), which yields: 











W(t) — Wpz(t) = — lik Ave" _ ikAge’"| PY ks (46) 
or, using (4b): 
W(t) — Wox(t) = -Beoswt P.Y +... (47) 
m 


If we write P,Y in the form: 
1 1 1 1 
PLY = 5 (PY —ZPy)+ 5 (PY +ZP,)= abs + 5 (PY +ZP;) (48) 
we obtain, finally: 
W7(t) — Wp (t) = —--L,Beoswt — ! Bcoswt[Y P, + ZP,] +... (49) 
2m 2m 


In the expression for W;;(t) [formulas (16) and (3)], it is entirely justified to replace 
et*kY by 1. We thus obtain a term of order ag/A relative to W/(t), that is, of the same 
order of magnitude as W;(t) — Wpx(t): 





Wrr(t) = 48, Beoswt Tike (50) 


Substituting (49) and (50) into (45) and grouping the terms differently, we obtain: 


W(t) = Woe(t) + Wom(t) + Woek(t) +... (51) 
with: 
Wom = —~-(Lz + 28,)Bcoswt (52) 
2m 
Won = -——(YP, + ZP,)E coswt (53) 
2mc 


[we have replaced B by E/c in (53)]. Wom and Wage (which are, a priori, of the same 
order of magnitude) are, respectively, the magnetic dipole and electric quadrupole Hamil- 
tonians. 
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B. Magnetic dipole transitions 


The transitions induced by Wpy are called magnetic dipole transitions. Wp yy rep- 
resents the interaction of the total magnetic moment of the electron with the oscillating 
magnetic field of the incident wave. 

The magnetic dipole transition selection rules can be obtained by considering the 
conditions which must be met by |y,;) and |yy) in order for Wpyyz to have a non-zero 
matrix element between these two states. Since neither L, nor S, changes the quantum 
number J, we must have, first of all, Al = 0. L, changes the eigenvalue mz, of L, by +1, 
which gives Am; = +1. S, changes the eigenvalues mg of S by +1, so that Amg = +1. 
Note, furthermore, that if the magnetic field of the incident wave were parallel to Oz, 
we would have Am; = 0 and Amg = 0. Grouping these results, we obtain the magnetic 
dipole transition selection rules: 














Al=0 
Amy = +1, 0 (54) 
Ams = al 0 

Comment: 


In the presence of a spin-orbit coupling, the eigenstates of Hp are labeled by the 
quantum numbers | and J. Since L, and S$, do not commute with J?, Wpyy can 
connect states with the same / but different J. By using the addition formulas 
for an angular momentum / and an angular momentum 1/2 (cf. Complement Ax, 
§ 2), it can easily be shown that selection rules (54) become: 


Al=0 


AJ = +1,0 (55) 
Am, = +1,0 








Note that the hyperfine transition F = 0 © F = 1 of the ground state of the 
hydrogen atom (cf. Chap. XII, § D) is a magnetic dipole transition, since the 
components of S have non-zero matrix elements between the F = 1 states and the 
|F = 0, mp = 0) state. 


Y. Electric quadrupole transitions 


Using (34), we can write: 


YP,+ZP,=YP,+P,Z= at lZ, Ho] + [Y, Ho]Z} 
v 
7 “WY 2H = y¥Z) (56) 
v 


from which we obtain, as in (36): 
q 
(¢|Woslt)lyi) = 5 wil rl¥ Z| pi)E cos wt (57) 
2ic 


The matrix element of Waz(t) is therefore proportional to that of YZ, which is 
a component of the electric quadrupole moment of the atom (cf. Complement Ex). In 
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addition, the following quantity appears in (57): 


Te pS gee See (58) 
c W C wW 
which, according to (2), is of the order of q0€,/Oy. The operator Wgxz(t) can therefore 
be interpreted as the interaction of the electric quadrupole moment of the atom with the 
gradient? of the electric field of the plane wave. 
To obtain the electric quadrupole transition selection rules, we simply note that, 
in the {|r)} representation, YZ is a linear superposition of r?¥3(0,~) and r?Y,_‘(6,y). 
Therefore, in the matrix element (yp s|Y Z|y;) there appear angular integrals: 





[OMrrOorF Gore ee) (59) 
which, according to the results of Complement Cx, are different from zero only if Al = 0, 
+2 and Am = +1. This last relation becomes Am = +2,+1, 0 when we consider an 

















arbitrary polarization of the incident wave (cf. comment of § 1-c-8), and the electric 
quadrupole transition selection rules can be written, finally: 


Al = 0, +2 
Am = 0, +1, +2 








(60) 














Comments: 


(i) Wom and Wg are even operators and can therefore connect only states of 
the same parity, which is compatible with (54) and (60). For a given tran- 
sition, Wp and Wgz= are never in competition with Wp. This facilitates 
the observation of magnetic dipole and electric quadrupole transitions. 

Most of the transitions that occur in the microwave or radio-frequency 
domain — in particular, magnetic resonance transitions (cf. Complement Fry) 
— are magnetic dipole transitions. 





(it) For a Al = 0, Am = 0,+1 transition, the two operators Wpy and Woz 
simultaneously have non-zero matrix elements. However, it is possible to 
find experimental conditions under which only magnetic dipole transitions 
are induced. All we need to do is place the atom, not in the path of a plane 
wave, but inside a cavity or radiofrequency loops, at a point where B is large 
but the gradient of E is negligible. 

(itt) For a Al = 2 transition, Wp cannot be in competition with Wap, and we 
have a pure quadrupole transition. As an example of a quadrupole transition, 
we can mention the green line of atomic oxygen (5577 A), which appears in 
the aurora borealis spectrum. 





(iv) If we pursued the expansion of e+**Y further, we would find electric octupole 
and magnetic quadrupole terms, etc. 


In the rest of this complement, we shall confine ourselves to electric dipole tran- 
sitions. In the next Complement, Bxqz, on the other hand, we shall consider a 
magnetic dipole transition. 





5It is normal for the electric field gradient to appear, since Woaz(t) was obtained by expanding the 
potentials in a Taylor series in the neighborhood of O. 
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2. Non-resonant excitation. Comparison with the elastically bound electron 
model 


In this section, we shall assume that the atom, initially in the ground state |g), is excited 
by a non-resonant plane wave: w coincides with none of the Bohr angular frequencies 
associated with transitions from |yo). 

Under the effect of this excitation, the atom acquires an electric dipole moment 
|D)(t) which oscillates at the angular frequency w (forced oscillation) and is proportional 
to € when € is small (linear response). We shall use perturbation theory to calculate 
this induced dipole moment, and we shall show that the results obtained are very close 
to those found with the classical model of the elastically bound electron. 

This model has played a very important role in the study of the optical properties 
of materials. It enables us to calculate the polarization induced by the incident wave 
in a material. This polarization, which depends linearly on the field €, behaves like a 
source term in Maxwell’s equations. When we solve these equations, we find plane waves 
propagating in the material at a velocity different from c. This allows us to calculate the 
refractive index of the material in terms of various characteristics of elastically bound 
electrons (natural frequencies, number per unit volume, etc.). Thus, we see that it is 
very important to compare the predictions of this model (which we shall review in § a) 
with those of quantum mechanics. 


2-a. Classical model of the elastically bound electron 


Q. Equation of motion 


Consider an electron subjected to a restoring force directed towards the point O 
and proportional to the displacement. In the classical Hamiltonian corresponding to (12), 
we then have: 


1 
V(r) = mor (61) 
where wo is the electron’s natural angular frequency. 

If we make the same approximations, using the classical interaction Hamiltonian, as 
those which enabled us to obtain expression (22) for Wp x(t) (the electric dipole approxi- 
mation) in quantum mechanics, a calculation similar to that of § 1-c-a [cf. equation (25)] 
yields the equation of motion: 

d2 


2, g€ . 
qa? + “0? = m Cot (62) 


This is the equation of a harmonic oscillator subject to a sinusoidal force. 


B. General solution 


The general solution of (62) can be written: 


ge 


2 


—s5 sx Cos wt 63 
nee (63) 


z= Acos(wot — vy) + 


where A and y are real constants which depend on the initial conditions. The first term 
of (63), A cos(wot — y), represents the general solution of the homogeneous equation (the 
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electron’s free motion). The second term is a particular solution of the equation (forced 
motion of the electron). 

We have not, thus far, taken damping into account. Without going into detailed 
calculations, we shall cite the effects of weak damping: after a certain time 7, it causes 
the natural motion to disappear and very slightly modifies the forced motion (provided 
that we are sufficiently far from resonance: |w — wo| >> 1/7). We shall therefore retain 
only the second term of (63): 


gE cos wt 
Om, m(we — w?) oe 


Comment: 


Far from resonance, the exact damping mechanism is of little importance, provided that 
it is weak. We shall not, therefore, take up the problem of the exact description of this 
damping, either in quantum or in classical mechanics. We shall merely use the fact that 
it exists to ignore the free motion of the electron. 


It would be different for a resonant excitation: the induced dipole moment would then 
depend critically on the exact damping mechanism (spontaneous emission, thermal relax- 
ation, etc.). This is why we shall not try to calculate (D)(t) in § 3 (the case of a resonant 
excitation). We shall be concerned only with calculating the transition probabilities. 


In Complement Bxtir, we shall study a specific model of a system placed in an electro- 
magnetic wave and at the same time subject to dissipative processes (Bloch equations 
of a system of spins). We shall then be able to calculate the induced dipole moment for 


any exciting frequency. 


y. Susceptibility 
Let D = qz be the electric dipole moment of the system. According to (64), we 


2 


D=qz= ae cos wt = xE cos wt (65) 
m(ws — w?) 


qd 
= 66 
2-b. Quantum mechanical calculation of the induced dipole moment 


We shall begin by calculating, to first order in €, the state vector |w(t)) of the 
atom at time t. We shall choose for the interaction Hamiltonian, the electric dipole 
Hamiltonian Wor given by (22). In addition, we shall assume that: 


|y(t = 0)) = |vo) (67) 
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We apply the results of § C-1 of Chapter XIII, replacing W,,; by 4 (on |P2|i) and |y;) 
by |y~o). This leads to®: 


[a(t)) = e087 lag) + Sd BMY (t) e*Ht/Ml,,) (68) 
nA#0 


or, using (C-4) of Chapter XIII and multiplying |7)(t)) by the global phase factor e*#ot/", 
which has no physical importance: 


etenot = eiwt e twnot —_ e wt 








ion) (68) 


gé 
Ra) = ho) + 3 aaa al —-S 
From this, we find (w(t)| and (D.)(t) = (w(t)|¢Z|W(4)). In the calculation of this 
average value, we retain only the terms linear in €, and we neglect all those that oscillate 
at angular frequencies two (the natural motion, which would disappear if we took 
weak damping into account). Finally, replacing (y,,|P.|yo) by its expression in terms of 
(yn|Z|~o) [cf. equation (36)], we find: 





2¢? Wn0 MpnlZ 10)" 
D,)(t =e cos wt oy ee 70 
(D.)(t) = wy (70) 
2-c. Discussion. Oscillator strength 
Q. The concept of oscillator strength 
We set: 


_ 2m wno |(PnlZl¥o)/? 
h 
fno is a real dimensionless number, characteristic of the |yo) © |y,) transition and called 
the oscillator strength’ of this transition. If |g) is the ground state, f,o is positive, like 
Wn0- 
Oscillator strengths satisfy the following sum rule (the Thomas-Reiche-Kuhn sum 
rule): 


f= (72) 


This can be shown as follows. Using (36), we can write: 


fn = 7 (polZlpn)(enlPeleo) ~ 5 (volPelen) pul Z leo) (73) 


The summation over n can be performed by using the closure relation relative to the {|y,)} 
basis, and we 


Do fo = 5p (eZ — PZ) hen) = (volvo) = 1 (74) 





6Since Wpe is odd, (yo|Wpxz(t)|~o) is zero, so ot) = = 0. 

‘The operator Z enters into (71) because the incident wave is linearly polarized along Oz. It would, 
however, be possible to give a general definition of the oscillator strength, independent of the polarization 
of the incident wave. 
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B. The quantum mechanical justification for the elastically bound electron model 


We substitute definition (71) into (70) and multiply the expression so obtained by 
the number NV of atoms contained in a volume whose linear dimensions are much smaller 
than the wavelength of the radiation. The total electric dipole moment induced in this 
volume can then be written: 


2 
g ; 

Comparing (75) and (65), we see that it is like having NV classical oscillators [since 
S*N fno = N according to (72)] whose natural angular frequencies are not all the same 


since they are equal to the various Bohr angular frequencies of the atom associated 
with the transitions from |yo). According to (75), the proportion of oscillators with the 
angular frequency Wyo is fro. 

Thus, for a non-resonant wave, we have justified the classical model of the elasti- 
cally bound electron. Quantum mechanics gives the frequencies of the various oscillators 
and the proportion of oscillators that have a given frequency. This result shows the 
importance of the concept of oscillator strength and enables us to understand a poste- 
riort why the elastically bound electron model was so useful in the study of the optical 
properties of materials. 


3. Resonant excitation. Absorption and induced emission 


3-a. Transition probability associated with a monochromatic wave 


Consider an atom initially in the state |y;) placed in an electromagnetic wave 
whose angular frequency is close to a Bohr angular frequency w fj. 

The results of § C-1 of Chapter XIII (sinusoidal excitation) are directly applicable 
to the calculation of the transition probability Y;,(t;w). We find, using expression (37) 
(thus making the electric dipole approximation): 





Pig(tsu) = 4, (LAY oplZ|od? €2F Cw — wp) (76) 
Ah Ww 
where: 
Fees eS} (77) 


We have already discussed the resonant nature of Y;r(t;w) in Chapter XIII. At 
resonance, Y; f(t; w) is proportional to E?, that is, to the incident flux of electromagnetic 
energy [cf. formula (9)]. 


Comments: 


(i) If instead of using the gauge (27), leading to the matrix element (37), we had 
used the gauge (29) leading to the Hamiltonian (32), the factor (ws;/w)? in 
(76) would be missing. The fact that the results are different is not at all 
surprising. The states |y;) and |y,;), and consequently Y; ¢(t;w), do not have 
the same physical meaning in the two gauges. 
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(it) However, as t —> oo, the diffraction function F'(t,w — wy;) tends towards 
6(w —wy;), and the factor (ws;/w)? approaches unity. This leads to the same 
probability density Pi (t;w) in the two gauges. This result can be easily 
understood if we consider the incident electromagnetic wave to be a quasi- 
monochromatic wave packet of very large but finite spatial extent, rather 
than a plane wave extending to infinity. When t > +oo the E field “seen” by 
the atom tends towards zero and the gauge transformation associated with 
the function x defined in (28) tends towards unity. Consequently |y;) and 
ly) each represent the same physical states in the two gauges. 





(iit) Obviously, it is also possible to consider the transition probability between 
two well-defined energy states of the atomic system for a finite time inter- 
val. In this case, the eigenstates |y;) and |p y) of the atomic Hamiltonian Ho 
written in (12) only represent states of well-defined atomic energy (kinetic 
plus potential) in the gauge (29) where A is zero [see (30)] and p?/2m rep- 
resents the kinetic energy. The same physical states would be represented 
in gauge (27) by the states exp[—iqx(r, t)/h]|y;) and exp[—iqx(r, t)/A]lyr) 
respectively. For finite t, calculations are therefore simpler in the gauge (29). 
Since in the rest of this complement we replace F(t, w—wy;) by 6(w—wy;) [see 
(79)], we will be considering the limit t + 00 for which the above difficulties 
disappear. 


3-b. Broad-line excitation. Transition probability per unit time 


In practice, the radiation which strikes the atom is very often non-monochromatic. 
We shall denote by F(w) dw the incident flux of electromagnetic energy per unit surface 
within the interval [w,w-+ dw]. The variation of F(w) with respect to w is shown in 
Figure 2. A is the excitation line width. If A is infinite, we say that we are dealing with 
a “white spectrum”. 

The different monochromatic waves which constitute the incident radiation are 
generally incoherent: they have no well-defined phase relation. The total transition 
probability FY; y can therefore be obtained by summing the transition probabilities asso- 
ciated with each of these monochromatic waves. We must, consequently, replace €? by 
2 F(w) dw/eoc in (76) [formula (9)] and integrate over w. This gives: 


Fast) = He Merial? f aw (2) Fw) Pew - wp) (78) 


We can then proceed as in § C-3 of Chapter XIII to evaluate the integral that 
appears in (78). Compared to a function of w whose width is much larger than 47/t, the 
function F(t, w —wy;) (see Figure 3 of Chapter XIII) behaves like 6(w —wy;). If t is large 
enough to make 47/t < A (A: excitation line width) while remaining small enough for 
the perturbation treatment to be valid, we can, in (78), assume that: 


F(t,w — wy;) © 2at d(w — wei) (79) 
which yields: 


2 
TT 
Pis(t) = ap KvslZlei)? Flugs)t (80) 
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Figure 2: The spectral distribution of the incident flux of electromagnetic energy per unit 
surface. A is the width of this spectral distribution. 





We can write (80) in the form: 


Pi g(t) = CipF(wzi) t (81) 
where: 
An? 
Ciz = = l(vlZ lei) Pa (82) 


and a is the fine-structure constant: 


_ q’ te EE 1 
~ 137 





= == 83 
4treghc hie ie) 

This result shows that #;(t) increases linearly with time. The transition proba- 
bility per unit time Wi, is therefore equal to: 


Wit = CipF (wei) (84) 


Wi, is proportional to the value of the incident intensity for the resonance frequency w f;, 
to the fine-structure constant a, and to the square of the modulus of the matrix element 
of Z, which is related [by (71)] to the oscillator strength of the |yy) < |yp;) transition. 

In this complement, we have considered the case of radiation propagating along 
a given direction with a well-defined polarization state. By averaging the coefficients 
Ciy over all propagation directions and over all possible polarization states, we could 
introduce coefficients B;, analogous to the coefficients C;;, defining the transition prob- 
abilities per unit time for an atom placed in isotropic radiation. The coefficients Bj; 
(and By;) are none other than the coefficients introduced by Einstein to describe the 
absorption (and induced emission). Thus, we see how quantum mechanics enables us to 
calculate these coefficients. 
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Comment: 


A third coefficient, Ay;, was introduced by Einstein to describe the spontaneous emission 
of a photon, which occurs when the atom falls back from the upper state |y;) to the 
lower state |y;). The theory presented in this complement does not explain spontaneous 
emission. In the absence of incident radiation, the interaction Hamiltonian is zero, and 
the eigenstates of Ho (which is then the total Hamiltonian) are stationary states. 


Actually, the preceding model is insufficient, since it treats asymmetrically the atomic 
system (which is quantized) and the electromagnetic field (which is considered classi- 
cally). When we quantize both systems, we find, even in the absence of incident photons, 
that the coupling between the atom and the electromagnetic field continues to have ob- 
servable effects (a simple interpretation of these effects is given in Complement Ky). The 
eigenstates of Ho are no longer stationary states, since Ho is no longer the Hamiltonian 
of the total system, and we can indeed calculate the probability per unit time of sponta- 
neous emission of a photon (cf. Chap. XX, § C-3) . Quantum mechanics therefore also 
enables us to obtain the Einstein coefficient Aj. 


References and suggestions for further reading: 


See, for example: Schiff (1.18), Chap. 11; Bethe and Jackiw (1.21), Part II, 


Chaps. 10 and 11; Bohm (5.1), Chap. 18, §§ 12 to 44. 


For the elastically bound electron model: Berkeley 3 (7.1), supplementary topic 9; 


Feynman I (6.3), Chap. 31 and Feynman II (7.2), Chap. 32. 


For Einstein coefficients: the original article (1.31), Cagnac and Pebay-Peyroula 


(11.2), Chap. III and Chap. XIX, § 4. 


§ 32. 
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subject to a sinusoidal perturbation 
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4 Exercises: applications of this complement .......... 1372 





In the preceding complement, we applied first-order time-dependent perturbation 
theory to the treatment of some effects produced by the interaction of an atomic system 
and an electromagnetic wave: appearance of an induced dipole moment, induced emission 
and absorption processes, etc. 

We shall now consider a simple example, in which it is possible to pursue the per- 
turbation calculations to higher orders without too many complications. This will allow 
us to demonstrate some interesting “non-linear” effects: saturation effects, non-linear sus- 
ceptibility, the absorption and induced emission of several photons, etc. In addition, the 
model we shall describe takes into account (phenomenologically) the dissipative coupling 
of the atomic system with its surroundings (the relaxation process). This will enable us 
to complete the results related to the “linear response” obtained in the preceding com- 
plement. For example, we shall calculate the atom’s induced dipole moment, not only 
far from resonance, but also at resonance. 

Some of the effects we are going to describe are objects of a great deal of research. 
Their study necessitates very strong electromagnetic fields, which cab be obtained only 
with lasers. New branches of research have thus appeared with lasers: quantum electron- 
ics, non-linear optics, etc. The calculation methods described in this complement (for a 
very simple model) are applicable to these problems. 
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Comment: 


The Comment at the end of the introduction of Complement Ax applies to the present com- 
plement as well: here, we limit ourselves to a semi-classical treatment, where the atomic system 
is treated quantum mechanically but the electromagnetic field classically. A full quantum treat- 
ment of both systems will be given in Chapter XX; see in particular Complement Cx x, which 
describes the “dressed atom” method and non-perturbative calculations. 


1. Description of the model 


1-a. Bloch equations for a system of spin 1/2’s interacting with a radiofrequency field 


We shall return to the system described in § 4-a of Complement Fry: a system 
of spin 1/2’s placed in a static field Bo parallel to Oz, interacting with an oscillating 
radiofrequency field and subject to “pumping” and “relaxation” processes. 

If M(t) is the total magnetization of the spin system contained in the cell (Fig. 6 
of Complement Fry), we showed in Complement Fyy that: 


<M) = nyy — Mi +7M(t) x B(t) (1) 


The first term on the right-hand side describes the preparation, or the “pumping” of the 
system: n spins enter the cell per unit time, each one with an elementary magnetization 
Mo parallel to Oz. The second term arises from relaxation processes, characterized by the 
average time 7’ required for a spin either to leave the cell or have its direction changed 
by collision with the walls. Finally, the last term of (1) corresponds to the precession of 
the spins about the total magnetic field: 


B(t) = Boez + Bi(t) (2) 


B(t) is the sum of a static field Boe, parallel to Oz and a radiofrequency field B,(t) of 
angular frequency w. 


Comments: 


(i) The transitions which we shall study in this complement (which connect the 
two states |+) and |—) of each spin 1/2) are magnetic dipole transitions. 
(ii) One could question our using expression (1) relative to average values rather 
than the Schrédinger equation. We do so because we are studying a statistical 
ensemble of spins coupled to a thermal reservoir (via collisions with the cell 
walls). We cannot describe this ensemble in terms of a state vector: we must 
use a density operator (see Complement Ey). The equation of motion of 
this operator is called a “master equation” and we can show that it is exactly 
equivalent to (1) (see Complement Fry, § 3 and 4, and Complement Envy, 
where we show that the average value of the magnetization determines the 

density matrix of an ensemble of spin 1/2’s). 

It turns out that the master equation satisfied by the density operator 
and the Schrédinger equation studied in § C-1 of Chapter XIII have the same 
structure as (1): a linear differential equation, with constant or sinusoidally 
varying coefficients. The approximation methods we describe in this chapter 
are, therefore, applicable to any of these equations. 
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1-b. Some exactly and approximately soluble cases 


If the radiofrequency field B,(¢) is rotating, that is, if: 
B,(t) = Bi(e, coswt + e, sinwt) (3) 


equation (1) can be solved exactly [changing to the frame which is rotating with B, 
transforms (1) into a time-independent linear differential system]. The exact solution of 
(1) corresponding to such a situation is given in § 4-b of Complement Fyy. 

Here, we shall assume B, to be linearly polarized along Oz: 


Bi (t) = Bye, cos wt (4) 


In this case, it is not possible! to find an exact analytic solution of equation (1) (there is 
no transformation equivalent to changing to the rotating frame). We shall see, however, 
that a solution can be found in the form of a power series expansion in B;. 


Comment: 


The calculations we shall present here for spin 1/2’s can also be applied to other 
situations in which we can confine ourselves to two levels of the system and ignore 
all others. We know (cf. Complement Cyy) that we can associate a fictitious spin 
1/2 with any two-level system. The problem considered here is therefore that of 
an arbitrary two-level system subject to a sinusoidal perturbation. 


1-c. Response of the atomic system 


The set of terms which, in M,, M,, M,, depend on B, constitute the “response” 
of the atom to the electromagnetic perturbation. They represent the magnetic dipole 
moment induced in the spin system by the radiofrequency field. We shall see that such a 
dipole moment is not necessarily proportional to By; the terms in B, represent the linear 
response, and the others (terms in B?, B3, ...), the “non-linear response”. In addition, we 
shall see that the induced dipole moment does not oscillate only at the angular frequency 
w, but also at its various harmonics pw (p = 0, 2, 3, 4, ...). 

It is easy to see why we should be interested in calculating the response of the atomic 
system. Such a calculation is useful for the theory of the propagation of an electromagnetic 
wave in a material, or for the theory of atomic oscillators, “masers” or “lasers”. 

Consider an electromagnetic field. Because of the coupling between this field and the 
atomic system, a polarization appears in the material, due to the atomic dipole moments (arrow 
directed towards the right in Figure 1). This polarization acts like a source term in Maxwell’s 
equations and contributes to the creation of the electromagnetic field (arrow directed towards 
the left in Figure 1). When we “close the loop”, that is, when we take the field so created 
to be equal to the one with which we started, we obtain the wave propagation equations in 
the material (refractive index) or the oscillator equations (in the absence of external fields, an 





1A linearly polarized field can be obtained as a superposition of a left and a right circular components. 
It would be possible to find an exact solution for each of these components taken separately. However, 
equation (1) is not linear, in the sense that a solution corresponding to (4) cannot be obtained by 
superposing two exact solutions, one of which corresponds to (3) and the other one to the field rotating 
in the opposite direction [in the term yM x B that appears on the right-hand side of (1), M depends 
on Bj]. 


1359 


COMPLEMENT Bx, @ 





electromagnetic field may appear in the material, if there is sufficient amplification: the system 
becomes unstable and can oscillate spontaneously). In this complement, we shall be concerned 
only with the first step of the calculation (the atomic response). 





Response of the atomic system 


Atomic 


Electromagnetic dipole 


moments 


field 





Maxwell’s equations 


Figure 1: Schematic representation of the calculations to be performed in studying the 
propagation of an electromagnetic wave in a material (or the operation of an atomic 
oscillator, a laser or a maser). We begin by calculating the dipole moments induced in 
the material by a given electromagnetic field (the response of the atomic system). The 
corresponding polarization acts like a source term in Maxwell’s equations and contributes 
to the creation of the electromagnetic field. We then take the field obtained to be equal to 
the one with which we started. 





2. The approximate solution of the Bloch equations of the system 


2-a. Perturbation equations 
As in Complement Fv, we set: 
i == Bq (5) 
w= —7By (6) 


fwo represents the energy difference of the spin states |+) and |—) (Fig. 2). Substituting 
(4) into (2), and (2) into (1), we obtain, after a simple calculation: 














d M,  w 
qa = nko — Tr ae coswt(M_ — M+) (7a) 
d M+ . a 
q+ = =e + iwoM + F iw, cos wtM, (7b) 
with: 
Ms = M, +iMy (8) 
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Figure 2: Energy levels of a spin 1/2 in a static magnetic field Bo; wo is the Larmor 
angular frequency in the field Bo. 





Note that the source term ng exists only in the equation of motion of M,, since 
Lo is parallel to Oz, and the pumping is said to be longitudinal?. We also point out 
that the relaxation time can be different for the longitudinal components (M,) and the 
transverse components (M+) of the magnetization. For the sake of simplicity, we shall 
choose a single relaxation time here. 

Equations (7a) and (7b), called the “Bloch equations”, cannot be solved exactly. 
We shall therefore determine their solution in the form of a power series expansion in wy: 





M, — OM, + Wy OM, + wi QM, Te ea a wy IM, or ae (9a) 
M+ a On ft + Wy Os + wy M4. sh aeee wy My aa (9b) 




















Substituting (9a) and (9b) into (7a) and (7b), and setting equal the coefficients of terms 
in wf, we obtain the following perturbation equations: 






































n=0 : 
d 1 
OO irae pees 0) 1 
ay M, = no Tr M., (10a) 
OG 2d Oy cca (10b) 
dpi ss ie cee = 

n#0: 
2 A, = wees (MM, + © cos wt[—)) M_ aera) (11a) 
dt TR 2 
d 1 
— MM 4 = —— MM 4 + iw MMs F icos wt "" YM, (11b) 
dt Tr 





In certain experiments, the pumping is “transverse” (40 is perpendicular to Bo). See exercise 1 at 
the end of this complement. 
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2-b. The Fourier series expansion of the solution 


Since the only time-dependent terms on the right-hand side of (10) and (11) are 
sinusoidal, the steady-state solution of (10) and (11) is periodic, of period 27/w. We can 
expand it in a Fourier series: 








+00 
Mes: So AMM ee (12a) 
p=—-co 
+00 
M4 = S> My eipwt (12b) 
p=—-c 


OM, and CAA 4 represent the pw Fourier components of the nth-order solution. 
By taking (YM, real and (M, and ‘M_ as complex conjugates of each other, 
we obtain the following reality conditions: 





ome = (a)! (3a) 
Ms = [Sma] (13b) 











Substituting (12a) and (12b) into (10) and (11), and setting equal to zero the 
coefficient of each exponential e’?*, we find: 














n=0: 
OMe = nuoTrR 
OM,=0 ifp#0 (14) 
OW. =0 for any p 
n#0 
ipo =) Om, =* |b a Mote Oc = SM M4] 
Tipe Pee a ers ~ pti 
(15a) 
ins F wo) + 7|$ My = = #5 ae M+ eam. | (15b) 
These algebraic equations can be solved immediately: 
n a n-1) os 1 (n—1) (n=1) 
(OM, = > | 9m_ + PYM = SM = OPM] 
4 (ipw + t:) 
(16a) 
n = a (n-1) (n-1) 
Ms =F H aM, + 9M. (16b) 
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Thus, expressions (16) give the nth-order solution explicitly in terms of the (n — 1)th- 
order solution. Since the zeroth-order solution is known [cf. equations (14)], the problem 
is, in theory, entirely solved. 


2-c. The general structure of the solution 


It is possible to arrange the various terms of the expansion of the solution in a 
double-entry table in which the perturbation order n labels the columns and the degree 
p of the harmonic pw being considered labels the rows. To zeroth-order, only OM, is 
different from zero. By iteration, using (16), we can deduce the other non-zero higher- 
order terms (table I), thus obtaining a “tree-like structure”. The following properties can 
be found directly by recurrence, using (16): 


(2) At even perturbation orders, only the longitudinal magnetization is modified; at 
odd orders, only the transverse magnetization. 


(ii) At even perturbation orders, only the even harmonics are involved; at odd orders, 
only the odd harmonics. 





(iit) For each value of n, the values of p to be retained are n, n — 2, ... -n +2, —n. 
2 
(3) a“ 
p= 3 a 
* a a 
p= 2 Orr, 
rw 
a) ae (3) we 
pod 1M, 14, 
(0) 7 (2) ~" 2 
Pp = 0%, 0%, Th 
woe we 
ay 7 ™ 03) ee 
p=-1 “1M, -14, 
= “a 7 ie 
p=-2 3M, 
i = 
= -—3 ™ 0) ao 
P 3M, 
ee 
™ 
n=0 n=1 n=2 n=3 


Table I: Double-entry table indicating the pw Fourier components of the magnetization 
that are non-zero to the nth perturbation order in wy. 
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Comment: 
This structure is valid only for a particular polarization of the radiofrequency field 


Bi(t) (perpendicular to Bo). Analogous tables could be constructed for other 
radiofrequency polarizations. 


3. Discussion 


We shall now interpret the results of this calculation, through third order. 


3-a. Zeroth-order solution: competition between pumping and relaxation 


According to (14), the only non-zero zeroth-order component is: 
OM, = nuoTrR (17) 


In the absence of radiofrequency fields, there is only a static longitudinal magnetization 
(p = 0). Since M,, is proportional to the population difference of the states |+) and |—) 
shown in Figure 2 (cf. Complement Eyy), it can also be said that the pumping populates 
these two states unequally. 

The larger the number of particles entering the cell (the more efficient the pumping) 
and the longer T’p (the slower the relaxation), the larger OM. The zeroth-order solution 
(17) therefore describes the dynamic equilibrium resulting from competition between the 
pumping and relaxation processes. 

From now on, in order to simplify the notation, we shall set: 


Mo = Mz (18a) 
TR= : (18b) 
R= Tr 
3-b. First-order solution: the linear response 


To first order, only the transverse magnetization M. is different from zero. Since 
M, = M*, it suffices to study M . 


Q. Motion of the transverse magnetization 








According to Table I, for n = 1, we have p = +1. Setting n = 1 and p = +1 in 
(16b), using (18), we get: 








() Mo 1 

,= ot i 
ie 2 wo-wt+ilp (229) 
Qy, — Mo l 19b 
SE eres ve 


Substituting these expressions into (12b) and then into (9b), we obtain M4 to first 
order in wy: 


Mo et eT wt 


Ms a 
pg = |i = abe ag hGeie 


(20) 
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The point representing M4, describes the same motion in the complex plane as the 
projection M_ of M in the plane perpendicular to Bo. According to (20), this motion 
results from the superposition of two circular motions with the same angular velocity, 
one of them right circular (the e*” term) and the other left circular (the e~**? term). 
The resulting motion, in the general case, is therefore elliptical. 


B. Existence of two resonances 


The right circular motion has a maximum amplitude when wo = w, and the left 
circular motion, when wo = —w. My, therefore presents two resonances (while for a 
rotating field, there was a single resonance; see Complement Fry). The interpretation 
of this phenomenon is as follows: the linear radiofrequency field can be broken down 
into a left and a right circular field, each of which induces a resonance; since the rotation 
directions are opposed, the static fields Bo for which these resonances appear are opposed. 


y. Linear susceptibility 


Near a resonance (wp ~ w, for example), we can neglect the non-resonant term in 

(20). We then get: 
Mo eit 
My = —— 21 

er eae 2 wo—wt+ilp ( 
M4, is therefore proportional to the rotating radiofrequency field component in the di- 
rection corresponding to the resonance, B, e'*/2 in this case. 

The ratio of M4 to this component is called the linear susceptibility y(w): 


x(w) = ANN are (22) 


y(w) is a complex susceptibility because of the existence of a phase difference between 
M<_, and the rotating component of the radiofrequency field responsible for the resonance. 

The square of the modulus of y(w) has the classical resonant form in the neigh- 
borhood of w = wo (Fig. 3), over an interval of width: 


2 
Aw = 20 p = — 23 
Ww R= Fe (23) 
The longer the relaxation time Tz, the sharper the resonance curve. From now on, we 
shall assume that the two resonances wo = w and wo = —w are completely separated, i.e. 
that: 
w/TR=wTp>1 (24) 





The phase difference varies from 0 to +7 when we pass through resonance. It is 
equal to +7/2 at resonance: it is when M_ and the rotating component are out of phase 
by 2/2 that the work of the couple exerted by the field on M is maximal. The sign of 
this work depends on the sign of Mo, that is, on that of ug: it depends on whether the 
spin states of the entering particles are |+) or |—). In one case (spins entering in the 
lower level), the work is furnished by the field, and energy is transferred from the field to 
the spins (absorption). In the opposite case (particles entering in the higher level), the 
work is negative, and energy is transferred from the spins to the field (induced emission). 
The latter situation occurs in atomic amplifiers and oscillators (masers and lasers). 
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Figure 3: Variation of the square of the modulus |x(w)|? of the linear susceptibilite of the 


spin system, with respect to w. A resonance appears, of width 2/Tr, centered at w = wo. 





3-c. Second-order solution: absorption and induced emission 


To second order, according to Table I, only OM, and OM, are non-zero. First, 


we shall study QM., that is, the static population difference of the states |+) and |—) 


to second order. We shall then consider 2 Mz, that is, the generation of the second 
harmonic. 








a. Variation of the population difference of the two states of the system 


ato corrects the zeroth-order result obtained for OM. According to (16a) and 
(13b): 


2 @ fa 1 1 1 
0M = gem [PM + SIM ~My — M4] 
a 1 * * 
= gry (a + Pty — 9M, — Sg] (25) 
which, according to first-order solutions (19a) and (19b), yields: 


(2) Mo 1 1 
20> 2 
gn 4 loca rae cm wrayaT| 78) 





Grouping the static terms (p = 0) through second order in (9a), we get: 


w? 1 1 
5 ooh 3 a | Wes 
4 |(w—wo)?+TR (w+u)? +R 





M, (static) = Mo {1 (27) 


Figure 4 represents this static longitudinal magnetization as a function of wo. 
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Figure 4: Variation of the static longitudinal magnetization with respect to Wo. To second 
order in the perturbation treatment, there appear two resonances of width 2/Tr, centered 
at wo = WwW and wy = —w. The calculation is valid only if the relative intensity of the 
resonances is small, that is, if wiTrR <1. 





The population difference is therefore always decreased, to second order, relative to 
its value in the absence of radiofrequency, and the decrease is proportional to the intensity 
of the radiofrequency field. This is simple to understand: under the effect of the incident 
field, transitions are induced from |+) to |—) (induced emission) or from |—) to |+) 
(absorption); whatever the sign of the initial population difference, the transitions from 
the more populated state are the more numerous, so that they decrease the population 
difference. 


Comment: 


The maximum value of w7 PM. is Mow?/40 = Mow}T7/4 (the resonance 
amplitude which appears as a dip in Figure 4). For the perturbation expansion to 
make sense, it is therefore necessary that: 


wiTrR <1 (28) 


1367 


COMPLEMENT Bx, @ 





B. Generation of the second harmonic 
According to (16a), (13b), (19a) and (19b): 





ie 1 Oiyye a) 
aE = APR) [Shae : Ma 
___ Mo : : (29) 
8(2w — iT R) wotw—ilp Wo —w+itR 


Qa, describes a vibration of the magnetic dipole along Oz at the angular fre- 
quency 2w. The system can therefore radiate a wave of angular frequency 2w, polarized 
(as far as the magnetic field is concerned) linearly along Oz. 

Thus, we see that an atomic system is not generally a linear system. It can double 
the excitation frequency, triple it (as we shall see later), etc. The same type of phe- 
nomenon exists in optics for very high intensities (“non-linear optics”): a red laser beam 
(produced, for example, by a ruby laser) falling on a material such as a quartz crystal 
can give rise to an ultraviolet light beam (doubled frequency). 


Comment: 

It will prove useful to compare \PM.| and PMI in the neighborhood of wo = w. 

According to (29), for w ~ wo, we have: 
Mo 

1l6wol'R 

Similarly, (26) indicates that: 


r4 1 ~ Mo 1 
0 M,| _ 472, (3 ) 





ISM.| ~ (30) 


Therefore, for w ~ wo: 


IPMezl Tr 1 : 
Qhyi deg. - ogi © 
lo Mz| “Wo SWolR 








(32) 
according to (24). 


3-d. Third-order solution: saturation effects and multiple-quanta transitions 

To third order, Table I shows that only 8 Ms and BM are non-zero; it suffices 
to study 8M 4. 

Day, corrects to third order the right circular motion of M__, found to first order 














and analyzed in § 3-b above. We shall see that Say, corresponds to a saturation effect 
in the susceptibility of the system. 

Bay, represents a new component of the motion of M__, of angular frequency 
3w of the motion of M_ (generation of the third harmonic). Moreover, the resonant 
nature of Qa, in the neighborhood of wo = 3w can be interpreted as resulting from 
the simultaneous absorption of three radiofrequency photons, a process which conserves 
both the total energy and the total angular momentum. 
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Q. Saturation of the susceptibility of the system 
According to (16b): 


(yy, 1 1 (2) ay 33 
I % 2wWo9 —wt+il'R a Mz +4 * ( ) 
Since we are interested in the correction to the right circular motion discussed in § 3.b, 
which is resonant at w = wo, we shall place ourselves in the neighborhood of wo = w. We 
can then, according to the comment in the preceding section [cf. formula (32], neglect 
Qn, compared to QM. Thus we obtain, using expression (26) for OOM. (neglecting 


the term whose resonance peak is at wo = —w): 


Mo 1 1 
8 wo-—wt+ilp (w — wo)? +T% 





PM, ~ (34) 


If we regroup results (34) and (19a), we find the expression for the right circular 
motion of M at the frequency w/27, to third order in w: 


M4 (right circular) = 
Mo et 1 we 1 | 


35 
2 wo-wtitp 4 (w—wo)? +1? (35) 





Wy 


Comparing (35) and (21), we see that the susceptibility of the system goes from 
value (22) to the value: 





1 wi 1 
— 1 
x(w) TAG —w+ipR A (wo —w)? + =| (36) 


It is therefore multiplied by a factor smaller than one; the greater the intensity of the 
radiofrequency field and the nearer we are to resonance, the smaller the factor. The 
system is then said to be “saturated”. The w? term of (36) is called the “non-linear 
susceptibility”. 

The physical meaning of this saturation is very clear. A weak electromagnetic field 
induces in the atomic system a dipole moment which is proportional to it. If the field 
amplitude is increased, the dipole cannot continue to increase proportionally to the field. 
The absorption and emission transitions induced by the field decrease the population 
difference of the atomic states involved. Consequently, the atomic system responds less 
and less to the field. Furthermore, we see that the term in brackets in (36) is none other 
than the term that expresses the decrease in the population difference to second order 
(cf. formula (27), in which the term resonant at wo = —w was neglected]. 


Comment: 


The saturation terms play a very important role in all maser or laser theories. Consider 
Figure 1 again. If we keep only the linear response term in the first step of the calculation 
(arrow directed to the right), the induced dipole moment is proportional to the field. If the 
material amplifies (and if the losses of the electromagnetic cavity are sufficiently small), 
the reaction of the dipole on the field (arrow directed to the left) tends to increase the 
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field by a quantity proportional to it. Thus, we obtain for the field a linear differential 
equation which leads to a solution which increases linearly with time. 


It is the saturation terms that prevent this unlimited increase. They lead to an 
equation whose solution remains bounded and approaches a limit which is the steady- 
state laser field in the cavity. Physically, these saturation terms express the fact that the 
atomic system cannot furnish the field with an energy greater than that corresponding 
to the population difference initially introduced by the pumping. 


B. Three-photon transitions 
According to (16b) and (29): 


Giggs a * 1 (2) 
See 9 oy —S8u taba? * 
Mo 1 1 1 1 





= 37 
16 wo-—38wtiTrR 2w-—TR |lwotw—iaTpr Wo —w+itR ( ) 


With respect to the term Sa, we could make the same comment as for QM, 
the atomic system produces harmonics of the excitation frequency (here, the third har- 
monic). 

The difference with the discussion of the preceding section relative to OM, is the 
appearance of a resonance centered at wo = 3w [due to the first resonant denominator 
of (37)]. 

We can give a particle interpretation of the wo = w resonance discussed in the 
preceding sections: the spin goes from the state |—) to the state |+) by absorbing a 
photon (or emitting it, depending on the relative positions of the |+) and |—) states). 
There is resonance when the energy hw of the photon is equal to the energy hwy of the 
atomic transition. We could give an analogous particle interpretation of the wo = 3w 
resonance. Since iw p = 3hw, the transition necessarily involves three photons, since the 
total energy must be conserved. 

We may wonder why no resonance has appeared to second order for hwo = 2hw 
(two-photon transition). The reason is that the total angular momentum must also be 
conserved during the transition. The linear radiofrequency field is, as we have already 
said, a superposition of two fields rotating in opposite directions. With each of these 
rotating fields are associated photons of a different type. For the right circular field, it is 
o* photons, transporting an angular momentum +A relative to Oz. For the left circular 
field, it is o~ photons, transporting an angular momentum —h. To go from the |—) state 
to the |+) state, the spin must absorb an angular momentum +A relative to Oz (the 
difference between the two eigenvalues of S,). It can do so by absorbing a o* photon; 
if wo = w, there is also conservation of the total energy, which explains the appearance 
of the wo = w resonance. The system can also acquire an angular momentum +f by 
absorbing three photons (Fig. 5): two o* photons and one o~ photon. Therefore, if 
wo = 3w, both energy and total angular momentum can be conserved, which explains 
the wo = 3w resonance. On the other hand, two photons can never give the atom an 
angular momentum +h: either both photons are o* and they carry 2h, or they are both 
o~ and they carry —2h, or one is o* and one is o~ and they carry no total angular 
momentum. 
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Figure 5: The spin can go from the |—) state to the |+) state by absorbing three photons 
of energy hw. The total energy is conserved if hwo = 3hw. The angular momentum is 
conserved if two photons have a at polarization (each carries an angular momentum +h 
relative to Oz) and the third has a o~ polarization (it carries an angular momentum 


hi). 





These arguments can easily be generalized and enable us to show that resonances 
appear when wo = w, 3w, 5w, Tw, ..., (2n+1)w, ..., corresponding to the absorption of an 
odd number of photons. Furthermore, we see from formula (16b) that eM gives 
rise to a resonance peak for wo = (2n + 1)w. Nothing analogous occurs at even orders 


since, according to Table I, we must then use equation (16a). 


Comments: 


(i) If the field B, is rotating, there is only one type of photon, o* or a~. The 
same argument shows that a single resonance can then occur, at wo = w if the 
photons are at and at wo = —w if they are o~. This enables us to understand 
why the calculations are much simpler for a rotating field and lead to an exact 
solution. It is instructive to apply the method of this complement to the case 
of a rotating field and to show that the perturbation series can be summed 
to give the solution found directly in Complement Fry. 


(it) Consider a system having two levels of different parities, subject to the in- 
fluence of an oscillating electric field. The interaction Hamiltonian then has 
the same structure as the one we are studying in this complement: S$, has 
only non-diagonal elements. Similarly, the electric dipole Hamiltonian, since 
it is odd, can have no diagonal elements. In the second case, the calculations 
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are very similar to the preceding ones and lead to analogous conclusions: res- 
onances are found for wo = w, 3w, 5w, .... The interpretation of the “odd” 
nature of the spectrum is then as follows: the electric dipole photons have a 
negative parity, and the system must absorb an odd number of them in order 
to move from one level to another of different parity. 


(iit) For the spin 1/2 case, assume that the linear radiofrequency field is neither 
parallel nor perpendicular to Bo (Fig. 6). B, can then be broken down into 
a component parallel to Bo, B,, with which are associated m photons (with 
zero angular momentum relative to Oz), and a component B,,, with which, 
as we have seen, at and o~ photons are associated. In this case, the atom 
can increase its angular momentum relative to Oz by +h, and move from |—) 
to |+), by absorbing two photons, one o* and the other 7. It can be shown, 
by applying the method of this complement, that for this polarization of the 
radiofrequency, a complete (even and odd) spectrum of resonances appears: 
Wo = W, 2w, 3w, 4u, ... 





Figure 6: The static magnetic field Bo and 
the radiofrequency field Bi, in the case in 
which B, is neither parallel nor perpendicu- 
lar to Bo. Byy and By, are the components 
of B, parallel and perpendicular to Bo. 








4. Exercises: applications of this complement 


EXERCISE 1 

In equations (1), set w; = 0 (no radiofrequency) and choose po parallel to Ox 
(transverse pumping). 

Calculate the steady-state values of Mz, My and M,. Show that M, and M, 
undergo resonant variations when the static field is swept about zero (the Hanle effect). 
Give a physical interpretation of these resonances (pumping in competition with Larmor 
precession) and show that they permit the measurement of the product yTp. 
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EXERCISE 2 

Consider a spin system subjected to the same static field Bp and to the same 
pumping and relaxation processes as in this complement. These spins are also subjected 
to two linear radiofrequency fields, the first one of angular frequency w and amplitude 
By, parallel to Oz, and the second one of angular frequency w’ and amplitude B}, parallel 
to Ox. 

Using the general methods described in this complement, calculate the magneti- 
zation M of the spin system to second order in w; = —yB, and wi = —yBj (terms in 
w?, wi2, wiw)). We fix wo = —yBo and w;. Assume wo > w, and let w’ vary. Show that, 
to this perturbation order, two resonances appear, one at w’ = wo — w and the other at 
w’ =wo tw. 

Give a physical interpretation of these two resonances (the first one corresponds 
to a two-photon absorption, and the second, to a Raman effect). 


References and suggestions for further reading: 


See section 15 of the bibliography. 

Semiclassical theories of masers and lasers: Lamb (15.4) and (15.2), Sargent et al. 
(15.5), Chap. VIII, IX and X. 

Non-linear optics: Baldwin (15.19), Bloembergen (15.21), Giordmaine (15.22). 

Iterative solution of the master equation: Bloembergen (15.21), Chap. 2, §§ 3, 4 
and 5 and Appendix III. 

Multiphoton processes in R. F. range, Hanle effect: Brossel’s lectures in (15.2). 
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Complement Cx 


Oscillations of a system between two discrete states under the effect 
of a sinusoidal resonant perturbation 





1 The method: secular approximation .............. 1374 
2 Solution of the system of equations .............. 1375 
3 DISCUSSION. $6,265 Bosdi sd Be Ze ah onl ete Fah Pa ecto ae er a oid eS ta ah eal OE 1376 





The approximation method used to calculate the effect of a resonant perturbation 
in Chapter XIII is not valid over long periods of time. We have seen [cf. condition (C-18) 
of this chapter] that t must satisfy: 


h 
t<—— (1) 
|W: 
Suppose we want to study the behavior of a system subjected to a resonant perturbation 
over a considerable time [for which condition (1) is not satisfied]. Since the first-order 
solution is then insufficient, we could try to calculate a certain number of higher-order 
terms to obtain a better expression for Y;¢(t; w): 


2 
Pi g(t; 0) = [ABM (t) + 70P)(z) + OP) +... (2) 


Such a method would lead to unnecessarily long calculations. 

We shall see here that it is possible to solve the problem more elegantly and rapidly 
by fitting the approximation method to the resonant nature of the perturbation. The 
resonance condition w ~ wy; implies that only the two discrete states |y;) and |yr) are 
effectively coupled by W(t). Since the system, at the initial instant, is in the state |y;) 
[b;(0) = 1], the probability amplitude b,(t) of finding it in the state |yy) at time t can be 
appreciable. On the other hand, all the coefficients b,(t) (with n # i, f) remain much 
smaller than 1 since they do not satisfy the resonance condition. This is the basis of the 
method we shall use. 


1. The method: secular approximation 


In Chapter XIII, we replaced all the components b;,(t) on the right-hand side of (B-11) 
by their values b;,(0) at time t = 0. Here, we shall do the same thing for the components 
for which k # i, f. However, we shall explicitly keep 6;(t) and by(t). Thus, in order to 
determine 6,(t) and b,(t), we are led to the system of equations [the perturbation having 
the form (C-la) of Chap. XII]: 


ih il t) = » {(e*" —e 4) Wabi (t) + enn! 7 eee Wiybs(t)} 
. d 1 Uw+w f; —tlw—w Ww tw 
insby(t) = = { [eK writ gil a Wibi(t) + [et — e-™*] Wy pby(t)} (3) 
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On the right-hand side of these equations, certain coefficients of b;(t) and by(t) are 
proportional to e#*’—“s)*, so they oscillate slowly in time when w ~ w fie 

On the other hand, the coefficients proportional either to e+* or to e7 
oscillate much more rapidly. Here, we shall use the secular approximation, which consists 
in neglecting the second type of terms. The remaining ones, called “secular terms”, are 
then those whose coefficients reduce to constants for w = wy;. When integrated over 
time, they make significant contributions to the variations of the components b;(t) and 
by(t). On the other hand, the contribution of the other terms is negligible, since their 
variation is too rapid (the integration of e*®’ causes a factor 1/Q to appear, and the 
average value of e“*! over a large number of periods is practically zero). 











bi(w-+w py )t 


Comment: 


For the preceding argument to be valid, it is necessary for the temporal variation 
of a term eb; ¢(t) to be due principally to the exponential, and not to the 
component 0,, s(t). Since w is very close to wy;, this means that };, ;(¢) must 
not significantly vary over a time interval of the order of 1/|wy;|. This is indeed 
true with the assumptions we have made, that is, with W < Ho. The variations 
of 6;(t) and b(t) (which are constants if W = 0) are due to the presence of 
the perturbation W, and are appreciable for times of the order of h/|W;,| [this 
can be verified directly from formulas (8), obtained below]. Since by hypothesis 
|Wis| < hlwy;|, this time is much greater than 1/|w;|. 


In conclusion, the secular approximation leads to the system of equations: 


d 1, 

Mp ce Azee i(w—w pi )t : 

qplilt) Th Wipbs(t) (4a) 
d Tae 

mas — er -tlw-wsit yp. 

qt 8) he Widi(t) (4b) 


whose solution, very close to that of system (3), is easier to calculate, as we shall see in 
the next section. 


2. Solution of the system of equations 


We shall begin by considering the case for which w = wy;. Differentiating (4a) and 
substituting (4b) into the result, we obtain: 


@ 1 ; 
qa bil?) 7 ~ apa |Wril b,(t) (5) 


Since the system is in the state |y;) at time t = 0, the initial conditions are: 


b;(0) =1 (6a) 
b;(0) =0 (6b) 
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which, according to (4), gives: 








db; 
—(0) =0 7 
7 (0) (7a) 
dbs. Wri 
ah. = on (7b) 
The solution of (5) that satisfies (6a) and (7a) can be written: 
ness |W pilt 
b;(t) = cos ( Oh (8a) 
We can then calculate by from (4a): 
supe gi, ( Weilt 
bp(t) = eh 8b 
j(t) = er sin (TE (8b) 


where af; is the argument of W;;. The probability Y;¢(t;w = wy,;) of finding the system 
in the state |y,) at time t is therefore, in this case, equal to: 


When w is different from w ; (while remaining close to the resonance value), the 
differential system (4) is still exactly soluble. In fact, it is completely analogous to the one 
we obtained in Complement Fry [cf. equation (15)] in studying the magnetic resonance 
of a spin 1/2. The same type of calculation as in that complement leads to the analogue 
of relation (27) (Rabi’s formula), which can be written here: 


|Wi sl? a) |W Fi |? ot 
ipa eres 1 
P(t; w) Wyk +B(w — wp? sin =) + (w —wyi) 5 (10) 


[when w = wy;, this expression does reduce to (9)]. 


3. Discussion 


The discussion of the result obtained in (10) is the same as that of the magnetic resonance 
of a spin 1/2 (cf. Complement Fry, § 2-c). The probability Y;¢(t;w) is an oscillating 
function of time; for certain values of t, Ai¢(t;w) = 0, and the system has gone back 
into the initial state |y;). 

Furthermore, equation (10) measures the magnitude of the resonance phenomenon. 
When w = wy;, however small the perturbation is, it can cause the system to move 
completely from the state |p;) to the state |yy)*. On the other hand, if the perturbation 
is not resonant, the probability A; f(t; w) always remains less than 1. 

Finally, it is interesting to compare the result obtained in this complement with 
the one obtained using the first-order theory in Chapter XIII. First of all, note that, 





1The magnitude of the perturbation, characterized by |W,|, enters, at resonance, only into the time 
taken by the system to move from |y;) to |p s). The smaller |W,;|, the longer the time. 
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for all values of t, the probability Y;-(t;w) obtained in (10) is included between 0 and 
1. The approximation method used here therefore enables us to avoid the difficulties 
encountered in Chapter XIII (cf. § C-2-c-8). When we let t approach zero in (9), we 
get (C-17) of this chapter. Thus, first-order perturbation theory is indeed valid for t 
sufficiently small (cf. comment of § B-3-b). It amounts to replacing the sinusoid which 
represents Y;(t;w) as a function of time by a parabola. 
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Complement Dyin 


Decay of a discrete state resonantly coupled 
to a continuum of final states 








1 Statement of the problem .................66.8. 1378 
2 Description of the model ...............50502004 1379 
2-a Assumptions about the unperturbed Hamiltonian Ho... . . 1379 
2-b Assumptions about the coupling W .............. 1380 
2-c Results of first-order perturbation theory ........... 1380 
2-d Integrodifferential equation equivalent to the Schrédinger equa- 

HON ee kk Ske PE ee oe a MO ewe A SS 1382 

3 Short-time approximation. Relation to first-order pertur- 
Dations theory és cree hh te BNE. case ee alia a) ot ah ee tae le Re ae 1383 

4 Another approximate method for solving the Schrédinger 
CQ UATION ia a, 8. cece es ter a al dk BS oe es eg A Sd 1385 
5 Discussion. 4.086.224 s1hch Sy Ro eMac Ak ee SE a Te ee 1386 
5-a Lifetime of the discrete state ...............0-. 1386 
5-b Shift of the discrete state due to the coupling with the continuum1387 
5-c Energy distribution of the final states ..........02.. 1388 

1. Statement of the problem 


In § C-3 of Chapter XIII, we showed that the coupling induced by a constant perturbation 
between an initial discrete state of energy E; and a continuum of final states (some of 
which have an energy equal to F;) causes the system to go from the initial state to 
this continuum of final states. More precisely, the probability of finding the system in 
a well-defined group of states of the continuum at time t increases linearly with time. 
Consequently, the probability Y;;(¢) of finding the system in the initial state |y,;) at time 
t must decrease linearly over time from the value #;;(0) = 1. It is clear that this result 
is valid only over short times, since extrapolation of the linear decrease of Y;;(t) to long 
times would lead to negative values of Y;;(t), which would be absurd for a probability. 
This raises the problem of determining the long-time behavior of the system. 

We encountered an analogous problem when we studied the resonant transitions 
induced by a sinusoidal perturbation between two discrete states |y;) and |y;). First- 
order perturbation theory predicts a decrease proportional to t? of Y;;(t) from the initial 
value Y;;(0) = 1. The method presented in Complement Cx shows that the system 
actually oscillates between the states |p;) and |yz). The decrease with ¢? found in § C 
of Chapter XIII merely represents the “beginning” of the corresponding sinusoid. 

We might expect an analogous result in the problem with which we are concerned 
here (oscillations of the system between the discrete state and the continuum). We shall 
show that this is not the case: the physical system leaves the state |y;) irreversibly. We 
find an exponential decrease e~'* for Y;;(t) (for which the perturbation treatment gives 
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only the short-time behavior 1 — Tt). Thus, the continuous nature of the set of final 
states causes the reversibility found in Complement Cx to disappear; it is responsible 
for a decay of the initial state, which thus acquires a finite lifetime (unstable state; cf. 
Complement Ku). 

The situation envisaged in the present complement is very frequently encountered 
in physics. For example, a system, initially in a discrete state, can split, under the effect 
of an internal coupling (described, consequently, by a time-independent Hamiltonian 
W), into two distinct parts whose energies (kinetic in the case of material particles and 
electromagnetic in the case of photons) can have, theoretically, any value; this gives 
the set of final states a continuous nature. Thus, in a-decay, a nucleus initially in a 
discrete state is transformed (via the tunnel effect) into a system composed of an a- 
particle and another nucleus. A many-electron atom A initially in a configuration (cf. 
Complements Axry and Bxry) in which several electrons are excited can, under the effect 
of electrostatic interactions between electrons, give rise to a system formed of an ion AT 
and a free electron (the energy of the initial configuration must, of course, be greater 
than the simple ionization limit of A): this is the “autoionization” phenomenon. We can 
also cite the spontaneous emission of a photon by an excited atomic (or nuclear) state: 
the interaction of the atom with the quantized electromagnetic field couples the discrete 
initial state (the excited atom in the absence of photons) with a continuum of final states 
(the atom in a lower state in the presence of a photon of arbitrary direction, polarization 
and energy). Finally, we can mention the photoelectric effect, in which a perturbation, 
now sinusoidal, couples a discrete state of an atom A to a continuum of final states (the 
ion At and the photoelectron e7). 

These few examples of unstable states taken from various domains of physics are 
sufficient to underline the importance of the problem we are treating in this complement. 


2. Description of the model 


2-a. Assumptions about the unperturbed Hamiltonian Ho 


To simplify the calculations as much as possible, we shall make the following as- 
sumptions about the spectrum of the unperturbed Hamiltonian Hp. This spectrum 
includes: 


(z) a discrete state |y;) of (non-degenerate) energy F;: 
Ao|pi) = Exiles) (1) 
(iz) a set of states |a) forming a continuum: 


Ho|a) = Ela) (2) 


F can take on a continuous infinity of values, distributed over a portion of the real axis 
including E;. We shall assume, for example, that £ varies from 0 to +o: 


E>0 (3) 


Each state |@) is characterized by its energy EF and a set of other parameters which 
we shall denote by @ (as in § C-3-a-6 of Chapter XIII). |a) can therefore also be written 
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in the form |8,£). We have [cf. formula (C-28) of Chap. XIII]: 
da = p(B, E)dgaE (4) 


where p(3, F) is the density of final states. 
The eigenstates of Ho satisfy the following relations (orthogonality and closure 
relations): 


(yilpi) = 1 (5a) 
(vila) = 0 (5b) 
(ala’) = 6(a — a’) (5c) 


Iva) (vil + [ee la}{a| = 1 (6) 


2-b. Assumptions about the coupling W 


We shall assume that W is not explicitly time-dependent and has no diagonal 
elements: 


(yi|W |i) = 0 
(a|W\a) =0 (7) 


(if these diagonal elements were not zero, we could always add them to those of Ho, 
which would simply amount to changing the unperturbed energies). Similarly, we shall 
assume that W cannot couple two states of the continuum: 


(a|W|a’) =0 (8) 


The only non-zero matrix elements of W are then those connecting the discrete state 
\yi) with the states of the continuum. It is these matrix elements, (a|W|y;), that are 
responsible for the decay of the state |y;). 


The preceding assumptions are not too restrictive. In particular, condition (8) is very 
often satisfied in the physical problems alluded to at the end of § 1. The advantage of this 
model is that it enables us to investigate the physics of the decay phenomenon without too 
many complicated calculations. The essential physical conclusions would not be modified by 
using a more elaborate model. 


Before taking up the new method for solving the Schrédinger equation which we are 
describing in this complement, we shall indicate the results of the first-order perturbation 
theory of Chapter XIII as they apply to this model. 


2-c. Results of first-order perturbation theory 


The discussion of § C-3 of Chapter XIII enables us to calculate [using, in particular, 
formula (C-36)] the probability of finding the physical system at time ¢ (initially in 
the state |y,;)) in a final state of arbitrary energy belonging to a group of final states 
characterized by the interval 6G, around the value 6. 
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Here, we shall concern ourselves with the probability of finding the system in 
any of the final states |a): neither F nor 6 is specified. We must therefore integrate 
expression (C-36) of Chapter XIII with respect to 8, which gives the probability density 
[the integration over the energy was already performed in (C-36)]. Thus, we introduce 
the constant: 


_ 20 


T 
h 


dg |(8,E= E,|W\p)’ (8, £ = Ei) (9) 
The desired probability is then equal to Tt. With the assumptions of § 2-a, it represents 
the probability of the system having left the state |y;) at time t. If we call Y,;(t) the 
probability that the system is still in this state at time t, we have: 


PAy(t) =1-Tt a) 


In the discussion of the following sections, it is important to recall the validity 
conditions for (10): 


(2) Expression (10) results from a first-order perturbation theory which is valid only if 
f(t) differs only slightly from its initial value Y;;(0) = 1. We then must have: 
1 


t<p (11) 


(ii) Furthermore, (10) is valid only for sufficiently long times ¢. 


To state the second condition more precisely, and to see, in particular, if it is 
compatible with (11), we return to expression (C-31) of Chapter XIII (8 and E are no 
longer constrained to vary only inside the intervals 68, and dE,). Instead of proceeding 
as we did in Chapter XIII, we shall integrate the probability density appearing in (C-31), 
first over G and then over EF. The following integral then appears: 


af dr(.= =") xm (12) 


where K(£), which results from the first integration over 6, is given by: 





K(E) = / d6 |(8, E|W|vi)l? (8, E) (13) 


F (t, 25) is the diffraction function defined by (C-7) of Chapter XIII, centered at 
E = E;, and of width 47h/t. 

Let hA be the “width” of K(£): RA represents the order of magnitude of the E 
variation needed for K(F) to change significantly (cf. Fig. 1). As soon as ¢ is sufficiently 


large that: 





1 
t>F (14) 


F (t, **) behaves like a “delta function” with respect to K(E). Using relation (C-32) 
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Figure 1: Variation of the functions K(E) and F (t, BoE.) with respect to E. The 
respective “widths” of the two curves are of the order of hA and 4rh/t. For sufficiently 


large t, F (t, EF.) behaves like a “delta function” with respect to K(E). 








of Chapter XIII, we can then write (12) in the form: 


pee 5(E — E,) K(E)= nt Kener (15) 


21 
—t 


A 
since by comparing (9) and (13), it can easily be seen that: 
2a 
>| K(B=58)=P (16) 


Again we find that the linear decrease appearing in (10) is valid only if ¢ is large 
enough to satisfy (14). 
Conditions (11) and (14), obviously, are compatible only if: 


A>? (17) 


We have thus given a quantitative form to the condition stated in the note of Chap. XIII 
on page 1318. In the rest of this complement, we shall assume that inequality (17) is 
satisfied. 


2-d. Integrodifferential equation equivalent to the Schrodinger equation 


It is easy to adapt expressions (B-11) of Chapter XIII to the case we are studying 
here. 
The state of the system at time t can be expanded on the {|y;), |a)} basis: 


I(t) = By(t) e/g.) 4 / devb(o, t) e2/"|a) (18) 
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When we substitute state vector (18) into the Schrédinger equation, using the assump- 
tions stated in §§ 2-a and 2-b, we obtain, after a calculation that is analogous to the one 
in § B-1 of Chapter XIII, the following equations of motion: 


d : 
ins, Bilt) = i da eFi-E)t/" (5,\Wa) b(a,t) (19) 
_d ee 
ihe, Bla,t) = eP-POY™ (AW ps) bilt) (20) 


The problem consists of using these rigorous equations to predict the behavior of the 
system after a long time, taking into account the initial conditions: 


b;(0) =1 (21a) 
{ b(a,0) =0 (21b) 


d 
The simplifying assumptions which we made for W imply that ag b;(t) depends 


d 
only on b(a,t), and ap b(a,t), only on b;(t). Consequently, we can integrate equation 
(20), taking initial condition (21b) into account. Substituting the value obtained in this 
way for b(a,t) into (19), we obtain the following equation describing the evolution of 


bj (t): 


d 1 ¢ ship aaa 
a bit) =—75 [da f dt! et Fi-ENG-#)/2 | (al W|y,)|? b(t’) (22) 
0 


By using (4) and performing the integration over 6, we obtain, according to (13): 


d IY fee t ; ; 
di bi(t) = -a f az [ dt! K(E) e(Ei-E)t-#)/ 4 (4") (23) 
0 0 


Thus, we have been able to obtain an equation involving only b;. However, it must 

be noted that this equation is no longer a differential equation, but an integrodifferential 
d 

equation: the time derivative a b;(t) depends on the entire “history of the system” 

between the times 0 and t. 

Equation (23) is rigorously equivalent to the Schrédinger equation, but we do not 
know how to solve it exactly. In the following sections, we shall describe two approximate 
methods for solving this equation. One of them (§ 3) is equivalent to the first-order theory 
of Chapter XIII; the other one (§ 4) enables us to study the long-time behavior of the 
system more satisfactorily. 


3. Short-time approximation. Relation to first-order perturbation theory 
If ¢ is not too large, that is, if b;(¢) is not too different from b;(0) = 1, we can replace 


b;(t’) by b;(0) = 1 on the right-hand side of (23). This right-hand side then reduces to a 
double integral, over FE and t’, whose integration presents no difficulties: 


1 e : : 1 
_ [ dE [ dt! K(B) eB: B)t—#')/h (24) 
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We shall perform this calculation explicitly, since it allows us to introduce two constants 
fone of which is I’, defined by (9)] which play an important role in the more elaborate 
method described in § 4. 

We shall begin by integrating over ¢’ in (24). According to relation (47) of Ap- 
pendix II, the limit of this integral for t + oo is the Fourier transform of the Heaviside 
step function. More precisely: 





t 1 
Lim f eB-2l dr =f] 5(B- E) +1? (pe) | (25) 
(we have set t — t/=7). 

Actually, it is not necessary to let t approach infinity in order to use (25) in the 
calculation of (24). It suffices for h/t to be much smaller than the “width” hA of K(E), 
that is, for t to be much greater than 1/A. We again find the validity condition (14). If 
this condition is satisfied, we can use (25) to write (24) in the form: 

9 i °° K(E) 
-~K(E=E;)- <= 
h ( ) a i E,-E 


The first term of (26) is, according to (16), simply —I/2. We shall set: 





dE (26) 





* K(E) 
6B = dE 27 
Dis. (27) 
Therefore, the double integral (24) is equal to: 
[T J6F 
“oa: 28) 


When 0,(t’) is replaced by 6;(0) = 1 in (23), this equation then becomes [as soon 
as (14) is satisfied]: 


d [T 6E 


The solution of (29), using the initial condition (21a), is very simple: 
T 6B 
OYE 4 2p tgs 
b;(t) 5 Ti ) t (30) 
Obviously, this result is valid only if |b;(t)| differs slightly from 1, that is if: 
1 h 
t<2 ,tK«a (31) 


T 6E 
This is the other validity condition, (11), for first-order perturbation theory. 
Using (30), we can easily calculate the probability Y;;(t) = |b;(t)|? that the system 
is still in the state |y;) at time t. If we neglect terms in T? and dE”, we obtain: 


P(t) =1-Tt (32) 


All the results obtained in Chapter XIII can then be deduced from equation (23) when 
b;(t’) is replaced by 6;(0). This equation has also enabled us to introduce the parameter 
6E, whose physical significance will be discussed later [note that 6E does not appear in 
the treatment of Chapter XIII because we were concerned only with the calculation of 
the probability |b;(¢)|?, and not with that of the probability amplitude 6;(t)]. 
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4. Another approximate method for solving the Schrodinger equation 


A better approximation consists of replacing b,(t’) by b;(t) rather than by b;(0) in (23). 
To see this, we shall begin by performing the integral over E which appears on the 
right-hand side of the rigorous equation, (23). We obtain a function of E; and t — t’: 


g(E,,t —t') = _ dE K(E) e(Bi- 2) tt) /h (33) 
0 

which is clearly different from zero only if t — t’ is very small. In (33), we are integrating 
over £ the product of K(£), which varies slowly with EF (cf. Fig. 1), and an exponential 
whose period with respect to the variable F is 2nf/(t — t’). If we choose values of t and 
t’ such that this period is much smaller than the width kA of K(F), the product of these 
two functions undergoes numerous oscillations when F is varied, and its integral over E 
is negligible. Consequently, the modulus of g(£;,t—t’) is large for t—t’ ~ 0 and becomes 
negligible as soon as t — t’ >> 1/A. This property means that, for all ¢, the only values 
of 6;(t’) to enter significantly into the right-hand side of (23) are those which correspond 
to t’ very close to t (more precisely, t — t’ < 1/A). Indeed, once the integration over E 


has been performed, this right-hand side becomes: 


i * g( Bs, t —#°) b(t!) at (34) 
0 


and we see that the presence of g(£;,t — t’) practically eliminates the contribution of 
b;(t’) as soon as t— t/ > 1/A. 


Thus, the derivative —b;(t) has only a very short memory of the previous values of 


b;(t) between 0 and t. Actually, it depends only on the values of b; at times immediately 
before t, and this is true for all t. This property enables us to transform the integrodif- 
ferential equation (23) into a differential equation. If b(t) varies very little over a time 
interval of the order of 1/A, we make only a small error by replacing 6;(t’) by 6;(t) in 
(34). This yields: 


by f jem Car i= (5 +i) b, (t) (35) 


[to write the right-hand side of (35), we used the fact that the integral over t’ of g(E;, t—-t’) 
is simply, according to (33), the double integral (24) evaluated in § 3 above]. 

Now, according to the results of § 3 (and as we shall see later), the time scale 
characteristic of the evolution of b;(t) is of the order of 1/[' or h/dE. The validity 
conditions for (35) are then: 

bE 
r<A , 7 < A (36) 
which we have already assumed to be fulfilled [cf. (17)]. 
To a good approximation, and for all t, equation (23) can therefore be written: 


[T (bE 


“ b(t) = — 5 + i) bi(t) (37) 
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whose solution, using (21a), is obvious: 
b,(t) — el t/2Q-twEt/h (38) 


It can easily be shown that the limited expansion of (38) gives (30) to first order in T 
and LF. 


Comment: 


No upper bound has been imposed on the time t. On the other hand, the integral 
fog (B;,t—t')dt’ which appears in (35) is equal to —(['/2+i6E/h) only if t > 1/A, 
as we saw in ; 3 above. For very short times, the theory presented here suffers from 
the same limitations as perturbation theory; however, it has the great advantage 
of being valid for long times. 


If we now substitute expression (38) for b;(t) into equation (20), we obtain a 
very simple equation which enables us to determine the probability amplitude b(a, t) 
associated with the state |q): 


1 i lin 5 ' 
b(a, t) = A (alle) f elt /2 ei(B-E;—-6E)t /hay (39) 


that is: 
(a|W |v) 1 —eSTt/2 et(B—-E;—dE)t/h 


b(a, t) = 40 
(2) h L(G ub, Sona ae 





Equations (38) and (40), respectively, describe the decay of the initial state and 
the “filling” of the final states |a). Now let us study in greater detail the physical content 
of these two equations. 

5. Discussion 
5-a. Lifetime of the discrete state 


According to (38), we have: 
Piz(t) a |b; (£) 2 ett (41) 


P,(t) therefore decreases irreversibly from Y;;(0) = 1 and approaches zero as t — oo 
(Fig. 2). The discrete initial state is said to have a finite lifetime 7, where rT is the time 
constant of the exponential of Figure 2 : 


T= (42) 


This irreversible behavior contrasts sharply with the oscillations of the system (Rabi’s 
formula) between two discrete states when it is subject to a resonant perturbation cou- 
pling these two states. 
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Figure 2: Variation with respect to time of the probability of finding the system in the 
discrete state |p;) at time t. We obtain an exponential decrease, e—'/7, for which Fermi’s 
golden rule gives the tangent at the origin (this tangent is represented by a dashed line). 





5-b. Shift of the discrete state due to the coupling with the continuum 
If we go from b;(t) to c(t) [cf formula (B-8) of Chapter XIII], we obtain, from 
(38): 
e,(t) = el t/2 gi Ei + 5E)t/h (43) 


Recall that, in the absence of the coupling W, we would have: 
Ghee (44) 


In addition to the exponential decrease, e~!*/?, the coupling with the continuum is 
therefore responsible for a shift in the discrete state energy, which goes from EF; to 
E£;+6E. This is the interpretation of the quantity dF introduced in § 3. 

Let us analyze expression (27) for dE more closely. Substituting definition (13) of 
K(E) into (27), we get: 





oo dE 
se=P fo f o80(8,2) Ks, BIW leo? (15) 
F e 
or, if we use (4) and replace (8, E| by (al: 
2 
Sie P fda ss | (46) 


The eta aee to this integral of a particular state |a) of the continuum, for 
which EF Ey, is: 
(al W | pi)? 


oe (47) 
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We recognize (47) as a familiar expression in stationary perturbation theory [cf. formula 
(B-14) of Chapter XJ]. (47) represents the energy shift of the state |y;) due to the coupling 
with the state |@), to second order in W. dE is simply the sum of the shifts due to the 
various states |a) of the continuum. We might imagine that a problem would appear 
for the states |@) for which E = E;. Actually, the presence in (46) of the principal 
part P implies that the contribution of the states |a) situated immediately above |y;) 
compensates that of the states situated immediately below. 


Summing up: 


(i) The coupling of |y;) with the states |a~) of the same energy is responsible for 
the finite lifetime of |y;) [the function 6(F£; — F) of formula (25) enters into the 
expression for I’). 


(it) The coupling of |y;) with the states |a) of different energies is responsible for an 
energy shift of the state |p;). This shift can be calculated by stationary perturbation 
theory (this was not obvious in advance). 


Comment: 


In the particular case of the spontaneous emission of a photon by an atom, 6F represents 
the shift of the atomic level under study due to the coupling with the continuum of final 
states (an atom in another discrete state, in the presence of a photon). The difference 
between the shifts dF of the 2s1/2 and 2p1/2 states of the hydrogen atom is the “Lamb 
shift” [cf Complement Kv, § 3-d-6 and Chapter XII, § C-3-b, comment (iv)]. 


5-c. Energy distribution of the final states 


Once the discrete state has decayed, that is, when t >> 1/T, the final state of 
the system belongs to the continuum of states |a). It is interesting to study the energy 
distribution of the possible final states. For example, in the spontaneous emission of a 
photon by an atom, this energy distribution is that of the photon emitted when the atom 
falls back from the excited level to a lower level (the natural width of spectral lines). 

When t > 1/T, the exponential which appears in the numerator of (40) is practi- 
cally zero. We then have: 


(a, _~ \(alW ys) ! (48) 


t>1/T (BE — EB, — 6E)? + he? /4 
|b(a, t)|? actually represents a probability density. The probability of finding the system, 
after the decay, in a group of final states characterized by the intervals dfs and dE 
about 8 and Ey can be calculated directly from (48): 

1 


Bn dd 4 
(Ey — E; — 6E)? + fT 2/4 Beatie 


dA (Bs, Es, t) = |(By, Ee|W| ei) |? 0( 85, Es) 


Let us examine the Hs-dependence of the probability density: 


dP (B;, Es, t) 
dB; dB; 
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dF (Bp Ep, t) 
dp, dE, 





> 


Ey 





0 


Figure 3: Form of the energy distribution of the final states attained by the system after 
the decay of the discrete state. We obtain a Lorentzian distribution centered at E;, + 6E 
(the energy of the discrete state corrected by the shift 6E due to the coupling with the 
continuum). The shorter the lifetime r of the discrete state, the wider the distribution 
(time-energy uncertainty relation). 





Since |(8¢, E¢|W|y;)|?e( 87, Hy) remains practically constant when Ey varies over an 
interval of the order of AI’, the variation of the probability density with respect to Ey is 
essentially determined by the function: 
: 50 
(Ey — BE; — bE)? + WT? /4 (50) 
and has, consequently, the form shown in Figure 3. The energy distribution of the final 
states has a maximum for Hy = FE; + dE, that is, when the final state energy is equal 
to that of the initial state |y,;), corrected by the shift 6#. The form of the distribution 
is that of a Lorentz curve of width AT, called the “natural width” of the state |y,;). An 
energy dispersion of the final states therefore appears. The larger AT (that is, the shorter 
the lifetime 7 = 1/T of the discrete state), the greater the dispersion. More precisely: 


n 
AE, = hr = — (51) 
T 


Note again the analogy between (51) and the time-energy uncertainty relation. In 
the presence of the coupling W, the state |y,;) can be observed only during a finite time, 
of the order of its lifetime 7. When we want to determine its energy by measuring that 
of the final state of the system, the uncertainty AF of the result cannot be much less 
than hi/r. 


References: 


The original article: Weisskopf and Wigner (2.33). 
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This complement examines the problem studied in § D of Chapter XIII, both in a 
more precise and general way. Rather than studying a single system, we shall study an 
ensemble of individual quantum systems subjected to an external random perturbation. 
This type of situation often occurs in magnetic resonance experiments where one mea- 
sures the global magnetization of an ensemble of spins each carrying a small magnetic 
moment, as for example the nuclear spins of atoms in a gas. As the atoms move, they un- 
dergo collisions with impurities contained in the gas or on the walls of the container. As 
mentioned in Chapter XIII, if these impurities carry a magnetic moment, such collisions 
may change the directions of the nuclear spins of the colliding atoms. The corresponding 
perturbation lasts for a very short time (the collision time), and is of a random nature 
since the magnetic moment of the impurities can have any direction. The gas of atomic 
spins is thus subjected to a sum of random perturbations that rapidly change their val- 
ues (and signs), hence having a very short correlation time. Another classic example of 
random perturbation is an experiment where an ensemble of atoms is illuminated by a 
light source. Several reasons give the interaction between the atoms and the incident 
electromagnetic field a random character. First of all, most light sources produce fields 
that have rapid frequency and phase fluctuations. This means that the field itself must 
be characterized in a stochastic manner, with a short coherence time. Furthermore, even 
if the light source is an almost perfectly monochromatic laser, the atoms’ motion is ran- 
dom. Because of the Doppler effect, the atoms will be coupled, in their own reference 
frame, to a field having a random frequency. Studying the propagation of a light beam 
in an atomic gas thus involves the study of a large number of individual atoms, each sub- 
jected to a different and random perturbation. Many examples exist of similar situations 
involving rapidly fluctuating perturbations. 

This complement examines how the effect of such a random perturbation on an 
ensemble of individual systems must be treated using quantum mechanics. In a more 
general framework than the one used in § D of Chapter XIII, we will show that the 
coupling with the random perturbation produces a so-called “relaxation” phenomenon 
in the global system, very different from the evolution in the absence of the random 
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event. We saw that the coupling with a constant or perfectly sinusoidal perturbation 
produces oscillations in the physical system, at Bohr frequencies that are modified by the 
interaction. This complement will describe a totally different behavior, an exponential 
evolution with real exponents, leading to irreversible evolutions. An example of such 
behavior could be the relaxation of a system towards thermal equilibrium, very different 
than an oscillation. 

We first study (§ 1) the evolution of the density operator characterizing the ensem- 
ble of systems. This leads to a general relaxation equation valid whenever the correlation 
times are very short. In the following section (§ 2) we apply this general equation to 
an important specific case, an ensemble of spin 1/2’s coupled to statistically isotropic 
perturbations. This will enable us to explain the important concepts of “longitudinal 
relaxation” and “transverse relaxation”, which play a central role in many magnetic 
resonance experiments. 


1. Evolution of the density operator 
Consider an ensemble of N individual systems labeled by the index q = 1, 2, ...,N. 
Each system is described by a density operator (Complements Eq and Ery) noted pz (t). 


Statistically, the ensemble of the N systems is described by the following density operator 
pn (t): 


N 
1 
pn (t) = a7 2 Pa (t) (1) 
q=1 
Each individual system evolves under the effect of an operator H, (t), the sum of two 
Hamiltonians: 

H, (t) = Ho + Wy (2) (2) 
The first, Ho, is the Hamiltonian common to all the individual systems, corresponding for 
example to the coupling of their spins with an external static magnetic field. We assume 
that this Hamiltonian does not depend on time. The second, W, (t), is the coupling 
Hamiltonian with the random perturbation. It depends not only on the time but also on 


the index q of the individual system. 
We note |y,,) the eigenvectors of Ho: 


Ho |'Pn) = €n |Pn) (3) 
having the energies e,, = hwy; we set: 

Wnk = Wn — Wk (4) 
The matrix elements of the coupling Hamiltonian are written, in this basis: 

WY (8) = (nl We (8) lew) (5) 
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1-a. Coupling Hamiltonian, correlation times 


Consider the ensemble of the N functions wi? (t) obtained when gq varies from 
1 to N: they are N different realizations of the same matrix element. Choosing q 
randomly! introduces a random function of time, Wx (t). Changing the values of n and 
k, and calling P the dimension of the state space, we can define P? random functions. 
These random functions can be considered as the matrix elements of an operator W (t) 
that is also a random function of time. In other words, W (t) is the operator obtained 
by choosing randomly the value of q labeling the N operators W, (t). The statistical 
correlation properties of this random operator (or of its matrix elements) play an essential 
role in what follows. 

The ensemble formed by the N systems can be considered as an ensemble of differ- 
ent possible realizations of the same individual system, called in statistical mechanics the 
“Gibbs ensemble”. It is equivalent to take an average over this ensemble at a given time 
or over a single system taken at a large number of different times (ergodic hypothesis). 
This average will be symbolized by placing a horizontal line over the letter W. 

We first assume that the average value of the perturbation is zero: 


W (t) =0 that is) Wh (t) = Wen (t) =0 for any k, n (6) 


This hypothesis is not restrictive since, if the average value of W (t) is any constant 
operator h, that operator can be added to the Hamiltonian Ho, hence keeping the average 
value of the perturbation equal to zero. As Wer (t) and Wyx (t) are complex conjugates, 
their product is always a positive number whose average is, a priori, not zero. The 
amplitude of the perturbation is then defined by the average value of the products: 


Wen (t) Wok (t) 7 Co (7) 


As we assume the random function to be stationary, this mean square is independent of 
time. In a more general way, one can define a series of cross-correlation coefficients, also 
time-independent: 


Wip (t) Wk (t) = Cretp (8) 


To characterize a function random in time, we also need to consider averages of 
products taken at different times. As we did in § D of Chap. XIII, we introduce the 
correlation functions between time t and t + T: 


Since the random functions are stationary by hypothesis, the function C,, only depends 
on the difference between the times t+ 7 and t, and we can also write: 


Wen (rT) Wrk (0) = Crk (r) (10) 


We know that, by definition, the function C,,(7) starts from a positive value for 
7 = 0. As the delay 7 starts increasing, the correlation between Wp, (7) and Wyx (0) 





1We assume the number N to be very large. As an example, a millimeter cube of gas, at standard 
temperature and pressure, contains roughly 101° atoms. 
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rapidly decreases. The function C,, (7) tends towards zero, with a characteristic time 
called the “correlation time” and noted 7;: 


Wen (t+7)Wre(t) +0 if T > Te (11) 


For instance, if the perturbation is induced by the collision between an atom and an 
impurity, it will clearly lose any memory of its value between one collision and the next, 
or even right after a single collision. As collision times are often very short, there are 
many examples where 7, is a very short time. This analysis can be generalized to cross- 
correlation coefficients like the one described in (8). 

One often uses a model where C,,;,(7) is a decreasing exponential of the delay rT: 


Wen (t + T) Wnhrk (t) = CE e77/Te (12) 


To simplify the notation, we only took into account a single correlation time 7,, indepen- 
dent of k and n; the generalization to several correlation times is straightforward. Similar 
relations as the ones we just wrote can be obtained for cross-correlation coefficients like 
the one described in (8). This leads to a whole series of correlation times depending on 
numerous indices. In the collision example discussed above, all these times are of the 
same order of magnitude as the very short collision time; a natural approximation is to 
assume that they are comparable, and to call 7, the longest amongst all these times. 


1-b. Evolution of a single system 


We now study the evolution of a single quantum system (the value of gq is fixed). 
It will be treated in the interaction picture (exercise 15 of Complement Ly), which we 
now briefly review. 


a. Interaction picture 


The evolution of each density operator p, (t) obeys the usual von Neumann equa- 
tion, with a commutator on the right-hand side: 


iB py (1) = [Ho + Wa (t) bo (8) (13) 


In this right-hand side, the term containing Hp may lead to a rapid evolution. The term 
containing W, (t) is assumed to be smaller, hence leading to a slower evolution that can 
be treated using approximations. 

(i) To start with, let us assume that the coupling Hamiltonian W, (t) is zero. The 
evolution of pg (t) is only due to Ho. It is useful to express it as a function of the 
evolution operator Up (t,t;) between the times ¢; and t (Complement Fy) associated 
with the non-perturbed Hamiltonian Ho: 


Up (t, ts) = MO /h (14) 
This is a unitary operator: 
Uf (t,t;) Uo (t,t;) =1 for any t; ort (15) 
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When W, (t) is zero, we simply have: 


Pq (t) = Uo (t, ti) Pq (ti) UG (t, ti) (16) 


as we now show. Taking the derivative of this relation with respect to t, the derivation 
of Up (, t;) introduces a term —iHop, (t) /h; the derivation of Uj (t, t;) introduces a term 
+ip, (t) Ho/h. Both terms together reconstruct the Hp term of the commutator on the 
right-hand side of (13), which shows that equation (13) is verified by solution (16). As 
for the initial condition for t = t;, it is also verified since the unitary operator Up (t, t;) 
then becomes the unit operator. 

We can also use Up (t,t;) to perform an inverse unitary transformation on pz, (¢) 
and define the modified density operator pj (t) as: 


Inserting relation (16) in this definition, we obtain relation (15) twice, both on the left 
and on the right of pg (t;). All the evolution operators thus disappear, and we get: 


Ba (t) = by (ti) (18) 


This shows that (, (t) does not depend on time as long as the coupling W, (t) remains 
equal to zero. 

(ii) Even when W, (t) is no longer zero, it is still useful to apply the unitary 
transformation (17) to the density operator. This operation is generally referred to as the 
“passage to the interaction picture”. In this picture, the evolution of the density operator 
Pq (t) is only due to the presence of the interaction W, (t). According to our assumptions, 
this evolution is much slower than the evolution p, (t), which is also governed by Ho. 
This property considerably facilitates the use of approximations and will be used in this 
complement. 

Let us take the time derivative of (17), starting with the derivative of the two 
unitary operators on the left and on the right of p, (¢), followed by the derivative of the 
operator itself. This yields: 


in, (t) = —Hopg (t) + py (t) Ho + Uf (t, ta) in py (t) Uo (t, ti) 
= —[Ho, Pq (t)] + Ug (t, ti) [Ho + Wo (t) , Aq (t)] Uo (E, te) (19) 


Now for any operator A, the fact that Up is a unitary operator allows transforming the 
following commutator according to: 


Ug (t, ts) [A, Pq (t)] Uo (t, ta) = JUG (t, ts) AUo (t, ts) , Ud (t, ta) pg (t) Uo (t, ta) (20) 


(to check this, one can simply expand both commutators and use the relation UU = 1). 
The right-hand side now contains p, (t). If A = Ho + W, (t), since Hp commutes with 
Uo, we get: 


Uj (ts te) [Ho + Wa (t) 5 Pg (t)] Uo (tt) 
= [Ho, Be (t)] + [UG (t, ts) Wo (t) Uo (tts) 5 Ba (6) (21) 
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The right-hand side contains the unitary transform W, (t) of W,(t), obtained by the 
same unitary transformation that led from pg (t) to pg (t): 


W, (t) = Uj (t, ti) We (t) Uo (¢, ta) (22) 


Inserting this expression in the right-hand side of (19), the commutators containing Ho 
on both sides cancel out. We finally get the simple relation: 


in Pa (0) = [WW (0.74 (0) (23) 


This evolution equation only contains operators in the interaction picture. The hamil- 
tonian Ho is no longer explicitly present (but is implicitly contained in the unitary 
transformation that leads to the interaction picture). It is easy to verify that p, (t) does 
not evolve in the absence of perturbation. 


B. Approximate calculation of the evolution 


Integrating over time equation (23) yields: 
Le a 
Pat) = patti) + = fat’ [Wa (t), Fe (0) (24) 
ty 


which, inserted in the same equation, leads to: 


nT Pall) = [Woo Aalto] +z f at [MoO. [Ha a] (25) 


This evolution equation for g(t), which now contains a double commutator, is exact. 
As fq (t’) appears in the integral, it is an integro-differential equation. 

This equation can be transformed into a simple differential equation, using the 
following approximation. If the effect of the perturbation W, remains limited during 
the time interval from ¢; to t, a good approximation of the evolution of pg (t) in that 
interval is to replace p, (t’) by its value for any time chosen in that interval. Choosing 
for example the time ¢;, yields the differential equation: 


d_ — Loe — = a 
ins Balt) = [Wa lt) Pu lt)] += fat” (Wo), [We ©) Fa (t)]] (26) 
ty 
The delay 7 can be introduced explicitly by performing the change of integration variable: 
r=t-t (27) 


Dividing both sides by ih, we obtain: 


1395 


COMPLEMENT Ex, @ 





1-c. Evolution of the ensemble of systems 


To obtain the evolution equation for the density operator py (t) describing the en- 
semble of the N systems, we first transform that operator as in (17) to use the interaction 
picture: 


Bn (t) = Ul (t, ti) pn (t) Uo (t, ts) (29) 


The initial density operator can easily be retrieved using the inverse unitary transforma- 
tion. Definition (1) of py (t) shows that its evolution is obtained by summing relation 
(28) over the index q, and dividing the result by N, the total number of systems. In other 
words, it means that we have to take the ensemble average of both sides of (28). This 
operation is difficult to carry out without making some hypotheses about the character- 
istics of the random functions that come into play. We shall assume that the evolution 
of py (t) occurs with time constants that are much longer than the correlation time 7. 
We shall explain below (§ 1-d-8) what this implies in terms of the parameters defining 
the interactions, hence verifying that the computation is consistent. 

With each time t we can associate a previous time ¢t; such that t — t; is very large 
compared to the correlation time 7,, while remaining small compared to the characteristic 
evolution time of the density operator in the interaction picture. We shall then use 
relations (9) and (11) that characterize the random perturbation. The first commutator 
on the right-hand side of the evolution equation (28) involves two operators at different 
times and which are therefore not correlated: p, (t;) depends on values of the perturbation 
W, at times earlier than t;, whereas W, (t) is the value of the perturbation at a time later 
than t; by a time larger than 7,. Taking the average over all the values of q then shows 
that this first term cancels out since we assumed in (6) that the average values of the 
matrix elements of the perturbation are zero. As for the following integral, it contains the 
average value over q of the product W, (t )W, (t — T) Pq (ti), in that order or any other 
order. Contributions to this integral only come from values of the delay 7 of the order 
of the correlation time 7,; if T >> T-, Wg (t) depends neither on W, (t — T) nor on fz (ti), 
which allows factoring an average value that is equal to zero. This has two consequences. 
First p,(t;) is not correlated with the two terms in W,, so that we can compute its 
average separately and replace p, (t;) by pn (t;). The second consequence is that we can 
replace the integral upper bound t —t; by infinity without changing significantly its value. 
This leads to: 


giv = ~79 [ar [OW E=7),y (e) (30) 


where, as before, the bar on top of the operators stands for the ensemble average (this 
average only concerns the perturbation W, not the density operator). 

An additional simplification comes from the fact that we assumed t — ¢; to be 
short compared to the evolution time of py (t). It is therefore a good approximation to 
replace py (t;) by py (t) in the right-hand side of this equation. This finally leads to the 
relaxation equation of the density operator in the interaction representation: 


«pw (t) = — 2 “BI, ae W(t W (t —7) ), Pn ( i) (31) 


Using (29), we obtain the corresponding equation in the usual representation. 
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1-d. General equations for the relaxation 


We now use the previous results to compute the evolution of the density matrix. 


Qa. Evolution of the matrix elements of the density operator 
Relation (31) can be written in the basis of the eigenvectors |y,,) of the Hamiltonian 
Ao, in order to directly obtain the coupled evolution equations of the different matrix 
elements of the density operator. Since: 
(Pn| We (t) |p) = e*O—*) (on | We (#) [pr (32) 
where Wy is defined in (4), we get: 


d = 1 rae 
ay (Pnl en (4) lee) = — 5 5 dr 





Ye [eter Mert Coal WE len) (Pol WE 7) er) (rl Bvt) lve) 


Py’? 

— eflemp aed (Et eteer™ (6, W(t) |Op) (eel WE — 7) lee) (Ppl Pvt) ler) 

— offen ean dE—Weiont (5, W(E— 7) ep) (Pel WE) [ex) (pl P(t) lyr) 

+ elerrltetere™ (O,/ W(t — 7) lor) (or WUE) lee) (Pal Bw (t) Iv») } (33) 
The random functions associated with W are stationary, as seen from relation (9). This 
allows adding an arbitrary time to the two variables they contain, in the right-hand side 
of the previous equation. We can thus replace t by 7 and t —7 by 0. 


We now leave the interaction picture and come back to the usual picture (labora- 
tory picture) using the unitary transformation (17), written in the |y,) basis: 


(nl pn (t) (oe) = aE) (val Dy (€) |x) (34) 


This relation leads to: 











< (Gn| PN (t) |\Yx) = t (We — Wn) (Yn| PN (4) |~r) + entinalt—t) (Yn| PN(t) lex) (35) 


The general relaxation equations are then written: 


S (al px (t) kee) = (en — on) (nl ent) lee) 


Pe an (err (en| W(7) |p) (eel W(0) ler) (erl p(t) lee) 


— e*r7 (a, |W (7) |p) (rl W(0) |e) (Ppl ew (4) ler) 
— oF (Gq W(0) lop) (Pr Wr) lee) (Ppl enr(E) ler) 
+e" (pal p(t) Ip) pl WO) ler) (orl Wr) Tex) } (36) 


Noting P the dimension of the state space, the previous relations (33) or (36) yield 
P? differential equations that govern the time evolution of the matrix elements of py (t) 
or of py (t). These differential equations are coupled with each other; their coefficients are 
time integrals of correlation functions of the perturbation, which are supposedly known 
for a given physical problem. 
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B. Short memory approximation 


In view of the approximations we used, let us find under which conditions our 
calculations are consistent. The general validity condition is that there exists, for each 
time t, a previous time ¢; such that the interval t — t; obeys two conditions: it must be 
simultaneously very long compared to the correlation time and very short compared to 
the evolution time in the interaction picture. 

We can evaluate this evolution time by using an approximate expression of relation 
(33). We introduced in (7) the mean square of the matrix element W,, (t). Let us call 
H? the order of magnitude of such a mean square for the various values of n and k. The 
coefficients that multiply py (t) on the right-hand side of (33) can be replaced by this 
factor H? , integrated over dr. Taking (12) into account, this integral introduces a factor 
T-. The coefficients can thus be approximated by: 


Hr, 
= 





(37) 


With this approximation, the evolution equation (33) yields an evolution time of the 
order of h?/H?7,. Our computations are consistent if this time is much larger than T,, 
that is if: 


H? (1)? <P (38) 


In other words, our computations are valid if the correlation (memory) time of the 
perturbation is short compared to the characteristic time of its intensity, h/H . This 
means that the perturbation will frequently change its value (and sign) before it can 
significantly change the system. This validity condition is often called the “motional 
narrowing condition”, for a reason explained in § 2-c-0d. 

Relations (33) or (36) are sets of first order differential equations. They describe 
the exponential relaxation of all the populations towards a situation where they all be- 
come equal. Carrying out calculations with these equations is not particularly difficult. 
However, it leads to the writing of complicated equations, in particular due to the large 
number of indices involved. In the general case, the populations (y,| py (t) |~n) are 
not only coupled to each other, but also to non-diagonal elements (y,| pn (t) |pr) with 
n#k. All the matrix elements of the density operator can a priori be coupled to each 
other. One must then use additional approximations to select the terms essential for 
determining the relaxation properties. 

In this complement, we shall only consider a simple particular case, that still allows 
us to develop a large number of physical concepts: the study of an ensemble of spin 1/2’s 
undergoing an statistically isotropic perturbation. 


2. Relaxation of an ensemble of spin 1/2’s 


Consider an ensemble of spin 1/2’s, contained for example in a sample measured in a 
magnetic resonance experiment, such as the one mentioned in the introduction. The 
evolution equations then take on a simple form, easy to interpret. There are only two 
levels |y;), which will be noted |+) and |—). Their energy difference is: 


h(w4, —w_) = hu (39) 
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It is useful to characterize the density operator of the spins by the average value of their 
angular momentum, which amounts to expanding this density operator on Pauli matrices 
(§ 5 of Complement Ev). 


2-a. Characterization of the operators, isotropy of the perturbation 


All the operators appearing in the previous equations now act in a 2-dimensional 
space. They are represented by matrices that can be expanded on the three Pauli ma- 
trices oz, oy and o,, as well as on the identity matrix, as shown in relation (22) of 
Complement Ary. 


a. Transformation of the operators 


We set: 


pw (t) = 5 +M(t)-o] (10) 
where o stands for the vector operator whose components are the three Pauli matrices. 
The components of the vector M (t) are three real numbers that play the role of param- 
eters defining py (t). As we now show, the vector M (¢) is simply the mean value of o 
over the whole sample, whose total magnetization is thus proportional to M (t). Relation 
(11) of Complement Ayy indicates that: 


jon =t YS exer or + Six (41) 
l 


where ¢€;,) is equal to zero if two indices are equal, equal to +1 if the series of indices 
jkl is an even permutation of the three axes Ox, Oy and Oz, and equal to —1 if the 
permutation is odd. It follows that the trace of a product of Pauli matrices is zero, unless 
two of the matrices are identical (in which case the trace equals 2). Consequently, the 
average value of the operator a, is given by: 


(03) (t) = Te{o; ow ()} = 57 {los}? My ()} 
= M;(t) (42) 


The operator Ho is written in a form? similar to that of relation (12) in Comple- 
ment Fyy, which studies a magnetic resonance experiment: 


Ho = = Oy (43) 


This operator corresponds to the effect of a magnetic field parallel to the Oz axis, which 
induces a rotation of the spins around that axis at the angular frequency wo. The 
unitary operator Up (t,t;) defined in (14) is now a rotation operator of the spins (Com- 
plement Ary) through an angle wo (t — t,); as for the adjoint operator Ul (t, t;), it is also 
a rotation operator, but through an opposite angle. 





?We did not give the operators Ho or W,, (t) a component on the identity operator, since it would 
not alter the commutators where these operators come into play. 
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The interaction operator can be written in a similar way: 
W (t) = ~h(t)-o (44) 


where h (¢) is a random vector function that characterizes the perturbation acting on the 
spins. In the same way as W (t) was defined (§ l-a) as a random choice amongst the 
N possible outcomes of the individual system labeled by the index gq, h (¢) characterizes 
the statistical properties of the three components of the local field acting on each spin at 
time ¢t. Contrary to the field associated with Ho, this local field is random and can point 
in any direction, not necessarily parallel to the Oz axis. The three components k = 1, 2, 
3 of this vector are noted h, (t). For ensemble averages, we assume that h, (t) = 0 and, 
as in (9) and (12), we shall write the correlation functions in the following way: 





hy (t + 7) hi (t) = Qui (7) (45) 


where the Qx: (T) are rapidly decreasing functions of 7 over times of the order of 7. The 
coefficients Qxx (7) are auto-correlation functions of the various components of h (t), the 
Qxi (7) for k # | are cross-correlation functions pertaining to two different components. 


B. Isotropy 


We introduce an additional hypothesis, and assume that the perturbation affect- 
ing the spins is statistically isotropic: the correlation functions of the components of 
h(t) have no preferred direction. This means that the correlation functions Q;, (7) are 
identical for the three axes Ox, Oy and Oz (corresponding to k = 1, 2 and 3 respec- 
tively), whatever the value of r. In other words, the ensemble of the Qx: (7) form a 3 x 3 
matrix, which is rotation invariant, hence necessarily proportional to the unit matrix. 
Consequently, not only the auto-correlation coefficients are equal to each other, but also 
the cross-correlation coefficients Q,z, for k # | must be equal to zero. Added to the 
stationarity of the perturbation, this hypothesis leads to: 


hy (+7) hy (t) = Sei Q(T) (46) 


One frequently models the decrease of Q (7) with 7 by a simple exponential, with a time 
constant 7,. This leads to: 


hy (t+ 7) hy (t) = Seu [Re (0)|” €77/ (47) 


2-b. Longitudinal relaxation 


When |yn) = |yx) = |+), the first term on the right-hand side of equation (36) 
in (wz — Wy) cancels out (no evolution of the populations due to Ho). In the following 
terms, we must replace W (7) and W (0) by their expression given by (44). This leads to 
products of matrix elements of two Pauli matrices o, and o;, multiplied by the statistical 
average (46) of the perturbation. Because of the factor 6,; we must choose the same Pauli 
matrix in both operators W (7) and W (0). 
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Q. Calculation of the relaxation time 


Let us start by choosing twice the matrix o,. Since this matrix does not couple 
the states |+) and |—), we must have |y,) = |y,) = |+) in relation (36). As a result, the 
sum of the last 4 terms on the right-hand side is zero. 

We then choose twice the matrix o,, which only has non-diagonal elements, all 
equal to 1. In the second line of the right-hand side of (36), when n = k = +, we must 
necessarily have |y,) = |—) and |y,) = |+), whereas in the fifth line, the opposite is true 
(l\~p) = |+) and |y,) = |—)); for the third and fourth lines we have |y,) = |y,;) = |-). 
This yields the following term: 


fa ha (i) ha E47) fe!" (41 pw (t) +) — e°7 (| pw (8) =) 
~e" (py (i) I) be” How QI} — (8) 
aga ff at haha ¥ 7) coswaor [CI py (|=) = HHL par (t) 4] (49) 


We finally choose twice the matrix o,, which has the same structure, with two matrix 
elements equal to +7 and —i, so that their product is also equal to unity. This term is 
the same as the o, term, except that we must replace h, by hy. 

We finally obtain: 





(alone (0) 4) = ee [Lew (0) I+) ~ (+L ow (8 14)] (50) 
with: 
= S a i ae [iz he (EF 7) +h, hy (E+7)] coswor (51) 
1 0 


The time JT) is called the “longitudinal relaxation time”. Its properties are discussed 
below. 

The calculation of the evolution of the other diagonal element (—| py (t) |—) is 
practically the same and yields: 


d 1 

wena ay, an a 2 

§ (lew ©) I-) = se [Hew O14) = (lew O19] (52) 
Now using (42) we can write the evolution of the Oz component of the magnetization: 

d d d 

ape () = Tr {oz pw ()} = 5 | Hew (8) +) — (Lew ()1-) | (53) 
Taking the difference between (50) and (52) leads to: 

d 1 

—M, (t)=-—M, (t 54 

SM lt) = -2 Mz (54) 


This equation shows that the longitudinal (parallel to the static magnetic field) compo- 
nent of M(t) decreases exponentially with a time constant T,, and tends toward zero 
when t + oo. The relaxation rate 1/T; depends on the sum of correlation functions 
of both transverse (perpendicular to Oz) components of the perturbation. This was to 
be expected since it is the operators 0, and oy that can induce transitions of the spins 
between their levels |+) and |-—). 
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B. Role of the spectral density 


The dependence in wo of the relaxation probability 1/T; can be interpreted in 
view of the results of Chapter XIII (§ C-2), where we studied a sinusoidal perturbation 
coupling two levels |+) and |—). We showed that the closer the perturbation frequency 
w is to the Bohr frequency wg associated with the energy difference between the two 
levels, the more effective the perturbation. In our present case, the perturbation is not 
a sinusoid but a random function. We thus expect the probability amplitude of the 
transition to involve the wo Fourier component of the perturbation that acts between the 
instants 0 and t > Tp. 

To further examine this idea, we introduce the Fourier transform I, (w) of the 
correlation function, called the “spectral density”: 





wa = i, dno? eh ED) 
nine = a = i Mi TB) (55) 


As the random function is stationary, we have: 





hy (t) hy (t — 7) = hy (C+ 7) he (t) = hy (t) he (+7) (56) 


This shows that the correlation function is an even function. As the Fourier transform 
of an even and real function is also even and real (Appendix I), we can write: 


Tick (—w) = Tek (w) (57) 
Relation (51) can be rewritten as: 


1 1 


co +00 3 ; 
Tr, => wee | arf dw eer (Loew (w) + Lyy (w)] leer + erin) (58) 


Taking (57) into account, changing simultaneously the signs of the two integration vari- 
ables 7 and w does not change the function to be integrated. It merely transforms the 
first integral over dr to an integral between 0 and —ov, while the limits of the second 
become +00 and —oo. Since two sign changes cancel each other, we can reverse the limits 
in each of the two integrals. This leads to: 


1 1 " pee ww 1WwoT WoT 
z= ace. diy 7 [Tu (w) + Iyy (w)] [et¥07 + e-7] 


1 x 5 wT WOT e7 wot 
= ae y ar / disc [Ine (w) + Iyy (w)] [e ] 69) 


Co 











Note that the final form (second line) of this relation was obtained by adding the first 
line of this relation to relation (58), and dividing by two. The integral over d7 leads to: 


if dr [etletuols 4 gile-wo)r| — 99 [6 (w + uo) +5 (w — wo) (60) 


—oo 
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Taking again (57) into account, the two terms in 6 (w + wo) and 6 (w — wo) yield the same 
contribution, and we obtain: 


1 fe [Eaten eo) (61) 


The transition probability is proportional to the sum of the spectral densities of the two 
perturbations responsible for the transitions. As expected, it is the resonant components 
of the perturbation that induce the transitions between the states |+) and |—). 





y. Exponential correlation function 


The correlation functions of these components are often modeled by a simple ex- 
ponential, as in (47). In that case, the integral over dz of (51) is easy to compute: 


| dr hg (t) hy (t +7) error + goer! = [he or f dr e77/T [ewer + eae | 
0 0 


1 1 
St ch) | ae eth 
[he (0)] le —iwp — 1/T, 
27, 
= [he (0)? ———, (62) 
1+ (woTe)* 
Adding the term corresponding to the effect of the h, component, we get: 
1 1 2 2 Te 
— = xy | [Pe (0)|" + [hy (0))° | ————5 63 
7 ~ i |e OF + Uy ("| (63) 


The longitudinal relaxation rate varies as a Lorentzian function of wo, plotted in Fig. 1. 
The relaxation rate is maximum when wo = 0 (zero static field), and is equal to: 


1 DO nett. Tani 
Fw ro 7m | he OF + thy OF | x (64) 


With our present notation, the motional narrowing condition (38) is written: 


[h™Y (O)}? (te)? << HP (65) 


This leads to: 


1 1 

nS eS 66 

Ti Te ( ) 
We thus verify that T,, the characteristic evolution time of M, (t), is very long compared 
to the correlation time 7,, hence proving the consistency of the approximations we have 
used. 


2-c. Transverse relaxation 


We now study the evolution of the non-diagonal elements of the density matrix 
between the states |+) and |—). Let us first show that the matrix element (+| py (t) |-), 
or its complex conjugate (—| py (t)|+), characterizes the transverse components M, (t) 
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Figure 1: Plot of the longitudinal relaxation rate 1/T, as a function of the energy differ- 
ence hwo between the energy levels (left-hand side of the figure), or as a function of the 
correlation time (right-hand side of the figure). This rate is proportional to the power 
spectrum of the perturbation at the frequency wo, and hence follows a Lorentzian function 
when plotted as a function of wo — cf. relation (63). In the regime where wo >> 1/tTe, the 
power spectrum of the perturbation decreases as 1/wé: the relaxation rate can be greatly 
reduced by increasing wo. If we now keep wo fixed and increase the correlation time Te, 
we first get a linear variation of the relaxation probability, proportional to the time T, 
during which the perturbation acts in a coherent way. The probability then reaches a 
maximum for wo = 1/T., followed by a decrease in 1/T, as the Fourier components of the 
perturbation at the frequency wo become weaker and weaker. 





and M, (t) of M(t). Using the expressions of the Pauli matrices — cf. for example 
relations (2) of Complement Ary — we can compute the difference o, — icy: 


2 -iny= (99) (67) 


which leads to: 
(0, — tay) = Tr {(ox — toy) pr ()} = 2 (+1 pw (IH) (68) 


We saw in § 2-a that the three components of M (¢) were equal to the average values of 
the corresponding Pauli matrices. It thus follows: 


Mo) — My) <4 py ()I-) (69) 
The real part of the non-diagonal matrix element (+| py (¢) |—) directly yields M, (t) /2, 
whereas its imaginary part yields the opposite of M, (t) /2. 

To avoid taking into account the evolution of this matrix element due to Hp, which 
introduces the first term in (wy —w,) on the right-hand side of (36), we shall use the 
interaction picture. The evolution of (+| py(t) |—) is then given by (33). In this relation, 
we replace the interaction operators W (t) and W (0) by their expression (44). As before, 
the statistical isotropy of the perturbation leads us to only keep the terms where the 
same component of h(t) appears in the two operators. We shall first examine the case 
where this component is either h, (t), or hy (t); the case where this component is h, (t) 
will be examined later. 
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Q. Effect of the transverse components of the perturbation 


We successively take into account the components on the Ox and Oy axes. 

(i) The Ox component of the perturbation introduces in (33) the matrix elements 
of o,, which are all non-diagonal and equal to one. Each matrix element of W changes 
a ket |+) into a bra (—|, or vice versa. The Pauli matrix simply introduces a coefficient 
equal to 1. 

In the first term on the right-hand side of (33), when n = +, we have p = — 
and hence r = +; this term couples (+| py(t)|—) to itself. As for the exponential, it 
introduces e*“°T. The same result is obtained for the fourth term: since k = —, we have 
r = + and p = -, and the exponential again introduces the term e“”°7. The sum of 
these two terms yields: 


POO as ip eens us 
~ 5a [ar et" [he he E79] x (+1 Bw I+) (70) 
0 
The second and third terms on the right-hand side of (33) are different, since if 
n = + we have p = —, whereas if k = — we have r = +, which introduces on the right- 
hand side the matrix element (—| Py (t) |+). This means there is a term that couples two 
complex conjugate matrix elements: 


e2wo (t-t;) 


af dr e wor [hc he (= 7) x (—| Dn (t) |-+) (71) 


(ti) The Oy component of the perturbation introduces in (33) the matrix elements 
of oy, also non-diagonal but now equal to +7. For the first and fourth term on the right- 
hand side of (33), this introduces in the previous calculation a factor (2) (—i) = 1, which 
does not change anything. As for the second and third term, the factor equals (+i)? =-l, 
which changes the sign of the result. Since the isotropy requires the correlation functions 
of hz (t) and of hy, (t) to be equal, we obtain the opposite of (71), and both terms cancel 
out. 








(iit) We finally get: 


1 
2h? 





[ wee [Om +h Ome) x (41a (t+) (72) 
0 
Expanding e*“°7 into cos (wT) + isin (woT), and taking (51) into account, we get: 


= |p tA] x Gel (IH) (73) 


where the coefficient A is defined by: 





a a . dr sin (wor) [he Q he E—7) + hy Oh, E-7)| (74) 


The physical significance of this coefficient is discussed below. 
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B. Effect of the longitudinal component of the perturbation 


The Oz component of the perturbation does not change the spin state. As a result, 
the first line in (33) contains n = p= r = + and k = —; the exponentials and the matrix 
elements of o, are all equal to unity. In the fourth line, n = + andp=r=k=-, 
the exponentials are again equal to unity, as is the product of two matrix elements of o, 
(each equal to —1), and the final result is the same. As for the second and third lines, 
we have n = p= + and k = r = -, so that the exponentials are equal to 1, whereas 
the product of the matrix elements of 0, is now equal to —1; these two terms double the 
two preceding terms. Taking into account the factor 1/2 of (44), we finally obtain the 
contribution: 

CO 


5 Lar [hz he (E—7)| x +1 Ay (I=) (75) 


that leads to the coefficient of transverse relaxation: 





1 1 re eet Se 
=a] ar [hh E-7)| 76 
Tee a T (t) ( T) ( ) 
y. Discussion, role of the spectral density 


Grouping together both contributions (73) and (75), we can write the complete 
evolution of the non-diagonal element as: 


3 Haw I-) == |e + ge +A] HW OI) (77) 


Leaving the interaction picture to go back to the density operator py (t) in the usual 
laboratory picture, we must add to this evolution the first term appearing on the right- 
hand side of (36); this yields: 





gg (low (1) = — [pre + gee + 80+ A] & Haw I>) (78) 


(¢) Damping 
In either picture, the non-diagonal element of the density matrix is damped with 
a time constant T> given by: 


Be Deg i 
T, 27, TH 
which is the sum of two contributions. 

— The first is directly related to the longitudinal relaxation process. This process 
changes the distribution of the populations between the two levels + and —, hence de- 
stroying the coherence between these two levels. This rate of destruction of the coherence 
is the same as the one affecting the populations in (50), but half the one affecting M, (t) 
in (54). Note that it is only the transverse components of the perturbation that play a 
role in this contribution, since they are the ones that can induce transitions between the 
two levels. 
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— The second contribution comes only from the longitudinal component of the 
perturbation. This fluctuating component directly modifies the energy difference hwo 
between the two levels + and —, and hence the precession velocity of the spins’ transverse 
component. When the different spins have different precession velocities around the Oz 
axis, their transverse components spread out and their vector sum diminishes. This leads 
to a decrease of the transverse component of the global spin of the system. 


(iz) Frequency shift 

Relation (78) shows that the term in A is equivalent to a change in the precession 
frequency wo of the spins. In addition to the damping associated with the relaxation, the 
perturbation introduces a shift in the evolution frequency of the non-diagonal elements. 

The same calculation as the one leading to (58) yields for the frequency shift A: 


1 oo +00 : ‘ ‘ 
A = ——— ar | dw e*7 [Ing (w) + Lyy (w e'W0T _ eT WOT 80 
aeep for fe aw) + Soy | (80) 
This expression contains an integral over dr: 


=f dr eens _ ae 
a Jo 








1 1 ‘ 
7 Ppa Pamag| AT et 40) ~ 6 eo) m4 


As the functions I, (w) and Iyy(w) are even, the terms containing the delta functions 
cancel out, whereas the terms containing the principal parts double each other. This 
leads to: 


7 ic 
ae “Fi a ds? [na (w) + Lyy (w)| (82) 


W— Wo 





Note that, contrary to the longitudinal relaxation characterized by the time 7}, it is not 
the power spectrum of the perturbation at the resonant frequency w = wo that plays a 
role. Only non-resonant frequencies contribute to the shift. 


é. Exponential correlation functions 


When the correlation function is modeled by an exponential as in relation (47), 
equalities (74) and (76) become: 





ay 
TH = pale (0)]" Te (83) 
and: 
a ou 2 2 WOTe 
A= sph OF+ he OF (84) 


It is interesting to discuss the effect of the fluctuations of the perturbation on the re- 
laxation time T¥*. Imagine first that the ensemble of spins is placed in a magnetic field 
along Oz, which does not change in time but has a different value for each spin. We 
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note H the root mean square of the corresponding fluctuation of the Hamiltonian. If the 
spins are initially oriented in the same direction, their transverse orientations will start 
spreading around Oz since each spin has a different precession velocity. The average 
value of the global transverse orientation of the sample will go to zero over a time of the 
order ii/H. This means that the transverse orientation diminishes at a rate of the order 
of H/h, which depends linearly on the perturbation amplitude H. Now in the presence 
of time dependent fluctuations of the perturbation, result (83) predicts a totally different 
behavior. The relaxation rate 1/T¥* is of the order of H?7,/h? and hence varies as the 
square of the perturbation amplitude. This evolution rate in the presence of fluctuations 
is thus Hr,/h times the evolution rate in the static case. As the factor H7,/h « 1 
— see the motional narrowing condition (38) — the quadratic relaxation is much slower 
than the relaxation in the absence of fluctuation. This effect is even stronger when T;, is 
shorter, which shows that it is the rapidly changing fluctuations that are responsible for 
the decrease of the relaxation rate. 

Now the width of the magnetic resonance lines is an increasing function of the 
transverse relaxation rate?. Consequently, the shorter the correlation time, the narrower 
the lines. It often happens that the perturbation fluctuations come from the spins’ motion 
in the sample, in which case the more rapid the motion, the narrower the magnetic 
resonance lines. This explains the origin of the expression “motional narrowing”. 

On the other hand, comparing relations (63) and (84) shows that the relaxation 
probability and the frequency shift have a very different dependence on wot. The relax- 
ation probability follows a Lorentzian function, with a maximum for wor, = 0, whereas 
the frequency shift is maximum for wot, = 1. This difference comes from the fact that, 
as we discussed at the end of § 2-c-y, it is not the resonant but rather the non-resonant 
frequencies of the spectral density that determine the frequency shift. 


3. Conclusion 


As mentioned in the introduction, there are many situations where an ensemble of indi- 
vidual quantum systems is subjected to a random perturbation with a correlation time 
T. very short compared to the other characteristic times of the problem. In a more gen- 
eral way than in §§ D and E of Chapter XIII, we examined in this complement how, in 
the limit where 7, is too short for the perturbation to have an effect during that time, 
the perturbation no longer induces a Rabi type oscillation. This led us to introduce a 
transition probability between the levels, leading to an exponential (and not oscillating) 
evolution of the populations. Note that in Complement Dxqq1, we also obtained, with the 
Fermi golden rule, a transition probability. In that case, it was the summation over the 
energies of all the final states that transformed the oscillation into a real and damped 
exponential. In the present complement, it is the random character of the perturbation 
that has a similar effect, even though the final state is unique and has a perfectly well 
defined energy. Another result we obtained concerns the existence of a frequency shift 
induced by the random perturbation. In the case of an optical excitation such as the one 
considered in § E-3-b of Chapter XIII, they are called “light shifts”, and have numerous 
applications in atomic physics (Complement Cxx). 





3Figure 7 of Complement Fry shows the variation of these lines, assuming there exists only one 
longitudinal and transverse relaxation rate 1/Tp. 
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Complement Fxan 
Exercises 


1. Consider a one-dimensional harmonic oscillator of mass m, angular frequency 
wo and charge g. Let |yn) and E, = (n+ 1/2)hwo be the eigenstates and eigenvalues of 
its Hamiltonian Hp. 

For t < 0, the oscillator is in the ground state |yo). At t = 0, it is subjected to an 
electric field “pulse” of duration +. The corresponding perturbation can be written: 


_ f -gEX for0<t<r 
wo={, fort <0 andt>7 


E is the field amplitude and X is the position observable. Let Ao, be the probability of 
finding the oscillator in the state |y,,) after the pulse. 

a. Calculate Yo, by using first-order time-dependent perturbation theory. How 
does Ao, vary with 7, for fixed wo? 

b. Show that, to obtain Woz, the time-dependent perturbation theory calculation 
must be pursued at least to second order. Calculate Wog to this perturbation order. 

c. Give the exact expressions for Yo, and Ap2 in which the translation operator 
used in Complement Fy appears explicitly. By making a limited power series expansion 
in € of these expressions, find the results of the preceding questions. 


2. Consider two spin 1/2’s, S; and Sz, coupled by an interaction of the form 
a(t)S, -S2; a(t) is a function of time which approaches zero when |t| approaches infinity, 
and takes on non-negligible values (on the order of ag) only inside an interval, whose 
width is of the order of 7, about ¢t = 0. 

a. At t = —oo, the system is in the state |+,—) (an eigenstate of $1, and S2, with 
the eigenvalues +f/2 and —f/2). Calculate, without approximations, the state of the 
system at t = +oo. Show that the probability A(+ — — —-+) of finding, at t = +on, 
the system in the state |—,-+) depends only on the integral foe a(t) dt. 

b. Calculate A(+— — —-+) by using first-order time-dependent perturbation 
theory. Discuss the validity conditions for such an approximation by comparing the 
results obtained with those of the preceding question. 

c. Now assume that the two spins are also interacting with a static magnetic field 
Bo parallel to Oz. The corresponding Zeeman Hamiltonian can be written: 


Ho = —Bo(m1Si1z + 72522) 


where 7; and 72 are the gyromagnetic ratios of the two spins, assumed to be different. 

Assume that a(t) = age~’/7. Calculate A(+— — —+) by first-order time- 
dependent perturbation theory. Considering ag and 7 as fixed, discuss the variation of 
P(+— + —+) with respect to Bo. 


3. Two-photon transitions between non-equidistant levels 
Consider an atomic level of angular momentum J = 1, subject to static electric 


and magnetic fields, both parallel to Oz. It can be shown that three non-equidistant 
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energy levels are then obtained. The eigenstates |yj,) of J,(M = —1,0,+1), of energies 
Ey, correspond to them. We set Ey — Eo = hwo, Eo — E_1 = hus (wo ¥ 4). 
The atom is also subjected to a radiofrequency field rotating at the angular fre- 
quency w in the zOy plane. The corresponding perturbation W(t) can be written: 
W(t) = se pees 
where w is a constant proportional to the amplitude of the rotating field. 
a. We set (notation identical to that of Chapter XIII): 


el 


w(t) = S2 bale par) 


M=-1 


Write the system of differential equations satisfied by the by,(t). 

b. Assume that, at time t = 0, the system is in the state |p_1). Show that if we 
want to calculate b(t) by time-dependent perturbation theory, the calculation must be 
pursued to second order. Calculate b;(¢) to this perturbation order. 

c. For fixed t, how does the probability A_1, +1(t) = |b1(¢)|? of finding the system 
in the state |y1) at time ¢ vary with respect to w? Show that a resonance appears, not 
only for w = wo and w = wo, but also for w = (wo +u)/2. Give a particle interpretation 
of this resonance. 


4. Returning to exercise 5 of Complement Hx; and using its notation, assume that 
the field Bo is oscillating at angular frequency w, and can be written Bo(t) = Bo cos wt. 
Assume that 6 = 2a and that w is not equal to any Bohr angular frequency of the system 
(non-resonant excitation). 

Introduce the susceptibility tensor x, of components y;;(w), defined by: 


(Mi)(t) = D7 Re [xij(w) Bo; e***] 


with i,j = x,y,z. Using a method analogous to the one in § 2 of Complement Axyyr, 
calculate y;;(w). Setting w = 0, find the results of exercise 5 of Complement Hxy. 


5. The Autler-Townes effect 

Consider a three-level system: |y1), |y2), and |y3), of energies E,, E2 and £3. 
Assume E3 > Ey > EF, and E3 — Ey < Eo — Fj. 

This system interacts with a magnetic field oscillating at the angular frequency w. 
The states |y2) and |y3) are assumed to have the same parity, which is the opposite of 
that of |y1), so that the interaction Hamiltonian W(t) with the oscillating magnetic field 
can connect |y2) and |y3) to |yi). Assume that, in the basis of the three states |y1), 
\y2), |~3), arranged in that order, W(t) is represented by the matrix: 


0 0 0 
0 0 Ww, Sin wt 
0 wy sin wt 0 


where w is a constant proportional to the amplitude of the oscillating field. 
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a. Set (notation identical to that of Chapter XIII): 


3 


I(t) = $2 dj(t)e |p.) 


i=l 


Write the system of differential equations satisfied by the 6,(t). 

b. Assume that w is very close to w32 = (£3 — E2)/h. Making approximations 
analogous to those used in Complement Cx, integrate the preceding system, with the 
initial conditions: 

1 
V2 
(neglect, on the right-hand side of the differential equations, the terms whose coefficients, 
ett(~+32)t vary very rapidly, and keep only those whose coefficients are constant or vary 
very slowly, as et#(#—32)t), 

c. The component D, along Oz of the electric dipole moment of the system is 


represented, in the basis of the three states |y1), |y2), |y3), arranged in that order, by 
the matrix: 


by (0) = 62(0) = b3(0) = 0 








0d0 
d00 
000 


where d is a real constant (D, is an odd operator and can connect only states of different 
parities). 

Calculate (D,)(t) = (¢(t)|Dz|¥()), using the vector |~(t)) calculated in b. 

Show that the time evolution of (D,)(t) is given by a superposition of sinusoidal 
terms. Determine the frequencies vz and relative intensities 7, of these terms. 

These are the frequencies that can be absorbed by the atom when it is placed in 
an oscillating electric field parallel to Oz. Describe the modifications of this absorption 
spectrum when, for w fixed and equal to w32, w; is increased from zero. Show that the 
presence of the magnetic field oscillating at the frequency w32/27 splits the electric dipole 
absorption line at the frequency w21/27, and that the separation of the two components 
of the doublet is proportional to the oscillating magnetic field amplitude (the Autler- 
Townes doublet). 

What happens when, for w, fixed, w — w32 is varied? 


6. Elastic scattering by a particle in a bound state. Form factor 
Consider a particle (a) in a bound state |yo) described by the wave function |yo(rq) 
localized about a point O. Towards this particle (a) is directed a beam of particles (b), of 


eKits Each 





mass m, momentum hk;, energy E; = h?k?/2m and wave function One 
T 


particle (b) of the beam interacts with particle (a). The corresponding potential energy, 
W, depends only on the relative position r, — rg of the two particles. 
a. Calculate the matrix element: 


(a: po;b: ks|W(Ry — Ra) a: Yo; 8: k;) 
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of W(R, — R,) between two states in which particle (a) is in the same state |yo) and 
particle (b) goes from the state |k;) to the state |ky). The expression for this matrix 
element should include the Fourier transform W(k) of the potential W(rp — rq): 


1 Wy ik.(r,—r 
W (rp — Yq) = aan | 7) etk.( b a qrh 


b. Consider the scattering processes in which, under the effect of the interaction 
W, particle (b) is scattered in a certain direction, with particle (a) remaining in the same 
quantum state |y~o) after the scattering process (elastic scattering). 

Using a method analogous to the one in Chapter XIII [cf. comment (27) of § C-3-b], 
calculate, in the Born approximation, the elastic scattering cross section of particle (b) 
by particle (a) in the state |yo). 

Show that this cross section can be obtained by multiplying the cross section 
for scattering by the potential W(r) (in the Born approximation) by a factor which 
characterizes the state |yo), called the “form factor”. 


7. A simple model of the photoelectric effect 

Consider, in a one-dimensional problem, a particle of mass m, placed in a potential 
of the form V(x) = —ad(x), where a is a real positive constant. 

Recall (cf. exercises 2 and 3 of Complement Ky) that, in such a potential, there is 
a single bound state, of negative energy Ey = —ma?/2h?, associated with a normalized 
wave function yo() = \/ma/h?e~*'*!, For each positive value of the energy E = 
h?k?/2m, on the other hand, there are two stationary wave functions, corresponding, 
respectively, to an incident particle coming from the left or from the right. The expression 
for the first eigenfunction, for example, is: 


1 ik 1 —ik 
tO tka f 0 
(x) = V2n : 1+ ifk/ma- Men 
LE 1 Gk/ma ah 


pee ES f 0 
Vin 1+ ihek/ma® ere 


a. Show that the x;(a) satisfy the orthonormalization relation (in the extended 
sense): 


(xelXK") = O(k — k’) 


The following relation [cf. formula (47) of Appendix IJ] can be used: 
if ef dz = | e “2 dx = Lim = 
—oo ) er0€ + 1g 


= xsa)—i9 (2) 


Calculate the density of states p(F) for a positive energy E. 
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b. Calculate the matrix element (x,|X|yo) of the position observable X between 
the bound state |yo) and the positive energy state |y;) whose wave function was given 
above. 

c. The particle, assumed to be charged (charge gq) interacts with an electric field 
oscillating at the angular frequency w. The corresponding perturbation is: 


W(t) = —gEX sin wt 


where € is a constant. 

The particle is initially in the bound state |yo). Assume that iw > —Ep. Calculate, 
using the results of § C of Chapter XIII [see, in particular, formula (C-37)], the transition 
probability w per unit time to an arbitrary positive energy state (the photoelectric or 
photoionization effect). How does w vary with w and €? 


8. Disorientation of an atomic level due to collisions with rare gas atoms 


Consider a motionless atom A at the origin of a coordinate frame Oxyz (Fig. 1). 
This atom A is in a level of angular momentum J = 1, to which correspond the three 
orthonormal kets |M) (M = —1,0,+1), eigenstates of J, of eigenvalues Mh. 


A second atom B, in a level of zero angular momentum, is in uniform rectilinear 
motion in the xOz plane: it is travelling at the velocity v along a straight line parallel to 
Oz and situated at a distance b from this axis (b is the “impact parameter”). The time 
origin is chosen at the time when B arrives at point H of the Ox axis (OH = b). At 
time t, atom B is therefore at point M, where HM = vt. Call 6 the angle between Oz 
and OM. 

The preceding model, which treats the external degrees of freedom of the two atoms 
classically, permits the simple calculation of the effect on the internal degrees of freedom 
of atom A (which are treated quantum mechanically) of a collision with atom B (which 
is, for example, a rare gas atom in the ground state). It can be shown that, because 
of the Van der Waals forces (cf. Complement Cx;) between the two atoms, atom A is 








Figure 1 
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subject to a perturbation W acting on its internal degrees of freedom, and given by: 


C 
WS 
where C is a constant, r is the distance between the two atoms, and J, is the component 
of the angular momentum J of atom A on the OM axis joining the two atoms. 

a. Express W in terms of Cb, v,t, Jz, Jz = Jz tiJy. Introduce the dimensionless 
parameter T = vt/b. 

b. Assume that there is no external magnetic field, so that the three states | + 1), 
|0), | — 1) of atom A have the same energy. 

Before the collision, that is, at t = —oo, atom A is in the state | — 1). Using first- 
order time-dependent perturbation theory, calculate the probability A_1,+1 of finding, 
after the collision (that is, at t = +00), atom A in the state |+ 1). Discuss the variation 
of A_1,+1 with respect to b and v. Similarly, calculate P_ 1,0. 

c. Now assume that there is a static field Bo parallel to Oz, so that the three 
states |M) have an additional energy Mhwo (the Zeeman effect), where wo is the Larmor 
angular frequency in the field Bo. 

a. With ordinary magnetic fields (Bo ~ 10? gauss), wo ~ 10° rad.sec™!; 6 
is of the order of 5 A, and v, of the order of 5 x 10? m.sec~!. Show that, under these 
conditions, the réstilts of question b remain valid. 

8. Without going into detailed calculations, explain what happens for much 
higher values of Bo. Starting with what value of wo (where b and v have the values 
indicated in a) will the results of b no longer be valid? 

d. Without going into detailed calculations, explain how to calculate the disori- 
entation probabilities A_1,41 and #_1,9 for an atom A placed in a gas of atoms B in 
thermodynamic equilibrium at the temperature JT’, containing a number n of atoms per 
unit volume sufficiently, small that ony binary collisions need be considered. 

N.B. We give: fo © dr(1 + 77)-4 = 52/16 





9. Transition probability per unit time under the effect of a random 
perturbation. Simple relaxation model 

This exercice uses the results of Complement Exy1;. We consider a system of NV spin 
1/2 particles, with gyromagnetic ratio y, placed in a static field Bo (set wo = —yBo). 
These particles are enclosed in a spherical cell of radius R. Each of them bounces 
constantly back and forth between the walls. The mean time between two collisions of 
the same particle with the wall is called the “flight time” 7,. During this time, the particle 
“sees” only the field Bo. In a collision with the wall, each particle remains adsorbed on 
the surface during a mean time Tg (Tt < Ty), during which it “sees”, in addition to Bo, 
a constant microscopic magnetic field b, due to the paramagnetic impurities contained 
in the wall. The direction of b varies randomly from one collision to another; the mean 
amplitude of b is denoted by bo. 

a. What is the correlation time of the perturbation seen by the spins? Give the 
physical justification for the following form, to be chosen for the correlation function of 
the components of the microscopic field b: 


bz (t)ba(t _ T) = 5 le Ta eo t/Ta 


Tv 
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with analogous expressions for the components along Oy and Oz, all the cross terms 
bz, (t)by(t — 7)... being zero. 

b. Let M, be the component along the Oz axis defined by the field Bo of the 
macroscopic magnetization of the N particles. Show that, under the effect of the collisions 
with the wall, M, “relaxes” with a time constant 7}: 


dM, Mz 
dt TT 








(T; is called the longitudinal relaxation time). Calculate T; in terms of y, Bo, Ta; Tv; bo- 
c. Show that studying the variation of T; with Bo permits the experimental de- 
termination of the mean adsorption time T,. 
d. We have at our disposition several cells, of different radii R, constructed from 
the same material. By measuring T,, how can we determine experimentally the mean 
amplitude bp of the microscopic field at the wall? 


10. Absorption of radiation by a many-particle system forming a bound 
state. The Doppler effect. Recoil energy. The Méssbauer effect 

In Complement Ax11, we consider the absorption of radiation by a charged particle 
attracted by a fixed center O (the hydrogen atom model for which the nucleus is infinitely 
heavy). In this exercise, we treat a more realistic situation, in which the incident radiation 
is absorbed by a system of several particles of finite masses interacting with each other and 
forming a bound state. Thus, we are studying the effect on the absorption phenomenon 
of the degrees of freedom of the center of mass of the system. 


I-Absorption of radiation by a free hydrogen atom. The doppler effect. 
Recoil energy 

Let R, and P;, Re and P2 be the position and momentum observables of two 
particles, (1) and (2), of masses m, and mz and opposite charges q; and qg2 (a hydrogen 
atom). Let R and P, Re and Pg be the position and momentum observables of the 
relative particle and of the center of mass (cf. Chap. VII, § B). M = m; + mz is the 
total mass, and m = mym2/(m1 + mz) is the reduced mass. The Hamiltonian Ho of the 
system can be written: 


Ho = H.+ H; (1) 
where: 
1 
Hi, = ar (2) 


is the translational kinetic energy of the atom, assumed to be free (“external” degrees of 
freedom), and where H; (which depends only on R and P) describes the internal energy 
of the atom (“internal” degrees of freedom). We denote by |K) the eigenstates of He, 
with eigenvalues h?K?/2M. We concern ourselves with only two eigenstates of H;, |ya) 
and |x,), of energies FE, and Ey (Ey > Eq). We set: 


E» = Ea = hwo (3) 


a. What energy must be furnished to the atom to move it from the state |K; x.) 
(the atom in the state |v.) with a total momentum hK) to the state |K’; x5)? 
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b. This atom interacts with a plane electromagnetic wave of wave vector k and 
angular frequency w = ck, polarized along the unit vector e perpendicular to k. The 
corresponding vector potential A(r, t) is: 


A(r,t) = Apee“*?-#) + cc. (4) 
where Ag is a constant. The principal term of the interaction Hamiltonian between this 
plane wave and the two-particle system can be written (cf. Complement Axqr, § 1-b): 


2 
qi 
W(t) =—- —P,- A(Ri,t 5 
()=- DEP ARot) (5) 
Express W(t) in terms of R, P, Re, Pc, m, M and q (setting q1 = —q2 = q), and 
show that, in the electric dipole approximation which consists of neglecting k-R (but 
not k- Rg) compared to 1, we have: 


W(t) =We *! + Wie? (6) 
where: 
W= ao e-P ek Re (7) 
m 


c. Show that the matrix element of W between the state |K;x.,) and the state 
|K’; x») is different from zero only if there exists a certain relation between K, k, K’ (to 
be specified). Interpret this relation in terms of the total momentum conservation during 
the absorption of an incident photon by the atom. 

d. Show from this that if the atom in the state |K; y,) is placed in the plane wave 
(4), resonance occurs when the energy iw of the photons associated with the incident 
wave differs from the energy hwo of the atomic transition |ya) > |x») by a quantity 6 
which is to be expressed in terms of h, wo, K, k, M, c (since 6 is a corrective term, we 
can replace w by wo in the expression for 6). Show that 6 is the sum of two terms: one 
of which, 6,, depends on K and on the angle between K and k (the Doppler effect); and 
the other, 62, is independent of K. Give a physical interpretation of 6; and 62 (showing 
that 62 is the recoil kinetic energy of the atom when, having been initially motionless, it 
absorbs a resonant photon). 

Show that 62 is negligible compared to 6, when hwo is of the order of 10 eV (the 
domain of atomic physics). Choose, for M, a mass of the order of that of the proton 
Mc? ~ 10° eV), and, for |K], a value corresponding to a thermal velocity at T = 300° K. 
Would this still be true if hwo were of the order of 10° eV (the domain of nuclear physics)? 


II-Recoilless absorption of radiation by a nucleus vibrating about its 
equilibrium position in a crystal. The Méssbauer effect 

The system under consideration is now a nucleus of mass M vibrating at the 
angular frequency 2 about its equilibrium position in a crystalline lattice (the Einstein 
model; cf. Complement Ay, § 2). We again denote by Rg and Pg the position and 
momentum of the center of mass of this nucleus. The vibrational energy of the nucleus 
is described by the Hamiltonian: 


1 1 
He= surat 5 MO" XG + YG + ZG) (8) 
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which is that of a three-dimensional isotropic harmonic oscillator. Denote by |™n, n,n.) 
the eigenstate of H, of eigenvalue (nz + ny + nz +3/2)hQ. In addition to these external 
degrees of freedom, the nucleus possesses internal degrees of freedom with which are 
associated observables which all commute with Rg and Pg. Let H; be the Hamiltonian 
that describes the internal energy of the nucleus. As above, we concern ourselves with 
two eigenstates of H;, |v.) and |x,), of energies EF, and Ey, and we set hwo = Ey — Ea. 
Since hwo falls into the y-ray domain, we have, of course: 


wo > Q (9) 


e. What energy must be furnished to the nucleus to allow it to go from the state 
|Wo,0,03 Xa) (the nucleus in the vibrational state defined by the quantum numbers n, = 0, 
ny = 0, n, = 0 and the internal state |y,)) to the state |Wn,o,0; xo)? 

f. This nucleus is placed in an electromagnetic wave of the type defined by (4), 
whose wave vector k is parallel to Ox. It can be shown that, in the electric dipole approx- 
imation, the interaction Hamiltonian of the nucleus with this plane wave (responsible for 
the absorption of the y-rays) can be written as in (6), with: 


W= Ao S;(k) ekte (10) 


where S;(k) is an operator which acts on the internal degrees of freedom and consequently 
commutes with Rg and Pg. Set s(k) = (x|Si(k)|va)- 

The nucleus is initially in the state |%0,0,0; Xa). Show that, under the influence 
of the incident plane wave, a resonance appears whenever hw coincides with one of the 
energies calculated in e, with the intensity of the corresponding resonance proportional to 
|s(K)|?|(¢n,o,0le***¢ |0,0,0)|?, where the value of k is to be specified. Show, furthermore, 
that condition (9) allows us to replace k by ko = wo/c in the expression for the intensity 
of the resonance. 

g. We set: 


XG | pq)? (11) 
where the states |y,,) are the eigenstates of a one-dimensional harmonic oscillator of 
position Xg, mass M and angular frequency 1. 

a. Calculate 7,(ko) in terms of h, M, Q, ko, n (see also exercise 7 of Comple- 


ment My). Set € =" /naQ. 

Hint: establish a recurrence relation between (iy, |e*°*¢ |ygo) and (yp_1\e*°*¢ |yo), 
and express all the 7,,(ko) in terms of z9(ko), which is to be calculated directly from the 
wave function of the harmonic oscillator ground state. Show that the 7,(ko) are given 


by a Poisson distribution. 
GB. Verify that S> m,(ko) = 1 
n=0 





T™n(ko) = (Pnle 





co 
7. Show that S> nfQan(ko) = h?w?/2Mc?. 
n=0 
h. Assume that hQ > h?w%/2Mc’, i.e. that the vibrational energy of the nucleus 
is much greater than the recoil energy (very rigid crystalline bonds). Show that the 
absorption spectrum of the nucleus is essentially composed of a single line of angular 
frequency wo. This line is called the recoilless absorption line. Justify this name. Why 
does the Doppler effect disappear? 
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i. Now assume that hQ « h?w2/2Mc? (very weak crystalline bonds). Show that 
the absorption spectrum of the nucleus is composed of a very large number of equidistant 
lines whose barycenter (obtained by weighting the abscissa of each line by its relative 
intensity) coincides with the position of the absorption line of the free and initially 
motionless nucleus. What is the order of magnitude of the width of this spectrum (the 
dispersion of the lines about their barycenter)? Show that one obtains the results of the 
first part in the limit Q > 0. 
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In Chapter III, we stated the postulates of non-relativistic quantum mechanics, and 
in Chapter IX, we concentrated on those which concern spin degrees of freedom. Here, 
we shall see (§ A) that, in reality, these postulates are not sufficient when we are dealing 
with systems containing several identical particles since, in this case, their application 
leads to ambiguities in the physical predictions. To eliminate these ambiguities, it is 
necessary to introduce a new postulate, concerning the quantum mechanical description 
of systems of identical particles. We shall state this postulate in § C and discuss its 
physical implications in § D. Before we do so, however, we shall (in § B) define and study 
permutation operators, which considerably facilitate the reasoning and the calculations. 
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A. Statement of the problem 


A-1. Identical particles: definition 


Two particles are said to be identical if all their intrinsic properties (mass, spin, 
charge, etc.) are exactly the same: no experiment can distinguish one from the other. 
Thus, all the electrons in the universe are identical, as are all the protons and all the 
hydrogen atoms. On the other hand, an electron and a positron are not identical, since, 
although they have the same mass and the same spin, they have different electrical 
charges. 

An important consequence can be deduced from this definition: when a physical 
system contains two identical particles, there is no change in its properties or its evolution 
if the roles of these two particles are exchanged. 


Comment: 


Note that this definition is independent of the experimental conditions. Even if, 
in a given experiment, the charges of the particles are not measured, an electron 
and a positron can never be treated like identical particles. 


A-2. Identical particles in classical mechanics 


In classical mechanics, the presence of identical particles in a system poses no 
particular problems. This special case is treated just like the general case. Each particle 
moves along a well-defined trajectory, which enables us to distinguish it from the others 
and “follow” it throughout the evolution of the system. 

To treat this point in greater detail, we shall consider a system of two identical 
particles. At the initial time to, the physical state of the system is defined by specifying 
the position and velocity of each of the two particles; we denote these initial data by 
{ro, vo} and {ro,vo}. To describe this physical state and calculate its evolution, we 
number the two particles: r,(t) and v,(t) denote the position and velocity of particle 
(1) at time ¢, and ro(t) and vo(t), those of particle (2). This numbering has no physical 
foundation, as it would if we were dealing with two particles having different natures. 
It follows that the initial physical state which we have just defined may, in theory, be 
described by two different “mathematical states” as we can set, either: 


r(to)=Yo Yre(to) =r 


vi(to) = Vo V2(to) = vo (A-1) 
ri (to) = ro ro(to) =fo 
vi(to) = Vo V2(to) = Vo (A-2) 


Now, let us consider the evolution of the system. Suppose that the solution of the 
equations of motion defined by initial conditions (A-1) can be written: 


ri(é)=r(t) re(t) = r'(t) (A-3) 
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where r(t) and r’(t) are two vector functions. The fact that the two particles are iden- 
tical implies that the system is not changed if they exchange roles. Consequently, the 
Lagrangian £(r1,V1;¥2, V2) and the classical Hamiltonian H(r1, pi; re, p2) are invariant 
under exchange of indices 1 and 2. It follows that the solution of the equations of motion 
corresponding to the initial state (A-2) is: 


ri(t)=r/(t) r2(t) = x(t) (A-4) 


where the functions r(¢) and r’(t) are the same as in (A-3). 

The two possible mathematical descriptions of the physical state under considera- 
tion are therefore perfectly equivalent, since they lead to the same physical predictions. 
The particle which started from {ro, vo} at to is at r(t) with the velocity v(t) = dr/d¢t at 
time ¢t, and the one which started from {rg, vp} is at r’(¢) with the velocity v’(t) = dr’/dt 
(Fig. 1). Under these conditions, all we need to do is choose, at the initial time, either 
one of the two possible “mathematical states” and ignore the existence of the other one. 
Thus, we treat the system as if the two particles were actually of different natures. The 
numbers (1) and (2), with which we label them arbitrarily at to, then act like intrinsic 
properties to distinguish the two particles. Since we can follow each particle step-by-step 
along its trajectory (arrows in Figure 1), we can determine the locations of the particle 
numbered (1) and the one numbered (2) at any time. 





{ ro. Vo } =< { r(), vio $ 


{ ro } <> { rio. veo | 
Initial state State at the instant / 


Figure 1: Position and velocity of each of the two particles at the initial time to and at 
time t. 





A-3. Identical particles in quantum mechanics: the difficulties of applying the general 
postulates 
A-3-a. Qualitative discussion of a first simple example 


It is immediately apparent that the situation is radically different in quantum 
mechanics, since the particles no longer have definite trajectories. Even if, at to, the 
wave packets associated with two identical particles are completely separated in space, 
their subsequent evolution may mix them. We then “lose track” of the particles; when 
we detect one particle in a region of space in which both of them have a non-zero position 
probability, we have no way of knowing if the particle detected is the one numbered (1) 
or the one numbered (2). Except in special cases — for example, when the two wave 
packets never overlap — the numbering of the two particles becomes ambiguous when 
their positions are measured, since, as we shall see, there exist several distinct “paths” 
taking the system from its initial state to the state found in the measurement. 
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To investigate this point in greater detail, consider a concrete example; a collision 
between two identical particles in their center of mass frame (Fig. 2). Before the collision, 
we have two completely separate wave packets, directed towards each other (Fig. 2a). We 
can agree, for example, to denote by (1) the particle on the left and by (2), the one on the 
right. During the collision (Fig. 2b), the two wave packets overlap. After the collision, 
the region of space in which the probability density of the two particles is non-zero! 
looks like a spherical shell whose radius increases over time (Fig. 2c). Suppose that a 
detector placed in the direction which makes an angle 6 with the initial velocity of wave 
packet (1) detects a particle. It is then certain (because momentum is conserved in the 
collision) that the other particle is moving away in the opposite direction. However, it is 
impossible to know if the particle detected at D is the one initially numbered (1) or the 
one numbered (2). Thus, there are two different “paths” that could have led the system 
from the initial state shown in Figure 2a to the final state found in the measurement. 
These two paths are represented schematically in Figures 3a and 3b. Nothing enables us 
to determine which one was actually followed. 





wy . ahs aaa! ee Ds Se 
() 2) a 
a : ce 
a b : 


Figure 2: Collision between two identical particles in the center of mass frame: schematic 
representation of the probability density of the two particles. Before the collision (fig. a), 
the two wave packets are clearly separated and can be labeled. During the collision (fig. b), 
the two wave packets overlap. After the collision (fig. c), the probability density is non- 
zero in a region shaped like a spherical shell whose radius increases over time. Because 
the two particles are identical, it is impossible, when a particle is detected at D, to know 
with which wave packet, (1) or (2), it was associated before the collision. 





A fundamental difficulty then arises in quantum mechanics when using the postu- 
lates of Chapter III. In order to calculate the probability of a given measurement result 
it is necessary to know the final state vectors associated with this result. Here, there are 
two, which correspond respectively to Figures 3a and 3b. These two kets are distinct 
(and, furthermore, orthogonal). Nevertheless, they are associated with a single physical 





1The two-particle wave function depends on six variables (the components of the two particles coor- 
dinates r and r’) and is not easily represented in 3 dimensions. Figure 2 is therefore very schematic: the 
grey regions are those to which both r and r’ must belong for the wave function to take on significant 
values. 
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Figure 3: Schematic representation of two types of “paths” which the system could have 
followed in going from the initial state to the state found in the measurement. Because 
the two particles are identical, we cannot determine the path that was actually followed. 





state since it is impossible to imagine a more complete measurement that would permit 
distinguishing between them. Under these conditions, should one calculate the probabil- 
ity using path 3a, path 3b or both? In the latter case, should one take the sum of the 
probabilities associated with each path, or the sum of their probability amplitudes (and 
in this case, with what sign)? These different possibilities lead, as we shall verify later, 
to different predictions. 

The answer to the preceding questions will be given in § D after we have stated the 
symmetrization postulate. Before going on, we shall study another example that will aid 
us in understanding the difficulties related to the indistinguishability of two particles. 


A-3-b. Origin of the difficulties: Exchange degeneracy 


In the preceding example, we considered two wave packets which, initially, did 
not overlap; this enabled us to label each of them arbitrarily with a number, (1) or 
(2). Ambiguities appeared, however, when we tried to determine the mathematical state 
(or ket) associated with a given result of a position measurement. Actually, the same 
difficulty arises in the choice of the mathematical ket used to describe the initial physical 
state. This type of difficulty is related to the concept of “exchange degeneracy” which 
we shall introduce in this section. To simplify the reasoning, we shall first consider a 
different example, so as to confine ourselves to a finite-dimensional space. Then, we shall 
generalize the concept of exchange degeneracy, showing that it can be generalized to all 
quantum mechanical systems containing identical particles. 


Qa. Exchange degeneracy for a system of two spin 1/2 particles 


Let us consider a system composed of two identical spin 1/2 particles, confining 
ourselves to the study of its spin degrees of freedom. As in § A-2, we shall distinguish 
between the physical state of the system and its mathematical description (a ket in state 
space). 

It would seem natural to suppose that, if we made a complete measurement of each 
of the two spins, we would then know the physical state of the total system perfectly. 
Here, we shall assume that the component along Oz of one of them is equal to +f/2 and 
that of the other one, — /2 (this is the equivalent for the two spins of the specification 


1423 


CHAPTER XIV SYSTEMS OF IDENTICAL PARTICLES 





of {ro, vo} and {rp, vo} in § A-2). 

To describe the system mathematically, we number the particles: S; and S2 denote 
the two spin observables, and {|e1,¢2)} (where ¢, and ¢2 can be equal to + or —) is the 
orthonormal basis of the state space formed by the common eigenkets of $1, (eigenvalue 
€h/2) and S2, (eigenvalue €2f/2). 

Just as in classical mechanics, two different “mathematical states” could be asso- 
ciated with the same physical state. Either one of the two orthogonal kets: 


ley =+, €2=-) (A-5a) 
ler. =— , €2=+) (A-5b) 
can, a priori, describe the physical state considered here. 


These two kets span a two-dimensional subspace whose normalized vectors are of 
the form: 


Oo| =) + Blah) (A-6) 
with: 
jal? + |B? =1 (A-7) 


By the superposition principle, all mathematical kets (A-6) can represent the same phys- 
ical state as (A-5a) or (A-5b) (one spin pointing up and the other one pointing down). 
This is called “exchange degeneracy”. 

Exchange degeneracy creates fundamental difficulties, since application of the pos- 
tulates of Chapter III to the various kets (A-6) can lead to physical predictions that 
depend on the ket chosen. Let us determine, for example, the probability of finding the 
components of the two spins along Ox both equal to +f/2. With this measurement result 
is associated a single ket of the state space. According to formula (A-20) of Chapter IV, 
this ket can be written: 








1 1 
vlles = +) + le, = 1 ®@ Tplles = +) + |e2 = —)] 
1 
=5[ltH) + 4) + H-) + (A-8) 
Consequently, the desired probability, for the vector (A-6), is equal to: 
1 2 
plore) (A-9) 





This probability does depend on the coefficients a and G. It is not possible, therefore, to 
describe the physical state under consideration by the set of kets (A-6) or by any one of 
them chosen arbitrarily. The exchange degeneracy must be removed. That is, we must 
indicate unambiguously which of the kets (A-6) is to be used. 


Comment: 


In this example, exchange degeneracy appears only in the initial state, since we 
chose the same value for the components of the two spins in the final state. In the 
general case (for example, if the measurement result corresponds to two different 
eigenvalues of S,), exchange degeneracy appears in both the initial and the final 
state. 
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B. Generalization 


The difficulties related to exchange degeneracy arise in the study of all systems 
containing an arbitrary number N of identical particles (N > 1). 

Consider, for example, a three-particle system. With each of the three particles, 
taken separately, are associated a state space and observables acting in this space. Thus, 
we are led to number the particles: E(1), €(2) and €(3) will denote the three one-particle 
state spaces, and the corresponding observables will be labeled by the same indices. The 
state space of the three-particle system is the tensor product: 


E = E(1) ® E(2) ® E(3) (A-10) 


Now, consider an observable B(1), initially defined in €(1). We shall assume 
that B(1) alone constitutes a C.S.C.O. in €(1) [or that B(1) actually denotes several 
observables which form a C.S.C.O.]. The fact that the three particles are identical implies 
that the observables B(2) and B(3) exist and that they constitute C.S.C.O/s in €(2) and 
€(3) respectively. B(1), B(2) and B(3) have the same spectrum, {b,;n = 1,2,...}. Using 
the bases that define these three observables in €(1), E€(2) and €(3), we can construct, 
by taking the tensor product, an orthonormal basis of €, which we shall denote by: 


Jl: ; 2:0); 3:bg) 3 1,9,k =1,2, (A-11) 


The kets |1: 6; ; 2: 6; ; 3: b,) are common eigenvectors of the extensions of B(1), B(2) 
and B(3) in €, with respective eigenvalues b;, b; et by. 

Since the three particles are identical, we cannot measure B(1) or B(2) or B(3), 
since the numbering has no physical significance. However, we can measure the physical 
quantity B for each of the three particles. Suppose that such a measurement has resulted 
in three different eigenvalues, b,, b, and b,. Exchange degeneracy then appears, since 
the state of the system after this measurement can, a priori, be represented by any one 
of the kets of the subspace of € spanned by the six basis vectors: 


|: bp 3 2:bp 3 3:bg), [Libg3 2:6, 3 3:bp), [Li bp; 2:69; 3: bn) 
Jl: bp 3; 2:bg; 3:bp), |L:bp; 2:6, 5 3:bg), [L:bg; 2:6, 3 3: dp) (A-12) 


Therefore, a complete measurement on each of the particles does not permit the determi- 
nation of a unique ket of the state space of the system. 


Comment: 


The indeterminacy due to exchange degeneracy is, of course, less important if 
two of the eigenvalues found in the measurement are equal. This indeterminacy 
disappears in the special case in which the three results are identical. 


B. Permutation operators 


Before stating the additional postulate that enables us to remove the indeterminacy 
related to exchange degeneracy, we shall study certain operators, defined in the total state 
space of the system under consideration, which actually permute the various particles of 
the system. The use of these permutation operators will simplify the calculations and 
reasoning in §§ C and D. 
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B-1. Two-particle systems 
B-1-a. Definition of the permutation operator P21 

Consider a system composed of two particles with the same spin s. Here it is not 
necessary for these two particles to be identical; it is sufficient that their individual state 
spaces be isomorphic. Therefore, to avoid the problems that arise when the two particles 
are identical, we shall assume that they are not: the numbers (1) and (2) with which 
they are labeled indicate their natures. For example, (1) will denote a proton and (2), 
an electron. 

We choose a basis, {|u;)}, in the state space €(1) of particle (1). Since the two 
particles have the same spin, €(2) is isomorphic to €(1), and it can be spanned by the 
same basis. By taking the tensor product, we construct, in the state space € of the 
system, the basis: 


qb diet Bt (B-1) 
Since the order of the vectors is of no importance in a tensor product, we have: 

2: uj; liu) =|L: uz; 2: u,) (B-2) 
However, note that: 

[Leas $2) Alls ties Dawe) fase gy (B-3) 


The permutation operator P; is then defined as the linear operator whose action 
on the basis vectors is given by: 


Po|l suzy; 2: uj) =|2:u;, 3; Liuj) = [Ls uy; 2: u) (B-4) 


Its action on any ket of € can easily be obtained by expanding this ket? on the basis 
(B-1). 


Comment: 


If we choose the basis formed by the common eigenstates of the position observable R 
and the spin component S$, (B-4) can be written: 


Pollir, 62:9") = |Lir’,e 5 2: 4,6) (B-5) 
Any ket |) of the state space € can be represented by a set of (2s +1)? functions of six 
variables: 

|p) = > fo der’ wee(r,r)[lir,e 3; 2:¥',€') (B-6) 
with: 

we er(v,r’) = (Lir,e; 2:2’, e'|v) (B-7) 





?It can easily be shown that the operator P21 so defined does not depend on the {|u;)} basis chosen. 
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We then have: 


Pail) = > fa Br! we e(r,r’)|1:r',e ; 2:4, 4) (B-8) 
By changing the names of the dummy variables: 

eve 

ror’ (B-9) 


we transform formula (B-8) into: 
Px |v) = > far Br! weer(r',r)[l:r,e; 2:4r',6') (B-10) 


Consequently, the functions: 
Peer(r,r’) = (Lire; 2: 2',e'|Paily) (B-11) 


which represent the ket |b") = P2i|W) can be obtained from the functions (B-7) which 
represent the ket |w) by inverting (r,¢) and (r’, <’): 


Wee(r,r’) = Were(¥’,r) (B-12) 


B-1-b. Properties of P21 
We see directly from definition (B-4) that: 


(Px)? =1 (B-13) 


The operator P21 is its own inverse. 
It can easily be shown that P2, is Hermitian: 


Pi, = Pa (B-14) 
The matrix elements of Po; in the {|l1: u; ; 2: u;)} basis are: 


(Lt aie fo 2 | Poy |e tig Bea eT aie Ge eel es 22 


Those of Ph, are, by definition: 


(Li tug 3 2: uy’|P3, [1 1Uy 3 22u;) =((L: uy; 2: u,j|Porll: uy 5 2: uzr))* 
=\((leigs 2 eal sue F230) )* 
= O45" Oya (B-16) 
Each of the matrix elements of Pi, is therefore equal to the corresponding matrix element 


of P,. This leads to relation (B-14). 
It follows from (B-13) and (B-14) that Pp»; is also unitary: 


Pj, Poy = PoP}, = 1 (B-17) 
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B-1-c. Symmetric and antisymmetric kets. Symmetrizer and antisymmetrizer 


According to relation (B-14), the eigenvalues of P2; must be real. Since, accord- 
ing to (B-13), their squares are equal to 1, these eigenvalues are simply +1 and —1. 
The eigenvectors of P21 associated with the eigenvalue +1 are called symmetric, those 
corresponding to the eigenvalue —1, antisymmetric: 


P2i|\¥s) = |s) => |vs) symmetric 
Poi \ba) = —|va) = > |~a) antisymmetric (B-18) 


Now consider the two operators: 


S= 5(l + P21) (B-19a) 
Ae 5 (1 sip (B-19b) 


These operators are projectors, since (B-13) implies that: 


SS (B-20a) 
A’ -A (B-20b) 


and, in addition, (B-14) enables us to show that: 


sis (B-21a) 
A‘t=A (B-21b) 


S and A are projectors onto orthogonal subspaces, since, according to (B-13): 
SA=AS=0 (B-22) 
These subspaces are supplementary, since definitions (B-19) yield: 
S+A=1 (B-23) 


If |) is an arbitrary ket of the state space €, S|w) is a symmetric ket and Alt), 
an antisymmetric ket, as it is easy to see, using (B-13) again, that: 


P21 S|b) = S|) 
Px, Alp) = —Alp) (B-24) 


For this reason, S and A are called, respectively, a symmetrizer and an antisymmetrizer. 


Comment: 


The same symmetric ket is obtained by applying S to P21|w) or to |w) itself: 
SPoi|b) = S|) (B-25) 
For the antisymmetrizer, we have, similarly: 


AP» |b) = —Aly) (B-26) 
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B-1-d. Transformation of observables by permutation 


Consider an observable B(1), initially defined in €(1) and then extended into €. 
It is always possible to construct the {|u;)} basis in €(1) from eigenvectors of B(1) (the 
corresponding eigenvalues will be written b;). Let us now calculate the action of the 
operator P2;B(1)P}, on an arbitrary basis ket of E: 


Py, B(1) Ph, [1 : us 3 2: uy) = Por B(1)|1: uy 3 2: us) 
= b;Pai|1: uj ; 2: ui) 
=b;|l: us; 2: u,) (B-27) 


We would obtain the same result by applying the observable B(2) directly to the basis 
ket chosen. Consequently: 


Po: B(1)P3, = B(2) (B-28) 
The same reasoning shows that: 
Px B(2)P3, = B(1) (B-29) 


In €, there are also observables, such as B(1) + C(2) or B(1)C(2), which involve both 
indices simultaneously. We obviously have: 


Po [B(1) + C(2)| Py = B(2) + C(1) (B-30) 
Similarly, using (B-17), we find: 


Pz B(1)C(2) PJ = Poi B(1) Ph, PoC (2) Ph, 
= B(2)C(1) (B-31) 


These results can be generalized to all observables in € which can be expressed in terms 
of observables of the type of B(1) and C(2), to be denoted by O(1, 2): 


Px, O(1, 2) Pi, = O(2,1) (B-32) 


O(2, 1) is the observable obtained from O(1, 2) by exchanging indices 1 and 2 throughout. 
An observable Og(1,2) is said to be symmetric if: 


Os(2,1) = Os(1, 2) (B-33) 


According to (B-32), all symmetric observables satisfy: 


P>Og(1,2) = Og(1,2) Po (B-34) 
that is: 
[Os(1,2), Poi] =0 (B-35) 


Symmetric observables commute with the permutation operator. 
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B-2. Systems containing an arbitrary number of particles 


In the state space of a system composed of N particles with the same spin (tem- 
porarily assumed to be of different natures), N! permutation operators can be defined 
(one of which is the identity operator). If N is greater than 2, the properties of these 
operators are more complex than those of P2,. To have an idea of the changes involved 
when JN is greater than 2, we shall briefly study the case in which N = 3. 


B-2-a. Definition of the permutation operators 


Consider, therefore, a system of three particles that are not necessarily identical, 
but have the same spin. As in § B-l-a, we construct a basis of the state space of the 
system by taking a tensor product: 


{|l: us 3 2: uj; 3: ux)} (B-36) 
In this case, there exist six permutation operators, which we shall denote by: 
Poe 5 Fes: 4-day P18 Poe Go at (B-37) 


By definition, the operator Prpg (where n, p, ¢ is an arbitrary permutation of the numbers 
1, 2, 3) is the linear operator whose action on the basis vectors obeys: 

Prpg|l tui 3 2:4; 3 32g) = |ni use; pruys |: UK) (B-38) 
For example: 

Posi (lt ties 23g 34 aie = (2a 23s i ot) 

= |b tues 24,3 32 a;) (B-39) 

P23 therefore coincides with the identity operator. The action of Pypyg on any ket of the 
state space can easily be obtained by expanding this ket on the basis (B-36). 


The N! permutation operators associated with a system of N particles with the 
same spin could be defined analogously. 


B-2-b. Properties 
a. The set of permutation operators constitutes a group 
This can easily be shown for the operators (B-37): 
(2) Pi23 is the identity operator. 


(zi) The product of two permutation operators is also a permutation operator. We can show, 
for example, that: 


P312Pi32 = P31 (B-40) 
To do so, we apply the left-hand side to an arbitrary basis ket: 
P312Pi32|1: us 5 2: uz 5 3: ur) 
= P3i2|1: ui; 3: uz 5 2: ur) 
= Paig|l: ui; 2: ux 3 3: uy) 
=|3:ui; l:ug; 2: u;) 
=|l:up; 2: uj; 3 3: us) (B-41) 
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The action of P32: effectively leads to the same result: 


P3oi|[l iui 3 2: uy 5 3: ue) = |B: ui; 2: uz 3 1: ur) 
=|l: up; 2:uj; 3: ui) (B-42) 


(iit) Each permutation operator has an inverse, which is also a permutation operator. Rea- 
soning as in (iz), we can easily show that: 


-1 -1 i 
Pio3 = Ping; Psi = Pozi; P93) = Pie 


Pisa = Pise; Pag = Pais; Pyai = Paar (B-43) 
Note that the permutation operators do not commute with each other. For example: 
P132P312 = P23 (B-44) 


which, compared to (B-40), shows that the commutator of Pi32 and P312 is not zero. 


B. Transpositions. Parity of a permutation operator 


A transposition is a permutation which simply exchanges the roles of two of the 
particles, without touching the others. Of the operators (B-37), the last three are trans- 
position operators?. Transposition operators are Hermitian, and each of them is the same 
as its inverse, so that they are also unitary [the proofs of these properties are identical 
to those for (B-14), (B-13) and (B-17)]. 

Any permutation operator can be broken down into a product of transposition op- 
erators. For example, the second operator (B-37) can be written: 


P319 = P132P213 = P321Pi32 = P213P321 = P132P213(Pis2)? =... (B-45) 


This decomposition is not unique. However, for a given permutation, it can be shown that 
the parity of the number of transpositions into which it can be broken down is always the 
same: it is called the parity of the permutation. Thus, the first three operators (B-37) are 
even, and the last three, odd. For any N, there are always as many even permutations 
as odd ones. 


7. Permutation operators are unitary 


Permutation operators, which are products of transposition operators, all of which 
are unitary, are therefore also unitary. However, they are not necessarily Hermitian, since 
transposition operators do not generally commute with each other. 

Finally, note that the adjoint of a given permutation operator has the same parity 
as that of the operator, since it is equal to the product of the same transposition operators, 
taken in the opposite order. 


B-2-c. Completely symmetric or antisymmetric kets. Symmetrizer and antisymmetrizer 


Since the permutation operators do not commute for N > 2, it is not possible to 
construct a basis formed by common eigenvectors of these operators. Nevertheless, we 
shall see that there exist certain kets which are simultaneously eigenvectors of all the 
permutation operators. 





30Of course, for N = 2, the only possible permutation is a transposition. 
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We shall denote by P, an arbitrary permutation operator associated with a system 
of N particles with the same spin; a represents an arbitrary permutation of the first N 
integers. A ket |W) such that: 


Pals) = |%s) (B-46) 


for any permutation P,, is said to be completely symmetric. Similarly, a completely 
antisymmetric ket |y,) satisfies, by definition*: 


Pala) = €ala) (B-47) 
where: 


Eq = +1 if Py is an even permutation 
Eq = —1 if Py is an odd permutation (B-48) 
The set of completely symmetric kets constitutes a vector subspace Eg of the state space 


€; the set of completely antisymmetric kets, a subspace Ey. 
Now consider the two operators: 


1 
1 
A= eaPs (B-50) 


where the summations are performed over the N! permutations of the first N integers, 

and €q is defined by (B-48). We shall show that S and A are the projectors onto Es and 

Ea respectively. For this reason, they are called a symmetrizer and an antisymmetrizer. 
Sand A are Hermitian operators: 


= s (B-51) 

A‘'=A (B-52) 
The adjoint Pi of a given permutation operator is, as we saw above (cf. § B-2-b-y), another 
permutation operator, of the same parity (which coincides, furthermore, with Py'). Taking 
the adjoints of the right-hand sides of the definitions of S and A therefore amounts simply 
to changing the order of the terms in the summations (since the set of the Py’ is again the 
permutation group). 

Also, if P,, is an arbitrary permutation operator, we have: 
Peo = 8 Pog = 9 (B-53a) 
Poy A = APay = Ea, A (B-53b) 


This is due to the fact that Po, Pa is also a permutation operator: 


Pa Pa = Pz (B-54) 





4 According to the property stated in § B-2-b-8, this definition can also be based solely on the 
transposition operators: any transposition operator leaves a completely symmetric ket invariant and 
transforms a completely antisymmetric ket into its opposite. 
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such that: 
EB = EagEa (B-55) 


If, for Pa, fixed, we choose successively for P. all the permutations of the group, we see that 
the Pg are each identical to one and only one of these permutations (in, of course, a different 
order). Consequently: 


1 1 
Pao = Fy Sy Pikes a S > Ps =8 (B-56a) 
a B 


1 1 
Pao A= 35 Series wien So ep Ps = €aoA (B-56b) 
a B 


Similarly, we could prove analogous relations in which S and A are multiplied by Pa, from the 
right. 
From (B-53), we see that: 


or =6 

A=A (B-57) 
and, moreover: 

AS =SA=0 (B-58) 


This is because: 


Po. yn ye a8 


2_ 1 fad 24 
a= Wi faPoA = NID eot =A (B-59) 
as each summation includes N! terms; furthermore: 
1 1 
AS = HID oP = nT® ea =0 (B-60) 


since half the ¢, are equal to +1 and half equal to —1 (cf. § B-2-b-@). 

Sand A are therefore projectors. They project respectively onto Eg and E, since, 
according to (B-53), their action on any ket |w) of the state space yields a completely 
symmetric or completely antisymmetric ket: 


Pao S|) = S|») (B-61a) 
Pa Al) = Eo Alp) (B-61b) 
Comments: 


(t) The completely symmetric ket constructed by the action of S on P,|w), where 
P, is an arbitrary permutation, is the same as that obtained from |q), since 
expressions (B-53) indicate that: 


SPal) = SI) (B-62) 
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As for the corresponding completely antisymmetric kets, they differ at most 
by their signs: 


APal)) = EaAly) (B-63) 


(i) For N > 2, the symmetrizer and antisymmetrizer are not projectors onto 
supplementary subspaces. For example, when N = 83, it is easy to obtain 
[by using the fact that the first three permutations (B-37) are even and the 
others odd] the relation: 


1 
S+A= 5(Pizs + Posi + Psiz) #1 (B-64) 


In other words, the state space is not the direct sum of the subspace Eg of 
completely symmetric kets and the subspace €,4 of completely antisymmetric 
kets. 


B-2-d. Transformation of observables by permutation 


We have indicated (§ B-2-b-G) that any permutation operator of an N-particle 
system can be broken down into a product of transposition operators analogous to the 
operator P:, studied in § B-1. For these transposition operators, we can use the argu- 
ments of § B-1-d to determine the behavior of the various observables of the system when 
they are multiplied from the left by an arbitrary permutation operator P,, and from the 
right by Pt. 

In particular, the observables Og(1,2,...,.N) which are completely symmetric un- 
der exchange of the indices 1, 2, ..., N, commute with all the transposition operators, 
and, therefore, with all the permutation operators: 


[(Os(1,2,...,N), Po] =0 (B-65) 


C. The symmetrization postulate 


C-1. Statement of the postulate 





When a system includes several identical particles, only certain kets of its state space 
can describe its physical states. Physical kets are, depending on the nature of the 
identical particles, either completely symmetric or completely antisymmetric with re- 
spect to permutation of these particles. Those particles for which the physical kets are 
symmetric are called bosons, and those for which they are antisymmetric, fermions. 











The symmetrization postulate thus limits the state space for a system of identical 
particles. This space is no longer, as it was in the case of particles of different natures, the 
tensor product € of the individual state spaces of the particles constituting the system. 
It is only a subspace of €, namely Eg or E,, depending on whether the particles are 
bosons or fermions. 

From the point of view of this postulate, particles existing in nature are divided 
into two categories. All currently known particles obey the following empirical rule°: 
particles of half-integral spin (electrons, positrons, protons, neutrons, muons, etc.) are 
fermions, and particles of integral spin (photons, mesons, etc.) are bosons. 





5The “spin-statistics theorem”, proven in quantum field theory, makes it possible to consider this 
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Comment: 


Once this rule has been verified for the particles which are called “elementary”, it holds for 
all other particles as well, inasmuch as they are composed of these elementary particles. 
Consider a system of many identical composite particles. Permuting two of them is 
equivalent to simultaneously permuting all the particles composing the first one with the 
corresponding particles (necessarily identical to the aforementioned ones) of the second 
one. This permutation must leave the ket describing the state of the system unchanged 
if the composite particles being studied are formed only of elementary bosons or if each 
of them contains an even number of fermions (no sign change, or an even number of sign 
changes); in this case, the particles are bosons. On the other hand, composite particles 
containing an odd number of fermions are themselves fermions (an odd number of sign 
changes in the permutation). Now, the spin of these composite particles is necessarily 
integral in the first case and half-integral in the second one (Chap. X, § C-3-c). They 
therefore obey the rule just stated. For example, atomic nuclei are known to be composed 
of neutrons and protons, which are fermions (spin 1/2). Consequently, nuclei whose 
mass number A (the total number of nucleons) is even are bosons, and those whose mass 
number is odd are fermions. Thus, the nucleus of the *He isotope of helium is a fermion, 
and that of the “He isotope, a boson. 


C-2. Removal of exchange degeneracy 


We shall begin by examining how this new postulate removes the exchange degen- 
eracy and the corresponding difficulties. 

The discussion of § A can be summarized in the following way. Let |u) be a ket 
which can mathematically describe a well-defined physical state of a system containing 
N identical particles. For any permutation operator P,, P,|u) can describe this physical 
state as well as |u). The same is true for any ket belonging to the subspace €, spanned 
by |u) and all its permutations P,|u). Depending on the ket |w) chosen, the dimension of 
E, can vary between 1 and N!. If this dimension is greater than 1, several mathematical 
kets correspond to the same physical state: there is then an exchange degeneracy. 

The new postulate which we have introduced considerably restricts the class of 
mathematical kets able to describe a physical state: these kets must belong to €g for 
bosons, or to €, for fermions. We shall be able to say that the difficulties related to 
exchange degeneracy are eliminated if we can show that €, contains a single ket of Eg 
or a single ket of Ey. 

To do so, we shall use the relations S = SP, or A = €gAPy, proven in (B-53). We 
obtain: 


S|u) = SP,|u) (C-1a) 
Alu) = €,AP,|u) (C-1b) 
These relations express the fact that the projections onto Eg and €, of the various kets 


which span €,, and, consequently, of all the kets of €,,, are collinear. The symmetrization 
postulate thus unambiguously indicates (to within a constant factor) the ket of E,, which 





rule to be a consequence of very general hypotheses. However, these hypotheses may not all be correct, 
and discovery of a boson of half-integral spin or a fermion of integral spin remains possible. It is not 
inconceivable that, for certain particles, the physical kets might have more complex symmetry properties 
than those envisaged here. 
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must be associated with the physical state considered: S|u) for bosons and Alu) for 
fermions. This ket will be called the physical ket. 


Comment: 


It is possible for all the kets of €, to have a zero projection onto E,4 (or Eg). In 
this case, the symmetrization postulate excludes the corresponding physical state. 
Later (§§ C-3-b and C-3-c), we shall see examples of such a situation when dealing 
with fermions. 


C-3. Construction of physical kets 
C-3-a. The construction rule 


The discussion of the preceding section leads directly to the following rule for the 
construction of the unique ket (the physical ket) corresponding to a given physical state 
of a system of N identical particles: 


(i) Number the particles arbitrarily, and construct the ket |w) corresponding to the 
physical state considered and to the numbers given to the particles. 


ut Apply S or A to |u ; dependin on whether the identical particles are bosons or 
g 
fermions. 


(iit) Normalize the ket so obtained. 
We shall describe some simple examples to illustrate this rule. 


C-3-b. Application to systems of two identical particles 


Consider a system composed of two identical particles. Suppose that one of them 
is known to be in the individual state characterized by the normalized ket |y), and the 
other one, in the individual state characterized by the normalized ket |x). 

First of all, we shall envisage the case in which the two kets, |y) and |x), are 
distinct. The preceding rule is applied in the following way: 


(i) We label with the number 1, for example, the particle in the state |y), and with 
the number 2, the one in the state |v). This yields: 


Ju) = [Lips 22x) (C-2) 
(it) We symmetrize |u) if the particles are bosons: 


Slu) = s[ll:¢3 2:x)+[1: x3 2: 9)] (C-3a) 


NLR 


We antisymmetrize |u) if the particles are fermions: 
1 
Alu) = sll e3 2: x)—|Lixs 2: 9)] (C-3b) 
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(iz) The kets (C-3a) and (C-3b), in general, are not normalized. If we assume |y) and 
|v) to be orthogonal, the normalization constant is very simple to calculate. All we 
have to do to normalize Su) or Alu) is replace the factor 1/2 appearing in formulas 
(C-3) by 1/\/2. The normalized physical ket, in this case, can therefore be written: 


ie x)= ese 22x) tell xs 22 9) (C-4) 


with ¢€ = +1 for bosons and —1 for fermions. 


We shall now assume that the two individual states, |y) and |v), are identical: 


le) = Ix) (C-5) 
(C-2) then becomes: 
Ju) = [1:95 2:9) (C-6) 


|u) is already symmetric. If the two particles are bosons, (C-6) is then the physical ket 
associated with the state in which the two bosons are in the same individual state |v). 
If, on the other hand, the two particles are fermions, we see that: 


1 
Alu) = 5 [lies 2:)—|l: p53 2:)| =0 (C-7) 


Consequently, there exists no ket of E4 able to describe the physical state in which 
two fermions are in the same individual state |p). Such a physical state is therefore 
excluded by the symmetrization postulate. We have thus established, for a special case, 
a fundamental result known as “Pauli’s exclusion principle”: two identical fermions 
cannot be in the same individual state. This result has some very important physical 
consequences which we shall discuss in § D-1. 


C-3-c. Generalization to an arbitrary number of particles 


These ideas can be generalized to an arbitrary number N of particles. To see how 
this can be done, we shall first treat the case N = 3. 

Consider a physical state of the system defined by specifying the three individual 
normalized states |v), |) and |w). The state |u) which enters into the rule of § a can be 
chosen in the form: 


Ju) =|1: 9; 2:x% 5 3:w) (C-8) 


We shall discuss the cases of bosons and fermions separately. 


Q. The case of bosons 


The application of S to |u) gives: 
1 
Slu) = = > Pal) 


1 
<5 [dies 22x5 Siw) + [lis 2:—; Bzx)+[Lix; 2iw; 3:9) 


+[l:g3 2:w; 38:x)+|lixy; 2:93 3:w)4+|[l:w; 2: x; 3:9) (C-9) 


1437 


CHAPTER XIV SYSTEMS OF IDENTICAL PARTICLES 





It then suffices to normalize the ket (C-9). 

First of all, let us assume that the three kets |y), |x) and |w) are orthogonal. The 
six kets appearing on the right-hand side of (C-9) are then also orthogonal. To normalize 
(C-9), all we must do is replace the factor 1/6 by 1/6. 

If the two states |y~) and |x) coincide, while remaining orthogonal to |w), only three 
distinct kets now appear on the right-hand side of (C-9). It can easily be shown that the 
normalized physical ket can then be written: 


| => 

Spi w)= 

Ps V3 
+|l:—3 2:w; 3:p)4+|l:w; 2:9; 3:9) (C-10) 


|l:y; 2:y 3 3:w) 


Finally, if the three states |y), |x), |w) are the same, the ket: 
ju) =|L: 93 2: y; 3:y) (C-11) 


is already symmetric and normalized. 


B. The case of fermions 


The application of A to |w) leads to: 
1 
Alu) = 3 > foPall: 9 5 2:x3 3:uW) (C-12) 


The signs of the various terms of the sum (C-12) are determined by the same rule as 
those of a 3 x 3 determinant. This is why it is convenient to write Alu) in the form of a 
Slater determinant: 


, [Pedp) [Es 3): | w) 
Alu) = 3 | 12) 12: x) (2: w) (C-13) 
[3 : y) [3 : x) [3+ w) 


Alu) is zero if two of the individual states |v), |x) or |w) coincide, since the de- 
terminant (C-13) then has two identical columns. We obtain Pauli’s exclusion principle, 
already mentioned in § C-3-b: the same quantum mechanical state cannot be simultane- 
ously occupied by several identical fermions. 

Finally, note that if the three states |y), |x), |w) are orthogonal, the six kets 
appearing on the right-hand side of (C-12) are orthogonal. All we must then do to 
normalize Alu) is replace the factor 1/3! appearing in (C-12) or (C-13) by 1/V3!. 

If, now, the system being considered contains more than three identical particles, 
the situation actually remains similar to the one just described. It can be shown that, 
for N identical bosons, it is always possible to construct the physical state S|w) from 
arbitrary individual states |), |x), ... On the other hand, for fermions, the physical ket 
Alu) can be written in the form of an N x N Slater determinant; this excludes the case 
in which two individual states coincide (the ket Alu) is then zero). This shows, and we 
shall return to this in detail in § D, how different the consequences of the new postulate 
can be for fermion and boson systems. 
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C-3-d. Construction of a basis in the physical state space 


Consider a system of N identical particles. Starting with a basis, {|u;)}, in the 
state space of a single particle, we can construct the basis: 


{|l: ug; 2:uy; ... 5 Ns up)} 


in the tensor product space €. However, since the physical state space of the system is 
not €, but rather one of the subspaces Eg or E,, the problem arises of how to determine 
a basis in this physical state space. 

By application of S (or A) to the various kets of the basis: 


{li ug; 2:ujy; ... 5 Ns up)} 


we can obtain a set of vectors spanning Eg (or E,). Let |y) be an arbitrary ket of Eg, 
for example (the case in which |y) belongs to E,4 can be treated in the same way). |v), 
which belongs to €, can be expanded in the form: 


|p) = S> ORs Lathes rs GN Sts) (C-14) 


Since |y), by hypothesis, belongs to €g, we have S|y) = |y), and we simply apply the 
operator S to both sides of (C-14) to show that |y) can be expressed in the form of a 
linear combination of the various kets S|1: uj; ; 2:u; 3; ... 3; N: up). 

However, it must be noted that the various kets S|1: uj; 2:u;; ... ; N: up) 
are not independent. Let us permute the roles of the various particles in one of the kets 
|l: uz; 2:u;; ... ; N:u,) of the initial basis (before symmetrization). On this new 
ket, application of S or A leads, according to (B-62) and (B-63), to the same ket of Eg 
or E,4 (possibly with a change of sign). 

Thus, we are led to introduce the concept of an occupation number: by definition, 
for the ket jl: u;; 2: uj; ... ; N: up), the occupation number n;, of the individ- 
ual state |u,) is equal to the number of times the state |u,) appears in the sequence 
{|u;), |uy)...|up)}, that is, the number of particles in the state |u,) (we have, obviously, 
>, Me = N). Two different kets |1:u,;; 2:u; 3; ... ; N:up) for which the occupation 
numbers are equal can be obtained from each other by the action of a permutation op- 
erator. Consequently, after the action of the symmetrizer S (or the antisymmetrizer A), 


they give the same physical state, which we shall denote by |ni,no,...,7x,.-.): 
\721,2,..-,Mk,-+-) 
=cS|liuy; 2:ur3 ...m.3 ur; nmetliug; ...3 metne:ug; ...) (C-15) 
————_—_— SS —— 
n1 particles nz particles 
in the state | u1) in the state |u2) 


For fermions, $ would be replaced by A in (C-15) (c is a factor which permits the normal- 
ization of the state obtained in this way®). We shall not study the states |n1,n2,...nx,.--) 
in detail here; we shall confine ourselves to giving some of their important properties: 





6A simple calculation yields: c= , /N\/ni!n2!... for bosons and VN! for fermions. 
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(i) The scalar product of two kets |n1,n2,...ng,...) and |n},ng,...nj,...) is different 
from zero only if all the occupation numbers are equal (ng = nj, for all k). 


By using (C-15) and definitions (B-49) and (B-50) of S and A, we can obtain the 
expansion of the two kets under consideration on the orthonormal basis, {|1 : ui; 2: 
uj; ..- 3 N: up)}. It is then easy to see that, if the occupation numbers are not all 
equal, these two kets cannot simultaneously have non-zero components on the same basis 
vector. 


(iz) If the particles under study are bosons, the kets |ni,n2,...mx,..-), in which the 
various occupation numbers n; are arbitrary (with, of course }>, ng = N) form an 
orthonormal basis of the physical state space. 


Let us show that, for bosons, the kets |ni,n2,...mx,...) defined by (C-15) are never 
zero. To do so, we replace S by its definition (B-49). There then appear, on the right-hand 


side of (C-15), various orthogonal kets |1: u;; 2: uj; 3; ... ; N : up), all with positive 
coefficients. The ket |ni,n2,...nx,...) cannot, therefore, be zero. 
The |ni,n2,...nx,...) form a basis in Eg since these kets span €g, are all non-zero, 


and are orthogonal to each other. 


(zit) If the particles under study are fermions, a basis of the physical state space E, is 
obtained by choosing the set of kets |n1,n2,...m%,...) in which all the occupation 
numbers are equal either to 1 or to 0 (again with 5°, ng = N). 


The preceding proof is not applicable to fermions because of the minus signs which 
appear before the odd permutations in definition (B-50) of A. Furthermore, we saw in 
§ c that two identical fermions cannot occupy the same individual quantum state: if any 
one of the occupation numbers is greater than 1, the vector defined by (C-15) is zero. On 
the other hand, it is never zero if all the occupation numbers are equal to one or zero; 
this is because two particles are then never in the same individual quantum state, so that 
the kets |l: us; 2:uj; ... 3 N:up) and P.|l: uj; 2: uj; ... ; N: up) are always 
distinct and orthogonal. Relation (C-15) therefore defines a non-zero physical ket in this 
case. The rest of the proof is the same as for bosons. 


C-4. Application of the other postulates 


It remains for us to show how the general postulates of Chapter III can be applied 
in light of the symmetrization postulate introduced in § C-1, and to verify that no 
contradictions arise. More precisely, we shall see how measurement processes can be 
described with kets belonging only to either Eg or E,4, and we shall show that the time 
evolution process does not take the ket |y(t)) associated with the state of the system 
out of this subspace. Thus, all the quantum mechanical formalism can be applied inside 
either Eg or E,4. 


C-4-a. Measurement postulates 
Qa. Probability of finding the system in a given physical state 


Consider a measurement performed on a system of identical particles. The ket 
|W(t)) describing the quantum state of the system before the measurement must, ac- 
cording to the symmetrization postulate, belong to Es or to E4, depending on whether 
the system is formed of bosons or fermions. To apply the postulates of Chapter III 
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concerning measurements, we must take the scalar product of |w(t)) with the ket |u) 
corresponding to the physical state of the system after the measurement. This ket |u) 
is to be constructed by applying the rule given in § C-3-a. The probability amplitude 
(ul|a(t)) can therefore be expressed in terms of two vectors, both belonging either to Es 
or to Eg. In § D-2, we shall discuss a certain number of examples of such calculations. 

If the measurement envisaged is a “complete” measurement (yielding, for example, 
the positions and spin components S', for all the particles), the physical ket |u) is unique 
(to within a constant factor). On the other hand, if the measurement is “incomplete” (for 
example, a measurement of the spins only, or a measurement bearing on a single particle), 
several orthogonal physical kets are obtained, and the corresponding probabilities must 
then be summed. 


B. Physical observables: invariance of Es and Ea 


In certain cases, it is possible to specify the measurement performed on the system 
of identical particles by giving the explicit expression of the corresponding observable in 
terms of Ry, P,, Si, Ro, Po, So, etc. 

We shall give some concrete examples of observables which can be measured in a 
three-particle system: 


e Position of the center of mass Rg, total momentum P and total angular momentum 


L: 
1 
Rg = 3 (Ra +R2+R3) (C-16) 
P=P,+P2+P3 (C-17) 
L=L,+12+L3; (C-18) 





e Electrostatic repulsion energy: 





w= g ( 1 1 | 1 ) (C-19) 
Aneg [Ri —R,| [R2 — Rs3| |R3 —R,| 
e Total spin: 
S=S,+8.+Ss (C-20) 


etc. 


It is clear from these expressions that the observables associated with the physical 
quantities considered involve the various particles symmetrically. This important prop- 
erty follows directly from the fact that the particles are identical. In (C-16), for example, 
R,, Re and Rg have the same coefficient, since the three particles have the same mass. 
It is the equality of the charges which is at the basis of the symmetric form of (C-19). 
In general, since no physical properties are modified when the roles of the N identical 
particles are permuted, these N particles must play a symmetric role” in any actually 
measurable observable. Mathematically, the corresponding observable G, which we shall 
call a physical observable, must be invariant under all permutations of the N identical 





“Note that this reasoning is valid for fermions as well as for bosons. 
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particles. It must therefore commute with all the permutation operators P, of the N 
particles (cf. § B-2-d): 


[G, Py] = 0 for all Py (C-21) 


For a system of two identical particles, for example, the observable Ri — Re (the vector 

difference of the positions of the two particles), which is not invariant under the effect 

of the permutation P2, (Ri — Re changes sign) is not a physical observable; indeed, a 

measurement of R; — Rz assumes that particle (1) can be distinguished from particle 

(2). On the other hand, we can measure the distance between the two particles, that is, 
(Ri — R2)?, which is symmetric. 

Relation (C-21) implies that Eg and €, are both invariant under the action of a 
physical observable G. Let us show that, if |w) belongs to E4, G|q) also belongs to €4 
(the same proof also applies, of course, to Es). The fact that |W) belongs to €4 means 
that: 


Pal) = €al) (C-22) 
Now let us calculate P,G|q). According to (C-21) and (C-22), we have: 


Since the permutation P, is arbitrary, (C-23) expresses the fact that Gq) is completely 
antisymmetric and therefore belongs to E,. 

All operations normally performed on an observable — in particular, the determi- 
nation of eigenvalues and eigenvectors — can therefore be applied to G entirely within one 
of the subspaces, Eg or E4. Only the eigenkets of G belonging to the physical subspace, 
and the corresponding eigenvalues, are retained. 


Comments: 


(i) All the eigenvalues of G which exist in the total space € are not necessarily 
found if we restrict ourselves to the subspace Eg (or E,4). The effect of the 
symmetrization postulate on the spectrum of a symmetric observable G may 
therefore be to abolish certain eigenvalues. On the other hand, it adds no 
new eigenvalues to this spectrum, since, because of the global invariance of 
Es (or Eg) under the action of G, any eigenvector of G in Eg (or Ea) is also 
an eigenvector of G in € with the same eigenvalue. 


(ii) Consider the problem of writing mathematically, in terms of the observables Ru, 
Pi, Si, etc., the observables corresponding to the different types of measurement 
envisaged in § a. This problem is not always simple. For example, for a system of 
three identical particles, we shall try to write the observables corresponding to the 
simultaneous measurement of the three positions in terms of Ri, Re and R3. We 
can resolve this problem by considering several physical observables chosen such 
that we can, using the results obtained by measuring them, unambiguously deduce 
the position of each particle (without, of course, being able to associate a numbered 
particle with each position). For example, we can choose the set: 


X1+ Xo+ X3 , X1Xo+ X2X3 4+ X3X1 , X1X2X3 
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(and the corresponding observables for the Y and Z coordinates). However, this 
point of view is essentially formal. Rather than trying to write the expressions for 
the observables in all cases, it is simpler to follow the method used in § a, in which 
we confined ourselves to using the physical eigenkets of the measurement. 


C-4-b. Time-evolution postulates 


The Hamiltonian of a system of identical particles must be a physical observable. 
We shall write, for example, the Hamiltonian describing the motion of the two electrons 
of the helium atom about the nucleus, assumed to be motionless®: 


P? 6 P2.. .Qe* Be? e? 


A(1,2) = 
(1,2) 2me 2m Ry, Ro [Ri — R,| 





(C-24) 


The first two terms represent the kinetic energy of the system; they are symmetric 
because the two masses are equal. The next two terms are due to the attraction of the 
nucleus (whose charge is twice that of the proton). The electrons are obviously equally 
affected by this attraction. Finally, the last term describes the mutual interaction of 
the electrons. It is also symmetric, since neither of the two electrons is in a privileged 
position. It is clear that this argument can be generalized to any system of identical 
particles. Consequently, all the permutation operators commute with the Hamiltonian 
of the system: 


[H, P,] = 0 (C-25) 


Under these conditions, if the ket |~(to)) describing the state of the system at a 
given time to is a physical ket, the same must be true of the ket |y(t)) obtained from 
|W(to)) by solving the Schrédinger equation. According to this equation: 


d 
pact +ay) = (1+ 5H) 1) (C26) 
Now, applying P, and using relation (C-25): 
d 
Palv(t-+ dt)) = (1+ SH) Pav) (C-27) 


If |y(t)) is an eigenvector of P,, |y(t+ dt)) is also an eigenvector of P,, with the same 
eigenvalue. Since |wW(to)), by hypothesis, is a completely symmetric or completely anti- 
symmetric ket, this property is conserved over time. 

The symmetrization postulate is therefore also compatible with the postulate that 
gives the time evolution of physical systems: the Schrédinger equation does not remove 
the ket |w(t)) from Eg or Ey. 


D. Discussion 


In this final section, we shall examine the consequences of the symmetrization postulate 
on the physical properties of systems of identical particles. First of all, we shall indicate 





8Here, we shall consider only the most important terms of this Hamiltonian. See Complement Bxtyv 
for a more detailed study of the helium atom. 
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the fundamental differences introduced by Pauli’s exclusion principle between systems of 
identical fermions and systems of identical bosons. Then, we shall discuss the implications 
of the symmetrization postulate concerning the calculation of the probabilities associated 
with the various physical processes. 


D-1. Differences between bosons and fermions. Pauli’s exclusion principle 


In the statement of the symmetrization postulate, the difference between bosons 
and fermions may appear insignificant. Actually, this simple sign difference in the sym- 
metry of the physical ket has extremely important consequences. As we saw in § C-3, the 
symmetrization postulate does not restrict the individual states accessible to a system 
of identical bosons. On the other hand, it requires fermions to obey Pauli’s exclusion 
principle: two identical fermions cannot occupy the same individual quantum state. 

The exclusion principle was formulated initially in order to explain the properties 
of many-electron atoms (§ D-1l-a below and Complement Axry). It can now be seen 
to be more than a principle applicable only to electrons: it is a consequence of the 
symmetrization postulate, valid for all systems of identical fermions. Predictions based 
on this principle, which are often spectacular, have always been confirmed experimentally. 
We shall give some examples of them. 


D-1-a. Ground state of a system of independent identical particles 


The Hamiltonian of a system of identical particles (bosons or fermions) is always 
symmetric with respect to permutations of these particles (§ C-4). Consider such a 
system in which the various particles are independent, that is, do not interact with each 
other (at least in a first approximation). The corresponding Hamiltonian is then a sum 
of one-particle operators of the form: 


H(1,2,...,N) = h(1) + h(2)+...+ AN) (D-1) 


h(1) is a function only of the observables associated with the particle numbered (1); the 
fact that the particles are identical [which implies a symmetric Hamiltonian H(1,2,...,.N)] 
requires this function h to be the same in the N terms of expression (D-1). In order to 
determine the eigenstates and eigenvalues of the total Hamiltonian H(1,2,...,N), we 
simply calculate those of the individual Hamiltonian h(j) in the state space E(j) of one 
of the particles: 


A(9j) en) = enlon); — en) € E(9) (D-2) 


For the sake of simplicity, we shall assume that the spectrum of h(7) is discrete and 
non-degenerate. 

If we are considering a system of identical bosons, the physical eigenvectors of the 
Hamiltonian H(1,2,...,N) can be obtained by symmetrizing the tensor products of N 
arbitrary individual states |y,): 


(Os ene ee aly a Pear? ness N ei) (D-3) 


where the corresponding energy is the sum of the N individual energies: 


ny = Cn, tena +--- + €ny (D-4) 
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[it can easily be shown that each of the kets appearing on the right-hand side of (D-3) is 
an eigenket of H with the eigenvalue (D-4); this is also true of their sum]. In particular, 
if e, is the smallest eigenvalue of h(j), and |y1) is the associated eigenstate, the ground 
state of the system is obtained when the N identical bosons are all in the state |y1). The 
energy of this ground state is therefore: 


Fi, = Nei (D-5) 
and its state vector is: 


Os riat ey 2 Oe eke (D-6) 


Now, suppose that the N identical particles considered are fermions. It is no 
longer possible for these N particles all to be in the individual state |y). To obtain the 
ground state of the system, Pauli’s exclusion principle must be taken into account. If the 
individual energies e,, are arranged in increasing order: 


€1 <€2 <1... Seni < En < Engi <..., (D-7) 
the ground state of the system of N identical fermions has an energy of: 


EF} 2 N=€i +egt+...+en (D-8) 


yey 


and it is described by the normalized physical ket: 


|1 ‘ o1) |1 : o2) |1 : $3) 
1 |2 5 $1) |2 i $2) |2 i $3) 


mi (D-9) 


A 
eis w) = 


|N 5 oi) |N 3 $2) |N : o3) 


The highest individual energy ey found in the ground state is called the Fermi energy 
of the system. 

Pauli’s exclusion principle thus plays a role of primary importance in all domains 
of physics in which many-electron systems are involved, such as atomic and molecu- 
lar physics (cf. Complements Axry and Bxyy) and solid state physics (cf. Comple- 
ment Cxyy), and in all those in which many-proton and many-neutron systems are in- 
volved, such as nuclear physics®. 


Comment: 
In most cases, the individual energies e,, are actually degenerate. Each of them 
can then enter into a sum such as (D-8) a number of times equal to its degree of 
degeneracy. 





°The ket representing the state of a nucleus must be antisymmetric both with respect to the set of 
protons and with respect to the set of neutrons. 
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D-1-b. Quantum statistics 


The object of statistical mechanics is to study systems composed of a very large 
number of particles (in numerous cases, the mutual interactions between these particles 
are weak enough to be neglected in a first approximation). Since we do not know the 
microscopic state of the system exactly, we content ourselves with describing it globally 
by its macroscopic properties (pressure, temperature, density, etc.). A particular macro- 
scopic state corresponds to a whole set of microscopic states. We then use probabilities: 
the statistical weight of a macroscopic state is proportional to the number of distinct mi- 
croscopic states that correspond to it, and the system, at thermodynamic equilibrium, is 
in its most probable macroscopic state (with any constraints that may be imposed taken 
into account). To study the macroscopic properties of the system, it is therefore essential 
to determine how many different microscopic states possess certain characteristics and, 
in particular, a given energy. 

In classical statistical mechanics (Maxwell-Boltzmann statistics), the N particles 
of the system are treated as if they were of different natures, even if they are actually 
identical. Such a microscopic state is defined by specifying the individual state of each 
of the N particles. Two microscopic states are considered to be distinct when these N 
individual states are the same but the permutation of the particles is different. 

In quantum statistical mechanics, the symmetrization postulate must be taken into 
account. A microscopic state of a system of identical particles is characterized by the 
enumeration of the N individual states which form it, the order of these states being 
of no importance since their tensor product must be symmetrized or anti-symmetrized. 
The numbering of the microscopic states therefore does not lead to the same result as 
in classical statistical mechanics. In addition, Pauli’s principle radically differentiates 
systems of identical bosons and systems of identical fermions: the number of particles 
occupying a given individual state cannot exceed one for fermions, while it can take on 
any value for bosons (cf. § C-3). Different statistical properties result: bosons obey 
Bose-Einstein statistics and fermions, Fermi-Dirac statistics. This is the origin of the 
terms “bosons” and “fermions”. 

The physical properties of systems of identical fermions and systems of identical 
bosons are very different. This subject will be discussed in more detail in the first three 
chapters of Volume ITI. The differences can be observed, for example, at low temperatures, 
when the particles tend to accumulate in the individual states of lowest energy. Identical 
bosons may then exhibit a phenomenon called Bose-Einstein condensation of particles 
(Complements Bxy and Cxy); by contrast identical fermions, subject to the restrictions 
of Pauli’s principle, build a Fermi sphere (Complement Cxyy) and can undergo only a 
pair condensation (Chapter XVII). Bose-Einstein condensation is at the origin of the 
remarkable properties (superfluidity) of the *He isotope of helium, in particular the 
superfluid properties (Complement Dxy) of its liquid at low temperatures (a few K) . 
The *He isotope, which is a fermion (cf. Comment of § C-1), has very different properties 
and is superfluid only at much lower temperatures because of pair condensation. 


D-2. The consequences of particle indistinguishability on the calculation of physical 
predictions 


In quantum mechanics, all the predictions concerning the properties of a system 
are expressed in terms of probability amplitudes (scalar products of two state vectors) 


1446 


D. DISCUSSION 





or matrix elements of an operator. It is then not surprising that the symmetrization 
or antisymmetrization of state vectors causes special interference effects to appear in 
systems of identical particles. First, we shall specify these effects, and then we shall 
see how they disappear under certain conditions (the particles of the system, although 
identical, then behave as if they were of different natures). To simplify the discussion, 
we shall confine ourselves to systems containing only two identical particles. 


D-2-a. Interferences between direct and exchange processes 


Q. Predictions concerning a measurement on a system of identical particles: the 
direct term and the exchange term 


Consider a system of two identical particles, one of which is known to be in the 
individual state |y) and the other, in the individual state |). We shall assume |y) and 
ly) to be orthogonal, so that the state of the system is described by the normalized 
physical ket [cf. formula (C-4)]: 


1 
lo; x) = [1 + €Pail|l: ys 2: x) (D-10) 


J2 


where: 


€=+1 if the particles are bosons 
¢=-l ifthe particles are fermions (D-11) 


With the system in this state, suppose that we want to measure on each of the two 
particles the same physical quantity B with which the observables B(1) and B(2) are 
associated. For the sake of simplicity, we shall assume that the spectrum of B is entirely 
discrete and non-degenerate: 


What is the probability of finding certain given values in this measurement (b, for one 
of the particles and b, for the other one)? We shall begin by assuming b, and by, to be 
different, so that the corresponding eigenvectors |u,) and |w,’) are orthogonal. Under 
these conditions, the normalized physical ket defined by the result of this measurement 
can be written: 


1 

Un} Unt) = —=|14+ €Po1||1: un 3 2: une D-13 

| ) Vi 21] ) (D-13) 
which gives the probability amplitude associated with this result: 

1 

(Un 3 Un‘ |p; x)= 5 DUn 3 2: Un |(1 +P} )(1 +eP2)|l:¢; 2: x) (D-14) 
Using properties (B-13) and (B-14) of the operator P21, we can write: 

1 

stl + ePl,)(1+ €Po1) =1+ePr (D-15) 
(D-14) then becomes: 


(un 3 Un‘ |e; xX) = (Liun 3 2: Un |(1 + €Poi)|l:y~ 3 2: x) (D-16) 
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Letting 1 + ¢P2, act on the bra, we obtain: 


(Un 3 Un|~ 3 x)= (Litas 2: Un |(L: ye; 2: x) 

ei «24 | bps Bea) 

= (L:unll: y)(2 : un |2 : x) 

+e(1:uj|1: y)(2: unl2: x) 

= (un|ip) (unl) + €(un ly) (un |x) (D-17) 





The numbering has disappeared from the probability amplitude, which is now expressed 
directly in terms of the scalar products (up|)... (tn|x). Also, the probability amplitude 
appears either as a sum (for bosons) or a difference (for fermions) of two terms, with 
which we can associate the diagrams of Figures 4a and 4b. 





(u, | <—————— |) (Uu, | re) 
(ig | <—<—_———— |x) (Uy | |x) 
a b 


Figure 4: Schematic representation of the direct term and the exchange term associated 
with a measurement performed on a system of two identical particles. Before the measure- 
ment, one of the particles is known to be in the state |p) and the other one, in the state 
ly). The measurement result obtained corresponds to a situation in which one particle 
is in the state |un,) and the other one, in the state |u,). Two probability amplitudes are 
associated with such a measurement; they are represented schematically by figures a and 
b. These amplitudes interfere with a + sign for bosons and with a — sign for fermions. 





We can interpret result (D-17) in the following way. The two kets |y) and |x) 
associated with the initial state can be connected to the two bras (u,| and (uy’| associated 
with the final state by two different “paths”, represented schematically by Figures 4a 
and 4b. With each of these paths is associated a probability amplitude, (u,|y) (un’|x) or 
(un |~)(Un|x), and these two amplitudes interfere with a + sign for bosons and a — sign 
for fermions. Thus, we obtain the answer to the question posed in § A-3-a above: the 
desired probability P(bn; by) is equal to the square of the modulus of (D-17): 


P(bni bn’) = |(unlye)(unelx) + € (ttn |) (un lx) |? (D-18) 


One of the two terms on the right-hand side of (D-17), the one which corresponds, for 
example, to path 4-a, is often called the direct term. The other term is called the exchange 
term. 
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Comment: 


Let us examine what happens if the two particles, instead of being identical, are 
of different natures. We shall then choose as the initial state of the system the 
tensor product ket: 


Jb) =|: y; 2:x) (D-19) 


Now, consider a measurement instrument which, although the two particles, (1) 
and (2), are not identical, is not able to distinguish between them. If it yields the 
results b,, and by, we do not know if b, is associated with particle (1) or particle 
(2) (for example, for a system composed of a muon y~ and an electron e~, the 
measurement device may be sensitive only to the charge of the particles, giving 
no information about their masses). The two eigenstates |1 : u, ; 2: un’) and 
|1 : Up ; 2: Un) (which, in this case, represent different physical states) then 
correspond to the same measurement result. Since they are orthogonal, we must 
add the corresponding probabilities, which gives: 


P'(Bnj but) = [Li Un 3 22 Unb e 5 2: x)? 
(Gs ages 2 elle 5 23) 
= |(un |e)? (une Lx? + | (een? be)? | een bc) ? (D-20) 
Comparison of (D-18) with (D-20) clearly reveals the significant difference in the 


physical predictions of quantum mechanics depending on whether the particles 
under consideration are identical or not. 


Now consider the case in which the two states |u,) and |uy’) are the same. When 
the two particles are fermions, the corresponding physical state is excluded by Pauli’s 
principle, and the probability P(b,; bn) is zero. On the other hand, if the two particles 
are bosons, we have: 


\tn 3 Un) =|1: tn; 2: un) (D-21) 


and, consequently: 


(un 3 Unley 3 x) (Leta ¢ 22h Pai) lle@ sy 22.) 


i 
J2 
2(un|~) (Un|x) (D-22) 


Ja 
which gives: 


P(bni bn) = 2| (unl) (unlx) |? (D-23) 


Comments: 


(i) Let us compare this result with the one which would be obtained in the case, 
already considered above, in which the two particles are different. We must 
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(u, | <> |”) (Uy | Ip) (un | |?) 

( Uy | <———> |x) (uy | Ix) ( uy’ | Ix) 

( uy” | <———» |) ( Un” | |o) (uy| |o) 
+ + + 

(u, | ~————> |”) (uy | ly) (uy, | 2) 

(Uy | |x) (un | |x) ee 

( Uy | |@) ( uy” | |) Cia) eo — = 8) 


Figure 5: Schematic representation of the six probability amplitudes associated with a 
system of three identical particles. Before the measurement, one particle is known to be 
in the state |p), another, in the state |x), and the last one, in the state |w). The result 
obtained corresponds to a situation in which one particle is in the state |u,), another, in 
the state |un/), and the last one, in the state |un). The six amplitudes interfere with a 
sign which is shown beneath each one (ec = +1 for bosons, —1 for fermions). 





then replace |y ; x) by |L: g; 2: x) and |un ; un) by |L: un; 2: Un), which 
gives the value for the probability amplitude: 


(Un |e) (unlx) (D-24) 
and, consequently: 
P'(bn3 bn) = |(unlp) (unl x)? (D-25) 


(ii) For a system containing N identical particles, there are, in general, N! distinct 
exchange terms which add (or subtract) in the probability amplitude. For example, 
consider a system of three identical particles in the individual states |y), |¢) and |w), 
and the probability of finding, in a measurement, the results bn, b, and by”. The 
possible “paths” are then shown in Figure 5. There are six such paths (all different 
if the three eigenvalues, bn, b,: and 6b, are different). Some always contribute to 
the probability amplitude with a + sign, others with an ¢ sign (+ for bosons and 
— for fermions). 


B. Example: elastic collision of two identical particles 


To understand the physical meaning of the exchange term, let us examine a con- 
crete example (already alluded to in § A-3-a): that of the elastic collision of two identical 
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particles in their center of mass frame!°. Unlike the situation in § a above, here we must 
take into account the evolution of the system between the initial time when it is in the 
state |w;) and the time t when the measurement is performed. However, as we shall see, 
this evolution does not change the problem radically, and the exchange term enters the 
problem as before. 

In the initial state of the system (Fig. 6a), the two particles are moving towards 
each other with opposite momenta. We choose the Oz axis along the direction of these 
momenta, and we denote their modulus by p. One of the particles thus possesses the 
momentum pe,, and the other one, the momentum —pe, (where e, is the unit vector of 
the Oz axis). We shall write the physical ket |);) representing this initial state in the 
form: 


vi) = a5 + €P21)|1: pe, ; 2: —pe-) (D-26) 


|~;) describes the state of the system at to, before the collision. 





— oc - eee he rrr rrr nee Bec OSS SRA 
O é O 
a b 
Initial state a Final state 


Figure 6: Collision between two identical particles in the center of mass frame: the 
momenta of the two particles in the initial state (fig. a) and in the final state found in 
the measurement (fig. b) are represented. For the sake of simplicity, we ignore the spin 
of the particles. 





The Schrédinger equation which governs the time evolution of the system is lin- 
ear. Consequently, there exists a linear operator U(t,t’), which is a function of the 
Hamiltonian H, such that the state vector at time ¢ is given by: 


|y(t)) = UE, to) lee) (D-27) 


(Complement Fyyr). In particular, after the collision, the state of the system at time ¢1 
is represented by the physical ket: 


|b(t1)) = U(tr, to) vx) (D-28) 





10We shall give a simplified treatment of this problem, intended only to illustrate the relation between 
the direct term and the exchange term. In particular, we ignore the spin of the two particles. However, 
the calculations of this section remain valid in the case in which the interactions are not spin-dependent 
and the two particles are initially in the same spin state. 
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Note that, since the Hamiltonian H is symmetric, the evolution operator U commutes 
with the permutation operator: 


[U(é,t'), Pai] = 0 (D-29) 


Now, let us calculate the probability amplitude of the result envisaged in § A-3-a, in 
which the particles are detected in the two opposite directions of the On axis, of unit 
vector n (Fig. 6b). We denote the physical ket associated with this final state by: 


Is) = = ePm) [ly pny 2>—pa) (D-30) 


The desired probability amplitude can therefore be written: 


(bp lo(t1)) = (de |U (ti, to) |v) 
i 5{l :pn; 2: —pni(1 + Ph.) 


x U(ti, to)(1 + €Pei)|1 : pez ; 2: —pe,) (D-31) 
According to relation (D-29) and the properties of the operator P21, we finally obtain: 


bp) = Ut, to) |vi) 
= (1: pn ; 2: —pn|(1+ €P},)U (ti, to)|1 : pez ; 2: —pez) 
= (1: pn; 2: —pn|U(ti,to)|1 : pe. ; 2: —pe.) 
+e(1:—pn ; 2: pn|U(ti,to)|1: pe, ; 2: —pe,) (D-32) 


The direct term corresponds, for example, to the process shown in Figure 7a, and the 
exchange term is then represented by Figure 7b. Again, the probability amplitudes 
associated with these two processes must be added or subtracted. This causes an inter- 
ference term to appear when the square of the modulus of expression (D-32) is taken. 
Note also that this expression is simply multiplied by «¢ if n is changed to —n, so that the 
corresponding probability is invariant under this change. 


D-2-b. Situations in which the symmetrization postulate can be ignored 


If the application of the symmetrization postulate were always indispensable, it 
would be impossible to study the properties of a system containing a restricted number 
of particles, because it would be necessary to take into account all the particles in the 
universe which are identical to those in the system. We shall see in this section that 
this is not the case. In fact, under certain special conditions, identical particles behave 
as if they were actually different, and it is not necessary to take the symmetrization 
postulate into account in order to obtain correct physical predictions. It seems natural 
to expect, considering the results of § D-2-a, that such a situation would arise whenever 
the exchange terms introduced by the symmetrization postulate are zero. We shall give 
two examples. 


a. Identical particles situated in two distinct regions of space 


Consider two identical particles, one of which is in the individual state |) and the 
other, in the state |). To simplify the notation, we shall ignore their spin. Suppose that 
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the domain of the wave functions representing the kets |y) and |x) are well separated in 
space: 


elt) = (rly) =0 if r gD Aas 
x(r) = (lx) =0 if rg A 
where the domains D and A do not overlap. The situation is analogous to the classical 
mechanical one (§ A-2): as long as the domains D and A do not overlap, each of the par- 
ticles can be “tracked”; we therefore expect application of the symmetrization postulate 
to be unnecessary. 

In this case, we can envisage measuring an observable related to one of the two 
particles. All we need is a measurement device placed so that it cannot record what 
happens in the domain D, or in the domain A. If it is D which is excluded in this way, 
the measurement will only concern the particle in A, an vice versa. 

Now, imagine a measurement concerning the two particles simultaneously, but per- 
formed with two distinct measurement devices, one of which is not sensitive to phenomena 
occurring in A, and the other, to those in D. How can the probability of obtaining a 
given result be calculated? Let |u) and |v) be the individual states associated respectively 
with the results of the two measurement devices. Since the two particles are identical, 
the symmetrization postulate must, in theory, be taken into account. In the probability 
amplitude associated with the measurement result, the direct term is then (uly) (v|x), 
and the exchange term is (u|y)(u|y). Now, the spatial disposition of the measurement 
devices implies that: 


u(r) = (rju) =0 if reA 
u(r) = (lv) =0 if reD (D-34) 


According to (D-33) and (D-34), the wave functions u(r) and y(r) do not overlap; neither 
do v(r) and y(r), so that: 


(ulx) = (vie) = 0 (D-35) 





Ye a Ge b 


Figure 7: Collision between two identical particles in the center of mass frame: schematic 
representation of the physical processes corresponding to the direct term and the exchange 
term. The scattering amplitudes associated with these two processes interfere with a plus 
sign for bosons and a minus sign for fermions. 
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The exchange term is therefore zero. Consequently, it is unnecessary, in this situation, to 
use the symmetrization postulate. We obtain the desired result directly by reasoning as if 
the particles were of different natures, labeling, for example, the one in the domain D with 
the number 1, and the one situated in A with the number 2. Before the measurement, the 
state of the system is then described by the ket |1: y; 2: x), and with the measurement 
result envisaged is associated the ket |1 : wu; 2: v). Their scalar product gives the 
probability amplitude (uly) (v|x). 

This argument shows that the existence of identical particles does not prevent the 
separate study of restricted systems, composed of a small number of particles. 


Comment: 


In the initial state chosen, the two particles are situated in two distinct regions of space. 
In addition, we have defined the state of the system by specifying two individual states. 
We might wonder if, after the system has evolved, it is still possible to study one of the 
two particles and ignore the other one. For this to be the case, it is necessary, not only 
that the two particles remain in two distinct regions of space, but also that they do not 
interact. Whether the particles are identical or not, an interaction always introduces 
correlations between them, and it is no longer possible to describe each of them by a 
state vector. 





Figure 8: Collision between two identical spin 1/2 particles in the center of mass frame: 
a schematic representation of the momenta and spins of the two particles in the initial 
state (fig. a) and in the final state found in the measurement (fig. b). If the interactions 
between the two particles are spin-independent, the orientation of the spins does not 
change during the collision. When the two particles are not in the same spin state before 
the collision (the case of the figure), it is possible to determine the “path” followed by the 
system in arriving at a given final state. For example, the only scattering process which 
leads to the final state of figure b and which has a non-zero amplitude is of the type shown 
in Figure 7a. 
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B. Particles which can be identified by the direction of their spins 


Consider an elastic collision between two identical spin 1/2 particles (electrons, for 
example), assuming that spin-dependent interactions can be neglected, so that the spin 
states of the two particles are conserved during the collision. If these spin states are 
initially orthogonal, they enable us to distinguish between the two particles at all times, 
as if they were not identical; consequently, the symmetrization postulate should again 
have no effect here. 

We can show this, using the calculation of § D-2-a-8. The initial physical ket will 
be, for example (Fig. 8a): 

1 
jx) = Zp (Pu) pes, +; 2: —pes,-) (D-36) 
(where the symbol + or — added after each momentum indicates the sign of the spin 
component along a particular axis). The final state we are considering (Fig. 8b) will be 
described by: 


1 
lve) = va — P21)|1: pn,+ ; 2: —pn, —) (D-37) 
Under these conditions, only the first term of (D-32) is different from zero, since the 
second one can be written: 


(1: —pn,—; 2: pn,+|U(t1,to)|1: pez, +; 2: —pez,—) (D-38) 


This is the matrix element of a spin-independent operator (by hypothesis) between two 
kets whose spin states are orthogonal; it is therefore zero. Consequently, we would obtain 
the same result if we treated the two particles directly as if they were different, that is, if 
we did not antisymmetrize the initial and final kets and if we associated index 1 with the 
spin state |+) and index 2 with the spin state |—). Of course, this is no longer possible if 
the evolution operator U, that is, the Hamiltonian H of the system, is spin-dependent. 


References and suggestions for further reading: 


The importance of interference between direct and exchange terms is stressed in 
Feynman III (1.2), § 3.4 and Chap. 4. 

Quantum statistics: Reif (8.4). Kittel (8.2). 

Permutation groups: Messiah (1.17), app. D, § IV; Wigner (2.23), Chap. 13; Bacry 
(10.31), §§ 41 and 42. 

The effect of the symmetrization postulate on molecular spectra: Herzberg (12.4), 
Vol. I, Chap. III, § 2f. 

An article giving a popularized version: Gamow (1.27). 
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The energy levels of the hydrogen atom were studied in detail in Chapter VII. 
Such a study is considerably simplified by the fact that the hydrogen atom possesses a 
single electron, so that Pauli’s principle is not relevant. In addition, by using the center 
of mass frame, we can reduce the problem to the calculation of the energy levels of a 
single particle (the relative particle) subjected to a central potential. 

In this complement, we shall consider many-electron atoms, for which these simpli- 
fications cannot be made. In the center-of-mass frame, we must solve a problem involving 
several non-independent particles. This is a complex problem and we shall give only an 
approximate solution, using the central-field approximation (which will be outlined, with- 
out going into details of the calculations). In addition Pauli’s principle, as we shall show, 
plays an important role. 


1. The central-field approximation 


Consider a Z-electron atom. Since the mass of its nucleus is much larger (several thousand 
times) than that of the electrons, the center-of-mass of the atom practically coincides 
with the nucleus, which we shall therefore assume to be motionless at the coordinate 
origin!. The Hamiltonian describing the motion of the electrons, neglecting relativistic 
corrections and, in particular, spin-dependent terms, can be written: 


-. Pp? *. Ze e? 
H= t | 1 
Deora: mR; 2 IR; — R,| (1) 
i=l i=1 tJ 


We have numbered the electrons arbitrarily from 1 to Z, and we have set: 





2 


2 q 
of = 2 
AnEg (2) 





where q is the electron charge. The first term of the Hamiltonian (1) represents the total 
kinetic energy of the system of Z electrons. The second one arises from the attraction 
exerted on each of them by the nucleus, which bears a positive charge equal to —Zq. 
The last one describes the mutual repulsion of the electrons [note that the summation is 
carried out over the Z(Z — 1)/2 different ways of pairing the Z-electrons]. 

The Hamiltonian (1) is too complicated for us to solve its eigenvalue equation 
exactly, even in the simplest case, that of helium (Z = 2). 





1Making this approximation amounts to neglecting the nuclear finite mass effect. 
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L-a. Difficulties related to electron interactions 


In the absence of the mutual interaction term }7;_, moe in H, the electrons 
would be independent. It would then be easy to determine the energies of the atom. We 
would simply sum the energies of the Z electrons placed individually in the Coulomb 
potential —Ze?/r, and the theory presented in Chapter VII would yield the result imme- 
diately. As for the eigenstates of the atom, they could be obtained by antisymmetrizing 
the tensor product of the stationary states of the various electrons. 

It is then the presence of the mutual interaction term that makes it difficult to 
solve the problem exactly. We might try to treat this term by perturbation theory. 
However, a rough evaluation of its relative magnitude shows that this would not yield a 
good approximation. We expect the distance |R; — R,| between two electrons to be, on 
the average, roughly the distance R; of an electron from the nucleus. The ratio p of the 
third term of formula (1) to the second one is therefore approximately equal to: 
1 
54(Z — 1) (3) 

Z2 


p varies between 1/4 for Z = 2 and 1/2 for Z much larger than 1. Consequently, the 
perturbation treatment of the mutual interaction term would yield, at most, more or less 
satisfactory results for helium (Z = 2), but it is out of the question to apply it to other 
atoms (p is already equal to 1/3 for Z = 3). A more elaborate approximation method 
must therefore be found. 


pe 


1-b. Principle of the method 


To understand the concept of a central field, we shall use a semi-classical argument. 
Consider a particular electron (i). In a first approximation, the existence of the Z — 1 
other electrons affects it only because their charge distribution partially compensates the 
electrostatic attraction of the nucleus. In this approximation, the electron (i) can be 
considered to move in a potential that depends only on its position r; and takes into 
account the average effect of the repulsion of the other electrons. We choose a potential 
V.(r;) that depends only on the modulus of r; and call it the “central potential” of 
the atom under consideration. Of course, this can only be an approximation: since the 
motion of the electron (7) actually influences that of the (Z — 1) other electrons, it is 
not possible to ignore the correlations which exist between them. Moreover, when the 
electron (7) is in the immediate vicinity of another electron (j), the repulsion exerted by 
the latter becomes preponderant, and the corresponding force is not central. However, 
the idea of an average potential appears more valid in quantum mechanics, where we 
consider the delocalization of the electrons as distributing their charges throughout an 
extended region of space. 

These considerations lead us to write the Hamiltonian (1) in the form: 





Z Pp? 
He +¥.(R)| +W (4) 
i=1 2me 
with: 
We ea es (5) 
7 mi fe i<j IR: — Ry i=l ane 
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If the central potential V.(r;) is suitably chosen, W should play the role of a 
small correction in the Hamiltonian H. The central-field approximation then consists of 
neglecting this correction, that is of choosing the approximate Hamiltonian: 


=> ae var) (6) 





W will then be treated like a perturbation of Ho (cf. Complement Bxry, § 2). The diag- 
onalization of Ho leads to a problem of independent particles: to obtain the eigenstates 
of Ho, we simply determine those of the one-electron Hamiltonian: 


p2 
2Me 





+ V.(R) (7) 


Definitions (4) and (5) do not, of course, determine the central potential V.(r), 
since we always have H = Ho + W, for all V.(r). However, in order to treat W like 
a perturbation, V.(r) must be wisely chosen. We shall not take up the problem of 
the existence and determination of such an optimal potential here. This is a complex 
problem. The potential V.(r) to which a given electron is subjected depends on the 
spatial distribution of the (Z —1) other electrons, and this distribution, in turn, depends 
on the potential V.(r), since the wave functions of the (Z — 1) electrons must also be 
calculated from V.(r). We must therefore arrive at a coherent solution (one generally 
says “self-consistent”), for which the wave functions determined from V,(r) give a charge 
distribution which reconstitutes this same potential V.(r). 


1-c. Energy levels of the atom 


While the exact determination of the potential V.(r) requires rather long calcula- 
tions, the short- and long-distance behavior of this potential is simple to predict. We 
expect, for small r, the electron (2) under consideration to be inside the charge distri- 
bution created by the other electrons, so that it “sees” only the attractive potential of 
the nucleus. On the other hand, for large r, that is, outside the “cloud” formed by the 
(Z — 1) electrons treated globally, it is as if we had a single point charge situated at the 
coordinate origin and equal to the sum of the charges of the nucleus and the “cloud” [the 
(Z — 1) electrons screen the field of the nucleus]. Consequently (Fig. 1): 


V(r) me for large r 


2 
V(r) -2e for small r (8) 


For intermediate values of r, the variation of V.(r) can be more or less complicated, 
depending on the atom under consideration. 

Although these considerations are qualitative, they give an idea of the spectrum 
of the one-electron Hamiltonian (7). Since V(r) is not simply proportional to 1/r, the 
accidental degeneracy found for the hydrogen atom (Chap. VII, § C-4-b) is no longer 
observed. The eigenvalues of the Hamiltonian (7) depend on the two quantum numbers 
n and I [however, they remain independent of m, since V.(r) is central]. 1, of course, 
characterizes the eigenvalue of the operator L?, and n is, by definition (as for the hydrogen 
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VO) 








Figure 1: Variation of the central potential V.(r) with respect to r._ The dashed-line 
curves represent the behavior of this potential at short distances (—Ze?/r) and at long 
distances (—e?/r). 





atom), the sum of the azimuthal quantum number J, and the radial quantum number k 
introduced in solving the radial equation corresponding to 1; n and I are therefore integer 
and satisfy: 


O<l<n-l (9) 
Obviously, for a given value of |, the energies E,,; increase with n: 

Ent > Ena ifn>n (10) 
For fixed n, the energy is lower when the corresponding eigenstate is more “penetrating”, 
that is, when the probability density of the electron in the vicinity of the nucleus is larger 
[according to (8), the screening effect is then smaller]. The energies E,,; associated with 
the same value of n can therefore be arranged in order of increasing angular momenta: 


Eno < Ena <...< Enm-1 (11) 


It so happens that the hierarchy of states is approximately the same for all atoms, al- 
though the absolute values of the corresponding energies obviously vary with Z. Figure 2 
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indicates this hierarchy, as well as the 2(2/+ 1)-fold degeneracy of each state (the factor 2 
comes from the electron spin). The various states are represented in spectroscopic nota- 
tion (cf. Chap. VII, § C-4-b). Those shown inside the same brackets are very close to 
each other, and may even, in certain atoms, practically coincide (we stress the fact that 
Figure 2 is simply a schematic representation intended to situate the eigenvalues F,, 
with respect to each other; no attempt is made to establish an even moderately realistic 
energy scale). 

Note the great difference between the energy spectrum shown and that of the 
hydrogen atom (cf. Chap. VII, Fig. 4). As we have already pointed out, the energy 
depends here on the orbital quantum number J, and, in addition, the order of the states 
is different. For example, Figure 2 indicates that the 4s shell has a slightly lower energy 
than that of the 3d shell. This is explained, as mentioned above, by the fact that the 4s 
wave function is more penetrating. Analogous inversions occur for the n = 4 and n= 5 
shells, etc. This demonstrates the importance of inter-electron repulsion. 


2. Electron configurations of various elements 


In the central-field approximation, the eigenstates of the total Hamiltonian Ho of the 
atom are Slater determinants, constructed from the individual electron states associated 
with the energy states E,,, that we have just described. This is therefore the situation 
envisaged in § D-l-a of Chapter XIV: the ground state of the atom is obtained when 
the Z electrons occupy the lowest individual states compatible with Pauli’s principle. 
The maximum number of electrons that can have a given energy EF, is equal to the 
2(21 + 1)-fold degeneracy of this energy level. The set of individual states associated 
with the same energy F,,,; is called a shell. The list of occupied shells with the number 
of electrons found in each is called the electronic configuration. The notation used will 
be specified below in a certain number of examples. The concept of a configuration also 
plays an important role in the chemical properties of atoms. Knowledge of the wave 
functions of the various electrons and of the corresponding energies makes it possible to 
interpret the number, stability, and geometry of the chemical bonds which can be formed 
by this atom (cf. Complement Ex). 

To determine the electronic configuration of a given atom in its ground state, we 
simply “fill” the various shells successively, in the order indicated in Figure 2 (starting, 
of course, with the 1s level), until the Z electrons are exhausted. This is what we shall 
do, in a rapid review of Mendeleev’s table. 

In the ground state of the hydrogen atom, the single electron of this atom occupies 
the 1s level. The electronic configuration of the next element (helium, Z = 2) is: 


He : 1s? (12) 


which means that the two electrons occupy the two orthogonal states of the 1s shell 
(same spatial wave function, orthogonal spin states). Then comes lithium (Z = 3), 
whose electronic configuration is: 


Li: 1s”, 2s (13) 


The 1s shell can accept only two electrons, so the third one must go into the level directly 
above it, that is, according to Figure 2, into the 2s shell. This shell can accept a second 
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AE (2) 
Sp 
4d ” 
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3d As Sc, Ti, V, Cr, Mn, Fe, Co, Ni, Cu, Zn 
{ (10) 5 K, Ca 
3p Al, Si, P, S, Cl, A 
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(2) 
2p B, C, N, O, F, Ne 
(6) 
= Li, Be 
(2) 
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n=1 n=2 n=3 n=4 n=5 n=6 n=7 


Figure 2: Schematic representation of the hierarchy of energy levels (electronic shells) in 
a central potential of the type shown in Figure 1. For each value of n, the energy increases 
with |. The degeneracy of each level is indicated in parentheses. The levels that appear 
inside the same bracket are very close to each other, and their relative disposition can 
vary from one atom to another. On the right-hand side of the figure, we have indicated 
the chemical symbols of the atoms for which the electronic shell appearing on the same 
line is the outermost shell occupied in the ground state configuration. 
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electron, which gives beryllium (Z = 4) the electronic configuration: 
Be : 1s”, 2s” (14) 


For Z > 4, the 2p shell (cf. Fig. 2) is the first to be gradually filled, and so on. As the 
number Z of electrons increases, higher and higher electronic shells are brought in (on the 
right-hand side of Figure 2, we have shown, opposite each of the lowest shells, the symbols 
of the atoms for which this shell is the outermost). Thus, we obtain the configurations 
of the ground state for all the atoms. This explains Mendeleev’s classification. However, 
it must be noted that levels that are very close to each other (those grouped in brackets 
in Figure 2) may be filled in a very irregular fashion. For example, although Figure 2 
gives the 4s shell a lower energy than that of the 3d shell, chromium (Z = 24) has five 
3d electrons although the 4s shell is incomplete. Similar irregularities arise for copper 
(Z = 29), niobium (Z = 41), etc. 


Comments: 


(i) The electronic configurations which we have analyzed characterize the ground 
state of various atoms in the central-field approximation. The lowest excited 
states of the Hamiltonian Ho are obtained when one of the electrons moves 
to an individual energy level which is higher than the last shell occupied in 
the ground state. We shall see, for example, in Complement Bxyv, that the 
first excited configuration of the helium atom is: 


1s, 2s (15) 


(ii) A single non-zero Slater determinant is associated with an electronic configu- 
ration ending with a complete shell, since there are then as many orthogonal 
individual states as there are electrons. Thus, the ground state of the rare 
gases (..., ns”, np®°) is non-degenerate, as is that of the alkaline-earths (..., 
ns*). On the other hand, when the number of external electrons is smaller 
than the degree of degeneracy of the outermost shell, the ground state of 
the atom is degenerate. For the alkalines (...,ns), the degree of degener- 
acy is equal to 2; for carbon (1s, 2s”, 2p?), it is equal to C2? = 15, since 
two individual states can be chosen arbitrarily from the six orthogonal states 
constituting the 2p shell. 


(zit) It can be shown that, for a complete shell, the total angular momentum is 
zero, as are the total orbital angular momentum and the total spin (the sums, 
respectively, of the orbital angular momenta and the spins of the electrons 
occupying this shell). Consequently, the angular momentum of an atom? 
is due only to its outer electrons. Thus, the total angular momentum of a 
helium atom in its ground state is zero, and that of an alkali metal is equal 
to 1/2 (a single external electron of zero orbital angular momentum and spin 


1/2). 





?The angular momentum being discussed here is that of the electronic cloud of the atom. The nucleus 
also possesses an angular momentum which should be added to this one. 
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Pauling and Wilson (1.9), Chap. IX; Levine (12.3), Chap. 11, § 1, 2 and 3; Kuhn 
(11.1), Chap. IV, §§ A and B; Schiff (1.18), § 47; Slater (1.6), Chap. 6; Landau and 
Lifshitz (1.19), §§ 68, 69 and 70. See also references of Chap. XI (Hartree and Hartree- 
Fock methods). 

The shell model in nuclear physics: Valentin (16.1), Chap. VI; Preston (16.4), 
Chap. 7; Deshalit and Feshbach (16.6), Chap. IV and V. See also articles by Mayer 
(16.20); Peierls (16.21) and Baranger (16.22). 
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In the preceding complement, we studied many-electron atoms in the central-field 
approximation in which the electrons are independent. This enabled us to introduce 
the concept of a configuration. We shall evaluate the corrections that must be made to 
this approximation, taking into account the inter-electron electrostatic repulsion more 
precisely. In order to simplify the reasoning, we shall confine ourselves to the simplest 
many-electron atom, the helium atom. We shall show that, under the effect of the inter- 
electron electrostatic repulsion, the configurations of this atom (§ 1) split into spectral 
terms (§ 2), which give rise to fine-structure multiplets (§ 3) when smaller terms in the 
atomic Hamiltonian (magnetic interactions) are taken into account. The concepts we 
shall bring out in this treatment can be generalized to more complex atoms. 


1. The central-field approximation. Configurations 


L-a. The electrostatic Hamiltonian 


As in the preceding complement, we shall take into account only the electrostatic 
forces at first, writing the Hamiltonian of the helium atom [formula (C-24) of Chap- 
ter XIV] in the form: 








A=H)+wWw (1) 
where: 
P? P?2 
Hy = =— + —* + V.(Ri) + Ve( Ro) (2) 
2M. =2Me 
and: 
Qe2 —s-_ Qe? e? 
W=- — V.(Ri) — Ve( Ra) (3) 


po — + — JW 
R, RR. |R,-R,| 
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1s,2p 


1s,2s Figure 1: The ground state configuration 
and first excited configurations of the helium 
atom (the energies are not shown to scale). 





The central potential V.(1) is chosen so as to make W a small correction of Hp. 

When W is neglected, the electrons can be considered to be independent (although 
their average electrostatic repulsion is partially taken into account by the potential V,). 
The energy levels of Ho then define the electronic configurations we shall study in this 
section. We shall then examine the effect of W by using stationary perturbation theory 
in § 2. 


1-b. The ground state configuration and first excited configurations 


According to the discussion of Complement Axry (§ 2), the configurations of the 
helium atom are specified by the quantum numbers n, | and n’, I’ of the two electrons 
(placed in the central potential V.). The corresponding energy EF, can be written: 


EE. = En, + En (4) 


Thus (Fig. 1), the ground state configuration, written 1s?, is obtained when the two 
electrons are in the 1s shell; the first excited configuration, 1s 2s, when one electron 
is in the 1s shell and the other one is in the 2s shell. Similarly, the second excited 
configuration is the 1s, 2p configuration. 

The excited configurations of the helium atom are of the form 1s, n’‘l’. Actually, there 
also exist “doubly excited” configurations of the type nl, n/l’ (with n, n’ > 1). But, for helium, 
their energy is greater than the ionization energy Ey; of the atom (the limit of the energy of 
the configuration 1s, n’l’ when n’ > oo). Most of the corresponding states, therefore, are very 
unstable: they tend to dissociate rapidly into an ion and an electron and are called “autoionizing 
states”. However, there exist levels belonging to doubly excited configurations which are not 
autoionizing, but which decay by emitting photons. Some of the corresponding spectral lines 
have been observed experimentally. 


1-c. Degeneracy of the configurations 


Since V, is central and not spin-dependent, the energy of a configuration does not 
depend on the magnetic quantum numbers m and m’ (-l << m <1, -l!<m' <I’) or on 
the spin quantum numbers « and ¢’ (c« = +, e’ = +) associated with the two electrons. 
Most of the configurations, therefore, are degenerate; it is this degeneracy we shall now 
calculate. 

A state belonging to a configuration is defined by specifying the four quantum 
numbers (n,1,m,¢€) and (n’,l’,m’,e’) of each electron. Since the electrons are identical 
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particles, the symmetrization postulate must be taken into account. The physical ket 
associated with this state can, according to the results of § C-3-b of Chapter XIV, be 
written in the form: 


Gall — Pal :n,l,m,e;2:n',U,m',e > (5) 
Pauli’s principle excludes the states of the system for which the two electrons would be 
in the same individual quantum state (n =n’, 1 =1', m =m’, « =«'). According to the 
discussion of § C-3-b of Chapter XIV, the set of physical kets (5) for which n, I, n’, I’ 
are fixed and which are not null (that is, not excluded by Pauli’s principle) constitute an 
orthonormal basis in the subspace €(n,1;n’,l’) of E4 associated with the configuration 
nl, n'l’. 

To evaluate the degeneracy of a configuration nl, n'l’, we shall distinguish between 
two cases: 

(i) The two electrons are not in the same shell (we do not have n = n’ and 1 =’). 

The individual states of the two electrons can never coincide, and m, m’, €, e’ can 
independently take on any value. The degeneracy of the configuration, consequently, is 
equal to: 


2(21 + 1) x 2(2l’ + 1) = 4(21 + 1)(21’ + 1) (6) 


/ ot / / 
In,l,m,e;n'j l,m’, 2" >= 


The 1s, 2s and 1s, 2p configurations enter into this category; their degeneracies are equal 
to 4 and 12 respectively. 

(ii) The two electrons are in the same shell (n = n’ and 1 =’). 

In this case, the states for which m = m’ and ¢ = e’ must be excluded. Since 
the number of distinct individual quantum states is equal to 2(21 + 1), the degree of 
degeneracy of the nl? configuration is equal to the number of pairs that can be formed 
from these individual states (cf. § C-3-b of Chapter XIV), that is: 


C3141) = (21+ 1)(40 + 1) (7) 


Thus, the 1s? configuration, which enters into this category, is not degenerate. It 
is useful to expand the Slater determinant corresponding to this configuration. If, in (5), 
wesetn=n =1,l=l=m=m' =0,¢e=4, &’ = -, we obtain, writing the spatial 
part as a common factor: 








[is* S=:/14100,0;27.1,0,0 Se ( he S Sl 4 a) (8) 


1 
V2 
In the spin part of (8), we recognize the expression for the singlet state |S = 0, M, =0>, 
where S and M, are the quantum numbers related to the total spin S = S; + Se (cf. 
Chap. X, § B-4). Thus, although the Hamiltonian Hp does not depend on the spins, 
the constraints introduced by the symmetrization postulate require the total spin of the 
ground state to have the value S = 0. 


2. The effect of the inter-electron electrostatic repulsion: exchange energy, 
spectral terms 


We shall now study the effect of W by using stationary perturbation theory. To do 
so, we must diagonalize the restriction of W inside the subspace €(n,1;n’,l’) associated 
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with the nl, n’l’ configuration. The eigenvalues of the corresponding matrix give the 
corrections of the configuration energy FE, to first order in W; the associated eigenstates 
are the zero-order eigenstates. 

To calculate the matrix which represents W inside E(n,1;n’, 1’), we can choose any 
basis, in particular, the basis of kets (5). Actually, it is to our advantage to use a basis 
well adapted to the symmetries of W. We shall see that we can choose a basis in which 
the restriction of W is already diagonal. 


2-a. Choice of a basis of E(n,1;n’,l') adapted to the symmetries of W 


a. Total orbital momentum L and total spin S 


W does not commute with the individual orbital angular momenta L; and Lg of 
each electron. However, we have already shown (cf. Chap. X, § A-2) that, if L denotes 
the total orbital angular momentum: 


L=L,+L. (9) 
we have: 
ae 
[W, L] = [~—, L] =0 (10) 
Riz 


Therefore, L is a constant of the motion!. Moreover, since W does not act in the spin 
state space, this is also true for the total spin S: 


[W,S] = 0 (11) 


Now, consider the set of the four operators, L?, S?, L,, S,. They commute with 
each other and with W. We shall show that they constitute a C.S.C.O. in the subspace 
E(n,l;n',l’) of E4. This will enable us in § 2-b to find directly the eigenvalues of the 
restriction of W in this subspace. 

To do this, we shall return to the space €, the tensor product of the state spaces 
€(1) and €(2) relative to the two electrons, assumed to be numbered arbitrarily. The 
subspace €(n,1;n’,l’) of E4 associated with the nl, nl’ configuration can be obtained? by 
antisymmetrizing the various kets of the subspace €,,1(1) ® Ey (2) of E. If we choose the 
basis |1: n,l,m,e > @|2:n’',l’,m’,c’ > in this subspace, we obtain the basis of physical 
kets (5) by antisymmetrization. 

However, we know from the results of Chapter X that we can also choose in E,,,(1)@ 
Ey’ (2) another basis composed of common eigenvectors of L?, L,, S?, S, and entirely 
defined by the specification of the corresponding eigenvalues. We shall write this basis: 


[1 :n,l;2:n',U; L, Mz > @|S,Ms > (12) 
with: 

Eat Ia a1 ad 

ca | | (13) 





1This result is related to the fact that, under a rotation involving both electrons, the distance between 
them, Rig, is invariant. However, it changes if only one of the two electrons is rotated. This is why W 
commutes with neither L, nor Lo. 

2We could also start with the subspace E,, (1) ®En,1(2) [¢f. comment (i) of § B-2-c of Chapter XIV, 
p. 1433]. 
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Since L?, L,, S?, S, are all symmetric operators (they commute with P2,), the vectors 
(12) remain, after antisymmetrization, eigenvectors of L?, L,, S?, S_ with the same 
eigenvalues (some of them may, of course, have a zero projection onto E4, in which 
case the corresponding physical states are excluded by Pauli’s principle; see § 6 below). 
The non-zero kets obtained by antisymmetrization of (12) are therefore orthogonal, since 
they correspond to different eigenvalues of at least one of the four observables under 
consideration. Since they span €(n, 1; n’, 1’), they constitute an orthonormal basis of this 
subspace, which we shall write: 


{In,tin! UD, Mrs S, Ms > \ (14) 
with: 

In, U;n', 0; L, Mr; 8, Ms > 

Ste Pai) 4 (1 :n,l:2:n',U;L, Mz > @|S,Ms > } (15) 
where c is a normalization constant. L?, L,, S*, S, therefore form a C.S.C.O. inside 
E(n,l;n',U'). 
Now, we shall introduce the permutation operator PAS ) in the spin state space: 
POL: e:2:e! >= ll ie 2ie> (16) 


We showed in § B-4 of Chapter X [cf. comment (27)] that: 


Py |S, Ms >= (-1)5*1|8, Ms > (17) 
Furthermore, if Pe ) is the permutation operator in the state space of the orbital variables, 
we have: 

Po, = PD @ P® (18) 


Using (17) and (18), we can, finally, put (15) in the form: 


|n, 1; n’,U’; L, Mz; S, Ms > 
= ef (l= (-1)84? PL nb 2n'UsL, Mr > }2|8,Ms > (19) 


B. Constraints imposed by the symmetrization postulate 


We have seen that the dimension of the space E(n,1;n’,l’) is not always equal to 
4(21 + 1)(21'+ 1), that is, to the dimension of €, (1) ® En (2). Certain kets of €,,1(1) ® 
En (2) can therefore have a zero projection onto E(n,1;n’,l’). It is interesting to study 
the consequences for the basis (14) of this constraint imposed by the symmetrization 
postulate. 

First of all, assume that the two electrons do not occupy the same shell. It is then 
easy to see that the orbital part of (19) is a sum or a difference of two orthogonal kets 
and, consequently, is never zero®. Since the same is true of |S, Mg >, we see that all the 





ol 


V2 


3The normalization constant c is then equal to 
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possible values of L and S$ [cf. formula (13)] are allowed. For example, for the 1s, 2s 
configuration, we can have S = 0, L)=0 and $=1, L = 0; for the 1s, 2p configuration, 
we can have S=0, L=1land S=1, L=1, etc. 
If we now assume that the two electrons occupy the same shell, we have n = n’ and 
1 =’, and certain of the kets (19) can be zero. Let us write |1 :n,1;2:n',l/; L,Mzr > in 
the form: 
[leks nT EM 
= Sy <UU;m,m'|L,mzy > |l:in,l,m;2:n',l’,m' > (20) 


According to relation (25) of Complement Bx: 

<1,l;m,m’|L, My >= (-1)" < Lim’, mL, Mz > (21) 
By using (20), we then get: 

POW in b2:n ib L,My >= (-14|1:n,b2:n,L, My > (22) 
Substituting this result into (19), we obtain?: 


0 if L+ S$ is odd 
\L:n,l;2:n,,L,Mr > @|S,Ms > if L+S is even 
(23) 


\n,l;n,l; L, Mr; S,Ms >= { 


Therefore, LZ and S cannot be arbitrary: LZ + S must be even. In particular, for the 
1s? configuration, we must have L = 0, so S = 1 is excluded. This is a result found 
previously. 

Finally, note that the symmetrization postulate introduces a close correlation be- 
tween the symmetry of the orbital part and that of the spin part of the physical ket (19). 
Since the total ket must be antisymmetric, and the spin part, depending on the value of 
S, is symmetric (S = 1) or antisymmetric (5 = 0), the orbital part must be antisymmet- 
ric when S = 1 and symmetric when S = 0. We shall see the importance of this point 
later. 


2-b. Spectral terms. Spectroscopic notation 


W commutes with the four observables L?, L,, S*, Sz, which form a C.S.C.O. 
inside E(n,1;n’,l’). It follows that the restriction of W inside E(n, 1; n’,l’) is diagonal in 
the basis: 

{|n,1: n',U'; L, Mz; S,Ms > \ and has eigenvalues of: 
6(L,S) =< n,l;n',U'; L, Mi; S, Ms|W|n, 1; n’,U'; L, Mz; S, Ms > (24) 


This energy depends neither on My; nor on Msg, since relations (10) and (11) imply that 
W commutes not only with LD, and S, but also with D+ and S_: W is therefore a scalar 

















4The normalization constant is then 1/2. 
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operator in both the orbital state space and the spin state space (cf. Complement Byy, 
§§ 5-b and 6-c). 

Inside each ni,n'l’ configuration, we thus obtain energy levels E,(n,l;n’‘,l’) + 
6(L,S), labeled by their values of Z and S. Each of them is (20 + 1)(2S + 1)-fold 
degenerate. Such levels are called spectral terms and denoted in the following way. With 
each value of L is associated, in spectroscopic notation (Chap. VII, § C-4-b) a letter 
of the alphabet; we write the corresponding capital letter and add, at the upper left, a 
number equal to 25 + 1. For example, the 1s? configuration leads to a single spectral 
term, written 1S (the 3S, as we have seen, is forbidden by Pauli’s principle). The 1s, 2s 
configuration produces two terms, 1S (non-degenerate) and °S (three-fold degenerate); 
the 1s, 2p configuration, two terms, 1P (degeneracy 3) and ?P (degeneracy 9). For a 
more complicated configuration such as, for example, 2p”, we obtain (cf. § 2-a-8) the 
spectral terms |S, 1D and 3P (L +S must be even), etc. 

Under the effect of the electrostatic repulsion, the degeneracy of each configura- 
tion is therefore partially removed (the 1s? configuration, which is non-degenerate, is 
simply shifted). We shall study this effect in greater detail in the simple example of the 
1s,2s configuration. We shall try to understand why the two terms 'S' and 3S resulting 
from this configuration, and whose total spin values are different, have different energies 
although the original Hamiltonian is purely electrostatic. 


2-c. Discussion 
Q. Energies of the spectral terms arising from the 1s, 2s configuration 
In the 1s, 2s configuration, | = 1’ = L = 0. It is then easy to obtain from (20): 
jl:n=1,l=0;2:n' =2,l'=0;L=M,=0> 
=p al pana 02a Sot Si = 0S (25) 


a vector that we shall write, more simply, |1 : 1s;2: 2s >. If |°$,M, > and |'S,0 > 
denote the states corresponding to the two spectral terms 3S’ and 'S arising from the 1s, 
2s configuration, we obtain, substituting (25) into (19): 


3S, Ms > = —[(1 — PO 1: 18:2: 28 >] @|S =1, Mg > (26a) 


i} 


}'S,0> = sgl + Pa :18;2:2s >] @|S =0,Ms =0> (26b) 


Since W does not act on the spin variables, the eigenvalues given by (24) can be written: 


<1:1s;2:2s\(1— P wr — P)|1 : 18:2 : 28 > (27a) 


Nl Rw e 


<1:15;2:2s|(1+ PO wl + PO) 1 :18;2:2s > (27b) 


) 


(we have used the fact that P&) is Hermitian). Moreover, PS commutes with W, and 


the square of pi?) is the identity operator. Therefore: 











(1+ Pw + PY) = + PY Pw = 20+ Pw (28) 
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Finally, we obtain: 


ICS) = HEF (29a) 

6¢S)=K+J (29b) 
with: 

K= <1:1s;2:2s|W|1:1s;2:2s> (30) 


J= <1:1s;2:2s|PO WIL: 15,2: 2s >=<1:28;2:1s|Wl1:1s;2:2s> (31) 


kK therefore represents an overall shift of the energy of the two terms and does not 
contribute to their separation. J is more interesting, as it introduces an energy difference 
between the 39 and |S terms (cf. Fig. 2). We shall therefore study it in a little more 
detail. 





2] ~ 0.8 eV 





Figure 2: The relative position of the spectral terms |S and ?S arising from the 1s, 2s 
configuration of the helium atom. K represents an overall shift of the configuration. The 
removal of the degeneracy is proportional to the exchange integral J. 





B. The exchange integral 
When we substitute expression (3) for W into (31), there appear terms of the form: 
<1: 28;2:1s|V.(R1)|1 : 1s;2: 2s > 
=< 1: 2s|V.(R1)|L: 1s >< 2:18|2:28> (82) 


Now, the scalar product of the two orthogonal states, |2: 1s > and |2 : 2s > is zero. 
Expression (32) is then equal to zero. The same type of reasoning shows that the terms 
that arise from the operators V,(R2), —2e?/R,, —2e?/Rz are also zero, since each of 
these operators acts only in the single-electron spaces while the state of the two electrons 
is different in the ket and bra of (31). Finally, there remains: 


2 
J=<1:28;2: sR! :18;2:2s > (33) 
1— Re 
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J therefore involves only the electrostatic repulsion between the electrons. 
Let Ynim(r) be the wave functions associated with the states |n,/,m > (the 
stationary states of an electron in the central potential V.): 


Pn,l,m(¥) =< r|n, l,m > (34) 


In the {|r >} representation, the calculation of J from (33) yields: 


e2 


ie ‘i Pry / dr Pool) vio0(2) Bese enen (35) 


ry —1Po| 
This integral is called the “exchange integral”. We shall not calculate it explicitly here; 
we point out, however, that it is positive. 


¥. The physical origin of the energy difference between the two spectral terms 


We see from expressions (26) and (27) that the origin of the energy separation of 
the 3.5 and 'S' terms lies in the symmetry differences of the orbital parts of these terms. 
As we emphasized at the end of § 2-a, a triplet term (S = 1) must have an orbital part 
which is antisymmetric under exchange of the two electrons ; hence the — sign before Pe ) 
in (26a) and (27a). On the other hand, a singlet term (S = 0) must have a symmetric 
orbital part [+ sign in (26b) and (27b)]. 

This explains the relative position of the 3S and 1S terms shown in Figure 2. For 
the singlet term, the orbital wave function is symmetric with respect to exchange of 
the two electrons, which then have a non-zero probability of being at the same point 
in space. This is why the electrostatic repulsion, which gives an energy of e?/rj2 which 
is large when the electrons are near each other, significantly increases the singlet state 
energy. On the other hand, for the triplet state, the orbital function is antisymmetric 
with respect to exchange of the two electrons, which then have a zero probability of 
being at the same point in space. The average value of the electrostatic repulsion is then 
smaller. Therefore, the energy difference between the singlet and triplet states arises 
from the fact that the correlations between the orbital variables of the two electrons 
depend, because of the symmetrization postulate, on the value of the total spin. 


é. Analysis of the role played by the symmetrization postulate 


At this point in the discussion, it might be thought that the degeneracy of a 
configuration is removed by the symmetrization postulate. We now show? that this is 
not the case. This postulate merely fixes the value of the total spin of the terms arising 
from a given configuration (because of the inter-electron electrostatic repulsion). 

To see this, imagine for a moment that we do not need to apply the symmetrization 
postulate. Suppose, for example, that the two electrons are replaced by two particles 
(fictitious, of course) of the same mass, the same charge and the same spin as the elec- 
trons but with another intrinsic property that permits us to distinguish between them 
(without, however, changing the Hamiltonian H of the problem, which is still given by 
formula (1)]. Since H is not spin-dependent and we do not have to apply the symmetriza- 
tion postulate, we can ignore the spins completely until the end of the calculations, and 
then multiply the degeneracies obtained by 4. The energy level of Hp corresponding to 





5See also comment (i) of § C-4-a-8 of Chapter XIV, p. 1442. 
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the 1s, 2s configuration is two-fold degenerate from the orbital point of view, because 
two orthogonal states |1 : 1s;2 : 2s > and |1 : 2s;2 : 1s > correspond to it (they are 
different physical states since the two particles are of different natures). To study the 
effect of W, we must diagonalize W in the two-dimensional space spanned by these two 
kets. The corresponding matrix can be written: 


K J a 
ae) 36 


where J and K are given by (30) and (31) [the two diagonal elements of (36) are equal 
because W is invariant under permutation of the two particles]. Matrix (36) can be 
diagonalized immediately. The eigenvalues found are K + J and K — J, associated 
respectively with the symmetric and antisymmetric linear combinations of the two kets 
|1 : 1s;2 : 2s > and |1 : 2s;2 : 1s >. The fact that these orbital eigenstates have 
well-defined symmetries relative to exchange of the two particles has nothing to do with 
Pauli’s principle. It arises only from the fact that W commutes with PS?) (common 
eigenstates of W and PO can therefore be found). 

When the two particles are not identical, we obtain the same arrangement of levels 
and the same orbital symmetry as before. On the other hand, the degeneracy of the 
levels is obviously different: the lower level, with energy K — J, can have a total spin of 
either S = 0 or S = 1, as can the upper level. 

If we return to the real helium atom, we now see very clearly the role played by 
Pauli’s principle. It is not responsible for the splitting of the initial level 1s, 2s into 
the two energy levels kK + J and K — J, since this splitting would also appear for two 
particles of different natures. Similarly, the symmetric or antisymmetric character of the 
orbital part of the eigenvectors is related to the invariance of the electrostatic interaction 
under permutation of the two electrons. Pauli’s principle merely forbids the lower state 
to have a total spin S = 0 and the upper state to have a total spin S = 1, since the 
corresponding states would be globally symmetric, which is unacceptable for fermions. 


€. The effective spin-dependent Hamiltonian 
We replace W by the operator: 
W =a+ BS, -S» (37) 
where S; and S2 denote the two electron spins. We also have: 


= 36h? B 
W=a- 4 wy 





Ss? (38) 


so that the eigenstates of W are the triplet states, with the eigenvalue a + Bh?/4, and 
the singlet state, with the eigenvalue a — 38h?/4. Therefore, if we set: 


a=K-% 
2 oy) 
B= 
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we obtain, by diagonalizing WwW, the same eigenstates and eigenvalues we found above?. 
We can then consider that it is as if the perturbation responsible for the appearance 
of the terms were W (the “effective” Hamiltonian), which is of the same form as the 
magnetic interaction between two spins. However, one should not conclude that the 
coupling energy between the electrons, which is responsible for the appearance of the 
two terms, is of magnetic origin: two magnetic moments equal to that of the electron 
and placed at a distance of the order of 1 A from each other would have an interaction 
energy much smaller than J. However, because of the very simple form of W, this 
effective Hamiltonian is often used instead of W. 

An analogous situation arises in the study of ferromagnetic materials. In these 
substances, the electron spins tend to align themselves parallel to each other. Since 
the spin state is then completely symmetric, Pauli’s principle requires the orbital state 
to be completely antisymmetric. For the same reasons as for the helium atom, the 
electronic repulsion energy is then minimal. When we study such phenomena, we often 
use effective Hamiltonians of the same type as (37). However, it must be noted that the 
physical interaction which is at the origin of the coupling is again electrostatic and not 
magnetic. 


Comments: 


(i) The 1s, 2p configuration can be treated in the same way. We then have 
L = 1, so that My; = +1, 0 or —-1. As for the 1s, 2s configuration, the 
shells occupied by the two electrons are different, so that the two terms °P 
and 'P exist simultaneously. The first one is nine-fold degenerate, and the 
second, three-fold. It can be shown, as above, that the 3P term has an energy 
lower than that of the !P term, and the difference between the two energies 
is proportional to an exchange integral which is analogous to the one written 
in (35). We would proceed in the same way for all other configurations of the 
type 1s, n'l’. 

(ii) We have treated W like a perturbation of Ho. For this approach to be coherent, the 
energy shifts associated with W [for example, the exchange integral written in (35)] 
must be much smaller than the energy differences between configurations. Actually, 
this is not the case. For the 1s, 2s and 1s, 2p configurations, for example, while the 
energy difference AE('S —® S) in the 1s, 2s configuration is of the order of 0.8 eV, 
the minimum distance between levels is AE[(1s, 2p)? P — (1s,2s)'S] ~ 0.35 eV. We 
might therefore believe that it is not valid to treat W like a perturbation of Ho. 
However, the approach we have given is correct. This is due to the fact that, for all 
configurations of the type 1s, n/l’, we have L = I’. Therefore W, which according 
to (10) commutes with L, has zero matrix elements between the states of the 1s, 
2s configuration and those of the 1s, 2p configuration, since they correspond to 
different values of L. The operator W couples a 1s, n/l’ configuration only to 
configurations with distinctly higher energies, of the 1s, nl’ type with I” = I 


Hhye 


only the values of n are different) or of the nl, n type, with n and n” different 
y , YPe, 


from 1 (the angular momenta | and I” can be added to give I’). 





6We must, obviously, keep only the eigenvectors of W that belong to Ey. 
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3. Fine-structure levels; multiplets 


Thus far, we have taken into account in the Hamiltonian only interactions of purely elec- 
trostatic origin; we have neglected all effects of relativistic and magnetic origin. Actually, 
such effects exist, and we have already studied them in the case of the hydrogen atom 
(cf. Chap. XII, § B-1), where they arise from the variation of the electron mass with the 
velocity, from the L-S spin-orbit coupling, and from the Darwin term. For helium, the 
situation is more complicated because of the simultaneous presence of two electrons. For 
example, there is a spin-spin magnetic coupling term in the Hamiltonian (cf. Comple- 
ment Bxr) which acts in both the spin state space and the orbital state space of the two 
electrons’. Nevertheless, a great simplification arises from the fact that the energy differ- 
ences associated with these couplings of relativistic and magnetic origin are much weaker 
than those which exist between two different spectral terms. This enables us to treat the 
corresponding Hamiltonian (the fine-structure Hamiltonian) like a perturbation. 

The detailed study of the fine structure levels of helium falls outside the domain of 
this complement. We shall confine ourselves to describing the symmetries of the problem 
and indicating how to distinguish between the different energy levels. We shall use the 
fact that the fine-structure Hamiltonian Hg-r is invariant under a simultaneous rotation 
of all the orbital and spin variables. This means (cf. Complement Byy, § 6) that, if J 
denotes the total angular momentum of the electrons: 


J=L+S (40) 
we have: 
[Hsr,J] =0 (41) 


On the other hand, the fine-structure Hamiltonian changes if the rotation acts only on 
the orbital variables or only on the spins: 


[Hsr,L] = —[Hsr,S] #0 (42) 


These properties can easily be seen for the operators )7, €(r;)L; -S;, for example, or for 
the dipole-dipole magnetic interaction Hamiltonian (cf. Complement Bxz). 

The state space associated with a term is spanned by the ensemble of states 
\n, 1; n',U; L, Mz; S, Ms > written in (19), where L and S are fixed, and where: 





=f Mee eb 
-S<Ms<+s (43) 


In this subspace, it can be shown that J? and J, form a C.S.C.O. which, according 
to (41), commutes with Hsp. The eigenvectors |J, Mz; > common to J? [eigenvalue 
J(J+1)h?] and J, (eigenvalue M zh) are therefore necessarily eigenvectors of Hg, with 
an eigenvalue that depends on J but not on M, (this last property arises from the fact 





“See for example § 19.6 in Sobel’man (11.12) for an explicit expression of the different terms of the 
fine structure Hamiltonian (Breit Hamiltonian). 
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Figure 3: The relative position of the spectral terms and multiplets arising from the 1s, 2p 
configuration of the helium atom (the splitting of the three multiplets °Py, >P,, °P2 has 
been greatly exaggerated in order to make the figure clearer). 





that Hgr commutes with J, and J_). According to the general theory of addition of 
angular momenta, the possible values of J are: 


JSLAES 1 6 SH a8 8| (44) 


The effect of Hsp is therefore a partial removal of the degeneracy. For each “term”, 
there appear as many distinct levels as there are different values of J, according to 
relation (44). Each of these levels is (2 + 1)-fold degenerate and is called a “multiplet”. 
The usual spectroscopic notation consists of denoting a multiplet by adding a right lower 
index equal to the value of J to the symbol representing the term from which it arises. 
For example, the ground state of the helium atom gives a single multiplet, 'Sp. Similarly, 
each of the terms 19 and 39 of the 1s, 2s configuration leads to a single multiplet: 1S 
and 31, respectively. On the other hand, the ?P term arising from 1s, 2p yields three 
multiplets, °P2, 2P, and 3Pp (cf. Fig. 3), and so on. We point out that the measurement 
and theoretical calculation of the fine structure of the 3P level of the 1s, 2p configuration 
is of great fundamental interest, since it can lead to the very precise knowledge of the 
“fine structure constant”, a = e?/he. 
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Comments: 


(3) 


For many atoms, the fine-structure Hamiltonian is essentially given by: 


N 
Hsp ~ So e(Ri)Li Si (45) 


where R;, L; and S; denote the positions, angular momenta and spins of each 
of the N electrons. It can then be shown, using the Wigner-Eckart theorem (cf. 
Complement Dx), that the energy of the J multiplet is proportional to J(J +1) — 
L(L+1)—S(S +1). This result is sometimes called the “Landé interval rule”. 
For helium, the ?P; and ?P» levels arising from the 1s, 2p configuration are much 
closer than would be predicted by this rule. This arises from the importance of the 
dipole-dipole magnetic coupling of the spins of the two electrons. 


In this complement, we have neglected the “hyperfine effects” related to nu- 
clear spin (cf. Chap. XII, § B-2). Such effects actually exist only for the "He 
isotope, whose nucleus has a spin J = 1/2 (the nucleus of the *He isotope has 
a zero spin). Each multiplet of electronic angular momentum J splits, in the 
case of *He, into two hyperfine levels of total angular momentum F = J+1/2, 
(2F + 1)-fold degenerate (unless, of course, J = 0). 


References and suggestions for further reading: 


Kuhn (11.1), Chap. II-B; Slater (11.8), Chap. 18; Bethe and Salpeter (11.10). 

Multiplet theory and the Pauli principle: Landau and Lifshitz (1.19), §§ 64 and 
65; Slater (1.6), Chap. 7 and (11.8), Chap. 13; Kuhn (11.1), Chap. V, § A; Sobel’man 
(11.12), Chap. 2, § 5.3. 
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In Complements Axry and Bxrv, we studied, taking the symmetrization postulate 
into account, the energy levels of a small number of independent electrons placed in 
a central potential (the shell model of many-electron atoms). Now, we shall consider 
systems composed of a much larger number of electrons, and we shall show that Pauli’s 
exclusion principle has an equally spectacular effect on their behavior. 

To simplify the discussion, we shall neglect interactions between electrons. More- 
over, we shall assume, at first (§ 1), that they are subjected to no external potential 
other than the one that restricts them to a given volume and which exists only in the 
immediate vicinity of the boundary (a free-electron gas enclosed in a “box”). We shall 
introduce the important concept of the Fermi energy Ey, which depends only on the 
number of electrons per unit volume. We shall also show that the physical properties of 
the electron gas (specific heat, magnetic susceptibility, ...) are essentially determined by 
the electrons whose energy is close to Ep. 

A free-electron model describes the principal properties of certain metals rather 
well. However, the electrons of a solid are actually subjected to the periodic potential 
created by the ions of the crystal. We know that the energy levels of each electron are then 
grouped into allowed energy bands, separated by forbidden bands (cf. Complements Fx; 
and Oy). We shall show qualitatively in § 2 that the electric conductivity of a solid is 
essentially determined by the position of the Fermi level of the electron system relative 
to the allowed energy bands. Depending on this position, the solid is an insulator or a 
conductor. 


1. Free electrons enclosed in a box 


1-a. Ground state of an electron gas; Fermi energy Er 


Consider a system of N electrons, whose mutual interactions we shall neglect, and 
which, furthermore, are subjected to no external potential. These N electrons, however, 
are enclosed in a box, which, for simplicity, we shall choose to be a cube with edges of 
length L. 

If the electrons cannot pass through the walls of the box, it is because the walls 
constitute practically infinite potential barriers. Since the potential energy of the elec- 
trons is zero inside the box, the problem is reduced to that of the three-dimensional 
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infinite square well (cf. Complements Gy and Hy). The stationary states of a particle in 
such a well are described by the wave functions: 


a7 . TL, Ty\ TZ 
nz ny.nz (0) = ¥ sin (rn) sin (ny) sin (n=) (la) 
Ng Mate S52, 32. (1b) 


[expression (la) is valid for 0 < x,y,z < L, since the wave function is zero outside this 
region]. The energy associated with yp, n,,n, is equal to: 
22 
Eng nyne = sare a ny +n) (2) 
Of course, the electron spin must be taken into account: each of the wave functions 
(1) describes the spatial part of two distinct stationary states which differ by their spin 
orientation; these two states correspond to the same energy, since the Hamiltonian of the 
problem is spin-independent. 

The set of these stationary states constitutes a discrete basis, enabling us to con- 
struct any state of an electron enclosed in this box (that is, whose wave function goes 
to zero at the walls). Note that, by increasing the dimensions of the box, we can make 
the interval between two consecutive individual energies as small as we wish, since this 
interval is inversely proportional to L?. If L is sufficiently large, therefore, we cannot, 
in practice, distinguish between the discrete spectrum (2) and a continuous spectrum 
containing all the positive values of the energy. 

The ground state of the system of the N independent electrons can be obtained 
by antisymmetrizing the tensor product of the N individual states associated with the 
lowest energies compatible with Pauli’s principle. If N is small, it is thus simple to fill 
the first individual levels (2) and to find the ground state of the system, as well as its 
degree of degeneracy and the antisymmetrized kets that correspond to it. However, when 
N is much larger than 1 (in a macroscopic solid, N is of the order of 1073), this method 
cannot be used in practice, and we must follow a more global reasoning. 

We shall begin by evaluating the number n(F) of individual stationary states whose 
energies are lower than a given value E. To do so, we shall write expression (2) for the 
possible energies in the form: 


h2 
= ——k? 
Ne Ny Nz MMe Na Ny Nz (3) 
with: 
Tv 
(Kn, ,ny,re)@ = oy 
TT 
(Knenysne)y = UT, 
TT 
(Kn, nyine)2 = nee (4) 


According to (1), a vector kn, n,n, corresponds to each function Yn, n,,n_("). Con- 
versely, to each of these vectors, there corresponds one and only one function Yn, n,,nz- 
The number of states n(£) can then be obtained by multiplying by 2 the number of vec- 
tors kn, n,n, Whose modulus is smaller than \/2m.E/h? (the factor 2 arises, of course, 
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from the existence of electron spin). The tips of the vectors Kp, n,n, divide k-space into 
elementary cubes of edge 7/L (see Figure 1, in which, for simplicity, a two-dimensional 
rather than a three-dimensional space is shown). Each of these tips is common to eight 
neighboring cubes, and each cube has eight corners. Consequently, if the elementary 
cubes are sufficiently small (that is, if D is sufficiently large), there can be considered to 
be one vector k,n per volume element (7/L)? of k-space. 


yotz 





(k), 


n/L 





(k), 


WL 


Figure 1: Tips of the vectors Kn, n, characterizing the stationary wave functions in a 
two-dimensional infinite square well. 





The value EF of the energy which we have chosen defines, in k-space, a sphere 
centered at the origin, of radius \/2m.E/h?. Only one-eigth of the volume of this sphere 
is involved, since the components of k are positive [cf. (1b) and (4)]. If we divide it 
by the volume element (7/L)° associated with each stationary state, and if we take into 
account the factor 2 due to the spin, we obtain: 


14 (2m _\?? 1 3 (2m. .\*? 
EB) =2-- ——E ——__ — —_ | _—_ ff 5 
ne) Tul ie ) (n/L)3 32 ( ie ) (5) 
This result enables us to calculate immediately the maximal individual energy of 


an electron in the ground state of the system, that is, the Fermi energy Er of the electron 
gas. This energy Ep satisfies: 


n(Ep)=N (6) 


which gives: 


Re N\?8 
Ep = a (30°F) (7) 
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Note that, as might be expected, the Fermi energy depends only on the number N/L? of 
electrons per unit volume. At absolute zero, all the individual states of energy less than 
Er are occupied, and all those whose energies are greater than Ey are empty. We shall 
see in § 1-b what happens at non-zero temperatures. 

We can also deduce the density of states p(E) from (5); by definition, p(E)dE is 
the number of states whose energies are included between F and E+ dE. This density 
of states, as we shall see later, is of considerable physical importance. It can be obtained 
simply by differentiating n(F) with respect to F: 


n : me \?/? 
pa) = SS - (A :) pu? (8) 








p(E) therefore varies like VE. At absolute zero, the number of electrons with a given 
energy between F and E+ dE (less than Ep, of course) is equal to p(£)dE. By using 
the value (7) of the Fermi energy Ey, we can put p(£) in the form: 


Sab 
P(E) = 2" ESP (9) 
Comment: 


It can be seen from (5) that the dimensions of the box are involved only through the 
intermediary of the volume element (1/L)? associated, in k-space, with each stationary 
state. If, instead of choosing a cubic box of edge L, we had considered a parallelepiped 
of edges Li, L2, L3, we would have obtained a volume element of mw /La L2L3: only the 
volume Li L2L3 of the box, therefore, enters into the density of states. This result can 
be shown to remain valid, whatever the exact form of the box, provided it is sufficiently 
large. 


1-b. Importance of the electrons with energies close to Er 


The results obtained in the preceding section make it possible to understand the 
physical properties of a free electron gas. We shall give two simple examples here, that 
of the specific heat and that of the magnetic susceptibility of the system. We shall 
confine ourselves, however, to semi-quantitative arguments which simply illustrate the 
fundamental importance of Pauli’s exclusion principle. 


Q. Specific heat 


At absolute zero, the electron gas is in its ground state: all the individual levels of 
energy less than Ep are occupied, and all the others are empty. Taking into account the 
form (8) of the density of states p(£), we can represent the situation schematically as in 
Figure 2a: the number v(F) dE of electrons with an energy between FE and FE + dE is 
p(E) dE for E < Ep and zero for E > Er. What happens if the temperature T is low 
but not strictly zero? 

If the electrons obeyed classical mechanics, each of them, in going from absolute 
zero to the temperature T, would gain an energy of the order of kT (where k is the 
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v(E) 





Ey E 
a b 


Ep E 


Figure 2: Variation of v(E) with respect to E /v(E)dE is the number of electrons with 
energy between E and E+ dE]. At absolute zero, all the levels whose energies are less 
than the Fermi energy Er are occupied (fig. a). At a slightly higher temperature T, the 
transition between empty and occupied levels occurs over an energy interval of a few kT 


(fig. b). 





Boltzmann constant). The total energy per unit volume of the electron gas would then 
be approximately: 


N 
Ua): qakt (10) 


This would lead to a specific heat at constant volume 0U,,/0T that is independent of 
the temperature. 

In reality, the physical phenomena are totally different, since Pauli’s principle 
prevents most of the electrons from gaining energy. For an electron whose initial energy 
E is much less than Ep (more precisely, if Ey — E >> kT), the states to which it could 
go if its energy increased by kT are already occupied and are therefore forbidden to it. 
Only electrons having an initial energy E close to Ep (Er — E ~ kT) can “heat up”, as 
shown by Figure 2b. The number of these electrons is approximately: 

AN ~ p(Ep)kT = Syne (11) 
2 Ep 
[according to (9)]. Since the energy of each one increases by about kT’, the total energy 
per unit volume can be written: 


N kT 


U(T) = LB Ep 


kT (12) 
instead of the classical expression (10). Consequently, the constant volume specific heat 
is proportional to the absolute temperature T: 


_ OU NkkT 


aT ~ TE? Ep is) 


cy 
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For a metal, to which the free-electron model can be applied, Er is typically on the order 
of a few eV. Since kT is about 0.03 eV at ordinary temperatures, we see that in this case 
the factor kT’ /Ey introduced by Pauli’s principle is of the order of 1/100. 


Comments: 


(z) In order to calculate the specific heat of the electron gas quantitatively, we must 
know the probability f(£,T) for an individual state of energy E to be occupied 
when the system is at thermodynamic equilibrium at the temperature T. The 
number v(£) d£ of electrons whose energies are included between F and FE + dE 
is then: 


V(E) dE = f(E,T) p(E) dE (14) 


It is shown in statistical mechanics (Complement Bxv, § 2-a) that, for fermions, 
the function f(£,T) can be written: 


1 


f(E,T) = e(E—p)/kT +1 


(15) 
where yz is the chemical potential(Appendix VI), also called the Fermi level of the 
system. This is the Fermi-Dirac distribution. The Fermi level is determined by the 
condition that the total number of electrons must be equal to N: 


+00 
P(E)\dE 
. e(E-)/kT 41 i (16) 


p depends on the temperature, but it can be shown that it varies very slowly for 
small T. The shape of the function f(E,T) is shown in Figure 3. At absolute zero, 
f(E,0) is equal to 1 for E < wand to 0 for E > yp (“step” function). At non-zero 
temperatures, f(£,7) has the form of a rounded “step” (the energy interval over 
which it varies is of the order of a few kT as long as kT < p). 


For a free electron gas, it is clear that the Fermi level ~ at absolute zero coincides 
with the Fermi energy Fy calculated in § l-a. According to (14) and the form 
that f(£,T) takes for T = 0 (Fig. 3), w then characterizes, like Er, the highest 
individual energy. 


On the other hand, for a system with a discrete spectrum of energies (£1, E2, 
..£j,...), the Fermi level y, obtained from formula (16) does not coincide with 
the highest individual energy F,, in the ground state at absolute zero. In this 
case, the density of states is composed of a series of “delta functions” centered at 
fy, Eo... E;, ... Consequently, at absolute zero, w can take on any value between 
Ey, and E41, since, according to (14), all these possibilities lead to the same 
value of v(E). We choose to define jz at absolute zero as the limit of p(T) as T 
approaches zero. Since at non-zero temperatures the level FE, empties a little, and 
Ey,+1 begins to fill, the limit of u(T) is found to be a value between FE, and Em+1 
(halfway between these two values if the two states FE, and E+ have the same 
degree of degeneracy). 
Similarly, for a system containing a series of allowed energy bands separated by 
forbidden bands (electrons of a solid; cf. Complement F'x1), the Fermi level yu is 
in a forbidden band when the highest individual energy at absolute zero coincides 
with the upper limit of an allowed band. On the other hand, the Fermi level pu is 
equal to Er when Fr falls in the middle of an allowed band. 
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Figure 8: Plot of the Fermi-Dirac distribution at absolute zero (dashed line) and at low 
temperatures (solid line). 

For an electron gas at absolute zero, the Fermi level 1 coincides with the Fermi energy 
Ep. The curves in Figure 2 can be obtained by multiplying the density of states p(E) by 
{(E,7). 





(2) The preceding results explain the behavior of the specific heat of metals at very 
low temperatures. At ordinary temperatures, the specific heat is essentially due to 
vibrations of the ionic lattice (cf. Complement Ly), since that of the electron gas 
is practically negligible. However, the specific heat of the lattice approaches zero 
as T® for small T. Therefore, that of the electron gas becomes preponderant at low 
temperatures (around 1 K) where, for metals, a decrease that is linear with respect 
to T is actually observed. 


B. Magnetic susceptibility 


Now suppose that a free electron gas is placed in a uniform magnetic field B parallel 
to Oz. The energy of an individual stationary state then depends on the corresponding 
spin state, since the Hamiltonian contains a paramagnetic spin term (cf. Chap. IX, 
§ A-2): 





W = 253 B is (17) 
where jig is the Bohr magneton: 
h 
we = > (18) 
Me 


and §S is the electron spin operator. For the sake of simplicity, we shall treat (17) as 
the only additional term in the Hamiltonian (the behavior of the spatial wave functions 
was studied in detail in Complement Ey). Under these conditions, the stationary states 
remain the same as in the absence of a magnetic field, and the corresponding energy is 
increased or decreased by jp B depending on the spin state. The densities of states p4(F) 
and p_(£) corresponding respectively to the spin states |+ > and |— > can therefore be 
obtained very simply from the density p(F) calculated in § 1-a: 








px(B) = 5 (B+ upB) (19) 
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Figure 4: The densities of states p4(E) and p_(E) corresponding respectively to the spin 
states |+ > and |— > (up is negative). At absolute zero, only the states whose energies 
are less than Er are occupied. 





Thus, at absolute zero, we arrive at the situation shown in Figure 4. 

Since the magnetic energy |j18| B is much smaller than Ep, the difference between 
the number of electrons whose spins are antiparallel to the magnetic field and the number 
whose spins are parallel to B is practically, at absolute zero: 


eR 


N--Nyo 5P(Er)2|He|B (20) 


The magnetic moment M per unit volume can therefore be written: 
1 
M = |np|z3(N- — N+) 
1 
= HpB3 (Er) (21) 


This magnetic moment is proportional to the applied field, so that the magnetic suscep- 
tibility per unit volume is equal to: 


M 2 l 
X= = Ha zgPlEr) (22) 
or, using expression (9) for p(F): 


SN pe, 
ae 23 
9 ES (23) 
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Comments: 


(i) We have assumed the system to be at absolute zero, but result (23) remains 
valid at low temperatures, since the modifications of the number of occupied 
states (Fig. 2b) are practically the same for both spin orientations. We there- 
fore find a temperature-independent magnetic susceptibility. This is indeed 
what is observed for metals. 

(it) As in the preceding section, we see that the system behavior in the presence 
of a magnetic field is essentially determined by the electrons whose energies 
are close to Er. This is another manifestation of Pauli’s principle. When the 
magnetic field is applied, the electrons in the |+ > spin state tend to go into 
the |— > state, which is energetically more favorable. But most of them are 
prevented from doing so by the exclusion principle, since all the neighbouring 
|— > states are already occupied. 


1-c. Periodic boundary conditions 


Qa. Introduction 


The functions Yn, n,n, given by formula (la) have a completely different structure 
from that of the plane waves e’*? which usually describe the stationary states of free 
electrons. This difference arises solely from the boundary conditions imposed by the 
walls of the box, since, inside the box, the plane waves satisfy the same equation as the 


Pra Ny Nz : 
h2 


— 2Me 





Ag(r) = Eg(r) (24) 


The functions (la) are less convenient to handle than plane waves; this is why the latter 
are preferably used. To do so, we impose on the solutions of equation (24) new, artificial, 
boundary conditions which do not exclude plane waves. Of course, since these conditions 
are different from those actually created by the walls of the box, this changes the physical 
problem. However, we shall show in this section that we can find the most important 
physical properties of the initial system in this way. For this to be true, it is necessary 
for the new boundary conditions to lead to a discrete set of possible values of k such 
that: 


(1) The system of plane waves corresponding to these values of k constitutes a basis 
on which can be expanded any function whose domain is inside the box. 


(ii) The density of states p’(F) associated with this set of values of k is identical to the 
density of states p(£) calculated in § 1-a from the true stationary states. 


Of course, the fact that the new boundary conditions are different from the real 
conditions means that the plane waves cannot correctly describe what happens near the 
walls (surface effects). However, it is clear that they can, because of condition (27), lead 
to a very simple explanation of the volume effects, which, according to what we have 
seen in § 1-b, depend only on the density of states p(£). Moreover, because of condition 
(i), the motion of any wave packet far from the walls can be correctly described by 
superposing plane waves, since, between two collisions with the walls, the wave packet 
propagates freely. 
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B. The Born-von Karman conditions 


We shall no longer require the individual wave functions to go to zero at the walls 
of the box, but, rather, to be periodic with a period L: 


p(x + L,y, 2) _ p(2, Yy, 2) (25) 


with analogous relations in y and z. Wave functions of the form e“*™ satisfy these 


conditions if the components of the vector k satisfy: 


I 


n 


l| 


ky 
ky =n (26) 
kz 


oy oly olf 


/ 
x 
/ 
y 
/ 
z 


n 


/ / 


where, now, n,, n, and ni, are positive or negative integers or zero. We therefore intro- 


duce a new system of wave functions: 


1 
Lni,.ntnt (r) = L3/2 


, 26 z , £ 
er (n,2nyy,n,z) (27) 





which are normalized inside the volume of the box. The corresponding energy, according 
to (24), can be written: 


h 4 2 / F ff 
ss (nz + ne +n?) (28) 





Ey niysnt, = 2m. L? 

Any wave function defined inside the box can be extended into a periodic function 
in x,y,z, of period L. Since this periodic function can always be expanded in a Fourier 
series (cf. Appendix I, § 1-b), the {Pn th gal (r)} system constitutes a basis for wave 
functions with a domain inside the box. To each vector Kn wnt, nt , whose components 
are given by (26), there corresponds a well-defined value of the energy En: .n) nn, given 
by (28). Note, however, that the vectors ky: wri, n?, Can. now have positive, negative or 
zero components, and that their tips divide space into elementary cubes whose edges are 
twice that found in § 1-a. 

In order to show that boundary conditions (25) lead to the same physical results 
(as far as the volume effects are concerned) as those of § l-a, it suffices to calculate 
the number n/(£) of stationary states of energy less than EF, and find the value (5) [the 
Fermi energy Er and the density of states p(F) can be derived directly from n(E)]. We 
evaluate n’/() in the same way as in § l-a, taking into account the new characteristics 
of the vectors k,, yn, sn Since the components of k can now have arbitrary signs, the 


volume of the sphere of radius ,/2m,.E/h? must no longer be divided by 8. However, this 
modification is compensated by the fact that the volume element (27/L)° associated with 
each of the states (27) is eight times larger than the one corresponding to the boundary 
conditions of § 1-a. Consequently, n'(£) is the same as expression (5) for n(E). 

The periodic boundary conditions (25) therefore permit us to meet conditions 
(i) and (ii) of the preceding section. They are usually called the Born-Von Karman 
conditions (“B.V.K. conditions”). 
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Comment: 


Consider a truly free electron (not enclosed in a box). The eigenfunctions of the three 
components of the momentum P (and, consequently, those of the Hamiltonian H = 
P?/2m.) form a “continuous basis”: 


{Gia)"e""] 0) 


We have already indicated several times that the states for which the form (29) is valid 
in all space are not physical states, but can be used as mathematical intermediaries in 
studying the physical states, which are wave packets. 


We sometimes prefer to use the discrete basis (27) rather than the continuous basis 
(29). To do so, we consider the electron to be enclosed in a fictitious box of edge L, 
much larger than any dimension involved in the problem, and we impose the B.V.K. 
conditions. Any wave packet, which will always be inside the box for sufficiently large L, 
can be as well expanded on the discrete basis (27) as on the continuous basis (29). The 
states (27) can therefore, like the states (29), be considered to be intermediaries of the 
calculation; however, they present the advantage of being normalized inside the box. We 
must, of course, check, at the end of the calculations, that the various physical quantities 
obtained (transition probabilities, cross sections,...) do not depend on L, provided that 
L is sufficiently large. 


Obviously, for a truly free electron, LZ has no physical meaning and can be arbitrary, as 
long as it is sufficiently large for the states (27) to form a basis on which the wave packets 
involved in the problem can be expanded [condition (7) of § 1-c-a]. On the other hand, 
in the physical problem which we are studying here, L? is the volume inside which the 
N electrons are actually confined and has, consequently, a definite value. 


2. Electrons in solids 


2-a. Allowed bands 


The model of a free electron gas enclosed in a box can be applied rather well to 
the conduction electrons of a metal. These electrons can be considered to move freely 
inside the metal, the electrostatic attraction of the crystalline lattice preventing them 
from escaping when they approach the surface of the metal. However, this model does 
not explain why some solids are good electrical conductors while others are insulators. 
This is a remarkable experimental fact: the electric properties of crystals are due to the 
electrons of the atoms of which they are composed; yet, the intrinsic conductivity can 
vary by a factor of 10°° between a good insulator and a pure metal. We shall see, in a 
very qualitative way, how this can be explained by Pauli’s principle and by the existence 
of energy bands arising from the periodic nature of the potential created by the ions (cf. 
Complements Oy and F xr). 

We showed in Complement Fx, that if, in a first approximation, we consider the 
electrons of a solid to be independent, their possible individual energies are grouped into 
allowed bands, separated by forbidden bands. Assuming that each electron is subjected to 
the influence of a linear chain of regularly spaced positive ions, we found, in the strong- 
bond approximation, a series of bands, each one containing 2NV levels, where NV is the 
number of ions (the factor 2 arises from the spin). 
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The situation, of course, is more complex in a real crystal, in which the positive 
ions occupy the nodes of a three-dimensional lattice. The theoretical understanding of 
the properties of a solid requires a detailed study of the energy bands, a study which 
is based on the spatial characteristics of the crystalline lattice. We shall not treat in 
detail these specific problems of solid state physics. We shall content ourselves with a 
qualitative discussion of the phenomena. 


2-b. Position of the Fermi level and electric conductivity 


Knowing the band structure and the number of states per band, we obtain the 
ground state of the electron system of a solid by successively “filling” the individual states 
of the various allowed bands, beginning, of course, with the lowest energies. The electron 
system is really in the ground state only at absolute zero. However, as we pointed out 
in § 1-b-a, the characteristics of this ground state permit the semi-quantitative under- 
standing of the behavior of the system at non-zero temperatures — often, up to ordinary 
temperatures. Like the thermal and magnetic properties (cf. § 1-b), the electrical prop- 
erties of the system are principally determined by the electrons whose individual energies 
are very close to the highest value Er. If we place the solid in an electric field, an elec- 
tron whose initial energy is much lower than Er cannot gain energy by being accelerated, 
since the states it would reach in this way are already occupied. It is therefore essential 
to know the position of Ep relative to the allowed energy bands. 

First of all, we shall assume (Fig. 5a) that Ep falls in the middle of an allowed 
band. The Fermi level yz is then equal to Er [cf. comment (7) of § 1-b-a]. The electrons 
whose energies are close to Er can easily be accelerated, in this case, since the slightly 
higher energy states are empty and accessible. Consequently, a solid for which the Fermi 
level falls in the middle of an allowed band is a conductor. The electrons with the highest 
energies then behave approximately like free parlicles. 

Consider, on the other hand, a solid for which the ground state is composed of 
entirely occupied allowed bands (Fig. 5b). Ey is then equal to the upper limit of an 
allowed band, and the Fermi level y falls inside the adjacent forbidden band [cf. comment 
(i) of § 1-b-a]. In this case, no electrons can be accelerated, since the energy states 
immediately above theirs are forbidden. Therefore, a solid for which the Fermi level 
falls inside a forbidden band is an insulator. The larger the interval AE between the 
last occupied band and the first empty allowed band, the better the insulator. We shall 
return to this point later. 

The deep allowed bands, completely occupied by electrons and, consequently, inert 
from an electrical and thermal point of view, are called valence bands. They are generally 
narrow. Ina “strong-bond” model (cf. Complement F xz, § 2), these bands arise from the 
atomic levels of lowest energies, which are only slightly affected by the presence of the 
other atoms in the crystal. On the other hand, the higher bands are wider; a partially 
occupied band is called a conduction band. 

For a solid to be a good insulator, the last occupied band must not only be entirely 
full in the ground state, but also, separated from the immediately higher allowed band 
by a sufficiently wide forbidden band. As we have indicated (§ 1-b-a), at non-zero 
temperatures, some states of energy lower than Er can empty, while some higher energy 
states fill (Fig. 2b). For the solid to remain an insulator at the temperature T, the width 
AE of the forbidden band, which prevents this excitation of electrons, must be much 
larger than kT’. If AF is less than or of the order of kT’, a certain number of electrons leave 
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Figure 5: Schematic representation of the individual levels occupied by the electrons at 
absolute zero (in grey). Ep is the highest individual energy. In a conductor (fig. a), 
Ep (which then coincides with the Fermi level y) falls inside an allowed band, called the 
“conduction band”. The electrons whose energies are near Ep can then be accelerated 
easily, since the slightly higher energy states are accessible to them. In an insulator (fig. 
b), Ep falls on the upper boundary of an allowed band called the “valence band” (the 
Fermi level y: is then situated in the adjacent forbidden band). The electrons can be 
excited only by crossing the forbidden band. This requires an energy at least equal to the 
width AE of this band. 





the last valence band to occupy states of the immediately higher allowed band (which 
would be completely empty at absolute zero). The crystal then possesses conduction 
electrons, but in restricted numbers: it is a semiconductor (such a semiconductor is 
called intrinsic; see comment below). For example, diamond, for which AF is close 
to 5 eV, remains an insulator at ordinary temperatures, while silicon and germanium, 
although quite similar to diamond, are semiconductors: their forbidden bands have a 
width AF less than 1 eV. These considerations, while very qualitative, enable us to 
understand why the electrical conductivity of a semiconductor increases very rapidly 
with the temperature; with more quantitative arguments, we indeed find a dependence 
of the form e~4#/2kT, 
The properties of semiconductors also reveal an apparently paradoxical phenomenon. 

It is as if, in addition to the electrons which have crossed the forbidden band AF at a 
temperature T’, there existed in the crystal an equal number of particles with a positive 
charge. These particles also contribute to the electric current, but their contribution to 
the Hall effect', for example, is opposite in sign to what would be expected for electrons. 





'Recall what the Hall effect is: in a sample carrying a current and placed in a magnetic field 
perpendicular to this current, the moving charges are subjected to the Lorentz force. In the steady 
state, this causes a transverse electric field to appear (perpendicular to the current and to the magnetic 
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This can be explained very well by band theory, and constitutes a spectacular demon- 
stration of Pauli’s principle. To understand this qualitatively, we must recall that the 
last valence band, when it is completely full in the vicinity of absolute zero, does not 
conduct any current (Pauli’s principle forbids the corresponding electrons from being 
accelerated). When, by thermal excitation, certain electrons move into the conduction 
band, they free the states they had occupied in the valence band. These empty states in 
an almost full band are called “holes”. Holes behave like particles of charge opposite to 
that of the electron. If an electric field is applied to the system, the electrons remaining 
in the valence band can move, without leaving this band, and occupy the empty states. 
In this way, they “fill holes” but also “leave new holes behind them”. Holes therefore 
move in the direction opposite to that of the electrons, that is, as if they had a positive 
charge. This very rough argument can be made more precise, and it can indeed be shown 
that holes are in every way equivalent to positive charge carriers. 











Conduction 
band 




















Donor level Forbidden 


Kid Acceptor level 








Valence 
band 




















a:typen b: type p 


Figure 6: Extrinsic semiconductors: donor atoms (fig. a) bring in electrons which move 
easily into the conduction band, since their ground states are separated from it only by 
an energy interval AEqg which is much smaller than the width of the forbidden band. 
Acceptor atoms (fig. b) easily capture valence band electrons, since, for this to happen, 
these electrons need only an excitation energy AEqg which is much smaller than that 
needed to reach the conduction band. This process creates, in the valence band, holes 
which can conduct current. 





Comment: 


We have been speaking only of chemically pure and geometrically perfect crystals. How- 
ever, in practice, all solids have imperfections and impurities, which often play an impor- 
tant role, particularly in semiconductors. Consider, for example, a quadrivalent silicon or 
germanium crystal, in which certain atoms are replaced by pentavalent impurity atoms, 
such as phosphorus, arsenic or antimony (this often happens, without any important 





field). 
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change in the crystal structure). An atom of such an impurity possesses one too many 
outer electrons relative to the neighboring silicon or germanium atoms: it is called an 
electron donor. The binding energy AEq of the additional electron is considerably lower 
in the crystal than in the free atom (it is of the order of a few hundredths of an eV); 
this is due essentially to the large dielectric constant of the crystal, which reduces the 
Coulomb force (cf. Complement Ayn, § l-a-5). The result is that the excess electrons 
brought in by the donor atoms move more easily into the conduction band than do the 
“normal” electrons which occupy the valence band (Fig. 6a). The crystal thus becomes 
a conductor at a temperature much lower than would pure silicon or germanium. This 
conductivity due to impurities is called extrinsic. Analogously, a trivalent impurity (like 
boron, aluminium or gallium) behaves in silicon or germanium like an electron acceptor: 
it can easily capture a valence band electron (Fig. 6b), leaving a hole which can conduct 
the current. In a pure (intrinsic) semiconductor, the number of conduction electrons is 
always equal to the number of holes in the valence band. An extrinsic semiconductor, on 
the other hand, can, depending on the relative proportion of donor and acceptor atoms, 
contain more conduction electrons than holes (it is then said to be of the n-type, since the 
majority of charge carriers are negative), or more holes than conduction electrons (p-type 
semiconductors with a majority of positive charge carriers). These properties serve as 
the foundation of numerous technological applications (transistors, rectifiers, photoelec- 
tric cells, etc.). This is why impurities are often intentionally added to a semiconductor 
to modify its characteristics: this is called “doping”. 


References and suggestions for further reading: 


See section 8 of the bibliography, especially Kittel (8.2) and Reif (8.4). 
For the solid state physics part, see Feynman III (1.2), Chap. 14 and section 13 of 
the bibliography. 
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Complement D xiv 
Exercises 


1. Let ho be the Hamiltonian of a particle. Assume that the operator ho acts only 
on the orbital variables and has three equidistant levels of energies 0, hwo, 2wo (where 
wg is a real positive constant) which are non-degenerate in the orbital state space €, (in 
the total state space, the degeneracy of each of these levels is equal to 2s +1, where s is 
the spin of the particle). From the point of view of the orbital variables, we are concerned 
only with the subspace of €, spanned by the three corresponding eigenstates of ho. 

a. Consider a system of three independent electrons whose Hamiltonian can be 
written: 


H = ho(1) + ho(2) + ho(3) 


Find the energy levels of H and their degrees of degeneracy. 
b. Same question for a system of three identical bosons of spin 0. 


2. Consider a system of two identical bosons of spin s = 1 placed in the same 
central potential V(r). What are the spectral terms (cf. Complement Byyy, § 2-b) 
corresponding to the 1s”, 1s2p, 2p? configurations? 


3. Consider the state space of an electron, spanned by the two vectors |yp, > and 
l~p, > which represent two atomic orbitals, py and py, of wave functions y,,(r) and 
Pp, (vr) (ef. Complement Evi, § 2-b): 


Pp, (0) = f(r) = sin 6 cos y(r) f(r) 
Pp, (r) = yf(r) = sin @ cos y(r) f(r) 


a. Write, in terms of |y,, > and |p, >, the state |y,, > that represents the py 
orbital pointing in the direction of the rOy plane that makes an angle @ with Oz. 

b. Consider two electrons whose spins are both in the |+ > state, the eigenstate 
of S, of eigenvalue +h/2. 

Write the normalized state vector | > which represents the system of these two 
electrons, one of which is in the state |y,, > and the other, in the state |y,, >. 

c. Same question, with one of the electrons in the state |p, > and the other one 
in the state |y,, >, where a and £ are two arbitrary angles. Show that the state vector 
|b > obtained is the same. 

d. The system is in the state |w > of question b. Calculate the probability density 
P(r, 6, y; 7’, 0, vy’) of finding one electron at (r,6,y) and the other one at (r’, 6’, y’). 
Show that the electronic density p(r, 6, y) [the probability density of finding any electron 
at (r,4,y)] is symmetric with respect to revolution about the Oz axis. Determine the 
probability density of having y — y’ = wo, where gp is given. Discuss the variation of 
this probability density with respect to yo. 
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4. Collision between two identical particles 


The notation used is that of § D-2-a-6 of Chapter XIV. 

a. Consider two particles (1) and (2), with the same mass m, assumed for the 
moment to have no spin and to be distinguishable. These two particles interact through 
a potential V(r) that depends only on the distance r between them. At the initial time 
to, the system is in the state |1 : pe,;2: —pe, >. Let U(t,to) be the evolution operator 
of the system. The probability amplitude of finding it in the state |1 : pn;2: —pn > at 
time ty is: 


F(n) =< 1: pn;2: —pn|U(t1,to)|1 : pe,;2 : —pe, > 


Let 0 and vy be the polar angles of the unit vector n in a system of orthonormal axes 
Oxyz. Show that F(n) does not depend on y. Calculate in terms of F'\(n) the probability 
of finding any one of the particles (without specifying which one) with the momentum 
pn and the other one with the momentum — pn. What happens to this probability if 6 
is changed to a — 6? 

b. Consider the same problem [with the same spin-independent interaction po- 
tential V(r)], but now with two identical particles, one of which is initially in the state 
|pe,,m, >, and the other, in the state | — pe,,m, > (the quantum numbers m, and 
mi, refer to the eigenvalues m,fi and mh of the spin component along Oz). Assume 
that m, # m{. Express in terms of F(n) the probability of finding, at time t, one 
particle with momentum pn and spin m, and the other one with momentum —pn and 
spin m/,. If the spins are not measured, what is the probability of finding one particle 
with momentum pn and the other one with momentum —pn? What happens to these 
probabilities when 6 is changed to a — 6? 

c. Treat problem b for the case m, = m‘,. In particular, examine the 0 = 7/2 
direction, distinguishing between two possibilites, depending on whether the particles are 
bosons or fermions. Show that, again, the scattering probability is the same in the 0 and 
am — @ directions. 


5. Collision between two identical unpolarized particles 

Consider two identical particles, of spin s, which collide. Assume that their initial 
spin states are not known: each of the two particles has the same probability of being in 
the 2s+1 possible orthogonal spin states. Show that, with the notation of the preceding 
exercise, the probability of observing scattering in the n direction is: 


E 
2s+1 





|F(n)|? + |F(—n))? + [F"(n) F(—n) + cc] 


(¢ = +1 for bosons, —1 for fermions). 


6. Possible values of the relative angular momentum of two identical 
particles 

Consider a system of two identical particles interacting by means of a potential 
that depends only on their relative distance, so that the Hamiltonian of the system can 
be written: 


Pe Pe 
H= 5 +5, + V(IRi — Ro)) 
2m 2m 
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As in § B of Chapter VII, we set: 
1 
Re = 5(Ri + Ra) Pg=P,+P2.2 
1 
R= R, —- Re P= 5(Pi+ Ps) 


H then becomes: 


H=Ho+H, 
with: 
P2 
He= == 
. 4m 


Pp? 
H, = — + V(R) 
m 


a. First, we assume that the two particles are identical bosons of zero spin (a 
mesons, for example). 
a. We use the {|rcg,r >} basis of the state space € of the system, composed of 
common eigenvectors of the observables Rg and R. Show that, if P2, is the permutation 
operator of the two particles: 


Po\rG,r >= Ira, —-r> 


GB. We now go to the {|pc; En,l,m >} basis of common eigenvectors of 
Po, H,,L? and L, (L = R x P is the relative angular momentum of the two parti- 
cles). Show that these new basis vectors are given by expressions of the form: 


1 
IPg; En, l,m >= (nhs [ere eiPara/h 
7 


x i dr Rage) Yi"(8,¢) rest > 
Show that: 
P21|Pa; En, L, Mm >= (-1)'|pe; En, l, m > 
y. What values of | are allowed by the symmetrization postulate? 

b. The two particles under consideration are now identical fermions of spin 1/2 
(electrons or protons). 

a. In the state space of the system, we first use the {|rg,r;S,M >} basis of 
common eigenstates of Rg,R,S? and Sz, where S = 8; + Sz is the total spin of the 


system (the kets |S, M > of the spin state space were determined in § B of Chapter X). 
Show that: 


Poi \rg,r;S,M >= (-1)5*1|rg, -r; S, M > 


G. We now go to the {|pg; En, !,m;S,M >} basis of common eigenstates of 
Po, Hy, L*, Lz 8? and S,, 
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As in question a-3, show that: 
Px |Pa; En, l, my; S, M >= (—1)°**(-1)' pe; En, l, mM; S; M> 


y. Derive the values of | allowed by the symmetrization postulate for each of 
the values of S$ (triplet and singlet). 


c. (more difficult) 
Recall that the total scattering cross section in the center of mass system of two 
distinguishable particles interacting through the potential V(r) can be written: 


4 
Ny (21+ 1) sin? 6 


1=0 


where the 6; are the phase shifts associated with V(r) [cf. Chap. VIII, formula (C-58)]. 
a. What happens if the measurement device is equally sensitive to both parti- 
cles (the two particles have the same mass)? 
G8. Show that, in the case envisaged in question a, the expression for 0 becomes: 


1 
= ou S > (21+ 1) sin? 6; 


l even 


o= 


y. For two unpolarized identical fermions of spin 1/2 (the case of question 5), 
prove that: 


4 
By S> (21+ 1) sin? 6, +3 Darr nanta 


J even l odd 


7. Position probability densities for a system of two identical particles 

Let |p > and |y > be two normalized orthogonal states belonging to the orbital 
state space €, of an electron, and let |+ > and |— > be the two eigenvectors, in the spin 
state space €,, of the S, component of its spin. 

a. Consider a system of two electrons, one in the state |y,+ > and the other, in 
the state |y,-— >. Let py7(r,r’) d’r d?r’ be the probability of finding one of them in 
a volume d3r centered at point r, and the other in a volume d®r’ centered at r’ (two- 
particle density function). Similarly, let p;(r) d°r be the probability of finding one of 
the electrons in a volume d®r centered at point r (one-particule density function). Show 
that: 


err(t,t’) = ler) 7 Ix(e)? + lee’) Pix(2)P 
pr(r) = |y(r)? + |x(x)? 


Show that these expressions remain valid even if |y > and |y > are not orthogonal 
in &. 

Calculate the integrals over all space of p;(r) and p;;(r,r’). Are they equal to 1? 

Compare these results with those which would be obtained for a system of two 
distinguishable particles (both spin 1/2), one in the state |y,+ > and the other in the 
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state |y,— >; the device which measures their positions is assumed to be unable to dis- 
tinguish between the two particles. 


b. Now assume that one electron is in the state |y,+ > and the other one, in the 
state |y,+ >. Show that we then have: 


prr(e,’) = |e(r)x(’) = gle’)x(2)? 


pr(r) = |p(x)|? + |x)? 


Calculate the integrals over all space of p;(r) and py;(r,r’). 
What happens to p; and py; if |p > and |y > are no longer orthogonal in €,? 


c. Same questions for two identical bosons, either in the same spin state or in two 
orthogonal spin states. 


8. The aim of this exercise is to demonstrate the following point: once the state 
vector of a system of N identical bosons (or fermions) has been suitably symmetrized 
(or antisymmetrized), it is not indispensable, in order to calculate the probability of any 
measurement result, to perform another symmetrization (or antisymmetrization) of the 
kets associated with the measurement. More precisely, provided that the state vector 
belongs to Eg (or E), the physical predictions can be calculated as if we were confronted 
with a system of distinguishable particles studied by imperfect measurement devices 
unable to distinguish between them. 

Let |x > be the state vector of a system of N identical bosons (all of the following 
reasoning is equally valid for fermions). We have: 


S|p >= |v > (1) 


I. 

a. Let |x > be the normalized physical ket associated with a measurement in which 
the N bosons are found to be in the different and orthonormal individual states |u, >, 
lug >,...,|u, >. Show that: 


lx >= VNIS|L : ug3 2: ugs...3N sup > (2) 
b. Show that, because of the symmetry properties of |w >: 
[ Le aiss 2 fates NGS PS | 0 tig 2 tipisntl Sole S|? 


where i,7,...,/ is an arbitrary permutation of the numbers 1, 2,..., N. 


c. Show that the probability of finding the system in the state |, > can be written: 
[ea ee SN) lO igs we Nag DP 
SS oh al SP (3) 


Jy 
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where the summation is performed over all permutations of the numbers 1, 2,..., N. 


d. Now assume that the particles are distinguishable, and that their state is de- 
scribed by the ket |y) >. What would be the probability of finding any one of them in 
the state |ua >, another one in the state |ug >, ..., and the last one in the state |u, >? 

Conclude, by comparison with the results of c, that, for identical particles, it is 
sufficient to apply the symmetrization postulate to the state vector | > of the system. 


e. How would the preceding argument be modified if several of the individual 
states constituting the state |y > were identical? (For the sake of simplicity, consider 
only the case where N = 3). 


Il. (more difficult) 

Now, consider the general case, in which the measurement result being considered 
is not necessarily defined by the specification of individual states, since the measurement 
may no longer be complete. According to the postulates of Chapter XIV, we must proceed 
in the following way in order to calculate the corresponding probability: 


— first of all, we treat the particles as distinguishable, and we number them: their 
state space is then €. Then let €,, be the subspace of € associated with the 
measurement result envisaged and the measurement being performed with devices 
incapable of distinguishing between the particles; 


— with |W, > denoting an arbitrary ket of €,,, we construct the set of kets S |W > 
which constitutes a vector space €° (€° is the projection of €,, onto €g); if the 
dimension of €° is greater than 1, the measurement is not complete; 


— the desired probability is then equal to the square of the norm of the orthogonal 
projection onto €% of the ket |q > describing the state of the N identical particles. 


a. If Py, is an arbitrary permutation operator of the N particles, show that, by 
construction of E,,: 


Balti 2S em 
Show that €,, is globally invariant under the action of S$ and that €% is simply the in- 


tersection of Eg and E,,. 


b. We construct an orthonormal basis in €,,: 


Les ee, aa Oe ey ccd Be} 


the first k vectors of which constitute a basis of €5. Show that the kets S|y", >, where 
k+1<n< p, must be linear combinations of the first & vectors of this basis. Show, 
by taking their scalar products with the bras < yl,|, < ¢?,|,.--,< y*,], that these kets 
Sly? > (with n > k +1) are necessarily zero. 


1501 


COMPLEMENT Dyxy @ 





c. Show from the preceding results that the symmetric nature of |) > implies that: 


p k 
dol <vnly > P= S01 < eld > P 
n=1 n=1 

that is: 


< PPS lb >=< v|Pmly > 


where PS and P,, denote respectively the projectors onto €% and Ey. 

Conclusion: The probabilities of the measurement results can be calculated from 
the projection of the ket |~ > (belonging to Eg) onto an eigensubspace E,, whose kets 
do not all belong to Eg, but in which all the particles play equivalent roles. 


9. One- and two-particle density functions in an electron gas at 
absolute zero 

I. 

a. Consider a system of N particles 1,2,...,7,...,.N with the same spin s. First 


of all, assume that they are not identical. In the state space E(7) of particle (7), the ket 
|i :r9,m > represents a state in which particle (i) is localized at the point ro in the spin 
state |m > (mh: the eigenvalue of S,). 

Consider the operator: 


N 
ro) = >> |i: r9,m >< i:ro,m| ® | 7(3) 


i=l j#i 


where I(j) is the identity operator in the space €(j). 

Let |7) > be the state of the N-particle system. Show that < #|Fin(¥o)|w > dr 
represents the probability of finding any one of the particles in the infinitesimal volume 
element dr centered at rg, the component of its spin being equal to mh. 


b. Consider the operator: 


Ginm’ (L0,L0) ays |¢:ro,mj3jirg,m’ ><%:7r0,mj3j:79,m'| @ I] “ I(k 
1=1 ji kAi,j 


What is the physical meaning of the quantity < Y|Gmm’(ro,r6)|W > dr dr’, where 
dv and dr’ are infinitesimal volumes? 

The average values < W|Fin(ro)|W > and < U|Gmm: (0, Vr) |v > will be written, 
respectively, p!,(ro) and p!!_,(ro0, rg) and will be called the one- and two-particle density 
functions of the N-particle system. 

The preceding expressions remain valid when the particles are identical, provided 
that |W > is the suitably symmetrized or antisymmetrized state vector of the system (cf. 
preceding exercise). 
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II. 
Consider a system of N particles in the normalized and orthogonal individual states 
Jui >, \u2 >,...,|un >. The normalized state vector of the system is: 


jb >= VNIT [1 : uy; 2: ug;...;N sun > 


where T is the symmetrizer for bosons and the antisymmetrizer for fermions. In this 
part, we want to calculate the average values in the state | > of symmetric one-particle 
operators of the type: 


N 
F=)>¢ f@) @] J 10) 
i=1 j#t 
or of symmetric two-particle operators of the type: 
N 
G= S595 4945) @ SS TK) 
i=1 jHi k#i,j 


a. Show that: 


Pll :uy;2:ug;...;N:un > 





< P| Fl|b >=< 1: u132:ua;...;N: un rar, 


where €g = +1 for bosons, and +1 or —1 for fermions, depending on whether the 
permutation P, is even or odd. 
Show that the same expression is valid for the operator G. 


b. Derive the relations: 


N 
<WlFlb >= > <i: ulf@|i: ui > 


i=1 
N 
< WIG >= SoS {< a: was gs uglg(é, ali: was 9: uy > 
i=1 j#i 
+E Sas agp: ule, zlts weg ou >} 
with « = +1 for bosons, ¢ = —1 for fermions. 


Il. 

We now want to apply the results of part II to the operators F,, (10) and Gmm (Yo, %O) 
introduced in part I. The physical system under study is a gas of N free electrons en- 
closed in a cubic box of edge L at absolute zero (Complement Cxry, § 1). By applying 
periodic boundary conditions, we obtain individual states of the form |y, > |+ >, where 
the wave function associated with |p, > is a plane wave BP ek and the components 
of k satisfy relations (26) of Complement Cxry. We shall call Ep = h?k?,/2m the Fermi 
energy of the system and Ap = 2a/kp, the Fermi wavelength. 








1503 


COMPLEMENT Dyxy @ 





a. Show that the two one-particle density functions p4(ro) and p/ (ro) are both 
equal to: 


p'.(r0) = pL (ro) = Ds I~. (t0)|? 
k 


where the summation over k is performed over all values of k of modulus less then kp, 
satisfying the periodic boundary conditions. By using § 1 of Complement Cxrv, show 
that p4. (ro) = p" (ro) = k},/6n? = N/2L°. Could this result have been predicted simply? 


b. Show that the two two-particle density functions p//_(ro,r) and p!4, (ro, 16) 
are both equal to: 


YY leelro) pr (eo)? = Te 


kk’ 


where the summations over k and k’ are defined as above. Give a physical interpretation. 


c. Finally, consider the two two-particle density functions p4/, (ro, rg) and p//_(ro0,r). 
Prove that they are both equal to: 


do DE fly ee(r0) 4 (6)? — Yie(20) ie (V0) Px (To) Pe (0) } 


k k'#k 


Show that the restriction k’ 4 k can be omitted, and show that the two two-particle 
density functions are equal to: 


= 1 -Okrd)] 


Ns ‘ i 
4L6 D_ P(t) PK (FO) 416 





with d= |ro — r6|, where the function C(x) is defined by: 


3 
C(x) = 7s sine — xcos 2] 
($°, can be replaced by an integral over k) . 
How do the two-particle density functions p4/, (ro,rg) and p!4_(ro,rp) vary with 
respect to the distance d between ro and rg? Show that it is practically impossible to 
find two electrons with the same spin separated by a distance much smaller than Ap. 
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Fourier series and Fourier transforms 
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In this appendix, we shall review a certain number of definitions, formulas and 
properties which are useful in quantum mechanics. We do not intend to enter into the 
details of the derivations, nor shall we give rigorous proofs of the mathematical theorems. 


1. Fourier series 


L-a. Periodic functions 


A function f(z) of a variable is said to be periodic if there exists a real non-zero 
number ZL such that, for all zx: 


f(x +L) = f(a) (1) 


L is called the period of the function f(x). 

If f(x) is periodic with a period of LZ, all numbers nL, where n is a positive or 
negative integer, are also periods of f(x). The fundamental period Lo of such a function 
is defined as being its smallest positive period (the term “period” is often used in physics 
to denote what is actually the fundamental period of a function). 














Comment: 

We can take a function f(x) defined only on a finite interval [a, b] of the real axis 
and construct a function f,(x) which is equal to f(x) inside [a,b] and is periodic, 
with a period (b— a). The function f,(x) is continuous if f(x) is and if: 


f(0) = fl@) (2) 

We know that the trigonometric functions are periodic. In particular: 
cos ane and sin an (3) 
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have fundamental periods equal to L. 

Other particularly important examples of periodic functions are the periodic ex- 
ponentials. For an exponential e°* to have a period of L, it is necessary and sufficient, 
according to definition (1), that: 


ee 1 (4) 
that is: 
aL = 2inn (5) 


where n is an integer. There are therefore two exponentials of fundamental period L: 





et2ina/L (6) 
which are, furthermore, related to the trigonometric functions (3) which have the same 
period: 


et2inaz/L 








= cos ane +isin ane (7) 


a2inna /L 


The exponential e also has a period of L, but its fundamental period is L/n. 


1-b. Expansion of a periodic function in a Fourier series 


Let f(x) be a periodic function with a fundamental period of L. If it satisfies 
certain mathematical conditions (as is practically always the case in physics), it can be 
expanded in a series of imaginary exponentials or trigonometric functions. 


Qa. Series of imaginary exponentials 


We can write f(x) in the form: 





+oo ; 
$a) = Seer (8) 











with: 
27 
kn = n— 9 
nt (9) 


The coefficients c, of the Fourier series (8) are given by the formula: 





1 >xoth ; 
Cee z/ dae *kn® f (x) (10) 
L Jax 











where 2 is an arbitrary real number. 
To prove (10), we multiply (8) by e 


—tkp® and integrate between xo and xo + L: 


xo+L +00 zot+L . 
/ dae” **?* f(x) = ye cn ff da et(kn—kp)2 (11) 
x0 n=—0o zO 
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The integral of the right-hand side is zero for n 4 p and equal to L for n = p. Hence formula 
(10). It can easily be shown that the value obtained for c, is independent of the number zo 
chosen. 

The set of values |c,| is called the Fourier spectrum of f(x). Note that f(z) is real 
if and only if: 


=o (12) 


n 


B. Cosine and sine series 


If, in the series (8), we group the terms corresponding to opposite values of n, we 
obtain: 


f(x) =cot » (cnet*n® + cn ess) (13) 


n=1 


that is, according to (7): 


f(x) =a0+ SS (Qn COS ky + by sin ky x) (14) 
n=1 
with: 
ag = Co 
An = Cn + Cn 
n>O (15) 
by = (Cn C-n) 


xotL 
a= 7 f de f(x) 





L 
2 roth 
an = al da f(x) cos knx 
L Jeo 
9 xotL 
bn = zi da f(x) sin knx (16) 
Le J 


If f(x) has a definite parity, expansion (14) is particularly convenient, since: 


bn =O if f(z) is even 
Q,=0 if f(x) is odd (17) 


Moreover, if f(x) is real, the coefficients a, and b, are real. 


1-c. 


It can easily be shown from the Fourier series (8) that: 


The Bessel-Parseval relation 





1 


L 





/ 


xo+L 


0 


+00 


an far = >° 


n=—oco 








(18) 
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This can be shown using equation (8): 


1 zotL j xo+L . 
L i de f(a)’ = Die one f dg ai Gn—kele (19) 


As in (11), the integral of the right-hand side is equal to L bn». This proves (18). 
When expansion (14) is used, the Bessel-Parseval relation (18) can also be written: 


if de Lf @)I? = aol? + 2 SP [lanl? + nl] (20) 
L pes 0 2 & n n 


If we have two functions, f(a) and g(x), with the same period L, whose Fourier 
coefficients are, respectively. c, and d,, we can generalize relation (18) to the form: 


aot+L +00 
rf eee) f@= Yo dhe (21) 


0 n=—0o 


2. Fourier transforms 
2-a. Definitions 
Qa. The Fourier integral as the limit of a Fourier series 


Now, consider a function f(x) which is not necessarily periodic. We define f(a) to 
be the periodic function of period L which is equal to f(x) inside the interval [—L/2, L/2]. 
The function f,(x) can be expanded in a Fourier series: 


+00 
fr(x) = S> err (22) 


n=—oo 


where k,, is defined by formula (9), and: 


1 zot+L / 1 +4 : 
ae / dette? f(ap o> f dae-*n® f(x) (23) 
LZ Jaro L -4 


When L approaches infinity, f;(2) becomes the same as f(x). We shall therefore let L 
approach infinity in the expressions above. 
Definition (9) of k, then yields: 
20 
kn41 =, kn = F. (24) 
We shall now replace 1/Z by its expression in terms of (kn+41 —k,) in (23), and substitute 
this value of c,, into the series (22): 


Be ah of 1 
fue) = Sy Eten |” ager Ef(6) (25) 
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When L —> 00, kn41 — kn approaches zero [cf. (24)], so that the sum over n is trans- 
formed into a definite integral; f(a) approaches f(x). The integral appearing in (25) 
becomes a function of the continuous variable k. If we set: 


Fle) = Fa fare fe) (26) 
relation (25) can be written in the limit of infinite L: 
1 sere ee 
f(a) = = fake F(e (27) 
f(x) and f(k) are called Fourier transforms of each other. 


B. Fourier transforms in quantum mechanics 


In quantum mechanics, we actually use a slightly different convention. If 7(2) is 
a (one-dimensional) wave function, its Fourier transform y(p) is defined by: 





V(p da e~"P* (a) (28) 


aes 


and the inverse formula is: 




















1 too 2 
We) =e fave” He) (29) 
To go from (26) and (27) to (28) and (29), we set: 
p=hk (30) 


(p has the dimensions of a momentum if x is a length), and: 


a hee 1 -/p 
= —7y)(k) = — (2) 31 
Up) = aailk) = ad (F (31) 
In this appendix, as is usual in quantum mechanics, we shall use definition (28) of 
the Fourier transform instead of the traditional definition, (26). To return to the latter 
definition, furthermore, all we need to do is replace fh by 1 and p by & in all the following 
expressions. 


2-b. Simple properties 


We shall state (28) and (29) in the condensed notation: 


Dp) = Flw(2)) (32a) 
¥(x) = F[v(p)] (32b) 
The following properties can easily be demonstrated: 
(i) Pp — po) = Fle"*/" (a) (33) 


e-P20/P 5 (ny) = Flab(a — x0)] 
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This follows directly from definition (28). 
i — Leth 
(i) BP) = FIV@) = Flwlen)] = 4 (EF) (34) 
To see this, all we need to do is change the integration variable: 
Uu=cx (35) 


In particular: 


F[v(—2)] = o(-p) (36) 


Therefore, if the function 7(x) has a definite parity, its Fourier transform has the same 
parity. 


(vit) (2) real + [v(p)]|* = ¥(-p) (37a) 
(x) pure imaginary < [%(p)|* = —¥(—p) (37b) 


The same expressions are valid if the functions ~ and 7 are inverted. 


(iv) If f(™ denotes the nth derivative of the function f, successive differentiations inside 
the summation yield, according to (28) and (29): 


Fay) = (2) ve) (38a) 
Bo =F|(-Z) ve] (38h) 


(v) The convolution of two functions 1(x) and w2(z) is, by definition, the function w(x) 
equal to: 


+00 

vx) = [dy va(y) dale -y) (39) 
—co 

Its Fourier transform is proportional to the ordinary product of the transforms of 


w1(x) and yo2(x): 
W(p) = V2rh Hy (p) ¥o(p) (40) 


This can be shown as follows. 
We take the Fourier transform of expression (39): 





as 7 1 +oo “ie +00 
io= al ane i eee aD (41) 


and perform the change of integration variables: 


{x,y} => {u=x-y,y} (42) 


If we multiply and divide by e’”¥/" we obtain: 
= 1 +00 / ‘e +oo / : 
De) = ee faye n(y) fue” va(u) (43) 
TT —0o —0o 
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which proves (40). 

(vi) When 7(a) is a peaked function of width Az, the width Ap of w(p) satisfies: 
Agc:-Ap2h (44) 

(see § C-2 of Chapter I, where this inequality is analyzed, and Complement Cyy1). 


2-c. The Parseval-Plancherel formula 


A function and its Fourier transform have the same norm: 





+00 +00 
/ de bb(2)/? = / dp fO(p)[? (45) 


—oco —oo 











To prove this, all we need to do is use (28) and (29) in the following way: 


+00 +oco 1 +00 ; _ 
/ de |(2)? = i. dey" (2) if dp e'??/"U(p) 























ae V2nh 
+00 oa 1 e+ oo F 
Z ‘i _ wIOT= ip dey" 
-[ wt oo (46) 
As in § 1-c, the Parseval-Plancherel formula can be generalized: 
+oo +00 = 
[ wee@wm@=f wrote (47) 
—oo —oo 
2-d. Examples 


We shall confine ourselves to three examples of Fourier transforms, for which the 
calculations are straightforward. 
(7) Square function 





Ua He See 1 sin (pa/2h) 
) = 75 S755 — sin (pa 
? 2g APS UD) = ee ; (48) 
=0 for |el>5 Qnh pa/2 
22) Decreasing exponential 
(it) g exp 
= 2 1/a 
— eclel/a BT ge =. . 2 ei = 49 
Be) PO) Vn TP) + Ua?) “ 
(iit) Gaussian function 
Ula) =e?” = Vp) = See PO (50) 


V2h 


(note the remarkable fact that the Gaussian form is conserved by the Fourier transform). 
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Comment: 


In each of these three cases, the widths Az and Ap can be defined for Y(a) and 


w(p) respectively, and they verify inequality (44). 


2-e. Fourier transforms in three-dimensional space 


For wave functions w(r) which depend on the three spatial variables x, y, z, (28) 
and (29) are replaced by: 


BP) = Baayen f ar oP" ye) (51a) 
V0) = Gage | pe!" Bp) (51b) 


The properties stated above (§§ 2-b and 2-c) can easily be generalized to three dimensions. 
If y depends only on the modulus r of the radius-vector r, 7 depends only on the 
modulus p of the momentum p and can be calculated from the expression: 


wy Se ace > pean Tr 
Bp) = ee [rar sin y(n (52) 


Proof: 


First, we shall find using (51a) the value of W for a vector p’ obtained from p by an 
arbitrary rotation R: 


p' = Rp (53) 


©) = Goan | aire /UUr) (54) 


€l 


In this integral, we replace the variable r by r’ and set: 
r=Rr (55) 


Since the volume element is conserved under rotation, we have: 


d°r’ = d?r (56) 
In addition, the function w is unchanged, since the modulus of r’ remains equal to r; 
finally: 

p -r’=p-r (57) 


since the scalar product is rotation-invariant. We thus find: 


U(p’) = Vp) (58) 


that is, i depends only on the modulus of p and not on its direction. 
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We can then choose p along Oz to evaluate %(p): 


w(p) = oe pereon w(r) 


oo 2n wT 
1 | 2 : —ipr cos 6/h 
SS r aru) | ay | dé sinde*? 
(20h)?/? Jo 0 0 
1 FER Sp 2h . pr 
Sie d In — sin 
(Onhys72 [ r° dr w(r) ee sin = 
1 2225 _ pr 
= f d oe 
al, rdrw(r) sin i (59) 
This proves (52). 





Assume for instance that U(r) is given by the following (non normalized) function: 





Le) = (60) 


where ¢ is positive. Relation (52) then becomes: 


és ft alps i =a =i 
= ‘en dre7& ipr/h _ g—ipr/h) _ 
HC) V2rh ip [ Ue le . V2rh ip Ss +ip/h —-e- ph 


2 1 
= ape ee ey 


A central potential that varies with r as the right-hand side of (60) is called a “Yukawa 
potential”. When ¢ = 0 , it becomes a Coulomb potential, whose gradient gives an 
electric field. If we take the gradient of (51b), we obtain the Fourier transformation 
correspondence between two following vector functions (we now use variable k instead 
of p, and therefore set A = 1): 


l,e"r 2 ik 
o 62 
Le = ror FT (eae (62) 


The limit ¢ — 0 then provides: 











r 2 ik 
oOo a) 


7 ep V rk? 68) 


References and suggestions for further reading: 


See, for example, Arfken (10.4), Chaps. 14 and 15, or Butkov (10.8), Chaps. 4 
and 7; Bass (10.1), vol. I, Chaps. XVIII through XX: section 10 of the bibliography, 
especially the subsection “Fourier transforms; distributions”. 
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The Dirac 6-“function” 





1 Introduction; principal properties ............... 1515 
l-a Introduction of the 6-“function” ................ 1515 
1-b Functions that approach é6................-2004 1517 
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3-a 6 is the derivative of the “unit step-function” ......... 1521 
3-b Derivatives-of0) 2 o: 8h. 5a Be ae Ye PRES Shee 1523 
4 The 6-“function” in three-dimensional space ......... 1524 





The 6-“function” is actually a distribution. However, like most physicists, we shall 
treat it like an ordinary function. This approach, although not mathematically rigorous, 
is sufficient for quantum mechanical applications. 


1. Introduction; principal properties 


L-a. Introduction of the 6-“function” 


Consider the function 5“) (x) given by (cf. Fig. 1): 





1 
6©)(x) == for ite ss 
€ 
=0 for |a|> <= (1) 
2 
5O(x) 
1 
: Figure 1: The function 6©)(x): a square 
function of width « and height 1/e, centered 
at x = 0. 
é€ € x 
ae met +— 
2 2 
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where ¢ is a positive number. We shall evaluate the integral: 


+00 
/ dx 5)(x) f(a) (2) 


—oo 


where f(z) is an arbitrary function, well-defined for x = 0. If € is sufficiently small, the 
variation of f(z) over the effective integration interval [—</2,¢/2] is negligible, and f(z) 
remains practically equal to f(0). Therefore: 


+00 +00 
i dx 5) (x) f(x) ~ F@) / de 5 (x) = f(0) (3) 


The smaller ¢, the better the approximation. We therefore examine the limit « = 0 and 
define the 6-“function” by the relation: 


+00 
yo der 6() f(a) = f(0) (4) 


which is valid for any function f(a) defined at the origin. More generally, (2 — zo) is 
defined by: 





+00 
/ dente neseta) = Hs) (5) 


—co 











Comments: 


(i) Actually, the integral notation in (5) is not mathematically justified. 6 is 
defined rigorously not as a function but as a distribution. Physically, this 
distinction is not an essential one as it becomes impossible to distinguish 
between 6‘©)(x) and (xz) as soon as € becomes negligible compared to all the 
distances involved in a given physical problem!: any function f(x) which we 
might have to consider does not vary significantly over an interval of length ¢. 
Whenever a mathematical difficulty might arise, all we need to do is assume 
that 6(x) is actually 6) (x) [or an analogous but more regular function, for 
example, one of those given in (7), (8), (9), (10), (11)], with « extremely small 
but not strictly zero. 


(ii) For arbitrary integration limits a and b, we have: 


b 
/ dnia\f@esO), Oe lat 
20 ee tan (6) 





1The accuracy of present-day physical measurements does not, in any case, allow us to investigate 
phenomena on a scale of less than a fraction of a Fermi (1 Fermi = 101° m). 
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1-b. Functions that approach 6 


It can easily be shown that, in addition to 6()(x) defined by (1), the following 
functions approach 6(x), that is, satisfy (5), when the parameter ¢ approaches zero from 
the positive side: 


(i) pelev* (7 
(iis) a ele (9) 
(wy SHI) (10) 
(v) = (11) 


We shall also mention an identity which is often useful in quantum mechanics 
(particularly in collision theory): 
1 


1 
aoe ctite oo Fee oe 








where P denotes the Cauchy principal part, defined by? [f(x) is a regular function at 
x = 0): 


+B de, 
PhS ) = Lim i. of f(z); A,B>O0 (13) 
n0+ +7 


To prove (12), we separate the real and imaginary parts of 1/(a# + ie): 

















1 x te 
= 7 14 
atie uv? + 2 ( ) 
Since the imaginary part is proportional to the function (8), we have: 
Lim +i“ = Fin 6(x) (15) 


e>0,  @2+ 6? 
As for the real part, we shall multiply it by a function f(x) that is regular at the origin, and 
integrate over x: 

n+ oo 


+n 
xdx a dx 
Li — = Li Li 16 
Pe hcg ae 2) an oe if oC +f lene fe) 06) 


?One often uses one of the following relations: 


+B +B mh ae 
| = 1@)= | FO sf y= | dL IO 5 500) Log 
= —A = 


Hy e x A a A 





where f_(x) = [f(x) — f(—zx)]/2 is the odd part of f(x). These formulas allow us to explicitly eliminate 
the divergence at the origin. 
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The second integral is zero: 


+ 
" da 





Lim f(x) = f(0) Lim 5 [Log(a? + ”)]*" =0 (17) 


704 =H x? + €? 704 —n 


If we now reverse the order of the evaluation of the limits in (16), the « —> 0 limit presents no 
difficulties in the two other integrals. Thus: 


+oo 


Lim ate ) = Lim ee = de ) (18) 
e704 J ., a? +e? CLF setae ere go 


n 


This establishes identity (12). 


1-c. Properties of 6 


The properties we shall now state can be demonstrated using (5). Multiplying 
both sides of the equations below by a function f(x) and integrating, we see that the 
results obtained are indeed equal. 


(i)  d(—a) = d(x) (19) 
Gy Aes 4(0) (20) 


and, more generally: 


Ala(2)] = > ete 8) (21) 


where g'(x) is the derivative of g(a) and the x; are the simple zeros of the function g(z): 


g(x;) =0 
g' (xj) #0 (22) 


The summation is performed over all the simple zeros of g(x). If g(a) has zeros of multiple 
order [that is, for which g’(x;) is zero], the expression 6[g(x)] makes no sense. 


(itt) x O(x% — 29) = 2 6(a — 2) (23) 
and, in particular: 
xd6(xz) =0 (24) 
The converse is also true and it can be shown that the equation: 
xu(x) =0 (25) 
has the general solution: 
u(x) = cd(x) (26) 


where c is an arbitrary constant. 
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More generally: 


g(x) O(a — 20) = g(x) 6(a — 20) (27) 
+00 
(iv) i 6G Ge A Gse (28) 


Equation (28) can be understood by examining functions 5°)(x) like the one shown in 
Figure 1. The integral: 


Fey, 2) = / aa 5° (a — y) 5 (w — z) (29) 


is zero as long as |y—z| > ¢, that is, as long as the two square functions do not overlap (Fig. 2). 


SOx — y) 
Se € € ye 
<> <> 





5EO(x— z) 


y Z x 


Figure 2: The functions 5) (a — y) and 6) (a —z): two square functions of width « and 
height 1/e, centered respectively at x = y and x = z. 





The maximum value of the integral, obtained for y = z, is equal to 1/e. Between this 
maximum value and 0, the variation of F“)(y, z) with respect to y — z is linear (Fig. 3). We see 
immediately that F“)(y, z) approaches 5(y — z) when ¢ —> 0. 


Comment: 


A sum of regularly spaced 6-functions: 


+00 
d_ 4a - aL) (30) 


q=-0o 


can be considered to be a periodic “function” of period L. By applying formulas 
(8), (9) and (10) of Appendix I, we can write it in the form: 


+00 1 +00 i 
Ne b(a — gL) = + So eine (31) 


q=-—0o n=—o0o 
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FO, Zz) 


On 


= £ +€é y-Z 


Figure 3: The variation with respect to y — z of the scalar product F\©(y,z) of the two 
square functions shown in Figure 2. This scalar product is zero when the two functions 
do not overlap (|y — z| > €), and maximal when they coincide. F)(y,z) approaches 
d(y — z) when « —> 0. 





2. The 6-“function” and the Fourier transform 


2-a. The Fourier transform of 6 


Definition (28) of Appendix I and equation (5) enable us to calculate directly the 
Fourier transform 6,,(p) of 6(a — x9): 


1 8 ; 1 
aig (P) oe Teal dx eT ipe/h O(a = Xo) =a Vonh eee (32) 


In particular, that of 6(x) is a constant: 


5 


Oe a (33) 


The inverse Fourier transform [formula (29) of Appendix I] then yields: 








1 +00 / 1 +00 : 
(a — 9) = == dp ei?(t—0)/F — 5 i dk et*(e—20) (34) 


QTR Joo 





This result can also be found by using the function 6‘) (x) defined by (1) or any of the functions 
given in § 1-b. For example, (48) of Appendix I enables us to write: 


1 [*? i e/n Sin(pe /2h) 
(e) — d ,ipx /h P r 
one) Qh iL eS pe /2h (35) 


If we let € approach zero, we indeed obtain (34). 
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2-b. Applications 


Expression (34) for the 6-function is often very convenient. We shall show, for ex- 
ample, how it simplifies finding the inverse Fourier transform and the Parseval-Plancherel 
relation [formulas (29) and (45) of Appendix J]. 

Starting with: 


= 1 +00 
W(p) = as 


we calculate: 


da e~*P?/" wh(x) (36) 





1 +00 ; = 1 +00 +0°o ; 
safe Bo=s, f aewe f apereom (37) 
In the second integral, we recognize 5(a — €), so that: 
1 +00 . _ +00 
az [wer oe) =f deve) se-9) = ve) (38) 
which is the inversion formula of the Fourier transform. 
Similarly: 
= 1 Foo 1,00 sha 
PPP = ef dee! yr(a) fda’ ya! (39) 


If we integrate this expression over p, we find: 


+00 +00 +00 +00 
/ dp |W)? = — de »"(2) / da! a(2") i: dp oiP@—"/2 (40) 


—oo . Qh oo —oo —0oo 


that is, according to (34): 


i * ap Wt)? = f ae ¥*(2) / ane =2)= / ae fw? (41) 


—oco —oo Co —oco 


which is none other than the Parseval-Plancherel formula. 
We can obtain the Fourier transform of a convolution product in an analogous way 
(cf. formulas (39) and (40) of Appendix I]. 


3. Integral and derivatives of the 6-“function” 


3-a. 6 is the derivative of the “unit step-function” 


We shall evaluate the integral: 
x 
9)(x) = / 5) (a5) da! (42) 


where the function 6‘) (a) is defined in (1). It can easily be seen that 0°) (a) is equal to 0 
1 
forx < es to 1 for x > a and to — (2+ =) for Le <a< = The variation of 0(©) (x) 
2 2 € 2 2 2 
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A(x) 





Figure 4: Variation of the function 0) (x), whose derivative 5) (x) is shown in Figure 1. 
When « —+ 0, 0)(x) approaches the Heaviside step-function (x). 





with respect to x is shown in Figure 4. When ¢ > 0, 6)(x) approaches the Heaviside 
“ step-function” 6(a), which, by definition, is equal to: 

O«)=1 if «>0 

O«c)=0 if «<0 (43) 


6)(a) is the derivative of 6©)(ax). By considering the limit ¢ —+ 0, we see that d(x) is 
the derivative of (2): 


—6(x) = 6(a) (44) 
Now, consider a function g(a) which has a discontinuity oo at x = 0: 

Lim g(x) — Lim g(x) = a0 (45) 

x04 x0 


Such a function can be written in the form g(x) = gi(x)0(x) + go(x)6(—2z), where gi(x) 
and go(x) are continuous functions which satisfy g:(0) — g2(0) = oo. If we differentiate 
this expression, using (44), we obtain: 


g(x) = g(x) O(x) + 95(x)O(—2) + gi(x)6(x) — go(x)5(—a) 


( 
= 91(2)0(x) + 95(x)O(—2) + 006(x) (46) 


according to properties (19) and (27) of 6. For a discontinuous function, there is then 
added to the ordinary derivative [the first two terms of (46)] a term proportional to the 
6-function, the proportionality coefficient being the magnitude of the function’s discon- 
tinuity?. 











30f course, if the function is discontinuous at x = zo, the additional term is of the form: [gi(xo) — 
92(xo)]6(a — xo). 
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Comment: 


The Fourier transform of the step-function 6(k) can be found simply from (12). 
We get: 





+00 . 
. : ; 1 
/ 0(k) e** dk = Lim dketk(+) — Lim —=iP—+76(x) (47) 
es e404 Jo e304 x+1E x 
3-b. Derivatives of 6 


By analogy with the expression for integration by parts, the derivative 6’(x) of the 
6-function is defined by the relation?: 


na a 
[2 8@) He=- fox (a) Fe) =-F0) (48) 
From this definition, we immediately get: 
6'(—x) = —6'(z) (49) 
and: 
ROS SSE (50) 


x u(x) = 6(2) (51) 
can be written: 
u(x) = —6'(x) + ¢ 6(x) (52) 


where the second term arises from the homogeneous equation [cf. formulas (25) and 
(26)]. 


Equation (34) allows us to write 6’(x) in the form: 
1 pre ip\ , pi . 
Z a d = ipa /h _ = | d tka 
(a) ae »(F)e x |. bake (53) 


The nth-order derivative 6”) (x) can be defined in the same way: 


+00 
[25 Fe = (yr FO) (54) 
Relations (49) and (50) can then be generalized to the forms: 
5™ (—x) = (-1)” 6™ (2) (55) 
and: 
a 5") (x) = —n 6") (zx) (56) 





4§’(x) can be considered to be the limit, for ¢ —> 0, of the derivative of one of the functions given 
in § 1-b. 
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4. The 6-“function” in three-dimensional space 


The 6-“fonction” in three-dimensional space, which we shall write simply as é(r), is 
defined by an expression analogous to (4): 


[rote fe) = 700) (57) 

and, more generally: 
[erste — x0) #02) = F(t) (58) 
d(x — ro) can be broken down into a product of three one-dimensional functions: 


d(x — ro) = 6(x — x0) 5(y — yo) 6(z — 20) (59) 


or, if we use polar coordinates: 


S(r —¥0) = pag 47 — 10) 6(0 ~ 60) 4(y — yo) 
= 5 6(r — ro) 6(cos 6 — cos 49) 5(~ — Yo) (60) 


The properties stated above for 6(a) can therefore easily be generalized to d(r). 
We shall mention, in addition, the important relation: 


A (5) = —4r 6(r) (61) 


where A is the Laplacian operator. 


Equation (61) can easily be understood if it is recalled that in electrostatics, an electrical 
point charge q placed at the origin can be described by a volume density p(r) equal to: 


p(r) = d(r) (62) 


We know that the expression for the electrostatic potential produced by this charge is: 





ne Ate 
B= Atego r (63) 


Equation (61) is thus simply the Poisson equation for this special case: 


AU(r) = ——plr) (64) 
£0 
To prove (61) rigorously, it is necessary to use mathematical distribution theory. We shall 
confine ourselves here to an elementary “proof”. 
First of all, note that the Laplacian of 1/r is everywhere zero, except, perhaps, at the 
origin, which is a singular point: 


(s+2z)2=0 for r40 (65) 


dr2' rdrj r 
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Let ge(r) be a function equal to 1/r when r is outside the sphere S,, centered at O and 
of a radius ¢, and which takes on values (of the order of 1/¢) inside this sphere such that g-(r) 
is sufficiently regular (continuous, differentiable, etc.). Let f(r) be an arbitrary function of r 
which is also regular at all points in space. We now find the limit of the integral: 


He) = far fle) Agee) (66) 


for e + 0. According to (65), this integral can receive contributions only from inside the sphere 
S-, and: 


He)= far fr) dante) (67) 
r<e 
We choose ¢ small enough for the variation of f(r) inside S- to be negligible. Then: 
I(e) ~ f(0) ih d?r Age (r) (68) 
r<e 
Transforming the integral so obtained into an integral over the surface .%- of S-, we obtain: 
I(e) =~ f(0) | Vage(r)- dn (69) 


JS. 


Now, since ge(r) is continuous on the surface .%., we get: 


1 1 
[Voelae=[-a]_ er =-ae (70) 
(where e, is the unit vector r/r). This yields: 


HA HO) Kae Xx [-3] 


e2 
~ —4rf(0) (71) 
that is: 
Lim | d°r Age(r) f(r) = —47f(0) (72) 


According to definition (57), this is simply (61). 


Equation (61) can be used, for example, to derive an expression which is useful in 
collision theory (cf. Chap. VIII): 
































ettkr 
(A +k?) = —4r 6(r) (73) 
r 
To do so, it is sufficient to consider e+**" /r as a product: 
tikr : : ; 
A |: = 1 A(e Her +e ikr A (<) +2V ) : Vier") (74) 
r r r r 
Now 

















A(ct#*") = — Ket!" 4 2th stike (75) 
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We therefore find, finally: 























tikr 2 . 2 
(A +K)° edna ee Le 
r r r2 r2 r 
= _Ar et "* §(r) 
= —47 d(r) (76) 


according to (27). 


Equation (61) can, furthermore, be generalized: the Laplacian of the function 
Y"(6, y)/r'*+ involves Ith-order derivatives of 6(r). Consider, for example cos /r?. We 


know that the expression for the electrostatic potential created at a distant point by an 
D 0 

electric dipole of moment D directed along Oz is tea = é 
TTEQ 

each of the two charges which make up the dipole and a is the distance between them, 

the modulus D of the dipole moment is the product qa, and the corresponding charge 

density can be written: 





If q is the absolute value of 


p(r) =qo (r - 5c) —q6d (x + x) (77) 


(where e, denotes the unit vector of the Oz axis). If we let a approach zero, while 
maintaining D = qa finite, this charge density becomes: 


pl) — DS str) (78) 


Therefore, in the limit where a —> 0, the Poisson equation (64) yields: 
30 0 
A (=5*) = —An— 8(r) (79) 
r Oz 


Of course, this formula could be justified as (61) was above, or proven by distribution 
theory. Analogous reasoning could be applied to the function Y/"(0, y)/r'*+ which gives 
the potential created by an electric multipole moment Q7” located at the origin (comple- 
ment Ex). 


References and suggestions for further reading: 


See Dirac (1.13) § 15, and, for example, Butkov (10.8), Chap. 6, or Bass (10.1), vol. 
I, §§ 21.7 and 21.8; section 10 of the bibliography, especially the subsection “Fourier 
transforms; distributions”. 
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Appendix III 


Lagrangian and Hamiltonian in classical mechanics 
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We shall review the definition and principal properties of the Lagrangian and 
the Hamiltonian in classical mechanics. This appendix is not meant to be a course in 
analytical mechanics. Its goal is simply to indicate the classical basis for applying the 
quantization rules (cf. Chap. III) to a physical system. In particular, we shall concern 
ourselves essentially with systems of point particles. 


1. Review of Newton’s laws 


1-a. Dynamics of a point particle 


Non-relativistic classical mechanics is based on the hypothesis that there exists at 
least one geometrical frame, called the Galilean or inertial frame, in which the following 
law is valid: 

The fundamental law of dynamics: a point particle has, at all times, an acceleration 
y which is proportional to the resultant F of the forces acting on it: 


F = my (1) 


The constant m is an intrinsic property of the particle, called its inertial mass. 

It can easily be shown that if a Galilean frame exists, all frames which are in 
uniform translational motion with respect to it are also Galilean frames. This leads us 
to the Galilean relativity principle: there is no absolute frame; there is no experiment 
which can give one inertial frame a privileged role with respect to all others. 
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1-b. Systems of point particles 


If we are dealing with a system composed of n point particles, we apply the fun- 
damental law to each of them!: 


The forces that act on the particles can be classed in two categories: internal 
forces represent the interactions between the particles of the system, and external forces 
originate outside the system. The internal forces are postulated to satisfy the principle of 
action and reaction: the force exerted by particle (i) on particle (7) is equal and opposite 
to the one exerted by (j) on (i). This principle is true for gravitational forces (Newton’s 
law) and electrostatic forces, but not for magnetic forces (whose origin is relativistic). 

If all the forces can be derived from a potential, the equations of motion (2) can 
be written: 


where V; denotes the gradient with respect to the r; coordinates, and the potential 
energy V is of the form: 


n 


V = So Vi(ri) + 55 Visi - 75) (4) 
i=l i<j 
(the first term in this expression corresponds to the external forces, and the second one 
to the internal forces). In cartesian coordinates, the motion of the system is therefore 
described by the 3n differential equations: 


OV 
. Ox; 
OV 
| Oy, 
OV 
- Oz; 





Mt; = 


MiYi = 





M42 = 


1-c. Fundamental theorems 


We shall first review a few definitions. The center of mass or center of gravity of 
a system is the point G whose coordinates are: 


ye Mil; 

re = (6) 
mM 
i=l 





du 
1In mechanics, a simplified notation is generally used for the time-derivatives; by definition, = ae 
as d?u 
U= ae” etc... 
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The total kinetic energy of the system is equal to: 


w=1 


mitt (7) 


wl rR 


where r; is the velocity of particle (i). The angular momentum with respect to the origin 
is the vector: 


w=1 


The following theorems can then be easily proven: 


(1) The center of mass of a system moves like a point particle with a mass equal 
to the total mass of the system, subject to a force equal to the resultant of all the forces 
involved in the system: 


> m5 to = >; F; (9) 


(ii) The time-derivative of the angular momentum evaluated at a fixed point is 
equal to the moment of the forces with respect to this point: 


d n 
ae 2 (10) 


(iit) The variation of the kinetic energy between time t, and ¢2 is equal to the 
work performed by all the forces during the motion between these two times: 


tg 


T(tg) — T(t) = if Fi Eide (11) 


1 


If the internal forces satisfy the principle of action and reaction, and if they are 
directed along the straight lines joining the interacting particles, their contribution to 
the resultant [equation (9)] and to the moment with respect to the origin [equation (10)] 
is zero. If, in addition, the system is isolated (that is, if it is not subject to any external 
forces), the total angular momentum # is constant, and the center of mass is in uniform 
rectilinear motion. This means that the total mechanical momentum: 


n 
i=1 
is also a constant of the motion. 
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2. The Lagrangian and Lagrange’s equations 


Consider a system of n particles in which the forces are derived from a potential energy 
(cf. formula (4)], which we shall write simply V(r;). The Lagrangian, or Lagrange’s 
function, of this system is the function of 6n variables {2x;, yi, 213 i, Yi, 2; 5 1 = 1,2,..., n} 
given by: 


Py os 
w=1 


It can immediately be shown that the equations of motion written in (5) are identical to 
Lagrange’s equations: 














dae 8 _, 

dt 0%; Ox; 

ddk o£ 

mee ee 14 
dak al 


A very interesting feature of Lagrange’s equations is that they always have the 
same form, independent of the type of coordinates used (whether they are cartesian or 
not). In addition, they can be applied to systems which are more general than particle 
systems. Many physical systems (including for example one or several solid bodies) can 
be described at a given time ¢ by a set of N independent parameters q;(i = 1,2,..., N), 
called generalized coordinates. Knowledge of the g; permits the calculation of the position 
in space of any point of the system. The motion of this system is therefore characterized 
by specifying the N functions of time q;(t). The time-derivatives q;(t) are called the 
generalized velocities. The state of the system at a given instant to is therefore defined 
by the set of gi(to) and 4;(to). If the forces acting on the system can be derived from a 
potential energy V(q1, q2,..-, gv), the Lagrangian L(q1, q2,---, IN} M1) 92;--5 YN) is again 
the difference between the total kinetic energy T and the potential energy V. It can be 
shown that, for any choice of the coordinates q;, the equations of motion can always be 
written: 























d 
Oe ORs (15) 
dt 04; 04; 
d ; eee 
where F denotes the total time-derivative 
N N 

d O O O 

= Ji Nia. 16 
He at Led ag + 85g, (16) 


i=l w=1 


Furthermore, it is not really necessary for the forces to be derived from a potential for us 
to be able to define a Lagrangian and use Lagrange’s equations (we shall see an example 
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of this situation in § 4-b). In the general case, the Lagrangian is a function of the 
coordinates q; and the velocities g;, and can also be explicitly time-dependent’. We shall 
then write it: 


Ll age t) (17) 


Lagrange’s equations are important in classical mechanics for several reasons. For 
one thing, as we have just indicated, they always have the same form, independent of 
the coordinates which are used. Furthermore, they are more convenient than Newton’s 
equations when the system is complex. Finally, they are of considerable theoretical 
interest, since they form the foundation of the Hamiltonian formalism (cf. § 3 below), 
and since they can be derived from a variational principle (§ 5). The first two points are 
secondary as far as quantum mechanics is concerned, since quantum mechanics treats 
particle systems almost exclusively and since the quantization rules are stated in cartesian 
coordinates (cf. Chap. III, § B-5). However, the last point is an essential one, since the 
Hamiltonian formalism constitutes the point of departure for the quantization of physical 
systems. 


3. The classical Hamiltonian and the canonical equations 


For a physical system described by N generalized coordinates, Lagrange’s equations (15) 
constitute a system of N coupled second-order differential equations with N unknown 
functions, the q;(t). We shall see that this system can be replaced by a system of 2N 
first-order equations with 2N unknown functions. 


3-a. The conjugate momenta of the coordinates 


The conjugate momentum p,; of the generalized coordinate q; is defined as: 





_ OL 
04 





Di (18) 











p; is also called the generalized momentum. In the case of a particle system for which 
the forces are derived from a potential energy, the conjugate momenta of the position 
variables rj; (x1, yi, 21) are simply [see (13)] the mechanical momenta: 


Pi = MT; (19) 


However, we shall see in § 4-b-y that this is no longer true in the presence of a magnetic 
field. 

Instead of defining the state of the system at a given time t by the N coordinates 
qi(t) and the N velocities q;(t), we shall henceforth characterize it by the 2N variables: 


{ai(t), pi(t);4 = 1,2, ..., N} (20) 


?The Lagrangian is not unique: two functions £(q;,qi;t) and L’(qi,q;;t) may lead, using (15), to 
the same equations of motion. This is true, in particular, if the difference between £ and L’ is the total 
derivative with respect to time of a function F(q;;t).. 

d OF OF 

Li'-L=—F(u%,t)=— + Hi 

dt (a, #) ot ie Odi 


a 
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This amounts to assuming that from the 2N parameters q;(t) and p;(t), we can determine 
the q;(t) uniquely. These variables may be considered as the 2N coordinates of a point 
defining the state of the system at every time, and moving in a 2N dimensional space 
called the phase space. 


3-b. The Hamilton-Jacobi canonical equations 


The classical Hamiltonian, or Hamilton’s function, of the system is, by definition: 


N 
H=) pid —£ (21) 


In accordance with convention (20), we eliminate the g; and consider the Hamiltonian 
to be a function of the coordinates and their conjugate momenta. Like £, H may be 
explicitly time-dependent: 


H(qi, pi; t) (22) 
The total aes! of the function H: 
dH = La Fada + Bes ae * dpi + + Feat (23) 


is equal to, using definitions (21) and (18): 
OL OL 
dH = N° [pi dds + i dpi dt 
H, dP G+ Api] Sy Sit a 


= Dives ~~ Geet (24) 





Setting (23) and a equal, we see that the change from the {q;,q;} variables to 
the {q:,p:} variables leads to: 


OH aL 








eoe3 2 
Ou 0”: ( nF) 
OH. 

OTL gw, 25b 
ap, = (25b) 
OH. OL 

ONE 2 2 
at at (20¢) 


Furthermore, using (18) and (25a), we can write Lagrange’s equations (15) in the form: 


d OH 

















Sip 26 
By grouping terms in (25b) and (26), we obtain the equations of motion: 

dq, _ OH 

dt = Op; 

dt =* Ogi 
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which are called the Hamilton-Jacobi canonical equations. As we said, (27) is a system 
of 2N first-order differential equations for 2N unknown functions, the q(t) and p,(t). 
These equations determine the motion of the point in the phase space. 


For an n-particle system whose potential energy is V(r;), we have, according to 
(13): 


H=Sopi-ti-L 
= 


n 1 n ie 
= dP “r= 2 d,mitt + V(ri) (28) 


To express the Hamiltonian in terms of the variables r; and p;, we use (19). This yields: 





n 9 

Pp; 

H(ri,pi) = >> Bm + V (rs) (29) 
i=l ‘ 


Note that the Hamiltonian is thus equal to the total energy of the system. The canonical 
equations: 








dr; _ Pi 
dt — m4 
dp; 
mea 30 
ace ee (30) 


are equivalent to Newton’s equations, (3). 


4. Applications of the Hamiltonian formalism 


4-a. A particle in a central potential 


Consider a system composed of a single particle of mass m whose potential energy 
V(r) depends only on its distance from the origin. In polar coordinates (r,6,y), the 
components of the particle’s velocity on the local axes (Fig. 1) are: 
Vp =P 
vg =r 0 (31) 


Up =rsind 


so that the Lagrangian, (13), can be written: 


. 1 : 
L(r, 0,0; 7,0, 0) = a” [i +776? + r? sin? 6 g?] — V(r) (32) 
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Figure 1: The unit vectors ey, €9, Cy of the 
local axes associated with point M, where M 
is defined by its spherical coordinates r, 0, 


YQ. 








The conjugate momenta of the three variables r, 6, can then be calculated: 


r =a = mr a 
p= Se (33a) 
Or 
OL “ 
Pe= ae = mr’ 6 (33b) 
(o> 5 = mr? sin? 6% (33c) 


To obtain the Hamiltonian of the particle, we use definition (21). This amounts to adding 
V(r) to the kinetic energy, expressed in terms of r,0,y and p,,p9, Py. We find: 


2 2 
Py 1 Pp 
H(r, 0,0; PrsPo,Pe) = 5 + 5G ( + 5 + V(r) (34) 


1534 


LAGRANGIAN AND HAMILTONIAN IN CLASSICAL MECHANICS 





The system of canonical equations [formulas (27)] can be written here: 








“ = ie 3 be (35a) 
a = in as Pe (35b) 
al eee on 
E = oe ~ a ( . #55) oe re 
e-a e, os 
Pe = -F =i (35f) 


The first three of these equations simply give (33); the last three are the real equations 
of motion. 
Now, consider the angular momentum of the particle with respect to the origin: 


L=rxmv (36) 


Its local components can easily be calculated from (31): 





L, =0 

YA- ~_ 2. Bose Pe 

9 = —Mr Vy = —mr* sin? y = —-——— 

sin 0 
Ly = mr vp = mr? 6 = pe (37) 

so that: 
pe 

$2 =v? ’ 38 
Pot sin? 6 (38) 


From the angular momentum theorem [formula (10)], we know that # is a vector which 
is constant over time, since the force derived from the potential V(r) is central, that is, 
collinear at each instant? with the vector r. 
By comparing (34) and (38), we see that the Hamiltonian H depends on the angular 
variables and their conjugate momenta only through the intermediary of 4: 
2 1 


P 
H(r, 9, 9; Pr, Po, Pp) = 5 + 55 





2? (9,p9,Pp) + V(r) (39) 


Now, assume that the initial angular momentum of the particle is Yo. Since the angular 
momentum remains constant, the Hamiltonian (39) and the equation of motion (35d) 





’This conclusion can also be derived from (35e) and (35f) by calculating the time-derivatives of the 
components of # on the fixed axes Ox, Oy, Oz. 
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are the same as they would be for a particle of mass m, in a one-dimensional problem, 
placed in the effective potential: 





ee 
Ver(r) = V(r) + (40) 
2mr 
4-b. A charged particle placed in an electromagnetic field 


Now, consider a particle of mass m and charge q placed in an electromagnetic field 
characterized by the electric field vector E(r,t) and the magnetic field vector B(r, t). 


Qa. Description of the electromagnetic field. Gauges 


E(r,¢t) and B(r,t) satisfy Maxwell’s equations: 


V«E= 2 (41a) 
£0 
OB 
E = —-— 41b 
V x OL (41b) 
V-B=0 (41c) 
: OE 
Vx B= to j + como Z, (41d) 


where p(r,t) and j(r,t) are the volume charge density and the current density producing 
the electromagnetic field. The fields E and B can be described by a scalar potential 
U(r,t) and a vector potential A(r,¢), since equation (41c) implies that there exists a 
vector field A(r,t) such that: 

B=V x A(r,t) (42) 


(41b) can thus be written: 
A 
vx [B+] =0 (43) 


Consequently, there exists a scalar function U(r, t) such that: 


A 
E+ = = -VU(r,t) (44) 
ot 
The set of the two potentials A(r,t) and U(r,t) constitutes what is called a gauge for 
describing the electromagnetic field. The electric and magnetic fields can be calculated 
from the {A,U} gauge by: 


B(r,t) = V x A(r,t) (45a) 


E(r,t) = —VU(r,t) — [A(r, t) (45b) 


at 
A given electromagnetic field, that is, a pair of fields E(r,t) and B(r,t), can be 
described by an infinite number of gauges, which, for this reason, are said to be equivalent. 
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If we know one gauge, {A,U}, which yields the fields E and B, all the equivalent gauges, 
{A’,U'}, can be found from the gauge transformation formulas: 


A'(r,t) = A(r,t) + Vx(r, t) (46a) 
U'(r,t) = U(r, t) — ox(r,0) (46b) 


where y(r,t) is any scalar function. 


First of all, it is easy to show from (46) that: 


V x A’(r,t) = V x A(z, t) 
VU'(r,t Oy! t VU(r,t OK t mn 
~~ (4) — a (r,t) =— (t,t) — a (r,t) 
Any gauge, {A’,U’}, which satisfies (46) therefore yields the same electric and magnetic fields 
as {A,U}. 
Conversely we shall show that if two gauges, {A,U} and {A’,U’}, are equivalent, there 
must exist a function y(r, t) which establishes relations (46) between them. Since, by hypothesis: 


Br, t) = V x A(r,t) = V x A‘(r,t) (48) 
we have: 
V x (A’—A)=0 (49) 


This implies that A’ — A is the gradient of a scalar function: 
A’-A=Vyx(r,t) (50) 


x(r, t) is, for the moment, determined only to within an arbitrary function of t, f(t). Further- 
more, the fact that the two gauges are equivalent means that: 


E(r,t) = -VU(r,t) - = A(t) a 290'e.o- SA(r,t) (51) 
that is: 
vu’ —u) + 2a’ a) =0 (52) 


According to (50), we must have: 


V(U' -U) = VE x(n.) (53) 


Consequently, the functions U' — U and 2x0, t) can differ only by a function of t; thus, we 


can choose f(t) so as to make them equal: 
U' -U=-—=xir,t) (54) 


This completes the determination of the function x(r,¢) (to within an additive constant). Two 
equivalent gauges must therefore satisfy relations of the form (46). 
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B. Equations of motion and the Lagrangian 


In the electromagnetic field, the charged particle is subject to the Lorentz force: 
F = q|E+vxB] (55) 


(where v is the velocity of the particle at the time t). Newton’s law therefore gives the 
equations of motion in the form: 


mé = q[E(r,t) +r x Bir, £)] (56) 
Projecting this equation onto Ox and using (45), we obtain: 
mé = q(E, + 9B, — 2B,| 


__[ OU OA, , .(dAy OAz\  , [Az Az isis 
~ 41S at Yen ~ By J * Oz 7 Oe 





It can easily be shown that these equations can be derived from the Lagrangian 
by using (15): 


L(r,r,t) = “m r+qr-A(r,t) — qQU(r,t) (58) 


Therefore, although the Lorentz force is not derived from a potential energy, we can find 
a Lagragian for the problem. 


Let us show that Lagrange’s equations (15) do yield the equations of motion (56), using 
the Lagrangian (58). To do so, we shall first calculate: 


OL 2 

Dg 7 me + qAz(r, t) 

OL . Oo O 

on qr: apt) = ge U(r, t) (59) 


Lagrange’s equation for the z-coordinate can therefore be written: 


d.. _ 0 a _ 
Sli + aAcle,0)] — at A(r,t) +45 Ulr, 8) =0 (60) 


Writing this equation explicitly and using (16), we again get (57): 











mpg | O42 4g 04Ae 4 OAs , 0A [224s 4 gOAw oo) OU, he 635 
re ee ee gs Sree CE as? we dx | Oe 
that is: 
.. | OU dA, . (dA, OAr\ , (OAz OAz 
a ‘| On at +a On dy ) Lee as ) (62) 
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y. Momentum. The classical Hamiltonian 


The Lagrangian (58) enables us to calculate the conjugate momenta of the cartesian 
coordinates x, y, z of the particle. For example: 


pe aes (63) 
Ox 


The momentum of the particle, which is, by definition, the vector whose components are 
(Px; Py; Pz), ts no longer equal, as it was in (19), to the mechanical momentum mr: 


p = mr + gA(r, t) (64) 
Finally, we shall write the classical Hamiltonian: 


H(r,p;t)=p-t—-L 





1 1 
= p-—(p—qA)— =—(p — A)? - 4(p —gA)-A+qU (65) 
m 2m m 
that is: 
1 
H(r,pit) = 5— [p—aA(r,t)] + U(r, t) (66) 
Comment: 


Hamiltonian formalism therefore uses the potentials A and U, and not the fields 
E and B directly. The result is that the description of the particle depends on 
the gauge chosen. It is reasonable to expect, however, since the Lorentz force is 
expressed in terms of the fields, that predictions concerning the physical behavior 
of the particle must be the same for two equivalent gauges. The physical conse- 
quences of the Hamiltonian formalism are said to be gauge-invariant. The concept 
of gauge invariance is analyzed in detail in Complement Hy. 


5. The principle of least action 


Classical mechanics can be based on a variational principle, the principle of least action. In 
addition to its theoretical importance, the concept of action serves as the foundation of the 
Lagrangian formulation of quantum mechanics (cf. Complement Jyr). This is why we shall now 
briefly discuss the principle of least action and show how it leads to Lagrange’s equations. 


5-a. Geometrical representation of the motion of a system 


First of all, consider a particle constrained to move along the Ox axis. Its motion can be 
represented by tracing, in the (x,t) plane, the curve defined by the law of motion which yields 
x(t). 

More generally, let us study a physical system described by N generalized coordinates 
q: (for an n-particle system in three-dimensional space, N = 3n). It is convenient to interpret 
the q; to be the coordinates of a point Q in an N-dimensional Euclidean space Ry. There is 
then a one-to-one correspondence between the positions of the system and the points of Ry. 
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With each motion of the system is associated a motion of point Q in Ry, characterized by the 
N-dimensional vector function Q(t) whose components are the q(t). As in the simple case of 
a single particle moving in one dimension, the motion of point Q, that is, the motion of the 
system, can be represented by the graph of Q(t), which is a curve in an (N + 1)-dimensional 
space-time (the time axis is added to the N dimensions of Ry). This curve characterizes the 
motion being studied. 


5-b. The principle of least action 


The q;(t) can be fixed arbitrarily; this gives point Q and the system an arbitrary motion. 
But their real behavior is defined by the initial conditions and the equations of motion. Suppose 
that we know that, in the course of the real motion. Q is at Qi at time t; and at Qe at a 
subsequent time tz (as is shown schematically by Figure 2): 


Q(t) = Qi 
Q(t2) = Qe (67) 


There is an infinite number of a priori possible motions which satisfy conditions (67). They 
are represented by all the curves*, or paths in space time, which connect the points (Qi, t1) and 


(Qz, tz) (ef. Fig. 2). 





Q, 


Q) 





Figure 2: The path in space-time which is associated with a given motion of the physical 
system. The “x-axis” represents the time and the “y-axis”, Q (which symbolizes the set 
of generalized coordinates q;). 





Consider such a path in space-time [’, characterized by the vector function Q(t) which 
satisfies (67). If: 


L( qi, 42, +5 INS Hs 42, + Eni t) = L(Q,Q; t) (68) 





4Excluding, of course, the curves which “go backward”, that is, which would give two distinct 
positions of Q for the same time t. 
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is the Lagrangian of the system, the action Sp which corresponds to the path I is, by definition: 


Sp= / “at £ [Qr(t), Or(t):1] (69) 


Jty 


[the function to be integrated depends only on ¢; it is obtained by replacing the gq; and 4; by the 
time-dependent coordinates of Qr(t) and Qr(t) in the Lagrangian (68)]. 

The principle of least action can then be stated in the following way: of all the paths in 
space-time connecting (Q1,t1) with (Qe, tz), the one which is actually followed (that is, the one 
which characterizes the real motion of the system) is the one for which the action is minimal. 
In other words, when we go from the path which is actually followed to one infinitely close to 
it, the action does not vary to first order. Note the analogy with other variational principles, 
such as Fermat’s principle in optics. 


5-c. Lagrange’s equations as a consequence of the principle of least action 


In conclusion, we shall show how Lagrange’s equations can be deduced from the principle 
of least action. 

Suppose that the real motion of the system under study is characterized by the N func- 
tions of time q(t), that is by the path in space-time I’ connecting the points (Q1, t1) and (Qz2, ta). 
Now consider an infinitely close path, I’’ (fig. 3), for which the generalized coordinates are equal 
to: 


qi(t) = a(t) + dai(t) (70) 
where the 6q;(t) are infinitesimally small and satisfy conditions (67), that is: 
dqi(ti) = dqi(t2) = 0 (71) 


The generalized velocities g{(t) corresponding to I’ can be obtained by differentiating relations 
(70): 


(0) = a) + Foals (72) 


Thus, their increments 6q;(t) are simply: 


bile) = Salt) (73) 


We now calculate the variation of the action in going from the path I to the path I”: 
dt dL 


i. 
(olpeens 
i 


«leg oe ia +L oe < 64 | (74) 


6S 
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Figure 3: Two paths in space-time which pass through the points (Q1,ti) and (Qa, ta): 
the solid-line curve is the path associated with the real motion of the system, and the 
dashed-line curve is another, infinitely close, path. 





according to (73). If we integrate the second term by parts, we obtain: 
t2 
OL ddLe 
dt Ogi fee 
: i. 268 Es dt ai 
ty v 


ta 
aL dal 
[arden Fe - SFE | (75) 


t2 


OL 
ss-| Bas 

















since the integrated term is zero, because of conditions (71). 
If [ is the path in space-time which is actually followed during the real motion of the 


system, the increment 6S of the action is zero, according to the principle of least action. For 
this to be so, it is necessary and sufficient that: 


dok OL 
on = i Sti dD. 
dt 04: Ogi > 2 TA9 ’ N (76) 








It is obvious that this condition is sufficient. It is also necessary, since, if there existed a 
time interval during which expression (76) were non-zero for a given value k of the index i, 
the 6q;(t) could be chosen so as to make the corresponding increment 6S different from zero. 

ae od oe 
Ogu dt Ogu 
always positive or zero). Consequently, the principle of least action is equivalent to Lagrange’s 
equations. 


(It would suffice, for example, to choose them so as to make the product dqx 
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References and suggestions for further reading: 


See section 6 of the bibliography, in particular Marion (6.4). Goldstein (6.6), 
Landau and Lifshitz (6.7). 
For a simple presentation of the use of variational principles in physics, see Feyn- 
man II (7.2), Chap. 19. 
For Lagrangian formalism applied to a classical field, see Bogoliubov and Chirkov 
(2.15), Chap. I. 
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Acetylene (molecule), 878 
Action, 341, 1539, 1980 
Addition 
of angular momenta, 1015, 1043 
of spherical harmonics, 1059 
of two spins 1/2, 1019 
Adiabatic 
branching of the potential, 932 
Adjoint 
matrix, 123 
operator, 112 
Algebra (commutators), 165 
Allowed energy band, 381, 1481, 1491 
Ammonia (molecule), 469, 873 
Amplitude 
scattering amplitude, 929, 953 
Angle (quantum), 2258 
Angular momentum 
addition of momenta, 1015, 1043 
and rotations, 717 
classical, 1529 
commutation relations, 669, 725 
conservation, 668, 736, 1016 
coupling, 1016 
electromagnetic field, 1968, 2043 
half-integral, 987 
of identical particles, 1497(ex.) 
of photons, 1370 
orbital, 667, 669, 685 
quantization, 394 
quantum, 667 
spin, 987, 991 
standard representation, 677, 691 
two coupled momenta, 1091 
Anharmonic oscillator, 502, 1135 
Annihilation operator, 504, 513, 514, 1597 





Annihilation-creation (pair), 1831, 1878 
Anomalous 
average value, 1828, 1852 
dispersion, 2149 
Zeeman effect, 987 
Anti-normal correlation function, 1782, 
1789 
Anti-resonant term, 1312 
Anti-Stokes (Raman line), 532, 752 
Antibunching (photon), 2121 
Anticommutation, 1599 
field operator, 1754 
Anticrossing of levels, 415, 482 
Antisymmetric ket, state, 1428, 1431 
Antisymmetrizer, 1428, 1431 
Applications of the perturbation theory, 
1231 
Approximation 
central field approximation, 1459 
secular approximation, 1374 
Argument (EPR), 2205 
Atom(s), see helium, hydrogenoid 
donor, 837 
dressed, 2129, 2133 
many-electron atoms, 1459, 1467 
mirrors for atoms, 2153 
muonic atom, 541 
single atom fluorescence, 2121 
Atomic 
beam (deceleration), 2025 
orbital, 869, 1496(ex.) 
parameters, 41 
Attractive bosons, 1747 
Autler-Townes 
doublet, 2144 
effect, 1410 
Autoionization, 1468 
Average value (anomalous), 1828 
Azimuthal 
quantum number, 811 


Band (energy), 381 
Bardeen-Cooper-Schrieffer, 1889 
Barrier (potential barrier), 68, 367, 373 
Basis 
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change of bases, 174 
characteristic relations, 101, 119 
continuous basis in the space of states, 
99 
mixed basis in the space of states, 99 
BCHSH inequalities, 2209, 2210 
BCS, 1889 
broken pairs and excited pairs, 1920 
coherent length, 1909 
distribution functions, 1899 
elementary excitations, 1923 
excited states, 1919 
gap, 1894, 1896, 1923 
pairs (wave function of), 1901 
phase locking, 1893, 1914, 1916 
physical mechanism, 1914 
two-particle distribution, 1901 
Bell’s 
inequality, 2208 
theorem, 2204, 2208 
Benzene (molecule), 417, 495 
Bessel 
Bessel-Parseval relation, 1507 
spherical Bessel function, 944 
spherical equation, 961 
spherical function, 966 
Biorthonormal decomposition, 2194 
Bitter, 2059 
Blackbody radiation, 651 
Bloch 
equations, 463, 1358, 1361 
theorem, 659 
Bogolubov 
excitations, 1661 
Hamiltonian, 1952 
operator method, 1950 
phonons, spectrum, 1660 
transformation, 1950 
Bogolubov-Valatin transformation, 1836, 
1919 
Bohr, 2207 
electronic magneton, 856 
frequencies, 249 
magneton, see front cover pages 
model, 40, 819 
nuclear magneton, 1237 
radius, 820 
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Boltzmann 
constant, see front cover pages 
distribution, 1630 
Born 
approximation, 938, 977, 1320 
Born-Oppenheimer approximation, 528, 
1177, 1190 
Born-von Karman conditions, 1490 
Bose-Einstein 
condensation, 1446, 1638, 1940 
condensation (repulsive bosons), 1933 
condensation of pairs, 1857 
distribution, 652, 1630 
statistics, 1446 
Bosons, 1434 
at non-zero temperature, 1745 
attractive, 1747 
attractive instability, 1745 
condensed, 1638 
in a Fock state, 1775 
paired, 1881 
Boundary conditions (periodic), 1489 
Bra, 103, 104, 119 
Bragg reflection, 382 
Brillouin 
formula, 452 
zone, 614 
Broadband 
detector, 2165 
optical excitation, 1332 
Broadening (radiative), 2138 
Broken pairs and excited pairs (BCS), 
1920 
Brossel, 2059 
Bunching of bosons, 1777 


C.S.C.0., 183, 137, 153, 236 
Canonical 
commutation relations, 142, 223, 1984 
ensemble, 2289 
Hamilton-Jacobi canonical equations, 
214 
Hamilton-Jacobi equations, 1532 
Cauchy principal part, 1517 
Center of mass, 812, 1528 
Center of mass frame, 814 
Central 
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field approximation, 1459 
potential, 1533 
Central potential, 803, 841 
scattering, 941 
stationary states, 804 
Centrifugal potential, 809, 888, 893 
Chain (von Neumann), 2201 
Chain of coupled harmonic oscillators, 611 
Change 
of bases, 124, 174, 1601 
of representation, 124 
Characteristic equation, 129 
Characteristic relation of an orthonormal 
basis, 116 
Charged harmonic oscillator in an elec- 
tric field, 575 
Charged particle 
in an electromagnetic field, 1536 
Charged particle in a magnetic field, 240, 
321, 771 
Chemical bond, 417, 869, 1189, 1210 
Chemical potential, 1486, 2287 
Circular quanta, 761, 783 
Classical 
electrodynamics, 1957 
histories, 2272 
Clebsch-Gordan coefficients, 1038, 1051 
Closure relation, 93, 117 
Coefficients 
Clebsch-Gordan, 1038 
Einstein, 1334, 2083 
Coherences (of the density matrix), 307 
Coherent length (BCS), 1909 
Coherent state (field), 2008 
Coherent superposition of states, 253, 301, 
307 
Collision, 923 


Commutation, 1599 
canonical relations, 142, 223 
field operator, 1754 
of pair field operators, 1861 
relations, 1984 
Commutation relations 
angular momentum, 669, 725 
field, 1989, 1996 
Commutator algebra, 165 
Commutator(s), 91, 167, 171, 187 
of functions of operators, 168 
Compatibility of observables, 232 
Complementarity, 45 
Complete set of commuting observables 
(C.S.C.O.), 133, 137, 236 
Complex variables (Lagrangian), 1982 
Compton wavelength of the electron, 825, 
1235 
Condensates 
relative phase, 2237 
with spins, 2254 
Condensation 
BCS condensation energy, 1917 
Bose-Einstein, 1446, 1857, 1933 
Condensed bosons, 1638 
Conduction band, 1492 
Conductivity (solid), 1492 
Configurations, 1467 
Conjugate momentum, 214, 323, 1531, 
1983, 1987, 1995 
Conjugation (Hermitian), 111 
Conservation 
local conservation of probability, 238 
of angular momentum, 668, 736, 1016 
of energy, 248 
of probability, 237 
Conservative systems, 245, 315 


between identical particles, 1454, 1497(ex.) Constants of the motion, 248, 317 


between identical particles in classi- 
cal mechanics, 1420 

between two identical particles, 1450 

cross section, 926 

scattering states, 928 

total scattering cross section, 926 

with absorption, 971 

Combination 
of atomic orbitals, 1172 


Contact term, 1273 
Contact term (Fermi), 1238, 1247 
Contextuality, 2231 
Continuous 
spectrum, 133, 219, 264, 1316 
variables (in a Lagrangian), 1984 
Continuum of final states, 1316, 1378, 
1380 
Contractions, 1802 
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Convolution product of two functions, 1510 
Cooling 
Doppler, 2026 
down atoms, 2025 
evaporative, 2034 
Sisyphus, 2034 
sub-Doppler, 2155 
subrecoil, 2034 
Cooper model, 1927 
Cooper pairs, 1927 
Cooperative effects (BCS), 1916 
Correlation functions, 1781, 1804 
anti-normal, 1782, 1789 
dipole and field, 2113 
for one-photon processes, 2084 
normal, 1782, 1787 
of the field, spatial, 1758 
Correlations, 2231 
between two dipoles, 1157 
between two physical systems, 296 
classical and quantum, 2221 
introduced by a collision, 1104 
Coulomb 
field, 1962 
gauge, 1965 
Coulomb potential 
cross section, 979 
Coupling 
between angular momenta, 1016 
between two angular momenta, 1091 
between two states, 412 
effect on the eigenvalues, 438 
spin-orbit coupling, 1234, 1241 
Creation and annihilation operators, 504, 
513, 514, 1596, 1990 
Creation operator (pair of particles), 1813, 
1846 
Critical velocity, 1671 
Cross section 
and phase shifts, 951 
scattering cross section, 926, 933, 953, 
972 
Current 
metastable current in superfluid, 1667 
of particles, 1758 
of probability, 240 
probability current in hydrogen atom, 
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851 
Cylindrical symmetry, 899(ex.) 


Darwin term, 1235, 1279 
De Broglie 
relation, 10 
wavelength, see front cover pages, 11, 
35 
Decay of a discrete state, 1378 
Deceleration of an atomic beam, 2025 
Decoherence, 2199 
Decomposition (Schmidt), 2193 
Decoupling (fine or hyperfine structure), 
1262, 1291 
Degeneracy 
essential, 811, 825, 845 
exchange degeneracy, 1423 
exchange degeneracy removal, 1435 
lifted by a perturbation, 1125 
rotation invariance, 1072 
systematic and accidental, 203 
Degenerate eigenvalue, 127, 203, 217, 260 
Degereracy 
lifted by a perturbation, 1117 
parity, 199 
Delta Dirac function, 1515 
potential well and barriers, 83-85(ex.) 
use in quantum mechanics, 97, 106, 
280 
Density 
Lagrangian, 1986 
of probability, 264 
of states, 389, 1316, 1484, 1488 
operator, 449, 1391 
operator and matrix, 299 
particle density operator, 1756 
Density functions 
one and two-particle, 1502(ex.) 
Depletion (quantum), 1940 
Derivative of an operator, 169 
Detection probability amplitude (photon), 
2166 
Detectors (photon), 2165 
Determinant 
Slater determinant, 1438, 1679 
Deuterium, 834, 1107(ex.) 
Diagonalization 
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of a 2 x 2 matrix, 429 
of an operator, 128 
Diagram (dressed-atom), 2133 
Diamagnetism, 855 
Diatomic molecules 
rotation, 739 
Diffusion (momentum), 2030 
Dipole 
-dipole interaction, 1142, 1153 
-dipole magnetic interaction, 1237 
electric dipole transition, 863 
electric moment, 1080 
Hamiltonian, 2011 
magnetic dipole moment, 1084 
magnetic term, 1272 
trap, 2151 
Dirac, see Fermi 
delta function, 97, 106, 280, 1515 
equation, 1233 
notation, 102 
Direct 
and exchange terms, 1613, 1632, 1634, 
1646, 1650 
term, 1447, 1453 
Discrete 
bases of the state space, 91 
spectrum, 132, 217 
Dispersion (anomalous), 2149 
Dispersion and absorption (field), 2147 
Distribution 
Boltzmann, 1630 
Bose-Einstein, 1630 
Fermi-Dirac, 1630 
function (bosons), 1629 
function (fermions), 1629 
functions, 1625, 1733 
functions (BCS), 1899 
Distribution law 
Bose-Einstein, 652 
Divergence (energy), 2007 
Donor atom, 837, 1495 
Doppler 
cooling, 2026 
effect, 2022 
effect (relativistic), 2022 
free spectroscopy, 2105 
temperature, 2033 


Double 
condensate, 2237 
resonance method, 2059 
spin condensate, 2254 
Doublet (Autler-Townes), 2144 
Down-conversion (parametric), 2181 
Dressed 
states and energies, 2133 
Dressed-atom, 2129, 2133 
diagram, 2133 
strong coupling, 2141 
weak coupling, 2137 


E.P.R., 1225(ex.) 
Eckart (Wigner-Eckart theorem), see Wigner 
Effect 
Autler-Townes, 2144 
Mossbauer, 2040 
photoelectric, 2110 
Effective Hamiltonian, 2141 
Ehrenfest theorem, 242, 319, 522 
Eigenresult, 9 
Higenstate, 217, 232 
Eigenvalue, 11, 25, 176, 216 
degenerate, 217, 260 
equation, 126, 429 
of an operator, 126 
Eigenvector, 176 
of an operator, 126 
Einstein, 2110 
coefficients, 1334, 1356, 2083 
EPR argument, 297, 1104 
model, 534, 653 
Planck-Einstein relations, 3 
temperature, 659 
Einstein-Podolsky-Rosen, 2204, 2261 
Elastic 
scattering, 925 
scattering (photon), 2086 
scattering, form factor, 1411(ex.) 
total cross section, 972 
Elastically bound electron model, 1350 
Electric 
conductivity of a solid, 1492 
Electric dipole 
Hamiltonian, 2011 
interaction, 1342 
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matrix elements, 1344 
moment, 1080 
selection rules, 1345 
transition and selection rules, 863 
transitions, 2056 
Electric field (quantized), 2000, 2005 
Electric polarisability 
NHs, 484 
Electric polarizability 
of the 1s state in Hydrogen, 1299 
Electric quadrupole 
Hamiltonian, 1347 
moment, 1082 
transitions, 1348 
Electric susceptibility 
bound electron, 577 
of an atom, 1351 
Electrical 
susceptibility, 1223(ex.) 
Electrodynamics 
classical, 1957 
quantum, 1997 
Electromagnetic field 
and harmonic oscillators, 1968 
and potentials, 321 
angular momentum, 1968, 2043 
energy, 1966 
Lagrangian, 1986, 1992 
momentum, 1967, 2019 
polarization, 1970 
quantization, 631, 637 
Electromagnetic interaction of an atom 
with a wave, 1340 
Electromagnetism 
fields and potentials, 1536 
Electron spin, 393, 985 
Electron(s) 
configurations, 1463 
gas in solids, 1491 
in solids, 1177, 1481 
mass and charge, see front cover pages 
Electronic 
configuration, 1459 
paramagnetic resonance, 1225(ex.) 
shell, 827 
Elements of reality, 2205 
Emergence of a relative phase, 2248, 2253 
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Emission 
of a quantum, 1311 
photon, 2080 
spontaneous, 2081, 2135 
stimulated (or induced), 2081 
Energy, see Conservation, Uncertainty 
and momentum of the transverse elec- 
tromagnetic field, 1973 
band, 381 
bands in solids, 1177, 1481 
conservation, 248 
electromagnetic field, 1966 
Fermi energy, 1772 
fine structure energy levels, 986 
free energy, 2290 
levels, 359 
levels of harmonic oscillator, 509 
levels of hydrogen, 823 
of a paired state, 1869 
recoil energy, 2023 
Ensemble 
canonical, 2289 
grand canonical, 2291 
microcanonical, 2285 
statistical ensembles, 2295 
Entanglement 
quantum, 2187, 2193, 2203, 2242 
swapping, 2232 
Entropy, 2286 
EPR, 2204, 2261 
elements of reality, 2205 
EPRB, 2205 
paradox/argument, 1104 
Equation of state 
ideal quantum gas, 1640 
repulsive bosons, 1745 
Equation(s) 
Bloch, 1361 
Hamilton-Jacobi, 1982, 1983, 1988 
Lagrange, 1982, 1993 
Lorentz, 1959 
Maxwell, 1959 
Schrédinger, 11, 12, 306 
von Neumann, 306 
Essential degeneracy, 811, 825 
Ethane (molecule), 1223 
Ethylene (molecule), 536, 881 
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Evanescent wave, 29, 67, 70, 78, 285 
Evaporative cooling, 2034 
Even operators, 196 
Evolution 
field operator, 1765 
of quantum systems, 223 
of the mean value, 241 
operator, 313, 2069 
operator (expansion), 2070 
operator (integral equation), 2069 
Exchange, 1611 
degeneracy, 1423 
degeneracy removal, 1435 
energy, 1469 
hole, 1774 
integral, 1474 
term, 1447, 1451, 1453 
Excitations 
BCS, 1923 
Bogolubov, 1661 
vacuum, 1623 
Excited states (BCS), 1919 
Exciton, 838 
Exclusion principle (Pauli), 1437, 1444, 
1463, 1484 
Extensive (or intensive) variables, 2292 


Fermi 
contact term, 1238 
energy, 1445, 1481, 1486, 1772 
gas, 1481 
golden rule, 1318 
level, 1486, 1621 
radius, 1621 
surface (modified), 1914 
, see Fermi-Dirac 
Fermi level 
and electric conductivity, 1492 
Fermi-Dirac 
distribution, 1486, 1630, 1717 
statistics, 1446 
Fermions, 1434 
in a Fock state, 1771 
paired, 1874 
Ferromagnetism, 1477 
Feynman 


path, 2267 


postulates, 341 
Fictitious spin, 435, 1359 
Field 
absorption, 2149 
commutation relations, 1989, 1996 
dispersion and absorption, 2147 
intense laser, 2126 
interaction energy, 1764 
kinetic energy, 1763 
normal variables, 1971 
operator, 1752 
operator (evolution), 1763, 1765 
pair field operator, 1861 
potential energy, 1764 
quantization, 1765, 1999 
quasi-classical state, 2008 
spatial correlation functions, 1758 
Final states continuum, 1378, 1380 
Fine and hyperfine structure, 1231 
Fine structure 
constant, see front cover pages, 825 
energy levels, 1478 
Hamiltonian, 1233, 1276, 1478 
Helium atom, 1478 
Hydrogen, 1238 
of spectral lines, 986 
of the states 1s, 2s et 2p, 1276 
Fletcher, 2111 
Fluctuations 
boson occupation number, 1633 
intensity, 2125 
vacuum, 644, 2007 
Fluorescence (single atom), 2121 
Fluorescence triplet, 2144 
Fock 
space, 1593, 2004 
state, 1593, 1614, 1769, 2103 
Forbidden, see Band 
energy band, 381, 390, 1481 
transition, 1345 
Forces 
van der Waals, 1151 
Form factor 
elastic scattering, 1411(ex.) 
Forward scattering (direct and exchange), 
1874 


Fourier 
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series and transforms, 1505 
Fragmentation (condensate), 1654, 1776 
Free 

electrons in a box, 1481 

energy, 2290 

particle, 14 

quantum field (Fock space), 2004 

spherical wave, 941, 944, 961 

spherical waves and plane waves, 967 
Free particle 

stationary states with well-defined an- 

gular momentum, 959 
stationary states with well-defined mo- 
mentum, 19 

wave packet, 14, 57, 347 
Frequency 

Bohr, 249 

components of the field (positive and 

negative), 2072 

Rabi’s frequency, 1325 
Friction (coefficient), 2028 
Function 

of operators, 166 

periodic functions, 1505 

step functions, 1521 
Fundamental state, 41 


Gap (BCS), 1894, 1896, 1923 
Gauge, 1343, 1536, 1960, 1963 

Coulomb, 1965 

invariance, 321 

Lorenz, 1965 
Gaussian 

wave packet, 57, 292, 2305 
Generalized velocities, 214, 1530 
Geometric quantization, 2311 
Gerlach, see Stern 
GHZ state, 2222, 2227 
Gibbs-Duhem relation, 2296 
Golden rule (Fermi), 1318 
Good quantum numbers, 248 
Grand canonical, 1626, 2291 
Grand potential, 1627, 1721, 2292 
Green’s function, 337, 936, 1781, 1786, 

1789 

evolution, 1785 

Greenberger-Horne-Zeilinger, 2227 
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Groenewold’s formula, 2315 
Gross-Pitaevskii equation, 1643, 1657 
Ground state, 363 

harmonic oscillator, 509, 520 

Hydrogen atom, 1228(ex.) 
Group velocity, 55, 60, 614 
Gyromagnetic ratio, 396, 455 

orbital, 860 

spin, 988 


H} molecular ion, 85(ex.), 417, 1189 
Hadronic atoms, 840 
Hall effect, 1493 
Hamilton 
function, 1532 
function and equations, 1531 
Hamilton-Jacobi canonical equations, 214, 
1532, 1982, 1983, 1988 
Hamiltonian, 223, 245, 1527, 1983, 1988, 
1995 
classical, 1531 
effective, 2141 
electric dipole, 1342, 2011 
electric quadrupole, 1347 
fine structure, 1233, 1276 
hyperfine, 1237, 1267 
magnetic dipolar, 1347 
of a charged particle in a vector po- 
tential, 1539 
of a particle in a central potential, 
806, 1533 
of a particle in a scalar potential, 225 
of a particle in a vector potential, 
225, 323, 328 
Hanbury Brown and Twiss, 2120 
Hanle effect, 1372(ex.) 
Hard sphere 
scattering, 980, 981(ex.) 
Harmonic oscillator, 497 
in an electric field, 575 
in one dimension, 527, 1131 
in three dimensions, 569 
in two dimensions, 755 
infinite chain of coupled oscillators, 
611 
quasiclassical states, 583 
thermodynamic equilibrium, 647 
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three-dimensional, 841, 899(ex.) 
two coupled oscillators, 599 
Hartree-Fock 
approximation, 1677, 1701 
density operator (one-particle), 1691 
equations, 1686, 1731 
for electrons, 1695 
mean field, 1677, 1693 
potential, 1706 
thermal equilibrium, 1711, 1733 
time-dependent, 1701, 1708 
Healing length, 1652 
Heaviside step function, 1521 
Heisenberg 
picture, 317, 1763 
relations, 19, 39, 41, 45, 55, 232, 290 
Helicity (photon), 2051 
Helium 
energy levels, 1467 
ion, 838 
isotopes, 1480 
isotopes *He and *He, 1435, 1446 
solidification, 535 
Hermite polynomials, 516, 547, 561 
Hermitian 
conjugation, 111 
matrix, 124 
operator, 115, 124, 130 
Histories (classical), 2272 
Hole 
creation and annihilation, 1622 
exchange, 1774 
Holes, 1621 
Hybridization of atomic orbitals, 869 
Hydrogen, 645 
atom, 803 
atom in a magnetic field, 853, 855, 
862 
atom, relativistic energies, 1245 
Bohr model, 40, 819 
energy levels, 823 
fine and hyperfine stucture, 1231 
ionisation energy, see front cover pages 
ionization energy, 820 
maser, 1251 
molecular ion, 85(ex.), 417, 1189 
quantum theory, 41 


radial equation, 821 
Stark effect, 1298 
stationary states, 851 
stationary wave functions, 830 
Hydrogen-like systems in solid state physics, 
837 
Hydrogenoid systems, 833 
Hyperfine 
decoupling, 1262 
Hamiltonian, 1237, 1267 
Hyperfine structure, see Hydrogen, muo- 
nium, positronium, Zeeman ef- 
fect, 1231 
Muonium, 1281 


Ideal gas, 1625, 1787, 1791, 1804 
correlations, 1769 
Identical particles, 1419, 1591 
Induced 
emission, 1334, 1366, 2081 
emission of a quantum, 1311 
emission of photons, 1355 
Inequality (Bell’s), 2208 
Infinite one-dimensional well, 271 
Infinite potential well, 74 
in two dimensions, 201 
Infinitesimal unitary operator, 178 
Insulator, 1492 
Integral 
exchange integral, 1474 
scattering equation, 935 
Intense laser fields, 2126 
Intensive (or extensive) variables, 2292 
Interaction 
between magnetic dipoles, 1141 
dipole-dipole interaction, 1141, 1153 
electromagnetic interaction of an atom 
with a wave, 1340 
field and particles, 2009 
field and atom, 2010 
magnetic dipole-dipole interaction, 1237 
picture, 353, 1393, 2070 
tensor interaction, 1141 
Interference 
photons, 2167 
two-photon, 2170, 2183 
Ton HJ, 1189 
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Ionization 
photo-ionization, 2109 
tunnel ionization, 2126 

Isotropic radiation, 2079 


Jacobi, see Hamilton 


Kastler, 2059, 2062 
Ket, see state, 103, 119 

for identical particles, 1436 
Kuhn, see Thomas 


Lagrange 
equations, 1530, 1982, 1993 
fonction and equations, 214 
multipliers, 2281 
Lagrangian, 1530, 1980 
densities, 1986 
electromagnetic field, 1986, 1992 
formulation of quantum mechanics, 
339 
of a charged particle in an electro- 
magnetic field, 1538 
particle in an electromagnetic field, 
323 
Laguerre-Gaussian beams, 2065 
Lamb shift, 645, 1245, 1388, 2008 
Landau levels, 771 
Landé factor, 1072, 1107(ex.), 1256, 1292 
Laplacian, 1527 
of 1/r, 1524 
of Y;"(6, y)/r't*, 1526 
Larmor 
angular frequency, 857 
precession, 394, 396, 410, 455, 857, 
1071 
Laser, 1359, 1365 
Raman laser, 2093 
saturation, 1370 
trap, 2151 
Lattices (optical), 2153 
Least action 
principle of, 1539 
Legendre 
associated function, 714 
polynomial, 713 
Length (healing), 1652 
Level 
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anticrossing, 415, 482 
Fermi level, 1621 
Lifetime, 343, 485, 645 
of a discrete state, 1386 
radiative, 2081 
Lifting of degeneracy by a perturbation, 
1125 
Light 
quanta, 3 
shifts, 1834, 2138, 2151, 2156 
Linear, see operator 
combination of atomic orbitals, 1172 
operators, 90, 108, 163 
response, 1350, 1357, 1364 
superposition of states, 253 
susceptibility, 1365 
Local conservation of probability, 238 
Local realism, 2209, 2230 
Longitudinal 
fields, 1961 
relaxation, 1400 
relaxation time, 1401 
Lorentz equations, 1959 
Lorenz (gauge), 1965 


Magnetic 
dipole term, 1272 
dipole-dipole interaction, 1237 
effect of a magnetic field on the lev- 
els of the Hydrogen atom, 1251 
hyperfine Hamiltonian, 1267 
interactions, 1232, 1237 
quantum number, 811 
resonance, 455 
susceptibility, 1224, 1487 
Magnetic dipole 
Hamiltonian, 1347 
transitions and selection rules, 1084, 
1098, 1348 
Magnetic dipoles 
interactions between two dipoles, 1141 
Magnetic field 
and vector potential, 321 
charged particle in a, 240, 771 
effects on hydrogen atom, 853, 855 
harmonic oscillator in a, 899(ex.) 
Hydrogen atom in a magnetic field, 
1263, 1289 


INDEX [The notation (ex.) refers to an exercise] 





multiplets, 1074 
quantized, 2000, 2005 
Magnetism (spontaneous), 1737 
Many-electron atoms, 1459 
Maser, 477, 1359, 1365 
hydrogen, 1251 
Mass correction (relativistic), 1234 
Master equation, 1358 
Matrice(s), 119, 121 
diagonalization of a 2x2 matrix, 429 
Pauli matrices, 425 
unitary matrix, 176 
Maxwell’s equations, 1959 
Mean field (Hartree-Fock), 1693, 1708, 
1725 
Mean value of an observable, 228 
evolution, 241 
Measurement 
general postulates, 216, 226 
ideal von Neumann measurement, 2196 
of a spin 1/2, 394 
of observables, 216 
on a part of a physical system, 293 
state after measurement, 221, 227 
Mendeleev’s table, 1463 
Metastable superfluid flow, 1671 
Methane (molecule), 883 
Microcanonical ensemble, 2285 
Millikan, 2111 
Minimal wave packet, 290, 520, 591 
Mirrors for atoms, 2153 
Mixing of states, 1121, 1137 
Model 
Cooper model, 1927 
Einstein model, 534 
elastically bound electron, 1350 
vector model of atom, 1071 
Modes 
vibrational modes, 599, 611 
Modes (radiation), 1974, 1975 
Molecular ion, 417 
Molecule(s) 
chemical bond, 417, 869, 873, 878, 
883, 1189 
rotation, 796 
vibration, 527, 1137 
vibration-rotation, 885 


Mollow, 2144 
Moment 
quadrupole electric moment, 1225(ex.) 
Momentum, 1539 
conjugate, 214, 323, 1983, 1987, 1995 
diffusion, 2030 
electromagnetic field, 1967, 2019 
mechanical momentum, 328 
Monogamy (quantum), 2221 
Mossbauer effect, 1415, 2040 
Motional narrowing, 1323 
condition, 1323, 1398, 1408 
Multiphoton transition, 1368, 2040, 2097 
Multiplets, 1072, 1074, 1467 
Multipliers (Lagrange), 2281 
Multipolar waves, 2052 
Multipole 
moments, 1077 
Multipole operators 
introduction, 1077, 1083 
parity, 1082 
Muon, 527, 541, 1281 
Muonic atom, 541, 839 
Muonium, 835 
hyperfine structure, 1281 
Zeeman effect, 1281 





Narrowing (motional), 1323, 1408 
condition, 1398 

Natural width, 345, 1388 

Need for a quantum treatment, 2118, 2120 
Neumann 

spherical function, 967 

Neutron mass, see front cover pages 
Non-destructive detection of a photon, 
2159 

Non-diagonal order (BCS), 1912 
Non-locality, 2204 

Non-resonant excitation, 1350 
Non-separability, 2207 

Nonlinear 

response, 1357, 1368 

susceptibility, 1369 

Norm 

conservation, 238 

of a state vector, 104, 237 

of a wave function, 13, 90, 99 
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Normal 
correlation function, 1782, 1787 
variables, 602, 616, 631, 633 
variables (field), 1971 
Nuclear 
multipole moments, 1088 
Bohr magneton, 1237 
Nucleus 
spin, 1088 
volume effect, 1162, 1268 
Number 
occupation number, 1439, 1593 
photon number, 2135 
total number of particles in an ideal 
gas, 1635 


Observable(s), 130 
C.S.C.O., 133, 137 
commutation, 232 
compatibility, 232 
for identical particles, 1429, 1441 
mean value, 228 
measurement of, 216, 226 
quantization rules, 223 
symmetric observables, 1441 
transformation by permutation, 1434 
whose commutator is ih, 187, 289 
Occupation number, 1439, 1593 
operator, 1598 
Odd operators, 196 
One-particle 
Hartree-Fock density operator, 1691 
operators, 1603, 1605, 1628, 1756 
Operator(s) 
adjoint operator, 112 
annihilation operator, 504, 513, 514, 
1597 
creation and annihilation, 1990 
creation operator, 504, 513, 514, 1596 
derivative of an operator, 169 
diagonalization, 126, 128 
even and odd operators, 196 
evolution operator, 313, 2069 
field, 1752 
function of, 166 
Hermitian operators, 115 
linear operators, 90, 108, 163 
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occupation number, 1598 
one-particle operator, 1603, 1605, 1628, 
1756 
parity operator, 193 
particle density operator, 1756 
permutation operators, 1425, 1430 
potential, 168 
product of, 90 
reduced to a single particle, 1607 
representation, 121 
restriction, 165 
restriction of, 1125 
rotation operator, 1001 
symmetric, 1628, 1755 
translation operator, 190 
two-particle operator, 1608, 1610, 1631, 
1756 
unitary operators, 173 
Weyl operator, 2300 
Oppenheimer, see Born, 1177, 1190 
Optical 
excitation (broadband), 1332 
lattices, 2153 
pumping, 2062, 2140 
Orbital 
angular momentum (of radiation), 2052 
atomic orbital, 1496(ex.) 
hybridization, 869 
linear combination of atomic orbitals, 
1172 
quantum number, 1463 
state space, 988 
Order parameter for pairs, 1851 
Orthonormal basis, 91, 99, 101, 133 
characteristic relation, 116 
Orthonormalization 
and closure relations, 101, 140 
relation, 116 
Oscillation(s) 
between two discrete states, 1374 
between two quantum states, 418 
Rabi, 2134 
Oscillator 
anharmonic, 502 
harmonic, 497 
strength, 1352 


Pair(s) 
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annihilation-creation of pairs, 1831, 
1874, 1887 
BCS, wave function, 1909 
Cooper, 1927 
of particles (creation operator), 1813, 
1846 
pair field (commutation), 1861 
pair field operator, 1845 
pair wave function, 1851 
Paired 
bosons, 1881 
fermions, 1874 
state energy, 1869 
states, 1811 
states (building), 1818 
Pairing term, 1878 
Paramagnetism, 855 
Parametric down-conversion, 2181 
Parity, 2106 
degeneracy, 199 
of a permutation operator, 1431 
of multipole operators, 1082 
operator, 193 
Parseval 
Parseval-Plancherel equality, 20 
Parseval-Plancherel formula, 1511, 1521 
Partial 
reflection, 79 
trace of an operator, 309 
waves in the potential, 948 
waves method, 941 
Particle (current), 1758 
Particles and holes, 1621 
Partition function, 1626, 1627, 1717 
Path 
integral, 2267 
space-time path, 339 
Pauli 
exclusion principle, 1437, 1444, 1463, 
1481 
Hamiltonian, 1009(ex.) 
matrices, 425, 991 
spin theory, 986 
spinor, 993 
Penetrating orbit, 1463 
Penrose-Onsager criterion, 1776, 1860, 1947 
Peres, 2212 


Periodic 
boundary conditions, 1489 
classification of elements, 1463 
functions, 1505 
potential (one-dimensional), 375 
Permutation operators, 1425, 1430 
Perturbation 
applications of the perturbation the- 
ory, 1231 
lifting of a degeneracy, 1125 
one-dimensional harmonic oscillator, 
1131 
random perturbation, 1320, 1325, 1390 
sinusoidal, 1311 
stationary perturbation theory, 1115 
Perturbation theory 
time dependent, 1303 
Phase 
locking (BCS), 1893, 1916 
locking (bosons), 1938, 1944 
relative phase between condensates, 
2237, 2248 
velocity, 37 
Phase shift (collision), 951, 1497(ex.) 
with imaginary part, 971 
Phase velocity, 21 
Phonons, 611, 626 
Bogolubov phonons, 1660 
Photodetection 
double, 2172, 2184 
single, 2169, 2171 
Photoelectric effect, 1412(ex.), 2110 
Photoionization, 2109, 2165 
rate, 2115, 2124 
two-photon, 2123 
Photon, 3, 631, 651, 2004, 2005, 2110 
absorption and emission, 2067 
angular momentum, 1370 
antibunching, 2121 
detectors, 2165 
non-destructive detection, 2159 
number, 2135 
scattering (elastic), 2086 
scattering by an atom, 2085 
vacuum, 2007 
, see Absorption, Emission 
Picture 
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Heisenberg, 317, 1763 
interaction, 1393, 2070 
Pitaevskii (Gross-Pitaevskii equation), 1643, 
1657 
Plancherel, see Parseval 
Planck 
constant, see front cover pages, 3 
law , 2083 
Planck-Einstein relations, 3, 10 
Plane wave, 14, 19, 95, 943 
Podolsky (EPR argument), 297, 1104 
Pointer states, 2199 
Polarizability 
of the 1s state in Hydrogen, 1299 
Polarization 
electromagnetic field, 1970 
of Zeeman components, 1295 
space-dependent, 2156 
Polynomial method (harmonic oscillator), 
555, 842 
Polynomials 
Hermite polynomials, 516, 547, 561 
Position and momentum representations, 
181 
Positive and negative frequency compo- 
nents, 2072 
Positron, 1281 
Positronium, 836 
hyperfine structure, 1281 
Zeeman effect, 1281 
Postulate (von Neumann projection), 2202 
Postulates of quantum mechanics, 215 
Potential 
adiabatic branching, 932 
barrier, 26, 68, 367, 373 
centrifugal potential, 809, 888, 893 
Coulomb potential, cross section, 979 
cylindrically symmetric, 899(ex.) 
Hartree-Fock, 1706 
infinite one-dimensional well, 74 
operator, 168 
scalar and vector potentials, 1536, 
1960, 1963 
scattering by a, 923 
self-consistent potential, 1461 
square potential, 63 
square well, 29 
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step, 28, 65, 75, 284 
well, 71, 367 
well (arbitrary shape), 359 
well (infinite one-dimensional), 271 
well (infinite two-dimensional, 201 
Yukawa potential, 977 
Precession 
Larmor precession, 396, 1071 
Thomas precession, 1235 
Preparation of a state, 235 
Pressure (ideal quantum gas), 1640 
Principal part, 1517 
Principal quantum number, 827 
Principle 
of least action, 1539, 1980 
of spectral decomposition, 11, 216 
of superposition, 237 
Probability 
amplitude, 11, 253, 259 
conservation, 237 
current, 240, 283, 333, 349, 932 
current in hydrogen atom, 851 
density, 11, 264 
fluid, 932 
of photon absorption, 2076 
of the measurement results, 9, 11 
transition probability, 439 
Process (pair annihilation-creation), 1878, 
1887 
Product 
convolution product of functions, 1510 
of matrices, 122 
of operators, 90 
scalar product, 101, 141, 149, 161 
state (tensor product), 311 
tensor product, 147 
tensor product, applications, 441 
Projection theorem, 1070 
Projector, 109, 133, 165, 218, 222, 1108(ex.) 
Propagator 
for the Schrédinger equation, 335 
of a particle, 2267, 2272 
Proper result, 9 
Proton 
mass, see front cover pages 
spin and magnetic moment, 1237, 1274 
Pumping, 1358 
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Pure (state or case), 301 


Quadrupolar electric moment, 1082, 1225(ex.) 


Quanta (circular), 761, 783 
Quantization 

electrodynamics, 1997 

electromagnetic field, 631, 637, 1997 

of a field, 1765 

of angular momentum, 394, 677 

of energy, 3, 11, 71, 359 

of measurement results, 9, 216, 398 

of the measurement results, 405 

rules, 11, 223, 226, 2274 
Quantum 

angle, 2258 

electrodynamics, 1245, 1282, 1997 

entanglement, 2187, 2193 

monogamy, 2221 

number 

orbital, 1463 
principal quantum number, 827 

numbers (good), 248 

resonance, 417 

treatment needed, 2118, 2120 
Quasi-classical 

field states, 2008 

states, 765, 791, 801 

states of the harmonic oscillator, 583 
Quasi-particles, 1736, 1840 

Bogolubov phonons, 1954 

Quasi-particle vacuum, 1836 


Rabi 
formula, 440, 460, 1324, 1376 
formula), 419 
frequency, 1325 
oscillation, 2134 
Radial 
equation, 842 
equation (Hydrogen), 821 
equation in a central potential, 808 
integral, 1277 
quantum number, 811 
Radiation 
isotropic, 2079 
pressure, 2024 
Radiative 
broadening, 2138 


cascade of the dressed atom, 2145 
Raman 

effect, 532, 740, 1373(ex.) 

laser, 2093 

scattering, 2091 

scattering (stimulated), 2093 
Random perturbation, 1320, 1325, 1390 
Rank (Schmidt), 2196 
Rate (photoionization), 2115, 2124 
Rayleigh 

line, 752 

scattering, 532, 2089 
Realism (local), 2205, 2209 
Recoil 

blocking, 2036 

effect of the nucleus, 834 

energy, 1415, 2023 

free atom, 2020 

suppression, 2040 
Reduced 

density operator, 1607 

mass, 813 
Reduction of the wave packet, 221, 279 
Reflection on a potential step, 285 
Refractive index, 2149 
Reiche, see Thomas 
Relation (Gibbs-Duhem), 2296 
Relative 

motion, 814 

particle, 814 

phase between condensates, 2248, 2258 

phase between spin condensates, 2253 
Relativistic 

corrections, 1233, 1478 

Doppler effect, 2022 

mass correction, 1234 
Relaxation, 465, 1358, 1390, 1413, 1414(ex.) 

general equations, 1397 

longitudinal, 1400 

longitudinal relaxation time, 1401 

transverse, 1403 

transverse relaxation time, 1406 
Relay state, 2086, 2098, 2106 
Renormalization, 2007 
Representation(s) 

change of, 124 

in the state space, 116 
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of operators, 121 
position and momentum, 139, 181 
Schrédinger equation, 183-185 
Repulsion between electrons, 1469 
Resonance 
magnetic resonance, 455 
quantum resonance, 417, 1158 
scattering resonance, 69, 954, 983(ex.) 
two resonnaces with a sinusoidal ex- 
citation, 1365 
width, 1312 
with sinusoidal perturbation, 1311 
Restriction of an operator, 165, 1125 
Rigid rotator, 740, 1222(ex.) 
Ritz theorem, 1170 
Root mean square deviation 
general definition, 230 
Rosen (EPR argument), 297, 1104 
Rotating frame, 459 
Rotation(s) 
and angular momentum, 717 
invariance and degeneracy, 734 
of diatomic molecules, 739 
of molecules, 796, 885 
operator(s), 720, 1001 
rotation invariance, 1478 
rotation invariance and degeneracy, 
1072 
Rotator 
rigid rotator, 740, 1222(ex.) 
Rules 
quantization rules, 2274 
selection rules, 197 
Rutherford’s formula, 979 
Rydberg constant, see front cover pages 


Saturation 
of linear response, 1368 
of the susceptibility, 1369 

Scalar 
and vector potentials, 321, 1536 
interaction between two angular mo- 

menta, 1091 

observable, operator, 732, 737 
potential, 225 
product, 89, 92, 101, 141, 149, 161 
product of two coherent states, 593 
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Scattering 
amplitude, 929, 953 
by a central potential, 941 
by a hard sphere, 980, 981(ex.) 
by a potential, 923 
cross section, 933, 953, 972 
cross section and phase shifts, 951 
inelastic, 2091 
integral equation, 935 
of particles with spin, 1102 
of spin 1/2 particles, 1108(ex.) 
photon, 2086 
Raman, 2091 
Rayleigh, 532, 2089 
resonance, 954, 983(ex.) 
resonant, 2089 
stationary scattering states, 951 
stationary states, 928 
stimulated Raman, 2093 
Schmidt 
decomposition, 2193 
rank, 2196 
Schottky anomaly, 654 
Schrédinger, 2190 
equation, 11, 12, 223, 306 
equation in momentum representa- 
tion, 184 
equation in position representation, 
183 
equation, physical implications, 237 
equation, resolution for conservative 
systems, 245 
picture, 317 
Schwarz inequality, 161 
Second 
quantization, 1766 
harmonic generation, 1368 
Secular approximation, 1316, 1374 
Selection rules, 197, 863, 2014, 2056 
electric quadrupolar, 1348 
magnetic dipolar, 1098, 1348 
Self-consistent potential, 1461 
Semiconductor, 837, 1493 
Separability, 2207, 2223 
Separable density operator, 2223 
Shell (electronic), 827 
Shift 
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light shift, 2138 

of a discrete state, 1387 
Singlet, 1024, 1474 
Sinusoidal perturbation, 1311, 1374 
Sisyphus 

cooling, 2034 

effect, 2155 
Slater determinant, 1438, 1679 
Slowing down atoms, 2025 
Solids 

electronic bands, 1177 

energy bands of electrons, 1491 

energy bands of electrons in solids, 

381 
hydrogen-like systems in solid state 
physics, 837 

Space (Fock), 1593 
Space-dependent polarization, 2156 
Space-time path, 339, 1539 
Spatial correlations (ideal gas), 1769 
Specific heat 

of an electron gas, 1484 

of metals, 1487 

of solids, 653 

two level system, 654 
Spectral 

decomposition principle, 7, 11, 216 

function, 1795 

terms, 1469 
Spectroscopy (Doppler free), 2105 
Spectrum 

BCS elementary excitation, 1923 

continuous, 219, 264 

discrete, 132, 217 

of an observable, 126, 216 
Spherical 

Bessel equation, 961 

Bessel function, 944, 966 

free spherical waves, 961 

free wave, 944 

Neumann function, 967 

wave, 941 

waves and plane waves, 967 
Spherical harmonics, 689, 705 

addition of, 1059 

expression for 1=0,1,2 , 709 

general expression, 707 


Spin 
and magnetic moment of the proton, 
1237 
angular momentum, 987 
electron, 985, 1289 
fictitious, 435 
gyromagnetic ratio, 396, 455, 988 
nuclear, 1088 
of the electron, 393 
Pauli theory, 986, 988 
quantum description, 985, 991 
rotation operator, 1001 
scattering of particles with spin, 1102 
spin 1 and radiation, 2044, 2049, 2050 
system of two spins, 441 
Spin 1/2 
density operator, 449 
ensemble of, 1358 
fictitious, 1359 
interaction between two spins, 1141 
preparation and measurement, 401 
scattering of spin 1/2 particles, 1108(ex.) 
Spin-orbit coupling, 1018, 1234, 1241, 1279 
Spin-statistics theorem, 1434 
Spinor, 993 
rotation, 1005 
Spontaneous 
emission, 343, 645, 1301, 2081, 2135 
emission of photons, 1356 
magnetism of fermions, 1737 
Spreading of a wave packet, 59, 348 
Square 
barrier of potential, 26, 68 
potential, 26, 63, 75, 283 
potential well, 71, 271 
spherical well, 982(ex.) 
Standard representation (angular momen- 
tum), 677, 691 
Stark effect in Hydrogen atom, 1298 
State(s), see Density operator 
density of, 389, 1316, 1484, 1488 
Fock, 1593, 1614, 1769, 2103 
ground state, 363 
mixing of states by a perturbation, 
1121 
orbital state space, 988 
paired, 1811 
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pointer states, 2199 
quasi-classical states, 583, 765, 791, 
801 
relay state, 2086, 2098, 2106 
stable and unstable states, 485 
state after measurement, 221 
state preparation, 235 
stationary, 63, 359, 375 
stationary state, 24, 246 
stationary states in a central poten- 
tial, 804 
unstable, 343 
vacuum state, 1595 
vector, 102, 215 
Stationary 
perturbation theory, 1115 
phase condition, 18, 54 
scattering states, 928, 951 
states, 24, 63, 246, 359 
states in a periodic potential, 375 
states with well-defined angular mo- 
mentum, 944, 959 
states with well-defined momentum, 
943 
Statistical 
entropy, 2217 
mechanics (review of), 2285 
mixture of states, 253, 299, 304, 450 
Statistics 
Bose-Einstein, 1446 
Fermi-Dirac, 1446 
Step 
function, 1521 
potential, 28, 65, 75, 284 
Stern-Gerlach experiment, 394 
Stimulated 
(or induced) emission, 1334, 1366, 
2081 
Raman scattering, 2093 
Stokes Raman line, 532, 752 
Stoner (spontaneous magnetism), 1737 
Strong coupling (dressed-atom), 2141 
Subrecoil cooling, 2034 
Sum rule (Thomas-Reiche-Kuhn), 1352 
Superfluidity, 1667, 1674 
Superposition 
of states, 253 
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principle, 7, 237 
principle and physical predictions, 253 
Surface (modified Fermi surface), 1914 
Susceptibility, see Linear, nonlinear, ten- 
sor 
electric susceptibility of an atom, 1351 
electrical susceptibility, 577, e1223 
electrical susceptibility of NH3, 484 
magnetic susceptibility, 1224 
tensor, 1224, 1410(ex.) 
Swapping (entanglement), 2232 
Symmetric 
ket, state, 1428, 1431 
observables, 1429, 1441 
operators, 1603, 1605, 1608, 1610, 
1628, 1631, 1755 
Symmetrization 
of observables, 224 
postulate, 1434 
Symmetrizer, 1428, 1431 
System 
time evolution of a quantum system, 
223 
two-level system, 435 
Systematic 
and accidental degeneracies, 203 
degeneracy, 845 


Temperature (Doppler), 2033 
Tensor 

interaction, 1141 

product, 147, 441 

product of operators, 149 

product state, 295, 311 

product, applications, 201 

susceptibility tensor, 1224 
Term 

direct and exchange terms, 1613, 1632, 

1634, 1646, 1650 

pairing, 1878 

spectral terms, 1467, 1469 
Theorem 

Bell, 2204, 2208 

Bloch, 659 

projection, 1070 

Ritz, 1170 

Wick, 1799, 1804 
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Wigner-Eckart, 1065, 1085, 1254 
Thermal wavelength, 1635 
Thermodynamic equilibrium, 308 

harmonic oscillator, 647 

ideal quantum gas, 1625 

spin 1/2, 452 
Thermodynamic potential (minimization), 

1715 
Thomas precession, 1235 
Thomas-Reiche-Kuhn sum rule, 1352 
Three-dimensional harmonic oscillator, 569, 
841, 899(ex.) 
Three-level system, 1409(ex.) 
Three-photon transition, 1370 
Time evolution of quantum systems, 223 
Time-correlations (fluorescent photons), 
2145 
Time-dependent 

Gross-Pitaevskii equation, 1657 

perturbation theory, 1303 
Time-energy uncertainty relation, 250, 279, 

345, 1312, 1389 
Torsional oscillations, 536 
Torus (flow in a), 1667 
Total 

elastic scattering cross section, 972 

reflection, 67, 75 

scattering cross section (collision), 926 
Townes 

Autler-Townes effect, 1410 
Trace 

of an operator, 163 

partial trace of an operator, 309 
Transform (Wigner), 2297 
Transformation 

Bogolubov, 1950 

Bogolubov-Valatin, 1836, 1919 

Gauge, 1960 

of observables by permutation, 1434 
Transition, see Probability, Forbidden, Elec- 

tric dipole, Magnetic dipole, 

Quadrupole electric dipole, 2056 

magnetic dipole transition, 1098 

probability, 439, 1308, 1321, 1355 

probability per unit time, 1319 

probability, spin 1/2, 460 

three-photon transition, 1370 


two-photon, 2097 
virtual, 2100 
Translation operator, 190, 579, 791 
Transpositions, 1431 
‘Transverse 
fields, 1961 
relaxation, 1403 
relaxation time, 1406 
Trap 
dipolar, 2151 
laser, 2151 
Triplet, 1024, 1474 
fluorescence triplet, 2144 
Tunnel 
effect, 29, 70, 365, 476, 540, 1177 
ionization, 2126 
Two coupled harmonic oscillators, 599 
Two-dimensional 
harmonic oscillator, 755 
infinite potential well, 201 
wave packets, 49 
Two-level system, 393, 411, 435, 1357 
Two-particle operators, 1608, 1610, 1631, 
1756 
Two-photon 
absorption, 1373(ex.) 
interference, 2170, 2183 
transition, 1409(ex.), 2097 


Uncertainty 
relation, 19, 39, 41, 45, 232, 290 
time-energy uncertainty relation, 1312 
Uniqueness of the measurement result, 
2201 
Unitary 
matrix, 125, 176 
operator, 173, 314 
transformation of operators, 177 
Unstable states, 343 


Vacuum 
electromagnetism, 644, 2007 
excitations, 1623 
fluctuations, 2007 
photon vacuum, 2007 
quasi-particule vacuum, 1836 
state, 1595 

Valence band, 1493 
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Van der Waals forces, 1151 
Variables 
intensive or extensive, 2292 
normal variables, 602, 616, 631, 633 
Variational method, 1169, 1190, 1228(ex.) 
Vector 
model, 1091 
model of the atom, 1071, 1256 
observable, operator, 732 
operator, 1065 
potential, 225 
potential of a magnetic dipole, 1268 
Velocity 
critical, 1671 
generalized velocities, 214, 1530 
group velocity, 23, 614 
phase velocity, 21, 37 
Vibration(s) 
modes, 599, 611 
modes of a continuous system, 631 
of molecules, 885, 1137 
of nuclei in a crystal, 534, 611, 653 
of the nuclei in a molecule, 527 
Violations of Bell’s inequalities, 2210, 2265 
Virial theorem, 350, 1210 
Virtual transition, 2100 
Volume effect, 544, 840, 1162, 1268 
Von Neumann 
chain, 2201 
equation, 306 
ideal measurement, 2196 
reduction postulate, 2202 
statistical entropy, 2217 
Vortex in a superfluid, 1667 


Water (molecule), 873, 874 
Wave (evanescent), 67 
Wave function, 88, 140, 226 
BCS pairs, 1901, 1909 
Hydrogen, 830 
norm, 90 
pair wave functions, 1851 
particle, 11 
Wave packet(s) 
Gaussian, 57, 2305 
in a potential step, 75 
in three dimensions, 53 
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minimal, 290, 520, 591 
motion in a harmonic potential, 596 
one-photon, 2168 
particle, 13 
photon, 2163 
propagation, 20, 57, 242, 398 
reduction, 221, 227, 265, 279 
spreading, 57, 59, 347, 348(ex.) 
two-dimension, 49 
two-photons, 2181 
Wave(s) 
de Broglie wavelength, 10, 35 
evanescent, 29 
free spherical waves, 961 
multipolar, 2052 
partial waves, 948 
plane, 14, 19, 943 
wave function, 11, 88, 140, 226 
Wave-particle duality, 3, 45 
Wavelength 
Compton wavelength, 1235 
de Broglie, 10 
Weak coupling (dressed-atom), 2137 
Well 
potential square well, 29 
potential well, 367 
Weyl 
operator, 2300 
quantization, 2311 
Which path type of experiments, 2202 
Wick’s theorem, 1799, 1804 
Wigner transform, 2297 
Wigner-Eckart theorem, 1065, 1085, 1254 


Young (double slit experiment), 4 
Yukawa potential, 977 


Zeeman 
components, polarizations, 865 
effect, 855, 862, 987, 1251, 1253, 1257, 
1261, 1281 
polarization of the components, 1295 
slower, 2025 
Zeeman effect 
Hydrogen, 1289 
in muonium, 1281 
in positronium, 1281 
Muonium, 1284 
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Zone (Brillouin zone), 614 
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Directions for Use 


This book is composed of chapters and their complements: 


— The chapters contain the fundamental concepts. Except for a few 
additions and variations, they correspond to a course given in the last 
year of a typical undergraduate physics program (Volume I) or of a 
graduate program (Volumes II and III). The 21 chapters are complete in 
themselves and can be studied independently of the complements. 


— The complements follow the corresponding chapter. Each is labelled 
by a letter followed by a subscript, which gives the number of the chapter 
(for example, the complements of Chapter V are, in order, Ay, By, Cy, 
etc.). They can be recognized immediately by the symbol e that appears 
at the top of each of their pages. 


The complements vary in character. Some are intended to expand the 
treatment of the corresponding chapter or to provide a more detailed 
discussion of certain points. Others describe concrete examples or in- 
troduce various physical concepts. One of the complements (usually the 
last one) is a collection of exercises. 


The difficulty of the complements varies. Some are very simple examples 
or extensions of the chapter. Others are more difficult and at the grad- 
uate level or close to current research. In any case, the reader should 
have studied the material in the chapter before using the complements. 


The complements are generally independent of one another. The student 
should not try to study all the complements of a chapter at once. In 
accordance with his/her aims and interests, he/she should choose a small 
number of them (two or three, for example), plus a few exercises. The 
other complements can be left for later study. To help with the choise, 
the complements are listed at the end of each chapter in a “reader’s 
guide”, which discusses the difficulty and importance of each. 


Some passages within the book have been set in small type, and these 
can be omitted on a first reading. 
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Foreword 


Quantum mechanics is a branch of physics whose importance has continually in- 
creased over the last decades. It is essential for understanding the structure and dynamics 
of microscopic objects such as atoms, molecules and their interactions with electromag- 
netic radiation. It is also the basis for understanding the functioning of numerous new 
systems with countless practical applications. This includes lasers (in communications, 
medicine, milling, etc.), atomic clocks (essential in particular for the GPS), transistors 
(communications, computers), magnetic resonance imaging, energy production (solar 
panels, nuclear reactors), etc. Quantum mechanics also permits understanding surpris- 
ing physical properties such as superfluidity or supraconductivity. There is currently a 
great interest in entangled quantum states whose non-intuitive properties of nonlocality 
and nonseparability permit conceiving remarkable applications in the emerging field of 
quantum information. Our civilization is increasingly impacted by technological appli- 
cations based on quantum concepts. This why a particular effort should be made in the 
teaching of quantum mechanics, which is the object of these three volumes. 

The first contact with quantum mechanics can be disconcerting. Our work grew 
out of the authors’ experiences while teaching quantum mechanics for many years. It 
was conceived with the objective of easing a first approach, and then aiding the reader 
to progress to a more advance level of quantum mechanics. The first two volumes, first 
published more than forty years ago, have been used throughout the world. They remain 
however at an intermediate level. They have now been completed with a third volume 
treating more advanced subjects. Throughout we have used a progressive approach to 
problems, where no difficulty goes untreated and each aspect of the diverse questions is 
discussed in detail (often starting with a classical review). 

This willingness to go further “without cheating or taking shortcuts” is built into 
the book structure, using two distinct linked texts: chapters and complements. As we 
just outlined in the “Directions for use”, the chapters present the general ideas and 
basic concepts, whereas the complements illustrate both the methods and concepts just 
exposed. 

Volume I presents a general introduction of the subject, followed by a second 
chapter describing the basic mathematical tools used in quantum mechanics. While 
this chapter can appear long and dense, the teaching experience of the authors has 
shown that such a presentation is the most efficient. In the third chapter the postulates 
are announced and illustrated in many of the complements. We then go on to certain 
important applications of quantum mechanics, such as the harmonic oscillator, which 
lead to numerous applications (molecular vibrations, phonons, etc.). Many of these are 
the object of specific complements. 

Volume II pursues this development, while expanding its scope at a slightly higher 
level. It treats collision theory, spin, addition of angular momenta, and both time- 
dependent and time-independent perturbation theory. It also presents a first approach 
to the study of identical particles. In this volume as in the previous one, each theoretical 
concept is immediately illustrated by diverse applications presented in the complements. 
Both volumes I and II have benefited from several recent corrections, but there have also 
been additions. Chapter XIII now contains two sections §§ D and E that treat random 
perturbations, and a complement concerning relaxation has been added. 
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Volume III extends the two volumes at a slightly higher level. It is based on the 
use of the creation and annihilation operator formalism (second quantization), which is 
commonly used in quantum field theory. We start with a study of systems of identical 
particles, fermions or bosons. The properties of ideal gases in thermal equilibrium are 
presented. For fermions, the Hartree-Fock method is developed in detail. It is the base 
of many studies in chemistry, atomic physics and solid state physics, etc. For bosons, the 
Gross-Pitaevskii equation and the Bogolubov theory are discussed. An original presen- 
tation that treats the pairing effect of both fermions and bosons permits obtaining the 
BCS (Bardeen-Cooper-Schrieffer) and Bogolubov theories in a unified framework. The 
second part of volume III treats quantum electrodynamics, its general introduction, the 
study of interactions between atoms and photons, and various applications (spontaneous 
emission, multiphoton transitions, optical pumping, etc.). The dressed atom method is 
presented and illustrated for concrete cases. A final chapter discusses the notion of quan- 
tum entanglement and certain fundamental aspects of quantum mechanics, in particular 
the Bell inequalities and their violations. 

Finally note that we have not treated either the philosophical implications of quan- 
tum mechanics, or the diverse interpretations of this theory, despite the great interest 
of these subjects. We have in fact limited ourselves to presenting what is commonly 
called the “orthodox point of view”. It is only in Chapter XXI that we touch on certain 
questions concerning the foundations of quantum mechanics (nonlocality, etc.). We have 
made this choice because we feel that one can address such questions more efficiently 
after mastering the manipulation of the quantum mechanical formalism as well as its nu- 
merous applications. These subjects are addressed in the book Do we really understand 
quantum mechanics? (F. Laloé, Cambridge University Press, 2019); see also section 5 of 
the bibliography of volumes I and II. 
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Introduction 


For a system composed of identical particles, the particle numbering used in Chapter 
XIV, the last chapter of Volume II [2], does not really have much physical significance. 
Furthermore, when the particle number gets larger than a few units, applying the sym- 
metrization postulate to numbered particles often leads to complex calculations. For 
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example, computing the average value of a symmetric operator requires the symmetriza- 
tion of the bra, the ket, and finally the operator, which introduces a large number of 
terms!. They seem different, a priori, but at the end of the computation many are found 
to be equal, or sometimes cancel each other. Fortunately, these lengthy calculations may 
be avoided using an equivalent method based on creation and annihilation operators in 
a “Fock space”. The simple commutation (or anticommutation) rules satisfied by these 
operators are the expression of the symmetrization (or antisymmetrization) postulate. 
The non-physical particle numbering is replaced by assigning “occupation numbers” to 
individual states, which is more natural for treating identical particles. 

The method described in this chapter and the following is sometimes called “second 
quantization”?. It deals with operators that no longer conserve the particle number, 
hence acting in a state space larger than those we have previously considered; this new 
space is called the “Fock space” (§ A). These operators which change the particle number 
appear mainly in the course of calculations, and often regroup at the end, keeping the 
total particle number constant. Examples will be given (§ B) for one-particle symmetric 
operators, such as the total linear momentum or angular momentum of a system of 
identical particles. We shall then study two-particle symmetric operators (§ C), such as 
the energy of a system of interacting identical particles, their spatial correlation function, 
etc. In quantum statistical mechanics, the Fock space is well adapted to computations 
performed in the “grand canonical” ensemble, where the total number of particles may 
fluctuate since the system is in contact with an external reservoir. Furthermore, as we 
shall see in the following chapters, the Fock space is very useful for describing physical 
processes where the particle number changes, as in photon absorption or emission. 


A. General formalism 


We denote Ey the state space of a system of N distinguishable particles, which is the 
tensor product of N individual state spaces €): 


En = E1(1) ®@ E,(2) ®.. @E\(N) (A-1) 


Two sub-spaces of Ey are particularly important for identical particles, as they contain 
all their accessible physical states: the space Eg(N) of the completely symmetric states 
for bosons, and the space E4(N) of the completely antisymmetric states for fermions. 
The projectors onto these two sub-spaces are given by relations (B-49) and (B-50) of 
Chapter XIV: 


1 
Sn = NI yo Po. (A-2) 
and: 
1 
An = NI Seeks (A-3) 





1For a one-particle symmetric operator, which includes the sum of N terms, both the ket and bra 
contain N! terms. The matrix element will therefore involve N (N 1)? terms, a very large number once 
N exceeds a few units. 

2A commonly accepted but a somewhat illogical expression, since no new quantification comes in 
addition to that of the usual postulates of Quantum Mechanics; its essential ingredient is the sym- 
metrization of identical particles. 
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where the P, are the N! permutation operators for the N particles, and ¢, the parity 
of P, (in this chapter we have added for clarity the index N to the projectors S and A 
defined in Chapter XIV). 


A-1. Fock states and Fock space 


Starting from an arbitrary orthonormal basis {|u;,)} of the state space for one 
particle, we constructed in § C-3-d of Chapter XIV a basis of the state space for N 
identical particles. Its vectors are characterized by the occupation numbers n;, with: 


nytneat.tnet+.=N (A-4) 


where n, is the occupation number of the first basis vector |u;) (ie. the number of 
particles in |ui)), no that of jug), ...n, that of |u,). In this series of numbers, some 
(even many) may be zero: a given state has no particular reason to always be occupied. 
It is therefore often easier to specify only the non-zero occupation numbers, which will 
be noted nj,nj;,..,%,... This series indicates that the first basis state that has at least 
one particle is |u;) and it contains n; particles; the second occupied state is |u;) with a 
population n,;, etc. As in (A-4), these occupation numbers add up to N. 


Comment: 


In this chapter we constantly use subscripts of different types, which should not be 
confused. The subscripts i, 7, k, 1, ..denote different basis vectors {|u;)} of the state 
space €1 of a single particle; they span values given by the dimension of this state space, 
which often goes to infinity. They should not be confused with the subscripts used to 
number the particles, which can take N different values, and are labeled gq, q’, etc. 
Finally the subscript @ distinguishes the different permutations of the N particles, and 
can therefore take N! different values. 


A-1-a. Fock states for identical bosons 


For bosons, the basis vectors can be written as in (C-15) of Chapter XIV: 


\ni, Up 5 +5 MU, i) 


=cSylliuy 2: uy 5 metus nmetliugs . met ng tuys -) (A-5) 


where c is a normalization constant; on the right-hand side, n; particles occupy the state 
|u;), n; the state |u;), etc... (because of symmetrization, their order does not matter). 
Let us calculate the norm of the right-hand term. It is composed of N! terms, 
coming from each of the N! permutations included in Sy, but only some of them are 
orthogonal to each other: all the permutations P, leading to redistributions of the n,; 
first particles among themselves, of the next n,; particles among themselves, etc. yield 
the same initial ket. On the other hand, if a permutation changes the individual state 
of one (or more than one) particle, it yields a different ket, actually orthogonal to the 
initial ket. This means that the different permutations contained in Sy can be grouped 
into families of nj!nj!..n;!.. equivalent permutations, all yielding the same ket; taking 
into account the factor N! appearing in the definition of Sj, the coefficient in front of 
this ket becomes n,!n,!..nj!../N! and its contribution to the norm of the ket is equal 
to the square of this number. On the other hand, the number of orthogonal kets is 
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N!/nj!nj!..nj!... Consequently if c was equal to 1 in formula (A-5), the ket thus defined 
would have a norm equal to: 


N! 1 > nglng!..ni!.. 
ye Ne i al ! eat eo Se) 2 
nilnj!nl.. samtnstne. ~~ NI Ce) 


We shall therefore choose for c the inverse of the square root of that number, leading to 
the normalized ket: 


Ins, Djs. MU, ..) 






N! 
Sa Sn [liu 2: ug 5 metus metliuys.5 netnz sus; -.) 
4M 7+... 


(A-7) 


These states are called the “Fock states”, for which the occupation numbers are well 
defined. 

For the Fock states, it is sometimes handy to use a slightly different but equivalent 
notation. In (A-7), these states are defined by specifying the occupation numbers of all 
the states that are actually occupied (n; > 1). Another option would be to indicate all 
the occupation numbers including those which are zero 3 — this is what we have explicitly 
done in (A-4). We then write the same kets as: 


|721, M2, +0, Mis ++) NU, --) (A-8) 


Another possibility is to specify a list of N occupied states, where u; is repeated n,; times, 
u; repeated n,; times, etc. : 


[ted Mi anh gM Ue. tas este SE dea) (A-9) 
ee _ —-?-STe eo 
n,-times n,j-times 


As we shall see later, this latter notation is sometimes useful in computations involving 
both bosons and fermions. 


A-1-b. Fock states for identical fermions 


In the case of fermions, the operator Ay acting on a ket where two (or more) 
numbered particles are in the same individual state yields a zero result: there are no 
such states in the physical space E4(N). Hence we concentrate on the case where all 
the occupation numbers are either 1 or 0. We denote |u;), |u;),..,Juz), .. all the states 
having an occupation number equal to 1. The equivalent for fermions of formula (A-7) 
is written: 


|Ug, Uy, 5 Ua, »-) 


VN! An |L: ui 2: uy; 25 @i uy; ..) if all the u; are different 
0 if two u; are identical 


(A-10) 





3Remember that, by convention, 0! = 1. 
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Taking into account the 1/N! factor appearing in definition (A-3) of Ay, the right- 
hand side of this equation is a linear superposition, with coefficients 1/ VNI!, of N! kets 
which are all orthogonal to each other (as we have chosen an orthonormal basis for the 
individual states {|w,)}); hence its norm is equal to 1. Consequently, Fock states for 
fermions are defined by (A-10). Contrary to bosons, the main concern is no longer how 
many particles occupy a state, but whether a state is occupied or not. Another difference 
with the boson case is that, for fermions, the order of the states matters. If for instance 
the first two states u; and u; are exchanged, we get the opposite ket: 


|Uj, Ui, --, UW, -.) = — |Uy, Uy, Ua, -) (A-11) 
but it obviously does not change the physical meaning of the ket. 


A-1-c. Fock space 


The Fock states are the building blocks used to construct this whole chapter. We 
have until now considered separately the spaces €g,4(N) associated with different values 
of the particle number N. We shall now regroup them into a single space, called the 
“Fock space ”, using the direct sum* formalism. For bosons: 


Eb = Es(0) © Es(1) © Es(2) @.. @Es(N) O.. (A-12) 
and, for fermions: 
Ef a. = Ea(0) © Ea(1) © Ea(2) @.. BEg(N) O.. (A-13) 


(the sums go to infinity). In both cases, we have included on the right-hand side a first 
term associated with a total number of particles equal to zero. The corresponding space, 
Es,a(0), is defined as a one-dimensional space, containing a single state called “vacuum” 
and denoted |0) or |vac). For bosons as well as fermions, an orthonormal basis for the Fock 
space can be built with the Fock states |n1, n2,...,ni,.,m..), relaxing the constraint (A- 
4): the occupation numbers may then take on any (integer) values, including zeros for all, 
which corresponds to the vacuum ket |0). Linear combinations of all these basis vectors 
yield all the vectors of the Fock space, including linear superpositions of kets containing 
different particle numbers. It is not essential to attribute a physical interpretation to such 
superpositions since they can be considered as intermediate states of the calculation. 
Obviously, the Fock space contains many kets with well defined particle numbers: all 
those belonging to a single sub-space Eg(N) for bosons, or E4(N) for fermions. Two kets 
having different particle numbers N are necessarily orthogonal; for example, all the kets 
having a non-zero total population are orthogonal to the vacuum state. 


Comments: 


(i) Contrary to the distinguishable particle case, the Fock space is not the tensor product 
of the spaces of states associated with particles numbered 1, 2,..., g, etc. First of all, for a 





“The direct sum of two spaces €p (with dimension P) and €g (with dimension Q ) is a space Epi.g 
with dimension P + Q, spanned by all the linear combinations of a vector from the first space with a 
vector from the second. A basis for Ep;+g may be simply obtained by grouping together a basis for Ep 
and one for Eg. For example, vectors of a two-dimensional plane belong to a space that is the direct 
sum of the one-dimensional spaces for the vectors of two axes of that plane. 
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fixed N, it only includes the totally symmetric (or antisymmetric) subspace of this tensor 
product; furthermore, the Fock space is the direct sum of such subspaces associated with 
each value of the particle number N. 

The Fock space is, however, the tensor product of Fock spaces €;,/.,, associated with the 
individual orthogonal states |ui), each E;,',, being spanned by the kets |n:) where n; takes 
on all integer values (from zero to infinity for bosons, from zero to one for fermions): 


S,A i 

EBsck = Epon ® Evock ® + @ EFock ® -. (A-14) 

This is because the Fock states, which are a basis for es may be written as the tensor 
product: 


|n1, N2,.., Ni, --) = |n1) ® |nz) ®.. @|ni) ®.. (A-15) 


It is often said that each individual state defines a “mode” of the system of identical 
particles. Decomposing the Fock state into a tensor product allows considering the modes 
as describing different and distinguishable variables. This will be useful on numerous 
occasions (see for example Complements Bxv, Dxv and Exy). 

(ii) One should not confuse a Fock state with an arbitrary state of the Fock space. The 
occupation numbers of individual states are all well defined in a Fock state (also called 
“number state”), whereas an arbitrary state of the Fock space is a linear superposition 
of these eigenstates, with several non-zero coefficients. 


A-2. Creation operators a! 


Choosing a basis of individual states {|u;)}, we now define the action in the Fock 
space of the creation operator? al, on a particle in the state |u;). 


A-2-a. Bosons 


For bosons, we introduce the linear operator al, defined by: 


al, \n4, N12, +) Ni, «) =ynt+1 |n1, nea, ., 41, “) (A-16) 


As all the states of the Fock space may be obtained by a linear superposition of |n1, na, .., i, ..), 
the action of al, is defined in the entire space. It adds a particle to the system, which 
goes from a state of Eg(N) to a state of Eg(N +1), and in particular from the vacuum 
to a state having one single occupied state. 

Creation operators acting on the vacuum allow building occupied states. Recurrent 
application of (A-16), leads to: 


= [al] [at,,]? - [at] ..[0) (A-17) 


|, 2, .-, Ma; --) — “ila. ih T A tb 6 
1-71Q-..M4:.. 


Comment: 


Why was the factor \/n; + 1 introduced in (A-16)? We shall see later (§ B) that, together 
with the factors of (A-7), it simplifies the computations. 





5 ae: ; : , 
°A similar notation was used for the harmonic oscillator. 
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A-2-b. Fermions 
For fermions, we define the operator al, by: 
al, [Uy +5 Whey vy Ul, -) = [Ua, Uy, +) Uh, +) W, -) (A-18) 
where the newly created state |u;) appears first in the list of states in the ket on the 
right-hand side. If we start from a ket where the individual state |u,;) is already occupied 
(n; = 1), the action of af,, leads to zero, as in this case (A-10) gives: 


al 


Ui 





tie shy ss 2.4 Ups 26) — a igs oi Uh ttt, cp =O (A-19) 


Formulas (A-16) and (A-17) are also valid for fermions, with all the occupation numbers 
equal to 0 or 1(or else both members are zero). 


Comment: 


Definition (A-18) must not depend on the specific order of the individual states uj, .., Uz, .., Ul, - 
in the ket on which the operator a}, acts. It can be easily verified that any permutation 
of the states simply multiply by its parity both members of the equality. It therefore 
remains valid independently of the order chosen for the individual states in the initial 
ket. 


A-3. Annihilation operators a 


We now study the Hermitian conjugate operator of al, that we shall simply call 


Gy, Since taking twice in a row the Hermitian conjugate of an operator brings you back 
to the initial operator. 


A-3-a. Bosons 


For bosons, we deduce from (A-16) that the only non-zero matrix elements of aj, 
in the Fock states orthonormal basis are: 


N1,N2,.,Ni,..) =Vu +1 (A-20) 


They link two vectors having equal occupation numbers except for n;, which increases 
by one going from the ket to the bra. 

The matrix elements of the Hermitian conjugate of al, are obtained from relation 
(A-20), using the general definition (B-49) of Chapter II. The only non-zero matrix 
elements of a,, are thus: 


(nq, 2, --, Ni; --| Au; |N1,N2,-,Ni+1,..) =Vn +1 (A-21) 


Since the basis we use is complete, we can deduce the action of the operators a; on kets 
having given occupation numbers: 


N1,N2, +, Ni,..) = V/ni |N1, Ne, ..,2; — 1,..) (A-22) 


(note that we have replaced n; by n; — 1). As opposed to al, , which adds a particle 
in the state |u,;), the operator a,, takes one away; it yields zero when applied on a ket 
where the state |u;) is empty to begin with, such as the vacuum state: 


au, |0) = 0 (A-23) 





(n1, Ne, +1,..| al, 





Qu, 


We call ay, “the annihilation operator” for the state |u;). 
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A-3-b. Fermions 


For fermions, relation (A-18) allows writing the matrix elements: 
(Ui, Uz, +, Uk, Ud, «| al, |Uj, 5 Wk, Ut, ) = 1 (A-24) 


The only non-zero elements are those where all the individual occupied states are left 
unchanged in the bra and the ket, except for the state u; only present in the bra, but 
not in the ket. As for the occupation numbers, none change, except for n; which goes 
from 0 (in the ket) to 1 (in the bra). 

The Hermitian conjugation operation then yields the action of the corresponding 
annihilation operator: 


Ay, |Wi, Uj, Uk, +) UW, --) = |Uz, Uke) UL, -») (A-25) 


or, if initially the state |u;) is not occupied: 





Ay, |Wj,Uks 5 Ut, -) = 0 (A-26) 
Relations (A-22) and (A-23) are also valid for fermions, with the usual condition that all 
occupation numbers should be equal to 0 or 1; otherwise, the relations amount to 0 = 0. 


Comment: 
To use relation (A-25) when the state |u;) is already occupied but not listed in the first 


position, we first have to bring it there; if it requires an odd permutation, a change of 
sign will occur. For example: 


Quy [ur,u2) = — lus) (A-27) 


For fermions, the operators a and a! therefore act on the individual state that is listed in 
the first position in the N-particle ket; a destroys the first state in the list, and at creates 
a new state placed at the beginning of the list. Forgetting this could lead to errors in 
sign. 


A-4. Occupation number operators (bosons and fermions) 


Consider the operator 7,,, defined by: 
Nu, = al Ou, (A-28) 


and its action on a Fock state. For bosons, if we apply successively formulas (A-22) 
and (A-16), we see that this operator yields the same Fock state, but multiplied by its 
occupation number n;. For fermions, if |w;) is empty in the Fock state, relation (A-26) 
shows that the action of the operator 7i,,, yields zero. If the state |u;) is already occupied, 
we must first permute the states to bring |u,;) to the first position, which may eventually 
change the sign in front of the Fock space ket. The successive application on this ket of 
(A-25) and (A-19) shows that the action of the operator 7, leaves this ket unchanged; 
we then move the state |u;) back to its initial position, which may introduce a second 
change in sign, canceling the first one. We finally obtain for fermions the same result 
as for bosons, except that the n; can only take the values 1 and 0. In both cases the 
Fock states are the eigenvectors of the operator 7,,, with the occupation numbers as 
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eigenvalues; consequently, this operator is named the “occupation number operator of the 
state |u;)”. The operator N associated with the total number of particles is simply the 
sum: 


NSS i=) Gow (A-29) 


A-5. Commutation and anticommutation relations 


Creation and annihilation operators have very simple commutation (for the bosons) 
and anticommutation (for the fermions) properties, which make them easy tools for taking 
into account the symmetrization or antisymmetrization of the state vectors. 

To simplify the notation, each time the equations refer to a single basis of individual 
states |u;), we shall write a; instead of a,,,. If, however, it can lead to ambiguity, we will 
return to the full notation. 


A-5-a. Bosons: commutation relations 


Consider, for bosons, the two operators al and al. If both subscripts i and 7 are 
different, they correspond to orthogonal states |u;) and |u;). Using twice (A-16) then 
yields: 


alal |n1, Ne, .., Me, +, y,.-) = Vg + 14/0; +1 |r, n2,...n, + 1,..,n; +1,..) (A-30) 


Changing the order of the operators yields the same result. As the Fock states form a 
basis, we can deduce that the commutator of al and al is zero ifi #7. In the same way, 
it is easy to show that both operator products a;a; and aja; acting on the same ket yield 
the same result (a ket having two occupation numbers lowered by 1); a; and a, thus 
; 
ifi 4 7. Now, if 1 = 7, we must evaluate the commutator of a; and al. Let us apply 
(A-16) and (A-22) successively, first in that order, and then in the reverse order: 


commute if i # 7. Finally the same procedure allows showing that a; and a: commute 


axal |ni, ne, -., Mi; --) = (ms +1) |r, na, «., M4, -) (A-31) 


ala; |1, 22, --, Mi, --) = (M4) |r1, Ne, .., Ni, --) 


The commutator of a; and al is therefore equal to 1 for all the values of the 
subscript 7. All the previous results are summarized in three equalities valid for bosons: 


[a;,a;] =0 lal, al | =0 las, at | = bi; (A-32) 
A-5-b. Fermions: anticommutation relations 


For fermions, let us first assume that the subscripts 7 and j are different. The 
successive action of al and a! on an occupation number ket only yields a non-zero ket if 
n; =n; = 0; using twice (A-18) leads to: 


alal [big thy a5 dine) es My, We bys, Way's) (A-33) 
but, if we change the order: 


alal [Ree eae, Mpeg sc Rg GAs Us a ites 2 oe a Ts a ts A (A-34) 
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Consequently the sign change that goes with the permutation of the two individual 
states leads to: 


alat=-alal ifi¥j (A-35) 


j ju 
If we define the anticommutator [A, B], of two operators A and B by: 


[A,B], =AB+ BA (A-36) 
(A-35) may be written as: 
lat ,at =0 ifi4; (A-37) 


Taking the Hermitian conjugate of (A-35), we get: 
a,a,= aja; ifiFy (A-38) 
which can be written as: 
[ai,aj), =O ifiAj (A-39) 
Finally, we show by the same method that the anticommutator of a; and al is zero 


except when it acts on a ket where n; = 1 and n; = 0; those two occupation numbers 
are then interchanged. The computation goes as follows: 


ala; |Uy, UH, --Um,--) = al Peeps i) gs Wh clase ae) (A-40) 
and: 
ajal |i, UL, +) Wy +) = Oy [Uy, Wa, UL, --) Um; --) 
= ay |Uj, Uj, UL, Um, ) = — |Uz, Ua, Um, --) (A-41) 


Adding those two equations yields zero, hence proving that the anticommutator is zero: 
las, al | =0 sii#j (A-42) 
+ 
In the case where i = 7, the limitation on the occupation numbers (0 or 1) leads to: 


a 


[as] rae and Bi =p (A-43) 


Equalities (A-37) and (A-39) are still valid if i and 7 are equal. We are now left with 


the computation of the anticommutator of a; and a Let us first examine the product 
t 


a,a;; it yields zero if applied to a ket having an occupation number n; = 1, but leaves 


unchanged any ket with n; = 0, since the particle created by al is then annihilated by 
a;. We get the inverse result for the product ala; where the order has been inverted: 
it yields zero if n; = 0, and leaves the ket unchanged if n; = 1. Finally, whatever the 
occupation number ket is, one of the terms of the anticommutator yields zero, the other 
1, and the net result is always 1. Therefore: 


las, al | nin 1 (A-44) 


All the previous results valid for fermions are summarized in the following three 
relations, which are for fermions the equivalent of relations (A-32) for bosons: 


[ai,aj], =0 lal, aj] =0 las, aj] =di; (A-45) 
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A-5-c. Common relations for bosons and fermions 


To regroup the results valid for bosons and fermions in common relations, we 
introduce the notation: 


[A, Bl Ly =AB-7BA (A-46) 
with: 

7 = 1. for bosons 

7 =-1 for fermions (A-47) 


so that (A-46) is the commutator of A and B for bosons, and their anticommutator for 
fermions. We then have: 


[ai, a;| ae 0 for all i and 7 (equal or different) 


a3 ey | (A-48) 
lal a '] =0 for alli and j (equal or different) 
-n 
and the only non-zero combinations are: 
las, al | = = 645 lal, a;| a = —104; (A-49) 


A-6. Change of basis 


What are the effects on the creation and annihilation operators of a change of 
basis for the individual states? The operators a!,, and a,, have been introduced by their 
action on the Fock states, defined by relations (A-7) and (A-10) for which a given basis 
of individual states {|u,;)} was chosen. One could also choose any another orthonormal 
basis {|vs)} and define in the same way bases for the Fock state and creation ai, and 
annihilation a,, operators. What is the relation between these new operators and the 
ones we defined earlier with the initial basis? 

For creation operators acting on the vacuum state |0), the answer is quite straight- 
forward: the action of al. on |0) yields a one-particle ket, which can be written as: 


al, |0) = |1: vs) =} 9 (uil vs) [L: ua) = D7 (ual vs) al, [0) (A-50) 


i i 
This result leads us to expect a simple linear relation of the type: 
al, = > (ul vs) al, (A-51) 
i 
with its Hermitian conjugate: 
Gy, = Ug thy) ea (A-52) 
i 
Equation (A-51) implies that creation operators are transformed by the same unitary 


relation as the individual states. Commutation or anticommutation relations are then 
conserved, since: 


[avsyah,]_,, = D> (vel us) (ujl ve) faussah,] = So (esl wi) (ugl ve) 8:5 (A-53) 


a9 eT] 
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which amounts to (as expected): 


[av.,ah,]_,, = Do (us| wi) (wil v4) = doe (A-54) 


4 


Furthermore, it is straightforward to show that the creation operators commute (or 
anticommute), as do the annihilation operators. 
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Equivalence of the two bases 


We have not yet shown the complete equivalence of the two bases, which can be done 
following two different approaches. In the first one, we use (A-51) and (A-52) to define 
the creation and annihilation operators in the new basis. The associated Fock states are 
defined by replacing the a!,, by the al, in relations (A-17) for the bosons, and (A-18) for 
the fermions. We then have to show that these new Fock states are still related to the 
states with numbered particles as in (A-18) for bosons, and (A-10) for fermions. This 
will establish the complete equivalence of the two bases. 


We shall follow a second approach where the two bases are treated completely symmet- 
rically. Replacing in relations (A-7) and (A-10) the u; by the vs, we construct the new 
Fock basis. We next define the operators a!,, by transposing relations (A-17) and (A-18) 
to the new basis. We then must verify that these operators obey relation (A-51), without 
limiting ourselves, as in (A-50), to their action on the vacuum state. 


(i) Bosons 


Relations (A-7) and (A-17) lead to: 


[af] . [at,, | 7 .. 0) 
=VN! Sw |l: ui 2: ui 5 metus netliuyy.5 met nyt uyz; .) (A-55) 
where, on the right-hand side, the n, first particles occupy the same individual state uj, 


the following n; particles, numbered from n;+ 1 to ni + n,;, the individual state u,;, etc. 
The equivalent relation in the second basis can be written: 


label" lapel .. |0) 
= VN! Sw |l: us; 2: Us} .5 Psi Us} Ps +1: ve3.3 pst pe: ve; .) (A-56) 


with: 


mtn t+..=pstpe+.=N (A-57) 
Replacing on the right-hand side of (A-56), the first ket |v,) by: 

Jus) = S© (ual v6) fers) (A-58) 
we obtain: 


S> (us| vs) VN! Sy |l: ui3 2: Us; .5 Pst Us; Ps t+1:ve;.5 Pst pe: ve; ..)  (A-59) 


ie 
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Following the same procedure for all the basis vectors of the right-hand side, we can 
replace it by: 


S> (us| vs) S> (aur vs) 5° (ual ve) SS (uy ve) » 


, (A-60) 


uv 4 j 


xVN! Sy |1: ui; 2: uv; 25 ps tl: uy; ps +2: uyrs ..) 


or else®, taking into account (A-55): 


bs (us| nal, > (use| vs) oe : bs (us| met »s (uy| ve) oy .-|0) 


a ria jl 


(A-61) 


We have thus shown that the operators [at] [at ‘| ”* act on the vacuum state in the 
same way as the operators defined by (A-51), raised to the powers ps, pt , -. 


When the occupation numbers ps, pz, .. can take on any values, the kets (A-56) span the 
entire Fock space. Writing the previous equality for p,and p; + 1, we see that the action 
on all the basis kets of al. and of pe (us| vs) al, yields the same result, establishing 
the equality between these two operators. Relation (A-52) can be readily obtained by 
Hermitian conjugation. 


(ii) Fermions 


The demonstration is identical, with the constraint that the occupation numbers are 0 or 
1. As this requires no changes in the operator or state order, it involves no sign changes. 


B. One-particle symmetric operators 


Using creation and annihilation operators makes it much easier to deal, in the Fock space, 
with physical operators that are thus symmetric (§ C-4-a-G of Chapter XIV). We first 
study the simplest of such operators, those which act on a single particle and are called 
“one-particle operators”. 


B-1. Definition 


Consider an operator f defined in the space of individual states; f(a) acts in the 
state space of particle g. It could be for example the momentum of the q-th particle, or 
its angular momentum with respect to the origin. We now build the operator associated 
with the total momentum of the N-particle system, or its total angular momentum, 
which is the sum over g of all the f(q) associated with the individual particles. 

A one-particle symmetric operator acting in the space Eg(N) for bosons - or E4(N) 
for fermions - is therefore defined by: 


N 
FM) =~ F(@) (B-1) 





6In this relation, the first p, sums are identical, as are the next p,; sums, etc. 
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(contrary to states, which are symmetric for bosons and antisymmetric for fermions, 
the physical operators are always symmetric). The operator F acting in the Fock space 
is defined as the operator F™) acting either in €g(N) or in €4(N), depending on the 
specific case. Since the basis for the entire Fock space is the union of the bases of these 
spaces for all values of N, the operator F is thus well defined in the direct sum of all 
these subspaces. To summarize: 


PY) » N=1,23,.. =9F (B-2) 


Using (B-1) directly to compute the matrix elements of F often leads to tedious manip- 
ulations. Starting with an operator involving numbered particles, we place it between 
states with numbered particles; we then symmetrize the bra, the ket, and take into 
account the symmetry of the operator (cf. footnote 1). This introduces several summa- 
tions (on the particles and on the permutations) that have to be properly regrouped to 
be simplified. We will now show that expressing F in terms of creation and annihilation 
operators avoids all these intermediate calculations, taking nevertheless into account all 
the symmetry properties. 


B-2. Expression in terms of the operators a and a! 


We choose a basis {|u;)} for the individual states. The matrix elements f;; of the 
one-particle operator f are given by: 


faa = (uel Fu) (B-3) 
They can be used to expand the operator itself as follows: 
Fla) = Sola: un) (a: uel F(a) la: we) (a: wl = Do fet 19 = un) (ge eal (B-4) 
kl k,l 
B-2-a. Action of F() on a ket with N particles 
Using in (B-1) the expression (B-4) for f(q) leads to: 
a N 
POY) =~ fer SO lq: ue) (a: il (B-5) 
k,l q=1 


The action of F(%) on a symmetrized ket written as (A-9) therefore includes a sum over 
k and 1 of terms: 


N 
> lq: Ug) (q: ui |Uj, Wi, -, Uy, Uy, ) (B-6) 
q=1 
with coefficients f,;. Let us use (A-7) or (A-10) to compute this ket for given values 
of k andl. As the operator contained in the bracket is symmetric with respect to the 
exchange of particles, it commutes with the two operators Sy and Ay (§ C-4-a-6 of 
Chapter XIV)), and the ket can be written as: 
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In the summation over q, the only non-zero terms are those for which the individual 
state |u;) coincides with the individual state |u,,) occupied in the ket on the right by the 
particle labeled q; there are mn; different values of g that obey this condition (i.e. none or 
one for fermions). For these n; terms, the operator |g: uz) (q: u| transforms the state 
lum) into |uz), then Sy (or Ay) reconstructs a symmetrized (but not normalized) ket: 


foie AGALAS ces GUS Se) (B-8) 





This ket is always the same for all the numbers g among the n; selected ones (for fermions, 
this term might be zero, if the state |u,) was already occupied in the initial ket). We 
shall then distinguish two cases: 

(i) For k #1, and for bosons, the ket written in (B-8) equals: 


me +1 
ny 





[the tig ds Ue Mle eth) (B-9) 


where the square root factor comes from the variation in the occupation numbers nz 
and nm, which thus change the numerical coefficients in the definition (A-7) of the Fock 
states. As this ket is obtained m; times, this factor becomes \/(nz + 1)n. This is exactly 
the factor obtained by the action on the same symmetrized ket of the operator alay, 
which also removes a particle from the state |u;) and creates a new one in the state |u,). 
Consequently, the operator aha reproduces exactly the same effect as the sum over q. 

For fermions, the result is zero except when, in the initial ket, the state |u;) was 
occupied by a particle, and the state |u,z) empty, in which case no numerical factor 
appears; as before, this is exactly what the action of the operator aha; would do. 

(ii) if k = 1, for bosons the only numerical factor involved is n;, coming from the 
number of terms in the sum over q that yields the same symmetrized ket. For fermions, 
the only condition that yields a non-zero result is for the state |u;) to be occupied, which 
also leads to the factor n;. In both cases, the sum over gq amounts to the action of the 
operator aha). 

We have shown that: 

N 
S lq: Ue) (gw = ajay (B-10) 


q=1 


The summation over k and I in (B-5) then yields: 


FO) = De fri aha, = S> (ux| f wz) aha (B-11) 
kyl k,l 
B-2-b. Expression valid in the entire Fock space 


The right-hand side of (B-11) contains an expression completely independent of 
the space €s(N) or E4(N) in which we defined the action of the operator F(%), Since 
we defined operator Fas acting as FO) in each of these subspaces having fixed N, we 
can simply write: 


F= 0 (uel flu) afar (B-12) 


kl 
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This is the expression of one-particle symmetric operators we were looking for. Its form 
is valid for any value of N and the particles are no longer numbered; it contains equal 
numbers of creation and annihilation operators, which only act on occupation numbers. 


Comment: 


Choosing the proper basis {|u;)}, it is always possible to diagonalize the Hermitian 


operator f and write: 


fet = fe X Ox (B-13) 


Equality (B-11) is then simply written as: 
Pia S, fro.a= ‘eS fe Tr (B-14) 
k k 


where Nz = Nap is the occupation number operator in the state |u,) defined in (A-28). 


B-3. Examples 


A first very simple example is the operator N , already described in (A-29), and 
corresponding to the total number of particles: 


= S> n= ye ala; (B-15) 


As expected, this operator does not depend on the basis {|u;)} chosen to count the 
particles, as we now show. Using the unitary transformations of operators (A-51) and 
(A-52), and with the full notation for the creation and annihilation operators to avoid 
any ambiguity, we get: 


ds Ging 2d, (us| ui) (us| ve) al ay, = d fet a, Ay, (B-16) 


i 
which shows that: 
N = »; Gl Ges; = S° Oy, (B-17) 
t s 
For a spinless particle one can also define the operator corresponding to the prob- 
ability density at point ro: 
f = |ro) (ro| (B-18) 


Relation (B-12) then leads to the “particle local density” (or “single density”) operator: 


D(to) = S- ux (ro)ui(t0) abay (B-19) 
k,l 


The same procedure as above shows that this operator is independent of the basis {|w,;)} 
chosen in the individual states space. 
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Let us assume now that the chosen basis is formed by the eigenvectors |k;) of a 
particle’s momentum hk,;, and that the corresponding annihilation operators are noted 
ax, . The operator associated with the total momentum of the system can be written as: 


P= Ss nk; a} an, = S> lik; Tix, (B-20) 
k; k; 
As for the kinetic energy of the particles, its associated operator is expressed as: 


~ h?k? nek 3. 
Ho =S- = a}, Ak, = S> Sm tke (B-21) 


a a 








B-4. Single particle density operator 


Consider the average value (F ) of a one-particle operator F in an arbitrary N- 
particle quantum state. It can be expressed, using relation (B-12), as a function of the 


average values of operator products ahay: 


(F) =o (ul Flu) (ahar) (B-22) 
k 


4 


This expression is close to that of the average value of an operator for a physical system 
composed of a single particle. Remember (Complement Eyy1, § 4-b) that if a system is 
described by a single particle density operator /; (1), the average value of any operator 
f() is written as: 


(F()) = Te {FO) Ar) } = SO (wal Flee) (wal fi ea) (B-23) 


kyl 


The above two expressions can be made to coincide if, for the system of identical particles, 
we introduce a “density operator reduced to a single particle” ~; whose matrix elements 
are defined by: 


(wil Pr [ux) = (akar) (B-24) 


This reduced operator allows computing average values of all the single particle operators 
as if the system consisted only of a single particle: 


(F) =Tr {Fa} (B-25) 


where the trace is taken in the state space of a single particle. 
The trace of the reduced density operator thus defined is not equal to unity, but 
to the average particle number as can be shown using (B-24) and (B-15): 


Tr {fi} = D> (abax) = (W) (B-26) 


k 


1607 


CHAPTER XV CREATION AND ANNIHILATION OPERATORS FOR IDENTICAL PARTICLES 





This normalization convention can be useful. For example, the diagonal matrix element 
of #1 in the position representation is simply the average of the particle local density 
defined in (B-19): 


(ro| Pi |ro) = (D(ro)) (B-27) 


It is however easy to choose a different normalization for the reduced density operator: 
its trace can be made equal to 1 by dividing the right-hand side of definition (B-24) by 


the factor (W). 


C. Two-particle operators 


We now extend the previous results to the case of two-particle operators. 


C-1. Definition 


Consider a physical quantity involving two particles, labeled g and q’. It is as- 
sociated with an operator 9(q,q’) acting in the state space of these two particles (the 
tensor product of the two individual state’s spaces). Starting from this binary operator, 
the easiest way to obtain a symmetric N-particle operator is to sum all the g(q, q’) over 
all the particles q and q’, where the two subscripts q and q’ range from 1 to N. Note, 
however, that in this sum all the terms where gq = q’ add up to form a one-particle 
operator of exactly the same type as those studied in § B-1. Consequently, to obtain a 
real two-particle operator we shall exclude the terms where g = q’ and define: 


7 1 a 
GM=5 ) Ga4) (C-1) 


The factor 1/2 present in this expression is arbitrary but often handy. If for example the 
operator describes an interaction energy that is the sum of the contributions of all the 
distinct pairs of particles, g(q,q') and g(q’,q) corresponding to the same pair are equal 
and appear twice in the sum over g and q’: the factor 1/2 avoids counting them twice. 
Whenever 9(q, q’) = g(q’,q), it is equivalent to write GO) in the form: 


N 


AN) = $7 5G.) iC?) 


q<q’ 
As with the one-particle operators, expression (C-1) defines symmetric operators 
separately in each physical state’s space having a given particle number N. This definition 


may be extended to the entire Fock space, which is their direct sum over all N. This 
results in a more general operator G, following the same scheme as for (B-2): 


G™) ; N=1,2,3,.. =—G (C3) 
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C-2. A simple case: factorization 


Let us first assume the operator 9(q, q’) can be factored as: 


5(4,4) = Flah(q’) (C-4) 


The operator written in (C-1) then becomes: 


N N N N 
GQ => YO Aah) =5 | Fo Via) -D hart) (C-5) 
q.q'=1; gq’ q=1 qg=1 q=1 


The right-hand side of this expression starts with a product of one-particle operators, 
each of which can be replaced, following (B-11), by its expression as a function of the 
creation and annihilation operators: 


N 
Ss fla Oye. (us| flue) alag and he = » (u;| h [ur) aha, (C-6) 


=1 i,k jt 


Q 


As for the last term on the right-hand side of (C-5), it is already a single particle operator: 


N 
So faa) => (uil fafa) afar (C-7) 


=1 il 


Ray 


This leads to: 
GO) = z S> (us| f lux) (u;| h |uz) (alax) (a! ai) = S>( (us| f h\uz) ) ala, (C-8) 
9 ae J v a 
1,9,k, t, 


We can then use general relations (A-49) to transform the operator product: 
(alax.) (ala:) = =n alalagay + O5k al al = alal ajar + O5k ala (C-9) 


Including this form in the first term on the right-hand side of (C-8) yields, for the 6, 
contribution: 


DoD (wil Flex) (ual ler) afar = DP (ual Fela) afan (C-10) 


il 


which exactly cancels the second term of (C-8). Consequently, we are left with: 


a 1 3h = 
GO) =F (uel Flan) (uy) Bleu) ababavag (C-11) 
i,9,k,1 


As the right-hand side of this expression has the same form in all spaces having a fixed 
N, it is also valid for the operator G acting in the entire Fock space. 
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C-3. General case 
Any two-particle operator 9(q,q') may be decomposed as a sum of products of 


single particle operators: 


)= So ca,s falaha(q’) (C-12) 


where the coefficients cg, are numbers’. Hence expression (C-1) can be written as: 


N 


G@M=> > aaa =; Lewd 3 falaiheld) (C-13) 


q.q'=1; iia q=1q'=1; a’ #4 


In this linear combination with coefficients ca,g, each term (corresponding to a given a 
and 8) is of the form (C-5) and can therefore be replaced by expression (C-11). This 
leads to: 


GM) = 5 pee DE (ual Farum) (ug] ag fea) aba} ara (C-14) 
i,j,k, l 


The right-hand side of this equation has the same form in all the spaces of fixed N; hence 
it is valid in the entire Fock space. Furthermore, we recognize in the summation over a 
and 6 the matrix element of g as defined by (C-12): 


Gi,jet = (Li ua; 2: uy] G(1,2) [Les 2: m1) = Do ca,e (evil fo fern) (us| hg [rn) (C-15) 





a,B 
The final result is then: 
~ 1 
G= 5 S° (Lug; 2: uj|G(1,2) 1: ug; 2: un) alah ajar (C-16) 
i,j,k,1 











which is the general expression for a two-particle symmetric operator. 

As for the one-particle operators, each term of expression (C-16) for the two- 
particle operators contains equal numbers of creation and annihilation operators. Con- 
sequently, these symmetric operators do not change the total number of particles, as was 
obvious from their initial definition. 


C-4. Two-particle reduced density operator 


Relation (C-16) implies that the average value of any two-particle operator may 
be written as: 


2) = ; ye CUS aay 2g | GCL, 2) [1s ta 2 5 4) (alalaax) (C-17) 


t,9,k,1 





‘The two-particle state space is the tensor product of the two spaces of individual states (see § F-4-b 
of Chapter II). In the same way, the space of operators acting on two particles is the tensor product of 
the spaces of operators acting separately on these particles. For example, the operator for the interaction 
potential between two particles can be decomposed as a sum of products of two operators: the first one 
is a function of the position of the first particle, and the second one of the position of the second particle. 
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( 2 


Figure 1: Physical interaction between two identical particles: initially in the states |ux,, ) 
and |i, ) (schematized by the letters a and 3), the particles are transferred to the states 
|uz.,) and |ux,) (schematized by the letters y and 6) 





This expression is similar to the average value of an operator g(1,2) for a two-particle 
system having a density operator p> (1, 2): 


(g(1,2)) = Ss (L: ug; 2: us] g(1, 2) |L: up; 2: uz) 
i,j kyl 


x (Li ug; 2: u|p2 (1,2) [1s uy 2: u,) (C-18) 
which leads us to define a two-particle reduced density operator po: 
(1: ug; 2: us| poll: uss 2: u;) = (alalajax ) (C-19) 


In this definition we have left out the factor 1/2 of (C-17) since this will lead 
to a normalization of /2 often more handy: the matrix element of p2 in the position 
representation yields directly the double density (as well as the field correlation function 
that we shall study in § B-3-b of Chapter XVI). The trace of p2 is then written: 


Tr {fo} = 3 (alalaja; ) 7 S> (alaiata; — 6,ja! a5) 
a9 0,9 
= (N(W-1)) (C-20) 


It is obviously possible to divide the right-hand side of the definition of p2 either by the 
factor 2, or else by the factor (W (N i 1)) if we wish its trace to be equal to 1. 


C-5. Physical discussion; consequences of the exchange 


As mentioned in the introduction of this chapter, the equations no longer contain 
labeled particles, permutations, symmetrizers and antisymmetrizers; the total number of 
particles N has also disappeared. We may now continue the discussion begun in § D-2 
of Chapter XIV concerning the exchange terms, but in a more general way since we no 
longer specify the total particle number N. 
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C-5-a. Two terms in the matrix elements 


Consider a physical process (schematized in Figure 1) where, in a system of N 
identical particles, an interaction produces a transfer from the two states |u,,) and | ux 
towards the two states |i, ) and |u,z;); we assume that the four states we are dealing 
with are different. In the summation over i,7,k,! of (C-16), the only terms involved in 
this process are those where the bra contains either 1 = k. and 7 = ks, or the opposite 
i = ks and j = k,; as for the ket, it must contain either k = ky and | = kg, or the 
opposite k = kg and! =k,. We are then left with four terms: 


$ (1 Uk, 2: Us| 9 (1 ess, 22 Urs ) Ah OL Ok, ke 
$ (1 TF ee ur, |g 1 shew es Uke) AA. Ak, Ak, (C-21) 
2 (1 Mes 22 Us| 9 |1 hes 24 i) Ay AL, Ak. Ak, 
5 (1 Un aek ur, |G [1 DUkej 2% Uk, ) Oj, Wks Oke 


However, since the numbers used to label the particles are dummy variables, the first 
two matrix elements shown in (C-21) are equal and so are the last two. In addition, the 
product of creation and annihilation operators obey the following relations, for bosons 
(7 = 1) as well as for fermions (7 = —1): 

t 


t Shia tt 
oe Ma Mee ~ Oh, hs Mp Me (C-22) 


a, Of, Ak Akg = Oj, Ah, ky Ve =7 ak, a, Akg Aka 

These relations are obvious for bosons since we only commute either creation operators 
or annihilation operators. For fermions, as we assumed all the states were different, the 
anticommutation of operators a or of operators at, leads to sign changes; these may 
cancel out depending on whether the number of anticommutations is even or odd. If we 
now double the sum of the first and last term of (C-21), we obtain the final contribution 
to (C-16): 


Tah 
ay, ay, aks aka 


x [(1 san, 2 tips |g | La tess 2: Uk, ) 
+ (1: tes; 2: ue, |G |1: wees 2: Uns)] (C-23) 


Hence we are left with two terms whose relative sign depends on the nature (bosons 
or fermions) of the identical particles. They correspond to a different “switching point” 
for the incoming and outgoing individual states (Fig. 2). 

For bosons, the product of the 4 operators in (C-23) acting on an occupation 
number ket introduces the square root: 


Nhat, (Me, +1) (mes +1) (C-24) 


For large occupation numbers, this square root may considerably increase the value of 
the matrix element. For fermions, however, this amplification effect does not occur. 
Furthermore, if the direct and exchange matrix elements of g are equal, they will cancel 
each other in (C-23) and the corresponding transition amplitude of this process will be 
ZeYO. 
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Figure 2: Two diagrams representing schematically the two terms appearing in equation 
(C-23); they differ by an exchange of the individual states of the exit particles. They 
correspond, in a manner of speaking, to a different “switching point” for the incoming 
and outgoing states. The solid lines represent the particles’ free propagation, and the 
dashed lines their binary interaction. 





C-5-b. Particle interaction energy, the direct and exchange terms 


Many physics problems involve computing the average particle interaction energy. 
For the sake of simplicity, we shall only study here spinless particles (or, equivalently, 
particles being in the same internal spin state so that the corresponding quantum number 
does not come into play) and assume their interactions to be binary. These interactions 


are then described by an operator Wint, diagonal in the {|ri,r2,..rn)} basis (eigenstates 
of all the particles’ positions), which multiplies each of these states by the function: 


Wine (11,22, doy) = S> W2(¥q,¥q’) (C-25) 


q<q' 


In this expression, the function W2(rg,rq) yields the diagonal matrix elements of the 


operator W2(Ry,R,') associated with the two-particle (q, q’) interaction, where R, is 
the quantum operator associated with the classical position r,. The matrix elements of 
this operator in the |u,;u;) basis is simply obtained by inserting a closure relation for 
each of the two positions. This leads to: 


CL a Bat W(R1,R») |L: up; 2: wz) 


= fan fer W2(r1, 12) uj (11) us (r2)up(P1)u(r2) (C-26) 


Q. General expression: 


Replacing in (C-16) operator g(1,2) by Wint (Ri, R2) and taking (C-26) into ac- 
count, we get: 


> 1 
Wins = 5S fair fa?re Walri,r2) uf(er)uj(ea)uc(er)urlta) alafaay —(C-27) 


i,j,k, 
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We can thus write the average value of the interaction energy in any normalized state 
|®) as: 


(Wins) = (®| We |®) = 5s fenfe rg Wo(r1,r2) Go(r1,r2) (C-28) 


where Go(r1,r2) is the spatial correlation function defined by: 


Go(ri,re) = x uj (r1)u; (r2)uz (11) ui (r2) (Bl ala al ayar |®) (C-29) 
i,j,byl 


Consequently, knowing the correlation function G2(r1,r2) associated with the quantum 
state |®) allows computing directly, by a double spatial integration, the average interac- 
tion energy in that state. 

Actually, as we shall see in more detail in § B-3 of Chapter XVI, Go(ri,re2) is 
simply the double density, equal to the probability density of finding any particle in 
r; and another one in rg. The physical interpretation of (C-28) is simple: the average 
interaction energy is equal to the sum over all the particles’ pairs of the interaction energy 
Wint(¥1,¥2) of a pair, multiplied by the probability of finding such a pair at points rj; 
and rg (the factor 1/2 avoids the double counting of each pair). 


B. Specific case: the Fock states 


Let us assume the state |®) is a Fock state, with specified occupation numbers n;: 


|D) = |ny: ui; Ng: ua; «5 Nyt Us; -) (C-30) 
We can compute explicitly, as a function of the n;, the average values: 
(S| a! al ajax |®) (C-31) 


contained in (C-29). We first notice that to get a non-zero result, the two operators 
a‘ must create particles in the same states from which they were removed by the two 
annihilation operators a. Otherwise the action of the four operators on the ket |®) will 
yield a new Fock state orthogonal to the initial one, and hence a zero result. We must 
therefore impose either i = k and j = 1, or the opposite i = | and 7 = k, or eventually 
the special case where all the subscripts are equal. The first case leads to what we call 
the “direct term”, and the second, the “exchange term”. We now compute their values. 

(i) Direct term, i = k and 7 = lJ, shown on the left diagram of Figure 3. If 
i = 7 =k =1, the four operators acting on |®) reconstruct the same ket, multiplied by 
the factor n;(n; —1); this yields a zero result for fermions. If i 4 7, we can move the 
operator a, = a; just to the right of the first operator al to form the particle number 
operator f;. This permutation in the operators’ order does not change anything: for 
bosons, we are moving commuting operators, and for fermions, two anticommutations 
introduce two minus signs, which cancel each other. The same goes for the operators 
with subscript j, leading to the particle number fj. Finally, the direct term is equal to: 


GS" (r1,r2) = S> ua(r)|” lug (re)|? ning + S> mi (mi — 1) [us(ra)|? us(ra)? ~— (C-32) 
Ij a 
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Figure 3: Schematic representation of a direct term (left diagram where each particle 
remains in the same individual state) and an exchange term (right diagram where the 
particles exchange their individual states). As in Figure 2, the solid lines represent the 
particles free propagation, and the dashed lines their binary interaction. 





where the second sum is zero for fermions (n; is equal to 0 or 1). 

(ii) Exchange term, i = / and j = k, shown on the right diagram of Figure 3. The 
case where all four subscripts are equal is already included in the direct term. To get the 
operators’ product n,A; starting from the product alal a,a;, we just have to permute the 


two central operators al ay; when i # 7 this operation is of no consequence for bosons, 
but introduces a change of sign for fermions (anticommutation). The exchange term can 
therefore be written as 7G§*(r1,r2), with: 


G$*(r1,r2) = So nin; [uj (1) us (r2)e4 (12) U5 (11) (C-33) 
tFj 


Finally, the spatial correlation function (or double density) Go(r1,r2) is the sum 
of the direct and exchange terms: 


Go(r1,r2) = G3" (r1,r2) + NGS (ri, r2) (C-34) 


where the factor 7 in front of the exchange term is 1 for bosons and —1 for fermions. 
The direct term only contains the product |u;(r1)|? |u, (ra) |? of the probability densities 
associated with the individual wave functions u,(r1) and u,;(r2); it corresponds to non- 
correlated particles. We must add to it the exchange term, which has a more complex 
mathematical form and reveals correlations between the particles, even when they do 
not interact with each other. These correlations come from explicitly taking into account 
the fact that the particles are identical (symmetrization or antisymmetrization of the 
state vector). They are sometimes called “statistical correlations ” and their spatial 
dependence will be studied in more detail in Complement Axyr. 


Conclusion 
The creation and annihilation operators introduced in this chapter lead to compact and 


general expressions for operators acting on any particle number N. These expressions 
involve the occupation numbers of the individual states but the particles are no longer 
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numbered. This considerably simplifies the computations performed on “N-body sys- 
tems”, like N interacting bosons or fermions. The introduction of approximations such 
as the mean field approximation used in the Hartree-Fock method (Complement Dxv) 
will also be facilitated. 

We have shown the complete equivalence between this approach and the one where 
we explicitly take into account the effect of permutations between numbered particles. 
It is important to establish this link for the study of certain physical problems. In spite 
of the overwhelming efficiency of the creation and annihilation operator formalism, the 
labeling of particles is sometimes useful or cannot be avoided. This is often the case for 
numerical computations, dealing with numbers or simple functions that require numbered 
particles and which, if needed, will be symmetrized (or antisymmetrized) afterwards. 

In this chapter, we have only considered creation and annihilation operators with 
discrete subscripts. This comes from the fact that we have only used discrete bases 
{|u;)} or {|v;)} for the individual states. Other bases could be used, such as the position 
eigenstates {|r)} of a spinless particle. The creation and annihilation operators will then 
be labeled by a continuous subscript r. Fields of operators are thus introduced at each 
space point: they are called “field operators” and will be studied in the next chapter. 
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COMPLEMENTS OF CHAPTER XV, READER’S GUIDE 


Axv : PARTICLES AND HOLES 


In an ideal gas of fermions, one can define cre- 
ation and annihilation operators of holes (ab- 
sence of a particle). Acting on the ground state, 
these operators allow building excited states. 
This is an important concept in condensed mat- 
ter physics. 

Easy to grasp, this complement can be consid- 
ered to be a preliminary to Complement Exy. 





Bxv : IDEAL GAS IN THERMAL EQUILIBRIUM; 
QUANTUM DISTRIBUTION FUNCTIONS 


Studying the thermal equilibrium of an ideal 
gas of fermions or bosons, we introduce the 
distribution functions characterizing the phys- 
ical properties of a particle or of a pair of 
particles. These distribution functions will be 
used in several other complements, in particular 
Gxv and Hxy. Bose-Einstein condensation is 
introduced in the case of bosons. The equation 


of state is discussed for both types of particles. 





The list of complements continues on the next page 
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Series of four complements, discussing the behavior of particles interacting through a mean 
field created by all the others. Important, since the mean field concept is largely used throughout 


many domains of physics and chemistry. 


Cxv : CONDENSED BOSON SYSTEM, GROSS- 
PITAEVSKII EQUATION 


Dxv : TIME-DEPENDENT GROSS-PITAEVSKII 
EQUATION 


Exy : FERMION SYSTEM, HARTREE-FOCK 
APPROXIMATION 


Fxv FERMIONS, TIME-DEPENDENT 
HARTREE-FOCK APPROXIMATION 


Cxy : This complement shows how to use a 
variational method for studying the ground 
The 


is described by a one-particle wave 


state of a system of interacting bosons. 
system 
function in which all the particles of the system 
accumulate. This wave function obeys the 


Gross-Pitaevskii equation. 


Dxv : This complement generalizes the previous 
one to the case where the Gross-Pitaevskii wave 
function is time-dependent. This allows us 
to obtain the excitation spectrum (Bogolubov 
flows 


spectrum), and to discuss metastable 


(superfluidity). 


Exv 
can be treated by a variational method, the 


An ensemble of interacting fermions 
Hartree-Fock approximation, which plays an 
essential role in atomic, molecular and solid 
In this 


interaction of each particle with all the others 


state physics. approximation, the 
is replaced by a mean field created by the other 
particles. The correlations introduced by the 
interactions are thus ignored, but the fermions’ 
indistinguishability is accurately treated. This 
allows computing the energy levels of the system 
to an approximation that is satisfactory in many 
situations. 

Fxv : We often have to study an ensemble 
of fermions in a time-dependent situation, as 
for example electrons in a molecule or a solid 
The 
Hartree-Fock mean field method also applies 


subjected to an oscillating electric field. 
to time-dependent problems. It leads to a set 
of coupled equations of motion involving a 
Hartree-Fock mean field potential, very similar 
to the one encountered for time-independent 


problems. 





The list of complements continues on the next page 
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The mean field approximation can also be used to study the properties, at thermal equi- 
librium, of systems of interacting fermions or bosons. The variational method amounts to opti- 
mizing the one-particle reduced density operator. It permits generalizing to interacting particles 
a number of results obtained for an ideal gas (Complement Bxv). 


Gxyv : FERMIONS OR BOSONS: MEAN FIELD Gxy: The trial density operator at non-zero 

THERMAL EQUILIBRIUM temperature can be optimized using a varia- 
tional method. This leads to self-consistent 
Hartree-Fock equations, of the same type as 
those derived in Complement Exy. We thus 
obtain an approximate value for the thermody- 
namic potential. 


Hxy : APPLICATIONS OF THE MEAN FIELD Hxv: This complement discusses various 

METHOD FOR NON-ZERO TEMPERATURES — applications of the method described in the 

(FERMIONS AND BOSONS) previous complement: spontaneous magnetism 
of an ensemble of repulsive fermions, equation of 
state for bosons and instability in the presence 
of attractive interactions. 
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Complement Axy 


Particles and holes 





1 Ground state of a non-interacting fermion gas ........ 1621 
2 New definition for the creation and annihilation operators 1622 
3 Vacuum excitations .. 1... 2... ee ee ee ee ee ee es 1623 





Creation and annihilation operators are frequently used in solid state physics where 
the notion of particle and hole plays an important role. A good example is the study of 
metals or semiconductors, where we talk about an electron-hole pair created by photon 
absorption. A hole means an absence of a particle, but it has properties similar to a 
particle, like a mass, a momentum, an energy; the holes obey the same fermion statistics 
as the electrons they replace. Using creation or annihilation operators allows a better 
understanding of the hole concept. We will remain in the simple framework of a free 
particle gas, but the concepts can be generalized to the case of particles placed in an 
external potential or a Hartree-Fock mean potential (Complement Exv). 


1. Ground state of a non-interacting fermion gas 


Consider a system of non-interacting fermions in their ground state. We assume for 
simplicity that they are all in the same spin state, and thus introduce no spin index 
(generalization to several spin states is fairly simple). As we showed in Complement Cxry, 
this system in its ground state is described by a state where all the occupation numbers 
of the individual states having an energy lower than the Fermi energy Er are equal to 
1, and all the other individual states are empty. In momentum space, the only occupied 
states are all the individual states whose wave vector k is included in a sphere (called 
the “Fermi sphere”) of radius kp (the “Fermi radius”) given by?: 
h2 (kp)? ies OE ae ' 
2mm L | (1) 
where we have used the notation of formula (7) in Complement Cxry: Ep is the Fermi 
energy (proportional to the particle density to the power 2/3), and L the edge length 
of the cube containing the N particles. When the system is in its ground state, all the 
individual states inside the Fermi sphere are occupied, whereas all the other individual 
states are empty. Choosing for the individual states basis {|u;)} the plane wave basis, 
noted {|ux,)} to explicit the wave vector k;, the occupation numbers are: 


Nk, = 0 if |k;| > kp 





lin Complement Cxpy we had assumed that both spin states of the electron gas were occupied, 
whereas this is not the case here. This explains why the bracket in formula (1) contains the coefficient 
6x? instead of 377.N. 
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In a macroscopic system, the number of occupied states is very large, of the order of the 
Avogadro number (~ 1073). The ground state energy is given by: 


Eo = ye Ck, (3) 





|ki|<kr 
with: 
h?(k,)? 
ex, = EA) (4) 


The sum over k; in (3) must be interpreted as a sum over all the k; values that obey the 
boundary conditions in the box of volume L®, as well as the restriction on the length of 
the vector k; which must be smaller or equal to kp. 


2. New definition for the creation and annihilation operators 


We now consider this ground state as a new “vacuum” |0) and introduce creation op- 
erators that, acting on this vacuum, create excited states for this system. We define: 


bl = ax, 
if |ki|<kp 4 OO 
Te (5) 
PSs { ee = Os 
CK, = U, 


Outside the Fermi sphere, the new operators et and cy, are therefore simple operators 


of creation (or annihilation) of a particle in a momentum state that is not occupied in 
the ground state. Inside the Fermi sphere, the results are just the opposite: operator bi, 
creates a missing particle, that we shall call a “hole”; the adjoint operator b,, repopulates 
that level, hence destroying the hole. It is easy to show that the anticommutation 
relations for the new operators are: 


[bu be, | = [bbe] = 0 


[8h], = Be " 





as well as: 
java), = [toe], <9 
ood] =8 ’ 
k;; Ck; ais kik; 





which are the same as for ordinary fermions. Finally, the cross anticommutation relations 
are: 


[ex ble | = [ek bus] = [eis bus] = lek» be |, =0 (8) 
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3. Vacuum excitations 


Imagine, for example, that with this new point of view we apply an annihilation operator 
by,, with |k;| < kr, to the “new vacuum” |0). The result must be zero since it is 
impossible to annihilate a non-existent hole. From the old point of view and according to 
(5), this amounts to applying the creation operator a to a system where the individual 
state |k;) is already occupied, and the result is indeed zero, as expected. On the other 
hand, if we apply the creation operator BE with |k;| < kp, to the new vacuum, the 
result is not zero: from the old point of view, it removes a particle from an occupied 
state, and in the new point of view it creates a hole that did not exist before. The two 
points of view are consistent. 

Instead of talking about particles and holes, one can also use a general term, 
excitations (or “quasi-particles”). The creation operator of an excitation of |k;| < kp is 
the creation operator bi, = dx, of a hole ; the creation operator of an excitation of |k;| > 


kp is the creation Soecater ice i a, of a particle. The vacuum state defined initially 


is a common eigenvector of all ‘the particle annihilation operators, with eigenvalues zero; 
in a similar way, the new vacuum state \0) is a common eigenvector of all the excitation 
annihilation operators. We therefore call it the “quasi-particle vacuum”. 

As we have neglected all particle interactions, the system Hamiltonian is written 
as: 


A= p> Ck, Nk; = So ek. ak, de, = » €k, OK; bi, + S° Ck; Ce Ck; (9) 


k; k; |ki|<kr |ki|>kr 


Taking into account the anticommutation relations between the operators by, and bie we 
can rewrite this expression as: 


H —- kyo =- S- ei, Dh. Die, a ye le, Ch, Ce; (10) 
|ki|<kp |ki|>kr 


where Eo has been defined in (3) and simply shifts the origin of all the system energies. 
Relation (10) shows that holes (excitations with |k;| < kr ) have a negative energy, 
as expected since they correspond to missing particles. Starting from its ground state, 
to increase the system energy keeping the particle number constant, we must apply 
the operator bs Ch, that creates both a particle and a hole: the system energy is then 
increased by the quantity e; — e; ; inversely, to decrease the system energy, the adjoint 
operator Ck; by, must be applied. 


Comments: 


(i) We have discussed the notion of hole in the context of free particles, but nothing in 
the previous discussion requires the one-particle energy spectrum to be simply quadratic 
as in (4). In semi-conductor physics for example, particles often move in a periodic 
potential, and occupy states in the “valence band” when their energy is lower than the 
Fermi level E77, whereas the others occupy the “conduction band”, separated from the 
previous band by an “energy gap”. Sending a photon with an energy larger than this 
gap allows the creation of an electron-hole pair, easily studied in the formalism we just 
introduced. 
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A somewhat similar case occurs when studying the relativistic Dirac wave equation, where 
two energy continuums appear: one with energies greater than the electron rest energy 
me? (where m is the electron mass, and c the speed of light), and one for negative energies 
less than —mc? associated with the positron (the antiparticle of the electron, having the 
opposite charge). The energy spectrum is relativistic, and thus different from formula 
(4), even inside each of those two continuums. However, the general formalism remains 
valid, the operators bh and b,, describing now, respectively, the creation and annihilation 
of a positron. The Dike equation however leads to difficulties by introducing for example 
an infinity of negative energy states, assumed to be all occupied to avoid problems. A 
proper treatment of this type of relativistic problems must be done in the framework of 
quantum field theory. 


(ii) An arbitrary N-particle Fock state |®) does not have to be the ground state to be 
formally considered as a “quasi-particle vacuum”. We just have to consider any annihi- 
lation operator on an already occupied individual state as a creation operator of a hole 
(ie. of an excitation); we then define the corresponding hole (or excitation) annihila- 
tion operators, which all have in common the eigenvector |®) with eigenvalue zero. This 
comment will be useful when studying the Wick theorem (Complement Cxvr). In § E 
of Chapter XVII, we shall see another example of a quasi-particle vacuum, but where, 
this time, the new annihilation operators are no longer acting on individual states but 
on states of pairs of particles. 
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This complement studies the average values of one- or two-particle operators for an 
ideal gas, in thermal equilibrium. It includes a discussion of several useful properties of 
the Fermi-Dirac and Bose-Einstein distribution functions, already introduced in Chapter 
XIV. 

To describe thermal equilibrium, statistical mechanics often uses the grand canon- 
ical ensemble, where the particle number may fluctuate, with an average value fixed by 
the chemical potential yz (cf. Appendix VI, where you will find a number of useful con- 
cepts for reading this complement). This potential plays, with respect to the particle 
number, a role similar to the role the inverse of the temperature term 6 = 1/kpT plays 
with respect to the energy (kg is the Boltzmann constant). In quantum statistical me- 
chanics, Fock space is a good choice for the grand canonical ensemble as it easily allows 
changing the total number of particles. As a direct application of the results of §§ B and 
C of Chapter XV, we shall compute the average values of symmetric one- or two-particle 
operators for a system of identical particles in thermal equilibrium. 

We begin in § 1 with the density operator for non-interacting particles, and then 
show in §§ 2 and 3 that the average values of the symmetric operators may be expressed 
in terms of the Fermi-Dirac and Bose-Einstein distribution functions, increasing their 
application range and hence their importance. In § 5, we shall study the equation of 
state for an ideal gas of fermions or bosons at temperature T' and contained in a volume 


Vy. 
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1. Grand canonical description of a system without interactions 


We first recall how a system of non-interacting particles is described, in quantum sta- 
tistical mechanics, by the grand canonical ensemble; more details on this subject can be 
found in Appendix VI, § 1-c. 


1-a. Density operator 


Using relations (42) and (43) of Appendix VI, we can write the grand canonical 
density operator peq (whose trace has been normalized to 1) as: 


1 aff. 
Pea = Fe B(H uN) (1) 


where Z is the grand canonical partition function: 
Z=Tr ae \ (2) 


In these relations, 3 = 1/(kgT) is the inverse of the absolute temperature T multiplied by 
the Boltzmann constant kp, and My the chemical potential (which may be fixed by a large 
reservoir of particles). Operators Hand N are, respectively, the system Hamiltonian and 
the particle number operator defined by (B- 15) in Chapter XV. 

Assuming the particles do not interact, equation (B-1) of Chapter XV allows writ- 
ing the system Hamiltonian H asasum of one-particle operators, in each subspace having 
a total number of particles equal to N 


H = Tht) (3) 


q=1 


Let us call {|u;,)} the basis of the individual states that are the eigenstates of the operator 
h. Noting ah and a, the creation and annihilation operators of a particle in these states, 
H may be written as in (B-14): 


#- Sle aaa fi o 
k k 
where the e, are the eigenvalues of h. Operator (1) can also be written as: 
i sa aha ‘i A 
pag = er P Ear shee 2-ATT ersten ba 0) 


We shall now compute the average values of all the one- or two-particle operators for a 
system described by the density operator (1). 
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1-b. Grand canonical partition function, grand potential 


In statistical mechanics, the “grand potential” ® associated with the grand canon- 
ical equilibrium is defined as the (natural) logarithm of the partition function, multiplied 
by —kpT (cf. Appendix VI, § 1-c-8): 


® = —kpT In Z (6) 


where Z is given by (2). The trace appearing in this equation is easily computed in the 
basis of the Fock states built from the individual states {|u,)}, as we now show. The 
trace of a tensor product of operators (Chapter II, § F-2-b) is simply the product of the 
traces of each operator. The Fock space has the structure of a tensor product of the 
spaces associated with each of the |u,) (each being spanned by kets having a population 
nz ranging from zero to infinity — see comment (i) of § A-1-c in Chapter XV); we must 
thus compute a product of traces in each of these spaces. For a fixed k, we sum all the 
diagonal elements over all the values of nz, then take the product over all k’s, which 
leads to: 


Z= II S “exp [—Bnx (ex — u)] (7) 
k nk 
Qa. Fermions 


For fermions, as nz can only take the values 0 or 1 (two identical fermions never 
occupy the same individual state), we get: 


Zfermions = II E + ere (3) 
k 
and: 
Pfermions = —kpT Soin 1 a eter?) (9) 
k 


The index k must be summed over all the individual states. In case these states are 
also labeled by orbital and spin subscripts, these must also be included in the summation. 
Let us consider for example particles having a spin S and contained in a box of volume V 
with periodic boundary conditions. The individual stationary states may be written as 
|k, vv), where k obeys the periodic boundary conditions (Complement Cxry, § l-c) and 
the subscript v takes (2.5 +1) values. Assuming the particles to be free in the box (no 
spin Hamiltonian), each v value yields the same contribution to ®fermions; in the large 
volume limit, expression (9) then becomes: 


® fermions [ors (25 + 1) ipa pee ln A + e Bler—H) (10) 
(27) 
B. Bosons 


For bosons, the summation over nz in (7) goes from nz = 0 to infinity, which 
introduces a geometric series whose sum is readily computed. We therefore get: 


1 
Zposons — Ie (11) 
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which leads to: 


®posons = kpT Soin 1 — ghey (12) 
k 


For a system of free particles with spin S, confined in a box with periodic boundary 
conditions, we obtain, in the large volume limit: 





bless) har pee In 1 = eee (13) 
(27) 
In a general way, for fermions as well as bosons, the grand potential directly yields 
the pressure P, as shown in relation (61) of AppendixVI: 


&=-—py (14) 


Using the proper derivatives with respect to the equilibrium parameters (temperature, 
chemical potential, volume), it also yields the other thermodynamic quantities such as 
the energy, the specific heats, etc. 


2. Average values of symmetric one-particle operators 


Symmetric quantum operators for one, and then for two particles, were introduced in 
a general way in Chapter XV (§§ B and C). The general expression for a one-particle 
operator F is given by equation (B-12) of that chapter. We can thus write: 


(F) i SS (us| f |u;) (ala;) (15) 


09 


with, when the state of the system is given by the density operator (1): 


(ala;) =e { peal a; } Sf it jes) cla,} (16) 


This trace can be computed in the Fock state basis |nj,..,n;..,n,;,..) associated with 
the eigenstates basis {|ux)} of h. If i # j, operator ata, destroys a particle in the 
individual state |u;) and creates another one in the different state |u,;); it therefore 
transforms the Fock state |ni,..,n;,..,7,, ..) into a different, hence orthogonal, Fock state 
|n1,..,; —1..,n; +1,..). Operator pe, then acts on this ket, multiplying it by a constant. 
Consequently, if i # 7, all the diagonal elements of the operator whose trace is taken in 
(16) are zero; the trace is therefore zero. If i = 7, this average value may be computed 
as for the partition function, since the Fock space has the structure of a tensor product 
of individual state’s spaces. The trace is the product of the 7 value contribution by all 
the other k values contributions. We can thus write, in a general way: 


(ala;) = 64; gt »» n, exp [—Bnj (e, — wi} x II {dow [=Bngley= a} (17) 


For i = J, this expression yields the average particle number in the individual state |u;). 
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2-a. Fermion distribution function 


As the occupation number only takes the values 0 and 1, the first bracket in 
expression (17) is equal to [e~ Fler»); as for the other modes (k 4 1%) contribution, 
in the second bracket, it has already been computed when we determined the partition 
function. We therefore obtain: 


(ala;) = 64; gt jemeter=e) x II E + eter) (18) 


Multiplying both the numerator and denominator by 1+ e7~8(%~”) allows reconstructing 
the function Z in the numerator, and, after simplification by Z, we get: 


eBlei-K) 
(alas) = 85 amy = 80 HEPC — W) (19) 


We find again the Fermi-Dirac distribution function ie P (§ 1-b of Complement Cxry): 


e~Ble-#) 1 
= zs (20) 
1+e-Ble-e) Blew) + 1 





fa°(e-4) 


This distribution function gives the average population of each individual state |u;) with 
energy e; its value is always less than 1, as expected for fermions. 

The average value at thermal equilibrium of any one-particle operator is now read- 
ily computed by using (19) in relation (15). 


2-b. Boson distribution function 


The mode j = 7 contribution can be expressed as: 


ps n, exp[—Bn; (e; — w)] = ime 3 exp [—Bn; (e; — 1)] 
10 1 
~ Bdu1—exp[-B(e — p)] 21) 


We then get: 


6. e7Bler—H) ; 
ta;) = 4 . 
a,a x 
(sl) = [1 — ele) ]? Lye Ha=n (22) 





which, using (11), amounts to: 
(ala;) _ 645 £5? (e — p) (23) 


where the Bose-Einstein distribution function f?” is defined as: 





eBle-H) 1 
fer 


g NO= INT gage: Camel 24) 
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This distribution function gives the average population of the individual state |u,;) with 
energy e. The only constraint of this population, for bosons, is to be positive. The 
chemical potential is always less than the lowest individual energy e,. In case this energy 
is zero, w must always be negative. This avoids any divergence of the function fF E 

Hence for bosons, the average value of any one-particle operator is obtained by 
inserting (23) into relation (15). 


2-c. Common expression 


We define the function fg as equal to either the function ff > for fermions, or the 
function f#” for bosons. We can write for both cases: 


1 


fale- pw) = be) — 7 (25) 
where the number 7 is defined as: 

7 = —1 for fermions 

n = +1 for bosons (26) 
2-d. Characteristics of Fermi-Dirac and Bose-Einstein distributions 


We already gave in Complement Cxry (Figure 3) the form of the Fermi-Dirac 
distribution. Figure 1 shows both the variations of this distribution and the Bose-Einstein 
distribution. For the sake of comparison, it also includes the variations of the classical 
Boltzmann distribution: 


fee a LL) -_ e Ble-¥) (27) 


which takes on intermediate values between the two quantum distributions. For a non- 
interacting gas contained in a box with periodic boundary conditions, the lowest possible 
energy e is zero and all the others are positive. Exponential e®(&:—“) is therefore always 
greater than e~°“. We are now going to distinguish several cases, starting with the most 
negative values for the chemical potential. 

(i) For a negative value of By, with a modulus large compared to 1 (i.e. for 
pt < —kpT, which corresponds to the right-hand side of the figure), the exponential in 
the denominator of (25) is always much larger than 1 (whatever the energy e), and the 
distribution reduces to the classical Boltzmann distribution (27). Bosons and fermions 
have practically the same distribution; the gas is said to be “non-degenerate”. 

(ii) For a fermion system, the chemical potential has no upper boundary, but the 
population of an individual state can never exceed 1. If yu is positive, with u >> kpT: 

— for low values of the energy, the factor 1 is much larger than the exponential 
term; the population of each individual state is almost equal to 1, its maximum value. 

— if the energy e; increases to values of the order yz, the population decreases and 
when e; >> p, it becomes practically equal to the value predicted by the Boltzmann 
exponential (27). 

Most of the particles occupy, however, the individual states having an energy less 
or comparable to 4, whose population is close to 1. The fermion system is said to be 
“degenerate”. 
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fale — b) 








07 Ble — p) 


Figure 1: Quantum distribution functions of Fermi-Dirac ie (for fermions, lower 
curve) and of Bose-Einstein ig (for bosons, upper curve) as a function of the di- 
mensionless variable B(e — 1); the dashed line intermediate curve represents the classical 
Boltzmann distribution e~®&-), In the right-hand side of the figure, corresponding to 
large negative values of 4, the particle number is small (the low density region) and the 
two distributions practically join the Boltzmann distribution. The system is said to be 
non-degenerate, or classical. As ys increases, we reach the central and left hand side of 
the figure, and the distributions become more and more different, reflecting the increasing 
gas degeneracy. For bosons, ys cannot be larger than the one-particle ground state en- 
ergy, assumed to be zero in this case. The divergence observed for u = 0 corresponds to 
Bose-Einstein condensation. For fermions, the chemical potential can increase without 
limit, and for all the energy values, the distribution function tends towards 1 (but never 
exceeding 1 due to the Pauli exclusion principle). 





(iii) For a boson system, the chemical potential cannot be larger than the lowest eo 
individual energy value, which we assumed to be zero. As tends towards zero through 
negative values and —kgT < yw < 0, the distribution function denominator becomes very 
small leading to very large populations of the corresponding states. The boson gas is 
then said to be “degenerate”. On the other hand, for energies of the order or larger than 
pt, and as was the case for fermions, the boson distribution becomes practically equal to 
the Boltzmann distribution. 


(iv) Finally, for situations intermediate between the extreme cases described above, 
the gas is said to be “partially degenerate”. 


3. Two-particle operators 


For a two-particle symmetric operator G we must use formula (C-16) of Chapter XV, 
which yields: 


ee 1 me 
2) 5 S- Les ates 23 te | G(1, 2). [19 ag 2°: ty) (alalavax ) (28) 
4,9, k,l 
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with: 
1 _alG.F 
(alatavax ) = gi {« a(H alata} (29) 


As the exponential operator in the trace is diagonal in the Fock basis states 
|N1,..,Ni,-.,N;,+.), this trace will be non-zero on the double condition that the states i 
and j associated with the creation operator be exactly the same as the states k and I 
associated with the annihilation operators, whatever the order. In other words, to get a 
non-zero trace, we must have either i =1 and 7 =k, ori =k and j = 1, or both. 


3-a. Fermions 

As two fermions cannot occupy the same quantum state, the product a; al is zero 
if i = j; we therefore assume i # j which allows, using for pe, expression (5) (which is 
a product), to perform independent calculations for the different modes. The case i = | 
and j = k yields, using the anticommutation relations: 


alalaia; =— (ala:) (ala;) (30) 


and the case i = k and j =! yields: 


alalasa; =+ (ala;) (ala;) (31) 


We begin with term (30). Aszand j are different, operators al ay and al a, act on different 


modes, which belong to different factors in the density operator (5). The average value 
of the product is thus simply the product of the average values: 


((alas) (ala;) ) - (ala; ) (ala;) (32) 
= f° (e—p) fe (ex—B) (33) 


As for the second term (31), it is just the opposite of the first one. Consequently, we 
finally get: 


(alalarax ) = (bind; — 5undje] fe? (ei — w) Lg (ej — B) (34) 


The first term on the right-hand side is called the direct term. The second one is the 
exchange term, and has a minus sign, as expected for fermions. 


3-b. Bosons 


For bosons, the operators a commute with each other. 


Q. Average value calculation 


If i #7, a calculation, similar to the one we just did, yields: 
(alalaax) = [bind + Judie] SPP (ei — WIE P (ce — 0) (35) 
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which differs in two ways from (34): the result now involves the Bose-Einstein distribu- 
tion, and the exchange term is positive. 

If i = j, only one individual state comes into a new calculation, which we now 
perform. Using for peg expression (5) we get, after summing as in (11) a geometric 
series: 


(alalasai ) = 3 SS nj (ni —1) exp[—Bni (ei — 1) II, i ra oF) 


ni=0 kHi 





The sum appearing in this equation can be written as: 

















= 107 . EO) 
2 ni (nj —1) exp[—Bni(e; — w)] = seme = is Xu exp [—8n; (e; — p) 
1 @? 1 1 
~ | 99 z 2 a (37) 
BO By] 1—e- Rew 
The first order derivative term yields: 
1 1 —B(ei-H) 
O 2: oe s (38) 
BOpl—e~Per—H) [ye lei-w)] 
and the second order derivative term is: 
1 & 1 —B(e:—p) —B(e:—n)]? 
O = e€ a le | ; (39) 
6? Op? 1 — e-Blei—#) [1 — e~Bler-H)] [1 — e~B(e:-w)] 
Summing these two terms yields: 
9 [e-Bler—H)]? 2 9 
| [fe "(ei — »)] (40) 


[tebe]? Le Blew) 


Multiplying by 1/ [1 — e Aler—#)] the product at the end of the right-hand side of (36) 
yields the partition function Z, which cancels out the first factor 1/Z. We are then left 
with: 


2 
(alafavax ) = 2 dudix [3 (e: — u)] (41) 
This result proves that (35) remains valid even in the case i = j. 


B. Physical discussion: occupation number fluctuations 
For two different physical states i and j, the average value (ala! a; ai) for an ideal 
gas is simply equal to the product of the average values (ala:) = fRP(e— w) and 


(aj aj) = 7" (e; — 1); this is a consequence of the total absence of interaction between 


the particles. The same is true for the average value (alataia; ). 
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Now if i = j, we note the factor 2 in relation (41). As we now show, this factor 
leads to the presence of strong fluctuations associated with the operator 7;, the particle 
number in the state |u;). The calculations shows that: 


((ai)”) = (alajata;) = (alala;a;) + (ala,) 


= 2 [fPF(e: — u)]” + FPF (es — u) (42a) 


The square of the root mean square deviation An, is therefore given by: 
A ~ 2 ~ ~ 
(An)? = (()) — (a)? = [FPP (es — w+ SPP(ec—n) = (Ra)? + () (42) 


The fluctuations of this operator are therefore larger than its average value, which implies 
that the population of each state |u;) is necessarily poorly defined! at thermal equilib- 
rium. This is particularly true for large (7;): in an ideal boson gas, a largely populated 
individual state is associated with a very large population fluctuation. This is due to 
the shape of the Bose-Einstein distribution (24), a decreasing exponential which is max- 
imum at the origin: the most probable occupation number is always n; = 0. Hence it is 
impossible to get a very large average (n;) without introducing a distribution spreading 
over many n; values. Complement Hxy (§ 4-a) discusses certain consequences of these 
fluctuations for an ideal gas. It also shows that as soon as a weak repulsive particle inter- 
action is introduced, the fluctuations greatly diminish and almost completely disappear, 
since their presence would lead to a very large increase in the potential energy. 


3-c. Common expression 


To summarize, we can write in all cases: 


(alatayax ) = [bindjr +7 Sidjx] fales — MH) fale; — #) (43) 
with: 
for fermions n=l, fiS ign 
{ for bosons n=4+1, fe= ig? (44) 


As shown in relation (C-19) of Chapter XV, this average value is simply the matrix 
element (1: up; 2: w| 2 |1: ui; 2: u;) of the two-particle reduced density operator. To 
get the general expression for the average of any symmetric two-particle operator, we 
simply use (43) in (28). Consequently, for independent particles, the average values 
of all these operators are simply expressed in terms of the quantum Fermi-Dirac and 
Bose-Einstein distribution functions. 

Complement Cxy1 will show how the Wick theorem allows generalizing these re- 
sults to operators dealing with any number of particles. 





1A physical observable is said to have a well defined value in a given quantum state if, in this state, 
its root mean square deviation is small compared to its average value. 
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4. Total number of particles 


The operator N corresponding to the total number of particles is given by the sum over 
all the individual states: 


N= S° ala; (45) 
i=l 
and its average value is given by: 
3a ox co 
(M) = Tr {Moca} = >> foles — ») (46) 
i=1 


As fg increases as a function of yu, the total number of particles is controlled (for fixed 
3) by the chemical potential. 


4-a. Fermions 


For the sake of simplicity, we study the ideal gas properties without taking into 
account the spin, which assumes that all particles are in the same spin state (the spin 
can easily be accounted for by adding the contributions of the different individual spin 
states). For a large physical system, the energy levels are very close and the discrete sum 
in (46) can be replaced by an integral. This leads to: 


(®) = NEP (Bn) (47) 


where the function Nf? (8, 1) is defined as (the subscript ig stands for ideal gas): 





Y 1 
FD 3 
Nig (8, ) = (one Ja k Becca) i (48) 


Figure 2 shows the variations of the function NEP (8,4) as a function of py, for fixed 
values of @ and the volume V. 

To deal with dimensionless quantities, one often introduces the “thermal wave- 
length” Ar as: 


Qr {278 
= h, | —— = hy | — 4 
Ar mkpT m 49) 


We can then use in the integral of (48) the dimensionless variable: 


_ kXr 
and write: 
y 
NEP (B, bw) = —~q I3/2(Bu) (51) 


(Ar) 
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NEP (6H) T=3h T = 27; 


tg 





Figure 2: Variations of the particle number NEP (6, u) for an ideal fermion gas, as 
a function of the chemical potential u, and for different fixed temperatures T (8 = 
1/(kpT)). For T = 0 (lower dashed line curve), the particle number is zero for neg- 
ative values of «1, and proportional to p3/? for positive values of fu. For a non-zero 
temperature T = T, (thick line curve), the curve is above the previous one, and never 
goes to zero. Also shown are the curves obtained for temperatures twice (T = 2T,) and 
three times (T = 3T,) as large. The units chosen for the axes are the thermal energy 
kpT, associated with the thick line curve, and the particle number Ny = V/(Ar,)°, where 
Ar, ts the thermal wavelength at temperature T,. 

Largely negative values of uw correspond to the classical region where the fermion gas is 
not degenerate; the classical ideal gas equations are then valid to a good approximation. 
In the region where up >> kpT, the gas is largely degenerate and a Fermi sphere shows up 
clearly in the momentum space; the total number of particles has only a slight temperature 
dependence and varies approximately as p3/?. 

This figure was kindly contributed by Genevieve Tastevin. 





with?: 


T3/2(B pu) = yerel? [es : : is ne (52) 


weep lal, Meal 
where, in the second equality, we made the change of variable: 
x= K (53) 
Note that the value of [3/2 only depends on a dimensionless variable, the product By. 


If the particles have a spin 1/2, both contributions (W,) and (W_) from the 
two spin states must be added to (46); in the absence of an external magnetic field, the 





?The subscript 3/2 refers to the subscript used for more general functions fm(z), often called the 
Fermi functions in physics. They are defined by fm(z) = yee. where z is the “fugacity” 
z = e?#, Expanding in terms of z the function 1/ [1 + ate | = ze*/ (1 + ge-%] and using the 
properties of the Euler Gamma function, it can be shown that 13 /2(8u) = f3/2(z). 
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individual particle energies do not depend on their spin direction, and the total particle 
number is simply doubled: 


(NW) = (Ns) + (N_) = 2NEP(6, n) (54) 
4-b. Bosons 


For the sake of simplicity, we shall also start with spinless particles, but including 
several spin states is fairly straightforward. For bosons, we must use the Bose-Einstein 
distribution (24) and their average number is therefore: 


oF ds AG pa gee (55) 


We impose periodic boundary conditions in a cubic box of edge length L. The lowest 
individual energy® is e, = 0. Consequently, for expression (55) to be meaningful, js must 
be negative or zero: 


u<0 (56) 


Two cases are possible, depending on whether the boson system is condensed or not. 


a. Non-condensed bosons 


When the parameter yu takes on a sufficiently negative value (much lower than 
the opposite of the individual energy e1 of the first excited level), the function in the 
summation (55) is sufficiently regular for the discrete summation to be replaced by an 
integral (in the limit of large volumes). The average particle number is then written as: 


(¥) = NZ" (8,4) (57) 
with: 
BE = ¥ 3 1 
Nig (8.4) = (27)° [e Peso =a 08) 


Performing the same change of variables as above, this expression becomes: 





Y 
~ (an)? 
with?: 
2 1 2. f° x 
K3/2(Bu) =7 2 | Paar 4 = wa ‘ dot (60) 





3Defining other boundary conditions on the box walls will lead in general to a non-zero ground state 
energy; choosing that value as the common origin for the energies and the chemical potential will leave 
the following computations unchanged. 

4The subscript 3/2 refers to the subscript used for the functions gm(z), often called, in physics, the 
Bose functions (or the polylogarithmic functions). They are defined by the series gm(z) = so paz Zhe 


The exact value of the number ¢ defined in (61) is thus given by the series Se [28/2 
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The variations of N"(8,) as a function of y are shown in Figure 3. Note that the 
total particle number tends towards a limit ¢ x (V/A7) as p tends towards zero through 
negative values, where ¢ is the number: 


¢ = K3)2(0) = 2,612... (61) 


As the function increases with 4, we can write: 


a v 
NZ (B,u) < ‘Op (62) 


There exists an insurmountable upper limit for the total particle number of a non- 
condensed ideal Bose gas. 








Figure 3: Variations of the total particle number NB? (6, u) in a non-condensed ideal 
Bose gas, as a function of and for fixed B =1/(kpT). The chemical potential is always 
negative, and the figure shows curves corresponding to several temperatures T = T, (thick 
line), T =2T, and T = 3T,. Units on the azes are the same as in Figure 2: the thermal 
energy kgT, associated with curve T = T,, and the particle number Ny = V/(Ar,)°, where 
Ar, is the thermal wavelength for this same temperature T,. As the chemical potential 
tends towards zero, the particle numbers tend towards a finite value. For T = T,, this 
value is equal to CN; (shown as a dot on the vertical axis), where ¢ is given by (61). 
This figure was kindly contributed by Genevieve Tastevin 





B. Condensed bosons 


As p gets closer to zero, the population No of the ground state becomes: 


: ate, (63) 


— BE = ae 
No = fa (eo -—p) = eB — | 0 12 


1638 


@ IDEAL GAS IN THERMAL EQUILIBRIUM; QUANTUM DISTRIBUTION FUNCTIONS 





This population diverges in the limit = 0 and, when || gets small enough, it can 
become arbitrarily large. It can, for example, become proportional® to the volume V, in 
which case it adds a finite contribution No/V to the particle numerical density (particle 
number per unit volume) as VY > oo. 

This particularity is limited to the ground state, which, in this case, plays a very 
different role than the other levels. Let us show, for example, that the first excited state 
population does not yield a similar effect. Assuming the system to be contained in a cubic 
box® of edge length L, the population of the first excited energy level e, ~ 17h? /(2mL?) 
can be written as: 


IPP —) =~ (5 (64) 


= efle1—B) -=.i mee, Bex 7 AT 





(we assume the box to be large enough so that L >> Ar, which means Ge, < 1); this 
population can therefore be proportional only to the square of L, i.e. to the volume to 
the power 2/3. It shows that this first excited level cannot make a contribution to the 
particle density in the limit L — co; the same is true for all the other excited levels 
whose contributions are even smaller. The only arbitrary contribution to the density 
comes from the ground state. 

This arbitrarily large value as 4, > 0 obviously does not appear in relation (59), 
which predicts that the density NB “(8, )/V is always less than a finite value as shown by 
(62). This is not surprising: as the population varies radically from the first energy level 
to the next, we can no longer compute the average particle number by replacing in (55) the 
discrete summation by an integral and a more precise calculation is necessary. Actually, 
only the ground state population must be treated separately, and the summation over 
all the excited states (of which none contributes to the density divergence) can still be 
replaced by an integral as before. Consequently, to get the total population of the physical 
system we simply add the integral on the right-hand side of (57) to the contribution No 
of the ground level: 


(N) = NBF(B,0) + No (65) 


where No is defined in (63). 

As pp — 0, the total population of all the excited levels (others than the ground 
level) remains practically constant and equal to its upper limit (62); only the ground 
state has a continuously increasing population No, which becomes comparable to the 
total population of all the excited states when the right-hand sides of (63) and (62) are 
of the same order of magnitude: 


r3 
we —kaT Sy => No (66) 


a aa 
Ap 


(u being of course always negative). When this condition is satisfied, a significant frac- 
tion of the particles accumulates in the individual ground level, which is said to have a 





5The limit where VY — oo while the density remains constant is often called the “thermodynamic 
limit”. 

6 As above, we assume periodic conditions on the box walls. Another choice would be to impose zero 
values for the wave functions on the walls: the numerical coefficients of the individual energies would be 
changed, but not the line of reasoning. 
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“macroscopic population” (proportional to the volume). We can even encounter situa- 
tions where the majority of the particles all occupy the same quantum state. This phe- 
nomenon is called “Bose-Einstein condensation” (it was predicted by Einstein in 1935, 
following Bose’s studies of quantum statistics applicable to photons). It occurs when the 
total density nzo¢ reaches the maximum predicted by formula (62), that is: 


¢ _ 2.612 
Ap AP 





Ntot = (67) 
This condition means that the average distance between particles is of the order of the 
thermal wavelength A. 

Initially, Bose-Einstein condensation was considered to be a mathematical curios- 
ity rather than an important physical phenomenon. Later on, people realized that it 
played an important role in superfluid liquid Helium 4, although this was a system with 
constantly interacting particles, hence far from an ideal gas. For a dilute gas, Bose- 
Einstein condensation was observed for the first time in 1995, and in a great number of 
later experiments. 


5. Equation of state, pressure 


The “equation of state” of a fluid at thermal equilibrium is the relation that links, for a 
given particle number N, its pressure P, volume V, and temperature T = 1/kp6. We 
have just studied the variations of the total particle number. We shall now examine the 
pressure of a fermion or boson ideal gas. 


5-a. Fermions 


The grand canonical potential of a fermion ideal gas is given by (9). Equation (14) 
indicates that, for a system at thermal equilibrium, this grand potential is equal to the 
opposite of the product of the volume VY and the pressure P. We thus have: 


PY = kpT Soin 1 + gee 
k 


= aayetet fas In [tbe Peo) (68) 
7 a 


(where the second equality is valid in the limit of large volumes). Simplifying by V = L°, 
we get the pressure of a fermion system contained in a box of macroscopic dimension: 


P= (2m)? ka f ak if [1+ en Pler—1] 


1 
= De. Ts/2 (Bu) (69) 
Tv 
with: 
Is 72 (Bp) = 3/2 [ee In E + gee 


wee 7 x Va in ebu-% 
=< | de Jain [1+ e%#-*] (70) 
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where x has been defined in (53). 

To obtain the equation of state, we must find a relation between the pressure P, the 
volume Y, and the temperature T of the physical system, assuming the particle number to 
be fixed. We have, however, used the grand canonical ensemble (cf. Appendix VI), where 
the temperature is determined by the parameter 8 and the volume is fixed, but where 
the particle number can vary: its average value is a function of a parameter, the chemical 
potential (for fixed values of 6 and V). Mathematically, the pressure P appears as a 
function of VY, T and pw and not as the function of Y, T and the particle number we were 
looking for. We can nevertheless vary yz, and obtain values of the pressure and particle 
number of the system and consequently explore, point by point, the equation of state in 
this parametric form. To obtain an explicit form of the equation of state would require 
the elimination of the chemical potential using both (47) and (69); there is generally no 
algebraic solution, and people just use the parametric form of the equation of state, which 
allows computing all the possible state variables. There also exists a “virial expansion” in 
powers of the fugacity e?”, which allows the explicit elimination of py at all the successive 
orders; its description is beyond the scope of this book. 


5-b. Bosons 


The pressure of an ideal boson gas is derived from the grand potential (12), taking 
into account its relation (14) to the pressure P and volume V: 


PV =-kpT Y~In E = 7 Alee-H)] 
k 


= ayeker f ae In E Se Feit) (71) 
TT 


(the second relation being valid in the limit of large volumes). This leads to: 


pase pes In 1 = cen) 





(2m)° 
= aay Kove (8H) os 
with: 
Ks/2 (Bu) = —1 9? f dP In E _ eben 


- = f dx /z In [1 — e8#-*] (73) 


As yt + 0, the contribution Po of the ground level to the pressure written in (71) 


kpT kpT 
R= Sor In [1 — e?4] ~ Some In [-6p] (74) 
When the chemical potential tends towards zero as in (66), it leads to: 
kpT, V 
Po ~ In; 
0 y as (75) 
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which therefore goes to zero in the limit of large volumes. For a large system, the ground 
level contribution to the pressure remains negligible compared to that of all the other 
individual energy levels, whose number gets bigger as the system gets larger. Contrary 
to what we encountered for the average total particle number, the condensed particles’ 
contribution to the pressure goes to zero in the limit of large volumes. 

As we have seen for fermions, the equation of state must be obtained by elimi- 
nating the chemical potential 4 between equations (72) yielding the pressure and (65) 
yielding the total particle number. As opposed to an ideal fermion gas, whose particle 
number and pressure increase without limit as yw and the density increase, the pressure in 
a boson system is limited. As soon as the system condenses, only the particle number in 
the individual ground state continues to grow, but not the pressure. In other words, the 
physical system acquires an infinite compressibility, and becomes a “marginally patho- 
logical” system (a system whose pressure decreases with its volume is unstable). This 
pathology comes, however, from totally neglecting the bosons’ interactions. As soon as 
repulsive interactions are introduced, no matter how small, the compressibility will take 
on a finite value and the pathology will disappear. 

This complement is a nice illustration of the simplifications incurred by the sys- 
tematic use, in the calculations, of the creation and annihilation operators. We shall 
see in the following complements that these simplifications still occur when taking into 
account the interactions, provided we stay in the framework of the mean field approxi- 
mation. Complement Bxv will even show that for an interacting system studied without 
using this approximation, the ideal gas distribution functions are still somewhat useful 
for expressing the average values of various physical quantities. 
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Complement Cxy 


Condensed boson system, Gross-Pitaevskii equation 
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The Bose-Einstein condensation phenomenon for an ideal gas (no interaction) of N 
identical bosons was introduced in § 4-b-6 of Complement Bxy. We show in the present 
complement how to describe this phenomenon when the bosons interact. We shall look 
for the ground state of this physical system within the mean field approximation, using a 
variational method (see Complement Ex1). After introducing in § 1 the notation and the 
variational ket, we study in § 2 spinless bosons, for which the wave function formalism 
is simple and the introduction of the creation and annihilation operators does not lead 
to any major computation simplifications. This will lead us to a first version of the 
Gross-Pitaevskii equation. We will then come back in § 3 to Dirac notation and the 
creation operators, to deal with the more general case where each particle may have a 
spin. Defining the Gross-Pitaevskii potential operator, we shall obtain a more general 
version of that equation. Finally, some properties of the Gross-Pitaevskii equation will be 
discussed in § 4, as well as the role of the chemical potential, the existence of a relaxation 
(or “healing”) length, and the energetic consequences of “condensate fragmentation” 
(these terms will be defined in § 4-c). 


1. Notation, variational ket 


We first define the notation and the variational family of state vectors that will lead to 
relatively simple calculations for a system of identical interacting bosons. 
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1-a. Hamiltonian 


The Hamiltonian operator H we consider is the sum of operators for the kinetic 
energy Hp, the one-body potential energy Va and the interaction energy Wine: 


HE = Hy + Vout + Wint (1) 


The first term Ho is simply the sum of the individual kinetic energy operators associated 
with each of the particles q: 


Ho = S° Ko(q) (2) 


where : 

2 
Po 
2m 


(3) 


(P, is the momentum of particle qg). Similarly, Vext is the sum of the external potential 
operators Vi(R,), each depending on the position operator R, of particle gq: 


Vext = = Mi Vi (R. (4) 


Finally, Wint is the sum of the interaction energy associated with all the pairs of particles: 


N 
S- W2(Ry, Ry) (5) 


q#q'=1 


(this summation can also be written as a sum over q < q’, while removing the prefactor 


1/2). 


Ko(q) = 


1-b. Choice of the variational ket (or trial ket) 
Let us choose an arbitrary normalized quantum state |6): 

( |@) = 1 (6) 
and call al the associated creation operator. The N-particle variational kets we consider 
are defined by the family of all the kets that can be written as: 

iv) = + [al 10) (7 


where |@) can vary, only constrained by (6). Consider a basis {|9,)} of the individual 

state space whose first vector is |9;) = |6). Relation (A-17) of Chapter XV shows that 

this ket is simply a Fock state whose only non-zero occupation number is the first one: 
\v) = |n1 = N,n2 = 0,ng = 0,...) (8) 


An assembly of bosons that occupy the same individual state is called a “Bose-Einstein 
condensate”. 2% 
Relation (8) shows that the kets |W) are normalized to 1. We are going to vary 


|0), and therefore |W), so as to minimize the average energy: 


_ way (9) 
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2. First approach 


We start with a simple case where the bosons have no spin. We can then use the wave 
function formalism and keep the computations fairly simple. 
2-a. Trial wave function for spinless bosons, average energy 


Assuming one single individual state to be populated, the wave function U(rj,ro2,..., ry) 
is simply the product of N functions 0(r): 


W(r1,ro,..,tn) =O(r1) O(re)... O(rNn) (10) 
with: 
A(r) = (r |0) (11) 


This wave function is obviously symmetric with respect to the exchange of all particles 
and can be used for a system of identical bosons. 

In the position representation, each operator Ko(q) defined by (3) corresponds to 
(—h? /2m) A,,, where A,, is the Laplacian with respect to the position ry; consequently, 
we have: 


(Ho) = SEY fain. ferry. fabry 
x (11) ...0* (tq) ...0* (ty) x O (11)... AO (rq)... O (tw) (12) 


In this expression, all the integral variables others than r, simply introduce the square of 
the norm of the function @(r), which is equal to 1. We are just left with one integral over 
r,, in which r, plays the role of a dummy variable, and thus yields a result independent 
of gq. Consequently, all the q values give the same contribution, and we can write: 


rT —h? 3 * 
(Ao) = zcN fa r 0*(r)A0(r) (13) 
As for the one-body potential energy, a similar calculation yields: 
(Vent) =N / dr 6*(r) Vi(r) O(r) (14) 


Finally, the interaction energy calculation follows the same steps, but we must keep 
two integral variables instead of one. The final result is proportional to the number 
N(N — 1)/2 of pairs of integral variables: 


> N(N-1 
(We) = NIN) / dp i dr! 6*(r)0*(r") Wo (r,r’) 6(r)6(r") (15) 
The variational average energy E is the sum of these three terms: 
E = (Bo) + (Vex) + (Wa) (16) 
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2-b. Variational optimization 


We now optimize the energy we just computed, so as to determine the wave func- 
tions 0(r) corresponding to its minimum value. 


Q. Variation of the wave function 


Let us vary the function 6(r) by a quantity: 
O(r) > O(r) +e 5f(r) (17) 


where 6f(r) is an infinitesimal function and y an arbitrary number. A priori, 6 f(r) must 
be chosen to take into account the normalization constraint (6), which forces the integral 
of the #(r) modulus squared to remain constant. We can, however, use the Lagrange 
multiplier method (Appendix V) to impose this constraint. We therefore introduce the 
multiplier jz (we shall see in § 4-a that this factor can be interpreted as the chemical 
potential) and minimize the function: 


F=E- p far 0*(r)0(r) (18) 


This allows considering the infinitesimal variation 6 f(r) to be free of any constraint. The 
variation 6F of the function F is now the sum of 4 variations, coming from the three 
terms of (16) and from the integral in (18). For example, the variation of (fio) yields: 


6 (Ao) = -soN fats [eX 6f*(r) A@(r) + e** O*(r) Ad f(r)] (19) 


which is the sum of a term proportional to e~’* and another proportional to e’*. This 
is true for all 4 variations and the total variation 6F can be expressed as the sum of two 
terms: 


OF = dcye—** + dc,e* (20) 


the first being the 5f*(r) contribution and the second, that of df(r). Now if F is 
stationary, 6 F must be zero whatever the choice of x, which is real. Choosing for example 
xy = 0 imposes 6c + dcg = 0, and the choice y = 7/2 leads (after multiplication by 7) to 
dc, — dc2 = 0. Adding and subtracting the two relations shows that both coefficients dc; 
and 6c must be zero. In other words, we can impose 6F to be zero as just 6*(r) varies 
but not 6(r) — or the opposite?. 


B. Stationary condition: Gross-Pitaevskii equation 


We choose to impose the variation 6F to be zero as only *(r) varies and for y = 0. 
We must first add contributions coming from (13) and (14), then from (15). For this last 
contribution, we must add two terms, one coming from the variations due to 6*(r), and 
the other from the variation due to 6*(r’). These two terms only differ by the notation 





1This means that the stationary condition may be found by varying indifferently the real or imaginary 
part of 6(r). 
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in the integral variable and are thus equal: we just keep one and double it. We finally 
add the term due to the variation of the integral in (18), and we get: 


sF=N fat of*(r) x 


_ Fe 
\[ee4+ Vi(r) — M +(N-1) pear Wa (r, x’) 6*(r’) ace’) O(r) = (21) 
m 
This variation must be zero for any value of 6 f*(r); this requires the function that 
multiplies 6f*(r) in the integral to be zero, and consequently that 6(r) be the solution 
of the following equation, written for y(r): 








{[-Fa+ve]+o-1 far mee) joey? bot) =n ot) 2) 


2m 








This is the time-independent Gross-Pitaevskii equation. It is similar to an eigenvalue 
Schrédinger equation, but with a potential term: 


Vi(r) + (NV - 1) par Wo (r,r’) o(r’) |? (23) 


which actually contains the wave function y in the integral over d°r’; it is therefore a 
nonlinear equation. The physical meaning of the potential term in W2 is simply that, 
in the mean field approximation, each particle moves in the mean potential created by 
all the others, each of them being described by the same wave function y(r’); the factor 
(N — 1) corresponds to the fact that each particle interacts with (IV — 1) other particles. 
The Gross-Pitaevskii equation is often used to describe the properties of a boson system 
in its ground state (Bose-Einstein condensate). 


Ys Zero-range potential 


The Gross-Pitaevskii equation is often written in conjunction with an approxima- 
tion where the particle interaction potential has a microscopic range, very small compared 
to the distances over which the wave function y(r) varies. We can then substitute: 


Wa(r,r’) => g O(r -1’) (24) 
where the constant g is called the “coupling constant”; such a potential is sometimes 
known as a “contact potential” or, in other contexts, a “Fermi potential”. We then get: 


~F-A+ Vie) + (ND aloer)P| ole) = wele) (25) 


Whether in this form? or in its more general form (22), the equation includes a cubic 
term in y(r). It may render the problem difficult to solve mathematically, but it also is 
the source of many interesting physical phenomena. This equation explains, for example, 
the existence of quantum vortices in superfluid liquid helium. 





Strictly speaking, in what is generally called the Gross-Pitaevskii equation, the coupling constant 
g is replaced by 47h?.ao/m, where ao is the “scattering length”; this length is defined when studying the 
collision phase shift 6,(k) (Chapter VIII, § C), as the limit of 60(k) ~ —kag when k — 0. This scattering 
length is a function of the interaction potential W2(r,r’), but generally not merely proportional to it, as 
opposed to the matrix elements of Wa(r,r’). It is then necessary to make a specific demonstration for 
this form of the Gross-Pitaevskii equation, using for example the “pseudo-potential” method. 
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é. Other normalization 


Rather than normalizing the wave function y(r) to 1 in the entire space, one 
sometimes chooses a normalization taking into account the particle number by setting: 


/ Pr y(n)? = N (26) 


This amounts to multiplying by VN the wave function we have used until now. At each 
point r of space, the particle (numerical) density n(r) is then given by: 


n(r) = |y(r))? (27) 


With this normalization, the factor (N — 1) in (25) is replaced by (N — 1)/N, which can 
generally be taken equal to 1 for large N. The Gross-Pitaevskii equation then becomes: 








SA + V(r) +g9lele)!?| gle) = we(r) (28) 








As already mentioned, we shall see in § 4-a that pz is simply the chemical potential. 


3. Generalization, Dirac notation 


We now go back to the previous line of reasoning, but in a more general case where the 
bosons may have spins. The variational family is the set of the N-particle state vectors 
written in (7). The one-body potential may depend on the position r, and, at the same 
time, act on the spin (particles in a magnetic field gradient, for example). 


3-a. Average energy 


To compute the average energy value (W| AY), we use a basis {|9,)} of the indi- 
vidual state space, whose first vector is |@:) = |@). 


Using relation (B-12) of Chapter XV, we can write the average value (A) as: 


(Foo) = > (Gx) Ko 161) (Vlakaal¥) (29) 
k,l 


Since |W) is a Fock state whose only non-zero population is that of the state |@,), the 
ket ah a)|V) is non-zero only if J = 1; it is then orthogonal to |W) if k 4 1. Consequently, 
the only term left in the summation corresponds to k = 1 = 1. As the operator ala, 
multiplies the ket by its population N, we get: 

(Ao) = N (01| Ko |61) (30) 
With the same argument, we can write: 


(Vest) = N (01] Vi |r) (31) 
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Using relation (C-16) of Chapter XV, we can express the average value of the 
interaction energy as®: 


= 1 — — 

(W2) = 5 Do 1: O32: 61] Wa(1,2) 11: Omi 2 On) (lal af andm|P) (32) 
k,l,m,n 

In this case, for the second matrix element to be non-zero, both subscripts m and n must 

be equal to 1 and the same is true for both subscripts k and | ( otherwise the operator 


will yield a Fock state orthogonal to |¥)). When all the subscripts are equal to 1, the 
operator multiplies the ket |¥) by N (N — 1). This leads to: 
> N(N-1 

(Wa) = NEN) (a: 452: | Wo(1,2) [L: O52: 1) (33) 
The average interaction energy is therefore simply the product of the number of pairs 
N(N —1) /2 that can be formed with N particles and the average interaction energy of 
a given pair. 

We can replace |6,) by |9), since they are equal. The variational energy, obtained 

as the sum of (30), (31) and (33), then reads: 


ined) 


E=N (6|[Ko+Vil|0) (1: 0;2 : 6| Wo(1, 2) |1 : 652 : 8) (34) 


3-b. Energy minimization 
Consider a variation of |6): 
|0) = |0) +e |da) (35) 


where |dq@) is an arbitrary infinitesimal ket of the individual state space, and y an arbi- 
trary real number. To ensure that the normalization condition (6) is still satisfied, we 
impose |da) and |@) to be orthogonal: 


(5a |0) =0 (36) 


so that (@ |@) remains equal to 1 (to the first order in |6a)). Inserting (35) into (34) to 
obtain the variation dE of the variational energy, we get the sum of two terms: the first 
one comes from the variation of the ket |9), and is proportional to e’X; the second one 
comes from the variation of the bra (6|, and is proportional to e~**. The result has the 
form: 


bE = bcye"X + bc9e7'*X (37) 
The stationarity condition for E must hold for any arbitrary real value of y. As before 
(§ 2-b-a), it follows that both 6c; and dc2 are zero. Consequently, we can impose the 
variation E to be zero as just the bra (6| varies (but not the ket |@)), or the opposite. 

Varying only the bra, we get the condition: 


pe) 


0=N (6a| [Ko + Vi — pl |) [(1 : da; 2: 0] Wo(1, 2) |1 : 052: ) 


+ (1: 6;2: da| Wo(1, 2) |1: 6:2: A)] 


(38) 





3We use the simpler notation W2(1,2) for W2(Ri, Re). 
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As the interaction operator W (1,2) is symmetric, the last two terms within the bracket 
in this equation are equal. We get (after simplification by N): 


0 = (6a [Ko + Vi — 1) |0) + (N — 1) (1 : 60; 2 : 6] Wo(1, 2) |1 : 0; 2 : 0) (39) 


3-c. Gross-Pitaevskii equation 


To deal with equation (39), we introduce the Gross-Pitaevskii operator Vp, de- 
fined as a one-particle operator whose matrix elements in an arbitrary basis {|u,;)} are 
given by: 


(ui| Vep |uj) = (N — 1) (1: ug3 2: 6] Wo(1, 2) |1 : wj5 2: 6) (40) 
which leads to: 
(v| VEp |v’) = (N — 1) (1: 032 : 6| Wo(1, 2) [1 : v’32: 0) (41) 


where |v) and |v’) are two arbitrary one-particle kets — this can be shown by expanding 
these two kets on the basis {|u;)} and using relation (40). Note that this potential opera- 
tor does not include an exchange term; this term does not exist when the two interacting 
particles are in the same individual quantum state. Equation (39) then becomes: 

0 = (da| [Ko +Vi + VEp| |6) (42) 
This stationarity condition must be verified for any value of the bra (da|, with only the 
constraint that it must be orthogonal to |9) (according to relation (36)). This means 
that the ket resulting from the action of the operator |Ko + Vi + V&p| on |@) must have 
zero components on all the vectors orthogonal to |6); its only non-zero component must 
be on the ket |@) itself, which means it is necessarily proportional to |@). In other words, 
\0) must be an eigenvector of that operator, with eigenvalue ju (real since the operator is 
Hermitian): 

[Ko + Vi + Vp] |) = 110) (43) 
We have just shown that the optimal value |) of |@) is the solution of the Gross-Pitaevskii 
equation: 


[Ko + Vi + VEpl |e) = Hy) (44) 


which is a generalization of (28) to particles with spin, and is valid for one- or two- 
body arbitrary potentials. For each particle, the operator V{, represents the mean field 
created by all the others in the same state |v). 


Comment: 


The Gross-Pitaevskii operator Vp is simply a partial trace over the second particle: 
Vep(1) = (N - 1) Tre {P°(2)Wa(1, 2)} (45) 
where P®(2) is the projection operator P°(2) of the state of particle 2 onto |6): 


P°(2) = S01: un) (1: we] @ [22 0) (2: 0 = S_ [Ls un3 2:0) (1 un32: | (46) 


k k 
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To show this, let us compute the partial trace on the right-hand side of (45). To obtain 
this trace (Complement En, § 5-b), we choose for particle 2 a set of basis states {|0,)} 
whose first vector |91) coincides with |6): 


(us| Tro {P?(2)Wa(1, 2) } Jus) = S> (1: wa; 2: On| P®(2)Wo(1,2) |1:uj;2:On) (47) 


Replacing P®(2) by its value (46) yields the product of 6;, (for the scalar product as- 
sociated with particle 1) and 5,1 (for the one associated with particle 2). This leads 
to: 


(ui| Tr {P°(2)Wa(1, 2) } juz) = (1: way 2: | Wo(1, 2) [1 uy; 2: 8) (48) 


which is simply the initial definition (40) of Vép. Relation (45) is therefore another 
possible definition for the Gross-Pitaevskii potential. 


4. Physical discussion 


We have established which conditions the variational wave function must obey to make 
the energy stationary, but we have yet to study the actual value of this energy. This will 
allow us to show that the parameter yu is in fact the chemical potential associated with 
the system of interacting bosons. We shall then introduce the concept of a relaxation (or 
“healing”) length, and discuss the effect, on the final energy, of the fragmentation of a 
single condensate into several condensates, associated with distinct individual quantum 
states. 


4-a. Energy and chemical potential 
Since the ket |y) is normalized, multiplying (44) by the bra (y| and by N, we get: 
N (9| [Ko + Vi + Vp) |e) = Nu (49) 


We recognize the first two terms of the left-hand side as the average values of the kinetic 
energy and the external potential. As for the last term, using definition (41) for V2p, we 
can write it as: 


N (ol V&p |v) = NN — 1) (1: 932: y| Wa(1, 2) [1 : 9; 2: 9) (50) 


which is simply twice the potential interaction energy given in (33) when |6:) = |y). This 
leads to: 


Nu= (Ho) + (Vi) +2( Wa) = E+ (W,) (51) 


To find the energy EB, note that Ny/2 is the sum of (W2) and of half the kinetic and 
external potential energies. Adding the missing halves, we finally get for E: 


N 
B= > |v + (yl [Ko + Vi] |y)] (52) 
An advantage of this formula is to involve only one- (and not two-) particle operators, 


which simplifies the computations. The interaction energy is implicitly contained in the 
factor pL. 
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The quantity does not yield directly the average energy, but it is related to it, 
as we now show. Taking the derivative, with respect to N, of equation (34) written for 
|9) = |p), we get: 


dE 1 
Gy = WILKo+ Ville) + (5) (v1 W2U1,2) lee) (53) 
For large N, one can safely replace in this equation (N — 1/2) by (N — 1); after multi- 
plication by N, we obtain a sum of average energies: 


n= = (Ho) + (Vi) +2 (Ws) (54) 


Taking relation (51) into account, this leads to: 


dE Be 
aa Mb (55) 
We know (Appendix VI, § 2-b) that in the grand canonical ensemble, and at zero tem- 
perature, the derivative of the energy with respect to the particle number (for a fixed 
volume) is equal to the chemical potential. The quantity 4, introduced mathematically 
as a Lagrange multiplier, can therefore be simply interpreted as this chemical potential. 


4-b. Healing length 


The “healing length” is an important concept that characterizes the way a solution 
of the time-independent Gross-Pitaevskii equation reacts to a spatial constraint (for 
example, the solution can be forced to be zero along a wall, or along the line of a vortex 
core). We now calculate an approximate order of magnitude for this length. 

Assuming the potential V(r) to be zero in the region of interest, we divide equation 
(28) by y(r) and get: 


_ W Ag(r) 
2m ¢(r) 





+ glp(r)? =u (56) 


Consequently, the left-hand side of this equation must be independent of r. Let us assume 
y(r) is constant in an entire region of space where the density is no, independent of r: 


: (57) 


no = |p(r)| 
but constrained by the boundary conditions to be zero along its border. For the sake of 
simplicity, we shall treat the problem in one dimension, and assume y(r) only depends on 
the first coordinate x of r; the wave function must then be zero along a plane (supposed 
to be at « = 0). We are looking for an order of magnitude of the distance € over which 
the wave function goes from a practically constant value to zero, i.e. for the spatial range 
of the wave function transition regime. In the region where y(r) is constant, relation 
(56) yields: 


LL = gno (58) 
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Figure 1: Variation as a function of the position x of the wave function v(x) in the 
vicinity of a wall (at x = 0) where it is forced to be zero. This variation occurs over 
a distance of the order of the healing length € defined in (61); the stronger the particle 
interactions, the shorter that length. As x increases, the wave function tends towards a 
constant plateau, of coordinate ,/no, represented as a dashed line. 





On the other hand, in the whole region where y(r) has significantly decreased, and in 
particular close to the origin, we have: 





h? Ay(r) 
i ~ i= 59 
2m y(r) er (59) 
In one dimension’, we then get the differential equation: 
nid 
Layee AS 60 
dm Agee i®) ~ gnovlz) (60) 





whose solutions are sums of exponential functions e+**/§, with: 


h2 


61 
2mgno (61) 


E= 





The solution that is zero for « = 0 is the difference between these two exponentials; 
it is proportional to sin(x/€), a function that starts from zero and increases over a 
characteristic length €. Figure 1 shows the wave function variation in the vicinity of the 
wall where it is forced to be zero. 

The stronger the interactions, the shorter this “healing length” €; it varies as the 
inverse of the square root of the product of the coupling constant g and the density no. 
From a physical point of view, the healing length results from a compromise between the 
repulsive interaction forces, which try to keep the wave function as constant as possible 
in space, and the kinetic energy, which tends to minimize its spatial derivative (while the 
wave function is forced to be zero at x = 0); € is equal (except for a 27 coefficient) to 
the de Broglie wavelength of a free particle having a kinetic energy comparable to the 
repulsion energy gno in the boson system. 





4A more precise derivation can be given by verifying that y(x) = \/no tanh 2/€V2 is a solution of 
the one-dimensional equation (56). 
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4-c. Another trial ket: fragmentation of the condensate 


We now show that repulsive interactions do stabilize a boson “condensate” where 
all the particles occupy the same individual state, as opposed to a “fragmented” state 
where some particles occupy a different state, which can be very close in energy. Instead 
of using a trial ket (7), where all the particles form a perfect Bose-Einstein condensate 
in a single quantum state |9), we can “fragment” this condensate by distributing the N 
particles in two distinct individual states. Consequently, we take a trial ket where N, 
particles are in the state |0,) and N, = N — N, in the orthogonal state |,): 


i at bt” Fal" “ 


We now compute the change in the average variational energy. In formula (29) 
giving the average kinetic energy, for the operator aha; to yield a Fock state identical to 
|W), we must have either k =1 =a, or k =1=b. This leads to: 


(Ao) = Na (Bal Ko|82) + Ns (Go| Ko |6) (63) 
The computation of the one-body potential energy is similar and leads to: 
(Vox) = Na (Bal Vi |a) + Ns (Bol Vi 160) (64) 


In both cases, the contributions of two populated states are proportional to their respec- 
tive populations, as expected for energies involving a single particle. 

As for the two-body interaction energy, we use again relation (32). It contains 
the operator ahalanam, which will reconstruct the Fock state |) in the following three 
cases: 

- k=l=m=n=<aor 6b yields the contribution: 


—l 
— (1: 8a; 2: 8) Wo(1,2) [1 : 0.32 : 8a) 
Ny (Np - 1 
4 MEA) a 542 : Oy) Wa( 1,2) [L: 2 : Os) (65) 


- k=m=aandl=n=b0,0ork=m=bandl=n=a,; these two possibilities 
yield the same contribution (since the W2 operator is symmetric), and the 1/2 factor 
disappears, leading to the direct term: 


Na No (1 : 6032 : 5] Wo(1, 2) |1 : 6032 : Oy) (66) 


- Finally, k =n=aandl=m=b,0ork=n=band!l=m =a, yield two 
contributions whose sum introduces the exchange term (here again without the factor 


1/2): 
Na No (1 : 6032 : O4| Wo(1, 2) [1 : 6,32 : Oa) (67) 


The direct and exchange terms have been schematized in Figure 3 in Chapter XV (re- 
placing |u;) by |6,), and |u;) by |@,)), with the direct term on the left, and the exchange 
term on the right. 
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The variational energy can thus be written as: 


E=Na [(6a| [Ko + Vi] |@a)] + No [(0s| [Ko + Vi] |0s)] 


NN 1 
+ an (1: 6432 : Oa| Wo(1, 2) |1 : 0a;2: 02) 
Ny (Ns -— 1 
3 MIM (1: O32: O| Wo(1,2) |1 : 0432 : 0) 
+ Na No (1 : Oa; 2 : O4| Wo(1, 2) [1 : Oa; 2 : Op) 
+ Na Np (1 : 6032 : O5| Wo(1, 2) [1 : 6,32 : Oa) (68) 





As above, the interaction between particles in the same state |0,) contributes a term 
proportional to Ny (Nq — 1) /2, the number of pairs of particles in that state; the same 
is true for the interaction term between particles in the same state |@,). The direct term 
associated with the interaction between two particles in distinct states is proportional to 
NqNb, the number of such pairs. But to this direct term we must add an exchange term, 
also proportional to N,N,, corresponding to an additional interaction. This increased 
interaction is due to the bunching effect of two bosons in different quantum states, that 
will be discussed in more detail in § 3-b of Complement Axyy. As they are indistin- 
guishable, two bosons occupying individual orthogonal states show correlations in their 
positions; this increases the probability of finding them at the same point in space. This 
increase does not occur when the two bosons occupy the same individual quantum state. 

We now assume the diagonal matrix elements of [Ko + Vi] between the two states 
|0,) and |@,) to be practically the same. For example, if these two states are the lowest 
energy levels of spinless particles in a cubic box of edge L, the corresponding energy 
difference is proportional to 1/L? — hence very small in the limit of large L. We also 
assume all the matrix elements of W2(1,2) to be equal, which is the case if the (micro- 
scopic) range of the particle interaction potential is very small compared to the distances 
over which the wave functions of the two states vary. We can therefore replace in all 
the matrix elements the kets |6,) and |6,) by the same ket |@). Since N, + N, = N, we 
obtain: 


B=N (6\(Ko+VJ|9) 
1 





+3 [Na (Na — 1) + Np (Ny — 1) + 2NGN5] (1: O32 : O| Wo(1, 2) [1 : 52 : 6) 
+ NaNz (1 : 652: 6] Wo(1, 2) |1 : 032 : A) (69) 
However: 


N(N—1) =(Na+Np) (Na + Ny —1) = Na (Na —-1)+No(Ny—1)+2NQNy (70) 


so that: 

es N(N-1 a 

E=N (6| [Ko + Vi) ja) + ANY (1: 9,2: 9) o(1,2) [16:2 8) + AE (71) 
with: 

AE = N.Np (1: 6:2: 6| Wo(1, 2) [1 : 052 : 6) (72) 
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We find again result (34), but with an additional term ABE, the exchange term. 
Two cases are then possible, depending on whether the particle interactions are attractive 
or repulsive. In the first case, the fragmentation of the condensate lowers the energy and 
leads to a more stable state. Consequently, when the particle interactions are attractive, a 
condensate where only one individual state is occupied tends to split into two condensates, 
which might each split again, and so on. This means that the initial single condensate 
is unstable (we will come back and discuss this instability in § 2-b of Complement Fxy 
for the more general case of thermal equilibrium at non-zero temperature). On the 
contrary, for repulsive interactions the fragmentation increases the energy and leads to 
a less stable state: repulsive interactions therefore tend to stabilize the condensate in a 
single individual quantum state®. This result will be interpreted in § 3-b of Complement 
Axy1 in terms of changes of the particle position correlation function (bunching effect of 
bosons). As for the ideal gas, an intermediate case between the two previous ones, it is a 
marginal borderline case: adding any infinitesimal attractive interaction, no matter how 
small, destabilizes any condensate. 





5We are discussing here the simple case of spinless bosons, contained in a box. When the bosons 
have several internal quantum states, and in other geometries, more complex situations may arise where 
the ground state is fragmented [4]. 
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In this complement, we return to the calculations of Complement Cxv, concerning 
a system of bosons all in the same individual state. We now consider the more general 
case where that state is time-dependent. Using a variational method similar to the one 
we used in Complement Cxy, we shall study the time variations of the N-particle state 
vector. This amounts to using a time-dependent mean field approximation. We shall 
establish in § 1 a time-dependent version of the Gross-Pitaevskii equation, and explore 
some of its predictions such as the small oscillations associated with Bogolubov phonons. 
In § 2, we shall study local conservation laws derived from this equation for which we will 
give a hydrodynamic analogy, introducing a characteristic relaxation length. Finally, we 
will show in § 3 how the Gross-Pitaevskii equation predicts the existence of metastable 
flows and superfluidity. 


1. Time evolution 


We assume that the ket describing the physical system of N bosons can be written using 
relation (7) of Complement Cxy: 





WO) = Te [abo] 1) (1) 


but we now suppose that the individual ket |@) is a function of time |@(t)). The creation 
operator a}(t) in the corresponding individual state is then time-dependent: 


aj(t) |0) = |@(¢)) (2) 


We will let the ket |@(t)) vary arbitrarily, as long as it remains normalized at all times: 
(A(t) |0(t)) =1 (3) 
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We are looking for the time variations of |6(t)) that will yield for |W(t)) variations as 
close as possible to those predicted by the exact N-particle Schrédinger equation. As 
the one-particle potential V; may also be time-dependent, it will be written as Vi(t). 


1l-a. Functional variation 


Let us introduce the functional of |W(¢)): 


siiweol= FJ" aeouro [ine — 1] wey} 


+ F [cote po) ~ (CH) Nee] (4) 


It can be shown that this functional is stationary when |(¢)) is solution of the exact 
Schrédinger equation (an explicit demonstration of this property is given in § 2 of Com- 
plement Fxy. If |W(t)) belongs to a variational family, imposing the stationarity of this 
functional allows selecting, among all the family kets, the one closest to the exact solution 
of the Schrédinger equation. We shall therefore try and make this functional station- 
ary, choosing as the variational family the set of kets |W(t)) written as in (1) where the 
individual ket |@(t)) is time-dependent. 

As condition (3) means that the norm of |W(t)) remains constant, the second 
bracket in expression (4) must be zero. We now have to evaluate the average value of 
the Hamiltonian H(t) that, actually, has been already computed in (34) of Complement 
Cxy: 





—~_—_ 


(W(t)| [A()] (WO) = N (6(t)| [Ko + Vi()] |) 
N(N-1) 
i 


The only term left to be computed in (4) contains the time derivative. 
This term includes the diagonal matrix element: 


(1: O(t);2 : 6(t)| Wa(1,2) |1 = 0(E);2 = O(t)) (5) 


(91H) fn] WH) =F cl feoto]” S [oscar] 2 [asco 


k=0 


ae 


|0) (6) 


For an infinitesimal time dt, the operator dai /dt is proportional to the difference a}, (¢+ 
dt) — al(t), hence to the difference between two creation operators associated with two 
slightly different orthonormal bases. Now, for bosons, all the creation operators commute 
with each other, regardless of their associated basis. Therefore, in each term of the 
summation over k, we can move the derivative of the operator to the far right, and 
obtain the same result, whatever the value of k. The summation is therefore equal to N 
times the expression: 


2 (o\fao(e)” fakce)* $22 Jo (7 
Now, we know that: 
[ao(t)] [ah (e)] Jo) = NII: 4(0)) = Nt [ah] J (8) 
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Using in (6) the bra associated with that expression, multiplied by N, we get: 


Sasa seated af 
(UI in] WD) = iH O}ao(e) FE 1) = (0| [im] ovo) (9) 


Regrouping all these results, we finally obtain: 


s [iv@)] = a hat (o(1)| tao + HC) rd \9(t)) 
NIN=D (1: 6(t);2 : 6(t)| Wo(1,2) [1 : (t);2 : wy (10) 


1-b. Variational computation: the time-dependent Gross-Pitaevskii equation 


We now make an infinitesimal variation of |@(t)): 
JO(t)) = |0(t)) + e |60(t)) (11) 


in order to find the kets |@(t)) for which the previous expression will be stationary. As 
in the search for a stationary state in Complement Cxv, we get variations coming from 
the infinitesimal ket eX |60(t)) and others from the infinitesimal bra e~** (56(t)|; as x is 
chosen arbitrarily, the same argument as before leads us to conclude that each of these 
variations must be zero. Writing only the variation associated with the infinitesimal bra, 
we see that the stationarity condition requires |0(t)) to be a solution of the following 
equation, written for |y(t)): 


ne lp(t)) = [Ko + Vi(t) + VEp(t)] |v(t)) ue 


The mean field operator V&p(t) is defined as in relations (45) and (46) of Complement 
Cxy by a partial trace: 


V2_(1,t) = (N -1) Tr {PeQ) W, (1,2)} (13) 
where P¥(‘) is the projector onto the ket |y(t)): 


PPO = |y(t)) (o()| (14) 


As we take the trace over particle 2 whose state is time-dependent, the mean field is also 
time-dependent. Relation (12) is the general form of the time-dependent Gross-Pitaevskii 
equation. 

Let us return, as in § 2 of Complement Cxy, to the simple case of spinless bosons, 
interacting through a contact potential: 


Wa (r,r')=9 5(r-r’) (15) 
Using definition (13) of the Gross-Pitaevskii potential, we can compute its effect in the 


position representation, as in Complement Cxy. The same calculations as in §§ 2-b-8 and 
2-b-¥ of that complement allow showing that relation (12) becomes the Gross-Pitaevskii 
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time-dependent equation (N is supposed to be large enough to permit replacing N — 1 
by N): 


O he 
inSole.t) = |-s-A + VAlet) + Na lol? | v0) (16) 
Ot 2m 


Normalizing the wave function y(r,t) to N: 


[er eran (17) 
equation (16) simply becomes: 


O hn 
insole.) = |-s A+ Mle.) +9lon0)F] ol0.0 (18) 
t 2m 


Comment: 


It can be shown that this time evolution does conserve the norm of |y(t)), as required by 
(3). Without the nonlinear term of (16), it would be obvious since the usual Schrédinger 
equation conserves the norm. With the nonlinear term present, it will be shown in § 2-a 
that the norm is still conserved. 


1-c. Phonons and Bogolubov spectrum 


Still dealing with spinless bosons, we consider a uniform system, at rest, of particles 
contained in a cubic box of edge length L. The external potential V;(r) is therefore zero 
inside the box and infinite outside. This potential may be accounted for by forcing the 
wave function to be zero at the walls. In many cases, it is however more convenient to 
use periodic boundary conditions (Complement Cxyy, § 1-c), for which the wave function 
of the individual lowest energy state is simply a constant in the box. We thus consider 
a system in its ground state, whose Gross-Pitaevskii wave function is independent of r: 





PSs 
ott,t) = volt) = syne ml" (19) 
with a yu value that satisfies equation (16): 


Ng 
= — = gno (20) 


where no = N/L?® is the system density. Comparing this expression with relation (58) of 
Complement Cxy allows us to identify ~ with the ground state chemical potential. We 
assume in this section that the interactions between the particles are repulsive (see the 
comment at the end of the section): 


g20 (21) 
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Q. Excitation propagation 


Let us see which excitations can propagate in this physical system, whose wave 
function is no longer the function (19), uniform in space. We assume: 


(r,t) = po(t) + dy(r, t) (22) 


where dy(r,t) is sufficiently small to be treated to first order. Inserting this expression 
in the right-hand side of (16), and keeping only the first-order terms, we find in the 
interaction term the first-order expression: 


6 [Ng ¢(r, t)y*(r,t)] = Ng [(2p0dy) v§ + ¥Zdy"| 
= gno [25 + e But Rg") (23) 


We therefore get, to first-order: 


hi 
ip ioe th= -sa + Zane) dy(r, t) + gnoe~2*#/"§y* (r, t) (24) 
ot 2m 


which shows that the evolution of dy(r,t) is coupled to that of dy*(r,t). The complex 
conjugate equation can be written as: 


hi ‘ 
Oss eD = | —A — 2gno| dy*(r, t) — gnoe”*/"6(r, t) (25) 
ot 2m 


We can make the time-dependent exponentials on the right-hand side disappear 
by defining: 


dp(r,t) = dp(r,t) etl" 


Ne . 2 
5o*(r, t) = de (r,t) etl wy 


This leads us to a differential equation with constant coefficients, which can be simply 
expressed in a matrix form: 


8 (5a,t) \_ [[-Atgn] gro Ta(r, t) 
me (ea) oO [2A — ano (een) me 


where we have used definition (20) for y to replace 2gno — ps by gno. If we now look for 
solutions having a plane wave spatial dependence: 


5eo(r, t) = dg(k, t) e** 





a ~e 28 
dp (r,t) = dy (k,t) e™** ey 
the differential equation can be written as: 
as 21,2 — 
inl. ( eK!) ) [A + gr] a dp(k, t) (29) 
Ot \ dy (k,t) —~gno |- nek = gro] dy (k, t) 
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The eigenvalues fiw(k) of this matrix satisfy the equation: 














nek? hk? 2 
+ gno — hw(k)| |— — gno — hus(k)| + (gno)” = 0 (30) 
2m 2m 
that is: 
nek? : 
att]? —[F™ + ano] + (gno)* =o (31) 
The solution of this equation is: 
2k? ; A2K2 [H2K2 
—<—— +gno| —(gno)? = am + 2am (32) 


(the opposite value is also a solution, as expected since we calculate at the same time 
the evolution of dy(t) and of its complex conjugate; we only use here the positive value). 
Setting: 


2 
ko = =J/gno m (33) 
h 
relation (32) can be written: 
w(k) = —4/k? (k? + k2) (34) 


2m 


The spectrum given by (32) is plotted in Figure 1, where one sees the intermediate regime 
between the linear region at low energy, and the quadratic region at higher energy. It is 
called the “Bogolubov spectrum” of the boson system. 


B. Discussion 


Let us compute the spatial and time evolution of the particle density n (r,t) when 
dy(r,t) obeys relation (28). The particle density at each point r of space is the sum of 
the densities associated with each particle, that is N times the squared modulus of the 
wave function (r,t). To first-order in dy(r,t), we obtain: 


dn (r,t) = N [wo(t)e~*H*/") [5p(r, t)] + cc. (35) 
(where c.c. stands for “complex conjugate”). Using (26) and (28), we can finally write: 


én (r,t) 


I 


N [ea(e)etHt/*] jeer 5y(k, 0) ety) +e.c. 


N [= ifk-r— 
aa [5:2(k, 0) eillker—w(ke)d +c.c.] (36) 
Consequently, the excitation spectrum we have calculated corresponds to density waves 
propagating in the system with a phase velocity w(k)/k. 

In the absence of interactions, (g = kp = 0), this spectrum becomes: 


hk? 
> 2m 


Fiw(Ik) 





(37) 
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0 i 2 k= k/ko 


Figure 1: Bogolubov spectrum: variations of the function w(k) given by equation (32) 
as a function of the dimensionless variable « = k/ko. When k < 1, we get a linear 
spectrum (the arrow in the figure shows the tangent to the curve at the origin), whose 
slope is equal to the sound velocity c; when & > 1, the spectrum becomes quadratic, as 
for a free particle. 





which simply yields the usual quadratic relation for a free particle. Physically, this means 
that the boson system can be excited by transferring a particle from the individual ground 
state, with wave function yo(r) and zero kinetic energy, to any state y,(r) having an 
energy h?k?/2m. 

In the presence of interactions, it is no longer possible to limit the excitation to a 
single particle, which immediately transmits it to the others. The system’s excitations 
become what we call “elementary excitations”, involving a collective motion of all the 
particles, and hence oscillations in the density of the boson system. If k < ko, we see 
from (34) that: 


w(k) ~ ke (38) 
where c is defined as: 
h 
es og (39) 
2m m 


For small values of k, the interactions have the effect of replacing the quadratic spectrum 
(37) by a linear spectrum. The phase velocity of all the excitations in this k value domain 
is a constant c. It is called the “sound velocity ” in the interacting boson system, by 
analogy with a classical fluid where the sound wave dispersion relation is linear, as 
predicted by the Helmholtz equation. We shall see in § 3 that the quantity c plays a 
fundamental role in the computations related to superfluidity, especially for the critical 
velocity determination. If, on the other hand, k >> ko, the spectrum becomes: 


hk? 
hw(k) ~ im 





+9no+.. (40) 


(the following corrections being in k?/k?, kj/k*, etc.). We find again, within a small 
correction, the free particle spectrum: exciting the system with enough energy allows 
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exciting individual particles almost as if they were independent. Figure 1 shows the 
complete variation of the spectrum (32), with the transition from the linear region at 
low energies, to the quadratic region at high energies. 


Comment: 


As we assumed the interactions to be repulsive in (21), the square roots in (32) and 
(39) are well defined. If the coupling constant g becomes negative, the sound velocity c 
will become imaginary, and, as seen from (32), so will the frequencies w(k) (at least for 
small values of k). This will lead, for the evolution equation (29), to solutions that are 
exponentially increasing or decreasing in time, instead of oscillating. An exponentially 
increasing solution corresponds to an instability of the system. As already encountered in 
§ 4-c of Complement Cxv, we see that a boson system becomes unstable in the presence 
of attractive interactions, however small they might be. In § 4-b of Complement Hxv, 
we shall see that this instability persists even for non-zero temperature. In a general 
way, an attractive condensate occupying a large region in space tends to collapse onto 
itself, concentrating into an ever smaller region. However, when it is confined in a finite 
region (as is the case for experiments where cold atoms are placed in a magneto-optical 
trap), any change in the wave function that brings the system closer to the instability 
also increases the gas energy; this results in an energy barrier, which allows the system 
of condensed attractive bosons to remain in a metastable state. 


2. Hydrodynamic analogy 


Let us return to the study of the time evolution of the Gross-Pitaevskii wave function 
and of the density variations n(r,t), without assuming as in § 1-c that the boson system 
stays very close to uniform equilibrium. We will show that the Gross-Pitaevskii equation 
can take a form similar to the hydrodynamic equation describing a fluid’s evolution. In 
this discussion, it is useful to normalize the Gross-Pitaevskii wave function to the particle 
number, as in equation (17). Equation (16) can then be written as: 


0 h? 
ha plr,t) = |-5-A+Vilr,t) + grr, t)| v(r, t) (41) 
Ot 2m 


where the local particle density n(r,t) is given by: 


n(r, t) = |p(r, t)/? (42) 
2-a. Probability current 
Since: 
Sale.) =e) 2 olr,t) + reget) (43) 


the time variation of the density may be obtained by first multiplying (41) by y*(r, ¢), 
then its complex conjugate by y(r,t), and then adding the two results; the potential 
terms in V(r,t) and g n(r,t) cancel out, and we get: 


0 h 


ape) = —a le, HAg, f) — 9, HAg"(r, t)] (44) 
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Let us now define a vector J(r,t) by: 


5 Pn OHV ord) — o(r, HV e"(r, t)] (45) 


If we compute the divergence of this vector, the terms in Vy* - Vy cancel out and we 
are left with terms identical to the right-hand side of (44), with the opposite sign. This 
leads to the conservation equation: 


© nr, t) +V-J(r,t) =0 (46) 


J(r,¢) is thus the probability current associated with our boson system. Integrating over 
all space, using the divergence theorem, and assuming (r,t) (hence the current) goes 
to zero at infinity, we obtain: 


O 
3 3 2 
a 5 fa rn(r \-5 fa r |y(r,t)|" =0 (47) 


This shows, as announced earlier, that the Gross-Pitaevskii equation conserves the norm 
of the wave function describing the particle system. 
We now set: 


g(r, t) = V/n(r, t) e'09 (48) 
The gradient of this function is written as: 
Volr,t) = ee) LV Vnle, t) ae iVnlr, )Va(r, 1] (49) 


Inserting this result in (45), we get: 


H(r,t) = 7n(r,t t)Vai(r, t) (50) 


or, defining the particle local velocity v(r,t) as the ratio of the current to the density: 


J(r,t) oh 
ety (51) 





v(r,t) = 


We have defined a velocity field, similar to the velocity field of a fluid in motion in a 
certain region of space; this field velocity is irrotational (zero curl everywhere). 
2-b. Velocity evolution 


We now compute the time derivative of this velocity. Taking the derivative of (48), 
we get: 


0 
ihs-vlr.t) =e = cial, Dine ln, 2B A err r,t) (52) 
so that we can isolate the time derivative of a(r,t) by the following combination: 


O 0 


ih |o* (r,t) — (r,t) - g(r, t) 5 e"(r, t) = —2h nr, t) alr, t) (53) 
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The left-hand side of this relation can be computed with the Gross-Pitaevskii equation 
(18) and its complex conjugate, as we now show. We first take the divergence of the 
gradient (49) to obtain the Laplacian: 


Ag(r,t) = V- Vo(r,t) = be [Avro 42% (VVntr,) Var, t) 
+i nz, )Aa(r,t) — Jnr, (Va(r, t))?| (54) 


We then insert the time derivative of y(r,t) given by the Gross-Pitaevskii equation (18) 
in the left-hand side of relation (53), which becomes: 
i? * x 2 
a LY, Agr, t) + ole, HAGE, )] + 2rd) + 9 nl, t)] lol, 6) 
h2 
=- 5 2vnt, t) A (Vn, ) — 2n(r, t) (Valr, 0))"] 
m 


49 Mir, t)+g nr, t)| n(r, t) (55) 


This result must be equal to the right-hand side of (53). We therefore get, after dividing 
both sides by —2n(r, t): 


0 i 1 2 
hsalr,t) =— 8 (vata) ~ (wat) ~[Vilr,t) +g n(e,H)] (56) 


n(r, 





Using (51), we finally obtain the evolution equation for the velocity v(r, t): 


Vi(r,t) + 9 n(n, t) + my) + ota ( m=) (57) 


0 
=—v(r,t)=-V 
ma v(r ) ee 





This equation looks like the classical Newton equation. Its right-hand side includes 
the sum of the forces corresponding to the external potential Vi (r,t), and to the mean 
interaction potential with the other particles gn(r, t); the third term in the gradient is the 
classical kinetic energy gradient! (as in Bernoulli’s equation of classical hydrodynamics). 
The only purely quantum term is the last one, as shown by its explicit dependence on h?. 
It involves spatial derivatives of n(r,t), and is only important if the relative variations 
dn/n of the density occur over small enough distances (for example, this term is zero for 
a uniform density). This term is sometimes called “quantum potential”, or “quantum 
pressure term” or, in other contexts, “Bohm potential”. A frequently used approximation 
is to consider the spatial variations of n(r,t) to be slow, which amounts to ignoring this 
quantum potential term: this is the so-called Thomas-Fermi approximation. 

We have found for a system of N particles a series of properties usually associated 
with the wave function of a single particle, and in particular a local velocity directly 
proportional to its phase gradient”. The only difference is that, for the N-particle case, 





lit is a “total derivative” term (the derivative describing, in a fluid, the motion of each particle). As 
the velocity field has a zero curl according to (51), a simple vector analysis calculation shows this term 
to be equal to m(v- V) v; it can therefore be accounted for by replacing on the left-hand side of (57) 
the partial derivative 0/dt by the total derivative d/dt = 0/dt+v-V. 

?The quantum potential is still present for a single particle, since making g = 0 in (57) does not change 
this potential. For g = 0, the Gross-Pitaevskii equation simply reduces to the standard Schrédinger 
equation, valid for a single particle. 
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Figure 2: A repulsive boson gas ts contained in a toroidal box. All the bosons are supposed 
to be initially in the same quantum state describing a rotation around the Oz axis. As we 
explain in the text, this rotation can only slow down if the system overcomes a potential 
energy barrier that comes from the repulsive interactions between the particles. This 
prevents any observable damping of the rotation over any accessible time scale; the fluid 
rotates indefinitely, and is said to be superfluid. 





we must add to the external potential V(r, ¢) a local interaction potential gn(r,t), which 
does not significantly change the form of the equations but introduces some nonlinearity 
that can lead to completely new physical effects. 


3. Metastable currents, superfluidity 


Consider now a system of repulsive bosons contained in a toroidal box with a rotational 
axis Oz (Figure 2); the shape of the torus cross-section (circular, rectangular or other) is 
irrelevant for our argument and we shall use cylindrical coordinates r, y and z. We first 
introduce solutions of the Gross-Pitaevskii equation that correspond to the system rotat- 
ing inside the toroidal box, around the Oz axis. We will then show that these rotational 
states are metastable, as they can only relax towards lower energy rotational states by 
overcoming a macroscopic energy barrier: this is the physical origin of superfluidity. 


3-a. Toroidal geometry, quantization of the circulation, vortex 


To prevent any confusion with the azimuthal angle y, we now call y the Gross- 
Pitaevskii wave function. The time-independent Gross-Pitaevskii equation then becomes 
(in the absence of any potential except the wall potentials of the box): 

h? |; 0 ( x) - 10°y  d’x 


2 — 
2m r Or r Or 2 Oy? ae Oz2 ai g Ix(r)| x(r) ~~ ux(r) (58) 





We look for solutions of the form: 


xi(r) = u(r, ze"? (59) 
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where | is necessarily an integer (otherwise the wave function would be multi-valued). 
Such a solution has an angular momentum with a well defined component along Oz, equal 
to JA per atom. Inserting this expression in (58), we obtain the equation for u;(r, z): 


h [10 ( Ou(r,z)\ | Pulr,z)] b. Gene 
2m re ¢ Or ) Oz? | shar.) Orage uiNts2) 


= u(r, 2) (60) 


which must be solved with the boundary conditions imposed by the torus shape to obtain 
the ground state (associated with the lowest value of jz). The term in 1?h?/2mr? is simply 
the rotational kinetic energy around Oz. If the tore radius R is very large compared to 
the size of its cross-section, the term I?/r? may, to a good approximation, be replaced 
by the constant 1?/R?. It follows that the same solution of (60) is valid for any value of 
! as long as the chemical potential is increased accordingly. Each value of the angular 
momentum thus yields a ground state and the larger J, the higher the corresponding 
chemical potential. All the coefficients of the equation being real, we shall assume, from 
now on, the functions u;(r, z) to be real. 

As the wave function is of the form (59), its phase only depends on y, and expres- 
sion (51) for the fluid velocity is written as: 

1lh 


aie 61 
vate, (61) 





where e, is the tangential unit vector (perpendicular both to r and the Oz axis). Con- 
sequently, the fluid rotates along the toroidal tube, with a velocity proportional to 1. As 
v is a gradient, its circulation along a closed loop “equivalent to zero” (i.e. which can be 
contracted continuously to a point) is zero. If the closed loop goes around the tore, the 
path is no longer equivalent to zero and its circulation may be computed along a circle 
where r and z remain constant, and y varies from 0 to 27; as the path length equals 27r, 
we get: 


fe -ds= yak (62) 


m 





(with a + sign if the rotation is counterclockwise and a — sign in the opposite case). As 
lis an integer, the velocity circulation around the center of the tore is quantized in units 
of h/m. This is obviously a pure quantum property (for a classical fluid, this circulation 
can take on a continuous set of values). 

To simplify the calculations, we have assumed until now that the fluid rotates as 
a whole inside the toroidal ring. More complex fluid motions, with different geometries, 
are obviously possible. An important case, which we will return to later, concerns the 
rotation around an axis still parallel to Oz, but located inside the fluid. The Gross- 
Pitaevskii wave function must then be zero along a line inside the fluid itself, which thus 
contains a singular line. This means that the phase may change by 27 as one rotates 
around this line. This situation corresponds to what is called a “vortex”, a little swirl of 
fluid rotating around the singular line, called the “vortex core line”. As the circulation of 
the velocity only depends on the phase change along the path going around the vortex 
core, the quantization relation (62) remains valid. Actually, from a historical point of 
view, the Gross-Pitaevskii equation was first introduced for the study of superfluidity 
and the quantization of the vortices circulation. 
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3-b. Repulsive potential barrier between states of different / 


A classical rotating fluid will always come to rest after a certain time, due to the 
viscous dissipation at the walls. In such a process, the macroscopic rotational kinetic en- 
ergy of the whole fluid is progressively degraded into numerous smaller scale excitations, 
which end up simply heating the fluid. Will a rotating quantum fluid of repulsive bosons, 
described by a wave function x;(r), behave in the same way? Will it successively evolve 
towards the state y;_1(r), then x;_2(r), etc., until it comes to rest in the state yo(r)? 

We have seen in § 4-c of Complement Cxy that, to avoid the energy cost of 
fragmentation, the system always remains in a state where all the particles occupy the 
same quantum state. This is why we can use the Gross-Pitaevskii equation (18). 


a. <A simple geometry 


Let us first assume that the wave function x (r,t) changes smoothly from y;(r) to 
xu (xr) according to: 


x (, t) = ex (t) xo(X) + ev (4) xu (Y) (63) 


where the modulus of c; (t) decreases with time from 1 to 0, whereas c (t) does the 
opposite. Normalization imposes that at all times t: 


la ()/? + lew (PP = 1 (64) 


In such a state, let us show that the numerical density n(r, y, z;t) now depends on 
y (this was not the case for either states / or 1’ separately). The transverse dependence 
of the density as a function of the variables r and z, is barely affected’. The variations 
of n(r, y, 2; t) are given by: 


. ap (2 
n(r, p, zt) = 1a (t) u(r, ze”? + cy (t) ur(r, z)e! ? 
= Jer (t)? Jui(r, 2)? + lev (6)? Jue (r, 2)/? 
+ c(t) ch (t) u(r, z)un(r, Zell)? + ce. (65) 


where c.c. stands for the complex conjugate of the preceding factor. The first two terms 
are independent of y, and are just a weighted average of the densities associated with 
each of the states | and I’. The last term oscillates as a function of y with an amplitude 
lc; (t)| x |cy (€)|, which is only zero if one of the two coefficients c(t) or cy (£) is zero. 
Calling y; the phase of the coefficient c; (¢), this last term is proportional to: 


ex (t) c% (t) -")® + ce. = 2 |e (t)| x lev (t)| cos [(l-— 0’) e+ vr — oy] (66) 


Whatever the phases of the two coefficients c; (¢) and cy (t), the cosine will always oscillate 
between —1 and 1 as a function of y. Adjusting those phases, one can deliberately change 
the value of y for which the density is maximum (or minimum), but this will always occur 
somewhere on the circle. Superposing two states necessarily modulates the density. 

Let us evaluate the consequences of this density modulation on the internal repul- 
sive interaction energy of the fluid. As we did in relation (15), we use for the interaction 





or not at all, if we suppose the functions u;(r, z) and uy (r, z) to be equal. 
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energy the zero range potential approximation, and insert it in expression (15) of Com- 
plement Cxy. Taking into account the normalization (17) of the wave function, we get: 


(i) =$ fer ix@alt = gf ar [ag fae [nr , 23) (67) 


We must now include the square of (65) in this expression, which will yield several terms. 
The first one, in |c; (t)|*, leads to the contribution: 


ler (¢)|* (Wa), (68) 


where (We) is the interaction energy for the state x;(r). The second contribution is 
l 


the similar term for the state I/, and the third one, a cross term in 2c (t)|? |ey (t)|?. 
Assuming, to keep things simple, that the densities associated with the states / and I’ 
are practically the same, the sum of these three terms is just: 


[a (l? + lev OP] (We) = (Ws), (69) 


Up to now, the superposition has had no effect on the repulsive internal interaction 
energy. As for the cross terms between the terms independent of y in (65) and the terms 





in ete, they will cancel out when integrated over y. We are then left with the cross 








terms in et“ x F(t )e whose integral over ¢ yields: 





2 Jer (t)|? lew (E)]? Jua(r, 2)/? Jew (r, 2)? (70) 


Assuming as before that the densities associated with the states J and I’ are practically 
the same, we obtain, after integration over r and z: 


2 ler (#)/? lev (I? (Wa), (71) 


Adding (69), we finally obtain: 
(We) = [1 + 2c (t)|? lev ("| (Wo), (72) 


We have shown that the density modulation associated with the superposition of 
states always increases the internal repulsion energy: this modulation does lower the 
energy in the low density region, but the increase in the high energy region outweighs 
the decrease (since the repulsive energy is a quadratic function of the density). The 


internal energy therefore varies between (W2) and the maximum (3/2) (W2) , reached 
l l 
when the moduli of ¢ (t) and cy (t) are both equal to 1/v2. 


B. Other geometries, different relaxation channels 


There are many other ways for the Gross-Pitaevskii wave function to go from 
one rotational state to another. We have limited ourselves to the simplest geometry to 
introduce the concept of energy barriers with minimal mathematics. The fluid could 
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transit, however, through more complex geometries, such as the frequently observed 
creation of a vortex on the wall, the little swirl we briefly talked about at the end of § 
3-a. A vortex introduces a 27 phase shift around a singular line along which the wave 
function is zero. Once the vortex is created, and contrary to what was the case in (62), 
the velocity circulation along a loop going around the torus is no longer independent of 
its path: it will change by 27h/m depending on whether the vortex is included in the 
loop or not. Furthermore, as the vortex moves in the fluid from one wall to another, 
it can be shown that the proportion of fluid conserving the initial circulation decreases 
while the proportion having a circulation where the quantum number / differs by one unit 
increases. Consequently, this vortex motion changes progressively the rotational angular 
momentum. Once the vortex has vanished on the other wall, the final result is a decrease 
by one unit of the quantum number / associated with the fluid rotation. 

The continuous passage of vortices from one wall to another therefore yields another 
mechanism that allows the angular moment of the fluid to decrease. The creation of a 
vortex, however, is necessarily accompanied by a non-uniform fluid density, described by 
the Gross-Pitaevskii equation (this density must be zero along the vortex core). As we 
have seen above, this leads to an increase in the average repulsive energy between the 
particles (the fluid elastic energy). This process thus also encounters an energy barrier 
(discussed in more detail in the conclusion). In other words, the creation and motion of 
vortices provide another “relaxation channel” for the fluid velocity, with its own energy 
barrier, and associated relaxation time. 

Many other geometries can be imagined for changing the fluid flow. Each of them 
is associated with a potential barrier, and therefore a certain lifetime. The relaxation 
channel with the shortest lifetime will mainly determine the damping of the fluid velocity, 
which may take, in certain cases, an extraordinarily long time (dozens of years or more), 
hence the name of “superfluid”. 


3-c. Critical velocity, metastable flow 


For the sake of simplicity, we will use in our discussion the simple geometry of § 3- 
a. The transposition to other geometries involving, for example, the creation of vortices 
in the fluid would be straightforward. The main change would concern the height of the 
energy barrier’. 

With this simple geometry, the potential to be used in (60) is the sum of a repulsive 
potential g |u(r, z)|? and a kinetic energy of rotation around Oz, equal to [?h?/2mr?. We 
now show that, in a given | state, these two contributions can be expressed as a function 
of two velocities. First, relation (61) yields the rotation velocity vj; associated with state 
i: 

y= 28 (73) 
rm 
and the rotational energy is simply written as: 


PR 1 


(Epot); = ari 5m (v1) (74) 





4When several relaxation channels are present, the one associated with the lowest barrier mainly 
determines the time evolution. 
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As for the interaction term (term in g on the left-hand side), we can express it in a more 
convenient way, defining as before the numerical density no: 


no = |u(r, z)\? (75) 


and using the definition (39) for the sound velocity c. It can then be written in a form 
similar to (74): 


gno = me? (76) 


The two velocities vj and c allow an easy comparison of the respective importance of the 
kinetic and potential energies in a state J. 

We now compare the contributions of these two terms either for states with a given 
i, or for a superposition of states (63). To clarify the discussion and be able to draw a 
figure, we will use a continuous variable defined as the average (J,) of the component 
along Oz of the angular momentum: 


(Jz) =Uh Jer (t)? 4 UR lev (t)/? (77) 


This expression varies continuously between [A and l/h when the relative weights of 
lc, (t)|? and |cy (t)|? are changed while imposing relation (64); the continuous variable: 


x = (Jz) /f (78) 


allows making interpolations between the discrete integer values of 1. 
Using the normalization relation (64) of the wave function (63), we can express x 
as a function of |cy (t)|?: 


a= (1-1) lq (oP tl a) 


The variable x characterizes the modulus of each of the two components of the variational 
function (63). A second variable is needed to define the relative phase between these two 
components, which comes into play for example in (66). Instead of studying the time 
evolution of the fluid state vector inside this variational family, we shall simply give 
a qualitative argument, for several reasons. First of all, it is not easy to characterize 
precisely the coupling between the fluid and the environment by a Hamiltonian that can 
change the fluid rotational angular momentum (for example, the wall’s irregularities may 
transfer energy and angular momentum from the fluid to the container). Furthermore, 
as the time-dependent Gross-Pitaevskii equation is nonlinear, its precise solutions are 
generally found numerically. This is why we shall only qualitatively discuss the effects of 
the potential barrier found in §3-b. The higher this barrier, the more difficult it is for x 
to go from / to I’. Let us evaluate the variation of the average energy as a function of x. 

For integer values of x, relation (74) shows that the average rotational kinetic 
energy varies as the square of x; in between, its value can be found by interpolation as in 
(77). As for the potential energy, we saw that a continuous variation of c; (t) and cy, (t) 
necessarily involves a coherent superposition, which has an energy cost and increases the 
repulsive potential interaction. In particular, this interaction energy is multiplied by the 
factor 3/2 when the moduli of ¢ (¢) and cy (t) are equal (i.e. when z is an integer plus 
1/2). As a result, to the quadratic variation of the rotational kinetic energy, we must 
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add an oscillating variation of the potential energy, minimum for all the integer values 
of x, and maximum half-way between. The oscillation amplitude is given by: 


ono = sme (80) 


Figure 3 shows three plots of the variation of the system energy as a function 
of the average value (J,). The lowest one, shown as a dotted line, corresponds to a 
superposition of the state | with the state l’ = 1—1, for a very small value of the coupling 
constant g (weak interactions, gas almost ideal). In this case and according to (39), the 
sound velocity is also very small and we are in the case c < vj. Comparing (74) and (80) 
then shows that the potential energy contribution is negligible compared to the variation 
of the rotational kinetic energy between the two states. As a result, the modulation on 
this dotted line is barely perceptible, and this curve presents a single minimum at x = 0: 
whatever the initial rotational state, no potential barrier prevents the fluid rotational 
velocity from returning to zero (for example under the effect of the interactions with the 
irregularities of the walls containing the fluid). 

The other two curves in Figure 3 correspond to a much larger value of g, hence, 
according to (39), to a much higher value of c. There are now several values of | for 
which v is small compared to c. The dashed line corresponds, as for the previous curve, 
to a superposition of the two states | = 1 and l’ = 1 —1; the solid line (for the same value 
of g) to a superposition of J = 3 and 1’ = 0, corresponding to the case where the system 
goes directly from the state | = 3 to the rotational ground state in the torus, with /’ = 0. 
It is obviously this last curve that presents the lowest energy barrier starting from | = 3 
(shown with a circle in the figure). This is normal since this is the curve that involves 
the largest variation in the kinetic energy, in a sense opposite to that of the potential 
energy variation. It is thus the direct transition from | = 3 to l’ = 0 that will determine 
the possibility for the system to relax towards a state of slower rotation. Let us again 
use (74) and (80) to compare the kinetic energy variation and the height of the repulsive 
potential barrier. All the states 1, with velocities v; much larger than c, have a kinetic 
energy much bigger than the maximum value of the potential energy: no energy barrier 
can be formed. On the other hand, all the states | with velocities vj much smaller than 
c cannot lower their rotational state without going over a potential barrier. 

In between these two extreme cases, there exists (for a given g) a “critical” value 
1. corresponding to the onset of the barrier. It is associated with a “critical velocity” 
ve = |.h/mr, of the order of the sound velocity c, fixing the maximum value of vw 
for which this potential barrier exists. If the fluid rotational velocity in the torus is 
greater than v,, the liquid can slow down its rotation without going over an energy 
barrier, and dissipation occurs as in an ordinary viscous liquid — the fluid is said to 
be “normal”. If, however, the fluid velocity is less than the critical velocity, the physical 
system must necessarily go over a potential barrier (or more) to continuously tend towards 
1 = 0. As this barrier results from the repulsion between all the particles and their 
neighbors, it has a macroscopic value. In principle, any barrier can be overcome, be it 
by thermal excitation, or by the quantum tunnel effect. However the time needed for 
this passage may take a gigantic value. First of all, it is extremely unlikely for a thermal 
fluctuation to reach a macroscopic energy value. As for the tunnel effect, its transition 
probability decreases exponentially with the barrier height and becomes extremely low 
for a macroscopic object. Consequently, the relaxation times of the fluid velocity may 
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eee we w = (Jz) /f 





Figure 8: Plots of the energy of a rotating repulsive boson system, in a coherent superpo- 
sition of the state | and the state l’, as a function of its average angular momentum (Jz), 
expressed in units of h. The lower dotted curve corresponds to the case where l! =1—1 
and the interaction constant g is small (almost ideal gas). The potential energy is then 
negligible and the total energy presents a single minimum in (J,) = 0. Consequently, 
whatever the initial rotational state of the fluid, it will relax to a motionless state | = 0 
without having to go over any energy barrier, and its rotational kinetic energy will dis- 
sipate: it behaves as a normal fluid. The other two curves correspond to a much larger 
value of g — therefore, according to (39) to a much higher value of c. The dashed curve 
still corresponds to a superposition of the rotational states | and l! =1—1, and the solid 
line to the direct superposition of the state | = 3 (shown with a circle in the figure) and the 
ground state l’ = 0. The solid line curve presents the smallest barrier, hence determining 
the metastability of the current. 

The higher the coupling constant g, the more | states presenting a minimum in the po- 
tential energy appear. They correspond to flow velocities in the torus that are smaller 
than the critical velocity. To go from the rotational state | = 1 to the motionless state 
1 =0, the system must go over a macroscopic energy barrier, which only occurs with a 
probability so small it can be considered equal to zero. The rotational current is therefore 
permanent, lasting for years, and the system is said to be superfluid. On the other hand, 
the states with higher values of l, for which the curve presents no minima, correspond to 
a normal fluid, whose rotation can slow down because of the viscosity (dissipation of the 
kinetic energy into heat). 





become extraordinarily large, and, on the human scale, the rotation can be considered 
to last indefinitely. This phenomenon is called “superfluidity”. 


3-d. Generalization; topological aspects 


Our argument remained qualitative for several reasons. To begin with, we showed 
the existence for the fluid of a critical velocity v,, of the order of c, without giving its 
precise value. It would require a more detailed study of the potential curves such as the 
ones plotted in Figure 3, to obtain the precise values of the parameters for which the 
potential barrier appears or disappears. We also limited ourselves to simple geometries 
that could be described by a single variable y, not taking into account other possible 
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deformations of the wave function. Various situations could occur, such as the creation of 
vortices or more complex processes, which would require a more elaborate mathematical 
treatment. In other words, we would have to take into account the existence of other 
relaxation channels for the moving fluid to come to rest, and look for the one leading to 
the lowest potential barrier, thereby determining the lifetime of the superfluid current. 

There is, however, a more general way to address the problem, which shows that 
our basic conclusions are not limited to the particular case we have studied. It is based 
on the topological aspects of the wave function phase. When this phase varies by 2I7 as 
we go around the torus, it expresses a topological property characterized by the winding 
number J, which is an integer and cannot vary continuously. This is why, as long as 
the phase is well defined everywhere — i.e. as long as the wave function does not go to 
zero — we cannot go continuously from J] to] +1. We already saw this in the particular 
example of the wave function (63): when the modulus of c; (t) varies in time from 1 to 
0, while the modulus of cy (¢) does the opposite, we necessarily went through a situation 
where the wave function went to zero through interference, in a plane corresponding to 
a certain value of y; but the phase of the wave function is undetermined in this plane, 
and as we cross it, the phase undergoes a discontinuous jump. Now the canceling of the 
wave function of a great number of condensed bosons means the density must also be 
zero at that point, hence larger in other points of space. This spatial density variation 
introduces an energy increase, due to the finite compressibility of the fluid (as we saw in 
§ 3-b, the energy increase in the high density regions is larger than the energy decrease 
in low density regions). This means there is an energy barrier opposing the change in the 
number of turns | of the phase. The height of this barrier must now be compared with 
the kinetic energy variation. As seen above, there is a drastic change in the flow regime, 
depending on whether the fluid velocity is smaller or larger than a certain critical velocity 
Ue. In the first case, superfluidity allows a current to flow without dissipation, lasting 
practically indefinitely. In the second, no energy consideration opposes dissipation, and 
the rotation slows down progressively, as in an ordinary liquid. 

The essential idea to remember is that superfluidity comes from the repulsive 
interactions, and for two reasons. First of all, they explain the presence of the energy 
barrier, responsible for the metastability. The second reason, even more essential, is that 
the repulsion between bosons constantly tends to put all the fluid particles in the same 
quantum state - see § 4-c of Complement Cxy; thanks to this property, we were able 
to characterize the intermediate rotational states by a very simple wave function (63). 
This implies that the quantum fluid can only occupy a very limited number of states, 
compared to a situation where the particles would be distinguishable. Consequently, it 
has a hard time dissipating its kinetic energy into heat, as a classical fluid would do, and 
it therefore maintains its rotation over such long times that a slowing down is practically 
impossible to observe. 
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Introduction 


Computing the energy levels of a system of N electrons, interacting with each other 
through the Coulomb force, and placed in an external potential V;(r) is a very important 
problem in physics and chemistry. It is encountered in the determination of the energy 
levels of atoms (in which case the external potential for the electrons’ is the Coulomb 
potential created by the nucleus —Zq?/47eor), or of molecules as well, or of electrons in 
a solid (submitted to a periodic potential), or in an aggregate or a nanocristal, etc. It 
is a problem where two ingredients simultaneously play an essential role: the fermionic 
character of the electrons, which forbids them to occupy the same individual state, and 
the effects of their mutual interactions. Ignoring the Coulomb repulsion between electrons 
would make the calculation fairly simple, and similar to that of § 1 in Complement Cxyy, 
concerning free fermions in a box; the free plane wave individual states would have to 
be replaced by the energy eigenstates of a single particle placed in the potential V;(r). 
This would lead to a 3-dimensional Schrédinger equation, which can be solved with very 
good precision, although not necessarily analytically. 

However, be it in atoms or in solids, the repulsion between electrons plays an 
essential role. Neglecting it would lead us to conclude, for example, that, as Z increases, 
the size of atoms decreases due to the attractive effect of the nucleus, whereas the opposite 
occurs”! For N interacting particles, even without taking the spin into account, an exact 





lWe assume the nucleus mass to be infinitely larger than the electron mass. The electronic system 
can then be studied assuming the nucleus fixed and placed at the origin. 

?The Pauli exclusion principle is not sufficient to explain why an atom’s size increases with its atomic 
number Z. One can evaluate the approximate size of a hypothetical atom with non-interacting electrons 
(we consider the atom’s size to be given by the size of the outermost occupied orbit). The Bohr radius 
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computation would require solving a Schrédinger equation in a 3N-dimensional space; 
this is clearly impossible when N becomes large, even with the most powerful computer. 
Hence, approximation methods are needed, and the most common one is the Hartree- 
Fock method, which reduces the problem to solving a series of 3-dimensional equations. 
It will be explained in this complement for fermionic particles. 

The Hartree-Fock method is based on the variational approximation (Comple- 
ment Ex;), where we choose a trial family of state vectors, and look for the one that 
minimizes the average energy. The chosen family is the set of all possible Fock states de- 
scribing the system of N fermions. We will introduce and compute the “self-consistent” 
mean field in which each electron moves; this mean field takes into account the repulsion 
due to the other electrons, hence justifying the central field method discussed in Com- 
plement Axr;y. This method applies not only to the atom’s ground state but also to all 
its stationary states. It can also be generalized to many other systems such as molecules, 
for example, or to the study of the ground level and excited states of nuclei, which are 
protons and neutrons in bound systems. 

This complement presents the Hartree-Fock method in two steps, starting in § 1 
with a simple approach in terms of wave functions, which is then generalized in § 2 by 
using Dirac notation and projector operators. The reader may choose to go through both 
steps or go directly to the second. In § 1, we deal with spinless particles, which allows 
discussing the basic physical ideas and introducing the mean field concept keeping the 
formalism simple. A more general point of view is exposed in § 2, to clarify a number 
of points and to introduce the concept of a one-particle (with or without spin) effective 
Hartree-Fock Hamiltonian. This Hamiltonian reduces the interactions with all the other 
particles to a mean field operator. More details on the Hartree-Fock methods, and in 
particular their relations with the Wick theorem, can be found in Chapters 7 and 8 of 
reference [5]. 


1. Foundation of the method 


Let us first expose the foundation of the Hartree-Fock method in a simple case where 
the particles have no spin (or are all in the same individual spin state) so that no spin 
quantum number is needed to define their individual states, specified by their wave 
functions. We introduce the notation and define the trial family of the N-particle state 
vectors. 


1-a. Trial family and Hamiltonian 


We choose as the trial family for the state of the N-fermion system all the states 
that can be written as: 


[Wy aha} s..i0 . (0) (1) 
where ths fe ee a are the creation operators associated with a set of normalized 


individual states |61), |@2), ...|8x7), all orthogonal to each other (and hence distinct). The 


state |W) is therefore normalized to 1. This set of individual states is, at the moment, 
arbitrary; it will be determined by the following variational calculation. 





ao varies as 1/Z, whereas the highest value of the principal quantum number n of the occupied states 
varies approximately as Z!/. The size n2ag we are looking for varies approximately as Z—!/8. 
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For spinless particles, the corresponding wave function U(r1,r9, fy) can be writ- 
ten in the form of a Slater determinant (Chapter XIV, § C-3-c-{): 


O1(r1) O2(t1) .. An(t1) 
a 1 01(r2) 62(r2) oe On(r2) 


W(r1,1re, Ty) = VN (2) 


O1(rny) 62(rn) a On (rn) 
The system Hamiltonian is the sum of the kinetic energy, the one-body potential 
energy and the interaction energy: 
vil — Ao a Vas + Wint (3) 


The first term, Ho, is the operator associated with the fermion kinetic energy, sum of 
the individual kinetic energies: 





N 2 

7. (P,) 

Ho = Ss a (4) 
q=1 

where m is the particle mass and P,, the momentum operator of particle g. The second 


term, Vos is the operator associated with their energy in an applied external potential 
Vi: 


ve N 
Vext = | Vi(Rq) (5) 


where R, is the position operator of particle q. For electrons with charge q. placed in 
the attractive Coulomb potential of a nucleus of charge —Zq, positioned at the origin (Z 
is the nucleus atomic number), this potential is attractive and equal to: 


Za. 1 
el (6) 


vas ~ Ane |r| 





where €9 is the vacuum permittivity. Finally, the term Wit corresponds to their mutual 
interaction energy: 
=> 1 
Wint = 5 D W2(Rg, Ry’) (7) 
a#a 


For electrons, the function W2 is given by the Coulomb repulsive interaction: 


’ de 1 
Wa(r,r’) = Tidy eae (8) 








The expressions given above are just examples; as mentioned earlier, the Hartree-Fock 
method is not limited to the computation of the electronic energy levels in an atom. 
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1-b. Energy average value 


Since state (1) is normalized, the average energy in this state is given by: 
E = (U|H|v) (9) 


Let us evaluate successively the contributions of the three terms of (3), to obtain an 
expression which we will eventually vary. 


Qa. Kinetic energy 


Let us introduce a complete orthonormal basis {|@,)} of the one-particle state space 
by adding to the set of states |9;) (¢ = 1, 2, ..., N) other orthonormal states; the subscript 
s now ranges from 1 to D, dimension of this space (D may be infinite). We can then 
expand Ap as in relation (B-12) of Chapter XV: 


2 


~ Pp 
Ho = > (6r| = 18.) af, ao, (10) 


r,s 


where the two summations over r and s range from 1 to D. The average value in |W) of 
the kinetic energy can then be written: 


2 
Ho) = S_ (6 ies (0| aoy--- 49,09, (ah ap,) ab al... ah |0) (11) 
0 RU ee On 0246, 6,46 01 "62 On 


r,s 


which contains the scalar product of the ket: 


(a. ) a} al... ah, |0) = (ao. ) 161,88) 0u3On) (12) 
by the bra: 
(0| doy +++ Go, 9, (a),.) = (61,02, ... On| (a},.) (13) 


Note however that in the ket, the action of the annihilation operator ag, yields zero 
unless it acts on a ket where the individual state is already occupied; consequently, the 
result will be different from zero only if the state |6,) is included in the list of the N 
states |01), |02), ..../An). Taking the Hermitian conjugate of (13), we see that the same 
must be true for the state |0,), which must be included in the same list. Furthermore, 
if r ~ s the resulting kets have different occupation numbers, and are thus orthogonal. 
The scalar product will therefore only differ from zero if r = s, in which case it is simply 
equal to 1. This can be shown by moving to the front the state |6,) both in the bra and 
in the ket; this will require two transpositions with two sign changes which cancel out, 
or none if the state |0,) was already in the front. Once the operators have acted, the bra 
and the ket correspond to exactly the same occupied states and their scalar product is 
1. We finally get: 


7 sas P2 
o)= il a |G 
(fo) d (il == 101) (14) 


wl 
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Consequently, the average value of the kinetic energy is simply the sum of the average 
kinetic energy in each of the occupied states |6;). 

For spinless particles, the kinetic energy operator is actually a differential operator 
—h?A/2m acting on the individual wave functions. We therefore get: 


(fiy) = ae [er yore AG,(r) (15) 


B. Potential energy 


As the potential energy 7A is also a one-particle operator, its average value can be 
computed in a similar way. We obtain: 


(Vex) = 5 (el Vil) a) (16) 


w=1 


that is, for spinless particles: 


(Vex) = farvi Vilr y l0:(r (17) 


As before, the result is simply the sum of the average values associated with the individual 
occupied states. 


Y- Interaction energy 


The average value of the interaction energy We in the state |W) has already been 
computed in § C-5 of Chapter XV. We just have to replace, in the relations (C-28) as 
well as (C-32) to (C-34) of that chapter, the n; by 1 for all the occupied states |6;), b 
zero for the others, and to rename the wave functions u;(r) as 0;(r). We then get: 


(Wins) = itietty= 5 fr par Wa(r, r’) 
x . [1A:(r)1? 185 (e")/? = 0% (785 (x) 8: (2") 85 (x) 


i,j=l 


(18) 


We have left out the condition 7 # 7, no longer useful since the 1 = 7 terms are zero. The 
second line of this equation contains the sum of the direct and the exchange terms. 

The result can be written in a more concise way by introducing the projector Py 
over the subspace spanned by the N kets |6;): 


N 
Py = a |0:) (i (19) 
Its matrix elements are: 
(r| Py |r’) = Soa 6; ( (20) 
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This leads to: 


(Wine) = ; [abr far’ Wa(r, r’) [(r| Pv Ir) (e"| Py |r’) — (e| Py |r’) (r’| Pn |r) 
(21) 


Comment: 


The matrix elements of Py are actually equal to the spatial non-diagonal correlation 
function Gi(r,r’), which will be defined in Chapter XVI (§ B-3-a). This correlation 
function can be expressed as the average value of the product of field operators U(r): 


Gi(r,r’) = (U(r) ¥(r')) (22) 
For a system of N fermions in the states |01), |92), .., |@n), we can write: 


Gi(r,r’) = (01, 02,.., On| UT (r) V(r’) |A1, 02, .., On) 
* , N * , 
= D0; (01,62, -, On| [OF (r)al] [85 (r’)ay] 101, 42,--, On) = OL, OF (2) G(r’) 


Inserting this relation in (18) we get: 


(23) 


(Wis) — 5 [ote for W2(r,r’) [Gi(r,r)Gi(r’,r’) 7 Gir, r’)Gi(r’,r)| (24) 


Comparison with relation (C-28) of Chapter XV, which gives the same average value, 
shows that the right-hand side bracket contains the two-particle correlation function 
Go(r,r’). For a Fock state, this function can therefore be simply expressed as two prod- 
ucts of one-particle correlation functions at two points: 


Go(r,r’) = Gi(r,r)Gi(r’,r’) — Gi(r,r’)Gi(r’,r) (25) 


1-c. Optimization of the variational wave function 


We now vary |w) to determine the conditions leading to a stationary value of the 
total energy FE: 


B= (fy) + (on) + (We) 26) 


where the three terms in this summation are given by (15), (16) and (18). Let us vary 
one of the kets |6,), & being arbitrarily chosen between 1 and N: 


|x) = |x) + |69x) (27) 
or, in terms of an individual wave function: 
Ox (rt) = O4(r) + 60;(2) (28) 


This will yield the following variations: 


5 (fo) a aia / dr [60% (r) AO,(r) + O%(r) AdO,(r)] (29) 
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and: 
5 (Voxe) = f dr Vila) (BG(r) On (x) + f(r) 684 (0) (30) 


As for the variation of (Wine , we must take from (18) two contributions: the first one 


from the terms i = k, and the other from the terms 7 = k. These contributions are 
actually equal as they only differ by the choice of a dummy subscript. The factor 1/2 
disappears and we get: 


Wine) = far far’ Watr,r') 3 [[o0ice a r) + 05 (r)604(r)] |0,(2")) 


— 55, (8)05 (0! )Ox(¥")0; (x) — 05 (1) 85 (r") 60x (r")0;(r)| (31) 


The variation of E is simply the sum of (29), (30) and (31). 
We now consider variations 60,, which can be written as: 


60,(r) = de e’XO,(r)  withl>N (32) 


(where de is a first order infinitely small parameter). These variations are proportional 
to the wave function of one of the non-occupied states, which was added to the occupied 
states to form a complete orthonormal basis; the phase y is an arbitrary parameter. Such 
a variation does not change, to first order, either the norm of |9,), or its scalar product 
with all the occupied states | < N; it therefore leaves unchanged our assumption that 
the occupied states basis is orthonormal. The first order variation of the energy 6F is 
obtained by inserting 60, and its complex conjugate 66; into (29), (30) and (31); we then 
get terms in e’X in the first case, and terms in e~** in the second. For E to be stationary, 
its variation must be zero to first order for any value of x; now the sum of a term in e’* 
and another in e~* will be zero for any value of y only if both terms are zero. It follows 
that we can impose 6£ to be zero (stationary condition) considering the variations of 
60, and 66% to be independent. Keeping only the terms in 667, we obtain the stationary 
condition of the variational energy: 


/ d°r 60;(r) FP aber) + Vi(r)0x(r) + 


(33) 
+ [ar Wa(r,r’ pe [ex ( |? — oF (xr B(x); (x) =0 
j=l 
or, taking (20) into account: 
_ 72 
per 60% (r) {Sn Out + Vi(r)6,(0)+ 
se (34) 
+ per Wa(r, rx’) [(r"| Pw |r’) 04 (rv) — (r| Pw |r’) Ox (2’)] } =0 
This relation can also be written as:: 
/ Cr 56%(r) D[x(r)] = 0 (35) 
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where the integro-differential operator D is defined by its action on an arbitrary function 
A(x): 


D [A(r)] = {m4 +Vi(r) + per Wa(r,r’) (r’| Pr em} 6(r) 


- fer Wa(r,r’) (r| Py |r’) O(r’) (36) 


This operator depends on the diagonal (r’| Py |r’) and non-diagonal (r| Py |r’) 
spatial correlation functions associated with the set of states occupied by the N fermions. 

Relation (35) thus shows that the action of the differential operator D on the 
function 0;(r) yields a function orthogonal to all the functions 6;(r) for 1 > N. This 
means that the function D[6,(r)| only has components on the wave functions of the 
occupied states: it is a linear combination of these functions. Consequently, for the 
energy E to be stationary there is a simple condition: the invariance under the action of 
the integro-differential operator D of the N-dimensional vector space Yn, spanned by 
all the linear combinations of the functions 6;(r) with 7 = 1,2,..N. 


Comment: 


One could wonder why we limited ourselves to the variations 66, written in (32), propor- 
tional to non-occupied individual states. The reason will become clearer in § 2, where 
we use a more general method that shows directly which variations of each individual 
states are really useful to consider (see in particular the discussion at the end of § 2-a). 
For now, it can be noted that choosing a variation 60, proportional to the same wave 
function @;(r) would simply change its norm or phase, and therefore have no impact on 
the associated quantum state (in addition, a change of norm would not be compatible 
with our hypotheses, as in the computation of the average values we always assumed 
the individual states to remain normalized). If the state does not change, the energy 
E must remain constant and writing a stationary condition is pointless. Similarly, to 
give 0,,(r) a variation proportional to another occupied wave function 6;(r) (where / is 
included between 1 and NV) is just as useless, as we now show. In this operation, the 
creation operator al, acquires a component on a} (Chapter XV, § A-6), but the state 
vector expression (1) remains unchanged. The state vector thus acquire a component 
including the square of a creation operator, which is zero for fermions. Consequently, the 
stationarity of the energy is automatically ensured in this case. 


1-d. Equivalent formulation for the average energy stationarity 


Operator D can be diagonalized in the subspace Fy, as can be shown? from its 
definition (36) — a more direct demonstration will be given in § 2. We call y,(r) its 





3 As any Hermitian operator can be diagonalized, we simply show that (36) leads to matrix elements 
obeying the Hermitian conjugation relation. Let us verify that the two integrals + Br OF (r) D [62(r)] 
and Ri d°r 63(r) D[61(r)] are complex conjugates of each other. For the contributions to these matrix 
elements of the kinetic and potential (in Vi) energy, we simply find the usual relations insuring the 
corresponding operators are Hermitian. As for the interaction term, the complex conjugation is obvious 
for the direct term; for the exchange term, a simple inversion of the integral variables dr and dr’, plus 
the fact that Wa(r,r’) is equal to W2(r’,r) allows verifying the conjugation. 
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eigenfunctions. These functions y,(r) are linear combinations of the 0, (r) corresponding 
to the states appearing in the trial ket (1), and therefore lead to the same N-particle 
state, because of the antisymmetrization*. The basis change from the 6;(r) to the y,(r) 
has no effect on the projector Py onto to the subspace Fy, whose matrix elements 
appearing in (36) can be expressed in a way similar to those in (20): 


(r| Pn |r’) 2 Qn(r en (r (37) 


Consequently, the eigenfunctions of the operator D obey the equations: 








N 
SUAS ee per nk Yn(r) 


2m 
p=1 


N 
-| fer Wa(r,r’ )D. Pal (r) yn (x | = En'pn(r) 











where €, are the associated eigenvalues. These relations are called the “Hartree-Fock 
equations”. 

For the average total energy associated with a state such as (1) to be stationary, it 
is therefore necessary for this state to be built from N individual states whose orthogonal 
wave functions 1, 92, .. , yw are solutions of the Hartree-Fock equations (38) with n = 1, 
2,.. , N. Conversely, this condition is sufficient since, replacing the 6;(r) by solutions 
Yn(r) of the Hartree-Fock equations in the energy variation (34) yields the result: 


/ dr dyk(r) galt) (39) 


which is zero for all dy; (r) variations, since, according to (32), they must be orthogonal 
to the N solutions y,,(r). Conditions (38) are thus equivalent to energy stationarity. 


1-e. Variational energy 


Assume we found a series of solutions for the Hartree-Fock equations, i.e. a set 
of N eigenfunctions y,,(r) with the associated eigenvalues €;. We still have to compute 
the minimal variational energy of the N-particle system. This energy is given by the 
sum (26) of the three terms of kinetic, potential and interaction energies obtained by 
replacing in (15), (16) and (18) the 6;(r) by the eigenfunctions y,(r): 


Eur = (fo) ats (Vent) oF (Wine) (40) 





4A determinant value does not change if one adds to one of its column a linear combination of the 
others. Hence we can add to the first column of the Slater determinant (2) the linear combination of 
the 02(r), 03(r), ... that makes it proportional to yi(r). One can then add to the second column the 
combination that makes it proportional to yo(r), etc. Step by step, we end up with a new expression for 
the original wave function U(r1,4r2, ..Lfy), which now involves the Slater determinant of the y;(r). It 
is thus proportional to this determinant. A demonstration of the strict equality (within a phase factor) 
will be given in § 2. 
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(the subscripts HF indicate we are dealing with the average energies after the Hartree- 
Fock optimization, which minimizes the variational energy). Intuitively, one could expect 
this total energy to be simply the sum of the energies €,, but, as we are going to show, 
this is not the case. Multiplying the left-hand side of equation (38) by y*(r) and after 
integration over d3r, we get: 


in = far gale) [ea +Vi(e)| en) 


+ for’ Water > [lent )? yn(r) - eatrontronto (41) 


We then take a summation over the subscript n, and use (15), (16) and (18), the 6 being 
replaced by the y: 


S78 = (Bo) apt (Vos) ng +2 (Po) 2) 
n=1 


This expression does not yield the stationary value of the total energy, but rather a sum 
where the particle interaction energy is counted twice. From a physical point of view, it 
is clear that if each particle energy is computed taking into account its interaction with 
all the others, and if we then add all these energies, we get an expression that includes 
twice the interaction energy associated with each pair of particles. 

The sum of the €, does contain, however, useful information that enables us to 
avoid computing the interaction energy contribution to the variational energy. Eliminat- 


ing (Wine) between (40) and (42), we get: 


N 
a 1 x & 
Bur =} [Soe + (he) yg (Vas) 
HF 5 [om 0 Soe teks (43) 
where the interaction energy is no longer present. One can then compute (Ao) and 
HF 


(Text) using the solutions of the Hartree-Fock equations (38), without worrying about 
HE 


the interaction energy. Using (15) and (17) in this relation, we can write the total energy 
Eas: 


Bne= 3 [ery for len (r Pr Vilr Ey fer Pnlt!) Avalr ) 


(44) 
The total energy is thus half the sum of the e;, of the average kinetic energy, and finally 
of the one-body average potential energy. 
1-f. Hartree-Fock equations 


Equation (38) may be written as: 





Fg + Vile) + VAC] onl) — f ar! VCE 2 pale) =m vale (45) 
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where the direct V“"(r) and exchange V“(r,r’) potentials are defined as: 


vit(r Ef ! lep(r’ * Wo(r,r’) 


V(r, r’) = vie) r) Wa(r,r’) 





(46) 











Note that the terms p = n coming from the two potentials cancel each other; hence 
they can be eliminated from the two summations, without changing the final result. 
The contribution of the direct potential is sometimes called the “Hartree term”, and the 
contribution of the exchange potential, the “Fock term”. The first is easy to understand: 
with the exception of the term p = n, it corresponds to the interaction of a particle 
at point r with all the others at points r’, averaged for each of them by its density 
distribution |y,(r’ )|?. As for the exchange potential, and in spite of its name, this term 
is not, strictly speaking, a potential; it is not diagonal in the position representation, 
even though it basically comes from a particle interaction which is diagonal in that 
representation. This peculiar non-diagonal form actually comes from the combination 
of the fermion antisymmetrization and the variational approximation. This exchange 
potential is homogeneous to a potential divided by the cube of a length. It is obviously a 
Hermitian operator as it is derived from a potential W(r, r’) which is real and symmetric 
with respect to r and r’. 

A more intuitive and simplified version of these equations was suggested by Hartree, 
in which the exchange potentials are ignored in (45). Without the integral term, these 
equations become very similar to a series of Schrédinger equations for independent par- 
ticles, each of them moving in the mean potential created by all the others (still with 
the exception of the term p = n in the summation). Including the Fock term should, 
however, lead to more precise calculations. 

Using for the potentials their expressions (46), the Hartree-Fock equations (45) 
become a set of N coupled equations. They are nonlinear, since the direct and exchange 
potentials depend on the functions y,(r). Even though they look like linear eigenvalue 
equations with eigenfunctions y,(r) as solutions, a linear resolution would actually re- 
quire knowing in advance the solutions, since these functions also appear in the potentials 
(46). The term “self-consistent” is used to characterize this type of situation and the 
solutions y,(r) it leads to. 

There are no general analytical methods to solve nonlinear self-consistent equations 
of this type, even in their simplified Hartree version, and numerical methods using suc- 
cessive approximations are commonly used. We start from a series of plausible functions 
py) (r), and compute with (46) the associated potentials. Considering them to be fixed, 
we obtain linear eigenvalue equations which can be solved quite readily with computers 
(the single very complicated equation in a 3N-dimensional space has been replaced by 
N independent 3-dimensional equations); we have to diagonalize a Hermitian operator 
to get a new series of orthonormal functions, resulting from the first iteration, and called 
yp) (r) and @). The second iteration starts from these po (r), to compute the new 
potential values, and get new linear differential equations. Solving these equations yields 


the next order p(t ), é), etc. After a few iterations, one expects the yt Nr ) and 


an) to vary only slightly with the iteration order (n), in which case the Hartree-Fock 
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equations have been solved to a good approximation. Using (44) we can then compute 
the energy we were looking for. It is also possible that physical arguments can help us 
choose directly adequate trial functions y,,(r) without any iteration. Inserting them in 
(44) then directly provides the energy. 


Comments: 


(i) The solutions of the Hartree-Fock equations may not be unique. Using the iteration 
process described above, one can easily wind up with different solutions, depending on 
the initial choice for the po (r) functions. This multiplicity of solutions is actually one 
of the method’s advantages, as it can help us find not only the ground level but also the 
excited levels. 


(ii) As we shall see in § 2, taking into account the 1/2 spin of the electrons in an atom does 
not bring major complications to the Hartree-Fock equations. It is generally assumed 
that the one-body potential is diagonal in a basis of the two spin states, labeled + and 
—, and that the interaction potential does not act on the spins. We then simply assemble 
Nx equations, for N+ wave functions yf (r) associated with the spin + particles, with 
N_ other equations, for N_ wave functions vy; (r) associated with spin — particles. These 
two sets of equations are not independent, since they contain the same direct potential 
(computed using (46), whose first line includes a summation over p of all the N = N4+N_ 
wave functions). As for the exchange potential, it does not lead to any coupling between 
the two sets of equations: in the second line of (46), the summation over p only includes 
particles in the same spin state for the following reason. If the particles have opposite 
spins, they can be recognized by the direction of their spin (the interaction does not act 
on the spins), and they no longer behave as indistinguishable particles. The exchange 
effects only arise for particles having the same spin. 


2. Generalization: operator method 


We now describe the method in a more general way, using an operator method that leads 
to more concise expressions, while taking into account explicitly the possible existence 
of a spin — which plays an essential role in the atomic structure. We will identify more 
precisely the mathematical object, actually a projector, which we vary to optimize the 
energy. Physically, this projector is simply the one-particle density operator defined in 
§ B-4 of Chapter XV. This will lead to expressions both more compact and general 
for the Hartree-Fock equations. They contain a Hartree-Fock operator acting on a 
single particle, as if it were alone, but which includes a potential operator defined by 
a partial trace which reflects the interactions with the other particles in the mean field 
approximation. Thanks to this operator we can get an approximate value of the entire 
system energy, computing only individual energies; these energies are obtained with 
calculations similar to the one used for a single particle placed in a mean field. With 
this approach, we have a better understanding of the way the mean field approximately 
represents the interaction with all the other particles; this approach can also suggest 
ways to make the approximations more precise. 


We assume as before that the N-particle variational ket |W) is written as: 
[v) = Oh ahi ve |0) (47) 
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This ket is derived from N individual orthonormal kets |6,), but these kets can now 
describe particles having an arbitrary spin. Consider the orthonormal basis {|0,)} of 
the one-particle state space, in which the set of |6;) (¢ = 1, 2, ...N) was completed by 
other orthonormal states. The projector Py onto the subspace Fy is the sum of the 
projections onto the first N kets |@;): 


N 
Py = de 0; ) (9: (48) 


This is simply the one-particle density operator defined in § B-4 of Chapter XV 
(normalized by a trace equal to the particle number N and not to one), as we now show. 
Relation (B-24) of that chapter can be written in the |6;,) basis: 


(O11 Bi Gk) = (akan) (49) 


where the average value (aha) is taken in the quantum state (47). In this kind of Fock 


state, the average value is different from zero only when the creation operator reconstructs 
the population destroyed by the annihilation operator, hence if k = 1, in which case it is 
equal to the population n, of the individual states |6;,). In the variational ket (47), all 
the populations are zero except for the first N states |@;) (i = 1, 2, ...N), where they are 
equal to one. Consequently, the one-particle density operator is represented by a matrix, 
diagonal in the basis |;), and whose N first elements on the diagonal are all equal to 
one. It is indeed the matrix associated with the projector Py, and we can write: 


pi = Py (50) 
As we shall see, all the average values useful in our calculation can be simply expressed 
as a function of this operator. 

2-a. Average energy 
We now evaluate the different terms included in the average energy, starting with 


the terms containing one-particle operators. 


Qa. Kinetic and external potential energy 


Using relation (B-12) of Chapter XV, we obtain for the average kinetic energy 
(Ho): 


Ho = 5 6-| FE |6,) (alas) (51) 
2m 


r,s 


The same argument as that for the evaluation of the matrix elements (49) shows that 
the average value (afa,) in the state (47) is only different from zero if r = s; in that 
case, it is equal to one when r < N, and to zero otherwise. This leads to: 


(Ao) = s (4; |@;) = Tri {Ps =} (52) 


wl 
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The subscript 1 was added to the trace to underline the fact that this trace is taken in 
the one-particle state space and not in the Fock space. The two operators included in 
the trace only act on that same particle, numbered arbitrarily 1; the subscript 1 could 
obviously be replaced by the subscript of any other particle, since they all play the same 
role. The average potential energy coming from the external potential is computed in a 
similar way and can be written as: 


N 
(Vex) = S> (95| Vi |8:) = Tri {Pw Vi} (53) 
i=1 
B. Average interaction energy, Hartree-Fock potential operator 


The average interaction energy Wint can be computed using the general expression 
(C-16) of Chapter XV for any two-particle operator, which yields: 


(Wine) = ; S> (1: 6,52: O5|Wa(1, 2) |1:On32:0,) (atatagan) (54) 
T,8,nN,q 
For the average value (alalaga,) in the Fock state |W) to be different from zero, the 
operator must leave unchanged the populations of the individual states |6,,) and |6,). As 
in § C-5-b of Chapter XV, two possibilities may occur: either r = n and s = q (the direct 
term), or r = q and s = n (the exchange term). Commuting some of the operators, we 
can write: 


Orn Osq (alalasa,) + Org Osn (alala,as) 
[Ort Ong — Ong sn) Ms (55) 


(alalagan) 


where n, and n, are the respective populations of the states |6,) and |0,). Now these 
populations are different from zero only if the subscripts r and s are between 1 and N, 
in which case they are equal to 1 (note also that we must have r 4 s to avoid a zero 
result). We finally get: 


N 
> 1 
(We) Z se fe 0:32: 0;| Wo(1,2) |1 : 632 : 8;) 
tAG 
— (1: ;;2: 0;| Wo(1, 2) |1 : 65; 2 : 0;) (56) 
(the constraint i # 7 may be ignored since the right-hand side is equal to zero in this 


case). Here again, the subscripts 1 and 2 label two arbitrary, but different particles, that 
could have been labeled arbitrarily. We can therefore write: 


N 
—_ 1 
(Wns) = 5 D> (158525 | Wa(0, 2) 1 — PoC 2) [825 4) (57) 
ij= 


where P,,(1, 2) is the exchange operator between particle 1 and 2 (the transposition which 
permutes them). This result can be written in a way similar to (53) by introducing a 





5 As in the previous complement, we have replaced W2(Ri,R2) by W2(1, 2) to simplify the notation 
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“Hartree-Fock potential” Wy),;, similar to an external potential acting in the space of 
particle 1; this potential is defined as the operator having the matrix elements: 


(0;| Wir (1) |O%) = 5 (1 8552 + 85| Wo(1,2) [1 — Pax(1y2)] [1 1 8432: 04) (58) 
j=l 


This operator is Hermitian, since, as the two operators Px and W2 are Hermitian and 
commute, we can write: 


N 
(0x| Wa r(1) |8:) = IE Ox; 2 : 0;| Wo(1, 2) [1 — Pex(1, 2)] [1 : 6432 : 65) 


= (0;| War(1) |x)" (59) 


Furthermore, we recognize in (58) the matrix element of a partial trace on particle 2 
(Complement Eqq1, § 5-b): 








War(1) = Tra { Py(2) Wa(1,2) [1 — Pex(1,2)] } (60) 








where the projector Py has been introduced inside the trace to limit the sum over 7 to 
its first N terms, as in (57). The one-particle operator W7;r(1) is thus the partial trace 
over a second particle (with the arbitrary label 2) of a product of operators acting on 
both particles. As the summation over j is now taken into account, we are left in (57) 
with a summation over i, which introduces a trace over the remaining particle 1, and we 
get: 


(Wine) = str (Py (i) Wier (l} (61) 


This average value depends on the subspace chosen with the variational ket |w) in two 
ways: explicitly as above, via the projector Py(1) that shows up in the average value 
(61), but also implicitly via the definition of the Hartree-Fock potential in (60). 


Y. Role of the one-particle reduced density operator 


All the average values can be expressed in terms of the projector Py onto the 
subspace Fy of the space the individual states spanned by the N individual states |6;), 
|02), .....A@n), which means, according to (50), in terms of the one-particle reduced density 
operator ~; = Py. Hence it is this operator that is the pertinent variable to optimize 
rather than the set of individual states: certain variations of those states do not change 
Py, and are meaningless for our purpose. — 

Furthermore, the choice of the trial ket |W) is equivalent to that of Py. In other 
words, the variational ket |W) built in (1) does not depend on the basis chosen in the 
subspace Fy: if we choose in this subspace any orthonormal basis {|u,;)} other than the 
{|0;)} basis, and if we replace in (1) the al, by the ae the ket will remain the same 
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(to within a non-relevant phase factor) as we now show. As seen in § A-6 of Chapter 
XV, each operator al, is a linear combination of the ce so that in the product of all 


the al, (j = 1, 2, ..N) we will find products of N operators dy 3 Relation (A-43) of 
Chapter XV however indicates that the squares of any creation operators are zero, which 


means that the only non-zero products are those including once and only once each of 


the N different operators (i Each term is then proportional to the ket |W) built from 


the Whe. Consequently, the two variational kets built from the two bases are necessarily 
proportional. As definition (1) ensures they are also normalized, they can only differ by 
a phase factor, which means they are equivalent from a physical point of view. It is thus 
the operator Py = p) that best embodies the trial ket |W). 


2-b. Optimization of the one-particle density operator 


We now vary Py = (, to look for the stationary conditions for the total energy: 


oss P? 1 

B = (Ho) + (Vi) + (Wine) = Tr {Ps F +Vi+ sWue \ (62) 
We therefore consider the variation: 

Py => Py + 6Pn (63) 
which leads to the following variations for the average values of the one-particle operators: 

p2 

6 (Ho) +6 (Vi) = Tr {oP = + vi \ (64) 

As for the interaction energy, we get two terms: 
ae 1 1 

6 (Wine) = 501 {8Py Wire} + 5T {Px SWirr} (65) 
which are actually equal since: 

Tr {Py (1) Wire(1)} = Tr1,2 { Pr (1) 5Pyw(2) Wa(, 2) [1 — Pex(1,2)]} (66) 
and we recognize in the right-hand side of this expression the trace: 


Tre {6Pn(2) Wir (2)} (67) 


As we can change the label of the particle from 2 to 1 without changing the trace, the 
two terms of the interaction energy are equal. As a result, we end up with the energy 
variation: 


a Pp? 
sB= Th ||P + Vit War apy} (68) 
2m 
To vary the projector Py, we choose a value jo of 7 and make the change: 
|Pio) = [jo) + e* [68) (69) 
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where |6@) is any ket from the space of individual states, and y any real number; no 
other individual state vector varies except for |9,,). The variation of Py is then written 
as: 


5Pyy = &* |50) (Bjg| +. 104.) (58 (70) 


We assume |60) has no components on any |6;), that is no components in Fy, since this 
would change neither Ej, nor the corresponding projector Py. We therefore impose: 


Py |60) = 0 (71) 


which also implies that the norm of |6,,) remains constant® to first order in |50). Inserting 
(70) into (68), we obtain: 


a ¥ P?2 
6E = eXTr, { LF +VU+ War |60) (A, \ 
: P?2 
ee { = Sy War] 18.) sol} (72) 


For the energy to be stationary, this variation must remain zero whatever the choice of 
the arbitrary number x. Now the linear combination of two exponentials e** and e~'* 
will remain zero for any value of x only if the two factors in front of the exponentials are 
zero themselves. As each term can be made equal to zero separately, we obtain: 


P? P? 
0= Tr, { LF +V,+ War |95o) cso} = (60| ee +Vi+ Wu \0;,) (73) 


This relation must be satisfied for any ket |60) orthogonal to the subspace Fy. 
This means that if we define the one-particle Hartree-Fock operator as: 











p2 
Hyp = >=—+Vit War (74) 
2m 





the stationary condition for the total energy is simply that the ket Hy |@;,) must belong 
to Fn: 


Hur \0;,) € Fn (75) 


As this relation must hold for any |@;,) chosen among the |6;), |@2), ....|9), it follows 
that the subspace Fy is stable under the action of the operator (74). 
2-c. Mean field operator 
We can then restrict the operator Hy to that subspace: 
2 


ffyp = Py(1) |Z + (1) + War (1)| Pw) (76) 


2m 





6Since (71) shows that |60) is orthogonal to any linear combinations of the |6;), we can write 
((8j9| + (59|) (\8jo) + |50)) = (959| Oj) + (60| 66) = 1+ second order terms. 
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This operator, acting in the subspace Fy spanned by the N kets |6;), is a Hermitian 
linear operator, hence it can be diagonalized. We call |y,,) its eigenvectors (n = 1, 2, 
..N), which are linear combinations of the kets |6;). The stationary condition for the 
energy (75) amounts to imposing the |y,,) to be not only eigenvectors of Hip, but also 
of the operator Hyp defined by (74) in the entire one-particle state space (without the 
restriction to Fy); consequently, the |y,) must obey: 





Ayr ln) = En ln) (77) 











Operator Hy is defined in (74), where the operator Wy -r is given by (60) and depends 
on the projector Py. This last operator may be expressed as a function of the |y,,) in 
the same way as with the |6;), and relation (48) may be replaced by: 


Py = S° lYn) (Pn (78) 


Relations (77), together with definition (60) where (78) has been inserted, are a 
set of equations allowing the self-consistent determination of the |y,); they are called 
the Hartree-Fock equations. This operator form (77) is simpler than the one obtained in 
§ 1-c; it emphasizes the similarity with the usual eigenvalue equation for a single particle 
moving in an external potential, illustrating the concept of a self-consistent mean field. 
One must keep in mind, however, that via the projector (78) included in Wir, this 
particle moves in a potential depending on the whole set of states occupied by all the 
particles. Remember also that we did not carry out an exact computation, but merely 
presented an approximate theory (variational method). 

The discussion in § 1-f is still relevant. As the operator Wy depends on the |y,,), 
the Hartree-Fock equations have an intrinsic nonlinear character, which generally requires 
a resolution by successive approximations. We start from a set of N individual states 
|ye) to build a first value of Py and the operator Wy, which are used to compute the 
Hamiltonian (74). Considering this Hamiltonian now fixed, the Hartree-Fock equations 
(77) become linear, and can be solved as usual eigenvalue equations. This leads to new 
values |~n) for the |y,), and finishes the first iteration. In the second iteration, we use 
the lyn) in (78) to compute a new value of the mean field operator Wy; considering 
again this operator as fixed, we solve the eigenvalue equation and obtain the second 
iteration values |y?) for the |y,), and so on. If the initial values |y?) are physically 
reasonable, one can hope for a rapid convergence towards the expected solution of the 
nonlinear Hartree-Fock equations. 

The variational energy can be computed in the same way as in § l-e. Multiplying 
on the left equation (77) by the bra (y,|, we get: 


he Pp? 
én = (val |, + Vi + Wae| I) (79) 


After summing over the subscript n, we obtain: 


2 


ya = ~ (Pn F +VY+ Wu lon) = Tr {Pot F +Ui+ Wu \ (80) 
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Taking into account (51), (53), and (61), we get: 


N 
2a = (Ho) ar + Vidz pt2(Wint) (81) 


where the particle interaction energy is counted twice. To compute the energy E , we can 
eliminate (Wins) between (26) and this relation and we finally obtain: 


(82) 


B- 3) + (Ho) up (Vi) ar 





2-d. Hartree-Fock equations for electrons 


Assume the fermions we are studying are particles with spin 1/2, electrons for 
example. The basis {|r)} of the individual states used in § 1 must be replaced by the 
basis formed with the kets {|r,v)}, where v is the spin index, which can take 2 distinct 
values noted +1/2, or more simply +. To the summation over d°r we must now add a 
summation over the 2 values of the index spin v. A vector |y) in the individual state 
space is now written: 


= [er ee, y(r,v) |r, v) (83) 


pHti/2 











g(r, v) = (r,v |) (84) 


The variables r and vy play a similar role but the first one is continuous whereas the 
second is discrete. Writing them in the same parenthesis might hide this difference, and 
we often prefer noting the discrete index as a superscript of the function y, and write: 


g(r) = (rv |e) (85) 


Let us build an N particle variational state |W) from N orthonormal states |yp%), 
with n= 1, 2,.. , N. Each of the |y¥») describes an individual state including the spin 
and position variables; the first N, values of v, (n = 1,2,..N;) are equal to +1/2, the 
last N_ are equal to —1/2, with N, + N_ = N (we assume Ni and N_ are fixed for the 
moment but we may allow them to vary later to enlarge the variational family). In the 
space of the individual states, we introduce a complete basis {|p;")} whose first N kets 
are the |p’), but where the subscript k varies from 1 to infinity’. 

We assume the matrix elements of the external potential V, to be diagonal for v; 
these two diagonal matrix elements can however take different values V,“(r), which allows 
including the eventual presence of a magnetic field coupled with the spins. We also assume 
the particle interaction W2(1,2) to be independent of the spins, and diagonal in the 
position representation of the two particles, as is the case, for example, for the Coulomb 








’The subscript k determines both the orbital and the spin state of the particle; the index v is not 
independent since it is fixed for each value of k. 
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interaction between electrons. With these assumptions, the Hamiltonian cannot couple 
states having different particle numbers N, and N_. 

Let us see what the general Hartree-Fock equations become in the {|r, v)} repre- 
sentation. In this representation, the effect of the kinetic and potential operators are 
well known. We just have to compute the effect of the Hartree-Fock potential Wy. To 
obtain its matrix elements, we use the basis {|1: r,v; 2: y;*)} to write the trace in (60): 


Co 


(r,v| Wyr(1) |r’, v’) ay 4 La rn oe | Shey Pp? 
k=l 
Wa(1, 2) [1 — Pa l2) 1 sr’, v/52: ppt) (86) 


As the right-hand side includes the scalar product (2 : y;* |2 : pp?) which is equal to dxp, 
the sum over k disappears and we get: 


(vr, v|We (1) |r’, v’) 


= SO (1:4, v5.2: pt? | Wo(1,2) [1 — Pox(1,2)] [1 : 9,052: ob?) (87) 


(i) We first deal with the direct term contribution, hence ignoring in the bracket 
the term in P.(1,2). We can replace the ket |2 : gp’) by its expression: 


|2 : pyr) = [en py (r2) |2 : 52, Up) (88) 
As the operator is diagonal in the position representation, we can write: 


W2(1, 2) |1 ix’,u';2: pyr) 


I 


Wo(1,2) f aPre opera) [Ls /,0452 12,0) 


= Jen per (ra) Wo(r’, re) |L: 9’, v’; 2: 2, Up) 
(89) 


The direct term of (87) is then written: 


N 
[ere 0 Wale’ ra) pete) (Ler, 2 oper ba 07325 ra;%) (90) 


p=l 
where the scalar product of the bra and the ket is equal to 6,,/6(r — r’) [yp (r2)| *, We 
finally obtain: 
N 
Cee fe ae Does ee en (91) 
with: 


Vair(r = far Wo(r,r’) |p? (r’)|” (92) 
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This component of the mean field (Hartree term) contains a sum over all occupied states, 
whatever their spin is; it is spin independent. 

(ii) We now turn to the exchange term, which contains the operator P.x(1,2) in the 
bracket of (87). To deal with it, we can for example commute in (87) the two operators 
W2(1,2) and P.x(1, 2); this last operator will then permute the two particles in the bra. 
Performing this operation in (90), we get, with the minus sign of the exchange term: 


N 
~ | br > Wale’, r2) wor (Bay Cr) Ses Ta i ry) (93) 
p=l 


The scalar product will yield the products of 6,,,6.,./6(" —Y2), making the integral over 
d°rz disappear; this term is zero if vy # v’, hence the factor 6,,... Since Wa(r’,r) = 
W2(r,r’), we are left with: 


—dw > Walr,r’) [pte (x)] [weer] = bu VE(0,2') (94) 


Vp Vv 


where the sum is over the values of p for which v, = v = v’ (hence, limited to the first 
Nx values of p, or the last N_, depending on the case); the exchange potential VX. has 
been defined as: 


Vec(rsr’) = D2 Walryr’) [eer(r)]* [er @)] (95) 


Vp =v 


As is the case for the direct term, the exchange term does not act on the spin. There are 
however two differences. To begin with, the summation over p is limited to the states 
having the same spin v; second, it introduces a contribution which is non-diagonal in 
the positions (but without an integral), and which cannot be reduced to an ordinary 
potential (the term “non-local potential” is sometimes used to emphasize this property). 

We have shown that the scalar product of equation (77) with (r, v| introduces three 
potentials (in addition to the the one-body potential V;’"), a direct potential Vair(r) and 
two exchange potentials V4.(r,r’) with vy = +1/2. Equation (77) then becomes, in the 
{|r,v)} representation, a pair of equations: 








hn i 
FA + VNC) + Vente] were) - far! Ver@x Det) =e verte] (06) 











These are the Hartree-Fock equations with spin and in the position representation, widely 
used in quantum physics and chemistry. It is not necessary to worry, in these equations, 
about the term in which the subscript p in the summation appearing in (92) and (95) is 
the same as the subscript n (of the wave function we are looking for); the contributions 
n = p cancel each other exactly in the direct and exchange potentials. 

Both the “Hartree term” giving the direct potential contribution, and the “Fock 
term ” giving the exchange potential, can be interpreted in the same way as above (§ 
1-f). The Hartree term contains the contributions of all the other electrons to the mean 
potential felt by one electron. The exchange potential, on the other hand, only involves 
electrons in the same spin state, and this can be simply interpreted: the exchange ef- 
fect only occurs for two totally indistinguishable particles. Now if these particles are in 


’ 
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orthogonal spin states, and as the interactions do not act on the spins, one can in prin- 
ciple determine which is which and the particles become distinguishable: the quantum 
exchange effects cancel out. As we already pointed out, the exchange potential is not 
a potential stricto sensu. It is not diagonal in the position representation, even though 
it basically comes from a particle interaction that is diagonal in position. It is the an- 
tisymmetrization of the fermions, together with the chosen variational approximation, 
which led to this peculiar non-diagonal form. It is however a Hermitian operator, as can 
be shown using the fact that the initial potential W2(r,r’) is real and symmetric with 
respect to r and r’. 


2-e. Discussion 


The resolution of the nonlinear Hartree-Fock equations is generally done by the 
successive iteration approximate method discussed in § 1-f. There is no particular reason 
for the solution of the Hartree-Fock equations to be unique®; on the contrary, they can 
yield solutions that depend on the states chosen to begin the nonlinear iterations. They 
can actually lead to a whole spectrum of possible energies for the system. This is how 
the ground state and excited state energies of the atom are generally computed. The 
atomic orbitals discussed in Complement Eyq, the central field approximation and the 
electronic “configurations” discussed in Complement Bxry can now be discussed in a 
more precise and quantitative way. We note that the exchange energy, introduced in this 
complement for a two-electron system, is a particular case of the exchange energy term 
of the Hartree-Fock potential. There exist however many other physical systems where 
the same ideas can be applied: nuclei (the Coulomb force is then replaced by the nuclear 
interaction force between the nucleons), atomic aggregates (with an interatomic potential 
having both repulsive and attractive components, see Complements Cx; and Gx), and 
many others. 

Once a Hartree-Fock solution for a complex problem has been found, we can go 
further. One can use the basis of the eigenfunctions just obtained as a starting point 
for more precise perturbation calculations, including for example correlations between 
particles (Chapter XI). In atomic spectra, we sometimes find cases where two configu- 
rations yield very close mean field energies. The effects of the interaction terms beyond 
the mean field approximation will then be more important. Perturbation calculations 
limited to the space of the configurations in question permits obtaining better approx- 
imations for the energy levels and their wave functions; one then speaks of “mixtures”, 
or of “interactions between configurations”. 


Comment: 


The variational method based on the Fock states is not the only one that leads to the 
Hartree-Fock equations. One could also start from an approximation of the two-particle 
density operator pz; by a function of the one-particle density operator py and write: 


prr(1,2) o 5 [1 — Pax(1,2)] pr(1) & pr(2) (97) 


Expressing the energy of the N-particle system as a function of 7, we minimize it by 
varying this operator, and find the same results as above. This method amounts to a 
closure of the hierarchy of the N-body equations (§ C-4 of Chapter XVI). We have in 





8They all yield, however, an upper limit for the ground state energy 
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fact already seen with equation (21) and in § 2-a that the Hartree-Fock approximation 
amounts to expressing the two-particle correlation functions as a function of the one- 
particle correlation functions. In terms of correlation functions (Complement Axv1), 
this amounts to replacing the two-particle function (four-point function) by a product 
of one-particle functions (two-point function), including an exchange term. Finally, an- 
other method is to use the diagram perturbation theory; the Hartree-Fock approximation 
corresponds to retaining only a certain class of diagrams (class of connected diagrams). 


Finally note that the Hartree-Fock method is not the only one yielding approximate 
solutions of Schrédinger’s equation for a system of interacting fermions; in particular, 
one can use the “electronic density functional” theory (a functional is a function of 
another function, as for instance the action S$ in classical lagrangian mechanics). The 
method is used to obtain the electronic structure of molecules or condensed phases in 
physics, chemistry, and materials science. Its study nevertheless lies outside the scope 
of this book, and the reader is referred to [6], which summarizes the method and gives a 
number of references. 
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Complement Fxy 


Fermions, time-dependent Hartree-Fock approximation 
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The Hartree-Fock mean field method was introduced in Complement Exy for a 
time-independent problem: the search for the stationary states of a system of interacting 
fermions (the search for its thermal equilibrium will be discussed in Complement Gxvy. 
In this complement, we show how this method can be used for time-dependent problems. 
We start, in § 1, by including a time dependence in the Hartree-Fock variational ket 
(time-dependent Fock state). We then introduce in § 2 a general variational principle 
that can be used for solving the time-dependent Schrédinger equation. We then compute, 
in § 3, the function to be optimized for a Fock state; the same mean field operator as 
the one introduced in Complement Exy will here again play a very useful role. Finally, 
the time-dependent Hartree-Fock equations will be obtained and discussed in § 4. More 
details on the Hartree-Fock methods in general can be found, for example, in Chapter 7 
of reference [5], and especially in its Chapter 9 for time-dependent problems. 


1; Variational ket and notation 


——_ 


We assume the N-particle state vector |W (¢)) to be of the form: 





[© ()) = ah, aad cay» Ob, (ey 10) (1) 
where the ah ty ab ty By 4) are the creation operators associated with an arbitrary 
series of orthonormal individual states |6;(t)), |@2(t)), ..., |@n(t)) which depend on time 


t. This series is, for the moment, arbitrary, but the aim of the following variational 
calculation is to determine its time dependence. 
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As in the previous complements, we assume that the Hamiltonian H is the sum 
of three terms: a kinetic energy Hamiltonian, an external potential Hamiltonian, and a 
particle interaction term: 


A = Hy + Voxs(t) + Wine (2) 
with: 
N 
TT = SS (P,) 
q=1 


(m is the particles’ mass, P, the momentum operator of particle q), and: 





Vext ( -» Vi( (Rg, t) t) (4) 


and finally: 
Wint = —= > W2(R (5) 
er 
2. Variational method 


Let us introduce a general variational principle; using the stationarity of a functional S' 
of the state vector |W(¢)), it will yield the time-dependent Schrédinger equation. 


2-a. Definition of a functional 


Consider an arbitrarily given Hamiltonian H(t). We assume the state vector |W(¢)) 
to have any time dependence, and we note |W(t)) the ket physically equivalent to |W(t)), 
but with a constant norm: 


Z \w(t)) 
Wit)) — —_ Es 
O) = Taw eo 


The functional $ of |W(t)) is defined ast: 


(6) 


5 [|€(e))] = [a Re (W(t) jing, HO /w(e)) 


= fae [wo] F Heo) - (70 HO)] - Ho] Ao oy} 


where to and t, are two arbitrary times such that to < ty. In the particular case where 
the chosen |W (t)) is equal to a solution |Ws(t)) of the Schrédinger equation: 


(7) 


in [Bs(t)) = H(t) [Ws(t)) (8) 





1The notation where the differential operator d/dt is written between a bra and a ket means that 
the operator takes the derivative of the ket that follows (and not of the bra just before). 
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the bracket on the first line of (7) obviously cancels out and we have: 
S [|Ws(t))] =0 (9) 


Integrating by parts the second term? of the bracket in the second line of (7), we 
get the same form as the first term in the bracket, plus an already integrated term. The 
final result is then: 


$[|¥@)] = ff dé (W(t)| ins, 2 HO) wo)} 


to 


+ & | vo) Bee) - Huy] Fa) 
es / ‘at (U(0)| ing: Ht) |w(t)) (10) 


to 


where we have used in the second line the fact that the norm of |W(t)) always remains 
equal to unity. This expression for S' is similar to the initial form (7), but without the 
real part. 


2-b. Stationarity 


Suppose now |W (t)) has an arbitrary time dependence between to and t,, while 
keeping its norm constant, as imposed by (6); the functional then takes a certain value 
S, a priori different from zero. Let us see under which conditions S' will be stationary 
when |W(t)) changes by an infinitely small amount |6W(t)): 


|W(t)) = |W(t)) + |ov(t)) (11) 


For what follows, it will be convenient to assume that the variation |6W(t)) is free; we 
therefore have to ensure that the norm of |W(t)) remains constant, equal to unity*. We 
introduce Lagrange multipliers (Appendix V) X(t) to control the square of the norm at 
every time between to and t;, and we look for the stationarity of a function where the 
sum of constraints has been added. This sum introduces an integral, and we the function 
in question is: 


3 [IF] = $[[FO)] - [arm HW FO) 
2 / ‘at (B(e)| ins — H(t) — d(#)| |¥(t)) (12) 


where A(t) is a real function of the time t. 





If we integrate by parts the first term rather than the second, we get the complex conjugate of 
equation (10), which brings no new information. 

3For the normalization of |v (t)) to be conserved to first order, it is necessary (and sufficient) for 
the scalar product (wv (t) |W (t)) to be zero or purely imaginary. If this is the case, the Lagrangian 
multiplier A(t) is not needed 
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The variation 6S of S to first order is obtained by inserting (11) in (10). It yields 
the sum of a first term 6S, containing the ket |S W(t ) and of another 552 containing the 
bra (6W(t)|: 


‘sie / ‘at (B(s)| ins HO) A(o) \sU(t)) 


5S =| ‘at (6U(0)| ing: _ H(t) — NG) w(t) (13) 


We now imagine another variation for the ket: 
|W(t)) => |W(t)) + + [5W(t)) (14) 


which yields a variation 6'S of S; in this second variation, the term in |SW(t )) becomes 
65'S, = 16S, whereas the term in (Sw (t )| becomes 6'S2 = —idS2. Now, if the functional 
is stationary in the vicinity of |U(t Ws the two variations 5S and 6’S are necessarily zero, 
as are also 6S — i6’S and 6S + 16'S. In those combinations, only terms in 5S appear 
for the first one, and in 52 for the second; consequently they must both be zero. As a 
result, we can write the stationarity conditions with respect to variations of the bra and 
the ket separately. 

Let us write for example that 552 = 0, which means the right-hand side of the 
second line in (13) must be zero. As the time evolution between to and ¢, of the bra 
(W(t )| is arbitrary, this condition imposes this bra multiplies a zero-value ket, at all 
times. Consequently, the ket \U(t )) must obey the equation: 


d _ 
ins, — H(t) ~ (| |FO) =0 (15) 


which is none other than the Schrédinger equation associated with the Hamiltonian 
H(t) + A(t). 

Actually, »(¢) simply introduces a change in the origin of the energies and this 
only modifies the total phase* of the state vector |W(t)), which has no physical effect. 
Without loss of generality, this Lagrange factor may therefore be ignored, and we can 
set: 


A(t) =0 (16) 


A necessary condition® for the stationarity of S is that |W (t)) obey the Schrédinger 
equation (8) — or be physically equivalent (i.e. equal to within a global time-dependent 
phase factor) to a solution of this equation. Conversely, assume |W(t )) is a solution of 
the Schrodinger equation, and give this ket a variation as in (11). It is then obvious 
from the second line of (13) that 5S» is zero. As for 6S, an integration by parts over 
time shows that it is the complex conjugate of 6.S2, and therefore also equal to zero. The 





4Tf in (15) we set |e) = eat) |S(¢)), we see that |S) obeys the differential equation obtained 


by replacing A (t) by  (t) —nse in (15). If we simply choose for a (t) the integral over time of the function 
A(t), this constant will disappear from the differential equation. 

>The same argument as above, but starting from the variation 5.9 — i5’S, would lead to the complex 
conjugate of (8), and hence to the same equation. 
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functional S is thus stationary in the vicinity of any exact solution of the Schrédinger 
equation. 


Suppose we choose any variational family F of normalized kets |W (t)), but which 





now includes a ket |W**"(t)) for which S is stationary. A simple example is the case where 
F is a family Fo that contains the exact solution of the Schrédinger equation; according 
to what we just saw, this exact solution will make S stationary, and conversely, the ket 





that makes S stationary is necessarily | wsiet (t)). In this case, imposing the variation of S$ 
to be zero allows identifying, inside the family Fo, the exact solution we are looking for. If 
we now change the family continuously from Fo to F, in general F will no longer contain 
the exact solution of the Schrédinger equation. We can however follow the modifications 


at all times of the values of the ket |W$**(t)). Starting from an exact solution of the 
equation, this ket progressively changes, but, by continuity, will stay in the vicinity of 
this exact solution if F stays close to Fo. This is why annulling the variation of S$ in 
the family F is a way of identifying a member of that family whose evolution remains 
close to that of a solution of the Schrédinger equation. This is the method we will follow, 
using the Fock states as a particular variational family. 


2-c. Particular case of a time-independent Hamiltonian 


____If the Hamiltonian H is time-independent, one can look for time-independent kets 
|v) to make the functional S stationary. The function to be integrated in the definition 
of the functional S' also becomes time-independent, and we can write S as: 


S = (ti — to) (@| H |B) (17) 


Since the two times tg and ¢; are fixed, the stationarity of S is equivalent to that of the 
diagonal matrix element of the Hamiltonian (W| H |W). We find again the stationarity 
condition of the time-independent variational method (Complement Ex 7), which appears 
as a particular case of the more general method of the time-dependent variations. Conse- 
quently, it is not surprising that the Hartree-Fock methods, time-dependent or not, lead 
to the same Hartree-Fock potential, as we now show. 


3. Computing the optimizer 


—~_—_ 


The family of the state vectors we consider is the set of Fock kets |W(t)) defined in (1). 
We first compute the function to be integrated in the functional (10) when |W(t)) takes 


the value |W(t)). 





3-a. Average energy 


For the term in H(t), the calculation is identical to the one we already did in 
§ 1-b of Complement Exy. We first add to the series of orthonormal states |6; (¢)) with 
i = 1, 2, .., N other orthonormal states |@;(t)) with 1 = N+1, N +2, ..., to obtain 
a complete orthonormal basis in the space of individual states. Using this basis, we 
can express the one-particle and two-particle operators according to relations (B-12) and 
(C-16) of Chapter XV. This presents no difficulty since the average values of creation 
and annihilation operator products are easily obtained in a Fock state (they only differ 
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from zero if the product of operators leaves the populations of the individual states 
unchanged). Relations (52), (53) and (57) of Complement Exy are still valid when the 
|0;) become time-dependent. We thus get for the average kinetic energy: 
a = Pp? 
(Fo) = S261 5— 1:(0) (18) 


2m 


for the external potential energy: 
Ss N 
(Vext(t)) = S> (B(6)| Vi(R, t) [84 (6)) (19) 
i=1 


and for the interaction energy: 
N 
> 1 
(Wine) = 5 Do (1: 6:(t)s2 + 85(#)| Wa(A, 2) [1 — Pox(1,2)] |: 6:(8)52:0,(8)) (20) 
ag 


3-b. Hartree-Fock potential 
We recognize in (20) the diagonal element (i = k) of the Hartree-Fock potential 
operator Wy (1, t) whose matrix elements have been defined in a general way by relation 
(58) of Complement Exy: 
(6:(t) |W (1, t) |Ox(t)) 


N 
= a (1: 0;(t); 2 : 0; (t)| Wa(1, 2) [1 — Pex(1, 2)] |1 : Ox (t); 2 : 0;(t)) (21) 


We also noted in that complement Exy that Wy r(1,t) is a Hermitian operator. 
It is often handy to express the Hartree-Fock potential using a partial trace: 





Wr(1,t) = Tro { Py(2,1) Wo(1, 2) [1 — Pox(1,2)] \ (22) 











where Py is the projector onto the subspace spanned by the N kets |0;(t)): 


N 


Py(2,t) = J [2: 6:(t)) (2: 64(2)| (23) 


wl! 


As we have seen before, this projector is actually nothing bu the one-particle reduced 
density operator $1; normalized by imposing its trace to be equal to the total particle 
number N: 


The average value of the interaction energy can then be written as: 





(Wins) = 5m {allt War(1,t)} (25) 
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3-c. Time derivative 


As for the time derivative term, the function it contains can be written as: 


. d 
Y (Olaan(O- a6 (a0 (0) a, [Fah (| ab (010) (26) 


In this summation, all terms involving the individual states 7 other than the state i 
(which is undergoing the derivation) lead to an expression of the type: 


(0) a0,(é)al, (t)|0) (27) 
which equals 1 since this expression is the square of the norm of the state ah, (t) |0), which 


is simply the Fock state |n; = 1). As for the state i, it leads to a factor written in the 
form of a scalar product in the one-particle state space: 


(0| a0, (t) Sa}, (4) (0) = (04(8)1 & 04(0) (28) 


3-d. Functional value 


Regrouping all these results, we can write the value of the functional S' in the form: 


mets ih (O.(t)| & 8.(t)) - (6,(t)| th) |9;(t)) 


is (29) 
ate ae 2: 8;(t)| Wo(1, 2) [1 — Pex(1,2)] [1 : 6:(t); 2 + 0;(¢)) 
4. Equations of motion 
We now vary the ket |0,(t)) according to: 
|0.(t)) => |0x(t)) + |66,(t)) with k<N (30) 


As in complement Exy, we will only consider variations |66;(t)) that lead to an actual 
variation of the ket |W(t)); those where |60;(t)) is proportional to one of the occupied 
states |6;(t)) with 1 < N yield no change for |W(t)) (or at the most to a phase change) and 


are thus irrelevant for the value of S. As we did in relations (32) or (69) of Complement 
Exy, we assume that: 


\50,,(t)) = of (t)e’* |0,(t)) with I>N (31) 


where 6f(t) is an infinitesimal time-dependent function. 

The computation is then almost identical to that of § 2-b in Complement Exy. 
When |6;(¢)) varies according to (31), all the other occupied states remaining constant, 
the only changes in the first line of (29) come from the terms i = k. In the second line, 
the changes come from either the 1 = k terms, or the 7 = k terms. As the W2(1,2) 
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operator is symmetric with respect to the two particles, these variations are the same 
and their sum cancels the 1/2 factor. All these variations involve terms containing either 
the ket eX |50,(t)), or the bra (60;(t)|e~**. Now their sum must be zero for any value 
of x, and this is only possible if each of the terms is zero. Inserting the variation (31) of 
\0,(t)), and canceling the term in e~** leads to the following equality: 


[esse } moo) < ax(t)) — (Out) = a vio) \6x(t)) 


(32) 


Me 


(1: ,(t);2 : 0;(t)| Wo(1, 2) [1 — Pex(1,2)] | : Ox(t);2: 0,(t)) $ =0 


J 


As we recognize in the function to be integrated the Hartree-Fock potential operator 
Wur(1,t) defined in (21), we can write: 


a d P? 
t Lh— — —— — — t = 
[ae ane { (000) [ing - 5 ~~ Wael] u(enyb =o (33) 
with I> N. 
4-a. Time-dependent Hartree-Fock equations 


As the choice of the function df(t) is arbitrary, for expression (33) to be zero 
for any 6f(t) requires the function inside the curly brackets to be zero at all times t. 
Stationarity therefore requires the ket: 


ing ae vue Ware) lax(t)) (34) 


to have no components on any of the non-occupied states |6)(¢)) with (1 > N). In other 
words, stationarity will be obtained if, for all values of k between 1 and N, we have: 


im [04 (0)) = lie + Vi(t) + Wue(t)| \Ox(t)) + I&e(t)) ee) 


where |€;(t)) is any linear combination of the occupied states |0)(t)) (1 < N). As we 
pointed out at the beginning of § 4, adding to one of the |6;,(t)) a component on the 
already occupied individual states has no effect on the N-particle state (aside from an 
eventual change of phase), and therefore does not change the value of $; consequently, 
the stationarity of this functional does not depend on the value of the ket |&,(t)), which 
can be any ket, for example the zero ket. 

Finally, if the |@,,(t)) are equal to the solutions |y,,(t)) of the N equations: 





ine len(t)) = +Vi(t) + Wu(t)} |en(t) se) 











the functional S$ is indeed stationary for all times. Furthermore, as we saw in Comple- 
ment Exy that Wyr(t) is Hermitian, so is the operator on the right-hand side of (36). 


1708 


@ FERMIONS, TIME-DEPENDENT HARTREE-FOCK APPROXIMATION 





Consequently, the N kets |y,(t)) follow an evolution similar to the usual Schrédinger 
evolution, described by a unitary evolution operator (Complement Fy). Such an opera- 
tor does not change either the norm nor the scalar products of the kets: if the kets |y,(t)) 
initially formed an orthonormal set, this remains true at any later time. The whole cal- 
culation just presented is thus consistent; in particular, the norm of the N-particle state 


vector |W (t)) is constant over time. 

Relations (36) are the time-dependent Hartree-Fock equations. Introducing the 
one-particle mean field operator allowed us not only to compute the stationary energy 
levels, but also to treat time-dependent problems. 


4-b. Particles in a single spin state 


Let us return to the particular case of fermions all having the same spin state, as 
in § 1 of Complement Exy. We can then write the Hartree-Fock equations in terms of 
the wave functions as: 

h2 


0 _ 
ins on(est) = [- FA + Vile) + Vanlevt)| on(ese 


z | ar aero} (37) 


using definitions of (46) of that complement for the direct and exchange potentials, which 
are now time-dependent. There is obviously a close relation between the Hartree-Fock 
equations, whether they are time-dependent or not. 


4-c. Discussion 


As encountered in the search for a ground state with the time-independent Hartree- 
Fock equations, there is a strong similarity between equations (36) and an ordinary 
Schrédinger equation for a single particle. Here again, an exact solution of these equations 
is generally not possible, and we must use successive approximations. Assume for example 
that the external time-dependent potential Vi(t) is zero until time to and that for t < 
to, the physical system is in a stationary state. With the time-independent Hartree- 
Fock method we can compute an approximate value for this state and hence a series of 
initial values for the individual states |y,,(to)). This determines the initial Hartree-Fock 
potential. Between time to and a slightly later time to + At, the evolution equation 
(36) describes the effect of the external potential Vj (¢) on the individual kets, and allows 
obtaining the |y,(to + At)). We can then compute a new value for the Hartree-Fock 
potential, and use it to extend the computation of the evolution of the |y,(t)) until a 
later time to + 2At. Proceeding step by step, we can obtain this evolution until the final 
time ¢,;. For the approach to be precise, At must be small enough for the Hartree-Fock 
potential to change only slightly from one time step to another. 

Another possibility is to proceed as in the search for the stationary states. We 
start from a first family of orthonormal kets, now time-dependent, and which are not too 
far from the expected solution over the entire time interval; we then try to improve it 
by successive iterations. Inserting in (21) the first series of orthonormal trial functions, 
we get a first approximation of the Hartree-Fock potential and its associated dynamics. 
We then solve the corresponding equation of motion, with the same initial conditions at 
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t = to, which yields a new series of orthonormal functions. Using again (21), we get a 
value for the Hartree-Fock potential, a priori different from the previous one. We start 
the same procedure anew until an acceptable convergence is obtained. 

Applications of this method are quite numerous, in particular in atomic, molecular, 
and nuclear physics. They allow, for example, the study of the electronic cloud oscillations 
in an atom, a molecule or a solid, placed in an external time-dependent electric field 
(dynamic polarisability), or the oscillations of nucleons in their nucleus. We mentioned 
in the conclusion of Complement Exy that the time-independent Hartree-Fock method is 
sometimes replaced by the functional density method; this is also the case when dealing 
with time-dependent problems. 


In concluding this complement we underline the close analogy between the Hartree- 
Fock theory and a time-independent or a time-dependent mean field theory. In both 
cases the same Hartree-Fock potential operators come into play. Even though they are 
the result of an approximation, these operators have a very large range of applicability. 
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Understanding the thermal equilibrium of a system of interacting identical par- 
ticles is important for many physical problems: conductor or semiconductor electronic 
properties, liquid Helium or ultra-cold gas properties, etc. It is also essential for study- 
ing phase transitions, various and multiple examples of which occur in solid and liquid 
physics: spontaneous magnetism appearing below a certain temperature, changes in elec- 
trical conduction, and many others. However, even if the Hamiltonian of a system of 
identical particles is known, calculation of the equilibrium properties cannot, in general, 
be carried to completion: these calculations present real difficulties in the handling of 
state vectors and interaction operators, where non-trivial combinations of creation and 
annihilation operators occur. One must therefore use one or several approximations. 
The most common one is probably the mean field approximation, which, as we saw in 
Complement Exy, is the base of the Hartree-Fock method. In that complement, we 
showed, in terms of state vectors, how this method could be used to obtain approximate 
values for the energy levels of a system of interacting particles. As we consider here the 
more complex problem of thermal equilibrium, which must be treated in terms of density 
operators, we show how the Hartree-Fock method can be extended to this more general 
case. 

We are going to see that, thanks to this approach, one can obtain compact for- 
mulas for an approximate value of the density operator at thermal equilibrium, in the 
framework of the grand canonical ensemble. The equations to be solved are fairly sim- 
ilar+ to those of Complement Exy. The Hartree-Fock method also gives a value of the 





lThey are not simply the juxtaposition of that complement’s equations: one could imagine writing 
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thermodynamic grand potential, which leads directly to the pressure of the system. The 
other thermodynamic quantities can then be obtained via partial derivatives with respect 
to the equilibrium parameters (volume, temperature, chemical potential, eventually ex- 
ternal applied field, etc. — see Appendix VI). It is clearly a powerful method even though 
it still is an approximation as the particles interactions are treated via a mean field ap- 
proach where certain correlations are not taken into account. Furthermore, for bosons, it 
can only be applied to physical systems far from Bose-Einstein condensation; the reasons 
for this limitation will be discussed in detail in § 4-a of Complement Hxy. 

Once we have recalled the notation and a few generalities, we shall establish (§ 1) 
a variational principle that applies to any density operator. It will allow us to search in 
any family of operators for the one closest to the density operator at thermal equilibrium. 
We will then introduce (§ 2) a family of trial density operators whose form reflects the 
mean field approximation; the variational principle will help us determine the optimal 
operator. We shall obtain Hartree-Fock equations for a non-zero temperature, and study 
some of their properties in the last section (§ 3). Several applications of these equations 
will be presented in Complement Hxy. 

The general idea and the structure of the computations will be the same as in 
Complement Exy, and we keep the same notation: we establish a variational condition, 
choose a trial family, and then optimize the system description within this family. This 
is why, although the present complement is self-contained, it might be useful to first read 
Complement Exy. 


1. Variational principle 


In order to use a certain number of general results of quantum statistical mechanics (see 
Appendix refappend-6 for a more detailed review), we first introduce the notation. 
l-a. Notation, statement of the problem 


We assume the Hamiltonian is of the form: 
H = Ay a Vis ai Wine (1) 


which is the sum of the particles’ kinetic energy Ao, their coupling energy Vows with an 
external potential: 


Vox = > Vila) (2) 


and their mutual interaction W;,,, which can be expressed as: 


> 1 
Wint — 9 S- W2(R,,Rq) (3) 


q#q 


We are going to use the “grand canonical” ensemble (Appendix VI, § 1-c), where 
the particle number is not fixed, but takes on an average value determined by the chemical 





those equations independently for each energy level, and then performing a thermal average. We are 
going to see (for example in § 2-d-8) that the determination of each level’s position already implies 
thermal averages, meaning that the levels are coupled. 
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potential yz. In this case, the density operator p is an operator acting in the entire Fock 
space Er (where N can take on all the possible values), and not only in the state space 
En for N particles (which is is more restricted since it corresponds to a fixed value of 
N). We set, as usual: 


1 


P= Tr 


(4) 
where kg is the Boltzmann constant and T the absolute temperature. At the grand 
canonical equilibrium, the system density operator depends on two parameters, @ and 
the chemical potential , and can be written as: 


Peq = Zo |-8 (fi = wN)| (5) 


with the relation that comes from normalizing to 1 the trace of peq: 
Z=Tr {exp |-8 (H-uN)|} (6) 


The function Z is called the “grand canonical partition function” (see Appendix VI, 
§ 1-c). The operator N associated with the total particle number is defined in (B- 
17) of Chapter XV. The temperature T and the chemical potential : are two intensive 
quantities, respectively conjugate to the energy and the particle number. 

Because of the particle interactions, these formulas generally lead to calculations 
too complex to be carried to completion. We therefore look, in this complement, for 
approximate expressions of peq and Z that are easier to use and are based on the mean 
field approximation. 


1-b. A useful inequality 


Consider two density operators p and p’, both having a trace equal to 1: 


Trieb= Trt ot a1 (7) 
As we now show, the following relation is always true: 
Tr {p Inp} = Tr {p Inp’} (8) 


We first note that the function x Inz, defined for x > 0, is always larger than the 
function x — 1, which is the equation of its tangent at x = 1 (Fig. 1). For positive values 
of x and y we therefore always have: 

* in =i (9) 


x 
—2 
yY Y 


els 


or, after multiplying by y: 
xlna—ax2lny>x-y (10) 
the equality occurring only if x = y. 
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x lnx 








Figure 1: Plot of the function x Inx. At x =1, this curve is tangent to the line y= a—-1 
(dashed line) but always remains above it; the function value is thus always larger than 
ao. 





Let us call p, the eigenvalues of p corresponding to the normalized eigenvectors 
lun), and p), the eigenvalues of p’ corresponding to the normalized eigenvectors |v,,,). 
Used for the positive numbers p, and p},,, relation (10) yields: 


Pn Pp — Pn np, > Pn — Pin (11) 


We now multiply this relation by the square of the modulus of the scalar product: 


|(un| Um)|° = (Un| Um) (Um| Un) (12) 


and sum over m and n. For the term in p, Inp, of (11), the summation over m yields in 
(12) the identity operator expanded on the basis {|v,,)}; we then get (uy| un) = 1, and 
are left with the sum over n of p, Inp,, that is the trace Tr{p Inp}. As for the term in 
Pn inp’, the summation over m introduces: 


So inp, lum) (Um| = Ing’ (13) 
and we get: 
Y> (unl Pn Inp! jun) = Tr {p Inp’} (14) 


n 


As for the terms on the right-hand side of inequality (11), the term in p, yields: 


[3 (Um| Un) Pn (Un| Um) = S> (Um| Pp |Um) = Tr {p} = 1 (15) 


m,n m 
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and the one in pj, also yields 1 for the same reasons, and both terms cancel out. We 
finally obtain the inequality: 


Tr {p Inp} — Tr {p Inp’} > 0 (16) 
which proves (8). 


Comment: 


One may wonder under which conditions the above relation becomes an equality. This 
requires the inequality (11) to become an equality, which means p, = p;,, whenever the 
scalar product (12) is non-zero; consequently all the eigenvalues of the two operators p 
and p’ must be equal. In addition, the eigenvectors of each operator corresponding to 
different eigenvalues must be orthogonal (their scalar product must be zero). In other 
words, the eigenvalues and the subspaces spanned by their eigenvectors are identical, 
which amounts to saying that p= p’. 


1-c. Minimization of the thermodynamic potential 


The entropy S' associated with any density operator p having a trace equal to 1 is 
defined by relation (6) of Appendix VI: 


S = —kp Tr {p Inp} (17) 


The thermodynamic potential of the grand canonical ensemble is defined by the “grand 
potential” ®, which can be expressed as a function of p by relation (Appendix VI, § 1-c-): 


b= (H)-TS—p(N)=Tr{ [H+ kT np - uN] p} (18) 


Inserting (5) into (18), we see that the value of ® at equilibrium, ®.g, can be directly 
obtained from the partition function Z: 


Gog = Tt { |i +p} (-88 + BuN — InZ) zs wh] pea} 
= —8'nZ Tr {peq} = —kpT InZ (19) 
We therefore have: 
Z=e FP or 3 O.4=—kaT nZ (20) 


Consider now any density operator p and its associated function ® obtained from 
(18). According to (5) and (20), we can write: 


—£ (i — 1) = Inpeqg + INZ = Infeg — BP eq (21) 
Inserting this result in (18) yields: 

® = Tr {8 [—Inpeg + B®eq + np] p} = B~*Tr {[—Inpeq + Inp] p} + Geq (22) 
Now relation (16), used with p’ = peq, is written as: 


Tr {[Inp — Inpeg] p} > 0 (23) 
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Relation (22) thus implies that for any density operator p having a trace equal to 1, we 
have: 


® > Gey (24) 


the equality occurring if, and only if, p = peg. 

Relation (24) can be used to fix a variational principle: choosing a family of density 
operators p having a trace equal to 1, we try to identify in this family the operator that 
yields the lowest value for &. This operator will then be the optimal operator within this 
family. Furthermore, this operator yields an upper value for the grand potential, with 
an error of second order with respect to the error made on p. 


2. Approximation for the equilibrium density operator 


We now use this variational principle with a family of density operators that leads to 
manageable calculations. 
2-a. Trial density operators 


The Hartree-Fock method is based on the assumption that a good approximation 
is to consider that each particle is independent of the others, but moving in the mean 
potential they create. We therefore compute an approximate value of the density operator 
by replacing the Hamiltonian H by a sum of independent particles’ Hamiltonians h(q): 


N 
it = STi) (25) 
q=1 
We now introduce the basis of the creation and annihilation operators, associated with 
the eigenvectors of the one-particle operator h: 
ai |0)=|0%) with h\O,) = |x) (26) 


The symmetric one-particle operator H can then be written, according to relation (B-14) 
of Chapter XV: 


H = Se al ax (27) 
k 
where the real constants €, are the eigenvalues of the operator h. 
We choose as trial operators acting in the Fock space the set of operators p that can 


be written in the form corresponding to an equilibrium in the grand canonical ensemble 
— see relation (42) of Appendix VI. We then set: 


os tol ae ~ 
p= =exp l-8 (#-uN)| (28) 
Z 
where H is any symmetric one-particle operator, the constant 8 the inverse of the tem- 


perature defined in (4), a real constant playing the role of a chemical potential, and Z 
the trace of p: 


Z=Tr {exp |-8 (i = NN) \ (29) 
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Consequently, the relevant variables in our problem are the states |6,), which form an 
arbitrary orthonormal basis in the individual state space, and the energies €,. These 
variables determine the ax, as well as H, and we have to find which of their values 
minimizes the function: 


6=Tr { fi + kp? lng — pi] a} (30) 


Taking (27) and (28) into account, we can write: 


p= ap S> BC €k — pb aor (31) 


The following computations are simplified since the Fock space can be considered to be 


the tensor product of independent spaces associated with the individual states |6,); con- 
sequently, the trial density operator (28) can be written as a tensor product of operators 
each acting on a single mode k: 


p= p= 5 Ter [-91 & — 1) ahax| (32) 


2-b. Partition function, distributions 


Equality (32) has the same form as relation (5) of Complement Bxy, with a simple 
change: the replacement of the free particle energies e, = h?k?/2m by the energies €,, 
which are as yet unknown. As this change does not impact the mathematical structure 
of the density operator, we can directly use the results of Complement Bxy. 


Qa. Variational partition function 
The function Z only depends on the variational energies €;, since the trace of (32) 
may be computed in the basis {i6x) $, which yields: 


Ze II S exp [—nB (€x — w)] (33) 


k nk 


We simply get an expression similar to relation (7) of Complement Bxy, obtained for an 
ideal gas. Since for fermions n; can only take the values 0 and 1, we get: 


Zrermione = |] [1 +e") (34) 
k 


whereas for bosons nz varies from 0 to infinity, so that: 


Zeosons = — ]|[_———~ Gs ) (35) 


k 1 —e 
In both cases we can write: 


InZ = —n )-In 1 — ne Blee-#) (36) 
k 
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with 7 = +1 for bosons, and 7 = —1 for fermions. 

Computing the entropy can be done in a similar way. As the density operator p 
has the same form as the one describing the thermal equilibrium of an ideal gas, we can 
use for a system described by the formulas obtained for the entropy of a system without 
interactions. 


B. One particle, reduced density operator 


Let us compute the average value of ala, with the density operator p: 
(ala; )= Tr {alajp} (37) 
We saw in § 2-c of Complement Bxy that: 
Tr {alajp} = dij fol — #) (38) 


where the distribution function fg is noted fj’? for fermions, and f/” for bosons: 


1 
is (e- 4) =>zo Cf fermions 
fele— pu) = ae ee (39) 
fz -(e-b) = Ana for bosons 


When the system is described by the density operator p, the average populations of the 
individual states 0x) are therefore determined by the usual Fermi-Dirac or Bose-Einstein 
distributions. From now on, and to simplify the notation, we shall write simply |0;) for 
the kets Ox). 

We can introduce a “one-particle reduced density operator” p1(1) by? : 


pill) = >— fax — u) |L: Ox) (1: x! (40) 
k 


where the 1 enclosed in parentheses and the subscript 1 on the left-hand side emphasize 
we are dealing with an operator acting in the one-particle state space (as opposed to 
p that acts in the Fock space); needless to say, this subscript has nothing to do with 
the initial numbering of the particles, but simply refers to any single particle among all 
the system particles. The diagonal elements of p;(1) are the individual state populations. 
With this operator, we can compute the average value over p of any one-particle operator 
M: 

(i1)_= Tr {mM p} (41) 


p 


as we now show. Using the expression (B-12) of Chapter XV for any one-particle opera- 





2Contrary to what is usually the case for a density operator, the trace of this reduced operator is 
not equal to 1, but to the average particle number — see relation (44). This different normalization is 
often more useful when studying systems composed of a large number of particles. 
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tor®, as well as (38), we can write: 


(M).= DY (xl 61) Tr {ahaip} = S~ (9x1 18x) fax — w) 
k 


kl 


= SF (G6) A H1(1) [Ox) (42) 
k 


that is: 
(M)~= Tr (mi fi(1)} (43) 


As we shall see, the density operator p1(1) is quite useful since it allows obtaining in a 
simple way all the average values that come into play in the Hartree-Fock computations. 
Our variational calculations will simply amount to varying p;(1). This operator presents, 
in a certain sense, all the properties of the variational density operator p chosen in (28) 
in the Fock space. It plays the same role* as the projector Py (which also represents the 
essence of the variational N-particle ket) played in Complement Exy. In a general way, 
one can say that the basic principle of the Hartree-Fock method is to reduce the binary 
correlation functions of the system to products of single-particle correlation functions 
(more details on this point will be given in § 2-b of Complement Cxvyr). 
The average value of the operator N for the total particle number is written: 


(W)2= Tr {8 a} = Tm {ul} = dle /— 1) (44) 


Both functions ff P and ff ” increase as a function of p and, for any given temperature, 
the total particle number is controlled by the chemical potential. For a large physical 
system whose energy levels are very close, the orbital part of the discrete sum in (44) 
can be replaced by an integral. Figure 1 of Complement Bxy shows the variations of the 
Fermi-Dirac and Bose-Einstein distributions. We also mentioned that for a boson system, 
the chemical potential could not exceed the lowest value eg of the energies e;; when it 
approaches that value, the population of the corresponding level diverges, which is the 
Bose-Einstein condensation phenomenon we will come back to in the next complement. 
For fermions, on the other hand, the chemical potential has no upper boundary, as, 
whatever its value, the population of states having an energy lower than ys cannot exceed 
1. 


7. Two particles, distribution functions 


We now consider an arbitrary two-particle operator G and compute its average 
value with the density operator p. The general expression of a symmetric two-particle 





3We have changed the notation F and f of Chapter XV into M and m to avoid any confusion with 
the distribution functions fg. 

4For fermions, and when the temperature approaches zero, the distribution function in included 
in the definition of p;(1) becomes a step function and p;(1) does indeed coincide with Py (1). 
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operator is given by relation (C-16) of Chapter XV, and we can write: 


(@).= a {6 Py 


1 = os 
5 S° (1: 0:52: 6;|G(1, 2) [1 : 0432 : 0) Tr {alal aa a} (45) 
ijkl 


I 


We follow the same steps as in § 2-a of Complement Exy: we use the mean field approx- 
imation to replace the computation of the average value of a two-particle operator by 
that of average values for one-particle operators. We can, for example, use relation (43) 
of Complement Bxy, which shows that: 


Tr {alal ava. p} = [bindj1 + 7 bidjx) fale: — Hw) fa(e; — #) (46) 


We then get: 


(@)_=35.; falG—) falG -— x 
p (47) 
[ (1: 6:52 : 831 GCL, 2) [1 : 832 85) + (1: 0432 : 6;|9(1, 2) [1 : 6532: 6:) 


Which, according to (40), can also be written as: 


(G)o= 3 Dig (Lal Bul) [1 6) (2: 85] u(2) [2 8) x (48) 
(1.2 0j;-2 205| 9G, 2) [1b -+9Px(L, 2)) Ps 032 20;) 


where P.x is the exchange operator between particles 1 and 2. Since: 


(1: ;| o1(1) [1 = 5) (2 + 85] pr (2) [2 = 45) 
= (1265.2 2.0;| o1(1) @ pi(2) [1 2 6422.0;) (49) 


and as the operators #1(1) and (2) are diagonal in the basis |6;), we can write the 
right-hand side of (48) as: 


as (1: 6552 : 95| [or(1) ® pi(2)] GAL, 2) [1 + mPex(1, 2)] [1 + i; 2 = 85) (50) 


which is simply a (double) trace on two particles 1 and 2. This leads to: 


(@)_ = F119 {(Ai(1) @ Pa(2)] (1,2) I + mPex(1,2))} (51) 


As announced above, the average value of the two-particle operator G can be expressed, 
within the Hartree-Fock approximation, in terms of the one-particle reduced density 
operator p;(1); this relation is not linear. 
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Comment: 


The analogy with the computations of Complement Exy becomes obvious if we regroup 
its equations (57) and (58) and write: 


(Wine) = 5 Triz {LP (1) @ Py(2)] Wa(1,2) [1 + nPex(1,2))} (52) 


Replacing W2(1, 2) by G, we get a relation very similar to (51), except for the fact that 
the projectors Py must be replaced by the one-particle operators pi. In § 3-d, we shall 
come back to the correspondence between the zero and non-zero temperature results. 


2-c. Variational grand potential 


We now have to compute the grand potential © written in (30). As the exponential 
form (28) for the trial operator makes it easy to compute Inp, we see that the terms in 
LN cancel out, and we get: 


6=Tr { i i | p} —kpT InZ (53) 


We now have to compute the average energy, with the density operator p, of the difference 
between the Hamiltonians H and H respectively defined by (1) and (25). 
We first compute the trace: 


ne { fp} = (A). (54 


p 


starting with the kinetic energy contribution Ho in (1). We call Ko the individual kinetic 
energy operator: 


Pp? 


Te eas 
oom 


(55) 


(m is the particle mass). Equality (43) applied to Ho yields the average kinetic energy 
when the system is described by p: 


(Ho) = Tes {Ko Pu(1)} = D> (Oil Ko |8:) x fa(@ ~ #) (56) 


This result is easily interpreted; each individual state contributes its average kinetic 
energy, multiplied by its population. 


The computation of the average value ( Vet )~ follows the same steps: 
p 


(eat = Tr {Vi Bi(1)} = D> (il Vi 18s) x Fal — 0) (57) 


(as in Complement Exy, operator V; is the one-particle external potential operator). 
To complete the calculation of the average value of H , we now have to compute 

the trace Tr {Winip}, the average value of the interaction energy when the system is 

described by p. Using relation (51) we can write this average value as a double trace: 


(Wins) = 5 Tha.2 (Bi(1) © Ar(2) (Wo(1,2)] [+ mPax(t,2)1} (58) 
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We now turn to the average value of H. The calculation is simplified since H 
is, like Ho, a one-particle operator; furthermore, the |6;) have been chosen to be the 
eigenvectors of h with eigenvalues €; — see relation (26). We just replace in (56), Ho by 
H , and obtain: 


(H) = Yo (al @) 0s) x fol — #) = O% falG — w) (59) 


Regrouping all these results and using relation (36), we can write the variational 
grand potential as the sum of three terms: 


= 646,44; (60) 
with: 

5, = Tf [Ko + Vi] pi(t)} 

By = STr2f [hi(1) © Ai(2)] Wa(1,2) [1 + pPox(1,2)] } (61) 


ob; = a {-é fa(é; — uw) + nkeT ln 1 — ne (eH) |} 


a 


2-d. Optimization 


We now vary the eigenenergies €, and eigenstates |6;) of H to find the value of the 
density operator p that minimizes the average value ® of the potential. We start with 
the variations of the eigenstates, which induce no variation of 3. The computation is 
actually very similar to that of Complement Exy, with the same steps: variation of the 
eigenvectors, followed by the demonstration that the stationarity condition is equivalent 
to a series of eigenvalue equations for a Hartree-Fock operator (a one-particle operator). 
Nevertheless, we will carry out this computation in detail, as there are some differences. 
In particular, and contrary to what happened in Complement Exy, the number of states 
|0;) to be varied is no longer fixed by the particle number N; these states form a complete 
basis of the individual state space, and their number can go to infinity. This means that 
we can no longer give to one (or several) state(s) a variation orthogonal to all the other 
|0;); this variation will necessarily be a linear combination of these states. In a second 
step, we shall vary the energies e,. 


Q. Variations of the eigenstates 
As the eigenstates |0;) vary, they must still obey the orthogonality relations: 
(9; |0;) = bi; (62) 


The simplest idea would be to vary only one of them, |0,) for example, and make the 
change: 


|@1) => |01) + |d@) (63) 
The orthogonality conditions would then require: 


(0; |d6;) =0 for alli 41 (64) 
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preventing |d0;) from having a component on any ket |0;) other than |6,): in other words, 
|d6;) and |6;) would be colinear. As |6;) must remain normalized, the only possible 
variation would thus be a phase change, which does not affect either the density operator 
pi(1) or any average values computed with p. This variation does not change anything 
and is therefore irrelevant. 

It is actually more interesting to vary simultaneously two eigenvectors, which will 
be called |6;) and |@,,), as it is now possible to give |@;) a component on |6,,), and the 
reverse. This does not change the two-dimensional subspace spanned by these two states; 
hence their orthogonality with all the other basis vectors is automatically preserved. Let 
us give the two vectors the following infinitesimal variations (without changing their 
energies €; and €,,): 


ee = dae |6m) 


'd0,,) = —da exp) With Am (65) 


where da is an infinitesimal real number and y an arbitrary but fixed real number. For 
any value of yx, we can check that the variation of (6; |0;) is indeed zero (it contains the 
scalar products (0; |@m) or (Am |8:) which are zero), as is the symmetrical variation of 
(Om |O@m), and that we have: 


d (01 |8m) = da e~** (Om |OQm) — da e7* (6; |) = 0 (66) 


The variations (65) are therefore acceptable, for any real value of x. 
We now compute how they change the operator p)(1) defined in (40). In the sum 
over k, only the k = 1 and k = m terms will change. The k = / term yields a variation: 


da fig(€ — 1) [e™ |Am) (91| + €** |) Am] (67) 


whereas the k = m term yields a similar variation but where fg(é; — 4) is replaced by 
—fa(€m — uw). This leads to: 


dpi (1) = da [fa(& — u) — fa(@m — 1)] [e™ |@m) (91| + €-** [8) Am] (68) 


We now include these variations in the three terms of (61); as the distributions f 
are unchanged, only the terms ©, and ©, will vary. The infinitesimal variation of ©, is 
written as: 


d®, = Tri {[Ko + Vi] dpi (1)} (69) 


As for d®, it contains two contributions, one from df;(1) and one from d;(2). These 
two contributions are equal since the operator W2(1,2) is symmetric (particles 1 and 2 
play an equivalent role). The factor 1/2 in ®2 disappears and we get: 


dé, = Tr2{dpi(1) @ pi(2) [Wo(1,2)] [1 + nPox(1,2)] \ (70) 


We can regroup these two contributions, using the fact that for any operator O(1, 2), it 
can be shown that: 


Tria {4 (1) O(1,2)} = Tri {dpi(1) Tre {O(1, 2)} } (71) 
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This equality is simply demonstrated® by using the definition of the partial trace Try {O(1, 2)} 
of operator O(1,2) with respect to particle 2. We then get: 


d® = d®, + db, 
= Tr {api (1 )[Ko + Vi +Tro{pi(2) We(1,2) [1 + nPex(1,2)] 3] } (72) 


Inserting now the expression (68) for d1(1), we get two terms, one proportional 
to e’X, another one to e~**, whose value is: 


dae* [fa(@ = 1) — fe(Em — »)] 
x Tr { |01) (On| [Ko +VY,+ Tr {pi (2 ) W2(1,2) [1+ nPex(1, 2)] 3} (73) 


Now, for any operator O(1), we can write: 


Tri {[91) (Gm| O(1)} = S° (Gi 181) (m| O(1) [9:) = 5 rn O(L) 182) (9: 182) 


4 4 


= (8m| O(1) [61) (74) 
so that the variation (73) can be expressed as: 
da e~™ [fa(@ — 4) — fa(@m — 1)] 
(Bm| [Ko + Vi + Tro {fi (2) Wa(1,2) [1 + mPex(1,2)] }] 161) (75) 


The term in e’* has a similar form, but it does not have to be computed for the 
following reason. The variation d® is the sum of a term in e*X and another in e~™: 


d® = da [ere * + ce] (76) 


and the stationarity condition requires d® to be zero for any choice of y. Choosing x = 0, 
yields c; + cg = 0; choosing y = 7/2, and multiplying by —i, we get c1 — cg = 0. Adding 
and subtracting those two relations shows that both coefficients c; and cz must be zero. 
Consequently, it suffices to impose the terms in e***, and hence expression (75), to be 
zero. When € # €m, the distribution functions fg are not equal, and we get: 





(Om| [Ko + Vi + Tro{fi(2) W2(1,2) [1 + nPex(1, 2)] }] |) =0 (77) 


(if €) = €,,, however, we have not yet obtained any particular condition to be satisfied®). 





>The definition of partial traces is given in § 5-b of Complement Ezz. The left hand side of (71) 
can be written as ye (1: 6:32: 6;|dp7(1)O(1, 2) |1 : 0;;2 : 6;). We then insert, after dp;(1), a closure 
relation on the kets ii: 0432: O47), with k’ = 7 since dp;(1) does not act on particle 2. This yields: 
De (1: 6;| dpr(1) |1 : 0%) ee (1: 0432 : 6;|O(1, 2) |1 : 0;;2: 0;), where the sum over j is the definition 
of the matrix element between (1: 0;| and |1: 6;) of the partial trace over particle 2 of the operator 
O(1, 2). We then get the right-hand side of (71). 

6This was expected, since this choice does not lead to any variation of the trial density operator. 
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B. Variation of the energies 


Let us now see what happens if the energy é; varies by dé;. The function fg(é; — 1) 
then varies by df 2 which, according to relation (40), induces a variation of pj: 


dpi = |%) (Al dfs (78) 
and thus leads to variations of expressions (61) of @; and ®. Their sum is: 
db, + db, = Tr {di (1) [Ko + Vi + Tra{fi(2) (Wall, 2] [+ Pox. 21}] + (79) 


where the factor 1/2 in ®, has been canceled since the variations induced by pi(1) and 
pi(2) double each other. Inserting (78) in this relation and using again (74), we get: 


d®; + dbz = df} (6,| [Ko + Vi + Tro{fi(2) [W2(1, 2)] [1 + nPex(1, 2)] }] |@:) (80) 


As for ®3, its variation is the sum of a term in de; coming from the explicit presence 
of the energies €; in its definition (61), and a term in df%. If we let only the energy & 
vary (not taking into account the variations of the distribution function), we get a zero 
result, since: 


az eo) — rs a —B(e—p) 1 dé, 

fol@ — w+ nko [(-n) (0) °C] —_ | ae ‘5 
=[- fee —u) + fale — w)] de =0 

Consequently, we just have to vary by d fp the distribution function, and we get: 


db; = —¢ dfs (82) 


Finally, after simplification by d ff (which, by hypothesis, is different from zero), 


imposing the variation d® to be zero leads to the condition: 


d®, + db, + do; 
= (0)|[Ko + Vi — &) + Tre {pi(2) [Wa(1, 2)] [1 + nPex(1, 2)]}] |) = 0 (83) 


This expression does look like the stationarity condition at constant energy (77), but 
now the subscripts / and m are the same, and a term in —é; is present in the operator. 


3. Temperature dependent mean field equations 
Introducing a Hartree-Fock operator acting in the single particle state space allows writ- 


ing the stationarity relations just obtained in a more concise and manageable form, as 
we now show. 
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3-a. Form of the equations 


Let us define a temperature dependent Hartree-Fock operator as the partial trace 
that appears in the previous equations: 





Wur(8) = Tro{pi(2)Wa(1, 2) [1 + Pex(1, 2)] } (84) 











It is thus an operator acting on the single particle 1. It can be defined just as well by its 
matrix elements between the individual states: 


(9% |W (8) 41) 
= >» falé; — p) (1: 0432 : 6; | Wo(1, 2) [1 + 7 Pex(1, 2)] |1 : 0152 : 9) (85) 


Equation (77) is valid for any two chosen values J and m, as long as €; # €,,. When 
l is fixed and m varies, it simply means that the ket: 


[Ko +Vi + Wu r(8)] |) (86) 


is orthogonal to all the eigenvectors |6,,) having an eigenvalue €,, different from €;; it has 
a zero component on each of these vectors. As for equation (83), it yields the component 
of this ket on |0;), which is equal to € |@;). The set of |6,,) (including those having the 
same eigenvalue as |0;)) form a basis of the individual state space, defined by (26) as the 
basis of eigenvectors of the individual operator h. Two cases must be distinguished: 

(i) If €& is a non-degenerate eigenvalue of h, the set of equations (77) and (83) 
determine all the components of the ket [Ko + Vi + Wa r(8)] |0:). This shows that |6;) 
is an eigenvector of the operator Ko + Vi + Wir with the eigenvalue e). 

(ii) If this eigenvalue of h is degenerate, relation (77) only proves that the eigen- 
subspace of h, with eigenvalue €;, is stable under the action of the operator Kop +V,+WyF; 
it does not yield any information on the components of the ket (86) inside that subspace. 
It is possible though to diagonalize Ko + V; + Wy inside each of the eigen-subspace of 
h, which leads to a new eigenvectors basis |y,) , now common to h and Kon +Vi+ War. 

We now reason in this new basis where all the [Ko + Vi + Wi r()] |n) are pro- 
portional to |y,,). Taking (83) into account, we get: 








[Ko + Vi + Wir (8)] |en) = En |n) (87) 








As we just saw, the basis change from the |6;) to the |y,) only occurs within the eigen- 
subspaces of h corresponding to given eigenvalues €; one can then replace the |6;) by the 
lyn) in the definition (40) of 6,(1) and write: 








Pil) = > felEn — w) [1 Yn) (1: nl (88) 








Inserting this relation in the definition (84) of Wy r() leads to a set of equations only 
involving the eigenvectors |y,). 

For all the values of n we get a set of equations (87), which, associated with (84) and 
(88) defining the potential Wy (8) as a function of the |y,,), are called the temperature 
dependent Hartree-Fock equations. 
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3-b. Properties and limits of the equations 


We now discuss how to apply the mean field equations we have obtained, and their 
limit of validity, which are more stringent for bosons than for fermions. 


Q. Using the equations 


Hartree-Fock equations concern a self-consistent and nonlinear system: the eigen- 
vectors |y,) and eigenvalues of the density operator 6; (1) are solutions of an eigenvalue 
equation (87) which itself depends on p;(1). This situation is reminiscent of the one 
encountered with the zero-temperature Hartree-Fock equations, and, a priori, no exact 
solutions can be found. 

As for the zero-temperature case, we proceed by iteration: starting from a phys- 
ically reasonable density operator p\(1), we use it in (84) to compute a first value of 
the Hartree-Fock potential operator. We then diagonalize this operator to get its eigen- 
kets and eigenvalues e,. Next, we build the operator p, that has the same eigenkets, 
but whose eigenvalues are the fg(é, — 4). Inserting this new operator p, in (84), we 
get a second iteration of the Hartree-Fock operator. We again diagonalize this operator 
to compute new eigenvalues and eigenvectors, on which we build the next approxima- 
tion p, of ~1, and so on. After a few iterations, we may expect convergence towards a 
self-consistent solution. 


B. Validity limit 


For a fermion system, there is no fundamental general limit for using the Hartree- 
Fock approximation. The pertinence of the final result obviously depends on the nature 
of the interactions, and whether a mean field treatment of these interactions is a good 
approximation. One can easily understand that the larger the interaction range, the 
more each particle will be submitted to the action of many others. This will lead to 
an averaging effect improving the mean field approximation. If, on the other hand, each 
particle only interacts with a single partner, strong binary correlations may appear, which 
cannot be correctly treated by a mean field acting on independent particles. 

For bosons, the same general remarks apply, but the populations are no longer 
limited to 1. When, for example, Bose-Einstein condensation occurs, one population 
becomes much larger than the others, and presents a singularity that is not accounted 
for in the calculations presented above. The Hartree-Fock approximation has therefore 
more severe limitations than for the fermions, and we now discuss this problem. 

For a boson system in which many individual states have comparable populations, 
taking into account the interactions by the Hartree-Fock mean field yields as good an 
approximation as for a fermion system. If the system however is close to condensation, 
or already condensed, the mean field equations we have written are no longer valid. This 
is because the trial density operator in relation (31) contains a distribution function as- 
sociated with each individual quantum state and varies as for an ideal gas, i.e. as an 
exponentially decreasing function of the occupation numbers. Now we saw in § 3-b-@ of 
Complement Bxy that, in an ideal gas, the fluctuations of the particle numbers in each 
of the individual states are as large as the average values of those particle numbers. If the 
individual state has a large population, these fluctuations can become very important, 
which is physically impossible in the presence of repulsive interactions. Any population 
fluctuation increases the average value of the square of the occupation number (equal 
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to the sum of the squared average value and the squared fluctuation), and hence of the 
interaction energy (proportional to the average value of the square). A large fluctuation 
in the populations would lead to an important increase of the interaction repulsive en- 
ergy, in contradiction with the minimization of the thermodynamic potential. In other 
words, the finite compressibility of the physical system, introduced by the interactions, 
prevents any large fluctuation in the density. Consequently, the fluctuations in the num- 
ber of condensed particles predicted by the trial Hartree-Fock density operator are not 
physically acceptable, in the presence of condensation. 

It is worth analyzing more precisely the origin of this Hartree-Fock approximation 
limit, in terms of correlations between the particles. Relation (51) concerns any two- 
particle operator G. It shows that, using the trial density operator (31), the two-particle 
reduced density operator can be written as: 


p2 (1,2) = pi(1) @ pi(1) [1 + Pex (1, 2)] (89) 
Its diagonal matrix elements are then written: 


(1 : 6:52: O5| Po (1, 2) [1 : 0:32 : 5) 
= ( : O;| pi |1 : @;) (2 : 6;| p1 |2: 6;) +(1:6;| pr |1: 6;) (2: 6; | P1 |2 : 0;) (90) 


and are the sum of a direct term, and an exchange term. When i ¥ j, the presence of 
an exchange term is not surprising, and corresponds to the general discussion of § C-5 
in Chapter XV. It is similar to the expression of the spatial correlation function written 
in (C-34) of that chapter, which is also the sum of two contributions, a direct one (C- 
32) and an exchange one (C-33). Since this last contribution is positive when 1; ~ ra, 
the physical consequence of the exchange is a spatial bunching of the bosons. What is 
surprising though is that the exchange term still exists in (90) when i = 7, even though 
the notion of exchange is meaningless: when dealing with a single individual state, the 
four expressions (C-21) of Chapter XV reduce to a single one, the direct term. We can 
also check that the exchange term (C-34) of Chapter XV includes the explicit condition 
i #7, which means it receives no contribution from i = 7. We shall furthermore confirm 
in § 3 of Complement Axvy; that bosons all placed in the same individual quantum state 
are not spatially correlated, and therefore present neither bunching nor exchange effects. 
The mathematical expression of the trial two-particle Hartree-Fock density operator thus 
contains too many exchange terms. This does not really matter as long as the boson 
system remains far from Bose-Einstein condensation: the error involved is small since 
the 1 = j terms play a negligible role compared to the i # 7 terms in the summations 
over i and j appearing in the interaction energy. However, as soon as an individual state 
becomes highly populated, significant errors can occur and the Hartree-Fock method 
must be abandoned. There exist, however, more elaborate theoretical treatments better 
adapted to this case. 


3-c. Differences with the zero-temperature Hartree-Fock equations (fermions) 


The main difference between the approach we just used and that of Complements 
Cxy and Exy is that these complements were only looking for a single eigenstate of 
the Hamiltonian H, generally its ground state. If we are now interested in several of 
these states, we have to redo the computation separately for each of them. To study the 
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properties of thermal equilibrium, one could imagine doing the calculations a great many 
times, and then weigh the results with occupation probabilities. This method obviously 
leads to heavy computations, which become impossible for a macroscopic system hav- 
ing an extremely large number of levels. In the present complement, the Hartree-Fock 
equations yield immediately thermal averages, as well as eigenvectors of a one-particle 
density operator with their energies. 

Another important difference is that the Hartree-Fock operator now depends on 
the temperature, because of the presence in (85) of a temperature dependent distribution 
function — or, which amounts to the same thing, of the presence in (84) of an operator 
dependent on 3, and which replaces the projector Py (2) onto all the populated individual 
states. The equations obtained remind us of those governing independent particles, each 
finding its thermodynamic equilibrium while moving in the self-consistent mean field 
created by all the others, also including the exchange contribution (which can be ignored 
in the simplified “Hartree” version). 

We must keep in mind, however, that the Hartree-Fock potential associated with 
each individual state now depends on the populations of an infinity of other individual 
states, and these populations are function of their energy as well as of the tempera- 
ture. In other words, because of the nonlinear character of the Hartree-Fock equations, 
the computation is not merely a juxtaposition of separate mean field calculations for 
stationary individual states. 


3-d. Zero-temperature limit (fermions) 


Let us check that the Hartree-Fock method for non-zero temperature yields the 
same results as the zero temperature method explained in Complement Exy for fermions. 

In § 2-d of Complement Bxy, we introduced for an ideal gas the concept of a 
degenerate quantum gas. It can be generalized to a gas with interactions: in a fermion 
system, when $y > 1, the system is said to be strongly degenerate. As the temperature 
goes to zero, a fermion system becomes more and more degenerate. Can we be certain 
that the results of this complement are in agreement with those of Complement Exy, 
valid at zero temperature? 

We saw that the temperature comes into play in the definition (85) of the mean 
Hartree-Fock potential, War. In the limit of a very strong degeneracy, the Fermi-Dirac 
distribution function appearing in the definition (40) of #1(1) becomes practically a step 
function, equal to 1 for energies e; less than the chemical potential , and zero otherwise 
(Figure 1 of Complement Bxy. In other words, the only populated states (and by a single 
fermion) are the states having energies less than yp, i.e. less than the Fermi level. Under 
such conditions, the p)(2) of (84) becomes practically equal to the projector Py (2) which, 
in Complement Exy, appears in the definition (52) of the zero-temperature Hartree-Fock 
potential; in other words, the partial trace appearing in this relation (85) is then strictly 
limited to the individual states having the lowest energies. We thus obtain the same 
Hartree Fock equations as for zero temperature, leading to the determination of a set of 
individual eigenstates on which we can build a unique N-particle state. 


3-e. Wave function equations 


Let us write the Hartree-Fock equations (87) in terms of wave functions: these 
equations are strictly equivalent to (87), written in terms of operators and kets, but their 
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form is sometimes easier to use, in particular for numerical calculations. 
Assuming the particles have a spin, we shall note the wave functions y”(r), with: 


g(r) = (rv |) (91) 


where the spin quantum number v can take (2S + 1) values; according to the nature of 
the particles, the possible spins S are S = 0, S = 1/2, S = 1 etc. As in Complement 
Exy (§ 2-d), we introduce a complete basis {|y;")} for the individual state space, built 
from kets that are all eigenvectors of the spin component along the quantization axis, 
with eigenvalue 1. For each value of n, the spin index v takes on a given value v, and 
is not, therefore, an independent index. As for the potentials, we assume here again 
that Vi is diagonal in v, but that its diagonal elements V;’(r) may depend on v. The 
interaction potential, however, is described by a function W2(r,r’) that only depends on 
r—r’, but does not act on the spins. 

To obtain the matrix elements of Wy 7(@) in the representation {|r,v)}, we use 
(85) after replacing the |@) by the |y)(we showed in § 3 that this was possible). We now 
multiply both sides by (r,v |y;*) and (y/' |r’, v), and sum over the subscripts k and 1; 
we recognize in both sides the closure relations: 


do ley lee) (eel = vl and SO ef") (e7t be’) = I'v’) (92) 
k l 


This leads to: 
(r, | Wi p(B) |r’, 0") = 
S- falé; — p) (1 :r,u;2: yg; | W2(1, 2) [1 + nPe2(1,2)] [1 try: 2: y;’) (93) 
J 


As in § C-5 of Chapter XV, we get the sum of a direct term (the term 1 in the central 
bracket) and an exchange term (the term in 7P.x). This expression contains the same 
matrix element as relation (87) of Complement Exy, the only difference being the pres- 
ence of a coefficient fg(€; — 4) in each term of the sum (plus the fact that the summation 
index goes to infinity). 

(i) For the direct term, as we did in that complement, we insert a closure relation 
on the particle 2 position: 


l2:y%) = ae gi! (ra) [2 : r2, 04) (94) 


Since the interaction operator is diagonal in the position representation, the part of the 
matrix element of (93) that does not contain the exchange operator becomes: 


[ar ly’ (ra) |? (L:r,v32:r2|We(1,2)|L:r’,v';2: re) (95) 
The direct term of (93) is then written: 
see) : d®ry War, r2) So fal — u) |v (r2)|° (96) 
J 
which is equivalent to relation (91) of Complement Exy. 
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(ii) The exchange term is obtained by permutation of the two particles in the 
ket appearing on the right-hand side of (93); the diagonal character of W2(1,2) in the 
position representation leads to the expression: 


(heey y;") (26 yg; |2 : r’,v') Wa(r,r’) (97) 


For the first scalar product to be non-zero, the subscript 7 must be such that v; = v; in 
the same way, for the second product to be non-zero, we must have v; = v’. For both 
conditions to be satisfied, we must impose v = v’, and the exchange term (93) is equal 
to: 


now >. fal@ — 4) [vP ()] [97 @)] Welr,r’) (98) 


Viv 


where the summation is on all the values of j such that v; = v: this term only exists if 
the two interacting particles are totally indistinguishable, which requires that they be in 
the same spin state (see the discussion in Complement Exy). 
We now define the direct and exchange potentials by: 
~ 2 
Vases) = fr” Wales") fal@ — a) [oP | 
J 

Veer nr’) = Walr,r) D0 fal — 4) [97 @)] [7 @')] 


Vji=V 


(99) 


* 


The equalities (87) then lead to the Hartree-Fock equations in the position representation: 








hn sus 
[sr + HMC) + Valo)] who 60) + f ao! Varese eho O) =e vHe(e) | (200 








The general discussion of § 3-b can be applied here without any changes. These equa- 
tions are both nonlinear and self-consistent, as the direct and exchange potentials are 
themselves functions of the solutions y¥(r) of the eigenvalue equations (100). This sit- 
uation is reminiscent of the zero-temperature case, and we can, once again, look for 
solutions using iterative methods. The number of equations to be solved, however, is 
infinite and no longer equal to the finite number N, as already pointed out in § 3-c. 
The set of solutions must span the entire individual state space. Along the same line, 
in the definitions (99) of the direct and exchange potentials, the summations over j are 
not limited to N states, but go to infinity. However, even though the number of these 
wave functions is in principle infinite, it is limited in practice (for numerical calculations) 
to a high but finite number. As for the initial conditions to start the iteration process, 
one can choose for example the states and energies of a free fermion gas, but any other 
conjecture is equally possible. 


Conclusion 


There are many applications of the previous calculations, and more generally of the 
mean field theory. We give a few examples in the next complement, which are far from 
showing the richness of the possible application range. The main physical idea is to 
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reduce, whenever possible, the calculation of the various physical quantities to a problem 
similar to that of an ideal gas, where the particles have independent dynamics. We have 
indeed shown that the individual level populations, as well as the total particle number, 
are given by the same distribution functions fg as for an ideal gas — see relations (38) 
and (44). The same goes for the system entropy S, as already mentioned at the end of § 
2-b-a. If we replace the free particle energies by the modified energies €, ,, the analogy 
with independent particles is quite strong. 

If we now want to compute other thermodynamic quantities, as for example the 
average energy, we can no longer use the ideal gas formulas; we must go back to the 
equations of § 2-c. The grand potential may be calculated by inserting in (61) the |0;) 
and the €; obtained from the Hartree-Fock equations. Another method uses the fact that 
(W ) is given by ideal gas formulas that contain the distribution fg, and hence do not 


require any further calculations. As: 
x a 
_ p-l 
(¥) = 6 aie (101) 


we can integrate (W ) over ys (between —oo and the current value y, for a fixed value of 


8) to obtain InZ, and hence the grand potential. From this grand potential, all the other 
thermodynamic quantities can be calculated, taking the proper derivatives (for example 
a derivative with respect to @ to get the average energy). We shall see an example of 
this method in § 4-a of the next complement. 

We must however keep in mind that all these calculations derive from the mean 
field approximation, in which we replaced the exact equilibrium density operator by an 
operator of the form (32). In many cases this approximation is good, even excellent, as is 
the case, in particular, for a long-range interaction potential: each particle will interact 
with several others, therefore enhancing the averaging effect of the interaction potential. 
It remains, however, an approximation: if, for example, the particles interact via a “hard 
core” potential (infinite potential when the mutual distance becomes less than a certain 
microscopic distance), the particles, in the real world, can never be found at a distance 
from each other smaller than the hard core diameter; now this impossibility is not taken 
into account in (32). Consequently, there is no guarantee of the quality of a mean field 
approximation in all situations, and there are cases for which it is not sufficient. 
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In the previous complement, we presented the Hartree-Fock (mean field) method 
for non-zero temperatures, which has numerous applications — a few of them will be 
discussed in this complement. We start in § 1 with a brief review of the results obtained 
with this method in the previous complement, and which will be used in the present 
complement. The general properties of a homogeneous system are then studied in § 2, as 
this particular case is often encountered, hence giving it a special importance. The last 
two sections are concerned with the study of phase transitions in homogeneous systems. 
Section § 3 studies fermions; we show how the mean field theory predicts the existence 
of a transition where a fermion system becomes spontaneously magnetic because of the 
repulsion between particles (even though this repulsion is supposed to be completely 
independent of the spins). Finally, the last section deals with bosons and the study of 
their equation of state. This will allow us to show, in particular, the appearance of an 
instability when the bosons are attractive and close to Bose-Einstein condensation. 


1. Hartree-Fock for non-zero temperature, a brief review 


We start with a brief review of the results obtained previously (§ 2 of Complement Bxy 
and § 3 of Complement Gxv, which will be useful for what follows. 
For an ideal gas, the distribution function fj’? for fermions, or f//” for bosons, is 
given by: 
1 
ff -e=p= ey ~~ «fer fermions 
fale—w)= 4 = an (1) 
fg (e _ Lt) = eble—H) — 1] for bosons 


where 3 = 1/kpT and yp is the chemical potential. The average total particle number 
(N ) is then obtained by a sum over all the individual accessible states, labeled by the 
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subscript 7: 


(W) = ss fale: — u) (2) 


The temperature dependent Hartree-Fock equations (mean field equations) in the 
position representation are given by relation (100) of Complement Gxy: 


hn 2 
SA + MC) + Vanle)] ete) tn fal! Varro) =F eee) 


where 7 = +1 for bosons, 7 = —1 for fermions, and where Vair(r) and V(r) are given 
by relation (99) of that same complement (we assume the interaction potential does not 
act on the spin quantum numbers v): 


Vaie(r) = / Br” Walrsn") 1 fale — o) lef 
Vecrr!) =Walr.r’) D7 fa —o) [er ©] [e7 ©)" 


V5 =V 


2. Homogeneous system 


We assume from now on that the physical system is subjected to boundary conditions 
created by a one-body potential, which confines the particles inside a cubic box of edge 
length L; this potential is zero (V, = 0) inside the box, and takes on an infinite value 
outside. To take this confinement into account, we shall use the periodic boundary 
conditions (Complement Cxry, § 1-c), for which the normalized eigenfunctions of the 
kinetic energy are written as: 


1 ik-r 
are (5) 
where the possible wave vectors k are those whose three components are integer multiples 
of 27/L. Because of the spin, the eigenvectors of the kinetic energy are labeled by the 
values of both k and v, and are written |k, v), with: 


loner 
(r, Vy |k, v) = yy (r) me pre (6) 


The index n (or j) that labeled the basis vectors in the previous complements is now 
replaced by two indices, k and v (which are independent, as opposed to the indices n 
and v, used in § 3-e of Complement Gxy). We shall finally assume that the particle 
interaction is invariant under translation: W2(r1,r2) only depends on r, — ro. 

We are going to see that, in such a case, solutions of the Hartree-Fock equations can 
be found without having to search for the eigenfunctions of the (Hartree-Fock) operator 
written on the left-hand side of (3); these solutions are simply the plane waves written in 
(5). Only the operator’s eigenvalues é,,, remain to be calculated, and can be interpreted 
as the energies of independent objects called “quasi-particles” (§ 2-b). 
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Comment: 


We shall verify that these plane waves are solutions of the Hartree-Fock equations, while 
neither being necessarily the only ones, nor even those leading to the lowest energy of 
the total system. A phenomenon called “symmetry breaking” (translation symmetry in 
this case) could occur and introduce solutions whose moduli vary in space and corre- 
spond to lower energies. The Wigner crystal of electrons is such an example, where the 
particle density spontaneously shows a periodic spatial modulation. Another example of 
spontaneous symmetry breaking will be discussed in § 3-c of this complement. There are 
many other cases (in nuclear physics in particular) where the Hartree-Fock method can 
be used to study symmetry breaking phenomena. 


2-a. Calculation of the energies 


As the plane waves are obviously eigenfunctions of the kinetic energy, and since 
the potential is zero inside the box, we just have to demonstrate that they are also 
eigenfunctions of the direct and exchange potentials. Inserting (5) in (4), we get: 


1 ile, 
Viele) = yD fal@ewn — 1) far” Wale 2") 
k’,v/ 


= 2 folGew — 0) (7) 


/ / 
k’,v 


where V9 is defined as (with a change of variable r — r’’ = s): 


Vex i; Br" Wo(r —r") = / ds Wa(s) (8) 


The direct potential is therefore a constant, independent of the position r; multiplying 
an exponential e**, it yields a function proportional to it. This means that e*? is an 
eigenfunction of the direct potential. As for the exchange potential, using the second 


relation of (4), we get: 
Meee) = a a a Bary — pw) RO) Wo(r —r’) (9) 


The exchange potential is thus also translation-invariant (it only depends on the difference 
r—r’). Consequently, the last term on the left-hand side of (3) can be written as: 


ik-r’ 


: e 
15 Dhol w - 1) [ are ASE) yor ) Fae 
ek: r 
aye d fale ek!» — H) TL mV (xk k) (10) 
where (with the change of variable r — r’ = s): 
Vieis= [es ellk-k’)'s WA(s) (11) 
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Consequently, the exchange term simply multiplies the plane wave e“*?/L3/? by: 
n as = 
BB S> fav — 1) Verte) (12) 
k’ 


To sum up, we showed that, for a uniform system, the plane waves are indeed solu- 
tions of the Hartree-Fock equations (3). It is no longer necessary to solve the eigenvector 
equations, but we simply have to replace in (3) the y¥(r) by plane waves. This leads to: 





S V Bs n Zs oe 
Ckyy = Ck + 7 y fa (eeu — bw) + Ts Sy Sia (ev — H)V ce! 1) (13) 
k’,v! k’ 











where e; is the kinetic energy of a free particle: 


hk? 
ee = 





14 
2m ) 
We have obtained self-consistent conditions for the eigenvalues, which are a set of coupled 
nonlinear equations because of the fg(€k:,, — 4) dependence on the energies €,: ,. 


Comment: 


The exchange term contains the Fourier transform at the spatial frequency k’ — k of the 
particle interaction potential; the direct term, however, contains the Fourier component 
at zero spatial frequency. This property is easy to understand from a physical point of 
view. Consider two particles, having respectively an initial momentum fk and hk’. We 
saw in Chapter VIII (§ B-4-a) that the effect, to first order (Born approximation), of an 
interaction potential is proportional to the Fourier transform of that potential, calculated 
at the value of the variation of the relative momentum between the two particles (Chapter 
VII, § B-2-a); this variation is none other than the momentum transfer between the 
particle as they interact. Consequently, it is normal that the system energy is the sum 
of two terms: a direct term where no particle changes its momentum (no momentum 
transfer, hence a Fourier variable equal to zero); and another one where the two particles 
exchange their momenta, so that the relative momentum changes sign and the Fourier 
variable is proportional to the difference k’ — k. 


2-b. Quasi-particules 


Equations (13) yield the individual energies €,,,, which are the sum of the free 
particle energy h?k?/2m and a contribution from the interactions. One can look at them 
as energies of individual objects!, often referred to as “quasi-particles”. The populations 
of the corresponding levels, as well as the total number of quasi-particles, are given by 
the same distribution functions fg as for an ideal gas — see relations (39) and (44) of 
Complement Gxy. The same is true for the system entropy S, as we already mentioned 
at the end of § 2-b-a@ of that complement. Provided we replace the free particle energy 
by the modified energies e,,,, the analogy with independent particles is quite strong. 





1The concept of quasi-particle is not necessarily limited to systems whose interacting particles are 
free inside a box; it remains valid for non-zero Vi potentials (a harmonic potential for example). The 
first term in (13) must then be replaced by the particle energy in the potential Vi, and the direct and 
exchange terms will have a different expression. 
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3. Spontaneous magnetism of repulsive fermions 


Consider a system of spin 1/2 fermions, contained in a box. To make the computations 
easier, we shall make a few simplifying hypotheses. They lead to a simple model, giving 
a good illustration of the nonlinear character of the Hartree-Fock theory. They involve 
the resolution of a set of nonlinear equations, containing only two variables — equations 
we will write in (22). 


3-a. A simple model 


We assume the mutual interaction potential to be repulsive and to have a very 
short range ro. In relation (13) the only vectors k and k’ that matter are those for which 
the distributions fg(€k,, — js) and fg(€k-,, — 4) are not negligible. If, for all these vectors, 
the products kro and k’rp are very small compared to 1, the product (k’ — k)-s may be 
replaced by zero in (11), and we get: 


Vae—k) = Vo (15) 

Q. Energy of the quasi-particles; spin state populations 
As 7 = —1 for fermions, equation (13) can be simplified: 
i Vo a 
Ck,y = Ck + 73 SS felGe — w)— >> foley — 4) (16) 
k’,v! k/ 

or else: 

3 Vo 2 

€Ckyy = ee + 3 >» fa(€kr uy — b) (17) 

k’ vp'Av 


Consequently, the energy of a quasi-particle with a given vy is only modified by the 
interaction with quasi-particles having a different spin component v’ (opposite spin if 
the particles have a spin S = 1/2). This result was to be expected since if the spins 
of the two quasi-particles are parallel, they cannot be distinguished; the Pauli principle 
then forbids them to approach at a distance closer than rp, and they cannot interact. 
On the other hand, if their spins are opposite, they can be identified by the direction of 
their spin (we have assumed the interaction does not act on the spins): they behave as 
distinguishable particles, the exclusion principle does not apply, and they now interact. 

We note (Ny) and i) the total particle numbers respectively in the spin state 
+ or —: 


(Na) = 0 folie — 4) (18) 
= 








Equation (17) shows that the energies of the + and — spin states are modified according 
to: 


ee = en +9 (N_) > So =etg (Ny) (19) 
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where the coupling constant g (having the dimension of an energy) is defined by: 


=-3 (20) 


g 
Since the particle numbers only depend on the difference between the energies € 

and the chemical potential jz, we can account for the terms in g appearing in (19) by 
keeping the energies e, for free particles, but lowering the chemical potentials wi by the 





quantity g (Na). Calling NEP (8,4), as in relation (47) of Complement Bxv, the total 





number of fermions in an ideal gas: 


LN 1 
FD a 3 
Neg (8, u) 7 (=) fe ee) +1 (21) 


we get, for an interacting gas: 
Ny) = NEP (B,u—g9(N_- 


2 2 (22) 
N_ = NEP Byu—-g N+ 


These equations determine the populations of the two spin states as a function of the 
parameters @ (or the temperature), 4 and finally the volume VY. These are, however, 


two coupled equations since the population (N,) depends on Cm) and conversely. 
Finding their solution is not obvious, and we shall use a change of variables and resort 
to a graphic construction. 


B. Change of variables 


It is useful to write the previous relations in terms of dimensionless variables. We 
shall thus introduce the “thermal wavelength” Ar by: 


| 27 /27rB 
Arp =h = fhi,| — 23 
£ mkpT m (23) 


We can now make the same change of integration variable as in § 4-a of Complement 
Bxy: 





K= ig (24) 


Relation (21) then becomes: 


L\3 
Ni? (8, h) = (=) T3/2(Bp) (25) 
T 
where: 
1 
Iz/2(8u) = 1-3”? i Ce ea (26) 


These relations are just the same as those written in (51) and (52) in Complement Bxy. 
The value of 3/2 only depends on a dimensionless variable, the product Gy. As opposed 
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to NFP which is an “extensive” quantity (proportional? to the volume V = L? of the 
system), I3/2(Gu) is an “intensive” quantity (independent of the volume). 





We can also replace the two unknowns, which are the populations (Ns) of the 


two spin states, by two dimensionless and intensive variables r+: 


ie ei (N.) (27) 


To characterize the interactions appearing in relations (22) via the constant g, we intro- 
duce the dimensionless parameter 9: 

















L ? mV o 
x 0(5=) Qh? Ap 2) 
Replacing in equations (22) the (Wx) by the x, and g by g, we get the simpler form: 
a4, = F()(a_) 
{ e_ = FO (es) (29) 


where the function F) is defined by: 


FO (a) = I2 (Bu — Ge) (30) 
(this function depends not only on x, but also on the parameters Gy and g). As (22), 
the system (29) contains two coupled equations: x_ allows computing directly +1, and 
vice versa. 


3-b. Resolution of the equations by graphical iteration 


We now show how to solve equations (29) by a graphical method. The two variables 
x4 and x_ can be uncoupled by noting that: 


ay = FY [FO (24)] (31) 
with the same equation for z_. We now introduce a second iterated function F?) of the 
function F (function of the same function) as: 

FO (2) = F[F(2)| (32) 
This leads to: 

TP Ol ae) (33) 


Applying the function F) to the variable x yields the same value x, which is said to 
be the abscissa of a “fixed point” of this function. Graphically, the fixed points of any 
function F are at the intersections of the curve representing the function F' with the first 
bisector. 





?In a more general way, Appendix VI recalls that a quantity is said to be extensive if, in the limit 
of large volumes (for T and py constant), its ratio to the volume VY tends toward a constant; this does 
not prevent the quantity from containing terms in L? for example. On the other hand, it is said to be 
intensive if, in this same limit (and without dividing by the volume), it tends toward a constant. 
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Q. Iterations of a function 


Consider, from a general point of view, the equation: 
x = G(z) (34) 


whose solutions correspond to the fixed points of the function G. These solutions can be 
found by iteration: starting from an approximate value x; of the solution, we compute 
G(x,), then use rz = G(a1) as a new value of the variable to compute 73 = G(22), etc. 
It can be shown that this iteration process converges toward the solution of equation 
(34), hence toward the fixed point on the first bisector, if the slope of the function G at 
that point is included between —1 and +1, that is if: 


Deane a (35) 


where G’ is the derivative of the function G. The fixed point of the application G is then 
said to be stable. On the other hand, if that slope is outside the interval [—1,+1], the 
fixed point on the first bisector becomes unstable; the iteration method for G no longer 
converges. 

We can also introduce the “second iterated function” G?)(«#) = G[G(a)]. Any 
fixed point of G is necessarily a fixed point of G?). The inverse is not true, as it is 
possible to get a “two-order cycle” where two different values of x are swapped under the 
effect of G: 


t2 > G (21) 
In such a case, x1 and x2 are both fixed points of G?), but not of G (we shall see below an 
example of such a situation, illustrated by Figure 3). These fixed points can be stable for 
G), in which case they constitute a “stable cycle of order two” for the initial function G. 
After a certain number of iterations of G, the solution converges toward a series taking 
alternatively two distinct values, 2; and 29. 

The process may repeat itself: it is possible for the fixed point of G®?) to next 
become unstable, and yield fixed points for an iterated function of a higher order, and 
hence to a stable cycle of that order. 


B. Form of the function FO 


Relation (25) shows that the variations of I3/2(x) as a function of x are very similar 
to the variations of NEP (6, u) as a function of py, already studied in Complement Bxy 
(Figure 2). The equality (30) shows that the plot of F(x) can be deduced from that 
of Iz /2(a): 


e reversing the variable x (symmetry with respect to the vertical axis) 
e multiplying this variable by g (scale change of the abscissa ) 
e and finally shifting to the right the abscissa origin by the value Gy. 


This leads to the solid line curve in Figure 1, that plots a constantly decreasing function 
(for fixed values of 8, ys and 9). 
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As the parameter g changes (for 6 and yz constant), we get a set of curves repre- 
senting F“) (x) for each value of g. For x = 0, all these curves go through the same point 
of ordinate I3/2 (Su). If g = 0, the curve is a simple horizontal line going through this 
point. When g becomes slightly positive, the curve starts decreasing but still extends 
along the abscissa axis; it has a small negative slope at the origin. As g increases more 
and more, the curve contracts more and more toward the ordinate axis and its slope at 
the origin is more and more negative. In the limit where g goes to infinity, the curve 
becomes a straight vertical line. 


y. Form of the function F) 


Figure 1 also shows the geometric construction used to go from F“ to F@). For 
a given value of «2, we start from point M, of ordinate F(x), and draw a horizontal 
line until it crosses the first bisector in M2, which transfers the ordinate of Mj, onto 
the abscissa. From the intersection point M2 we draw a vertical line that intersects the 
function F at point Mg of ordinate F©®)(x), which we simply transfer to the initial 
abscissa x to get the final point (surrounded by a triangle). 

This construction shows that F(?)(a) is an increasing function of x confined be- 
tween two horizontal asymptotes: the abscissa axis, and a horizontal line of ordinate 
I3/2(8u). The larger the value of g, the faster the increase of F) (a). 


é. Influence of the coupling parameter on the fixed points 


We now discuss the influence of the parameter g ~ Vo on the stability of single or 
multiple fixed points. 

(i) The trivial case where Vo = g = 0 (no interaction between the fermions) is 
particularly simple: the two curves are now identical horizontal lines, whose zero slope 
makes their intersection with the first bisector obviously stable. We then get the ideal 
gas results, with equal x; and x_ densities. 

(ii) As long as g (hence Vg) is weak enough, the slope of F™ at the intersection 
point is small and the corresponding fixed point remains stable, as shown in Figure 1. 
This same point is obviously a fixed point for F(?) as well; as the derivative of a function 
f [f(x] with respect to x is f’ [f(a)] f’(x), that is [f’(x))° at a point where x = f(z), 
the slope of F) is less than 1, and that fixed point is also stable. 

In such a case, both functions have only one common fixed point, which determines 
the only solution of the equations: the numbers «+ and x_ are necessarily equal since 
they correspond to a fixed point of F“). The only effect of the fermion repulsion is to 
lower in an equal way the densities associated with each of the spin states. 

(iii) If now g (or Vo) gets larger, we come to a situation, for a certain critical value 
ge of g, where the slope of F“) at the intersection with the first bisector becomes equal 
to —1, and that of F) now takes the value +1. The corresponding critical situation is 
plotted in Figure 2, where the curve representing the function F) is now tangent to the 
first bisector at their intersection (even osculating® to it, as their contact is of order two). 
For both functions, the fixed point is now right at the border of its stability domain. 





5The first derivative of the function f [f(zx)] is equal to f’(x) x f’ [f(x)], and its second derivative, to 
f(x) Ff [F(@)J +L (a)? £” [f(@)]. At a fixed point, that second derivative becomes f’(x) f(x) [1 + f/(x)], 
which cancels out when f/(x) = —1. 
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Figure 1: Plots of the functions F“ (solid line) and F®) (dashed line) as a function of x. 
Starting from any initial value of the variable x, we place a point M, on the first iterated 
F) curve, whose ordinate we transfer on the x axis by using the first bisector (point 
Mp2); a new vertical intersection with the solid line (point M3) yields the second iterated 
value F), that must be simply transferred to the initial value of the variable x (final 
point surrounded by a triangle). The whole dashed line curve can thus be constructed 
point by point. This method shows that when x — —oo, that curve is asymptotic to 
the abscissa axis; when x — +00, the curve now has another horizontal asymptote, of 
ordinate F (0) = T3/2 (Bu), represented by a line with smaller dashes. The general form 
of the second iterated function is plotted in the figure: a uniformly increasing function 
between those two asymptotic values. In the case represented here, the coupling constant 
g is supposed to be weak enough for the two curves to intersect the first bisector with 
slopes of moduli less than 1; we then get a unique stable solution where x_ and x4 are 
equal, which corresponds to a non-polarized spin system. 





(iv) Beyond that situation, as shown in Figure 3, the curve representing F?) 
intersects the first bisector in three points; the middle one is unstable as it corresponds to 
a slope larger than 1, but the two points on each sides are stable since they are associated 
with slopes between —1 and +1. As far as the central point is concerned, the slightest 
perturbation moves the iteration away from that point. On the other hand, the other 
two points are fixed stable points for F); they correspond to a physically acceptable 
solution of equations (29). As those two points are not fixed for F“, two different values, 
x4 and x_, are swapped under the action of the function F“) (two-cycle fixed points, 
represented by the arrows in the figure). We get a solution of the equations where the 
spin state populations are different: the gas develops a spontaneous polarization when 
the repulsion goes beyond a certain critical value and a phase transition occurs. 


Comment: 


For convenience, we discussed the emergence of the spontaneous polarization as a function 
of the parameter g ~ Vo, for fixed values of 8 and yu: the plot of the curves is then simply 
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Figure 2: Plots of the functions F“) (solid line) and F®) (dashed line) in the critical 
case g = Yc, where the function F“) intersects the first bisector with a slope equal to 
—1; the slope of F) is then equal to +1, and this function is not only tangent but also 
osculating to the first bisector (in other words it intersects this bisector at three points 
grouped together). 





obtained by a scale change along the z axis. In general, however, the phase transition is 
observed by changing either the physical system density, or its temperature, while keeping 
the interactions constant. Our line of reasoning can be applied to this case, keeping the 
interactions constant while changing either the chemical potential 4. that controls the 
particle density, or 8, which is the inverse of the temperature. When either of these 
two parameters gets larger, the ordinate at the origin of I3/2(6u) gets higher, which 
increases the absolute values of the slopes of F“) and F); the same phenomenon as 
above (instability and phase transition) will thus occur when the temperature is lowered 
or the density increased. If I3/2(@u) > 1, relation (25) shows that the particle number 
contained in a volume (Ar)? is large compared to one, which means that the average 
distance between the particles is smaller than the thermal wavelength; the fermion gas 
is then degenerate. 


3-c. Physical discussion 


As the spins carry a magnetic moment, a spontaneous polarization implies a tran- 
sition towards a ferromagnetic phase. The origin of this phenomenon comes from an 
equilibrium between two opposite tendencies. On one hand, the “motor” of the tran- 
sition comes from the fact that, to minimize the repulsion energy, the system tends to 
put all its particles in the same spin state (polarized system), which prevents them from 
interacting. This is because the Pauli principle forbids them to be at the same point in 
space, and as we assumed their interaction potential to be of zero-range, they can no 
longer interact. On the other hand, the system polarization (for a fixed total density) in- 
creases its kinetic energy: the same number of particles must be placed in a single Fermi 
sphere, instead of two, which results in a sphere with a larger radius, i.e. a higher Fermi 
level. It also changes the system entropy. The compromise between gain and loss (for 
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Figure 3: Beyond the critical point, the function F intersects the first bisector with a 
slope less than —1, and there are now three distinct intersection points of the function 
F°) and the bisector. The middle point corresponding to an F®) slope larger than 1 is 
unstable, but the other two points (surrounded by circles) are stable. These two points 
are swapped under the action of F“ (two-cycle fixed points, represented by the arrows). 
They yteld different values for the spin densities, which leads to the appearance of a 
spontaneous spin polarization. 





the grand potential) varies as a function of the parameters; when those parameters take 
a value where gain and loss balance each other perfectly, a spontaneous ferromagnetic 
transition occurs. 

A more detailed study is possible; examining the shapes of the curves we plotted, 
we deduce that the conditions that favor the transition are: strong repulsion, high density, 
low temperature. It is worth noting that no Hamiltonian acting on the spins comes into 
play in this phase transition. Even though the interactions are totally independent of the 
spin, the Fermi-Dirac statistics has an effect on the spins, and can induce a transition 
polarizing those spins. 

At the critical point (Figure 2), the two new stable points appear at the same 
place, and move away from each other in a continuous way. The phase transition is 
therefore continuous, which puts it into the category of second order phase transitions. 
The study of critical transitions is a very large domain of physics that we cannot discuss 
here in a general way. We can, however, take the analysis a little further, without too 
much difficulty: we note, from the equations written above, that the distance between 
the two stable points increases, beyond the critical point where w = yp, and 6 = fe, 
as the square root of the difference  — pe (or 6 — B-). In other words, the system 
spontaneous magnetization varies as the square root of the distance to the critical point, 
which is typical of the so-called “Hopf bifurcation”. In addition, at the critical point, the 
magnetic susceptibility of the spin system diverges. 


Comments: 


(i) A very general concept plays a role here: spontaneous symmetry breaking. The 
first symmetry breaking concerns the two opposed directions along the quantization axis 
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Oz. Equations (29) are invariant upon a permutation of x; and x_; for any solution of 
these equations, there exists another one where these two variables are interchanged, and 
where the spin magnetization points in the opposite direction. This was to be expected 
since nothing physically distinguishes those two directions. The symmetry is said to be 
broken if the stable solutions of the set of equations are asymmetric, corresponding to 
different values of r+ and x_; there are then necessarily two (or more) distinct solutions, 
symmetric to one another. 

Furthermore, the quantization axis Oz we used is arbitrary; had we chosen a different 
direction, we would have found that the spontaneous magnetization could point in any 
spatial direction. This again was to be expected since our problem is rotation invariant. 
The ferromagnetic transition phenomenon we have just studied corresponds to a spon- 
taneous breaking of the rotational symmetry of the usual space, often called, in terms 
of group symmetry, “SO(3) symmetry breaking”. There are many other second order 
transitions that break various symmetry groups, as for example the symmetry U(1) for 
the superfluid transition, etc. 


(ii) A mean field theory like the one we used — i.e. an approximate theory — may identify 
the existence of a critical transition (second order transition) as explained above, but 
does not allow an exhaustive study of all its aspects, in particular in the vicinity of the 
critical point. Several critical phenomena (large wavelength critical fluctuations for ex- 
ample) cannot be accounted for with such an approximation, and require more elaborate 
theoretical methods. 


4. Bosons: equation of state, attractive instability 


For bosons, the equations (3) are very similar to those we used for fermions, except 
for a change of sign of 7, and hence of the exchange potential. For a barely degener- 
ate system, this modifies the interaction effects, but does not drastically change their 
consequences. On the other hand, for a system of degenerate bosons, the situation is rad- 
ically different since expression (1) presents a singularity when (e — 4) is zero — whereas 
none occurs for fermions. As pointed out in Complement Bxy, this is the origin of the 
“Bose-Einstein condensation” phenomenon: as the chemical potential 1 increases, the 
singularity becomes significant when jz gets close (through lower values) to the lowest in- 
dividual energy among the e;, that is close to the ground level energy eg. The population 
of this level then increases more and more and can become “extensive” (proportional to 
the system volume Y in the limit of large volumes). 

Actually, using the Hartree-Fock equations for condensed boson systems leads to 
some difficulties, which will be briefly discussed below — see Comment (ii) of § 4-a. We 
shall limit ourselves to the study of non-condensed systems, not excluding the possibility 
that they approach condensation. We assume the bosons are without spin, and, as we 
did for fermions, that the range of the interaction potential W2(s) appearing in relation 
(11) is short enough so that: 


Vae—k) = Vo (37) 


In that case, the direct and exchange contributions in (13) are equal. For a homogeneous 
system, this equation then becomes: 


as 2Vo 


= 2Vo 
Ck = eg + T3 


) AG = Lt) =€Ek + 73) (N) (38) 
L 
k’ 
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where (NV) is the average total number of particles: 


=> fal€ — ») = 5° fa(ex — w— Ap) (39) 
k k 
with: 
Au = —"£2 (ny (40) 


We therefore find that the average total number of particles is the same as for a boson 
gas without interactions, provided the chemical potential is replaced by an effective 
chemical potential 7 = + Ay. The same holds true for the average population of each 
individual state k. 

As in Complement Bxy, we note NZ® (6,4) the function yielding the particle 
number for an ideal gas of bosons: 


NEP OM = Dil = oo | Oh (41) 
(the second equality is valid for large volumes). Equation (39) then becomes: 

(N) = Nig" (6, i) = Nig” (8,u+ Ap) (42) 
4-a. Repulsive bosons 


For repulsive interactions, Figure 4 shows how to graphically obtain, by a geo- 
metric construction, the system density predicted by equation (42). For a given chemical 
potential, the particle number decreases because of the repulsion, which takes the sys- 
tem further away from condensation; consequently, its description by the Hartree-Fock 
equations is a good approximation. 

To first order in Vo, relation (42) may be approximated by: 


(N) = NBP(B,n) + Aus NEP (6, 1) 


VN FF(B,m) a 
NEP (8,1) - Vo NEP (6, 1) (13) 
Noting ®(8, 1) the grand potential, relation (62) of Appendix VI shows that: 
10 0 
N —InZ = —-— © 44 
W) = 5 5cInd = —5-¥(8, 0) (14) 


Integrating over y relation (43) from —oo to the value p, we get the grand potential: 


5(B,u) = 4, (8, 1) + 2 [BP wo)? (45) 


where ®;,(8,) is the grand potential for the ideal gas, at the same temperature and 
chemical potential. In addition, relation (62) of Appendix VI shows that the grand 
potential is equal to minus the product of the volume and the pressure P: 


(6,4) =—PV (46) 
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Figure 4: Geometric solutions of equations (40) and (42) for a gas of repulsive bosons. 
On the graph plotting the total number of particles as a function of the chemical potential, 
we draw a line starting from the point on the abscissa axis with chemical potential 1, and 
having the slope —L*/2Vo. It intersects the curve at a point whose abscissa is ji and 
ordinate Nee As Vo is positive for a repulsive gas, we see that the interactions lower 
the density (at constant temperature and chemical potential). The text explains how this 
geometric construction yields the equation of state for the interacting gas. 





This means that if, at constant 6, we vary the parameter yz in (43) and (45), we obtain in 
the plane ((N), P) a curve representing the pressure as a function of the particle number 
in the volume Y, which is an isothermal line of the equation of state. Repeating this plot 
for several values of 8, we get a set of curves covering the whole equation of state, taking 
into account the changes introduced by the interactions. 


Comments: 

(i) To keep the computations as simple as possible, we limited ourselves to the first order 
in Vo. It is however possible to make the graphical construction of Fig. 4 more precise 
by including the higher order terms. 

(ii) We discussed in § 3-b-G of Complement Gxv the limits of the Hartree-Fock approxi- 
mation for bosons, which can no longer be used when the physical system gets too close 
to Bose-Einstein condensation. The graphical construction shown in Figure 4 loses its 
physical meaning if the intersection point on the curve is too close to the contact point 
of the curve with the vertical axis. 


4-b. Attractive bosons 


Attractive interactions (Vo < 0) result in an increase of the effective chemical 
potential, and consequently raises the value of (N). This in turn increases the effective 
chemical potential, and this positive feedback may even induce an avalanche effect leading 
to an instability if ps is too close to zero. 
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Figure 5: Graphical construction similar to that of Figure 4, but for an attractive boson 
gas (where Vo is negative). When the attractive potential Vo is not too large, the line 
noted 1 in the figure yields two possible solutions, only one of which is close to the 
solution in the absence of interactions, and hence suitable for our approximation. As Vo 
increases, for a certain critical value we only get one solution (tangent line 2), then none 
(line 3). In this last case, no solution signals an instability of the gas, which collapses 
onto itself because of the attractive interactions. Starting from a nearly condensed ideal 
gas, the closer it is to condensation, the weaker the attractive interactions necessary to 
trigger the instability. 





The geometrical construction that yields Ay and (N) from the intersection of a 
straight line with a curve is shown on Fig. 5. If Vo is weak enough, and for a fixed 
value of 4, we get two intersection points, corresponding to possible solutions. We only 
keep the first one, yielding the lowest value of Ay. The other point yields a high value 
of Ap, which changes radically and increases considerably the system density; in that 
case, chances are the approximate mean field treatment of the interactions is no longer 
valid. Beyond the value of Vo for which the straight line becomes tangent to the curve, 
the couple of equations (39) and (40) do not have a solution: there no longer exists any 
stable solution. 

Figure 5 also shows that as the chemical potential gets closer to zero, the effect 
of the attractive interactions between bosons becomes more and more important; weak 
interactions are enough to render the system unstable. The reason we did not find any 
solution to the equations is that we assumed, in the computations, that the system was 
perfectly homogeneous; now this homogeneity cannot be maintained beyond a certain 
attraction intensity. We must therefore enlarge the theoretical framework, and include 
the possibility for the system to become spontaneously inhomogeneous. A more pre- 
cise study would show that the system may develop local instabilities, hence breaking 
spontaneously the translation invariance symmetry. In the limit of large systems (ther- 
modynamic limit), condensed bosons tend to collapse onto themselves under the effect 
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of an attractive interaction, however weak it may be?. 

As a general conclusion, the Hartree-Fock method applied to fermions yields results 
valid in a very large parameter range. As an example, it allowed computing effects of 
the interactions on the particle number and the pressure of the system. In addition, 
this method was able to predict the existence of phase transitions. This is also true for 
non-degenerate bosons, and the mean field method actually has a very large number of 
applications that we cannot detail here. We must, however, keep in mind that when 
Bose-Einstein condensation occurs, certain predictions pertaining to the condensate may 
not be realistic from a physical point of view, as they depend too closely on the mean field 
approximation which does not properly account for the correlations between particles. 





4Tf the interaction potential is attractive at large distance, but strongly repulsive at short range (hard 
core for example), the system spontaneously forms a high density liquid or solid. 
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Introduction 


This chapter is a continuation of the previous chapter and uses the same mathematical 
tools. The main difference is that, until now, we have mainly used discrete bases in the 
individual state space, {|u;)} or {|vs)}. In this chapter, we shall use a continuous basis, 
which is the basis, for spinless particles, of the position eigenvectors (see Chapter II, § E). 
As they now depend on the position r, the creation and annihilation operators become 
field operators depending on a continuous subscript r. They are the operator analog of 
the classical fields (which are numbers and not operators), and are often called “field 
operators”. They are useful for concisely describing numerous properties of identical 
particle systems. They have commutation relations for bosons, and anticommutation 
relations for fermions. This chapter is a preparation for Chapters XIX and XX, where 
we will introduce the quantization of the electromagnetic field. 
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After defining these operators in § A-1, we discuss some of their properties. Their 
commutation and anticommutation relations are examined in § A-2. As in Chapter 
XV, we then study (§ B) symmetric operators and their expression as a function of the 
field operators; special attention will be given to the operators associated with the field 
correlation functions. In § C, we shall use the Heisenberg picture to study the time 
dependence of these operators. As a conclusion, we shall briefly come back (in § D) to 
the field quantization procedure and its link to the concept of identical particles. 


A. Definition of the field operator 


The field operator is defined as the annihilation operator a;, but associated with a basis 
of individual states labeled by the continuous position index r instead of a discrete index 
i. Our starting point will be the basis change relation (A-52) of Chapter XV: 


ay, = S> (Us| Us) Qu, (A-1) 


a 


where the subscripts i and s label the kets of the two orthonormal bases {|u;)} and {|vs)} 
in the individual state space. In what follows, and as already done in Chapter XV, we 
will simplify the notation and often replace the subscript u; by i, and the subscript vu, 
by s. 


A-1. Definition 


We will first define the field operator for spinless particles, and later generalize it 
to the case with spin. 


A-1-a. Spinless particles 


We replace, in relation (A-1), the basis {|v;)} by the basis of vectors {|r)}, where 
r symbolizes three continuous indices (the three vector components). The operator a, 
now becomes an operator depending on the continuous index r, that we shall call “field 
operator” for the system of identical particles we consider. We could write it simply as 
ay, but we shall prefer the commonly used classical notation U(r). Like any annihilation 
operator, U(r) acts in the Fock space where it lowers by one unit the particle number. 
In (A-1), the coefficient appearing in the sum is now the wave function u,(r) associated 
with the ket |w,): 


u(r) = (r| ws) (A-2) 


and this relation becomes: 








Wr) = do wilr) ay (A-3) 








Formally, definition (A-3) looks like the expansion of a wave function on the basis func- 
tions u,(r); here, however, the “components” a; are operators and no longer simple 
complex numbers. In the same way as a, annihilates a particle in the state |v,), the 
operator U(r) now annihilates a particle at point r. 
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It does not depend on the basis {|u;) }, ie. on the wave functions chosen to define it 
in (A-3), as we now show. We insert in this equality the closure relation in any arbitrarily 
chosen basis {|v,)}, and use again (A-1): 


r) = Dy (r| us) (Us| Ui) Qu, = ae (r| vs) Qy, (A-4) 


Ss 


(we temporarily came back to the explicit notation for the annihilation operators). We 
can thus write: 


= S/ u(r) Qy, (A-5) 


which means W(r) satisfies, in the new basis, a relation similar to (A-3). 
We now take the Hermitian conjugate of (A-3): 


=) af (A-6) 


The operator Wi(r) creates a particle at point r, as can be shown for example by com- 
puting the ket resulting from its action on the vacuum: 


= Lowe) af 10) = Dust) Io) (A-7) 
that is: 


Wi(r) 0) = $7 us) (wal r) = |r) (A-8) 
which represents, as announced, a particle localized at point r. 
One can easily invert formulas (A-3) and (A-6) by writing, for example: 


per ux(r) U(r) = per uz (r) S/ uj (r) a 
J 
So by ay = A (A-9) 
J 
or else, by Hermitian conjugation: 
i d°r u(r) Wi (r) = a! (A-10) 


A-1-b. Particles with spin 


When the particles have a spin S, the basis vector {|r)} used above must be 
replaced by the basis vector {|r,v)}, where v is the spin index, which can take 2S + 1 
discrete values (v = —S, —S +1, ..., +S). To all the summations over d°r, we must now 
add a summation on the 2S +1 values of the spin index v. As an example, a basis vector 
|w;) in the individual state space must now be written: 


|u;) = 3 fe r u(r, v) |r, Vv) (A-11) 


v=-S 
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with: 
u(r,v) = (r,v |u;) (A-12) 


The variables r and vy play a similar role. The first one is, however, continuous, whereas 
the second is discrete. Writing them in the same parenthesis might hide this difference 
and one often prefers noting the discrete index as a superscript of the function u;, writing 
for example: 


uy (r) = (r,v |us) (A-13) 


Let us again use relation (A-1). On the left-hand side, the index v, now symbolizes 
both the position r and the spin quantum number v, which leads us to define a field 
operator V,(r) having 2.5 + 1 spin components. Inserting (A-13) in the right-hand side 
of (A-1), we get: 





Wir) = dur (r) as (A-14) 











The Hermitian conjugate operator Wi (r) now creates a particle at point r with a spin v: 
Wir) 0) = S0 (us| x,y) |us) = [r,v) (A-15) 
i 


As we did above, we can invert those relations. In relation (A.51) of Chapter XV 
(basis change), we replace v, by 1, and u; by r,v (which means that the summation over 
i is replaced by an integral over d?r and a summation over v), and use equality (A-11); 
we therefore get: 


+8 
a= >> per uf (r) UT (r) (A-16) 
v=-S 


which is the analog, in the presence of spin, of relation (A-10). 


A-2. Commutation and anticommutation relations 


Commutation relations for field operators are analogous to those obtained in § A-5 
of Chapter XV, but the discrete index 7 is now replaced by a continuous index. 


A-2-a. Spinless particles 


The commutator (or anticommutator) of two field operators: 


[Yir) Wer’), = do uu, (r’) ai, a]_,, = 0 (A-17) 


ij 


is indeed zero, as expected from expression (A-48) of Chapter XV. In the same way, by 
Hermitian conjugation: 


[vt(r) wiry], = youl (r)u*(r") B at] Lae (A-18) 
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However, when we (anti)commute the field operator and the adjoint operator, we get: 
(er) WO), = Dour eye’) fas, a4] mn (A-19) 
tJ 


which yields, taking into account the commutation relations (A-49) of Chapter XV: 


[Wer Wt Ce’)] = So ualwpus(e’) = So Oe] eu) (wil 2") = Cele’) (A-20) 


a a 


Finally, we get: 





[wr) Wr')]_ = dr -2’) (A-21) 








-7 





which is the equivalent of the relations (A-49) of Chapter XV in the case of a continuous 
basis. 


A-2-b. Particles with spin 


Relation (A-17) now becomes: 


[Wi(r) We), = Dow )uy ') [a;,a;]_,, = 0 (A-22) 


Relation (A-18) remains valid even if the field operators have spin indices. Finally, 
relation (A-19) becomes: 


V(r) wh (r)] 7 Do ale, wus (e,' [aia | 


= (r,v| r’,v’) (A-23) 


7 


that is: 





[wue) VED] = ddl -2') (A-24) 


—n 











B. Symmetric operators 


In the previous chapter, we wrote one- or two-particle symmetric operators in terms 
of creation and annihilation operators in the discrete states |u;). We are now going to 
express those operators in terms of the field operator (and its Hermitian conjugate). 


B-1. General expression 


We start with spinless particles. We can either directly transpose expressions 
(B-12) and (C-16) of Chapter XV to a continuous basis {|r)} (replacing the sums by 
integrals), or insert in those expressions the form (A-9) for the operators a;. In both 
cases, we get: 


B= far fare (e| Fie’) Wie) wr) (B-1) 
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and 


G= p fair far fate farm 


(LirjQ:r'|[gllir%32:2”) Wri )U(r'”) U(r") (B-2) 


where, as in relation (C-16) of Chapter XV, the order of the annihilation operators is the 
inverse of the order that appears in the ket of the matrix element. 


n~ 


Expression (B-1) reminds us of the average value ( f( )) of the operator f() for 


a single particle (without spin), described by the wave function 7(rj): 


(Fay) = fatrs fair, cl Fie) wr @aoert) (B3) 


Both expressions are not equivalent since (B-1) concerns any number of identical particles, 
rather than a single one; furthermore, the V are now operators, and their respective order 
matters — as opposed to the order of the 7 in (B-3). As for formula (B-2), it can be 
compared to the average value of an operator 9(1,2) acting on two particles, 1 and 2, 
both described by the same wave function W. Here again, the order of the field operators 
is important, as opposed to the order in a product of wave functions. 

For particles with spins, we simply complement each integral over r with a sum 
over the spin index v, we include this index in the matrix elements and add a spin index 
to the field operator. As an example, relation (B-1) is generalized to: 


Ss S 
B= fate far So SS wu fle’) Uhr we (r’) (B-4) 


v=—-Sv'=—S 


As for relation (B-2), we get four summations over the spin indices v, and the operator 
matrix elements are taken between bras and kets where an index rv is added to the variable 
r. 


B-2. Simple examples 


We start with a few examples concerning operators for one spinless particle. For 
a single particle, the operator associated with the local density at point ro is: 


ro) (ro| (B-5) 
and its matrix elements are: 
(r| x0) (ro |r’) = 6(r — ro) 4(e" — ro) (B-6) 


The corresponding N-particle operator is written as: 
N 
DM Ca = S> la: Yo) (q: Fol (B-7) 
q=l 


Replacing f by [ro) (to| in (B-1) yields the operator acting in the Fock space: 
D(ro) = Vt (ro) V (ro) (B-8) 
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This operator annihilates a particle at point rg, and immediately recreates it at the same 
point. The average value: 


D(ro) = (®| D(ro) |®) (B-9) 


in a normalized state |®) of the N-particle system yields the particle density associated 
with this state at point ro. 

The operator N, total number of particles, has been written in (B-15) of Chap- 
ter XV. As the discrete summation index i is changed to a continuous index r, the 
summation becomes an integral over all space: 


N= / d?r Ut (r) V(r) (B-10) 


As expected, it is the integral over d°r of the operator D(r). 
The operator V;(r) describing the one-particle potential energy is also diagonal in 
the position representation; in the Fock space, it becomes the operator V,: 


ne / dr Vj(r) Wt (r) U(r) (B-11) 


n~ 


As for the particle current, it can be deduced from the expression of the current j(ro) as- 
sociated with a single particle of mass m; it is the product of the operators giving the local 
density |ro) (ro| and the velocity p/m (product that must obviously be symmetrized): 


n~ 


ito) = 5 [eo deol B +B hoo) co (B-12) 


If the particle is described by a wave function 7)(r), a simple calculation! shows that the 
average value of this operator yields the usual expression for the probability current — 
see equation (D-17) of Chapter IIT: 


F(r0) = so [U"(r0) VU (ro) — v(ro) Ve" (r0)] (B14) 


The current J(ro) of a system of identical particles is obtained by replacing in (B-1) the 


~ 


operator f by j(ro): 


a h 
J(ro) = Dar [WT (ro) VU (x0) _ V(ro) VU" (ro) (B-15) 
Another way of arriving at this equality is to use the substitution process mentioned in 
§ B-1. To obtain the operator we are looking for in terms of U(r), we start from the 





n~ 


lLet us calculate the average value (V|j(ro) |W). The first term on the right-hand side of (B-12) 
yields: 


5 (W bro) (rol BIW) = 5" (ro) Vw(r0) (B-13) 


since the action of the operator p in the position representation is given by (fi/i)V. The second term is 
its complex conjugate, and we therefore get (B-14). 
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expression of the average value for a single particle, described by the wave function 7(r), 
which is then replaced by the field operator U(r). 

For particles with spin, the local density at point ro, with spin v, is written in the 
same way: 


(x0, v =D Yo,V ) (4: To, (B-16) 


and yields, in the Fock space, the operator: 


Nn 


D(r0,v) = V}(t0) VW. (ro) (B-17) 


The total density is obtained by a summation over v: 


S 
= > WhO) Wr) (B-18) 


v=—S 


For particles with spin, the operator N associated with the total particle number, or the 
operator probability current J,,, can be obtained in a similar way. 


B-3. Field spatial correlation functions 


Operators associated with spatial correlation functions can also be defined with 
field operators; their average values are very useful for characterizing the field properties 
at different points of space. When we reason in terms of fields, we generally characterize 
each correlation function by the number of points concerned, which is different from the 
number of particles involved: the two-point functions characterize the properties of a 
single particle, the four-point ones concern two particles, etc. The reason is simple: a 
one-particle density operator p; is characterized by non-diagonal elements (r6| pr |ro) de- 
pending on two positions, a two-particle density operator p;; involves elements depending 
on four positions, etc. 


B-3-a. Two-point correlation functions 


Defining a non-diagonal operator depending on two parameters rp and rg, we can 
generalize relation (B-5): 


ro) (rol (B-19) 


A calculation very similar to the one leading to equation (B-7) — we simply add a “prime” 
to the second rp — gives the N-particle symmetric operator: 


DW) (ro, ro) - Die ro) (q: Yo (B-20) 


which yields, in the Fock space, the operator: 
D(x0,¥5) = ¥' (ro) ¥(x4) (B-21) 
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We thus obtain an operator that annihilates a particle at point rj and recreates it at a 
different point ro. 

When the N-particle system is described by a quantum state |®), we call two-point 
field correlation function, Gi(r0,V6), the average value: 


Gi(r0,70) = (UT(r0)#(x9)) = (&| U1 (x0) ¥ (x9) |#) (B-22) 


which also yields the matrix element, in the {|r)} representation, of the one-particle 
operator? py: 


(UF(r0)¥(r5)) = (6! 7 |r0) (B-23) 


Demonstration: 


The matrix elements of the density operator po? of particle q are: 


(r6| 0{ [toy = Tr e% |g: 0) (q: 46] } = (Ja: ro) (a: 761) (B-24) 


For an N-particle system, we define the one-particle density operator p; by a sum over 
all the particles: 


N 


pr= er (B-25) 


q=1 


(be careful: the trace of this operator is N, not 1). Its matrix elements are the sum of 
the average values written in (B-24), i.e. the average value of the one-particle symmetric 
operator obtained by summing over g the |q: ro) (gq: ro|. This result is simply the op- 
erator DW )(ro,r9) of (B-20), which, as seen above, yields in the Fock space expression 
(B-21). We then simply take the average value of each side of this expression to get 
equality (B-23). 


The average value (B-22) at two different points plays an important role in the 
study of Bose-Einstein condensation. For a system at thermal equilibrium, this average 
value generally tends to zero rapidly as the distance between r and r’ increases; it only 
remains non-zero in a domain of microscopic size. However, for a Bose-Einstein condensed 
gas, this average value behaves quite differently as it tends toward a non-zero value 
at large distance. This difference is actually the “Penrose and Onsager condensation 
criterion ”; they have defined the existence of such a condensation as the appearance of 
a non-zero value of the matrix element of p; at large distance; this definition is quite 
general as it applies not only to the ideal gas but also to systems of interacting particles. 


Particles with spin: 


If the particles have a non-zero spin S, we use, as a basis, the kets |r, v) where v takes 
the (25 +1) values —S, —S+1, .., +S, and we add a v index to the field operators. We 
then define (2,5 + 1)? two-point field correlation functions as the average values: 


(UL (r0)¥,(r9)) = Gi(ro, v5 70,0’) (B-26) 





2Note the inversion of the variable order between the function Gj (or the variables of Wt and W) 
and the matrix element of p;. 
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The same computation that led to (B-23) for spinless particles, can be repeated with no 
changes other than the simple replacement of the kets (or bras) |r) by |r,v); it shows 
that these average values yield the matrix elements of the one-particle density operator: 


(ro, V'| PI |ro, v) = (Uf (ro) ©. (r0)) (B-27) 
(here again we have chosen to normalize to N the trace of the one-particle density oper- 
ator). 
B-3-b. Higher order correlation functions 


One can also start with the two-particle operator, which now depends on four 
positions: 


G(1: r0,r632: 79,79) = lL: 470) 1: 46] @ [2 : 46) (2: 7G (B-28) 


In this case, the expression of g is not symmetric with respect to the exchange of particles 
1 and 2, as opposed to what happens for an interaction energy. The operator G is then 
defined without the 1/2 factor of relation (C-1) of Chapter XV: 


N 
GO) (rg, 45,20, 22’) = » G(¢:¥o,roid : TOTO) (B-29) 
qq =1; qq’ 


and yields in the Fock space the operator G(r0, 1%), rj,Vo'). Relation (B-2), without this 
factor 1/2, then leads to: 


n~ 


G(r0,79,70, 70.) = Ul (r0) 8! (rg) W(r9') W(x) (B-30) 


In this case, the operator annihilates two particles at two points and recreates them at 
two others. 

A computation very similar to the one leading to (B-22) and (B-23) enables us to 
show, using (B-2), that the matrix elements of the two-particle density operator py; can 
be written?: 


(1: 19;2: 70] prr\l:r032: 2G) = (UT (ro) WT (rf) U(r’) UW (rG)) (B-31) 


This density operator, whose trace is equal to N(N — 1), plays an essential role in the 
study of correlations between particles. 

A particularly important example of a higher order correlation function corre- 
sponds to the case where rp = rp and rg = rg’. We then get: 


N 
GM (ro,r0,79,70) = >> (gz 0) (gz Fol @ Ia’: FG) (a! = re 
qq =1; g#q’ 
N 
SY) la:t0; a: 40) (a: 40; a! 4G (B-32) 
q.q'=1; gq’ 


I 





3One can also use relation (C-19) of Chapter XV to get the same result. 
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which yields in the Fock space the operator: 
G(r0, 70,70, 84) = Ui (ro) Ut (ef) U(r) U (10) (B-33) 


The expression on the right-hand side of (B-32) characterizes the probability of 
finding any particle at ro and any other one at rj. In the same way as the average value 
(B-9) gives the one-particle density, the average value: 


(G(r0,70,20,10)) = (| Gro, v0, 16,26) |) = Ga(ro, 76) (B-34) 


gives the two-particle “double density”, which contains information on all the binary 
correlations between the particle positions. 

We are now in a position to again obtain expression (C-28) of Chapter XV, and 
more precisely justify the interpretation we gave of the average value of the interaction 
energy written in (C-27) of that chapter. We replace in (B-33) the field operators (or 
their adjoints) by their expansion (A-3) on the operators a; (or the al); we then get 
(C-28) of Chapter XV, ro being replaced by ri and rg by ro. 

If ro F ro , we can check* that this operator is equal to the product of the simple 
densities defined in (B-8): 


Gro, v0.04, 77) = D(ro0) D(rh) (B-35) 


Obviously this relation between operators does not mean that the double density G2(ro, r) 


is merely the product (Dro)) (Dery )) of the simple densities: the average value of a 
product of operators is not, in general, equal to the product of the average values. When 
we studied the function G2 (§ C-5-b in Chapter XV), we did find the presence of an 
exchange term that introduces “statistical correlations” between particles, even in the 
absence of interactions. 


Particles with spin: 


For particles with non-zero spin, we just have to add an index v to each of the kets or 
bras, as well as to the field operators; this brings up to (2S + 1)* the number of 4-point 
correlation functions. The matrix elements of the two-body density operator are then 
given by the average values: 


( i y;2:r", v”| pir [1 :r,yj;2: ry") = (UL (ey Ut,, (0 Wi (0 W, (r’)) 
(B-36) 


B-4. Hamiltonian operator 


We now establish the expression, in terms of the field operator, of the Hamiltonian 
operator for a system of identical (spinless) particles. Two formulas will be useful for this 
computation. The first one transposes to three dimensions the formula (34) of Appendix 
II: 





1 £2 

dir —r') = —, | Peek O™) (B-37) 
(27) 

4If the particles are bosons, we just permute the commuting operators to bring U(rq) to the second 


position and obtain the result. If we are dealing with fermions, two successive anticommutations are 
necessary to get that result, and the corresponding two minus signs cancel each other. 
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The second one is obtained from (B-37) by a double derivation with respect to r: 








1 , 
Aé(r — r’) = -— i d3k k? ek @-¥) (B-38) 
(21) 
The matrix elements of a single particle’s kinetic energy are written as: 
P? h2 2 h2 
tales eh pee (r| k) — (k |r’) = = 5 Ad(r - r’) (B-39) 


In the Fock space, it corresponds to the following operators (an integration by parts° 
was used to go from the first to the second relation): 


Hy = = per Vi (r)AU(r) = ce per Vvi(r)- V(r) (B-40) 


As in § B-1, we obtain here an expression similar to the average value of an operator 
(here the kinetic energy) for one particle; but the gradient of the wave function must be 
replaced by that of a field operator, and the order of the operators can matter. 

The system Hamiltonian includes in general an interaction term, which makes it 
a two-particle operator and requires using formula (B-2). For a two-particle system, we 
know that the interaction yields an operator that is diagonal in the {|r, r’)} representa- 
tion; furthermore, it only depends on the relative position r — r’ (and not on r and r’ 
separately). Consequently, the matrix element in (B-2) takes the form: 


(ror |g irr”) = dir —r”) 6(r’ — 2”) x Wo(r - 1’) (B-41) 


where W2(r — r’) is the interaction potential energy between two particles located at a 
relative position r—r’ (this interaction is often isotropic, in which case W2 only depends 
on the relative distance |r —r’|). Finally, starting from (B-2), we get the following 
expression for the Hamiltonian operator: 


f= f ar [ vwtin) v0) + V(r) bt (r) U(r) 
2m (B-42) 
+5 far fate” Wo(r! — 2") UT (r’ Ut (2) U(r”) U(r’) 


The first term corresponds to the particles’ kinetic energy, the second to the external 
potential V(r) acting separately on each particle, and the third one to the mutual inter- 
action between particles; note that this last term involves four field operators, whereas 
the first two involve only two. The same comment as above still applies: this expression 
is reminiscent of the average energy of a system of two particles, both described by the 
same wave function; but now we are dealing with operators that do not commute. 
This Hamiltonian can also be expressed directly via the one-particle simple density 
D(ro, rp) and the two-particle double density G (ro,To,¥G,%g) operators, as we now show. 
Inserting relations (B-21) and (B-30) in expression (B-42), we obtain: 
2 
H= per Vn Vr D(r0,4) + Vi(r) D(r,r) 
2m ° ro=rj=r (B-43) 


1 
+5 far! fate" Wo(r’ — vr”) Go(r'’,r’,r”,r”) 








5The value of the already integrated terms must be taken at infinity, and we assume that all the 
states of the physical system are limited to a finite volume; as a result, those terms do not play any role 
and can be ignored. 
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where the notation V,, and V,, represents the gradient taken with respect to the vari- 
ables ro (for the first one), and rg (for the second); once these gradients have been 
computed in the kinetic energy term of (B-43), both variables take on the same value r. 
The fact that the Hamiltonian operator can be directly expressed in terms of the simple 
and double density operators can be useful. For example, to determine the ground state 
energy of an N-particle system, we do not have to compute the state wave function, 
which involves all the correlations of order 1 to N between the particles; it is sufficient 
to know the average values of these two densities. There exist, in certain cases, approxi- 
mation methods that yield directly good estimates of these simple and double densities, 
hence allowing an access to the N-body energy. Complements Exy and Gxy discuss 
the Hartree-Fock method, which is based on an approximation where the two-particle 
density operator is simply expressed as a function of the one-particle density operator, 
i.e. the double density as a function of the simple density (Complement Gxv, § 2-b-7); 
this allows convenient mean field calculations. 


C. Time evolution of the field operator (Heisenberg picture) 


The operators we have considered until now correspond to the “Schrédinger picture”, 
where the time evolution of the system is determined by the time evolution of its state 
vector. It may, however, be more convenient to adopt the Heisenberg picture (Com- 
plement Gy), where this time evolution is transferred to the operators associated with 
the system’s physical quantities. For spinless particles, let us call Vj,(r;t) the operator 
corresponding, in the Heisenberg picture, to V(r): 


Uy(r;t) = e&F/" U(r) eHt/n (C-1) 


(H is the Hamiltonian operator), and whose time dependence follows the equation: 


O ~ 
tha Vault; t) = |Way(r;t), A (C-2) 
We are going to compute successively the commutator of V;,(r;t) with each of the three 
terms on the right-hand side of (B-42). The evolution equation for the field operator 
involves all the terms of the Hamiltonian (B-42): the kinetic, potential and interaction 
energies. 


C-1. Contribution of the kinetic energy 


In order to determine the commutator of the field operator with the kinetic energy, 
we first transpose the equations (A-17), (A-18) and (A-21) to the Heisenberg picture. 
Actually, they can be used without any changes: the unitary transform of a product 
by (C-1) is the product of the unitary transforms, that of the commutator (or of the 
anticommutator) is the commutator (or the anticommutator) of the transforms, and 
numbers like zero or the function 6(r — r’) are invariant. Those three relations are 
therefore still valid in the Heisenberg picture, if we simply add an index # to the field 
operators. We now take their derivative with respect to the positions; only (A-21) yields 
a non-zero result: 


Va(r;t), Ve Ul (rs t)] = Ve d(ir—r’) = —Vy O(r — 1’) (C-3) 


—n 
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Taking (B-40) into account, we can write the commutator to be evaluated as: 


wz h2 
Wultit), Hoult) = 5, far! [Wu (e), VHC) VUn let) (C-4) 
m 
In the term to be integrated on the right-hand side, a sign 7 is introduced each time we 
permute two field operators, or two adjoints; when we permute a field operator and an 
adjoint, we must add to the result the right-hand side of (C-3). Adding and subtracting 
two equal terms, we then obtain for the function to be integrated: 


Vy (r;t) VU (r'; t) - VU (e';t) — 1 VUE t) - (Vuln; t) VU (2; t)) 


$9 VWI, (0st) (Wa (est) VWu (est) — VWs) VW u(r vacest) 
that is: 
Valrst), VUE s)) | V¥ale'st) 
+7 VUE (0; t) Wats t), VWn(rst))_, 
= V, 6(r —r’) - VU g(r’, t) (C-6) 


The integration over d°r’ then yields the Laplacian at r of the field operator, and we 
finally get: 


Valet), Boul] =- 2 awatese) (7) 


C-2. Contribution of the potential energy 


Instead of (C-4), it is now the commutator: 
Wu(rst), Vin(t)| = i Pr Vr’) |Wa(rst), V(r Une t) (C-8) 


which comes into play. The calculation is similar to the previous one, but without the 
gradients which were applied to the field operators depending on r’. The right-hand side 
of (C-6) now becomes simply: 


d(r — xr’) z7(r’) (C-9) 


and the integration over d°r’ is straightforward, so that: 


Wu(r;t), Vin(t)| =r) Ua (rt) (C-10) 
C-3. Contribution of the interaction energy 


It is now the commutator of Vy(r;t) with a product of four field operators that 
will have to be integrated: 


WU (rst), WO )VE (es )U (es )U (rs) | (C-11) 
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We will not go through the details of the calculation, a bit long but without any real 
difficulties; as in the previous two cases, it involves the repeated application of the com- 
mutation relations. The result is that the commutator of the field with the interaction 
energy can be written as: 


/ dr! Wo(r — r') VE (2; t) Wz’; t) Vy (x; t) (C-12) 


C-4. Global evolution 


Regrouping the three previous terms, we get the evolution equation for the field 
operator: 


2 
ins + XA - 10) W(x; t) = per War —r') U(r Ua (e's Ua (rt) 


(C-13) 


The left hand-side includes the differential operator of the usual Schrédinger equation 

for a single particle in a potential Vi(r); however, as already pointed out, W is not a 
simple function here, but an operator. The right-hand side includes the binary inter- 
action effects; its presence implies that the evolution equation of the field operator is 
not “closed”. Its evolution depends not only on the operator itself, but also on a term 
containing the product of three fields (or their conjugates). 

Analyzing in a similar way the evolution of such a product of three factors, we see 
that it depends on that product, and also on the product of 5 fields (or their conjugates); 
in turn, the evolution of a product of 5 fields will involve 7 others, etc. We thus get 
a series of more and more complex equations, often called a “hierarchy”of equations. 
They are in general very hard to solve exactly. This is why it is frequent to use an 
approximation by truncating this hierarchy at a certain stage, or else by eliminating the 
coupling term at a certain order, or replacing it by a more convenient expression. Many 
different methods have been proposed to accomplish this, the most well-known being the 
mean field approximation (Complements Exy and Gxyv). 


D. Relation to field quantization 


In conclusion, we make some remarks concerning the field quantization procedures, and 
their relation to the identical particle concept. Consider a single spinless particle in an 
external potential well, and call y;(r) the wave functions associated with its stationary 
states in that potential (the subscript 7 runs from 1 to infinity; we assume, for the sake 
of simplicity, that the spectrum is entirely discrete). The y;(r) form a basis on which we 
can expand any particle wave function 7(r): 


v(r) = » ciyi(r) (D-1) 


We already noted the similarity between this formula and equality (A-3), where the only 
difference is that the numbers c; are replaced by the operators a;. Along the same line, 
relations (B-8) and (B-15) are reminiscent of a particle’s probability density of presence, 
and of its probability current. Finally, expression (B-42) is very similar to the average 
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value of the energy of a system of two particles, both placed in the same state described 
by the wave function 7(r), once we replace that usual wave function by an operator 
depending on the parameter r. Consequently, the creation and annihilation operator 
method has an air of “second quantization”: we start with the quantum wave function 
for one (or two) particle(s) (“first quantization”), and in a second stage, we replace the 
wave functions coefficients by operators (“second quantization”). However, we must keep 
in mind that we do not, in reality, quantize the same physical system twice; the main 
difference comes from the fact that we go from a very small number of particles, one or 
two, to a very large number of identical particles. 

Field operators can also appear when quantizing a classical field, such as the elec- 
tromagnetic field. This is the object of Chapters XIX and XX, where we will show 
how the concept of a photon emerges, as the elementary excitation of the electromag- 
netic field. We shall also see how the electric and magnetic fields, which were classical 
functions, become operators defined at each point in space, creating and annihilating 
photons. 

Generally speaking, a system consisting of an ensemble of identical bosons and a 
system obtained by quantizing a classical field obey exactly the same equations. The par- 
ticles of the first system play the role of field quanta for the second system, and the field 
operators then satisfy commutation relations. The two physical systems are therefore 
perfectly equivalent. In the case of the electromagnetic field, the particles in questions 
are the photons and they have a zero mass. However, this is not necessarily the case for 
all fields. Moreover, quantum fields associated with a system of identical fermions also 
exist. These fields do not have a direct classical correspondence and their operators obey 
anticommutation relations. In particle physics, one simultaneously takes into account 
fermonic and bosonic fields, associated in general with non-zero mass particles. 
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Axv1 : SPATIAL CORRELATIONS IN A BOSON 
OR FERMION IDEAL GAS 


In this complement we study the properties of the 
spatial correlation functions in systems of fermions 
or bosons. For fermions, we establish the existence 
of an “exchange hole” which corresponds to the 
impossibility for fermions with parallel spins to be 
found at the same point in space. For bosons, we 
discuss their tendency to bunch (group together). 
Recommended in a first reading 





Bxvi SPATIO-TEMPORAL COORELATION 
FUNCTIONS, GREEN’S FUNCTIONS 


Green’s functions are a very general tool for the 
In this 
complement, they are first introduced in ordinary 


theoretical study of N-body systems. 


space, then in reciprocal space (the Fourier mo- 
mentum space). Knowledge of these functions al- 
lows calculation of numerous physical properties 
of the system. 

Slightly more difficult than the previous comple- 
ment 





Cxvi : WICK’S THEOREM 


Wick’s 
values of any product of creation and annihilation 


theorem permits calculating average 


operators, for an ideal gas system in thermal 
equilibrium. The calculation involves a very 
useful concept, the operator “contraction”. 
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Complement Axv; 


Spatial correlations in an ideal gas of bosons or fermions 
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In this complement, we establish a certain number of properties of the correlation 
functions, arising solely from the particle statistics (ie. from the fact they are either 
bosons or fermions), and independent of their possible interactions. To keep the cal- 
culations simple, we assume that the N-particle system is described by a Fock state, 
characterized by the occupation numbers n, of each individual state |u;). We shall see 
that fermions and bosons behave very differently: whereas the latter tend to bunch, the 
former tend to avoid each other, as indicated by the existence of an “exchange hole”. 

We give in § 1 the general expression of these correlation functions, without making 
any hypothesis concerning the nature of the individual states; the physical system is 
not necessarily homogeneous in space. In §§ 2 and 3, we study successively bosons 
and fermions, assuming the physical system to be contained in a box of volume V in 
which the particles are free. The periodic boundary conditions (Complement Cxrv) 
allow taking into account the confinement while maintaining translation invariance (the 
system is perfectly homogeneous in space), which makes the calculations easier. For 
spinless particles, the individual states |u;) correspond to plane waves normalized in the 
volume V: 


1. 
u(r) = eT (1) 
where the k; are chosen to satisfy the periodic boundary conditions. 


1. System in a Fock state 


We assume the state |®) of the N-particle system to be a Fock state built from the basis 
of individual states {|u;)}, with occupation numbers n,; (not greater than 1 for fermions): 


|®) = |nq : ur; M2: Ua} 5 Ms 2 Us -.) (2) 


This will be the case, for example, if the particles do not interact (ideal gas) and if the 
system is in a stationary state, such as its ground state. 
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l-a. Two-point correlations 


For spinless particles, relations (A-3) and (B-21) of Chapter XVI lead to: 
D(r,r’) = Sou (r)uj(r’) ala; (3) 
4,9 


Now the average value in a Fock state of the operator product ala; is zero if i # 7: the 
successive action of the two operators leads to another Fock state with the same particle 
number, but with two different occupation numbers — therefore to an orthogonal state. 
If, on the other hand, 7 = 7, that product becomes the particle number operator 7; that 
now acts on its eigenket, with eigenvalue n;. We thus get: 


(| ala; |B) = 545 ni (4) 


(where 6;; is the Kronecker delta); this yields: 
Gilryr’) = (Dee,r')) = Soi ut e)usle’) (5) 


The physical interpretation of this result is the following: for a single particle in the indi- 
vidual state |u,;), the function G; would simply be u(r)u;(r’); for an N-particle system 
in a Fock state, each individual state gives a contribution, multiplied by a coefficient 
equal to its population. 


Particles with non-zero spin: 


For particles with spin, we define the u/(r) by: 


u(t) = (r,v |us) (6) 
When we add a discrete spin index v to r, formula (3) becomes: 
Dery; vv’) = So [uk] uF (e') ata; (7) 
tJ 


We obtain, with the same reasoning: 
Cul, vsr'yv') = (Bees: 2,7’) = Sons eh yl ute) (8) 


whose physical interpretation is similar to the previous one. 


One often chooses a basis of individual states |u;), such that each ket corresponds to a 
well defined value of the spin: each index 7 indicates both an individual orbital state and 
a value of v (which then becomes a function 1; of i). In that case, for a given i, the wave 
function u(r) is only defined for a single value of the index v; conversely, for a given v, 
the wave functions are different from zero only if the index i (or 7) belongs to a certain 
domain D(v). In expression (8), v and v’ are fixed, and the index i must necessarily 
belong to both D(v) and D(v’), or else the result is zero. This leads to: 


Giri) = bur SO one [uO] uF (r’) (9) 


ieD(v) 


This correlation function is therefore zero if v’ # v. 
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1-b. Four-point correlations 


We limit ourselves to the calculation of (G(r, Fe es li )) in the “diagonal case” 


r’=randr” =r”; we call rj the common value of r and r’, and rg the common 


value of r” and r’”. Such a diagonal correlation function was already written in (B-20) 
of Chapter XVI and in § C-5-a of Chapter XV; this is the only one that plays a role in 
the particle interaction energy, as the associated operator is also diagonal in the position 
representation. 

In the absence of spin, and for a Fock state, the calculation of the correlation 
function G2(r1,r2) was carried out in § C-5-b of Chapter XV, where relations (C-32) to 
(C-34) yield the value of this function: 


Go(ri,re) = i (rn; —1) Jus(ri)|? Jus(ra)/? + 


+ So nin; [les(ra)P [uj (ta) |” + 7 uf (ra )us(r2)u§ (12 Jeu, (1) (10) 
tAj 
where 7 = +1 for bosons, 7 = —1 for fermions. The second line of this equation contains 


a “direct term” only involving the moduli squared of the wave functions; it also contains 
an “exchange term” where the phase of the wave functions come into play, and which 
changes sign depending on whether we are dealing with a system of bosons or fermions. 


Particles with non-zero spin: 


In the presence of spins, we must add, as previously, the corresponding spin indices v, 
and the correlation function becomes: 


Go(ri,vijr2,v2) = D0, ma (mi — 1) lug (ra)/? uy? (ra)? + (11) 
+ Diggs ms [lula]? |uj2Cra)]? +m [ee Cea)" ul? 2) [ey (a) “uh | 








If we choose, as in (9), a basis of individual states |u;) in which each ket has a well defined 
value of the spin, the summation is simpler and we get: 
Ga(r1,v15r2, V2) = Oiave Depa (Mm — 1) uf? (er)/? lu? (ra)? + 


seh At. jED(v2); i6g MMI lus" (x1)? |u3? (ra|" 1 (12) 
+Bervz [ult (ri)]” uf?(r2) [ul (r2)]" 02 Or) ] 


As above, D(v) corresponds to the domain of the index i for the wave function uj(r) to 
exist (otherwise, it is not defined). If the spin states are different (v1 # v2), the only 
contribution to the correlation function comes from the second line (the direct term). 
The exchange term which follows only concerns particles being in the same spin state; 
it changes sign depending on whether they are bosons or fermions. No exchange term 
exists for particles having orthogonal spins. This comes from the fact that to behave as 
strictly identical objects, two particles must occupy the same spin state; otherwise, their 
spin direction could, at least in principle, be used to distinguish them. 


2. Fermions in the ground state 


Consider an ideal gas of fermions, contained in a volume VY, and having a spin S equal 
to 1/2 (as for electrons); the index v can only take on two values +1/2. If we assume 
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the gas to be in its ground state, this corresponds, for an ideal gas, to a Fock state: for 
each of the two spin states, all the individual states with an energy lower than a certain 
value (called the Fermi energy) have an occupation number equal to 1, all the others 
being empty. We shall proceed as in Complement Cxry (in particular for the study of 
the magnetic susceptibility) and attribute to each of the two spin states a different Fermi 
energy — this is useful to account for an average spin orientation (under the influence of a 
magnetic field for example). For all the values of the index i corresponding to vy = +1/2, 
we thus assume that the occupation numbers are equal to 1 if they correspond to plane 
waves (1) having a wave vector smaller than the Fermi vector ke and zero otherwise. 
This Fermi vector is linked to the Fermi energy by the relation: 


n? (ep) ” 
EX = = 13 
# 2m (13) 
where m is the mass of each particle. In a similar way, for all the spin values y = —1/2, 


we assume that only the states with wave vectors smaller than the Fermi vector k, are 
occupied, with a relation similar to (13) in which the index + is replaced by —. The 
total particle number N+ in each of the two spin states are then: 


Ne (14) 


a 
|ki|<k# 








(the summation runs over all the states having a population equal to 1). In the limit of 
large volumes V, this expression becomes an integral: 








+ 3 
v i 3, VY f*F ,24, — (FF) 
Nz = —— d’k = — k*dk = --+V 15 
(2)? Seaisng 2n® Jo Gx" ae 








Depending on whether ee is larger or smaller than k,, the spins + or — will make up 
the majority, the populations being equal if ka = kj. 


2-a. Two-point correlations 


Let us compute the average value of the operator Dey: rv’) defined in (3), dis- 
tinguishing the two cases where v and v’ are equal or different. 

(i) Same spin states 

Taking (1) into account, relation (9) then yields: 























Gir, tr’, +) = (Det = 5 ee) (16) 


v i 
|kil<kp 











where the notation for the spins is simplified from +1/2 to +. In the limit of large 
volumes, the summation over k; becomes an integral, and we get: 




















Gi(r,+;r',+) = —; | dk et (2) (17) 
(27)° Ski |<k 


F 





For r = r’, this function simply yields the particle density N/V, already computed. For 
r #1’, the function to be computed is the Fourier transform of a function of k that only 
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F,(c) 








Figure 1: Plot of the function F(x) as a function of the dimensionless variable x = kpr. 








depends on its modulus. Using relation (59) of Appendix I in volume II, we can write: 



















































































Nx F4(|r’ — x) 
-y! = 18 
EESTI EO) oe 
with!: 
ke ke 
1 F 
Fi(r) = a : " kdk sin kr = ae {-peoskr + asinkr} 
(ke) r JO kz) r i r 0 
a 5 [sinkpr — (kpr) cos ker] (19) 
(ker 
Finally, we get: 
N+ 
Gi(r,+;r’,+) = > Fx(|r’ —r]) (20) 


Figure 1 is a plot of F,(r) as a function of the mutual distance r between the two points. 
It shows that, for each spin state, the “non-diagonal” one-particle correlation function 
presents a maximum at r = r’, then rapidly decreases to zero over a distance of the order 
of a few Fermi wavelengths, \; = 27/k;. A system of free fermions, in its ground state, 
does not show any long-range “non-diagonal order”. 

(ii) Opposed spin states. 

Relation (9) shows that the two-point correlation function is zero between two 
states of different spins; there is no non-diagonal order. 




















F 
when its variable tends towards zero, which allows dropping the factor F4(0). 


+)\3 
'An arbitrary coefficient 3/ c) has been introduced in the function F' to make it tend towards 1 
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2-b. Correlations between two particles 


We start from relation (12). In the second line, the condition i 4 7 may be ignored 
as, for fermions, the i = 7 terms exactly cancel those on the third line; we can therefore 
consider the indices 7 and j as independent. Two cases must be distinguished: 

(i) If 1, = ve, the three terms in (12) remain, but their behavior as a function of 
the volume Y are different. This is because, in the limit of large volumes, each of the 
summations over i or j is proportional to the volume, whereas the moduli squared of the 
wave functions are each proportional to 1/V. For a large system, as the first of the three 
terms only contains a single sum over i, it varies as 1/V and is thus negligible. We are 
left with the two other terms: 























2 2 
Go (r,+;r",+) = » ni jut (r) |? - S° nj [u*(r)]" uf (2) 
i€D(v=+) i€D(v=t) 
: 2 
— Nz _ i ik;-(r’—r) 
= | 5 ye (21) 


The same sum as (17) appears again in this relation. This leads to, in the limit of large 
volumes: 























Nx]? 
Go(e,sin”s) = |*E] {1 - trate” -2)?} (22) 
The Pauli principle forbids particles in the same spin states to be at the same point in 
space; as expected, expression (22) goes to zero when r = r”. As the distance between 
particles increases, the function F. (|r — r|) goes to zero, and the two-body correlation 
function tends towards the square of the one-body density N/V, indicating that the 
long-range correlations disappear. This change of behavior occurs over a characteristic 
distance of the order of AZ, comparable to the distance over which the non-diagonal 
order disappears. A plot of the spatial variations of the correlation function is given 
in Figure 2; it shows clearly the existence of an “exchange hole” corresponding to the 
mutual particle exclusion over this characteristic distance. 

(ii) If 1, A v2, of the three terms of (12) only the second one (the direct term) is 
non-zero and yields a constant: 











z N,N_ 
Go (r,+;r”,+) = a 








(23) 





It is simply the product of the densities of the two kinds of spins; in the absence of 
interactions, particles with different spins do not show any correlation. This is because 
physically two particles at positions r and r” and in different spin states, can in principle 
be identified by the direction of their spin; consequently, they no longer behave as really 
indistinguishable quantum particles, and no Fermi statistical effects may be observed. 
As we assumed the particles did not interact with each other, no spatial correlations can 
develop. 
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Figure 2: Plot, as a function of the dimensionless variable kp |r" — r|, of the correlation 
function G2 (r,+;r", +) between the positions r and r” of two particles in the same spin 
state, in a free fermion gas. As the Pauli principle forbids two particles to be at the same 
point in space, this function goes to zero at the origin, which creates an “exchange hole”. 
As the distance increases, the function approaches 1 over a distance of the order of the 


inverse of the Fermi vector associated with this spin state. 

















Comment: 


To keep the computation simple, we considered a system of non-interacting fermions, 
contained in a cubic box and in its ground state. The properties we discussed are, 
however, more general. In particular, it can be shown that a fermion system always 
exhibits an exchange hole for particles with identical spins, whether they interact or 
not; for a system at thermal equilibrium, the hole width gets smaller as the temperature 
increases, and goes from the Fermi wavelength at low temperature (degenerate system) 
to the thermal wavelength at high temperature (non-degenerate system). 


3. Bosons in a Fock state 


The situation is radically different for bosons, as there is no upper boundary for the 
occupation numbers n;. 


3-a. Ground state 


For non-interacting spinless bosons in their ground state, the occupation number 
no of the individual state |wo) having the lowest energy is equal to the total particle 
number N, all the other occupation numbers being equal to zero. Relation (5) then 
yields: 


, 


Gi(r;r') = (De ©) = N uf(r)uo(r’) (24) 
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As the wave function u4(r) extends over the entire volume V, the modulus of this wave 
function does not decrease as the distance between r and r’ increases and becomes compa- 
rable to the size of the system, as opposed to what occurs for fermions. This asymptotic 
behavior of Gi (r;r’) has been used by Penrose and Onsager to define a general criterion 
for Bose-Einstein condensation, valid also for interacting bosons . 

As for the two-particle correlation function, formula (10) yields: 


Go(r,r”) = (Goeae2) = N(N 5 1) juo(r)|? |uo(r’") |? (25) 


If the ground state wave function is of the form e~**°? /\/V, this function is simply equal 
to the constant N (N — 1) /V?, independent of r and r’. A system of bosons that are all 
in the same quantum state does not show any spatial correlations. 


3-b. Fragmented state 


We now assume the N-boson system to be in a “fragmented” state: instead of all 
the particles being in the same individual state, n; particles are in the state |u;) and ng 
in the state |u2), with N = ni + ng. Relation (5) then yields: 


Gi(r;r’) = ny uj (r)uz(r’) + ne us (r)ua(r’) (26) 


When r = r’, expressions (24) and (26) contain the moduli squared of the wave functions 
u,(r’), which are all equal to 1/Y (for a system contained in a box of volume V with 
periodic boundary conditions); both expressions (24) and (26) are therefore equal. On 
the other hand, when r and r’ are different, the phases of the two terms in (26) do 
not coincide any longer, and (destructive) interference effects can lower the modulus of 
Gi(r;r’). Consequently, the fragmentation of a physical system into two states decreases 
the modulus of the non-diagonal terms of Gi(r;r’). Obviously, the more fragmented 
states there are, the more noticeable the decrease. 
Relation (10) now becomes: 


Go(r,r") = na (mi — 1) fes(e)[? Jere”)? + m2 (m2 — 1) Jua(e)|? Jua(e”)|? 


+nine [2 jun (r)|? fua(ae!”)|? + wk (year (2”)ud (r”)ua(r) + c.c.| (27) 


where the factor 2 in the second line comes from the fact that either 1 = 1 and 7 = 2, 
or the opposite; the last two terms of this expression correspond to the exchange term, 
and the notation c.c. indicates the complex conjugate of the previous term. Replacing 
the wave functions by e~**1.2"//V, and assuming n, and nz to be very large compared 
to 1, we obtain the square of the sum (n; + nz)? = N2, and we can write: 

N? nyne 


Go(r,r”) ~ 2 +2 2 





cos [(ky — ki) -(r — r”)] (28) 


The first term is simply the square of the one-particle density N/V; it does not have 
any spatial dependence and is what we expect in the absence of any particle correlation. 
On the other hand, the exchange term is position dependent; it presents a maximum 
when r = r”, and oscillates at the spatial frequency |ko —k,|. This exchange term 
enhances the probability of finding two bosons close to one another (bunching effect 
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coming from the Bose-Einstein statistics); the probability of finding them at a greater 
distance is then lower, and then increases again, etc. For a short interaction range, only 
the first maximum plays a role, and increases the average value of the interaction. The 
consequences of that effect, in terms of the internal interaction energy, has been discussed 
in § 4-c of Complement Cxy. 


3-c. Other states 


We now consider situations described by Fock states where no is still very large, 
but where other states |u;) are also occupied, with populations n; much smaller than no. 

(i) One could for instance place a finite fraction no/N of particles in the ground 
state, and distribute the remaining fraction 1 — ng/N among a large number of states, 
whose individual populations remain small and vary regularly with the index i. This 
leads to: 


Gi(t;r’) = no up(t)uo(r’) + Qe — x’) (29) 


where Q(r — r’) is given by: 





sy DONG te ete eho 
Q(r -r’) yous Qn 


This function is the Fourier transform of the distribution n; = n(k;) for k; 4 0. As all 
the n; are positive or zero, the function Q(r — r’) presents a maximum when r = r’, 


[ee n(k;) eiks(r’—2) (30) 


since this is where all the exponentials eiks-(r'-x) are in phase; it then decreases when 
the difference |r — r’| increases, as all the phases spread out. If the n; distribution is 
a regular function of width Ak (a Gaussian for example), the function Q(r — r’) tends 
towards zero over a distance Al ~ 1/Ak, in general much smaller than the size of the 
system. 

Figure 3 is a plot of the function G(r; r’) when the particles are contained in a box, 
so that we can use (1). As we assumed |uo) to be the ground state, the corresponding 
wave function is the inverse of the square root of the volume, and (29) becomes: 


Gi(r;r’) =a + Q(r-r’) (31) 


where 2p is the density of atoms in the ground state: 


no 


y 


After the decrease linked to that of Q(x —r’), and occurring over the interval Al ~ 1/Ak, 
the function does not tend towards zero (as it would for fermions), but towards a constant 
proportional to the population no. As already mentioned, this particular behavior is the 
base for the Penrose and Onsager criterion that defines, in a general way, the appearance 
of Bose-Einstein condensation. 


(32) 


two = 
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x0 








Figure 3: Plot of the function Gi(r;r’) = x9 +Q(r—r’) for bosons, as a function of the 
distance |r —r'|. The function starts by decreasing over an interval of the order of the 
inverse of Ak; at a larger distance, it tends towards a constant xq proportional to the 
ground state population. The fact that it does not go to zero indicates the presence of a 
long-range non-diagonal order, and the existence of a highly populated individual level. 





As for the two-body correlation function, relation (10) shows the existence of three 
kinds of terms for a system having only one single highly populated state |uo): 

— the terms corresponding to two particles in the highly populated state (con- 
densate), which come from the first line? of (10), and yield again (25), replacing N by 
no- 

— the crossed terms in ngn,;, which yield: 


no > Ni E [ui(r)|? Juo(e”)|? + wp (r)uo(e!)us (e")eus(r) + uf (rus (Jus (2"" uo) 
i#0 
(33) 
Inserting the value (1) for the wave functions (assuming kp = 0), we get a contribution 
to Go(r,r’) equal to: 


no ik;-(r—-r” ik;- (4 —r 
zm [2+ el ) + efki-( ))] (34) 
iX40 
Using relation >°, 40 % = N — no, we can write this result in the form: 


= oe + Re[Q(r — 2] (35) 





2In the limit of large volumes, we have assumed that ng is the only population proportional to the 
volume. In the first line of (10), the term 7 = 0 then contains the product of ne and the two wave 
functions squared, each proportional to the inverse of the volume; this term is therefore independent 
of the volume. On the other hand, the terms i # 0 of the second line contains one summation over 
i, introducing a factor proportional to the volume (in the limit of large volumes), but also two wave 
functions squared, each inversely proportional to the volume. The net result is a contribution inversely 
proportional to the volume, hence negligible compared to the previous one. 
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where Re means “real part” and Q is the function defined in (30). 
— the terms corresponding to two particles in states other than the ground state, 
and which yield: 


ye Se 2 + ees) (36) 


wAj 


In (34), as well as in (36), we notice that the contributions from all the states i 4 0 have 
various phases in general; they are, however, all in phase when r = r’ and the correlation 
function then presents a maximum. The bosons have thus a tendency for bunching, and 
this effect is felt over a distance Al ~ 1/Ak, as if they were attracted to one another. 
It is, however, a purely statistical effect linked to the bosonic character of the particles, 
since we assumed there were no interactions between the particles. 


(ii) One could also imagine the population distribution to be regular, without 
favoring any individual state, in which case the no contribution vanishes; we are then left 
with the contribution from the n,n; terms of (36), which is maximum when r = r’ for 
the same reasons as above. The general behavior of the two-body correlation function 
is shown in Figure 3: it presents a maximum at the origin, and then tends towards zero 
at large distance (in this case, x9 = 0). Once again, identical bosons exhibit a bunching 
tendency. 


Comment: 


Suppose that, instead of assuming the bosonic system to be in a Fock state (a pure state), 
it is at thermal equilibrium, described by the thermodynamic equilibrium. This would 
lead to results similar to those we just derived, but with Al ~ Av, the thermal wavelength 
of the particles [24]. The boson bunching tendency is a quite general property. 
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This complement discusses the properties of the spatio-temporal correlation func- 
tions of an ensemble of identical particles, generalizing the spatial correlation functions 
defined in § C-5-b of Chapter XV and § B-3 of Chapter XVI; the corresponding Green’s 
functions shall also be introduced. We first study (§ 1) the normal and anti-normal 
spatio-temporal correlation functions, then the Green’s function, and discuss some of 
their properties, illustrated with the example of an ideal gas. We then study in § 2 the 
Fourier transforms of these functions for physical systems that are translation invariant 
both in space and time; we shall write their general expression in the presence of inter- 
actions. In § 3, we finally introduce the “spectral function”, which leads, for interacting 
particles, to very simple expressions for various physical quantities, in a form similar to 
the one used for an ideal gas. 


1. Green’s functions in ordinary space 


In the previous complement, we studied the spatial dependence of the correlation func- 
tions, taken at a given time ¢. We now take into account the temporal dependence, using 
the Heisenberg picture (Complement Gyr) where the operators are time-dependent. To 
keep the notation simple, we assume, from now on, that either the spin is zero for bosons 
(S' = 0), or else, in the general case (fermions and bosons), that all the particles are in 
the same spin state. As mentioned before, the generalization to the case where S' is non- 
zero would only require adding an index rv to all the field operators. In the Heisenberg 
picture, the field operator U(r) becomes a time-dependent operator WV y/(r, t): 


U y(r, t) es eilt/h U(r) et it/h (1) 
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where e~*#*/" is the evolution operator, expressed as a function of the system Hamilto- 
nian H (including the particle interactions when present), that we assume to be time- 
independent. 

Consider a system of N identical particles, fermions or bosons, described by a 
density operator p. The spatio-temporal correlation functions and the Green’s functions 
are defined as the average values, computed with p, of the products of a number of field 
operators W;;(r,t) and their Hermitian conjugates vL(r, t) taken at different space-time 
points (r,t), (r’,t’),... ete. 


1-a. Spatio-temporal correlation functions 


The density operator p may contain very complex correlations between particles, 
and its time evolution can be very complicated in the presence of interactions. We are 
going to define a certain number of functions that characterize its most simple and useful 
properties, as they only pertain to a small number of particles. 


Q. Two-point normal and anti-normal functions 


The one-particle spatio-temporal “normal” GY and “anti-normal” G#% correlation 
functions are defined by!: 





GN (r,t:r',t’) = Tr {p WL (r, UV y(e", vy} 7 (utr, t)U y(r’, v")) 


GAN (tr!) = Tr {o Vale’, W(x, i} a (Vile Vi, t)) 2) 











The normal ordering is obtained when the creation operator is on the left and the anni- 
hilation on the right; it is the opposite for the anti-normal order. Note that it is only the 
order of the two operators that changes between GN and G74; the position and time 
variables attributed to each of the two operators Vj, and vt, remain the same. 

In the particular case where ¢’ = t, the normal correlation function simply yields 
the matrix elements of the one-particle density operator — see formulas (B-22) and (B- 
23) of Chapter XVI. The normal correlation function is therefore a generalization, at 
different times, of this matrix element, which will prove to be useful. 

To understand the physical meaning of these two definitions in an intuitive way, 
we start with the anti-normal function and consider the simple case where an N-particle 
system is in a pure state |®o) (its ground state, for example). We then get: 


GEN (x, tr',t) = (Bol Vale’, UWE (r,t) |®o) 
= (Bo ett RY (pei (tt) /Rgt (pe tHt/4 1B) (3) 





The right-hand side reads as follows (from right to left): starting from the system initial 
state |@o), we let it evolve according to its own Hamiltonian until the time t, when we 
create a particle at point r; we then let the (N + 1)-particle system freely evolve until 
time t’, and we finally annihilate a particle at point r’. Consequently, the function GY 
is the scalar product of the ket thus obtained with the state e~*#t/? |®o), result of the 





1To be consistent with the notation of Chapter XVI (§ B), we choose a notation where, for the trace, 
the first group of variables (r,t) of function Gy is associated with the operator Ut, the second group 
(r’, t’) to the operator Y. Note however that the opposite convention can also be found in the literature. 
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free evolution of the initial ket over the same time interval (without the creation or 
annihilation of a particle). In other words, the perturbation created by the creation of a 
particle, followed by its later destruction, changes the state of the physical system; the 
value of G#% is given by the probability amplitude of finding the system in the same 
state as the one it would have reached in the absence of this perturbation. 

The previous interpretation is natural when ¢t’ > t; if this is not the case, the 
mathematical definition of GA is the same, but the intermediate evolution stage goes 
backward in time. In this process, and as expected, the dynamics of the system remains 
unchanged, including the particle interactions. Furthermore, the additional particle is 
not simply a particle juxtaposed to the pre-existing system, it is indistinguishable from 
the others and hence undergoes indistinguishability effects (more details on this point 
will be given in § 1-a-@). 

For the normal function, Y7;(r’, t’) acts before vL(r, t), which means this function 
has a natural interpretation if t > t’/: the system evolves freely until t’, at which time a 
particle is annihilated (which amounts to the creation of a “hole”, see Complement Axv 
Axy); the system, with N — 1 particles, then evolves freely until time t, when a particle 
is created (which annihilates the hole). The normal function is therefore the analog of 
the anti-normal function, provided we replace the additional particle by a hole, and we 
invert the times. 


B. Physical discussion 


The definition of the correlation functions contains particle creation and annihila- 
tion operators, but this does not imply that such physical processes really occur in our 
system. Going from an N-particle system to another one with N +1 particles can be 
mathematically useful but only plays an intermediate role since we finally return, via a 
second operator, to the same number of particles. Furthermore, the action of an operator 
W(r) is not merely a local destruction of a particle, neither is the action of Wi (r) the 
simple creation of a particle at point r, juxtaposed with the already present particles: 
the quantum indistinguishability that concerns all the particles (including the new one) 
plays an essential role. 





A few simple examples 


(i) For the normal correlation function, the perturbation starts with the annihilation of 
a particle (creation of a hole), followed by a later creation of a particle (destruction of a 
hole). At time ¢ = 0, the annihilation operator V(r’, t) can be expanded according to 
formula (A-3) of Chapter XVI: 


Wr’) = So u(r’) Qi (4) 


where the effect of each operator a; depends on the population n; of the state |u;) as 
it introduces the factor ,/n;. Consider a very simple case: a gas of bosons, all in the 
same quantum state |uwo) (ideal gas of totally condensed bosons). Acting on a state |®o) 
where only the individual state |wo) is occupied, all the terms of the sum (4) yield zero, 
except for the i = 0 term. The effect of the operator U(r’) on |®o) is to actually destroy a 
particle in the state |uo); as r’ varies, the result is still the same, simply multiplied by the 
coefficient uo(r’). If, for example, the ideal gas is placed in a trap where the individual 
ground state is |uo), the operator U(r’) yields a ket with an appreciable norm only if 
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r’ falls in a domain where |uo(r’)| is not negligible; if it falls outside this domain, the 
resulting ket is practically zero. In a general way, for fermions as for bosons, V(r’) can 
obviously destroy particles only while acting on an already occupied individual state. For 
bosons, in addition, the factor \/n; means that the operator U(r’) gives more weight to 
the highly populated individual states rather than those with low occupation numbers. 
Consequently, the creation of a hole is not a local process at point r’. 


(ii) For the anti-normal correlation function, we start with the creation of a particle by 
the operator Wir). In the case of bosons, and because of the factor /n; + 1 introduced 
by al, 1 (r) tends to preferentially create particles in states |w:) having a high population 
n;. Let us go back to the previous example of a large number of bosons in a trap, all in 
the same individual ground state |uo). When |uo(r)| is not negligible, the supplementary 
boson is created in the same ground state. If, on the other hand, r is far away from the 
trap center and falls in a domain where |uo(r)| is practically zero, the boson is actually 
created at point r but without perturbing very much the bosons already present. 


For fermions, on the contrary, it is impossible to create a particle in an already occupied 
state; in a Fock state, an additional fermion can only be created in a state orthogonal to 
all the initially occupied states. Let us assume the ideal gas of fermions is in its ground 
state, and contained in a harmonic trap; the energy levels, up to the Fermi level, are all 
occupied. The effect of the creation operator U(r) at a point close to the trap center 
is to create an additional particle in a state that can be expanded on all the individual 
stationary states of the trap; as this state must be orthogonal to all the already occupied 
states, it only has components on the non-occupied states, which have an energy higher 
than the Fermi level. Now the corresponding wave functions take on small values at the 
center of the trap, and are maximum in the classical turning point regions”, which means, 
in this case, at the edge of the existing fermion cloud (or even further). If position r is 
close to the center of the trap, the additional fermion will be added on the periphery or 
outside the cloud of fermions. On the other hand, if r falls outside, in a region of space 
where all the wave functions of the occupied states are practically zero, the additional 
particle will be created practically right at point r. Examples of these various situations 
will be given in § 1-c. 


y. Properties 


The complex conjugate of GY is obtained by changing the field operators’ order 
in (2) and replacing them by their Hermitian conjugates: 


[GN 6 r'e)]" = (OL )Uale,t)) = GPO t5 2,2) (5) 


The complex conjugation of the function G1’ is therefore equivalent to exchanging the 
two points (r,t) and (r’,t’), which amounts to a parity operation on the variables r — r’ 
and t —t’. A similar property is easily demonstrated for GA. As a result, the Fourier 
transforms of these functions with respect to the variables r —r’ and t — t’ must be real. 





The modulus squared of a stationary state wave function yields, at each point, the probability 
density of presence for this state. This probability is maximal in the regions of space where, classically, 
the particle spends the most time, i.e. where its velocity is small, as is the case for the classical turning 
point regions. Figure 6 of Chapter V gives an example of such a situation. 
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In addition, when the system is in a state that is translation invariant in space and time’, 
the correlation functions only depend on the differences r —r’ and t — t’. 

We note that the linear combination G#N (r, t;r’, t!) — nGN (r, t; 1’, t’) involves the 
average value of the operator: 


Val’, t’) , wher, t) (6) 
-n 
where 7 = +1 for bosons, 7 = —1 for fermions. If ¢ = t’, and taking into account relation 
(A-19) of Chapter XVI, this equality becomes: 


GEN (r, tr’, t) —nGT(r, Gr’, t) = Tr{p d(x —r’)} = d(r—r') (7) 


é. Temporal evolution, four-point functions 


We now use, in definition (2) of GY, the Hermitian conjugate of the evolution 
equation for Uj7(r,¢), written in (C-13) of Chapter XVI; this leads to: 


aap 2 4 —Vi(r)| GN (x, tr’, t’) 
Ot 2m r 1 1 9% ’ 


& i Gr” Wale — 0") (Wy (es 1) Wh (0s) Wan" 1) st") 
= per Wo(r —r”) Gi (r,t; r', tr”, tr", t) (8) 


which involves the normal two-particle (or four-point) correlation function, whose general 
expression is: 


Net treet) = Bp We QUO Ue wae} (9) 


Taking into account a time dependence generalizes formula (B-30) of Chapter XVI (or 
more precisely its average value). We obtain, in a similar way, the equation giving the 
variation of GY with respect to the variables r’ and ¢’, or that giving the evolution of 
the anti-normal function Gj“. The four groups of space-time variables the function GY 
depends on, are, in general, independent. Most of the time, however, we only need the 
“diagonal part” GY (r,t;r,t”) of the correlation function, obtained for r’ = r, t/ = 
and r’” =r", t’” = t”; this diagonal part is analogous to the two-particle correlation 
function (two positions, two times) in classical statistical mechanics. When the system is 
translation-invariant both in space and time, this function only depends on the differences 
r—r” andt—t”. 

Whereas, for the function GW, a hole is created and then destroyed, for the function 
GY there are now two holes first created and then destroyed; the natural order of the 
increasing times is given by the time variables of the operators in (9), taken from right 
to left. One could define, in a similar way, a function Gi” where two particles would 
be created at the beginning and then destroyed at later times (compared to the normal 
correlation function, the role of particles and holes are interchanged). Consequently, 
when the particles interact, the evolution equation of GY involves another higher order 





’This is the case if the system Hamiltonian is translation invariant, and if the system is in an 
eigenstate of H, or described by a density operator p that is a function of H. 


1785 


COMPLEMENT Byy @ 





correlation function, G2’. In turn, the evolution of Gi’ involves correlation functions 
of an even higher order, G2’ etc. This means that, because of the interactions, the set 
of equations is not “closed”, but includes a complete “hierarchy” of a large number of 
equations, involving correlations of higher and higher order. 


1-b. Two- and four-point Green’s functions 


Equation (8) is a linear partial differential equation, with a right-hand side some- 
times called a “source term”. In our case, this right-hand side does not contain any 
singular function. But when this right-hand side is modified to include a delta function, 
the new solutions of the equation are called the “Green’s functions” G. We now show 
how to introduce Green’s functions in the problem we are concerned with. 


Q. Two-point Green’s function 


The two-point Green’s function G; is obtained by a combination of the two corre- 
lation functions of § 1-a. We saw in § 1-a that, when ¢t’ > t, the anti-normal correlation 
function is the most natural as it includes the propagation of a particle from ¢ to t’. On 
the other hand, for t’ < ¢, the most natural one is the normal function that involves the 
propagation of a hole from ¢t’ to t. We can combine those two possibilities into one by 
setting: 








GQi(r,irt)=YV (et —) GY* (7, 6r',¢) tay (t¢-0) GX (r, tr’, t) (10) 








where Y (t —t’) is the Heaviside function of the variable t’ — t (equal to 1 if t’ —t > 0, 
zero otherwise), and where 7 equals +1 for bosons, —1 for fermions; we shall see later 
on, for example in § 1-c-y, that the introduction of the 7 factor simplifies the following 
computations. 

When we take the derivative of the two-point Green’s function G, with respect to 
time, the discontinuities introduced by the Heaviside functions yield delta functions; the 
precise calculation will be done in § 1-c-y for an ideal gas, allowing us to verify that G; 
is indeed a Green’s function. Using this type of function is quite useful in a number of 
problems, for example those involving Fourier transforms, or in perturbation calculations. 


B. Four-point Green’s function 


By analogy with (9) we define a two-particle (or four-point) Green’s function: 








Ga(r, t; r,t’; r’, i cle) =Tr {oe T Va(r’, UVa ("Wh ("vt (r, oS 








(11) 


where T is the time ordering operator, which orders the 4 times by decreasing values 
from left to right (by definition, this operator also includes a factor 7”, where P is the 
parity of the permutation necessary for this time ordering; this may result in a change 
of sign for fermions). 
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1-c. An example, the ideal gas 


When the system considered is an ideal gas, it is possible to get explicit values of 
the previous functions. As before, we assume the gas to be contained in a box of volume 
Y, with periodic boundary conditions. Using relation (A-3) of Chapter XVI in the case 
where the u;(r) are plane waves, we can write the field operator U(r) as: 


etki r 


Wr) =S¢ ay om (12) 


a 





where the sum covers all the wave vectors k; satisfying the periodic boundary conditions. 
This expansion is convenient as, for an ideal gas, the time dependence of the operators 
in the Heisenberg picture af! is particularly simple, as we now show. The Hamiltonian 


can be written as: 
H= S> hur; (ak, ax, ) (13) 
j 


with: 





Wk; = (14) 
As the operator (al, a, ) commutes with any annihilation operator a,, pertaining to a 
different momentum’, and since [ar af, a | = ax, , we get: 


[ax;, 1] = hur; ak; (15) 


This corresponds, in the Heisenberg picture, to an evolution: 


ai Ge! aK, (16) 
The time evolution of Y;;(r,t) is then written as: 
i(ki-r—wx, t) 
e t 
War(r,t) = ———— a, (17) 
2 
Qa. Normal correlation function 


Inserting this result in (2), we get: 


eT i(ky tw; t) 6i(ki-r’ wx, t') 
GN (e,4r/,t') = 9 >" (al. on) (18) 
aJ 
We now show that, because of the translation invariance, the average value (ah, ax, ) 


must be zero whenever k; 4 k;. Assume, for example, that the system density operator 





4For fermions, two minus signs are introduced because of the anticommutations, but they cancel 


each other. If the momentum is the same, we have ax, at ax, = al aie: ax, + ax, = 0+ a,x, and 
i i 


t = t as 
Ay, Mk; Ue; = 0, so that |ax,, Ay Me; | = Ae, - 
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is the canonical thermal equilibrium operator peg = e 84 /Z. This operator is diagonal 
in the basis of the Fock states, and the trace of the product pal. ax, will be zero unless 
both annihilation and creation operators act on the same individual state: the non-zero 
condition is therefore k; = k,. In the same way, if we are now using the grand canonical 
equilibrium peg = e~8(4-#) /Z , the operator p is still diagonal in the same basis, and 
the same rule applies. In a general way, one can see® that the translation invariance of 
p requires: 


(ak, ax, ) =Tr { pal, ax, } = 6507; (19) 
where n,; is the average value of the population operator 7: 

nm = (Ni) (20) 
We can then write: 


GP esr) = 5 Yon eflte le) nl) a 


The normal correlation function is simply the sum of all the contributions from the 
individual states occupied by free particles, labeled by the index k;. Each contributes 
proportionally to its average population n;, and has a spatio-temporal dependence given 
by the progressive wave eilki (*’—-¥) wx; (#4) it ig associated with. 

As expected for a translation invariant (both in space and time) system, this normal 
function only depends on the differences r — r’ and t — t’. Taking (14) into account, it 
obeys the partial differential equation: 


i + sae | GY@tr't) =0 (22) 
which corresponds to the free propagation of particles in an ideal gas (a similar equation 
exists for the variables t and r, with a change of sign for the time derivative term). 

Expression (21) allows shedding new light on the physical interpretation of the 
normal correlation function given in § 1l-a, in terms of the creation, in the N-particle 
system, of a “hole”, which then propagates until it is annihilated at a later time. In an 
ideal gas, each term of the sum in (21) is a free wave plane: in the absence of interactions, 
the particles can freely propagate along straight lines. The n; appearing in the formula 
shows that the hole can only propagate along already populated individual states in the 
N-particle state: a hole can only be created in an already occupied quantum state, as 
pointed out already in § l-a-G. As a result, the created hole is not a point-like object 
actually localized at point r’: it is only built from superpositions of free occupied states, 
whereas for a truly point-like excitation, one would have to combine values of k; extending 
to infinity. 





5To prove this in a general way, we simply have to note that the operator al a,x, is translation 
P g Y y P kj Ui 


invariant only if k; = k;. To show this, one can use the expression of the translation operator as an 
exponential of the operator associated with the total momentum (Complement Ejyr, § 3). 
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B. Anti-normal correlation function 


For the anti-normal function G?(r,t;r’,t’), the calculation is practically the 
same, the only difference being the inversion of the order of the operators a, and a,, 
which leads to: 


1 ; , , 
Gi" (r, 62,7) = p X [1 + yj] eilki: (2/1) -wr, (t/—t)| (23) 
It obeys the same partial differential equation as the normal function. It follows from 
(21) and (23) that the linear combination: 


GEN (yr, t; r’, t') = nGh (x, t; r’, t') = S- eilki-(x’—1) -wx, (t’—t)] (24) 
a 

is independent of the state of the system; for t = t’, it is simply equal to the function 
6(r—r’). We shall see later the relation between this expression and the spectral function. 
Let us come back, here again, to the interpretation of the effect of the operator 
Wi(r), discussed in § 1-a-8. For a fermion system (7 = —1), relation (23) clearly shows 
that the particle creation does not involve any of the already occupied individual states 
k;, with n; = 1, since the corresponding term is zero. The object created by the ex- 
citation cannot have any component on the already occupied individual states, which 
simply means that its wave function must remain orthogonal to those of all the fermions 
already present. For a boson system, the effect is just the opposite: if, for instance, an 
individual state of bosons is highly populated compared to all the others, the term in (23) 
corresponding to this large n; will be dominant: the additional particle will be mainly in 

the same individual state as all the other particles already present. 


Y. Two-point Green’s function 
Using definition (10), we obtain the Green’s function G;(r, t;r’, t’): 
Gil(r, tr’ a) 
aye (ior)! Ly (# — 4) [Lt nn] + n¥ (t-¢) ni} (25) 


If we take the derivative with respect to the time ?¢’, the two Heaviside step functions 
yield delta functions with opposite signs. We then get the partial differential equation: 


0 h : 16 (t ro t’) ik;-(r’—r 
lige te de] diester t= SOS ot ) [1 + ms ~ nd (26) 
that is: 
_O h togl . / / 
i— + =A, | Gir, tr’, t’) =i d(t-v) d(r’—-r) (27) 
Ot! 2m 


As expected, the right-hand side is a product of delta functions of the set of variables 
characterizing a Green’s function. 

In the presence of interactions, this partial differential equation is no longer valid; 
we must add to its right-hand side the interaction contributions, which involve Green’s 
functions of a higher order. 
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é. Four-point functions 


The computation of the four-point correlation functions is very similar to the one 
we just explained; we simply use again relation (17) to get their explicit expressions for an 
ideal gas contained in a box. The results are the same as those obtained in Complement 
Axy1, as for example in relation (21), except for the fact that we must now multiply each 
spatial plane wave e’*‘? by the associated time evolution factor e~“kié. 


2. Fourier transforms 


From now on, we shall only study systems that are translation-invariant in space and 
time. Consequently, the correlation functions only depend on the difference of the vari- 
ables r’ — r and t’ — t, so that we can choose to cancel both r and t. 


2-a. General definition 


Let us introduce the two (double) Fourier transforms with respect to time and 
space: 








Gp AN yw) = fate’ fae! eso") GYAN (0,0;24,29 (28) 








(we have set r = 0 and t = 0 in the function G4”). These functions are real, as shown 
by the parity relation (5). 

The Fourier transform G, of the Green’s function G, introduced in (10) is called 
the “one-particle propagator”; it is defined by: 








Gi(k,w) = ii de / dt! e(vt-kr') G0, 0:2’, 1) (29) 








For a system contained in a volume V with periodic boundary conditions (Comple- 
ment F xy), the integrals over d®r’ in the above formulas must be taken over the volume 
Y. They yield the coefficients of a Fourier series where the vectors k take the discrete 
values k; corresponding to the boundary conditions. This series characterizes the spatial 
dependence. As for the time dependence, the Fourier transform is a continuous function®. 
The inverse transformation relations are: 


nk d . , 1\— 
Gt (0,0;/,¢) = 5 '; Se oe EA (ki, 0) (30) 
k; 


where, in the limit of very large volumes, the discrete summation becomes an integral 
with the coefficient V/ (27)°: 


a? Aes Ape r=, Givi 
GN ANG, 0:r',t’) = / a : oa a —ut an (k, w) (31) 





6 As opposed to the space variables, the time variable is not confined to a finite variation domain, 
and time Fourier transforms may be singular; such an example, concerning an ideal gas, will be given in 
§ 2-b, where we shall introduce, as a convergence factor, a decreasing exponential e+** (where ¢ tends 
toward zero through positive values). 
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Comment: 


One can also express the functions Ge w), not as Fourier transforms as in (28), 
but directly from the average values of products of creation ay, and annihilation ax, 
operators in the individual states |k). Formulas (A-3) and (A-6) of Chapter XVI tell us 
that: 


= a > es ay, and Wr) = a a ee ae, (32) 
J Jj’ 


Inserting these relations in the definitions (2), then in (28), we get: 


G) (ki, w =5 fer (fav ee SS ane (al, , af (’)) (33) 


3:5! 


where ax, (t') is the operator ax, in the Heisenberg picture. The integral over the volume 
selects a single term, 7 = 7, and cancels the volume VY. Furthermore, the translation 
invariance means that neither the density operator p, nor the system Hamiltonian, have 
matrix elements between state vectors with different total momentum. Now the operator 


ak, increases that total momentum by hk, and ax, (t') decreases it by hk;. The average 


value (af Ue, () is therefore zero unless j’ is equal to j, and that eliminates the 
I 


summation over j’. Finally: 


GY (ki, w) = fe gue (adie (t')) (34) 
In a similar way, we can also show that: 
GI) = fat eX (alk Dah, (35) 
2-b. Ideal gas example 


For an ideal gas contained in a box (with periodic boundary conditions), the k are 
discrete. Replacing k by k; in (28) and using expression (21), after replacing the dummy 
index k; by k;, we get a product of exponentials to be integrated. The integral over 
d?r’, combined with the factor 1/V, yields a Kronecker delta 6,4, that eliminates the 
summation over k,; the integral over dt’ yields 277d(w — w_,), and we get: 


Gy (ki, w) = 2m nj 6(w — wx.) (36) 
In a similar way: 

Gr (k;,w) = 2m [1+ nni] 6(w —ux,) (37) 
and we can finally write: 

Gy (ki, w) — Gy (ki, w) = 21d (w — wr.) (38) 


These expressions are particularly simple, but no longer valid when the particles interact. 
They are, however, useful as a reference point to understand the interaction effects. 
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The one-particle propagator G,(k,w) defined in (29) can be obtained in a similar 
way; the integral over dr’ is unchanged, but the integral over time now yields: 


it dt! eileen.) fy(H) [1 4) + n¥(—t!) na} (39) 
which does not converge. For the term in Y(t’), a classical method is to introduce a 


convergence factor by changing w into w+ie, with « > 0 through positive values; for the 
Y(—t’) term, the change is to w — ie. We get: 





= Ll+nn NN, 
kj,w) = —- , , , 
G1(Ki, w) i [w — wp, + i€] ae aera 
a 2 





= + AN; 


. 4a 40 
[wW — Wy, + t€] [w — wy, |? + €? ”) 


In the limit where ¢ > 0, the two fractions on the right-hand side yield principal parts 
and delta functions — see relation (12) of Appendix II. The first term on the right-hand 
side yields both a principal part P [1/ (w — wx,)] and a delta function 6 (w — w_,), whereas 
the second one (in 7n,;) yields only a delta function 6 (w — w ,). If the system is diluted, 
it is in the classical regime (i.e. non-degenerate), where all the occupation numbers are 
small compared to 1 and where the exchange effects are weak; the second term, associated 
with the indistinguishability between the particles, is then negligible. 


2-c. General expression in the presence of interactions 


A translation invariant system has a Hamiltonian that commutes with its total 
momentum. We can then build a basis with state vectors that are, for each particle 
number WN and for each value of the total momentum hK, eigenvectors of H with energies 
E; we shall note Ey x these energies as it is often useful to explicitly keep track of the 
values of N and K that define the subspace corresponding to that eigenvalue FE in the 
spectrum of H. We call |on Kwa) the corresponding eigenvectors, where the index a 
accounts for possible degeneracies of these eigenvalues. 

We assume the system to be in a stationary state, and translation invariant. This 
means that its density operator p cannot have non-diagonal matrix elements between 
eigenvectors corresponding to different momenta or energies; in each of the subspaces 
common to both of these quantities, we can choose the basis |ox Ka) that diagonalizes 
the density operator and set: 


PEKa = (OF | p |OF Ka) (41) 


We now use this basis to compute the trace appearing in (2). We first insert expression 
(12) for the field operators (and their conjugates) as a function of the operators a,,; taking 
into account the exponentials introduced by the operators in the Heisenberg picture, we 
get: 


N soph PLY a DP ik;-r’ N 
Gy (0,0; r it ) iy Sy 2 eo" INK.E,o DION.K! EB! a! PE K,a 
N t |@n’ N’ N 1] Bly: xr En, |t'/h 
x (®8 ko ay, OR car) Ce OY xa) e | : 


Several simplifications can be made on the right-hand side of this equation. First of all, 
as the operator ax, destroys a particle, we necessarily have N’ = N — 1, or else the 


(42) 











ak; 
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matrix element of a,x, would be zero; the sum over N’ disappears. Along the same line, 
as this operator decreases the total momentum by hk;, we must also have ae K —k;, 

and the sum over K’ is also eliminated. Now, for he anes element of a. to be non- 
zero, and since this operator adds hk; to the momentum h (K — k,), to recover the initial 
momentum AK, we necessarily have k; = k;. Once these simplifications have been made, 


we insert the result in definition (28) of Gy (k,w), and get: 


Gy (k,w) = 4 fabr’ f dt! peer) See 


2 . ft / 
(®8 ka al . k,a’ | eflEN-1,K-K-En,x]t [fh 


(43) 








NK EB! a0! PEK 


On the first line, the integral over d?r’ yields a Kronecker delta that forces k; = k; the 
integral then yields V, which cancels the volume appearing in the denominator. The 
time integral in relation (43) yields a 27 coefficient multiplied by a delta function of the 


variable w + [EN — Evac] /f. We finally get: 


Gt (k,w) = 


20 S° x PE Ka 


N,K_ E,E’,a,a’ 








(2 alah [P%k xe) 8 fe - = | cay 


The same type of calculation also yields: 


Gt” (k,w) = 


20 ye = PE Ka 


N,K_ EB,E’,a,a! 








N 
(®2 x. 


2 E’ —En,k 
ak on ee, ae | 6 [. = ee | (45) 


Let us assume, in addition, that our system is at thermal equilibrium, and described 
by the grand canonical density operator: 


p= hereof) (46) 


with the classical notation: N is the total particle number, 6 = 1/kpT (kg is the Boltz- 
mann constant) and Z = Tr ia oI is the grand canonical partition function. 


A ZA 
The two functions GC, and G, "then obey a simple relation, often called “boundary 
condition”: 





Gt” (k, w) = e8™-M GN (k, w) (47) 











This relation turns out to be crucial in many calculations involving Green’s functions; 
we shall use it in § 3. 
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Demonstration: 


To establish this relation, we rewrite equality (45) using the fact that a, and at. are 


Hermitian conjugates. We then get: 


FAN 
Gi (k, w) = 27 Donte eae PIR, ByaX 


«(OME salah Xzc 0)[" 5 fw — = 7 


-E 
N+1,K+k N,K 
E’ »,.K+k,a’ 





We now permute the indices E’ and FE, as well as the indices a and a’, we change the 
dummy summation index N to N’ = N +1, and finally replace the dummy variable K 
by K’= K +k. This yields: 


AN 
Gy (k,w) = 27 ee a ee Pees x 


oN’ pNn’-1 2 Ey «i 7 Ey _1 lke (49) 
x E,K’',a 








a, 








E!,K!—k,a! 6 |w — hi 


In this summation, just as in (44), the lowest value of the index N’ that gives a con- 
tribution is N’ = 1; we therefore get the same expression as (44), with (aside from the 
irrelevant change of the dummy index N into N’) just one modification, the replacement 


N N-1 one 
of Pik, 2,0 PY PK, w/,o7: However, since: 


1 
PR, Bo = eo AlPw xen] (50) 


—1 


ieee Pee introduces in the integral a 


the ratio of these two diagonal elements pe 
factor: 


[Biase ato Dt By ee] 8 [Boe By serie] (51) 


Now, the delta function in (49) allows replacing, in the exponent of this factor, the energy 
difference by hw: 


eflEN.K-En—1,K!—x-4] — flhv-n] (52) 


This factor comes out of the summation and relation (47) is established. 


2-d. Discussion 


Expressions (44) and (45) give an idea of the behavior of the functions G and 
Ce For an ideal gas, relations (36) and (37) show that they are singular functions, 
actually delta functions forcing the energy fiw to take on exactly the one-particle kinetic 
energy h?k?/2m. This is because, in an ideal gas, one can choose Fock states as stationary 
states |OR Ka) where each individual state, with a given momentum fk, has a well 
defined population. In such a case, the operator a, in expression (45) of eG can only 
couple, via its matrix element (OR kal aK ain i one state eek 2 to the 
initial state [OF Ko)? the Fock state, where the occupation number nx is larger by one 
unit. Consequently, the energy difference Fy. «4,.—N,k always takes the same value, 
the energy h?k?/2m of an individual particle with momentum hk. We find again the 
results of § 2-b. 

Let us assume now that the system includes mutual interactions. The matrix 


element (OF Ka | ak lone 4k a) then yields the scalar product of an N-particle system 
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stationary state with another state where a particle with a well defined momentum hk 
has been removed from a stationary state of a system with N+1 particles. This new state 
has no reason to also be stationary, because of the particle interactions. It is therefore 
expected to have a non-zero scalar product with a whole series of kets |OR Ka) with 
different energies, which can become more numerous as the system enlarges. The sum 
over EF no longer reduces to a single value of the energy; in the limit of large systems, 
it becomes a continuous sum, which absorbs the delta function, so that the function 
Gt (k,w) takes, for a given k, non-negligible values in a whole w domain. A priori, 
its variations can take any value in this domain; however, if the interactions are not 
too strong and by comparison with the ideal gas, we expect the scalar product to have 
non-negligible values mostly in an E’ energy domain close to Ey « + h?k*/2m. For each 
k, the interaction effect is to enlarge the energy peak, infinitely narrow for an ideal gas, 
by giving it a width that increases as the interaction becomes stronger. This width is 
interpreted in terms of a finite lifetime of the excitation created when a free particle is 
removed from a stationary state of the (N + 1)-particle system; as the moduli of the two 





matrix elements (®2 « 4| Ak oR i) and (Oe ki o! af. |OR Ka) are equal, this 


lifetime can also be interpreted as that of the excitation created when a free particle is 
added to a stationary state of the N-particle system. 


3. Spectral function, sum rule 


In view of formula (7), it is natural to introduce the real function A(k, w) as: 





A(k,w) = Gt" ( 


= i di ee? (aft (t’), af] ) (53b) 


k,w) — nG (k,w) (53a) 











where we have used (34) and (35). We call A(k,w) the “spectral function”; it is real 
since both functions Gi’ and Gi'™ are real. 
For an ideal gas, formula (38) shows that we simply have: 


A(k,w) = 27 6(w — wx) (54) 


but this equality is no longer valid as soon as the particles interact. We are going to 
show, however, that the spectral function allows expressing the correlation functions with 
a general formula, reminiscent of that established for an ideal gas, even in the presence 
of interactions. 


3-a. Expression of the one-particle correlation functions 


Inserting (47) in the definition of A(k,w), we get: 


A(k, w) = G. eee — n] (55) 
that is: 
Gt (k,w) = A(k, w) fZ (Fw — n) (56) 
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where fj (fw —j) is the usual Bose-Einstein distribution for bosons, and the Fermi-Dirac 
distribution for fermions: 


1 
fg — 8) = Sqm) (57) 
Using again (47), we get: 
Gp (ik, w) = eH) Ale, w) £5 (fiw — x) = A(k,w) [1+ nf (tw - 1)] (58) 


Knowing the spectral function A(k,w), we can determine the one-particle corre- 
lation functions with formulas similar to those of the ideal gas, containing the same 
quantum distribution functions fp. Note, however, that in the presence of interactions, 
the energy hw and momentum hk variables are independent, whereas for an ideal gas, 
they are constrained by relation (54). 


3-b. Sum rule 


We now insert relations (28) and (2) in (53a); since the operators V and Uy 
coincide at t = 0, we get: 


A(k,w) = i. dy! i dt’ ei(wt’—k2’) Tr {p [Valr’t’), Wir= 0)]_,} (59) 


Taking a summation over w, a time delta function is introduced: 
[rw A(k,w) = 20 fer erke T {p [W(r') , Wars 0)|_,} (60) 
that is: 
dw 3,f pw tke’ sis 
ae A(k,w) = | d’r’e d(r’) =1 (61) 
T 


In the presence of interactions, we do not know, a priori, how the spectral function 
depends on k and w. However, for each value of k, the interactions can only modify the 
frequency distribution, but not its integral over w. 

We have seen that for a gas of interacting particles, the effect of the interactions 
is to “spread” the spectral function over a certain domain of frequencies, all the while 
obeying the sum rule (61). There is no reasons for the spectral function to present any 
particular shape, or still contain delta functions of frequency. It often happens, however, 
that it presents marked peaks, whose narrowness signals the existence of excitations in 
the system, behaving almost like free particles (with long lifetimes). These excitations are 
called “quasi-particles” as they are, in a way, an extension — once the interactions have 
been introduced — of the independent particles of the ideal gas. The peak associated with 
a particle of momentum hk is not, in general, centered on the energy e, = h?k?/2m of a 
free particle: in addition to the spreading, the energies of the quasi-particles are shifted 
by the interactions. This spreading and shifting is reminiscent of the results obtained in 
Complement Dxyz, where we studied, to lowest order, the coupling of a discrete state 
with a continuum. In other words, one can say that the interactions couple the state of 
a free particle with momentum fk, to a continuum of states having different momenta, 
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which explains the analogy. Note, however, that the present results concern not a single 
but an ensemble of identical particles, and its properties at thermal equilibrium; the 
physical situation is therefore different. 

To sum up, to go from the ideal gas (where w is necessarily equal to w,) to an 
interacting gas, we simply introduce in the Green’s function, and for each value of k, 
a weighting by a spectral function A(k,w); this function distributes the w dependence 
over a certain frequency domain. We are going to show that from the spectral function 
we can infer many properties of an interacting physical system. But this obviously 
does not mean that the spectral function is easy to compute! On the contrary, in most 
interacting physical systems, we do not know its exact value. Its very existence, however, 
independently of its precise mathematical form, is a very useful conceptual tool. 


3-c. Expression of various physical quantities 


The spectral function contains information on a great number of physical proper- 
ties of interacting systems, in a form much more concise than the density operator of 
the N-body system: that operator contains everything but is mathematically far more 
complicated than a simple function. 

Consider first the particle density, given by: 


nr) = (Wi (r)U(r)) = GY (r, 0; r,0) (62) 
according to the definition (2) of the normal function G/Y. For a translation invariant 


system, this density is independent of r, and we can set r = 0. The density is then the 
value, at the origin, of the normal function (31), that is, taking (56) into account: 


3 3 
fouls aru) = f cos fo A(k, co) (Feo ~ (63) 


Let us now study a quantity furnishing more precise information, the particle 
momentum distribution, and compute the average number (nx) of particles having a 
momentum hk. We assume the system is contained in a cubic box of volume Y. Relations 
(A-9) and (A-10) of Chapter XVI, applied to the case where the basis wave functions are 
given by (12), yield: 


(m1) = (akan) = 55 f abr! fate et) (wie) (64) 


Replacing the integral variable r by s = r — r’, the average value (W'(r’)W(r’ + s)) 
appears, which is independent of r’ because of the translation invariance; we can then 
replace, in this average value, r’ by zero, and the integral over d?r’ simply yields the 
volume V. We are left with: 


(nk) = es es (Wi (0)W(s)) (65) 


Now, performing the integral over w of the definition (28) of Gy (k,w), and taking (2) 


1797 


COMPLEMENT Bxyy ®@ 





into account, we get: 
[ee GN (kw) = 20 far bert’ ON (0, 0st" 0) 
Boi fi Brie’ (Wt (0) U(r) (66) 
which is identical to (65) within a factor of 27. It then follows that’: 
1 N dw i 
(rm) = = f dw GM (,w) = f SAC) f3 (Fw — 1) (67) 
20 20 


In the same way, one can show that the system average energy® per unit volume 
(H) /¥V is given by: 


fs [fa] amosite-s “ 








where w, is defined in (14). Once this function is known, one can get, by integration 
over 8, the logarithm of the partition function, which in turn yields, by derivation, all 
the thermodynamic quantities (particle density, pressure, etc.). It is remarkable that 
the spectral function, whose definition comes from the one-particle Green’s functions 
and could therefore be expected to only contain information on the one-particle density 
operator, actually allows computing all these physical quantities that depend on the 
correlations between the particles, and hence on their interactions. With this method, the 
study of N-body properties is reduced to the computation of functions mathematically 
defined for a single particle. It generalizes, in a way, the ideal gas equations, while 
taking rigorously into account the presence of an ensemble of indistinguishable particles 
at thermal equilibrium. It is therefore quite powerful. 

Nevertheless, this obviously does not solve the problem of calculating the equi- 
librium properties of an interacting system; in practice, getting precise values for the 
spectral function can pose a very difficult mathematical problem. Numerous approx- 
imation methods have been developed to try and resolve this, using in particular the 
concept of “self energy” and of perturbation diagrams, but this is beyond the scope of 
this complement. 





7For an ideal gas of bosons, the chemical potential is always below the lowest individual energy, so 
that the distribution function f? never diverges. As in relation (67) w is integrated from —oo to +00, this 


divergence now seems unavoidable. Relation (55), however, shows that the spectral function A(k, w) for 
bosons goes to zero for hw = p, as long as the function Ce remains regular at this point. Consequently, 
integrals (63), (67) and (68) do not present any divergences associated with that w value 

8Relation (68) can be demonstrated by first computing the time evolution of Wj,(r,¢) and Wt (r,t) 


ot Ot” 
a Fourier transformation to get the average value of the energy — see for example § 2.2 of reference [7]. 


to get the expression for if (2 g,) wt (2, t’) V(r, t); one then takes its average value and performs 
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For an ideal gas at thermal equilibrium, we computed in Complement Bxy the 
average values of one- and two-particle operators, and showed they could all be expressed 
in terms of the one-body quantum distributions fg (the Fermi-Dirac distribution for 
fermions, and Bose-Einstein for bosons). In this complement we establish a theorem 
that allows generalizing those results to operators involving any number of particles. 
The demonstration of Wick’s theorem is explained in § 1, and will be applied in § 2 to 
the calculation of correlation functions in an ideal gas. 


1. Demonstration of the theorem 


Let us consider an ideal gas at thermal equilibrium, described by the grand canonical 
ensemble (Appendix VI, § 1-c), with the density operator: 


peer) (1) 


where 6 = 1/kpT is the inverse of the temperature multiplied by the Boltzmann constant 
kp, pu the chemical potential, and H the Hamiltonian: 


a hk? 
H= S° Ck ah ax with: ee = 
k 





(2) 


2m 


The grand canonical partition function Z is defined by: 
Z=Tr eu \ (3) 


1-a. Statement of the problem 


We wish to calculate the average value (Ap) of a product of operators: 


Ap= by be....bp (4) 
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where each of the operators by is, either an annihilation operator a,z, or a creation operator 
t 

a,: 
k 


mia ve 
Taking into account relations (A-48) and (A-49) of Chapter XV, we have: 

[b:, bj] —n 

0 if b; and 6; are both creation or annihilation operators 


= ¢ 6,; if b; is an annihilation, and b; a creation operator (6) 
—nox,; if b; is a creation, and b; an annihilation operator 


= bib; = 7b; b; 


with 7 = +1 for bosons and 7 = —1 for fermions. 
Assuming the quantum state is described by the density operator pe, given in (1), 
the average value of Ap is: 


(Ap) = Tr {peq b1b2....bp} 0) 


AS feq is diagonal in the basis of the Fock states associated with the a,, this average 
value will be different from zero only if the series of operators 6 contains, for each creation 
operator al, an annihilation operator a, in that same individual state; they must exactly 
balance one another and must therefore appear the same number of times. In particular, 
the average value (Ap) will always be zero if P is odd; from now on, we shall assume 


that P = 2n, n being an integer. 


1-b. Recurrence relation 


We have to compute: 
(Aon) = Tr {Peq b1b2....ban} (8) 


We first start by changing the order of 6; and bo, using one of the relations (6); we will 
then continue to progressively shift b; towards the right, by permuting it first with b3, 
then with b4, etc. until the permutation with bj, brings it to the very last position. As 
a trace is invariant under a circular permutation, the operator b; can then be moved 
back all the way to the first position, ahead of peg; a last commutation with peg, that 
we compute just below, returns it to its initial position, and allows computing the value 
of (Ao,) as a function of the average values of a product of 2(n — 1) operators. The 
computation goes as follows: 


(A, = Te {bea [b1, ba]_, byba...ban } +1 Tr {peq bobs b3bs...bon} 
= (bi, bo] _,, Tr {Peq b3b4...ban} + [b1, b3]_» Tr {Peq b2b4...ban} 
+ Tr {peq babsbib4...ban} 
= (bi, bo] _,, Tr {Peq b3b4...ban} +7 [b1, b3]_» Tr {Peq baba...bon} +... 
+" [b1, bon] Tr {Peq babsb4-.-bon—1} 
+7?" Ty {peq babsba...banbi} (9) 
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Most of the terms on the right-hand side are in general zero: the first is non-zero only if by 
and bz are two conjugated operators (an annihilation and a creation operator associated 
with the same individual quantum state); the second is non-zero if this is also the case 
for operators b; and bs, etc. 

After a circular permutation under the trace, the last term of the sum can be 
written as: 


ge Tk {b1 Peg b2b3....ban } (10) 


We shall now relate both operators bi eq and pegbi, showing that they are proportional 
to each other. Assume, for example, that b; is a creation operator at; in the operator 
Peq defined in (1), all the terms k 4 q commute with al, and the change of order for the 
operators leads to two expressions, to be compared: 


al e Blea—#) alag and e blea-#) ajay al (11) 


By action on the Fock vectors, it is easy to check (as we assumed the system was in 
thermal equilibrium) that: 


al oe Blea-#) alag = eh lea—H) x eblea-F) alag a} (12) 


which leads to: 


B(eg—H) 


al Peq = © Peq ah (13) 


If by is an annihilation operator, the same reasoning shows that the change of order 
introduces the inverse factor: e~°¢»-), To sum up: 





bi peq = er ret ot) padi (14) 
with a + sign in the exponential if b; is a creation operator, and a — sign if b; is an 
annihilation operator. Consequently, the last term in (9) is equal to e+8(1-#) (Ao,), 
with a factor 7?"—! = n since n = +1. 

Moving this last term to the left-hand side, we get: 











(Aan) |1 — netPler—H) = [b1, b2|_, Tr {Peq b3..-ban } 
+n (bi, ba|-5, Tr {Peq beb4...ban } Tees 
+ ee [b1, bon] Tr {Peq b2b3...ban—1} (15) 


On the right-hand side of this equality, all the (anti)commutators [b:, b2|_,, are actually 
numbers, and many of them are zero: as before, the only non-zero ones are those for 
which the two concerned operators b are conjugates of each other (a creation and an 
annihilation operator for the same individual quantum state). The average value of 
the product of 2n operators we are looking for can therefore be expressed as a linear 
combination of average values of products of 2n — 2 operators. 


1801 


COMPLEMENT Cxy, @ 





1-c. Contractions 
We now define the “contraction” of two operators 6; and 6; as the number, written 
Soy defined by: 
rl 1 


bibj = To nettean * [b:, b3)_,, = —nfe (£(e: — #)) x [B:, Oy]_, (16) 








where, as above, in the denominator a + sign is chosen in the exponential if b; is a 
creation operator, and a — sign if b; is an annihilation operator. The function fg is the 
Fermi-Dirac distribution f/'" for fermions, and that of Bose-Einstein f/” for bosons: 


1 
The contraction is zero if it concerns two operators b; and b; acting on different individual 
quantum states; it is also zero if the operators are both creation or both annihilation 
operators in the same individual quantum state. If b; is the creation operator, and b; 
the annihilation operator in the same individual state, the contraction is simply equal to 
the distribution function fg(e; — 4) since: 


tal 1 —n 


ores hae = ee 
byb; = a, ai = 1— netBle—H) —< fale Lt) (18) 


In the opposite case (antinormal order), the contraction is given by: 


1 7} 
Fat = eas 
bib; = aja} = 1 ye-Bean) = 1+ nfe(e: — 1) (19) 


Relation (15) can thus be rewritten as: 


71 71 Qn—2 71 
(Aon) — by bo ¢ b3...ban) + 7 by bs (bob4...ban) Peck 1) by ban (b2b3...bon—-1) (20) 


where the traces have been replaced with quantum averages. 

We shall then reason by recurrence: each of the average values on the right-hand 
side of (20) is of the same type as (A2,,) written in (8), except for the fact that n has been 
lowered by one unit. Dealing with each of the average values (Az, 2) as we did for (Az), 
that last average value now appears as a double sum of terms containing two contractions 
and average values (A9,_4). Continuing as many times as necessary, we end up with an 
average value (A»,,) expressed as the sum of diverse products of n contractions. 

As an illustration, let us consider a few simple examples. If n = 1, we get directly: 





71 


(b1b2) = bbe (21) 











This simple relation can actually be used as a definition of contractions, instead of (16). 
If b; is a creation operator and bg the corresponding annihilation operator, we get the 
result (18), equivalent to relations (19) and (23) of Complement Bxv; if the operator’s 
order is reversed, we get (19) which comes directly from the previous result and from the 
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commutation or anticommutation relation (6). For all the other cases, we find zero on 
each side of the equality. 
If n = 2, we use a first time relation (20), and obtain: 


m1 m1 1 
(b1b2b3b4) = by b2 (b3b4) + 17 b1b3 (baba) + bi ba (b2b3) (22) 


Using again this same relation, we compute each of the average values of the product of 
two operators b, which yields: 





1 Td ae il 
(b1b2b3b4) = bbe b3ba + 7 b1b3 baba + b1b4 b2b3 








mm aaa -— 
= by, bob3b4 + by bob3b4 + by bob3b4 (23) 
ey I 


In the second line, we have used a generalization of the notation of products of contrac- 
tions. When two operators inside a contraction are separated, a permutation is needed 
to group them. For fermions, this introduces a sign given by the parity of the required 
permutation, but no sign change for bosons. When two contractions are embedded, we 
group together all pairs of operators belonging to the same contraction and, for fermions, 
we multiply by the parity of the corresponding permutation; for bosons, no sign change 
is introduced. In the present case, we therefore have : 


| T1 Td TT T1 Td 
by bob3b4 = 7) by, b3 bob. and by bob3b4 = by b4 bob3 (24) 
LI LJ 


The final result (23) only contains products of contractions, i.e. of distribution 
functions. One can easily check that, among those three products, a maximum of two 
are non-zero. 


Comments: 


(i) Another notation is frequently used, where operators and contractions are embedded 
in the same average value, for instance: 


71 1 
(b1b2...bj...b5...b1...ban) = (Ex) bi bt (b1b2...b;...ban) (25) 


where, for fermions, €, is the parity of the permutation needed to bring operator b; next 
to b;; for bosons, €g = 1. This can be generalized to cases where several contraction 
appear, embedded or not. 


(ii) In the limit of zero temperature where 8 — oo, relation (16) simplifies into: 


ne 
b:b; = 0 if the two operators are of the same nature (both creation, 


or both annihilation operators) (26) 
as well as: 
Tt og lsie; > pu 
Wie GX { Osie: <p ) 





We multiply by —1 if, when writing the permutation, the number of crossings between brackets is 
odd. This is for instance the case in the permutation in the left of (24), but not that on the right. 
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and: 


Fl O sie; > p 
y= 85x 105 Sy (28) 
(the second lines (e; < 4) of these relations are useful only for fermions, since for bosons 
p cannot be larger than e;). 


1-d. Statement of the theorem 
The recurrence over n we have been using leads to Wick’s theorem: 


“The average value (bi b2...b;..by...b2n) is the sum of all the complete systems of 
contractions that can be made on the string of operators 6; b9...b;..b;...b2n. Each 
system is the product of binary contractions (16); for fermions, this product is 
multiplied by parity factors €, associated with each of them.” 


The word “complete” means in this case that in every considered system of con- 
tractions, each operator listed in the string of b; operators is taken in one and only 
one contraction. The parity factor first includes the parity ¢,, of the permutation that 
brings right after 6; the operator it is contracted with; these two operators are then 
taken out of the list of the b;. In the remaining list, we again compute the parity €,, 
of the permutation needed to bring together the next two operators to be contracted, 
and it is multiplied by €,,. We continue this until all the contractions have been taken 
into account, and obtain the product € 9, €a.-.-Ea, Of all the parities involved. Among all 
the system of contractions, a very large number yield zero. The only non-zero ones are 
those for which every contraction contains a creation and an annihilation operator in the 
same individual quantum state. This rule significantly limits the number of contractions 
involved in the final result. 

As seen above, the theorem yields again the results of Complement Bxy. For 
example, if (as is the case in the formula for the two-particle symmetric operators) the 
first two operators b are creation operators, and the last two annihilation operators, 
the first system of contraction in (23) yields zero, and we are left with the last two, 
corresponding to the two terms of equation (43) in Complement Bxy. The main interest 
of the theorem is, however, that it allows getting, almost without calculations, the average 
value of the product of any number of operators. 


Comment: 


Until now, we assumed that the operators b were creation or annihilation operators 
associated with the basis of individual states formed by the one-particle Hamil- 
tonian eigenvectors. If this is not the case, and we wish to compute the average 
value of the product of creation al. and annihilation a,, operators associated with 
any other basis, we first use formulas (A-51) and (A-52) of Chapter XV to express 
those operators in terms of the operators associated with the eigenbasis of the 
one-particle Hamiltonian, and then use Wick’s theorem. 


2. Applications: correlation functions for an ideal gas 


As an illustration of the use of Wick’s theorem, we now compute the N-order correlation 
functions in an ideal gas at thermal equilibrium. Thanks to Wick’s theorem, they can 
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each be expressed as simple products of first order correlation functions. As a first 
step, we will derive, in a simpler way, a number of results already obtained in § 3 of 
Complement Bxy; these will then be generalized to correlation functions of a higher 
order. 

Consider a gas of spinless particles, confined by a one-body potential inside a cubic 
box of edge length L; this potential is zero inside the box, and becomes infinite outside. 
We use periodic boundary conditions to account for this confinement (Complément Cxryv, 
§ 1-c); the normalized eigenfunctions u, (r) of the kinetic energy are then written: 


T tetts 
Uk (r) = aE (29) 


where the possible wave vectors k are those whose three components are integer multiples 
of 2n/L. 


2-a. First order correlation function 
Relation (B-21) of Chapter XVI defines the first order correlation function G1, 
which depends on the two positions r; and rj: 
Gi(ri,ri) = (UT (r1)¥(r1)) (30) 


Using relations (A-3) and (A-6) of Chapter XVI, the field operator can be expressed as a 


function of the annihilation operators a, in the state (29), and its adjoint, as a function 


of the creation operators al in that same state. Taking into account (29), this leads to: 


Gi( r1,°4) Se ell -k-r1) ) (aha) (31) 
k_ k’ 


At thermal equilibrium, all the average values (A) of operators A are taken in the 
state described by the density operator peg written in (1): 


(A) = Tr {peqA} (32) 


We can then use Wick’s theorem in a particularly simple case, since in (31) the only 
contraction that comes into play is the one containing Ee ax | . Relation (18) thus 
—1 


applies and we get: 
Gi(ri,ry) = pL eC) fy (ex — 1) (33) 


The correlation function G,(r,r’) is therefore directly (to within a constant factor) the 
Fourier transform of the distribution function fg (ex — 1) itself. 

The definition of G; can be generalized, using the expressions of the field operators 
in the Heisenberg picture; this leads to a correlation function depending on space and 
time: 


Giri, 6rt.') = (Uy (1, Unt) (34) 
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For free particles (ideal gas), we have (§ 1-c of Complement Bxy): 





1 
Ur(r,t) = BP ye eae (35) 
k 


where w, is the (angular) Bohr frequency associated with the energy of a particle of mass 
m, with wave vector k: 


Bk 
WE = = 


Sa (36) 


For an ideal gas, we simply multiply each exponential e*™ by e~*’** to go from the 
Schrodinger to the Heisenberg representation. Expression (33) is then generalized as: 


Gilt tre) =e ricms)eel® 9) fs (ex — 1) (37) 


Note that this correlation function only depends on the differences in positions (space 
homogeneity) and times (time translation invariance). 
2-b. Second order correlation functions 
Q. Application of Wick’s theorem 
The second order correlation function is defined as: 
Go(ti, 213 P2,05) = (U(r) UT (re) ¥(r5) U(r) (38) 


Here again, the average value is computed with the density operator at thermal equilib- 
rium. The same calculation as in § 2-a leads to: 


i(k’. , k’”’-r —k. —k”. 
Go(ri,rijr2,r5) = = y » 5 ) etl ryt ry r2) (chal, axrar ) (39) 
k k/ k” k” 


As we already saw in (23), using Wick’s theorem yields two contraction systems, one 


where at. is contracted with ay (and hence why with ay), and another one where ah. is 


contracted with ay (and hence Gals with a,:): 
| 
Aah dyind et aal ,ayina 
k k” ki’ k/ k k”’ kl"! k’ 


The second contraction involves an odd permutation, and introduces a factor 7. We 
therefore obtain (after changing the dummy index k” into k’): 


oe 


= =e je‘l -(r{-11) )+k’. (rh-re)] 4 pe ee sy tee 2a) 


kk’ 
x fia (ex — 1) fia (em — 1) (40) 
that is, taking (33) into account: 
Go(ri,risr2,r2) = Gi(ri,ri) x Gilre,rg) +9 Gi(ri,r) x Gi(re, r1) (41) 
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This means that the second order correlation function is simply expressed as the sum of 
two products of first order correlation functions. The first is the direct term, and corre- 
sponds to totally uncorrelated particles. The second is the exchange term, a consequence 
of the quantum indistinguishability of the particles; it has an opposite sign for fermions 
and bosons. As in Complement Axy1, we will show that this term introduces correlations 
between the particles. 


B. Double density 


Of particular interest is the “diagonal” case where rj = rj and rg = r$, as the 
function Go(r1,r};r2,r4) becomes very simple to interpret: it is the “double density” 
Go(r1,r2) characterizing the probability of finding a particle at point r; and another one 
at point rg. The above relation takes on the simplified form: 


Go(ri,re) = Gi(ri,ri) X Gi(va,re) +7 Gilt, re) x Gi(re,4r1) (42) 


If, in addition, r; = rg, this function indicates the probability of finding two particles at 
the same point. We then get: 
for fermions Go(r;r) =0 (43) 
for bosons Ga(r;r) =2 [Gi(r,r)| 


For fermions, we see as expected that one can never find two of them at the same 
point in space, a consequence of Pauli exclusion principle. For bosons, we find that 
the double density is twice the square of the one-body density. Now, if both particles 
were uncorrelated, this double density should simply be equal to the square, without 
the factor two. This factor two thus indicates an increase in the probability of finding 
two bosons at the same point in space; it expresses the bunching tendency of identical 
bosons, a tendency that comes from a pure quantum statistical effect since we assumed 
the particle’s interactions to be zero. These results were already discussed in Complement 
Axvy1 — see in particular Figure 3. 

The Hartree-Fock method (mean field approximation), presented in Complements 
Exy and F xy, uses a variational ket (or a density operator) such that the binary cor- 
relation function G2(r1,r2) is given by the sum of products of functions G,, written in 
(42), even in the presence of interactions. Moreover, another way of introducing the 
Hartree-Fock approximation is to assume directly that the binary correlation function 
keeps this form even in the presence of interactions, which then allows a simple calcu- 
lation of the interaction energy. Even though this method has numerous applications, 
and may be quite precise in certain cases, it does rely on an approximation: when the 
particles interact with each other, there is no general reason for G2 to remain linked to 
G, by this relation, obtained with the assumption that the gas was ideal. 


y. Time-dependent correlation function 


As we did for the first order correlation function, we can include time dependence 
in the field operators, and define: 


Go(ri, t15 0), tLe, tes rg, ty) = (UF (rr, t1) Uf, (ra, to) Wa (eh, ) V4 U1) ) (44) 
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To include the time dependence, we simply add, as above, in each spatial exponential 
with wave vector k, a time exponential with the corresponding angular frequency —wy,, 
which leads to: 


els Uh eh gh\ 
Go(ri, t13 11, 1; V2, ta; 79, ty) = 


= oy {elle (ei ma )mtan (tht) HE 0 na) ae (Cot) 
fi 
kk’ 


a i a a a ee falex Si) fa(ex: 55) 
= Gi(ri, t15 11, t1) Gr(re, te; ro, ty) +7 Giri, t13 ro, 4) Gi(re, ta; 71, ¢4) (45) 


Hence, when time dependence is included, we get a factored relation similar to 
(41). As before, because of the space homogeneity and the time translation invariance, 
only the differences in the space and time variables appear in the correlation function 
expression. 


2-c. Higher order correlation functions 


In a more general way’, the N-order correlation function Gy is defined by: 
Grlhiyh fPakotsdiayty) = (Wi (ry) Wi (ra)... Wh (ry) U (ry)... U (rh) U(r4)) (46) 


These functions give information on the correlated behavior of groups of N particles in 
an ideal gas at equilibrium. Using Wick’s theorem, each of them can be expressed in 
terms of the first order correlation function Gi(r1,r{,). As an example, let us study the 
correlation function of order three: 


G3(ri,P);%2,69;03,0%) = (Ul (ri) UT (ra) UT (rg) W (03) U (rh) U(r} )) 


=SUoUUEry 


k k’ k” k” kk’ kw 
eile ry tel tk rg kerry —k! rg —k93 ) 


x (ahaj afar are aw ) (47) 


Six contraction systems must be considered to compute the average values. In the first 
system, k and k’ are associated, k” with k’’, and finally k’” with k’””. One can 
then permute the three vectors k’, k’” and k’”” in 5 different ways, with odd or even 
permutations. In each of the terms thus obtained, the sixfold summation on the wave 
vectors is reduced to a triple sum, which yields a product of functions G;. This leads to: 


Gi3(¥1, 145 12,533,105) = Gr (11,14) Gi (ro, 75) Gi (r3, 75) 
+Gi (01,05) Gi (v2, 73) Gi (e304) + Gi (11,73) Gi (v2, 7) Gi (3,14) 
+n Gi (r1,01) Gi (v2, 73) Gi (¥3, 79) +9 Gi (41,73) Gi (Fe, 02) Gi (v3, 71) 
+n Gy (11,15) Gy (ror) Gy (v3, 13) 


(48) 





The computation can be generalized in the same way to correlation functions of 
any order; in an ideal gas, they are not independent since they are all simple products 





?We only consider here the so-called “normal” correlation functions, those where the Yt come before 
the YW. In Complement Bxyy we introduce more general correlation functions. 
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of first order correlation functions. In other words, the function G, contains all the 
information necessary for computing correlations of any order. 

Finally, we can compute the triple density G3(ri,r2,r3) by setting r; = rj, re = rh 
and r3 = rg in (48). The particular case rj = rp = r3 where all the positions are identical 
is interesting. For fermions, the triple density is zero, for the same reason as with the 
double density: Pauli principle does not allow several fermions to occupy the same point 
in space. For bosons, we find: 


G3(r,r;r) = 6 [G4 (r,r)]° (49) 


For three identical bosons, the bunching tendency under the effect of their quantum 
statistics is even higher than for two bosons, introducing a factor 6 instead of 2. 


Comment: 


The results we have obtained are valid when the system’s density operator is that of an 
ideal gas at thermal equilibrium as in relation (1), but they could be quite different if the 
system is in another state. If, for example, we assume (as in Complement Axv1) that the 
system is described by a Fock state, the relations between correlation functions can be 
totally different. The simplest case is that of an ideal gas of bosons in its ground state, 
where all the bosons occupy the same individual state; relations (24) and (25) of that 
complement indicate that: 
N-1 

Go(r1, re) = G1 43) x Gi(re,re2) ee Gi(ri,¥1) x Gi(re,re2) (50) 
G2 is thus simply the product of two functions Gi, without the exchange term of (42); 
consequently, the factor 2 in the second line of (43) no longer exists. In a similar way, 
one can show that the factor 6 of relation (49) is no longer present. In a general way, 
for an ensemble of bosons all in the same individual state, the bunching effects related 
to the indistinguishability of the particles are not present. 


Following this line of thought, note that it is not possible to get the projector onto a 
Fock state (other than the vacuum) such as the one discussed above, by using the density 
operator (1) at thermal equilibrium, and taking its limit as the temperature T goes to 
zero, i.e. aS 8 + oo. This is because this density operator associates with each individual 
state an occupation number distribution that is always a decreasing exponential, and 
never a narrow curve centered around a high value of the particle number. Consequently, 
there exist large fluctuations of the particle number in each mode, and hence the presence 
of the factors 2 in (43) and 6 in (49), whatever the value of 8. 


To conclude, let us mention that Wick’s theorem can take on diverse forms, in 
particular at zero or non-zero temperadure (see for instance Chapter 4 of Reference [5]). 
As we saw, thanks to this theorem, and when dealing with independent particles, the 
computation of correlation functions of any order, time-dependent or not, can be reduced 
to computing the product of first order correlation functions. It is obviously a great 
simplification. This property is reminiscent of random Gaussian variables in classical 
statistics: for such variables, all moments of any order can be expressed in terms of 
products of the lowest order moment. These properties are characteristic of an ideal gas: 
in a system where particles interact, the correlation functions of successive orders remain 
independent in general. Nevertheless, the use of Wick’s theorem is not limited to ideal 
gases; its range of application is much more general, and it is very useful in perturbation 
calculations where power series of the interaction potential are derived [5]. 
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Introduction 


Fock states were introduced in Chapter XV by the action on the vacuum of a product of 
individual state creation operators. A certain number of their properties were studied in 
§ C-5-b-6 of Chapter XV and in Complement Axvq1 (exchange hole for fermions, bunching 
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effect for bosons). We also used Fock states in Complements Cxy, Dxy and Fxy as 
variational kets to account, approximately, for the interactions between the particles. 
This led us, both for fermions and bosons, to a mean field theory where each particle 
can be seen as propagating in the mean field created by all the others. 

We now introduce a larger class of variational states to improve the accuracy of 
these results, allowing us to study many more properties of physical systems of identical 
particles. It concerns the “paired states” obtained by the action on the vacuum of 
a product of creation operators, no longer of individual particles but rather of pairs 
of particles (if these particles form a molecule, we are dealing with molecule creation 
operators). As we shall see in the course of this chapter, these paired states are more 
general than the Fock states, since they can be reduced to Fock states for certain values 
of the parameters characteristic of the pair'. What is sought is an improvement of the 
variational method allowing us to ameliorate our treatment of the interactions, compared 
to that based on Fock states. 

The additional flexibility introduced by the paired states plays an essential role for 
the following simple reason: changing the properties of the pair wave function y (r1 — re) 
used to build them, we modify the binary correlation function of the N-particle system. 
We therefore take advantage of the power of the mean field method, while retaining the 
possibility of taking into account any binary correlations. Whereas using variational Fock 
states allows taking into account only statistical correlations (due to particle indistin- 
guishability), the paired states enable us to add dynamic correlations (due to interac- 
tions). These latter correlations are essential: when dealing with binary interactions (as 
is the case with a standard Hamiltonian), these correlations actually determine the av- 
erage value of the potential energy (Chapter XV, § C-5-b). Three-body, four-body, etc.. 
correlations are indeed present in the system, playing their role; they are not, however, 
directly involved in the energy. This explains why the optimization with paired states 
of only the binary correlations can lead to fairly good results in the study of N-body 
systems. These possibilities have a wide range of applications for both fermions and 
bosons, which will be discussed in the complements. 

This chapter is centered on the study of the general properties of paired states, 
and introduces the tools for handling such states. We study, in parallel, fermions and 
bosons to highlight the numerous analogies between results obtained for both cases. We 
first introduce (§ A) the creation and annihilation operators for pairs of particles. We 
then build (§ B) the paired states and discuss some of their properties; this permits 
introducing (§ C) the concept of “normal average values” (average values of operators 
conserving the particle number) or “anomalous average values” (average values of oper- 
ators changing the particle number). We then show in § D how the paired states allow 
us to actually vary the spatial correlation functions of a system of identical particles. 
This will lead us to introduce a function playing an important role in what follows (in 
particular in the complements of this chapter), the pair wave function ¢pair, which is 
related to the anomalous average values. We then study in § E another interesting prop- 
erty of the paired states: they can be related to the concept of “quasi-particle” thanks 
to the introduction of new creation and annihilation operators resulting from a linear 
transformation of the initial operators (Bogolubov transformation). As the paired states 
are eigenkets of the new annihilation operators with a zero eigenvalue, they behave as 





1For example, we shall clarify at the end of § C-l-a why the Hartree-Fock method can be viewed as 
a particular case of the pairing method. 
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a “quasi-particle vacuum”. Furthermore, the creation operators can associate with each 
paired state an entire basis of other orthogonal states, which are interpreted as states 
occupied by quasi-particles. 

This study of the necessary tools for handling the paired states will be continued in 
the first two complements, Axyzz and Bxy1zz. Complement Axyyz; discusses a complemen- 
tary aspect of pairing, the introduction of the pair field operators. These operators have 
a non-zero average value in paired states, and highlight the cooperative effects existing 
in those states. This can lead to the spontaneous appearance in the system of an order 
parameter, described by the same pair wave function @¢pair as the one appearing in the 
computations of correlation functions in a paired state. In addition, Complement Axy1 
will show that the commutation properties of these operators are reminiscent of those 
of a boson field: in a certain sense, a composite object built from two identical particles 
(whether they are bosons or fermions) behaves as a boson. It is, however, only an ap- 
proximation, as can be inferred from the corrective terms appearing in the computation 
of the commutators, which can sometimes play an important role. Complement Bxy1 
discusses the computation of the energy average value in a paired state, whose expression 
is the basis of the following complements; it gives an example of how to deal with normal 
and anomalous average values in these computations. 

The last three complements apply these results to the variational study of inter- 
acting boson or fermion systems. For fermions, the paired states play an essential role in 
the BCS (Bardeen-Cooper-Schrieffer, theory of supraconductivity) theory of supracon- 
ductivity (Complement Cxyir), and explain the appearance of a pair field as a collective 
effect; paired states also come into play noticeably in nuclear physics, and in the study 
of ultra-cold fermionic atomic gases. For repulsive bosons (Complement Exyir), paired 
states can be quite useful for studying the ground state properties, and to obtain, for 
example, the Bogolubov linear spectrum. In that case, the paired state is associated with 
another state (a coherent state, for example), whose role is to describe the condensate as 
an accumulation of a notable fraction of particles in a single individual quantum state. 


A. Creation and annihilation operators of a pair of particles 


Let us introduce the creation or annihilation operators, no longer of a single particle, but 
of two identical particles in a bound state. We first assume the particles have no spin 
(or are both in the same spin state, so that no spin variable is needed). 


A-1. Spinless particles, or particles in the same spin state 


Consider two identical particles (bosons or fermions in the same spin state), with 
positions r; and rg; the system is contained in a cubic box of edge length LE and volume 
VY = L?. These two particles occupy a bound state, characterized by a normalized wave 
function y (ri —r2), forming a kind of binary “molecule”. The state of the system is 
defined by this wave function (as far as its internal orbital variables are concerned), by 
spin variables identical for both particles (since those spin variables are of no importance 
here, they need not be written explicitly in what follows), and finally by its external 
orbital variables (center of mass). The normalized wave function of a “molecule” having 
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a total momentum AK is then: 


ox (r1,1r2) _— (Ly? senate (r4 _ r2) 


= (1) gg oF EW) (Act) 
k 


where gy is the Fourier transform of x: 


1 —ik-r 
n= san [ere kr V(r) 
1 tk-r 
x@) = 45D ame (A-2) 
k 


We assume that the individual wave functions of the particles obey the periodic boundary 
conditions (Complement Cxry, § 1-c); in (A-1), each component of the wave vector of 
particle 1 or 2 can therefore take only the values 27n,/L, 2nn,/L and 2nn,/L, where 
Nz, Ny and n, are any integer number (positive, negative, or zero). The normalization 
of the functions y and g is written: 


/ dr |x (ry? = 30 lol? =1 (A-3) 
J L3 k 


Moreover, for identical particles, the symmetrization (or antisymmetrization) requires 
the function x (r) and its Fourier transform g (k) to have the parity 7: 


9-k = (A-4) 


(7 = +1 for bosons, 7 = —1 for fermions). 
In terms of kets, relation (A-1) becomes: 


lox (1, 2)) yD fain fa T2 9k elath) tig Sok) |1 : 1132: 12) 


Eo |(Es)=(E-) as 


which, taking (A-4) into account, and changing the sign of the sum variable k, can also 
be written as: 


ett = 35m [bs (S8) = (E-) 
whe (E-s)2a))) ae 


The expression between brackets in the summation is simply the (anti)symmetrized ket 
of two particles, the first one of momentum fi (k + K/2), and the other one of momentum 
h(—k + K/2). Two cases must be distinguished: 

(i) If k 4 0, to normalize the ket between brackets, we divide it by /2; we then 
get a Fock state where two individual states with different momenta are occupied (see 
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the general definition of the Fock states in Chapter XV). The ket between brackets is 
thus equal to: 
V2 ake 4,4 _y 10) (A-7) 
(ii) If k = 0 and in the case of bosons, the ket between brackets is equal to twice 
the Fock state where a single individual level is occupied by two particles; this ket is 
equal to: 


v2 (a\g ) 10) (A-8) 


For fermions, the ket between brackets must be zero, which is indeed the case of the ket 
in (A-8). To sum up, whether we are dealing with fermions or bosons, and whether k is 
zero or not, the ket between brackets can always be expressed as (A-7). This leads to: 
1 
—— toate 4. (0 Ag 
Joc) = FD Me eye (A-9) 


If the particles are all in the same spin state, remember that in this expression the spin 
index is implicit: each creation operator is associated with an individual state whose 
momentum is specified by the operator index, and whose spin state is the common spin 
state of all the particles. 

The creation operator Al of a “molecule” having a total momentum AK can 
therefore be written as: 


1 
ft ss fe 0 Sat A-l 
Ax J/2 : 9k AK 1.4K ( 0) 





Its action is to create two particles of momenta h[(K/2) + k], with amplitudes given by 
the function gx. As this function has the parity 7, we note that: 


9_k dic 4 yy = 19k Oi 4k yy = 9k Oc jy (A-11) 


Accordingly, the contributions of opposite values of k double each other in (A-10). Such 
a redundancy will cause a problem in § B-2, when we write a tensor product. It is thus 
preferable to eliminate it right now and this is why we restrict the summation over k to 
half the wave vector space. Calling D this half space, we shall write Al. in the form: 


Al. = V2 Dy 9k Oe Mey (A-12) 
keD 
For a “molecule” having a zero total momentum, this relation becomes: 
Ale. =v2 >a 9k alal, (A-13) 
keD 
As for the annihilation operator of a molecule with total momentum hK, it is simply the 


adjoint of (A-12): 


Ax = v2 S> Ne GK _,@K ik (A-14) 


keD 
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We have reasoned in terms of “molecules” being created or annihilated, but the 
wave function y(r) and its Fourier transform g, are not related to any particular bound 
state, and do not imply the existence of any attraction potential between the two com- 
ponents of this “molecule”. Actually, in what follows, the gy, will play the role of freely 
adjustable parameters, for example when using a variational method. To illustrate this 
generality, we shall, from now on, talk about “pairs”. 


Comment: 


If we choose for gy as in a Kronecker delta, with the symmetrization required by 
(A-4): 


1 
Me = Te [Sk,ko + 79k,—ko] (A-15) 
we get, according to (A-12): 
1 
Al. ==Jal co ae 1A 6, Vi se, =al aX (A-16) 


In the right-hand side of this relation, the momenta appearing as indices of the 
creation operators can take any given values, obtained by varying K and ko. 
It is therefore possible, by a suitable choice of the pair’s parameters, to create 
two particles in individual states having any given momenta, and thereby obtain a 
Fock state. Successive applications of P operators Al, (having, in general, different 
values of K and ko) can thus yield a Fock state with 2P particles whose momenta 
can take on any values. 


A-2. Particles in different spin states 


We assume the internal state of the pair is a tensor product of an orbital state 
depending on r; — r2 and a spin state |yg). Equation (A-1) must then be replaced by: 
Km (1,02) = (1: 11,71; 2: 12,2 |x) 
= (EYP? ees tea)/2y (ry — 22) (v1, v2 Ixs) 


(L) ee ge ETE) Met F—K) 72 (yyy |g) (A-17) 


This means that relation (A-1) is to be multiplied by (1,12 |x); relation (A-5) is now 
written: 


léx(1, 2)) 1 fan fa 2D 9k etl E+k) )ri ail e> k)-r2 


x yey (41,2 |xs) |l 11,13 2: 12,2) 


K K 
1: (F+%) ji; 2: (5 -*) 0) (A-18) 





1816 


A. CREATION AND ANNIHILATION OPERATORS OF A PAIR OF PARTICLES 





The function y (r, — rz) is supposed to have an orbital parity equal to 7, and the spin 
ket |yvg), a parity with respect to the exchange of spins equal to 7,, with, obviously: 


No Ns = (A-19) 
Hence: 
1 K K 
|x (1, 2)) = 32 os x >> ( 14, V2 jvs) {bs + kienid 5 — kre) 
V1,V2 


K K 
ty]: 5 —konias  +h.o (A-20) 


which shows that the creation operator of a pair is: 


Ak = -AL 9k S> ( (11, ¥2 |xs) Oe en Ox, os (A-21) 


11 V2 


As an example, for two fermions of spin 1/2 in a singlet state: 








1 
fe T t 1 1 
Ax = 5 S° Ik lee acy eye Ow a poe ag (A-22) 
k 

Since 7, = —1, the functions x(r) and gy, are even. Using this parity, we can exchange 
the dummy indices k and —k in the second term on the right-hand side, and change the 
order of the two creation operators, with a sign change (anticommutation of fermionic 
operators). This second term then doubles the first one, and we get: 


Ate = D7 Me Me 5g 1 (A-23) 
k 


with the simplified notation we shall use from now on: 


Ok,y=+ noted: ak,t 
ak,y=— noted: ak, (A-24) 


(and, of course, a similar notation for the creation operators a‘). Note in passing that, 
because of the presence of spins, no redundancy is present in the summation appearing 
n (A-23), and there is no need to restrict it to a half-space. 


Comments: 


(i) Taking for g, a (symmetrized) delta function, as in (A-15), it is possible, as we pointed 
out before, to construct any Fock state with arbitrary momenta by successive application 
of operators Ai. on the vacuum; note, however, that the total occupation numbers of the 
two spin states must remain equal. 

(ii) Choosing in (A-22) a function g, that is even instead of odd for fermions, the operator 
written in (A-23) creates a fermion pair with a total spin state S = 1, anda M = 0 
component. This is because replacing the minus sign by a plus sign in the middle of the 
bracket of relation (A-22) yields a triplet spin state; using the fact that gx is now an odd 
function, the same reasoning leads to (A-23). 
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B. Building paired states 


To avoid complex formulas, we will build the simplest possible paired states |Wp). We 
shall be guided by the Gross-Pitaevskii variational method (Complement Cxy), where 
we assumed that the state of the N-particle system could be obtained from the vacuum 
by creating N particles in the same individual state. However, instead of applying many 
times the creation operator ah. of a single particle to the particle vacuum, we shall now 
use the pair creation operator Al. This difference is essential, in particular for fermions. 
As we know, it is impossible to create several fermions in the same individual quantum 
state, since the square, cube, etc. of any creation operator acting on a given individual 
state yields zero. We shall see, however, that the creation of P pairs of fermions, all in 
the same quantum state, does not lead to a zero state vector. 


B-1. Well determined particle number 


We define the paired state |W p(K)) as the (non-normalized) state vector where 
N = 2P particles form P pairs, each having a total momentum hK: 


We (K)) = [Ak] 0) (B-1) 


where Al, has been defined in (A-12) or (A-21), depending on the case. To keep things 
simple, we assume in what follows that all the created pairs have zero total momentum; 
if this is not the case, we can change the reference frame and choose the one where the 
common value of the total momentum of all the pairs of particles is zero. The paired 
state |Wp) is then written: 


Wr) = [Ake] 10) (B2) 


We shall first study (as in § A-1) the case of bosons or fermions in the same spin 
state. As for the case of particles in several spin states (as in § A-2), we shall, from now 
on, limit our study to fermions in a singlet state; this will allows exposing the general 
principle while avoiding more complex calculations. In both cases, the 2P-particle state 
only depends on the values of the parameters gx. As soon as P > 1, we will see that the 
normalization of the ket |p (K)) does not reduce to the simple condition (A-3), which 
required the sum of the | onl” to be equal to unity. This is why we shall consider from now 
on that the g, are totally free variational parameters. For example, multiplying them 
all by the same constant, one can choose to vary at will the norm of |Wp (K)). This will 
offer a flexibility simplifying the computations. 


B-1-a. Particles in the same spin state 


For particles in the same spin state, we can use (A-13), which leads to: 


B 
Wp) = {> V 29% oko} |0) (B-3) 


keD 


where D is the summation domain defined previously (half of the k space); remember 
that the physical system is assumed to be contained in a cubic box of side length D and 
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volume VY = L°; the periodic boundary conditions then fixes all the possible values for the 
summation over k. Note also that the spin index is implicit: at is the creation operator 
in the individual state defined by the momentum hk and the unique spin state we are 
concerned with. 

Initially, the parameters gy were introduced as the Fourier components of the 
normalized pair wave function x(r); the sum of their moduli squared was fixed to unity. 
This condition, however, does not ensure the normalization of |Wp), as we now show. 
Because of the power P of the operator appearing in (B-3), factors containing square 
roots of occupation numbers will be introduced for each occurrence of the index k; the 
ket |W p) is therefore not a simple tensor product, and its norm is not simply the sum of 
the squared moduli of the gy raised to the power P. It will be simpler for the following 
computations to consider the gx as entirely free parameters, and hence not impose a 
normalization of the state |W p). 

On can choose to take a finite or infinite number of non-zero gx. The simplest 
case is the one already discussed above, where gx & dk,k,; the ket |Yp) then becomes 
proportional to a simple Fock state where only two states of opposite momenta are 
occupied. For other functions gx, the structure of the paired state will be more complex; 
adjusting those parameters allows a fine tuning of the particle correlation properties, 
which is not possible with a simple Fock state. 


B-1-b. Fermions in a singlet state 


Another frequently encountered case concerns fermionic particles in a singlet state; 
we must then use operator (A-23). The paired state is then: 


P 
P 
|Wp) = [Ako] jo) = 1 dk ohyelaif |0) with N=2P (B-4) 
k 


The summation over k runs over all the non-zero wave vectors, without the restriction 
(B-3) to the half-space D (because of the spins, the pairs of states k, +, —k, | and —k, Tf, 
k, | are different). 

Here again we see that the normalization of |W p) does not simply reduce to condi- 
tion (A-3). When P > 1, the same index k may appear twice (or more) in the expansion 
of the power P of the operator on the right-hand side of (B-4); the corresponding com- 
ponent cancels out since the square of any fermionic creation operator is zero. The norm 
of the ket |Wp) is therefore a complex expression. Rather than imposing this norm to be 
equal to one, it is easier to let it vary, and consider the gx to be totally free variational 
parameters. 


B-1-c. Consequences of the symmetrization 


The state vectors (B-3) for bosons, and (B-4) for fermions, are not simple jux- 
tapositions of P pairs of particles, each being described by the relative wave function 
x(r), with g, as its Fourier transform, according to (A-2). As we already saw, the sym- 
metrization or antisymmetrization of the 2P-particle paired states strongly affect their 
norm; it also affects the very structure of these states, which are not merely the tensor 
product of P pair states. This is particularly obvious for fermions: expanding the sum 
of operators to the power P in the curly brackets of (B-4), we get the product of P sums 
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over indices k,, kg,.., kp, and many terms will cancel out: all those for which two (or 
more) summation indices k are equal (in which case we get squares of creation operators, 
which are zero for fermions). 

There exists, however, a limiting case where the paired state practically describes 
the juxtaposition of P binary molecules. It occurs when the wave function y (r1 — r2) 
varies over a very short range, and hence has a large number of significant Fourier com- 
ponents gx. When this number is much larger than the number of pairs P, most of 
the terms do not contain several occurrences of the same summation index k, and conse- 
quently the paired state vector is very close to the tensor product of the pairs of particles. 
This state vector describes a gas formed by very strongly bound binary molecules, each 
moving in the mean field created by all the others (it is, in a certain sense, a “molecule 
Fock state”). This is actually a very special case; in general, when the pair wave function 
does not obey that criterion, we can study many other physical situations, hence the 
interest for introducing paired states. 

Even though the values of gx or the wave function y(r) of a “molecule” are math- 
ematically the starting ingredient that allows building |Wp), the resulting state after 
symmetrization has a complex structure, hard to describe in terms of molecules. On the 
other hand, this state has a simple property: it contains exactly N = 2P particles, since 
this is the case for each of its non-zero components; as all the particles are paired, it 
contains exactly P pairs. 


B-2. Undetermined particle number 


Computations with the ket |p) written above (and in particular its normalization) 
are not easy: a great number of individual states k appear inside the curly brackets, which 
must be raised to a very large power P. This practical difficulty leads us to introduce 
another variational state |Wpairea) where the total number of particles is no longer fixed. 
This new state, which leads to simpler calculations”, is defined, starting with (B-2), by: 


|W paired) = S> a |W p) = >» a Aca |0) (B-5) 


The |Wp) are not normalized; multiplying all the g,, and hence Axo, by the same 

constant a, changes their norm by the factor a’. This results in varying the relative 

weights of the terms in the serie (B-5). The larger a, the more weight is placed on the 

high values of P, which is a way, for example, of modifying the average particle number. 
In (B-5) we recognize the series expansion of an exponential, so that: 


[Wpairea) = exp { Ako } [0) (B-6) 


This property will greatly simplify the following calculations and is the major reason for 
letting the total particle number fluctuate. 

Writing (B-5), we chose a state vector that is the superposition of states corre- 
sponding to different total particle numbers N; there are actually no physical processes 
taken into account in our approach that could create such a coherent superposition. This 





*This does not mean that computations with a variational state having a fixed number of particles 
are always impossible, as shown for example in the treatment of the BCS theory in § 5.4 and Appendix 
5C of the book [8]. 
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operation reminds us of the passage from the canonical to the grand canonical ensemble 
where one introduces, for mathematical convenience, an (incoherent) statistical mixture 
of different N values. In our present case, however, we are dealing with a coherent su- 
perposition, introduced arbitrarily as we just did, and we may wonder whether it might 
radically change the physics of our problem. This is actually not the case for two reasons. 
The first is that, for very large values of N, we are going to show that the components of 
|Wpairea) are only important in a domain of N whose width is very small compared to the 
average value of the particle number; the distribution of the possible values for N is thus 
very narrow, in relative value, and the particle number remains quite well defined. The 
second reason is that we shall compute average values of operators that, such as H, con- 
serve the total particle number, and for which the coherence of the state vector between 
kets of different N values is irrelevant. The average value in the coherent state |Vpairea) 
is therefore the weighted average of the average values obtained for each N which, when 
the average value of the particle number is very large, are approximately the same (since 
the N distribution is very narrow). In other words, the average values we are going 
to compute are good approximations of those we would obtain by projecting |W pairea) 
onto one of its main components with fixed N; using the coherent superposition (B-5) is 
thus very convenient from a mathematical point of view, without greatly perturbing the 
results from a physical point of view. A more detailed discussion of this question will be 
presented in § 1 of Complement Bxyrr. 


B-2-a. Particles in the same spin state 


When all the particles are in the same spin state, inserting (A-13) in (B-6) leads 
to: 


|W paired) = exp » V20% clos} |O) (B-7) 


keD 


The operators ala’. and analy, commute with each other (for fermions in the same 


spin state, two minus signs cancel each other as we commute products of two operators). 
It then follows that the exponential of the sum is a product of exponentials, and we can 
write: 


|W paired) = II exp | V2.0 aja! ,| |0) 


@keED 


= [I |yx) (B-8) 


@keED 


The state vector |Wpairea) is then simply a tensor product® of state vectors |y_): 


lex) = exp {V29x aha 10) (B-9) 





3The Fock space is the tensor product of the states associated with all the individual quantum states 
|k), each having any positive occupation number. One can regroup those spaces in pairs corresponding 
to opposite values of k, and introduce spaces €(k) whose tensor product is also the Fock space. To 
build a basis in those spaces, one must vary two occupation numbers. 
The restriction of the summation over k to a half-space D, introduced above, prevents each component 
of the tensor product from appearing twice in (B-8). 


1821 


CHAPTER XVII PAIRED STATES OF IDENTICAL PARTICLES 





For fermions in a single spin state, the square of any creation operator is zero; the 
exponential reduces to the sum of the first two terms of its expansion: 


lyn) = [1+ V29% dial, |0) (fermions only) (B-10) 


B-2-b. Fermions in a singlet state 


For paired fermions in a singlet state, the state |W paired) will be called the “BCS 
state” (Complement Cxvir) and noted |Wpcs); relation (A-23) must be used with K = 0. 
As the exponential of a sum of commuting operators* is a product of operators, we get: 


|Yecs) = exp oy Ik al al a 0) = [[ lex) (B-11) 
@k 


with: 
l~x) = exp ox af sat | |0) (B-12) 


As the square of any fermion creation operator is zero, the series expansion of the expo- 
nential is limited to its first two terms: 


l~x) = E + 9k al 7a | |0) (fermions only) (B-13) 


B-3. Pairs of particles and pairs of individual states 


Pairs of states is an important concept not to be confused with pairs of particles. 
In (B-7) as well as in (B-11), the individual states intervene as “pairs of states” (k, —k). 
The number of those pairs (which can be infinite if D is infinite) is not related to the 
particle number. For fermions in a singlet state, it is convenient to label the pair of 
states by the momentum k associated with the spin state ¢ , while remembering that the 
momentum associated with the spin state | is the opposite, —k. We shall systematically 
use this simplification in what follows. 


C. Properties of the kets characterizing the paired states 


Let us examine a few properties of the states |y,) that will be useful in what follows. 
To keep things simple, we continue limiting in this § C the generality of the cases under 
study, and assume the particles in the same spin states are bosons; as for the particles in 
different spin states, we shall continue using the example of fermions in a singlet state. 
The generalization to other paired cases does not introduce any particular difficulties. 


C-1. Normalization 


The normalization of the states |y_) is actually simpler for fermions than for 
bosons; this is because, as we shall see below, the series expansion of the exponen- 
tial (B-12) contains only two terms for fermions, instead of an infinity for bosons. This 
is why we do not keep in this § C the same order as in § A and start with the study of 
spin 1/2 fermions. 





4The operators af. t t associated with different pairs commute, since they are 


a 
—k, 
products of two fermionic operators. 


Tocat 
and Byer 4A hr | 
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C-1-a. Fermions in a singlet state 


We choose to normalize separately each of the |y,) by multiplying them by a 
number ux. This operation amounts to replacing |yx) by: 


Ip,) = [ux tur at at, || |0) (C-1) 
with: 
Uk = Uk Jk (C-2) 


The normalization condition becomes: 
[tae|” + frre” = 1 (C3) 


It then becomes natural to set: 


UK = cos Oy eS 
U_E = sin Oy e'S* (C-4) 


where 6; and Cx are the two variables°® the ket |%,) depends on. One can choose 6 
between 0 and 7/2: 


0<O< (C-5) 


nm] > 


so that cos, and sin 6, are positive and represent the moduli of u, and v,. We saw in 
§ A-2 that gx = g_x; the functions 6, and ¢, are therefore even with respect to k. 
The variational ket |Wgcg) now becomes the normalized ket |Wcs): 


|Ypcs) = Tes i. + UK asa ey |0) 


= IL... [cos Oy. e~** + sin Oy, eS* ak yal | |0) (C-6) 


Comment: 


A particular case occurs when all the 0, are either zero or equal to 7/2. The ket |Vacs) 
then reduces to a simple Fock state, whose populations of individual states are either 
zero, or equal to one (for populations corresponding to states belonging to a pair for 
which 6, = 7/2). In that case, the phases ¢, no longer play any role: instead of fixing a 
relative phase, they only determine the global phase of the state vector. 

If, furthermore, we choose 6, = 7/2 for all values of k whose modulus is less than a given 
value kr, and zero otherwise, the paired state now describes an ensemble of fermions 
filling two Fermi spheres (one for each spin state), which is simply the ground state of 
an ideal gas of fermions. The ket |Wecs) then reduces to the trial ket of the Hartree- 
Fock method of Complement Bxy; that method appears as a particular case of the more 
general pairing method used in this chapter. 





5The variable G, determines the difference 2¢, between the phases of vy, and ux. We could also 
introduce a variable to determine their sum, but that would be pointless: such a variable would only 
change the total phase of the ket |@,), without any physical consequences. 
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C-1-b. Bosons in the same spin state 


For bosons, the results are slightly different. To maintain a certain analogy, we 
shall use the same parameters 0, and Cx as for fermions, but it is now the hyperbolic 
sine and cosine of 0, that will come into play. Relation (B-9) leads to: 


jon) = S23 [ve abat |" 10) = 3° tau" [abet] (C7) 
q=0 * q=0 * 
with®: 
rk = —V/2 Ik (C-8) 


As mentioned before, the spin index that comes in addition to the index k is not written 
explicitly as its value does not change. 


Consequently: 
co 1 2 3 4 co . 
(vx lyn) = S2 (=) xu" (Va) =>) [xxl 
=9 \" =0 
q q 
1 
= ——_; C-9 
1m (C-9) 
We assumed, to sum the series, that: 
lan? <1 (C-10) 


It is useful in what follows to characterize the complex variable x, by two real 
variables: 6, to define its modulus, and an angle ¢, that characterizes its phase. We 
therefore set: 

Ly = tanhd, e7« with: @>0 (C-11) 
Inequality (C-10) is automatically satisfied since the modulus of a hyperbolic tangent is 
always less than 1; as the function gy is even — see relation (A-4) — so are the variable 
x, and the functions’ 0, and ¢,. We then get: 

1 
1 — tanh?6, 


The normalized kets |) can be written as: 


(pe |Pke) = = cosh”, (C210) 


Pu) = exp [=a ajat |0) (C-13) 


1 1 
coshé, PK) = coshé, 
Replacing the |y,) by the |%,), the ket |Wpairea) becomes normalized to 1. 

Initially, the kets |y_), as well as their normalized version |%;,), have been defined 
in the tensor product (B-8) only when k belongs to the half-space D. They can, however, 
be defined by relations (C-7) and (C-13) for any k; we then have simply |¢,) = |P_x), 
which was to be expected since |G) involves the two individual states k and —k in the 
same way. 





6The minus sign in this definition is arbitrary — a change of sign of the wave function x (r) or of its 
Fourier transform gx has no physical consequences — but it is convenient to introduce this sign to ensure 
coherence with the calculations in § E. 

’Furthermore, rotational invariance generally requires those functions to depend only on the modulus 
k of k. 
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C-2. Average value and root mean square deviation of particle number 


The particle number in the individual state k corresponds to the operator: 
Nk = al ax (C-14) 


We are now going to compute the average value and the root mean square deviation of 
the particle number, first in a given pair of states, then for the system as a whole. 


C-2-a. Fermions in a singlet state 


Let us compute the average value of the particle number in the state |Wgcg), which 
is the tensor product of the states |@,), each being associated with the pair of states 
(hk, v = +; —hk, v = —); as defined above, each pair is labeled by the wave vector k of 
the spin + particle. The particle number in each of these pairs of states corresponds to 
the operator: 





n~ 


Apair k) = Mie, + Ate) = Oh pnt + at yates (C-15) 


with eigenvalues 0, 1 and 2. Now |%), is given by (C-1), the sum of two components, 
one with zero particles, and the other with two particles. This leads to: 


(Pl Mpair k) (Pu) = 2 lux|? = 2sin? 0, (C-16) 
and: 

pa Toe 2D 4 

(Px [Fpair k) | Px) =4 |e? = 4sin? 0, (C-17) 


The root mean square deviation An(pair x) of the particle number in a pair is thus: 


Anpair k) = 4/4 lore” 1 - irl? = 2sin 6, cos OK (C-18) 


Consequently, the fluctuations of the particle number in each pair of states can be large. 
On the other hand, the fluctuations of the total particle number, obtained by 
summing over all the pairs, remain small. The average value of this total number is: 


(V) = 257 Juul? =2>~ sin? (C-19) 
k k 
As we will show just below, the square of the fluctuation AN of (N) is given by: 
[AN? = 457 lox? [1 - loxl?] (C-20) 
k 
Since 2 - rx! <1, we get: 
[AN]? <4) > lux! =2() (C-21) 
k 
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so that: 
AN 2 
in) < ony (C-22) 


Hence, for large values of (NV), the fluctuations of the particle number, in relative value, 
are very small, decreasing at least as fast as the inverse of the square root of the average 
value. 


Demonstration: 


The operator corresponding to the square of the particle number is: 


~ 2 ~ ae 
3] = x, [Repair x) | . “b S- T(pair k) (pair k’) (C-23) 
k 


kZk! 


As the state |Ycs) is a product of states of pairs, the latter are not correlated and 
the average value of this operator is written: 


(scs| [| [Facs) 


poe eS Di tes Spas ss pa ~ as 
= SGI [Repair] ld + S> Fel Mpair 10 Pre) rel Repair) [Pre) (C-24) 
k kk’ 


Expression (C-1) for |@,,) leads to: 


pair k) [Px) = 20x |k, tT; —k, 4) (C-25) 
so that: 
A712 
({8] ) =4 bel +4 DO lon lowe? (C-26) 
k kk! 


Now the square of the average value (V) is equal to the last terms of this equality, but 
without the constraint k 4 k’ in the summation. It follows that the root mean square 
AN is written as: 


fan? =([]°) - ey = 4 [lon — lew] (C-21) 
which leads to (C-20). 


C-2-b. Bosons in the same spin state 


For bosons, each pair contains two individual states of opposite k. We show below 
that for each of them, we have: 


(Ax) = sinh? Oy (C-28) 
and that: 
( {rie ) = 2 (Fix)? + (Fix) (C-29) 
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The root mean square deviation of the distribution associated with the values of ny is 
thus: 


Arma = 4/ ([fix|” ) — (Fie)? = (Fix)? + (Fie) 
= sinhO, coshé, (C-30) 


(the average value of the particle number in a pair of states is 2 (7,), and the root mean 
square deviation of that number is 2An,). 


Demonstration: 


As |y,) is symmetric with respect to the two individual states k and —k, we have: 


(Mx) = (N-«) (C-31) 
with: 

(pie| Me Px) = y larc|?? x gq = |aric|” Tar E 3 (Pk Pk) 

are” 
= (C-32) 
[1 — lnxl?]” 

so that: 

as (pil Mc |ye) _ —_|arre|? (C-33) 

(ek |P«) 1 — |x|? 


which leads to (C-28). 


The average value of the particle number squared is computed in a similar way. Using 
the identity q? = q(q—1) +¢q to bring up the second derivative with respect to |rx|”, we 
can write: 


(re| [Pex]? ee) = S lau 





Sta (ania Mia and 
= = ae. k k k k k 
[A axl]? A |ax|? 
2|x|* |r| 
= ey (C-34) 
[1 ext] [1 - bes”) ” 
and hence: 
—~ 12 
((Rig?) = (Pel ral Wed — 9 Gy? + i) (C-35) 


(Qk |Pk) 


The total number of particles is written: 
(1) = Sloe? = > sinh?4, (C-36) 
k k 
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(as expected, each pair of states appears twice in this summation; one can also restrict 
the summation to the half-space D provided we add a factor 2). We also have: 


([x]") - (Sa Lae) = (Safiraes S~ ve) 


k k/#tk 





=> [(u?) + aeag)] + YD Fx) iw) (C-37a) 
k 


k,k’#A+k 





where, in the last term, we have used the fact that the paired state is the product of 
uncorrelated pairs. But this state is symmetric in k and —k, and operators ny, and N__, 
act on it in the same way. Therefore: 


([8]") = 372 [(thid?) — Ge] + 2 ie) (te) (C-37b) 
k kk’ 


(the constraint in the second summmation has been eliminated by subtracting a term in 
the first summation). We then get: 


( 4] ) = 257 [An]? + (wy? (C-37c) 
k 


The root mean square deviations An, have been obtained in (C-30). Hence, the square 
of the root mean square deviation of the total number of particles is written as: 


[AN]? =2 ys [An]? = 2 S “sinh? 0, cosh? 6, (C-38) 
k k 


As for the fermion case, this square contains only a single summation on k, whereas the 
square of the total particle number contains two. Now the number of non-zero terms in 
those summations is the number of Fourier components necessary to describe the pair of 
particles used, in § B, to build the paired state in a cube of edge length L (size of the 
momentum quantization box — see § A-1). This number is of the order of the cube of 
the ratio between L and the size of the pair, hence a very large number, as it is the ratio 
between a macroscopic and a microscopic volume. A double summation over k therefore 
contains many more terms than a simple summation, and since all the terms are positive 
and of comparable magnitude, we have: 


A\ 2 2 
(¥) > [AN] (C-39) 
We again find, as for fermions, that AN < (N ) 


C-3. “Anomalous” average values 


For computing average values of the energy (in particular, in Complement Bxy11), 
we will need the average values of products of two creation or annihilation operators. For 
example, for bosons we will need to calculate: 


(Px Gears [Px) and (Px| kk | Px) (C-40) 
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We note, right away, that they concern operators that do not conserve the particle num- 
ber, and this is the reason they are often called “anomalous average values”. One could 
be surprised that such average values come into play while studying physical processes 
that do not physically imply creation or destruction of particles. We will show that they 
actually occur in a very natural way in the calculation of the average value of a Hamilto- 
nian that conserves the particle number. The reason is that |G) is only a component of 
the total state vector (B-8), in which it is associated with many other |@,,); in the total 
state vector, the particle number in the state |%,,) may, for example, decrease by 2 while 
the particle number in the state |G,,) simultaneously increases by the same quantity. We 
are, therefore, performing computations on the components of a state vector that has 
the same total particle number; the “anomalous” character is only apparent, and is due 
to the fact that we only consider part of the total state vector. 


C-3-a. Fermions in a singlet state 


Consider the action of the operator a__,,;ax,4 on the ket |%,) written in (C-1). 
Only one of its component, in v(k), remains and, after two anticommutations, we can 
write: 


Oe, LO t |Bye) = Vee, 44, 4" ye | [0) = Oe focal ics | Jax,rah, «| |0) 
= vu, |0) (C-41) 


Taking the scalar product of this ket with the bra ((,|, only its component u* (k) (0| 
remains; the average value is thus: 


(GB, | a1, pak, [P) = ULYk = sin O, COs O, €7"S* (C-42) 
The anticommutation of these two operators then yields: 

(P| Ak, ta—k,| Px) = URUK = — Sin Oy cos OK e706. (C-43) 
Taking the Hermitian conjugate of (C-42), we get: 

@ al .at Gy) = uxvg~ = sin 0, cos O, e776 C-44 

k! %, 44k, |Pk k 

whereas the average value of ay 1k , is the opposite (anticommutation): 

(Px| ian |Pr) = —sin 6 cos O, e 26k (C-45) 


We saw, in § C-1-a, that the functions 0, and ¢, are even; we can therefore change the 
sign of k on the left-hand side of the previous relations without changing the right-hand 
side. 


C-3-b. Bosons in the same spin state 


For bosons, it is easier to first compute the average value of a product of creation 
operators: 


(P| 41.0! 4 |?) (C-46) 


1 
=z latat im)\— 

ay,.a = —,— 
(Pu k "Pr? Bare Ox 
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This expression contains the product of the ket: 


ajay |yn) = agaty >> [-ax]" Inc = G3 nk = 9) 
q=0 
= 30 (a4 1) [-2x]? Im = 9+ linn =94+1) (C-47) 
q=0 
by the bra: 
~ [—ay]? (mx = qn = "| (C-48) 
q’=0 


To get a non-zero term, we must have gq’ = q+ 1, which leads to: 
(q+ 1) [-2x]? [-ay)?" (C-49) 


whose sum over q yields, taking (C-32) into account: 
So @+D [Ha] ler? = [=a] [(rm) + 1 (x |e) (C-50) 
q=0 


We finally divide by (yx |~x) as in (C-46), to obtain, inserting the value (C-11) of zy: 


(Pel alal, |.) = —tanhO, e~*** [1 + sinh? Oy] 
= —e**k sinh, coshO, (C-51) 


As for the other “anomalous” average value (| axa_k |,), a simple Hermitian 
conjugation operation shows that it is the complex conjugate of the previous one: 


(G, | axa_x |G.) = —e7** sinhO, coshO, (C-52) 


As was the case for fermions, the functions 6, and q are even, which allows 
changing the sign of k on the left-hand side of the previous equations without changing 
the result. 


D. Correlations between particles, pair wave function 


As already mentioned in this chapter’s introduction, one of the major interest of the 
paired states is to allow varying the spatial correlation functions of a system of identical 
particles. In addition to the purely statistical correlations, coming from the indistin- 
guishability of the particles and already present in an ideal gas, we now have a way to 
include dynamic correlations due to the interactions. Using paired states instead of sim- 
ple Fock states allows, for example, a better optimization of the energy. We shall limit 
our study to the two-particle diagonal correlation function, as it is the one that fixes the 
average value of the interaction Hamiltonian. This will lead us to introduce a new wave 
function, that we shall name the “pair wave function”. In the complements following 
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this chapter we shall also study non-diagonal correlation functions; it will concern the 
one-particle correlation function, whose long range behavior may signal the existence of 
Bose-Einstein condensation, as well as the two-particle correlation function. 

In a general way, one may wonder about the physical significance of correlation 
functions computed in states |Vpairea) or |YBag), since these states are coherent super- 
positions of kets containing different particle numbers N. However, correlation functions 
are average values of operators keeping the particle number constant, and hence inde- 
pendent of the coherence between kets of different N values. Furthermore, we saw in 


§ C-2 that for large values of the average particle number (N » the relative fluctuations 


of that number were negligible. In the limit of large (N one can thus expect the results 


obtained with |Wpairea) or |Upcg) to be very close to those obtained with the |W p), for 
which these fluctuations are strictly zero. This question will be discussed in more detail 
in § 1 of Complement Bxyy. 

When studying correlation functions in the case where the paired particles are in 
the same spin state, the only relevant indices concern the orbital variables. We shall 
start with this simpler case, and study later the case of paired particles in a singlet state. 


D-1. Particles in the same spin state 


Relation (B-34) of Chapter XVI indicates that the two-particle diagonal correlation 
function G2 (r1,r2) can be written: 


Go (r1,Y2) = (wi (r1) wi (r2) Ww (r2) Ww (r1)) (D-1) 


Replacing the field operators and their adjoints by expressions (A-3) and (A-6) of Chapter 
XVI, using as a basis the normalized plane waves, we get: 


1 : 
Go (r1,12) = a S- eil(ka—k1)-r1+(ks—ka)-r2] (ah. af, ac ax, ) (D-2) 
ky, ,ko,k3,k4 


where the average value of the product of the 4 creation and annihilation operators 
must be taken in a paired state. Figure 1 symbolizes the different terms present in this 
correlation function. 


D-1-a. Simplifications due to pairing 


The computation is greatly simplified by noting that in a paired state, the popula- 
tions of the two individual states having opposite wave numbers k and —k must always 
be equal. Consequently, only those combinations of the 4 operators that do not change 
this equality will lead to non-zero average values. Three cases are then possible: 

— Case I: the two annihilation operators concern two individual states that do not belong 
to the same pair (k3 # +k,); the two creation operators must then restore to their initial 
values the populations of these two same states, or else their average value will be zero; 
these are the so called “forward scattering” terms. We then have either ky = k; and 
ks = kg (direct term), or ky = kp and k3 = k; (exchange term). 

— Case IT: the two annihilation operators act on the two states of a first pair (ky, = —ks), 
and the creation operators on the two states of another pair (kz = —k,). We then talk 
about a “pair annihilation-creation process” . 
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ky 


ie 


ry 


ky 
pale 


1) 
k3 f ry 


ky 


Figure 1: This diagram symbolizes the terms that come into play in the computation of 
the correlation function of two particles at points r,; andr,. The two incoming arrows 
at the bottom left-hand side represent the two particles eliminated by the annihilation 
operators; they are associated with a positive imaginary exponent of the position. The 
two outgoing arrows on the top right-hand side represent the two particles resulting from 
the action of the creation operators, associated with a negative imaginary exponent. The 
correlation function is the sum of these terms over all the values of the 4 k vecteurs. 





— Case III: the two annihilation operators act on the two states of the same pair, and 
the creation operators replenish these same two states (this is a special case of the one 
we just discussed); another possibility is that the two annihilation operators act on the 
same individual state (all the wave numbers k must then be equal). 


Using these conditions on the values of the wave numbers in (D-2), we note that 
the terms corresponding to cases I and II include two summations over the wave vectors, 
whereas there is only one summation in the terms corresponding to case III. Consequently, 
for a large (macroscopic) volume L°, there are far fewer terms coming from case III than 
from cases I and II. We shall therefore only take into account terms arising from case 
I and II. For the same reason, we shall ignore in our computation of these terms the 
constraints kz # +k, or k3 # +kj, as this amounts to adding a negligible number of 
terms. 








D-1-b. Expression of the correlation function 


The direct term is obtained for ky = k, and k3 = kg; it no longer has any spatial 
dependence. Since k; and kg are different, the average value of the product of operators 
can also be written (ak, Ak, as aks) — for fermions, the two minus signs coming from the 
anticommutations cancel each other. Now relation (B-8) shows that the paired state is a 
tensor product of pairs of states. This means that the average value we wish to determine 
is simply the product of the average values of the first two operators and of the last two 
operators, i.e. the product of the average values of two occupation numbers. We thus 
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get a first contribution: 
ee: 
_(¥) 


L® 





Gd® (r1,r2) = a S (Fie,) (Pcs) (D-3) 


kj ,ko 


where the summation over k; and ko are considered as independent, since as we men- 
tioned above, we can neglect the constraint linking these two indices. 

The exchange term is obtained for kz = kz and kg = kj; it exhibits a spatial 
dependence. As we did for the direct term, we regroup the creation and annihilation 
operators acting on the same individual states, but this operation now involves only one 
commutation between operators. We then introduce a factor 7, equal to —1 for fermions, 
and we get: 


G" (r1, 42) =35 Ne eee) rs) ig) (D-4) 
ki ,ko 
The pair annihilation-creation term k, = —k3 and kz = —k, also exhibits a spatial 


dependence, but no longer involves average values of occupation numbers. Its expression 
is: 


Gpenpat (r1,r2) = 7 S~ et i(ka—k1)-(r1—r2) (akat x, ) (ats, ) (D-5) 
ki ,k4 


and its structure is schematized in Figure 2. Expression (D-5) contains average values 
of products of operators that do not conserve the particle number, but rather annihilate 
(or create) two of them. They are called “anomalous average values”. As we explained in 
§ C-3, these anomalous average values come into play quite naturally in the computation 
of the average value of an operator that does conserve the particle number. Defining the 
“pair wave function” dpair as: 


Spa (®) = Ty De (exe) (D-6) 
k 


this correlation function can be written as: 
GBP (£2) = [pair (F1 — F2) |" (D-7) 


The complete correlation function G2(ri,r2) is the sum of the three previous 
contributions: 


Go (11,82) = G3" (r1,r2) + GS (ti,r2) + GEN (r1,r2) (D-8) 


For bosons in the same spin state, we can insert in this correlation function the average 
values given in (C-28), (C-51) and (C-52). We then get a binary correlation function 
that explicitly depends on the parameters 0,, as well as on the phases ¢,, which both 
define the paired state. This clearly verifies that these parameters introduce flexibility 
in the two-body correlation function. For example, we find: 


1 . 
Ppair (8) = 8 S | sinhé, cosh, e7 te ~ 26x) (D-9) 
k 
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ky 


Figure 2: Diagram symbolizing the pair-pair term of the binary correlation function, with 
the same convention as for Figure 1. 





The pair wave function thus directly depends on the phases ¢,; as we shall see in the 
complements, these phases actually play a major role in the optimization of the energy. 
For bosons, this wave function is always even since, as we saw in § C-1-b, this is the case 
for the functions 6, and ¢, introduced in (C-11). 


Comment: 


To describe systems of interacting bosons undergoing Bose-Einstein condensation 
(see § 4 of Complement Bxyy and Complement Exy1, we shall add to the paired 
state |Wpairea) another highly populated state with zero momentum (k = 0). This 
will introduce new terms in the correlation functions, in addition to those com- 
puted in this chapter. When the population of that individual state with zero 
momentum is very high, these additional terms may become dominant. 


D-2. Fermions in a singlet state 


For fermions with spin 1/2, since each spin can point in two directions, there exists 
a larger number of correlation functions. Several among them will be studied in §2 of 
Complement Cxy. We shall only compute one of them here, involving opposite spins, 
as it plays the most significant role: 


Go (ri, tired) = (U4 Ce) Ul (ra) By (2) By (rv) (D-10) 


Relation (D-2) now becomes: 


1 : 
Go (r1,t5r2,1) = [6 » eil(ka—k1)-ri+(ks—ka)-r2] (ab, pak, yas,1%,1) (D-11) 
ki ,k2,k3,k4 
The diagram schematizing each term of this sum is obtained by adding spin indices to 


the positions in Figure 1 — as is done in Figure 4 of Complement Cxyqr. 


1834 


D. CORRELATIONS BETWEEN PARTICLES, PAIR WAVE FUNCTION 





The computation is then similar to that of § D-1. The direct term is written: 


G3" (ti, tr2,4) = a De te, +) Fea) = Ne ele) 


L® 
ki, ko 


There is no exchange term where k4 = kg and k3 = kj, as it would correspond to the 
average value of an operator changing the direction of one of the spins in two different 
pairs, hence destroying the equality between populations of opposite spins in each pair; 
this term does exist, however, in the special case where k; = —kg, but its contribution 
is negligible. Finally, the pair annihilation-creation term corresponds to ky = —k3 and 
ky = —kj; it is written: 


air-pair 1 i os (r)—r 
Gyr" (r1, tra.) = ré > aa a Cates) (aks set) (D-13) 
ki ,ka 


Here again, the pair-pair term involves anomalous average values. As before, we can 
define a pair wave function @pair as: 


Ppair(t) = Fg a eT (ay, 1a—,t) = a Ee (ac, dic,t) (D-14) 
whose modulus ae appears in the ee function: 
agnre (ry, t)12,4) = [pair (ta — ¥2)/? ee) 
Inserting relations (C-42) into (D-14) yields: 
1 
bpair (t) = 5 ss Dok e a S © sinBy Cosby ef 71768) (D-16) 
k 


The important a of this pair wave function in the BCS condensation phenomenon will 
be discussed in detail in Complement Cxyq. We will show in particular that this function 
not only plays a role in the diagonal binary correlation function; it also determines the 
long-range non-diagonal properties of the density operator, hence playing the role of 
an order parameter. We noted that the parameters 0, and Cx are even functions of k; 
consequently, the function @pair (r) is also an even function of r. 

The total correlation function is then: 


(M)(M) 

Go (ti, tire,4) = yee ldpair (T1 — F2)| (D-17) 
Inserting in this result expression (D-16) for ¢pair (x), we obtain the dependence of the 
correlation function on the parameters 6, and ¢,. This illustrates how these parameters, 
which define the paired state, allow changing the correlation function. 


Comment: 


In the particular case where all the 6, are either zero or equal to 7/2, we already 
mentioned (see end of § C-1-a) that the paired state becomes a Fock state in which 
the phases ¢, no longer play any role. It is easy to check that the anomalous 
average values are then all equal to zero, as is, obviously, the function pair (Fr). 
On the other hand, for a different choice of the parameters 0,, the phases Cx, play 
an especially important role, as will be shown for example in Complement Cxyqz. 
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E. Paired states as a quasi-particle vacuum; Bogolubov-Valatin transformations 


The Hamiltonian of a noninteracting particle system can be written as: 


Hp = S> (fiw) ala; (E-1) 
where fw; is the energy of an individual state labeled by the index 7. The ground state 
|®o) of Ho is an eigenvector of all the annihilation operators a,;, with a zero eigenvalue: 


a; |®o) = 0 (E-2) 


The paired ket |Wpairea) is not an eigenvector of the usual annihilation operators a;. 
We shall, however, introduce in § E-1 a linear transformation of the a; and al into new 
annihilation and creation operators, and show in § E-2 that |Wpairea) is an eigenvector, 
with a zero eigenvalue, of all the new annihilation operators. The paired state will then 
appear as a “particle vacuum”. Furthermore, in § E-3, we shall associate with |Vpairea) 
a family of operators having the same form as the Hamiltonian (E-1), but where the a; 
and al are replaced by the new annihilation and creation operators. The interest of that 
association is the possibility, in certain cases (illustrated in the complements), to identify 
— with certain approximations if needed — an operator in this family with the Hamiltonian 
of a given physical situation. The problem of finding the ground state and the excited 
states is then solved, as if dealing with a system of independent particles. The state 
|W paired) Can then be considered as the ground state of the Hamiltonian of independent 
“quasi-particles”, while the new creation operators permit building a complete orthogonal 
basis of excited states. 


E-1. Transformation of the creation and annihilation operators 


For bosons in the same spin state, the state |y,) belongs to the space Ex associated 
with the pair (k, —k); this space is generated by the action of two creation operators al. 
and aly. on the vacuum. This is also the case for fermions in opposite spin states, if 
we simplify the notation k, + to k, as well as —k, | to —k (we have labeled each pair of 
individual states by the value of k associated with the spin +). For both cases, we now 
define two new couples of creation and annihilation operators that act in &,. 

We introduce the two annihilation operators b, and b_,, defined for k # 0, as well 


as the Hermitian conjugate operators bb and bles as: 





bh =U, +7 vga! bf i upat +1 URa__ 
b_y, = UKa__, + ka}, Bes i upal + Upa, (E-3) 
or: 
by Uk 1) Uk ak 
b_x Uk Uk a_k 
k 1 UK 1 
bie: UK UK a 


As for now, ux, and 1, are any two complex numbers. 
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As in Chapters XV and XVI, [A, B]_,, denotes the commutator of A and B if = 1 


(bosons), and their anticommutator if 7 = —1 (fermions). We now compute [bk, b—x]_,} 
as a, (anti)commutes with a_, and as al. (anti)commutes with al. only the cross terms 
in UKU_K remain: 


[by b_x]_, = UkUk { jay, al, ¥ +7 lags a| } (E-5) 


For bosons, the commutator of a_, and aly equals 1, and hence the commutator of al, 
and a_, equals —1; for fermions, the two anticommutators of those operators are equal 
to 1, so that we obtain, in both cases: 


[by D-k|_,) = Uke {1 — 1} 
ae (E-6) 


By Hermitian conjugation, we get: 


ee el (E-7) 


We now compute be, ok | . This time, we get the two squared terms in |e | and ae 
1 
The one in |ux|* contains the (anti)commutator fax, af, equal to 1; the one in |v,|” 


contains, for bosons, the commutator of aly and a_, which equals —1, and for fermions, 
the anticommutator of those two operators which is equal to +1. We therefore get: 


[be Dh] = Fel? — len (E-8) 
In a similar way: 


[bts BE gg] = lel? len (E-9) 


Finally, we are left with the computation of bi, ot ,| and [b—, bi | . The first is 


—n ” 
zero since a, (anti)commutes both with ale and itself®, and that aly. (anti)commutes 
with itself and with a_,; the reasoning is the same for the second, so that: 


[bv | _=9 


[be ok | =? (E-10) 


To sum up, it suffices to impose, for all values of k, the condition: 


[tye | -—n lure” =1 (E-11) 





8For fermions, its square is identically zero. 
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to get the relations: 
[Ps of | = 
=n 


[be os, wea (E-12) 


so that the operators bk and b_,, as well as their adjoints, obey the same relations of 
(anti)commutation as the usual annihilation and creation operators of identical particles. 
For fermions, we find again condition (C-3), which allows us to simply set, as in 


(C-4): 

UK = C08 Oy eS 

U_ = sin Oy e'S* (E-13) 
We then see that the matrix in the right hand side of (E-4) is unitary. This unitary trans- 
formation of the creation and annihilation operators is called the “Bogolubov-Valatin 


transformation”. 
For bosons, we will set: 


Uk = coshO, e~%S* 
vk = sinhO, e** (E-14) 
Comparison with relation (C-11) shows that: 


Uk 
Uk 


Tk = (E-15) 


The transformation of the creation and annihilation operators for bosons is called the 
“Bogolubov transformation”. 


E-2. Effect on the kets |,,) 


We now show that the vectors |%,,) are eigenkets of two annihilation operators 6b, 
and b_, with eigenvalues zero. This property makes them similar to a usual vacuum 
state, which yields zero under the action of all the annihilation operators ax. 


E-2-a. Fermions in a singlet state 


Let us compute the effect of those operators on the ket |G) defined by relation 
(C-1), that we write with the simplified notation already used above (k is associated with 
the spin index + and —k with the spin index — ): 


[c) = Jee + vx af.a! j| [0) (E-16) 
We start with the operator b, defined in (E-3). Its u,a, term yields zero when acting on 


the term in ux of |); only the term in uv, remains, for which the operator lowers from 
one to zero the occupation number of the state k,*+, since: 


0.04," ,, |0) = a! , |0) (E-17) 
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As for the operator una! 4, it yields zero when acting on the v, term of |%,,) (for fermions, 
the square of a creation operator is zero), leaving only the term in ux. This leads to: 


by Px) = UkUKA' 1 — vcuKal , |0) =0 (E-18) 


The computation is the same for the operator b_,, except for the fact that the 


operator a_, must first anticommute with ah before it can be regrouped with aly and 
lower from one to zero the occupation number of the state —k. The anticommutation 
therefore introduces a sign change, but as the definition of b_, does not contain any — 
sign, we again find: 


b_i |Px) = UkUk |-al + aj | 0) =0 (E-19) 


We have shown that the two operators b, and b_, have the ket |%,) as an eigenvector, 
with eigenvalue zero. 


E-2-b. Bosons in the same spin state 


Taking into account (E-15), relation (C-7) is written: 


l~x) = s : |-=] ‘ latat 0) (E-20) 


q! 


q=0 me 
Since: 
ax [ajal y]"0) = (anak) [ab]” fat)” lo) = (a) [ak]* [atx] 10) (E-21) 
we have: 
UKak |~k) = Uk > aI |-=| ; la} [at,,| : |0) (E-22) 


or else, since ass commutes with all the operators in this expression: 


oo 1 v q q’ qd 
ana er) = ~r40!y De [-E] fol” [at] 9 
q’=0 *~ 


Uk 


= —uxa! , |px) (E-23) 
where we have set q’ = q—1. This leads to: 
(way + via! 4) ly) = 0 (E-24) 
which clearly shows that |y,) is an eigenvector of the operator b, defined in (E-3): 
by Px) = 0 (E-25) 
The same computation leads to: 
UKa__ |~k) = —v_al. |yK) (E-26) 
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and hence to: 
b_y |Yx) = 0 (E-27) 


As for fermions, the two operators b, and b_, have the ket |%,,) as an eigenvector with 
an eigenvalue zero. 


E-3. Basis of excited states, quasi-particles 


For bosons as for fermions, we just saw that the new creation and annihilation 
operators introduced in (E-3) and (E-4) have the same properties as the usual creation 
and annihilation operators. In particular, the two operators: 


Ai (De) = OL by f(b) =O pbeg (E-28) 


have as eigenvalues all the positive or zero integers, in perfect analogy with the opera- 
tors corresponding to the population of individual states. By analogy with (E-1), it is 
therefore natural to introduce the operator: 


Hip = S~ hu [bho 4 ob 1b] (E-29) 
keED 


where, for the moment, the w,; are free parameters, as are the parameters which define 
the paired state (they will be fixed later on, depending on the physical problem we study). 
In relation (E-29), the summation is limited, as above, to a momentum half-space, which 
avoids taking opposite momenta into account twice. The eigenvalues of H B are all of the 
form: 


Ep = S~ [n (by) +n (b__)] hire (E-30) 
keED 


where n (by) and n(b_,) are any positive or zero integers for bosons, and restricted to 0 
or 1 for fermions. 

The ground state |®o(b)) of H g is an eigenvector of all the annihilation operators 
b, and b_, with eigenvalues zero. Now we saw in (B-8) for bosons, and in (B-11) 
for fermions, that the paired state vector is a tensor product of states |y,), which are 
precisely the eigenvectors, with zero eigenvalues, of these two operators. The paired 
state, |Vpairea) for bosons®, or |Wgcs) for fermions, is thus an eigenvector of H B Witha 
zero eigenvalue (ground state). 

One can then obtain the other eigenstates of Hp (excited states) by the action of 
the creation operators bh and bl on |®o(b)). For bosons, each of these two operators 
will be able to act any number of times. For fermions, on the other hand, we shall 
only get 3 excited states, by the action of either BL or ae or their product; as these 
operators anticommute, any higher power of those operators’ product will yield zero. We 
finally note that operator (E-29) shares many of the properties of the Hamiltonian of an 
ensemble of particles without mutual interactions. Just as the usual creation operators 





°For bosons, in Complement Bxyqz, we will associate to that paired state a coherent state l~o) to 
obtain the state |®g). But, as none of the operators by or b_, act in the Fock space associated with 
the individual state k = 0, the conclusions will be unchanged for |®3,). 
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can add particles in a system of free identical particles, the creation operators bh and 
Bs can be considered as the operators adding a supplementary “quasi-particle” into the 
physical system. These quasi-particles are not the same as particles in a system really 
without interactions, as illustrated by the expression of these creation operators. They 
yield, however, a basis of states in which we can reason as if there were no interactions, 
which is a very powerful framework for reasoning in many domains of physics. 

For the previous considerations to be relevant from a physical point of view, we 
have yet to show that the Hamiltonian of the problem we study can be approximated by 
an operator H B, provided we make a judicious choice of all the parameters ux, v_p and wy . 
This is not a priori easy: the Hamiltonian of an ensemble of particles includes, in general, 
two-body interaction terms, and those are expressed in terms of sums of products of two 
creation operators ah and two annihilation operators a,, hence of 4 operators. Now, 
if we insert definitions (E-3) and (E-4) into (E-29) to express Hg as a function of the 
old creation and annihilation operators a, and al, it is clear that we shall only obtain 
combinations of products of 2 operators. We shall need to make certain approximations 
to be able to consider H B asa physically pertinent approximate Hamiltonian. Examples 
of such situations will be given in the complements. 


Conclusion 


In conclusion, the paired states are a powerful tool for studying both fermions and bosons. 
They provide a systematic method allowing a certain flexibility in variational calculations 
in the presence of interactions. Furthermore, starting from a paired ground state, we were 
able to build a whole basis of excited states using creation and annihilation operators 
matching that ground state. In the complements of this chapter, we shall use the paired 
states to study different problems and compute the optimal parameters most relevant 
for each situation. The physical results will be quite different, depending on the cases, 
especially for fermions or for bosons; but the main point remains that the paired states 
offer a unified framework for obtaining all these different results. 
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The first two complements provide more details about a number of results given in the chapter, 


concerning various properties of the pair operators and the paired states. The following three comple- 


ments apply these concepts to physical phenomena involving fermions, and then bosons. 





Axvi: 


PAIR FIELD OPERATOR FOR 
IDENTICAL PARTICLES 


The pair field operator is the analog, for a pair of 
particles, of the usual field operator for a single 
particle. It is a useful tool for computing average 
values in a paired state. The commutation 
relations of fermion pair operators are similar to 
those of bosons, except for an additional term due 
to the fermionic character of the pair constituents. 





Bxvii 


: AVERAGE ENERGY IN A PAIRED STATE 


This complement explains the computation 
of the average energy in a paired state. For 
bosons, we add to this paired state a condensate, 
described by a coherent state. The results of this 
complement are used in Complements Cxyi1 and 


Exvnu - 





Cxvir 


: FERMION PAIRING, BCS THEORY 





Even weak attractive interactions can greatly 
modify the ground state of a fermion system, 
via the BCS mechanism for pair formation. 
This complement discusses the theory of this 
phenomena, and its effect on the particle distribu- 
tion and correlation functions, as well as its link 
to Bose-Einstein condensation of pairs of particles. 





Dxvit 


: COOPER PAIRS 


The simple Cooper model studies the bound 
states of two weakly attracted particles, in the 
presence of a Fermi sphere that prevents the 
particles from occupying states inside that sphere. 
Whereas, in general, a minimum depth of an 
attractive potential is required for two particles 
to form a bound state in 3-D, the presence of the 
Fermi sphere ensures the existence of a bound 
state, no matter how weak the attraction is. The 
Cooper model accounts in a somewhat intuitive 
way for a number of results of the BCS theory. 





Exvir 


: CONDENSED REPULSIVE BOSONS 


For an ensemble of bosons, using paired states 
as variational states leads to the same results 
as the Bogolubov method based on operator 
transformations. We thus obtain the Bogolubov 
spectrum, compute the “quantum depletion” 
introduced by the interactions, etc. 
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Complement Axvit 


Pair field operator for identical particles 





1 Pair creation and annihilation operators ........... 1846 
l-a Particles in the same spin state... .............. 1846 
1-b Pairs ina singlet spin state .. 2.2... . 2... ..0..2.000.0. 1849 
2 Average values in a paired state. ................ 1851 
2-a Average value of a field operator; pair wave function, and order 
parameters... oa cui ee od VS Boe ee SE ee ES 1851 
2-b Average value of a product of two field operators; factorization 
of the order parameter... ..........-.. 02000004 1854 
2-c Application to the computation of the correlation function 
(singlet pairs) -.is co6n tvs oe Sa whe a ae a a 1858 
3 Commutation relations of field operators ........... 1861 
3-a Particles in the same spin state... .............-. 1861 
3-b Singlet pairs, of 2 Aes ese G hk due ae Gea eka EE 1866 





In Chapter XVI we introduced a field operator W (r) acting in the state space of a 
system of identical particles. This operator was defined as a linear combination of anni- 
hilation operators associated with individual states having a given momentum. It proved 
to be a useful tool for various computations, and in particular for the determination of 
correlation functions. We then showed, in Chapter XVII, the relevance of paired states 
where, essentially, identical particles were grouped into pairs. We introduced creation 
and annihilation operators of pairs of particles in well defined momentum states, Al. and 
Ax. Consequently, it is natural to envisage the introduction of a field operator for pairs 
of particles, which will be the operator ®, (R) destroying a pair of particles whose center 
of mass is at point R and whose internal state is described by the wave function y. Its 
adjoint, ot (R), creates a pair of particles in that same state. In this complement, we 
will define these operators and study some of their properties. 

We start in § 1 by giving the expression of these field operators @,, (R) and 
ot (R) for pairs described by any orbital state y,. We consider the case where the 
particles are either in the same spin state, or in a spin singlet state. We then study, 
in § 2, the average values, in paired states, of pair field operators and of products of 
such operators. These average values have some very interesting properties leading us, 
in particular, to introduce a new wave function ¢pair (r), called the “pair wave function”, 
which is not simply the two-particle wave function pair (1) used to build the paired 
state. As we shall see in § 2-c, this new wave function explicitly appears in the binary 
correlation function of the particles’ positions. Moreover, its norm is linked to the number 
of quanta present in the field of condensed pairs. The origin of this pair function is the 
fact that pairs can collectively contribute to the creation of a field whose average value 
is what we shall call an “order parameter”. This non-zero order parameter indicates the 
existence of a macroscopic field associated with the pairs. We will show how it relates 
the “anomalous average values” (of operators that do not conserve particle number) to 
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the normal average values of a product of two field operators ®,, (R) and ot (R), 
that does conserve particle number. In particular, we shall use, in § 2-c, the properties 
of the pair field operator to get the correlation functions in a paired BCS state, and 
to study the consequences of the existence of the macroscopic field associated with the 
pairs. We shall finally study, in § 3, the commutation properties of these operators; they 
will be found to be similar to those of bosons (whether the particles building the pair are 
bosons or fermions), but not completely identical as corrective terms must be added to 
the boson commutator. We shall see that, since the pairs are strongly bound and have 
a spatial extension much smaller than all the characteristic dimensions of the problem, 
the pairs can be assimilated to bosons; if, however, the pairs are weakly bound (as is 
the case, in particular, for the BCS mechanism we will discuss in Complement Cxyyqy, it 
is not possible to consider them as indivisible entities: the fermionic structure of their 
components plays an important role that cannot be ignored. 


1. Pair creation and annihilation operators 


By analogy with the field operator for the particles composing the pairs, we now introduce 
a field operator concerning the pairs themselves. The adjoint of this field operator allows 
the direct creation of a pair of particles at a given point, and with a given internal state; 
as for the operator itself, it annihilates that same pair. 


l-a. Particles in the same spin state 


We defined, in Chapter XVII, the operators Al and Ay, for pairs of particles 
without spin (or in the same spin state), as: 


1 
ie t t 
AK = V2 », Dk Me 14K 1 
1 * 
Ap= a S- Ik UK 4A 4 (1) 
k 


In this expression, gx is the Fourier transform of the wave function y(r) characterizing 
the pair: 


= 1 3 —ik-r 
ee x(r) (2) 





and L is the edge length of a cube, of volume L? , which contains the physical system. 
We now generalize these definitions to the case where the pair is not necessarily in a given 
orbital state, but in any state belonging to an orthonormal basis of states |yn), with the 
index n going from 1 to infinity; these states each have a wave function y,(r) whose 
Fourier transform is gj. We therefore simply add an index n to the previous definitions, 
as for example: 


1 
Al ae S n ot T 3 
i : Te Og OS (3) 


We saw in Chapter XVII that the bosonic or fermionic character of the particles 
building the pair requires the functions gf to have the parity 7 with respect to the 
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variable k, which means g”, = 7 gy with: 


= (4) 


+1 for bosons 
—1 for fermions 


Should gj be of parity —n, it is easy to check by (anti)commutation of the operators that 
expression (3) yields zero. We can then only consider the case where the gj’, and hence 
the corresponding wave functions y,(r), have the parity 7. If, however, we need the basis 
of states |yn) associated with these wave functions to be complete, we can include states 
of any parity, +1. We must then remember that the operators Mea are zero whenever 
the index n corresponds to a wave function of parity —7. 





Qa. Expression of Al, n in terms of the particle field operator 


Relation (A-10) in Chapter XVI permits replacing the creation operators at by: 


se a / dr ek? wi(r) (5) 


where Wi(r) is the adjoint of the field operator associated with the elementary compo- 
nents of the pair (the “atoms” of each “molecule”). Using twice this relation in (3), we 
get: 


! ai( rr i(K—k).r’ 
Mes agg pte) CEE EN) (6) 


or else, choosing as the integration variables R =(r +r’) /2 andx=r-—-r': 


1 
= 
Ak in — J2L3 





a3 ao 3 n pik-x yt *\pi(R_* 

‘. Re aS me (R+>5) (R 5) (7) 
The summation over k on the right-hand side leads to expression (A-2) of Chapter XVII 
for the wave function y,, and we can write: 


x 


1 : x 
i 3p ,iK-R 3 t Api 
Abe aaa | Re [Pe xn) WR+ 30 (R—5) (8) 





This other form for the operator already introduced in (3) demonstrates the fact that it 
creates a pair of particles in a molecular state characterized, for its external variables, by 
a plane wave of wave vector K, and for its internal variables, by the wave function vy», . 


B. Pair field 


For each internal state |x,,) of the pair, we can introduce, using relation (A-3) of 
Chapter XVI, an operator ot (R) that creates a pair at point R and in the internal 
state Yn! 

1 


6! (R) = )> e “KR a} 9 
Xn ( ) ee 2, K,n ( ) 
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Replacing in (8) the integral variable R by R’, and using the result in equality (9), we 
get: 





oe! (R)= Xf ar et nK-(R/—R) ) f ax xn (0) ) wR’ + + 5)W(R’-5) (10) 


an 


The sum over K of e* (8-8) then yields L°5(R — R’), which allows integrating over 
d° R’, and we obtain: 


BL, (R) =e fide xn Ge) WR + SyHR-F) (11) 


This operator is therefore a product of field operators creating successively each of the 
two elements of the pair, which is easy to understand from a physical point of view. Note, 
however, that the two elements are not created at the same point, but symmetrically with 
respect to point R, and with a spatial distribution whose amplitude is given by the wave 
function x (x) of the “molecule”. The spatial zone involved in the process thus extends 
over a distance of the order of the range of this wave function. 

As for the pair field operator itself, which annihilates a pair, it is defined by 
Hermitian conjugation of the previous relation: 


®,, (R)= af ee xh Os) HRS) w(R4%) (12) 


We now use relation (A-3) of Chapter XVI to come back to the annihilation operators 
in a basis of individual states with fixed momenta. Using (twice) this relation in (12), 
we get: 


®, (R)= nas | XE (x) So el (R- 8) cB ay, a, (13) 


ki ko 





This relation will be useful in what follows. 


Y. Inversion; expression for the interaction energy 


We call |x,,) the individual states corresponding to the wave functions x, (r) and 
assume they form a complete basis. The closure relation on these states is written: 


Do Ix) (xn Ie") = $2 (98) (981) = Sic (14) 
We now multiply relation (3) by (gj,)*, and sum over n to get: 
n \* 1 
s ) Aten oa, VJ2 Oe yyy ey (15) 


It is thus possible to invert relations (3) and express any two creation operators as a sum 
of pair creation operators, according to: 


Ga v2¥ (ati aif) Aiea, (16) 
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where we have replaced K par k; + kz and k’ by (k; — kg) /2. By Hermitian conjugation, 
we get a similar relation for any product ax,ax, of annihilation operators. 


Interaction Hamiltonian: 


Any operator Wut for the binary interactions between particles can therefore be written 
as: 


Wie = SLs ex 2: Meal Wa (1,2) |: keg 2 = ea) 


ky ,k2,k3,k4,n,n’ 
(9(4e1 -k2)/2) (sii. eay/2) Aken An! (17) 


where W2 (1,2) is the binary interaction between particles (as, for example, in Comple- 
ment Exy; using momentum conservation, we have set: 


K=k,+ke=k3+ka (18) 


Written in terms of pair creation and annihilation operators, Wint is the sum of quadratic 
terms, and no longer of fourth degree terms as was the case with operators for individual 
particles. Note, however, that one must be careful when using relation (17) since, as 
we shall see in § 3, the pair creation and annihilation operators do not obey the usual 
commutation relations. The action of an operator Ax, on a paired state obtained by 
the action of [Aland i on the vacuum, does not necessarily yield zero when K 4 K’. 
Pair creation operators are not as simple to handle as particle creation operators. 


1-b. Pairs in a singlet spin state 


For a pair of spin 1/2 particles in a singlet spin state, we use relation (A-23) of 
Chapter XVII and add an index n to represent the internal orbital state of the pair; this 
reads: 


Aken = Son Oe se te te) (19) 
k 


The following computations apply directly to fermions in a singlet state, for which the 
functions gj must be even with respect to the variable k. We noted however in Chapter 
XVII, in comment (ii) just before § B, that they can also apply to fermions in a triplet 
spin state, when the function gj is odd; even though this case can be included in the 
following discussion, for the sake of simplicity we will continue to talk about singlet pairs. 


Q. Expression of Al Kn in terms of the particle field operator 


Relation (A-9) of Chapter XVI becomes here, taking into account the spin indices: 
sa | ek? pir) (20) 


Inserting this equality in (19) yields: 


1 i(K+k)-r_i( —k)-r’ 
Aken = 73D. Se [ote fate’ let) (Se) yl rat (r) (21) 
k 
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As previously, the wave function y,, (x) appears when we use as integral variables R = (r + r’) /2 
and x = r—r’, and we get: 


1 3p iK-R 3 7 es 
Aen = 5 fa REEF | dn xq (x) WR + ZywlR-Z) (22) 
This yields the form of the operator creating a pair of particles in a singlet molecular 
state, characterized by a plane wave of wave vector K for its external variables, and by 
the wave function y,, for its internal variables. 


B. Pair field 


We now insert relation (22) in (9); we get: 


oi (R)= a > fer eK (R'-R) [es Xn (x) WIR’ + tee) (23) 
K 


As before, the sum over K of eiK-(R’-R) yields L°6 (R — R’), and we get: 


BL, B)= fds xn oo VR+ F)U|R-5) (24) 


The same comments as in § l-a-G can be made: this operator successively creates the 
two elements of the pair at different points, with a probability amplitude given by the 
internal wave function yp (x) of the distance between these points. The field operator is 
obtained by Hermitian conjugation: 


x 


b,, (R)= f dx x4 G0) W(R-F)¥ R45) (25) 


It will often be convenient to come back and use the annihilation operators in a basis of 
individual states of fixed momenta. Using (twice) relation (A-14) of Chapter XVI, we 
get: 


1 : se tS x 
Oo: (R) = BB [et xe (x) ye eR 3) MRE) al ime A (26) 
ki, ke 
Comment: 


For singlet pairs, we could invert those relations, as we did before, and express the 
interaction energy in terms of the pair creation and annihilation operators. It is, however, 
a bit more complicated in this case than when the pairs were in the same spin state: as 
we shall see in § 2-c-a, it would be necessary to involve another pair creation operator 
(in a triplet state). This would lead to cumbersome notation, and the computation will 
not be presented here. 
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2. Average values in a paired state 


We now compute the average values of pair field operators, or of products of such oper- 
ators, in the paired state we defined Chapter XVII. We shall use relations (13) or (26), 
depending on whether the particles are in the same spin state, or in a singlet spin state. 
In both cases, the computation of the average value of those operators in a paired state 
involves the computation of average values of products of annihilation operators — i.e. of 
“anomalous” average values as defined in Chapter XVII. 


2-a. Average value of a field operator; pair wave function, and order parameter 


Expressions for the paired kets were obtained in § B-2 of Chapter XVII as tensor 
products of states of pairs that are not eigenstates of the occupation number operators. 
These pairs all have a zero total momentum; we therefore assume, from now on, that 
K = 0. The average value computation of a pair field operator in these states will lead 
to a new wave function, that we will call the “pair wave function”. 


a. Particles in the same spin state 


Relations (B-8) and (B-9) of Chapter XVII give the expression of the paired state 
vector |Wpairea) for an ensemble of a large number of particles: 


|W paired) = II exp {v2 9k ajat ,} |0) (27) 


@keD 


The function gx, used to build this paired state is a priori totally independent of the 
functions gj’ defining the pair field operators. In such paired states, the populations of 
the states of the same pair are always equal; consequently, the only non-zero average 
values (ax, @k,) are those in which the two annihilation operators act on the two states 
of the same pair, which have opposite momenta. As the total momenta of each pair is 
zero, we can set ky = —kg in (13) and obtain: 


(®,, (R)) = as [te XG, (x Nee HO (Gael Sie) 


7 i dx x, (x) dpair (x) Ce 





where the (non normalized) “pair wave function” has already been defined in (D-6) of 
Chapter XVII: 





pair (K) = (X |pair) = ine ee (axa_x) (29) 











Changing the sign of the summation variable k, allows writing the pair wave function 
pair (kK) in the momentum representation as: 


dpair (k) = ({k |Opair) = (Ak Qk) (30) 


1 
L3/2,/2 
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Note that because of the condition k; = —k (the total momentum of each pair is zero), 
the average value (®, (R)) no longer depends on R. 
The average value of the pair field operator is thus: 


(Oe, (R)) = (oe) = (Xn |Ppair) (31) 


As expected from the translation invariance of the system, it is independent of R. On 
the other hand, it depends on the internal state |y,,), and reaches a maximum when |x,,) 
is equal to the normalized state |pnor proportional to |@pair): 


pair 
|dpair) 


(Ppair |Ppair) 


|oncrr) = (32) 


This computation therefore leads to a new state |onorm, different from the state |x) 


that was used in Chapter XVII to build the paired state |Wpairea). Choosing for the first 
vector of the basis |y1) = |onorm, the average value of the field is given by: 


pair 





(®), (R)) = (®y,) = y/ pair |Ppair) (33) 











This average value (8, ‘ (R)) is often called the “order parameter of the pairs”; its non- 
zero value is important as it indicates the existence of a field constructed collectively by 
the pairs. In the present case, the average value of this field is independent of R, as the 
paired state was built from pairs having a total momentum K = 0 and whose center of 
mass has a constant wave function. 

The average values (axa__), which according to (29) determine the pair wave 
function, have been called, in § C-3 of Chapter XVII, “anomalous average values”, as 
they involve operators that do not conserve particle number. For bosons in the same 
spin state, relation (C-52) of that chapter indicates that: 


(axa_~) = —e?*S* sinhO, coshO, (34) 


One may wonder, of course, what the purpose of computing an anomalous average value 
is, as it can only be zero in a state with a fixed total particle number. We shall see, 
however, in § 2-b that these anomalous average values are a useful tool for computing 
average values of operators that do conserve the total number of particles and hence have 
a direct physical interpretation. 

For bosons, operators ax and a_, commute, and hence the definition (29) shows 
that the wave function @pair (x) is even: 


pair (—X) = dpair (x) (35) 


The field mean value (31) is thus zero for any state y, of the basis whose wave function 
is odd: the postulate of symmetrization with respect to the pair components requires 
that pair to be in an even orbital state!. 





lif the particles composing the pair were fermions in the same spin state, the conclusions would be 
opposite. The wave function would be odd (because of the anticommutation of the operators a, and 
a_); the average values for even internal states xn would be zero. 
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B. Singlet pairs 


For fermions in a singlet state, the paired state vector |Vpcs) is given by relations 
(B-11) and (B-12) of Chapter XVII: 


|Yscs) = [J exp E a sale] |0) (36) 
@k 


Following (26), we must add the spin index | to the state k, and the spin index + to 
the state —k. Here again, the average value of the product of annihilation operators is 
different from zero only if their wave vectors are opposite, and relation (26) then leads 
to: 


| 


1 . 
(Os (R)) ie dx Xn (X) S ore (@x,|G—k,+) 
k 


= (Xn [Ppair) (37) 


with the definition (D-14) of Chapter XVII of the state |¢pair), associated with the (non- 
normalized) wave function: 


1 
Ppair (X) = (X |bpair) = 73 Se oie n aes) (38) 
k 


In a similar way, the pair wave function in the momentum representation pair (k) can 


be defined as: 
z 1 
Ppair (KK) = Fa7q (4K, ,t) (39) 


This wave function can be interpreted in the same way as the wave function defining 
the orbital variables of a pair in the singlet state. As in (32), we define the normalized 
ket |gper). The field average value (37) is zero if |x) is orthogonal to |¢2o") and 
norm 
pair 


reaches a maximum for |x») = |x1) = | ); this maximum is equal to: 








(2, (R)) = (Po) = (pair |Ppair) (40) 





and defines the order parameter of the physical system. It indicates the presence of a 
field created collectively by the pairs. As noted before, since the total momentum of each 
pair is zero, this average value does not depend on R. 

The average values that come into play in that definition are given by relation 
(C-42) of Chapter XVII: 





(ak,{@—k,t) = URUK = sin OK COS I €7*S* (41) 


(in the BCS state, the 0, and ¢, are even functions of k). We noted, at the end of § C-1-a 
of that chapter that, in the specific case where the 6, are either zero or equal to 7/2, 
the paired ket is simply a Fock state of individual particles, hence a ket without pairing. 
Since (41) is then equal to zero, we see that the pair wave function is zero in the absence 
of pairing. 
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2-b. Average value of a product of two field operators; factorization of the order 
parameter 


The field operators do not conserve particle number, as opposed to the usual 
operators such as the Hamiltonian, the total momentum, the double density, etc. On the 
other hand, the product of operators ®! (R)®,_, (R’) does conserve that number, and 
may help characterizing the properties of the pairs while being easier to interpret from 
a physical point of view. 


a. Particles in the same spin state 


Using relation (13) we get: 


1 a 

(OE (R)®, ,(R’)) = are d?x yn (x) fae xr (x) 

x etka RH) gree AGH) (al af. ax, a1) 
ki ,ko,k3,ka 


(42) 


The integrals over d?z and d°z’ yield Fourier transforms gf of the wave functions x», (x): 











1 _ike-x 
g= IE [oe eas) (43) 
and we get: 
1 ki—ko\ , (ki—ke 

(H, RI ®)= se Tw (BS) ot (BS 

ki ,ko,k3,ka (44) 

x eee ele ee kM) 
1, 2 4 


where, to simplify the notation, we have written g, (k) the Fourier transform of gf. 


Computation of the average value (ab.a, aks ax) 


This computation follows the same steps as the one in § D of Chapter XVII for 
the correlation between particles, as well as the one in § 3-a-G of Complement Bxyy for 
the interaction energy. Three cases must be distinguished: 

— (I) The “forward scattering” terms are obtained either for ky = k, and k3 = kg 
(direct terms), or kj = k; and ky = ky (exchange terms). We assume these forward 
scattering terms concern two different pairs, meaning k; #4 +k. Since: 





(ak, af.,axsax, ) =n (ah, af, ars as ) = (ies) (Fis) (45) 
their sum yields the contribution: 
(®}, (R)®,,, (R’) eorward 


= 55 YX gn (6) aby (Ke) + ngs (KY) oP) (F,) Fn) (46) 
kj ,ke 
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(as in § D-1-a of Chapter XVII, we may consider the summations over k, and kz as 
independent, since, for a large volume L?, ignoring the constraint k; 4 +k» leads to a 
negligible error); we have used the notation: 





K =k, +k2 
k, —k 
koe Bee 


5 (47) 


When the parity of the function g,,, (k) is 7, the two terms in the bracket of (46) 
are equal and we get the simpler relation: 


(BL (R)By,,(R))eorwart = FE Do, In (8) gh e) RP) Fi) ics) (48) 
ky ,ko 


This result only depends on the difference R —R’ (translation invariance); it goes to zero 
when |R’ — R| becomes larger than the inverse of the momentum K distribution width 
of the function appearing on the right-hand side of (46), once it is summed over k, the 
difference in momenta. 

— (II) The terms corresponding to the annihilation-creation of different pairs are 
obtained for kp = —k, and ky = —k3, with ky # +ke. Their contribution is written: 





(8) 


x, (R)®,,, (R’)) 


paire-paire 


= a So (ahah) gn (ki) 5° (a1,% ) Jn (Ka) (49) 
ki 


ky 


Now, using (30) and the definition (2) of the Fourier components of each pair state |x 7), 
we have: 


WH 2 (A144) In’ (Ka) = ss (Ka |pair) (Xn’ |Ka) = (Xn |@pair) (50) 
ky 


ka 


The summation over k; is computed in a similar way, via a simple complex conjugation. 
We then get on the right-hand side of (49) two scalar products, which finally yields: 


(oh. (R)Oy,,(R’)) iepair =. (pair IXn) (Xn! |Ppair) (51) 


Unlike the previous contribution, this one is independent of R — R’. 
— (III) The terms corresponding to the annihilation-creation of the same pair 





are obtained for ky = —kp = +k3 = +ka, and yield the average values (7x, ) (N_k,) and 
7 (k,) (Nk, ) respectively. Those terms are just a particular case of the terms appearing 
in the summation (46) when k; = —ko, and do not require a specific calculation. Finally, 


the terms k, = ky that we ignored in (I), and for which all the k’s must be equal, contain 
only one summation over the wave vectors; consequently, they are negligible compared 
to (46), and will be omitted in this computation. 
We are then left with the total (I) + (ID), which yields: 
(@1, (R) By, (R’)) = (BL, (RY By (RB) )porwara t (PL, (RIO. (R)) ain pair (82) 
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where only the second term on the right-hand side does not go to zero when |R’ — R| 
becomes large, which indicates a long-range non-diagonal order. According to (51), this 
second term reaches a maximum when the two internal states |x,) and |yn’) are equal 
to the state | norm) defined in (32). It indicates the existence of a cooperative field of 
pairs that have a total momentum K = 0 as their external state, and eee) as their 
internal state. 

Comparing (31) and (51) shows that: 


(BL, (R)®,,(R)) ainpan = (By, (R)) x (8, (RY) (53) 


The pair-pair term of the two-point correlation function can thus be factored into a 
product of two one-point correlation functions; for n = 1, we get the same function 
we previously called the “order parameter”. As already pointed out in § 2-a-a, it is 
because the pairs have a zero total momentum that any R and R’ dependence has 
disappeared from both sides of (53), but this point is not essential. It is more important 
to note that introducing such an order parameter, a priori difficult to understand from a 
physical point of view as it is an average value that does not conserve particle number, 
is actually quite useful for computing other more physical parameters. We will make the 
connection between the factorization relation (53) and the Penrose-Onsager criterion for 
Bose-Einstein condensation in § 2-b-4. 


B. Singlet pairs 
Using (26) instead of (13) now leads to a relation very similar to (42); the factor 


1/2 is, however, missing, and we must make the substitution: 
al al ax,ax,) => (al. al (54) 
k, Uk, Us U4 Nc, Ue | Uks,) Uka,+ 
Relation (44) then becomes: 
1 k, — ke » (ka —ks 
BBW R)=p Dm (BE2) aw (AS 


ky ,ko,k3,ky 


. ea eee) (al, ey 1 Oks, ) Uk4 





(55) 


The rest of the calculation is very similar to the one we just did, and involves the sum 
of several terms: 

— (I) The forward scattering terms are obtained for ky = k; and k3 = ko. In two 
different pairs, a particle is destroyed and then created again in the same individual state 
(as we now have spin indices, there is no exchange term in this case). The computation 
is the same as the one that yielded (48) for spinless particles; with the notation (47) for 
the wave vectors, we get here: 


(BL (R) By, (R)rorara = GE Do 9m () gh (K) ORE) Ft) (es) (56) 
ki ko 


— (II) The terms corresponding to the annihilation-creation of different pairs are 
obtained for kg = —k, and ky = —ks, with k, # ki. The computation is now the same 
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as the one that yielded (51). The right-hand side of (55) becomes: 


1 OK 
F5 De Gn (Kr) gy (a) (ah gy, p@ta kat ) (57) 
ki,k, 


Using the definition (38) for the pair wave function in the singlet case, we again obtain: 
Kol, (R)®,,,, (B’)) patt-patr = (Ppair IXn) (Xn pair) (58) 


As mentioned above, any R dependence has disappeared from this average value 
since the paired state was built from pairs having a zero total momentum. 

— (III) The terms corresponding to the annihilation-creation of the same pair are 
obtained for kz = k3 = —k, = —ky; they are proportional to (Tix, +) (M—K,,,) and already 
included in the terms (I). The terms where all the k’s are equal are neglected for the 
same reason as above. 

To sum up, we find as before: 


(ol, (R) 2, (R’)) al (of, (R)®y,, ae a (of n (R)®,,, (BR) etek 
= (ot (R)®,, CRE ioe as (®,,, (R))* (®y., (R’)) (59) 


We arrive, finally, at the same results as for spinless bosons, with the same long-range 
non-diagonal order of the pairs, as well as the factorization (53) of the order parameters. 
We shall see in Complement Cxyyz that this long-range order parameter is intimately 
linked to the nature of the BCS transition. Here again, the anomalous average values 
turn out to be useful tools for computing normal average values that conserve the particle 
number. 





y. Link with Bose-Einstein condensation of pairs 


There is a close link between the order parameter of the pairs and the existence 
of Bose-Einstein condensation of those pairs. To show this, it is convenient to introduce 
the density operator of pairs, limiting ourselves, for the sake of simplicity, to the case 
of spinless particles. In Chapter XVII, the one-particle density operator p; for identical 
particles was given, in terms of the field operator, by its matrix elements (B-26): 


(r',v| pr be, v) = (UE (r)¥-(r')) (60) 


where r is the particle’s position and v its spin. For pairs, the corresponding relation is 
written?: 

(R', Xn’| oe IR, Xn) = (®t (R)®, , (R’)) (61) 
where R is the position of the center of mass, and y, and yx, define the internal state 
of the pair; the index n plays a role similar to that of a spin index for a single particle 
(even though it corresponds to an internal orbital state). 





2s we shall see in § 3, the pair field operators do not exactly satisfy the boson commutation 
relations. Consequently, operator (61) is not, strictly speaking, a density operator; to underline this 


difference, p?*"* 


7 is sometimes called a “density quasi-operator”. 
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In the momentum representation, the diagonal matrix elements of this density 
operator are: 


air 1 iK’.(R-—R’ 
O' xnl OP IK xn) = ze fete fare FR) (OL (RD (R)) (62) 


Since (61 (R)®,, (R’)) only depends on R — R’, we perform the change of variables 
X = R-R’; the integral over d°R is then trivial and cancels the factor 1/L°; we therefore 
get: 


(K', Xn| oP" IK, Xn) = i: dx eX (ot (R)®,, (R—X)) (63) 


Inserting relation (52) in this result, we get the sum of a contribution from the forward 
scattering term and from the pair-pair term. 

(i) The first contribution comes from inserting (48) in (63). The integral over 
d?X yields a delta function 6K,K’ and a factor L° that cancels the same factor in the 
denominator. As the sum k; + kz must now be equal to K’, the double summation over 
k, and ky reduces to a summation over k. We then get: 


Yo lon (NP Ciag gue) age) (64) 
k 


This result is a regular function of K’ , related to the wave number dependence of the 
occupation numbers. 

(ii) The pair-pair term contains the integral of the function (53), which is a product 
of two constant order parameters; it therefore leads to: 


bxo L°|(®,,)|- (65) 


The presence of the delta function dK ,9 shows that the K = 0 level has an additional 
population (number of quanta of the pair field) that does not exist for any other value of 
the momentum K; this population is simply the square of the order parameter, multiplied 
by the system’s volume; it is thus an extensive quantity. It indicates that the pairs 
of the system undergo Bose-Einstein condensation. As the corresponding population 
is proportional to the square of the order parameter, this clearly shows the close link 
between the long-range non-diagonal order, the order parameter and the existence of 
condensation. The factorization appearing in (53) is often called the “Penrose-Onsager 
condensation criterion”. 


2-c. Application to the computation of the correlation function (singlet pairs) 


The average values of products of pair field operators can also be used to get the 
correlation functions between particles. We are going to show, in particular, that the 
correlation function Gg is the sum of an “incoherent” term, independent of the positions, 
and of a coherent term that involves the pair wave function defined previously. In order 
to keep the demonstration short, we shall limit the discussion to the case of fermions 
described by a paired state built from singlet pairs, but the transposition to spinless 
particles is fairly straightforward. 





3Condensed bosons will be studied in Complement Exvrr. We will then show that the properties of 
the paired state, built from the k ¥ 0 states, are not determined by the interactions within this paired 
state, but rather by the interactions with a condensate k = 0, external to the paired state. It is therefore 
a completely different case. 
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Relation (24) expresses the conjugate of the pair field operator as a function of 
products of creation operators for its constituent particles; we shall start by inverting 
this relation. 


a. Inversion of the relation between fields 


The closure relation for the orthonormal basis of the wave functions x, (r) with 
p=1,2.,... is written: 


do xn) Xn (x) = 6 (K - x’) (66) 


This summation over n must include even orbital functions x, (x) (associated with a pair 
field ®,,, describing paired fermions in a singlet state) as well as odd functions (associated 
with a pair field describing fermions paired in a triplet state). We then multiply (24) 
by x* (x’) and perform the summation over n. We recognize in the integral on the 
right-hand side the closure relation (66), which yields: 


/ / 


* x x 
Ye ie) 8 (R)= wR + Tyo] R->) (67) 
This leads to: 


Wine }(r) = xen —m) of, (FE) (68) 
n 
Creating two particles of opposite spins at points r; and r2 thus amounts to cre- 
ating a coherent superposition of pairs with a center of mass at (r1 + re) /2, in a singlet 
or triplet spin state, and with coefficients equal to the wave functions y* taken at the 
position r; — ro. 
The average value of this expression can be computed in a paired state, using 
relation (37). This leads to: 


(HE (e2)) = Do xh 22) Oem Hoa (69) 


As pair is an even function, it easily follows that only the even x,, will contribute to this 
average value; the triplet pair fields have a zero average value in a singlet pair state. 

As in § 2-a-G, we can choose for the |y,,) a basis whose first ket |x1) coincides with 
the normalized pair ket |¢Pe!"). We then get: 


pair 
a ro ) (Ppair |Ppair) 
J Ppair |Ppair) / (pair |Opair) 








(wl(r1)¥4(r2)) = = or ain(P1 — 2) (70) 


B. 4-point correlation function 


According to (68), the 4-point correlation function (for opposite spins) is written 
as: 


(wh (rr) Uf (ro) Hy (5) U(r4)) 


rj+r ri +43 
= xi rs = 22) xw (rh 15) (4, (AE) ,,, (AG) ) (71) 


n,n! 
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It is expressed in terms of the average values of products of pair creation and annihilation 
operators, hence in terms of the average values of products of fields for which the index 
n plays the role of an internal state of the molecule. We will show below that it can be 
expressed as: 


(vi (ri) Uf (ra) Ys (5) Vr(R4)) >= Gy (rit r,t) x Gi (r2, 4; r5,1) 
+ bbair (P1 —¥2) X Ppair (Py — F9) (72) 


where Gj (r,t;r’,t) is the non-diagonal one-particle correlation function, the Fourier 
transform of (nx): 


Grete) = oO) res) (73) 
k 

and with a similar definition for G (r,|;r’, |), the occupation number (nx,+) being simply 

replaced by (nx,,); the pair wave function ¢pair has already been defined in (38). 

The function G; (r,t;r’,t), being the Fourier transform of a regular function 
(ns), tends toward zero when the difference |r — r’| is larger than a certain (micro- 
scopic) limit; the only terms left are those on the second line of (72). Imagine then that 
positions r; and rz are close to each other, forming a first group, and that the same 
is true for positions r{ and r5, forming a second group, while these two groups are far 
from each other. The non-diagonal correlation function can then be factored into a prod- 
uct of functions pair. This situation is reminiscent of the Penrose-Onsager criterion for 
Bose-Einstein condensation of bosons (Complement Axy1, § 3-a), but it now concerns 
the 4-point (instead of 2-point) non-diagonal correlation function. As the norm of ¢pair 
is the order parameter, it again underlines the important role of this parameter. 

An important particular case of the 4-point correlation function is the two-body 
(diagonal) correlation function for opposite spins: 


Ga (ri, tir2,4) = (WL (rr) Y (re) (2) Y (1) (74) 


The intensity of the pair field is therefore written: 


Ga (eas tr2.d) =e SS Past) Peas) + lPpate OM. — 12) 
ki ,ko 
(Bt) (Mi) 

= ATA E 4 to paie (1 22) (75) 
We find again relation (D-17) of Chapter XVII, but via another method. The two-body 
correlation function is the sum of a contribution independent of the positions (hence, 
with no correlations) and of the modulus squared of the pair wave function. This latter 
contribution comes from the term that, for pairs, indicates the existence of a long-range 
non-diagonal order (Bose-Einstein condensation). This is an important property, which 
is at the heart of the BCS mechanism, and which will be discussed in more detail in 
Complement Bxvi. 
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Demonstration 


We insert in (71) relations (56) and (58). In the forward scattering term, we get the 
following expression: 


So xi (1 — 2) xn (i — 24) gn () gh (k) of (Ph teboniora)/2 


= So xm ber 2) (ei 2 Lxnt) Oe Ixn) xn’ [hx) ef Gite e2) /? 
= (k fri — re) (ri — r2 [k) ede teaqeinta)/2 
A i ei(ka—ki)-(r rg ri tra) /2 ei(kitka)-(ri +13 -ri—re)/2 


L? 


1 ; , : ' 
= as eik2-(ri-r1) ik (r2-72) (76) 


where k and K were defined in (47). Inserting this result in (71), we get the first term 
of the right-hand side of (72) 


As for the pair annihilation-creation term (58), it yields: 
(WLC) WE Ora) HLSW) aca 


= So xh (1 = 12) Xn (PL = 22) (pair Xm) (Xn? |bpair) 


= S20 rt 12 [xn’) xn’ l@pair) x (pair [Xn) (xn be — 2) 
= Ppair (ri = r2) x Ppair (ri — ry) (77) 


and we obtain the second term of the right-hand side of (72). Note that only the singlet 
pair fields (associated with the even function x,,) contribute to this term. 


3. Commutation relations of field operators 


We now study the commutation relations between the pair field operators just defined. 
The “spin-statistics theorem” (Chapter XIV, § C-1) states that particles with integer 
spin are bosons, and particles with half-integer spin are fermions. If we consider two 
paired fermions, the rules for adding angular momenta (Chapter X) indicate that this 
composite system necessarily has an integer spin. Intuitively, one could thus expect two 
bound fermions to behave like a boson; this is the question we now discuss by examining 
the commutation relations between the operators Ax and Al. and establishing the 
correction factors introduced by the underlying fermionic structure. 


3-a. Particles in the same spin state 


Starting with spinless particles, we shall explain in this simple case the main com- 
mutation properties of the pair operators. If the pairs created and annihilated by the 
operators Ax and Ax: and their Hermitian conjugates were really bosons, the commu- 
tator of these two operators should be equal to dkK’. We are going to show that the 
commutator does contain such a term, but with several additional corrections. 
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a. Commutation relations of the Ay ,, 


Any product of two creation operators commute with any product of two creation 
operators (for fermions, two minus signs cancel each other when products of two opera- 
tors cross each other); the same is true for two products of annihilation operators. We 
therefore have: 





| Aken Abe w| 0 
[Acute =0 (78) 
The commutator of Ay ,, and A has yet to be computed: 
1 ie al 
[Arce Abe) = COBY SD ol aap ns al le (79) 
k k’ 
We will show below (§ 3-a-) that: 
| Arc ns Aken’ | = 6K’ bnnr +21 > (gh)* IKK’ 4, Beets Q(K /2)—k 
k 
= OK,K’ Onn! T 2n S- (ot_«) Ij, Gieioe aK 1K (80) 


(in the second line, we have set & = k + K/2 and used the parity 7 of the function g); 
if needed, we can get rid of the 7 coefficient on the right-hand side provided we change 
the sign of the subscript of g (or of g*). 

The first term 6x ,K’ On,n’, on the right-hand side of (80) , is exactly the commutator 
of two bosons with internal states n and n’ (spin states for example): this term is 
different from zero only if both the external and internal variables are the same (in the 
present case, these internal states are actually orbital states). This first term is, however, 
followed by an additional term that shows that the fermionic structure of the pairs still 
plays a role. This latter term is a one-particle operator in the sense defined in § B of 
Chapter XV; relation (B-12) of that chapter permits computing the matrix elements of 
the corresponding operator f. This additional term contains creation and annihilation 
operators in normal order, which means that it will go to zero when the populations of 
the individual states tend to zero; in this limit, the pairs can be assimilated to bosons. 

When K’ = K and n = n’ (pairs in the same internal and external states), we get 
the simpler relation: 


2 


[Arc ns Ak a] =i 2n >> lon x NK—K (81) 





with the usual definition of the population operator Nix: 
nk = ah ar (82) 


The corrections to a purely bosonic commutation are then proportional to the populations 
of the individual states of the particles forming the pair, hence confirming the fact that 
they become negligible when the sum of all these populations is small enough. 
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Demonstration 
We start by computing the commutator: 


[araz ‘ akal] = arazatal — abalaiay (83) 


where 1,2,3,4 are indices labeling any individual states. We can write: 











aiazasal, = 623 aah +7 aiasazal 
= 523 aia) + dis azal + alarazal 
= 693 a1ah + 7613 azal + 524 aha +n aharalae 
= 603 a1al + nb13 azal + boa abai +7 614 ahaz + abalaias (84) 
so that: 
[araz : aka} | = 623 aia) + b04 ahar + [ous azal + d14 akas| (85) 


Putting all the operators in normal order, we get’: 


[aiaz ; akal| = 693614 + 9013624 + 624 akay + 613 akaz +n [528 akar + d14 akan] (86) 
The commutator appearing on the right-hand side of (79) is therefore equal to: 


6K,K! Ok + 0K,K! OK, Kt + [Sex —16")/2, tek! Berta Q(K/2)—k 


+ BK) /2eHk! Kr /2) 1 WK /2)-+ke 





+10 KK’) /2,k’—k eh dy 4a Q(K /2)—k + 10K —K!) /2,k—k! Oct /2) 4! Q(K/2)+k (87) 
Inserting the first two terms back into (79), we get the following contribution to the 
commutator [AK,n Als or : 

1 n\* n! n! ne. ny\* onli 
9 OK.K! Ds (9) E +ng"| = 0K,xK! d, (ge) 9% = 9K,K! Onn! (88) 


where we have taken into account the parity with respect to k of the the functions gf 
— see relation (A-4) of Chapter XVII — and used the fact that the internal states are 
orthonormal. As mentioned above, this 6x ,x’ 5n,n/ is precisely what is expected for a 
boson commutation relation. 


It is, however, followed in (87) by four other terms, which are written: 
1 n\* n! t 
5 S> (9x) Fee _ UK! —(K/2)—-k%K/2)—k 
k 
1 n\* n! t 
2 »~ (ge) 7 Koi — UK! —(K/2)4+k2(K/2)+k 
k 
1 ( ey n! T 
2 Sy cin Jw—«! 4 UK! (K/2)-kU(K/2)-k 
k 


7 n\* n! T 
2 d, (9%) g_ nee 4k Or _(K/2)+kU(K/2)+k (89) 





4Since [a:, at] 


= 643, we have aial = nala; + i. 
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In each of them, and without modifying the result, we can change the sign of the summa- 
tion dummy index k, or change the sign of the subscript of the functions g or g* (provided 
we introduce a factor 7). For example, in the second term, we can change the sign of 
the subscripts of the two functions g and g* (two factors 7 then cancel each other), then 
change the summation index k into —k: this second term then doubles the first one. As 
for the third term, we simply change the sign of the subscript (K — K’) /2 +k of the 
function g (which introduces a factor 7 canceling that same factor already present) and 
reproduce the first term. Finally, for the fourth term, a parity operation on the function 
g* followed by a change of the summation index from k to —k makes it equal to the first. 
The four terms are therefore equal; choosing for example the expression of the third one, 
and replacing the summation index k by k =k + K/2, we get relation (80). 


y. Commutation relations of pair field operators 

For the same reasons as explained above (commutation of any products of two 
annihilation operators), the operators ®, (R) all commute with each others; the same 
is true for the adjoint operators ot (R). We have yet to examine the relations between 
the ®, (R) and the ot _(R’). Relations (11) and (12) show that: 


[®,, (R), ef, (R)] = 
5 f te xn 0) fae! x0) 
fuoR—FywR+5), WR SRS) (90) 


The computation will not be carried out explicitly (though it does not present any par- 
ticular difficulty); it leads to: 


[®,, (BR), o4,, (R)| 
=6(R—-R’) byw 





+16 f dx x3 bx) xw 2 (R! — R) ~x] WOR! - R-F)W(R-F) 
= 5(R—R) dn! 
+ 16 fz x* (R’-R — 2) yn (R’ -R+z) 
R+R! R+R! 
x wii" + RR) o> + RR) (91) 


2 


In the second more symmetrical form of this commutator, we have used the notation 
z= R’—R-x. These relations are the equivalent, in the position representation, of the 
commutation relations (80) in the momentum representation (as already mentioned, it 
is possible to make the factor 7 appear or disappear in front of the integral by changing 
the sign of the variable of one of the two functions x7, or Yn’). 

The commutator thus includes several terms. The first term in 6(R —R’) bnn/ 
corresponds to the commutation relation of a usual bosonic field (whether the pair con- 
stituents are bosons or fermions); the 6,,,,/ reflects the commutation of field components 
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corresponding to different orbital internal states of the pairs. To this term must be added 
a correction that depends on the structure of the pair, characterized by the functions 
Xn (vr) and xn (r). We again find a result similar to that obtained before: a first simple 
bosonic term, which only takes into account the simultaneous exchanges of the two con- 
stituents of a “molecule” with the two constituents of another one. This term is followed 
by a correction that comes from the possibility of exchanges other than those involving 
complete pairs. Note that this correction is expressed in terms of field operators of the 
elementary constituents themselves and not of the pairs, as was to be expected since it 
is the constituents themselves that are involved. This correction term is a one-particle 
operator, non-diagonal in the position representation, since it destroys a particle at point 
r and recreates another one at point r+ 2(R’ — R), always at the same distance. 

To keep things simple, let us assume the dimensions of the “molecules” that define 
the pair field for the two internal states n and n’ we are concerned with, are both of the 
order of the same dimension ao; this means that the wave functions yp, (r) and x, (r) 
go to zero when r > ao. In relation (91), the values of x that contribute to the integral 
are those for which none of the two functions y* [x] and yn [2(R — R’) — x] takes a 
negligible value; this requires that neither |x|, nor |2(R —R’) —x|, be large compared 
to ag. This double condition imposes |R — R’| ~ ao, in which case there are values of 
x for which both functions take simultaneously large values and the correction to the 
commutator cannot be neglected. On the other hand, if |R —R’| >> ao, there is no 
common domain where both functions x7, and x, take on significant values and the 
integral over d°z is practically negligible. In other words, the molecular wave function 
range ao also plays the role of the commutator correction range. 

The limit ag — 0 can be obtained by choosing functions y proportional to a 
function 6* (Appendix II, § 1-b), whose width goes to zero as « + 0 and whose integral 
equals one (it takes values of the order of 1/e? in a domain of volume of the order of 3 
). For the sake of simplicity, we assume that n’ = n; as it is the square of the function 
Xn that is normalized to 1 (and not the function itself), we must choose: 


Xn (rn) ~ €3/? 6 (r) (92) 


Using this form for the functions x, the integral over d°z in (91) leads to the convolution 
of two delta functions, which yields a function 6(R — R’) multiplied by the operator 
Wt (R) © (R); nevertheless, the coefficient <? of this term yields zero in the limit where 
eé — 0. Consequently, if the molecules’ size is very small compared to all the characteristic 
lengths of the system (such as the distance between molecules), the commutation relations 
of the field operator are exactly the same as for fields associated with bosons. 

In conclusion, when the “molecules” have no spatial overlap®, the only relevant ex- 
changes concern exchanges between both of their constituents. On the other hand, when 
the two molecules do overlap, individual exchanges between their constituents become 
possible. If the molecules are loosely bound, as in the example of the BCS fermion pairing 
mechanism (Complement Cxyiz), they cannot be treated as bosons without structure, 
and one must use the complete formula (91) for the commutator. 





5This does not exclude the case where the distance between molecules is small or comparable to the 
de Broglie wavelength of their centers of mass: the gas of molecules may be degenerate. 


1865 


COMPLEMENT Axy, @ 





3-b. Singlet pairs 


We now study the case of particles in a singlet pair, as in § 1-b. 


a. Commutation relations of the Ax », 


As before, any products of two creation operators commute with any products of 
two creation operators; the same is true for any products of two annihilation operators. 
Relations (78) are thus still valid. We now have to compute the commutator: 


t = * f t t 
| Asc n> Aken ~_ S- (9x) S> Ik aera ’ ae ae (93) 
k k’ 


We are going to show that: 
| Ascns Abe n| Be Rei 
41D (96) Ge ater (re/2) 41 A + 41_0¢/2)-K4 ax | (94) 
= 6KK’ Onn +1, Ga) oa Jaber re 4 OK, + ae Ont] 


(with, in the last line, the notation K = k+K/2). Here again we find that the commutator 
of the two operators Ax, and Alas includes, to begin, a purely bosonic term, followed 
by corrections containing operators in normal order ( which go to zero in the limit of low 
occupation numbers); a correction must be added for each of the two spin states. 


Demonstration 


To prove (94), we again use relation (86). As the indices 1, 2, 3 and 4 represent all the 
quantum numbers associated with an individual state, they must now contain the spin 
indices; these are added to the momentum indices, which play the same role as in the 
previous calculation. It then follows that the states 1 and 3 are always orthogonal, as 
are the states 2 and 4; the only terms remaining on the right-hand side of (86) are the 
terms in 6293 and 6,4, so that: 


[Anmdle a] =Gh gh [Srcx Bick! 


(95) 
T t 
+0 (S-167)/24 OK! yr TE ke, + 9K -K!)/2,k—K! OK set a s+) 
or else (since the basis of the functions gf is orthonormal): 
OKK’ Onn! 
ny)* n! tT 
+>) (ak) GSK! MK! —(K/2)—k, JE i, 
k 
n! t 
+ 9_K=K! 44%! —(K/2)+k,t AK Ky (96) 


We now modify the second term in the bracket of the summation, to make it similar to 
the first one: as the functions gf have a definite parity (—7) with respect to k, we can 
change the index signs of g and g*, and the sign of the dummy index k of the summation. 
The only difference between the two terms is then the spin directions, and we therefore 
obtain (94). 
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B. Commutation relations of pair field operators 


A similar calculation to the one that led to (91) permits obtaining: 
[B (R) , of (R’)| =6 (R — R’) Onn! 
+ Bn f aa X% [x] xn’ [2 (R’ — R) — x] 


x 


2 


x 


Wy(R-5 


x [wleR’ _R )+ wR! — R—->)¥(R-5)| (97) 


2 2 

(a more symmetrical form of the right-hand side can be obtained by again using the 
notation z = R’ — R —x). The commutator is thus equal to that of elementary bosons 
plus a correction term. This latter term plays an important role over a distance R’—R, of 
the order of the range of the wave functions y, and is the sum of contributions independent 
of the two spin states. 


Conclusion 


In conclusion, note that the pair field operator provides interesting insights concerning 
the physical properties of paired states in a many-body system. For a N-particle state, 
built from a two-particle wave function x, it leads to a new wave function ¢pair when 
the particle indistinguishability is taken into account. In the framework of the BCS 
theory, we will see how this pair wave function allows characterizing the cooperative 
effects of pair interactions. Introducing an order parameter is also useful for showing 
the link between anomalous average values (which do not conserve particle number) 
and the normal average values. The results take on different forms for paired states of 
bosons or fermions. There is, however, a strong analogy between the two cases, which 
provides a unified framework for the study of different phenomena, such as Bose-Einstein 
condensation of particles or pairs. 
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In Chapter XVII, the paired states were introduced in a general way, without 
specifying any particular form of the Hamiltonian. In order to use the paired states 
|Wpairea) in the framework of a variational method, i.e. to be able to minimize the 
average value of the energy of an N-particle system, we must compute the average value 
of the energy in these paired states; this is the purpose of this complement. We start 
(§ 1) by examining the consequences of the fact that these states are not eigenvectors 
of the total particle number operator N. In § 2, we clarify the notation and give the 
expression of the Hamiltonian H. We then deal successively with the fermion case (§ 3) 
and the boson case (§ 4). This second case is slightly more complicated since it requires 
the adjunction of a specific state to describe the condensate. 


1. Using states that are not eigenstates of the total particle number 


The paired states |Vpairea) are coherent superpositions of states containing different num- 
bers of particles. One may wonder how the average values computed in such states can 
be relevant for a physical system where N has a fixed value. As we already mentioned 
in § D of Chapter XVII, this approach is correct for large values of the average particle 
number, provided the operators, whose average values we are computing, conserve the 
particle number (i.e. commute with the total particle number N , as is the case for the 
Hamiltonian operator H ). We are going to show in more detail that when these condi- 
tions are met, the average values do not depend on the state vector’s coherences between 
different N values; they can thus be obtained using the paired states. 
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1-a. Computation of the average values 
The state |Wpairea) defined in (B-5) of Chapter XVII is a superposition of states 
|W p) where the particle number is exactly N = 2P: 


oe) 


[Wpairea) = J py Me) (1 


P=0 


As the matrix elements of the operator H between eigenkets of N corresponding to 
different eigenvalues are zero, we have: 


Rage: 


2 el ~ 
(Wpairea| vel |W pairea) — Fi (Wp| A |p) 


0 


=) A] we Wp) Ep (2) 


P=0 


gr 


where Fp is the energy average value in the state |Wp): 


(Up| H |Wp) 


B — 
YW Wp) 


Consequently, if we define the weight distribution D (P) as: 


D(P) = Fl (Up [Wr (4) 


the diagonal element of Hin |W paired) is given by: 


(Wpairea| H |W paired) al S° DE) Ep (5) 
0 


v 
Il 


The average value (A ) is then obtained by dividing this expression by the square of the 
norm (Wpaired |W paired): _ 

In a general way, the diagonal element in |Wpairea) of any operator A that commutes 
with N is given by a linear combination of the average values of this operator in the states 
|W >) with the weight distribution D(P). As an example, for any function F (WV ) of the 


operator N, we can write: 


(appl F (N) |Wapp) = > D(P) F (2P) (6) 
P=0 
1-b. A good approximation 


For a system with a fixed N = 2P particle number, we are trying to determine the 
eigenvalues E’p and the kets |Wp); the most direct method would be to vary separately 
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each ket |Wp) to optimize Ep. This would lead, however, to complicated calculations. 
It turns out to be much more practical to vary |Wpairea) and optimize the corresponding 
energy; this leads to nearly the same results for large particle numbers, as we now explain. 

We saw in § C-2 of Chapter XVII that the particle number fluctuations in a state 
|W paired) are very small in relative value when N is large. This means that the distribution 
D (P) has a sharp peak around a certain value P) of P, which determines half the average 
value of the particle number. Now if the energies E’p are practically constant over the 
width of that distribution, the Hamiltonian diagonal matrix element (2) can be written: 


a Sip air 
(Wpairea| FT |W pairea) = Ep S> =| (Wp |W p) 
P=0' * 


= Ep, (W paired |W paired) (7) 


Making this diagonal matrix element stationary (keeping constant the norm of |W pairea)) 
is equivalent to making Ep, stationary. The optimal value obtained for this matrix 
element, divided by the squared norm of |Wpairea), yields a good approximation of the 
energy E’p, we are looking for. Once |Wpairea) has been optimized in this way, it can be 
projected onto the various subspaces with fixed particle numbers, and therefore obtain 
the |W p), corresponding to stationary states with fixed particle numbers. In the following 
complements, we shall use the paired states rather than the states |W p) with fixed particle 
number. 


Comment: 


In the following complements, rather than optimizing the average energy, it is the dif- 
ference between this average energy and the average particle number multiplied by the 
chemical potential 4 that we shall optimize. As the two operators H and N commute 
with the total particle number, the line of reasoning we just followed also applies to that 


case. 


2. Hamiltonian 


Consider a physical system composed of fermions or bosons, placed in a cubic box of 
edge length L. 


2-a. Operator expression 


The Hamiltonian H is the same as the one used on several occasions, for example 
in Complement Exy (but we assume here that there is no external potential): 
A = Ho + Wint (8) 


The operator Ho is the sum of the kinetic energy operators Ko(q) associated with each 
particle q: 


n= sos (9) 


2m 
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and Wit is the sum of the interaction energies between particles: 


N 
=> 1 
Wint = 9 S> W2(Ry, Ra’) (10) 


qgF#q=1 


where W2(R,, R,-) only depends on the difference R, — R,’ (translation invariance) and 
does not act on the spins. 

We now express H in terms of creation and annihilation operators, according to 
formulas established in Chapter XV. We use the basis of individual states |u,,,), where 
k labels the momentum hk of a plane wave that satisfies the periodic conditions in the 
box; the index v labels the spin state of the particles, but if they are all in the same spin 
state, it can be omitted in what follows. We get: 


H= So ek a Out 





k,v 
1 ws 
+ 5 (1:k",v; 2:k',v’| Wo(Ri — Re) |1: k,v; 2:k’,v’) 
k,v;k’ ,v/;k"’;k’” 
x al, ee Qe y! Ug,» (11) 
with: 

hk? 

ck = (12) 


(since the interaction potential does not act on the spins, we were able to replace the 
spin index v" associated with k” by the index v, as well as the index v'” associated with 
k’” by the index v’). The matrix elements of W2 appearing in (11) can be written: 
1 . _ kk’). . yy. 
[en fair Wo(r1 20a) re eilk k )t1 i(k k ).re (13) 


We make the following change of variables: R = (r1 +r2)/2 andr =r,—rg. The integral 
over d°R of the exponential yields the Kronecker delta function: 


1 a Bese oe wee . 
T3 d?R e (kt+k k k ) R — Ok-+k! kk” (14) 
which enforces the conservation of the total momentum: 

k+k! =k”4+k” (15) 


The integral over d?r introduces the Fourier transform Vq of the potential!: 


1 ; 
Va=T3 per e 9" Wo(r) (16) 


with: 
(k"’ = k) _ (k!” = k’) 
2 


'The factor 1/L? in (16) comes from the normalization of the plane waves eT /L3/? in a cube of 
edge length L; it ensures the potential V has the dimension of an energy. 


q= (17) 
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Figure 1: Symbolic plot of a general interaction process where two particles of momenta 
hk and hk’ are replaced, as the result of their mutual interaction, by particles of momenta 
Ak” and hk"’. The indices v and v' label the spins, which are not modified by the 
interaction. The horizontal line represents the momentum transfer hq whose value is 


given by (17) and (18). 





or else, taking (15) into account: 
gq =k” -k=k'—-k” (18) 


The momentum transfer q gives the momentum variation of particle 1, as well as the 
opposite of the momentum variation of particle 2. Since W2(r1 — r2) is symmetric with 
respect to the exchange of the variables r; and ro, the functions W2(r) and Vg are both 
even and real. 

The matrix element of the interaction potential is then: 


( : k”, V; DF kk”, v'| W(R,,R2) |1 : k, V; 2 k’, v') = Ok-Lk! jk $k” Vq (19) 


and is schematized in Figure 1, where the horizontal line represents the momentum 
transfer hq resulting from the interaction between the ingoing and outgoing particles. 
The interaction potential operator can thus be written: 


ok dl ! + 
Wint = 5 5 Vq y Goenka yi diy (20) 
k,k! jk” jk’ yy! 


where the summation over the k actually concerns only three wave vectors, since k’” = 
k+k’—k”. 

In a frequently used approximation, one assumes the interaction potential range 
to be very small compared with the de Broglie wavelengths of all the particles involved 
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(contact potential). The variations with k of W2(k) can then be neglected, and all the 
matrix elements of the interaction potential are equal to a given constant Vo (provided 
they conserve the total momentum; otherwise, they are obviously zero): 


Vo d°r Wo(r) (21) 


TB 


2-b. Simplifications due to pairing 


In general, the computation of the average value of the operator (11) is very com- 
plex, due to the large number of possible interaction terms. However, as we already saw 
in § D-1-a of Chapter XVII, some simplifications occur for a paired state. The main 
reason is that in the various components of a paired state on Fock states, all the paired 
individual states have the same population. If the population of an individual state k 
changes, the population of the individual state —k must change by the same quantity, 
otherwise the average value of the operator is zero. To get a non-zero average value in 
a paired state, the combination of creation and annihilation operators in the considered 
interaction term must respect this parity condition. 

Now the interaction operator (20) is a sum of terms containing two annihilation 
operators on the right, and two creation operators on the left. Only two possibilities exist 
for the population balance of all the pairs to be conserved upon the action of these four 
operators: either the two creation operators re-establish the initial populations of the two 
states that were depopulated by the annihilation operators (in which case none of the 
populations are changed); or else, the two annihilation operators destroy particles in the 
same pair of states, and the creation operators produce another pair (in which case the 
population of the first pair? is lowered by 2, and the population of the second increased by 
2). The two possibilities are combined in the particular case where the creation operators 
restore precisely the pair of particles destroyed by the annihilation operators. We are then 
led to the different cases examined in detail in § D-1-a of Chapter XVII: Case I (direct 
and exchange forward scattering terms), Case II (pair annihilation-creation terms) and 
Case IIT (combination of the two previous terms, yielding a negligible contribution). 


3. Spin 1/2 fermions in a singlet state 


We now compute the average value (H) of the operator H, written in (11), in the state 
|Wpog) defined in § B-2-b of Chapter XVII. As far as the interaction energy is concerned, 
we will show that the terms associated with Case I only yield the usual mean field 
contributions, already discussed in the previous chapters. On the other hand, the terms 
associated with Case IT are a direct consequence of the pairing, and are therefore totally 
new; they play a leading role in the BCS theory. The terms associated with Case ITI, 
being a particular case of the other two cases, generally play a negligible role. 


3-a. Different contributions to the energy 


The different contributions to the energy will be computed successively, starting 
with the kinetic energy. 





?We defined in § C-2 of Chapter XVII, the pair population operator ‘pair as the sum of the population 
operators of each of the two individual states forming the pair. 
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Q. Kinetic energy 


The first term (kinetic energy) is, as for the particle number, the sum of the 
contributions of the pairs of states, labeled by k (each of the two states having the same 
kinetic energy): 


(Ho) = Do ek (Pil Mair ky [Prd = 2 D7 en |v (k)/? 


k k 
=2 y ex sin? Oy (22) 
k 


B. Interaction energy 


The average of the interaction potential energy is the sum of the averages of the 
terms on the right-hand side of (20), ie. of terms that belong to one of the three 
possibilities I, II and III cited above; we study them successively. 


— Case I (the creation operators repopulate the states depopulated by the 
annihilation operators) 

For such terms, the occupation numbers of each individual state remain unchanged 
in the course of the interaction process. They are “diagonal terms” (sometimes called 
“mean field terms”). Two cases may arise, depending on whether the spin index v is the 
same as, or different from v’; we examine each of these possibilities in turn. 


(i) If p’ = —v, as the interaction potential does not act on the spin, we can trace each 
particle using its spin direction; it is as if the particles were distinguishable. If the creation 
operators repopulate exactly the same individual states depopulated by the annihilation 
operators, the only possible interaction is schematized in Figure 2, and corresponds to a 
forward scattering. As the momentum transfer q is zero, the potential term includes the 
constant Vo, and we get the following contribution to the average energy: 


“2 > (Yacs| (ak Oke, 2k! —vAe,v) |Wecs) (23) 
kZ—k!,v 


(the condition k 4 —k’ comes from the fact that the pairs are different, each pair being 
labeled by the value of k associated with the spin +). Two anticommutations permit 
bringing the last operator ax,, right after the first one at (with two sign changes that 





k,v 
cancel each other). If we now sum all the contributions from v = + and from v = —, we 
get: 
Vo an aap = 
2 [Pel Oj, 4M, IP.) (Our Or pk, |.) 
k#—k! 


+ (B_x| af, |e, |P_1.) (Px: | CS, Pr) | (24) 


We can show that the two terms inside the brackets yield the same contribution by 
interchanging the two dummy indices k and k’ in the summation. We thus double the 
first term, and after changing the sign of k’, we get: 


i —, woe _ 2 
Vo 5 (Prel Oh 4 2te,t (Pre) (Pree atyy ret Pier) = Vo 5 |v (k)? |v (k’) | 
kk’ kk’ 
=Vo sin” 0, sin” Oy (25) 


k#k’ 
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k,v 





kv 


Figure 2: Schematic plot of the interaction between particles of opposite spins, which 
do not belong to the same pair (forward scattering). This diagram contributes to the 
particles’ mean field. 
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When the particles are distributed in a large number of individual states, the value of 
the summation in the above expression is barely changed if we ignore the constraint 
k #k’. If we now use for (N) the expression (C-19) of Chapter XVII, we can write this 
contribution as: 


= (Ny? (26) 


According to relation (21), the constant Vo is proportional to the inverse of the volume 
L®. This term can be interpreted as a mean field term, where (N) /2 particles with a spin 
+ interact with (NV) /2 particles having a spin —; a particle with a given spin direction 
feels the mean field exerted by all the particles with opposite spin, whose numerical 
density is (N) /2L°. 

(ii) if v’ = v, it is no longer possible to distinguish the particles by the direction of 
their spin, and the indistinguishability effects play their full role. Two cases must be 
distinguished for these “diagonal terms”: either k’” = k and k’”” = k’, which yields a 
direct term; or k’/” =k and k” = k’, which yields an exchange term. In both cases, the 
individual states populated in the bra and the ket are the same, and we are dealing with 
“diagonal processes” that can be called “mean field terms”. 


For the direct term, no particle changes its momentum, which again corresponds to a 
“forward scattering” (left-hand side of Figure 3), and the potential term again includes 
the constant Vo written in (21). The average value of this direct term is: 
ue Uv Lat wv 27 
> S° ( Bos| Ay Ur Uk! vy Ak, | BCS ) ( ) 
k#k’,v 


Here again, since k # k’ (otherwise we would have the square of an annihilation operator, 
which is zero), two anticommutations let us bring the operator a,,, to the second position, 
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Figure 3: Interaction between particles having the same spin; the direct term (forward 
scattering) is schematized on the left, and the exchange term on the right. These two 
diagrams add their contributions to the diagram of Figure 2 to build the particles’ mean 


field. 





and we get: 
Vo — ) ¢ Ses. at = AG 2 2 
rae k! @k yp k,v k k’ k! pk’ ,v k’/ — VO k k’ 
5 Prcl ab are» Pre) rel aby orev rer) = Vo S > lore!” fore 
k#k!,v k#k! 
=WVo ys sin? O, sin? Oy) (28) 
kk’ 


(the two values of v yield the same contribution, hence the disappearance of the factor 
1/2 on the right-hand side). As for the exchange term, we have k’” = k and k” = k’ 
(right-hand side of Figure 3); for such a momentum exchange, the transfer q is no longer 
zero, but equal to: 


q=k’-k (29) 


and the potential term now includes Yy_, obtained by inserting q = k’—k in (16). 
Furthermore, when k # k’: 


t i me tT t 
A Ug Uk, Ok! yp = ~ Ay Aye 1, Uk! vy Ak,v (30) 


Apart from this sign change, the computation is the same as for the direct term. The 
sum of the two direct plus the exchange contributions finally yields: 


S © [Vo — Vie =i] [vre|? Jove? = S> [Vo — Verie] sin? Axe sin? By (31) 
kk’ kk! 


In the short-range potential approximation where Vys_, = Vo, this sum is zero: the Pauli 
exclusion principle prevents particles having the same spin components from interacting 
via a contact potential. 
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— Case II (particles annihilated in a pair of states and restored in another 
pair) 

Considering the nature of the creation and annihilation operators it contains, this 
process may be called “pair annihilation-creation”. It plays an essential role in the BCS 
pairing, as we shall see in Complement Cxyq1y; the corresponding term in the Hamiltonian 
is thus often called the “pairing term”. 

We then have, on one side k’ = — k and v’ = —y, and on the other, k’”= —k”, so 
that, according to its definition (17), the momentum transfer is q = k” —k ; the corre- 
sponding diagram is shown in Figure 4. We are going to show below that its contribution 
to the energy can be written as: 


ys Ver_x Sin O_ cos OK sin Aq COS Oxy 7G Set") (32) 
kk” 


This term is new, in the sense that it is not a mean field term, like the previous ones, 
but that its existence is due to the pairing process. We will show in Complement Cxy1 
that its contribution to the average energy plays an essential role in the BCS theory. 








Figure 4: Interaction process between two particles in the same pair, which, in their final 
states, end up in another pair. In terms of creation and annihilation operators, this 
process is a “pair annihilation-creation” (two particles of the same pair are annihilated, 
while two particles are created in another pair). As opposed to the terms introduced by the 
other interaction processes, this term’s contribution to the energy depends on the pairing; 
it is sometimes called the “pairing term”, and is responsible for the energy gain in the 
BCS theory (Complement Cxvrr). 
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Demonstration: 


If vy = +, the contribution contains a product of “anomalous” average values: 


;é Vat! ke (Wacs| al Ayer > a pO Uc, |Vacs) 
ae 


1 = me = _ 
5 Verte Birla gt gr [Bed (Bal tee I) (33) 
k4k” 


that is, using (C-42) and (C-44) of Chapter XVII: 


1 of * 
2 Vik UKN URN UKUK 


kk” 
1 ile, — 
9 Ss, Vici sin OK cos Ox sin On cos On ei (Sx Su") (34) 
kk” 
If v = —, it is now the kets |_x) and |P_1) that come into play, and we obtain another 


product of anomalous average values for which we must use (C-43) and (C-45) of Chapter 
XVII (as well as the fact that the functions of k are even, as indicated in that chapter): 


5 S> Vuk (Wacs|aty, pat yer 401, te, |Wecs) 
k¢k! 


1 * * 
= 9 S- Vit U_,KN Uk" U_kU_k (35) 
k4k"” 


This expression is the same as the previous one, since it only differs by the sign of the 
summation dummy indices k and k” (remember that Vq is even). We therefore remove 
the factor 1/2 in (34) and get (32). 


— Case III (particles annihilated in a pair of states, then restored in the same 
pair) 

We then have again k’ = — k and v/ = —», but in addition k” = k (and hence 
necessarily k’” = k’), as shown in Figure 5; this is another case of forward scattering. 


We now check that this term can be neglected. Its contribution to the energy is: 
Vo 
2 


k,v 


(Waos| af ,a! ye ,d—K,—-vax,v |Uaos) (36) 


If vy = +, we get (after two operator anticommutations): 


Vv 
FD, Pucl (4,206.1) (2h OL) Med = > 7 he (37) 
k 
and if v= —: 
Vv Vv 
5 (@_.| (aj, jx.) (al. .0—K,t) |P_1) = a S> Joel? (38) 
k k 
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k,v 





kv 


Figure 5: Interaction process where two particles of the same pair are scattered in the 
forward direction. 





This term is the same as the previous one, as it only differs by the sign of the summation 
dummy index k. Taking into account expression (C-19) of Chapter XVII for (N ys we 
can write the total contribution as: 


Vo a lux|? = “ (NW) (39) 


k 


This contribution is interpreted as the average attraction energy in an ensemble of (N ) /2 
pairs. When the average particle number is large, we can neglect (39) compared to (26). 
Consequently, the pairing effects we are going to discuss cannot be simply interpreted as 
an attraction among an ensemble of N/2 pairs. 


3-b. Total energy 
Finally, adding the terms (22), (31), (26) and the double of (34), we get the average 


energy?: 


VY 
(H) =2 » ek sin? OK + oe (N)? ae x [Vo _ Ver x] sin? OK sin? Ox: 





+ ) Var sin Oy, sin Oy COS Ox COS Oy: 2G. Se") 
k,k”’ 


(40) 





3The summations over k have no restrictions, contrary to the tensor product appearing in relation 
(B-8) of Chapter XVII, where the summation is limited to a half-space to avoid redundancy. 
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The first term on the right-hand side corresponds to the kinetic energy, the second to 
the mean field for particles of opposite spins, the third one is the analogous term for 
particles having the same spin (it goes to zero for a short-range potential); these three 
terms were already present in the Hartree-Fock theory. The fourth term, however, is 
new: it corresponds to the pair annihilation-creation (pairing term) whose average value 
is non-zero only in a paired state. It is the only one that depends on the phases ¢,, which 
will prove to be essential in the BCS theory (Complement Cxvrz). 


4. Spinless bosons 


For bosons, we must take into account the Bose-Einstein condensation phenomenon 
(Complements Byy, Cxy and Fxyv): in the ground state, a large fraction of the particles 
can occupy a single quantum state, the state k = 0. This is not the case for a paired 
state; we must therefore choose a variational state permitting such a condensation. 

We assume the interactions to be repulsive, in order to avoid the instabilities 
occurring for a system of attractive bosons (Complement Hxy, § 4-b). 


4-a. Choice of the variational state 


In Complement Cxy, we used the Gross-Pitaevskii approximation to treat, in the 
simplest way, Bose-Einstein condensation: the system of N bosons is supposed to be, 
at a given instant, in a state that is the product of identical individual states, generally 
chosen as the zero momentum state, k = 0; the system state is thus written as: 


1®) = [ab] 0) (41) 


(aj, is the creation operator in the individual state k = 0). However, whereas such a 
state is suitable for an ideal gas ground state, it can only be an approximation for a gas 
of interacting particles: it is an eigenvector of the kinetic energy, but not of the oper- 
ator associated with the interaction energy. The interaction potential actually couples 
this state to all the states where two particles are transferred from the individual state 
k = 0 toward any two individual states of opposite momenta ik and —hk (because of 
momentum conservation), such as, for example, the state: 


1") = [a] fata] [ad] 1) (12) 


where two states of a pair are occupied. This suggests using a state |Wpairea) as a 
variational ket*+ for describing the components of the system state vector associated with 
all the individual states k 4 0. We must also include the components corresponding to the 
individual state k = 0; those will be described® by a “coherent state” (Complement Gy). 





“The interaction potential also couples a state such as (42) to numerous states of the form 


[ahial [ot | [at | [af] Pa |0), where q can take on any value. An exact theory would require taking 
those “unpaired” states into account, but leads to complex calculations. This is why we limit ourselves 
to a variational method in the framework of an approximation where the states k ¥ 0 are only accessible 
to pairs (we assume N — No < N). 

5This individual state must be treated separately, as applying the general formula (B-9) of Chapter 
XVII, used when k ¥ 0, to obtain |yy~=9) would involve the exponential of the square of the operator 
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We therefore choose a variational state vector of the form: 


[Ps) = Po) ® |Wpairea) = vo) ® TT |Px) (43) 
@keED 


(the notation B refers to the name Bogolubov). 

In this expression, |W pairea) is the paired state for spinless particles (B-8) of Chapter 
XVII, a tensor product of the normalized states |%,,) defined in (B-9) and (C-13). The 
domain D of the tensor product in (43) is half the k-space to avoid (as seen previously) a 
double appearance of each state |@,); the origin k = 0 is excluded from D. This domain 
could eventually have an upper bound for k. 

As for |yo), it is the coherent state whose expression can be found, for example, 
in Complement Gy, whose relations (65) and (66) provide®: 


lvo) = e7N0/? e%4 Ing = 0) (44) 


This state depends on a complex parameter ag, characterized by its modulus No and 
its phase Co: 


ag = / Noe (45) 
It is a normalized eigenvector of the operator ag with the eigenvalue ag: 


ao |'P0) = 20 |Po) (46) 


The average particle number in the state k = 0 is thus: 


(Yo| a}40 |'20) = a} a0 (vo |~o) = No (47) 


The width of the corresponding distribution is /No (Complement Gy), hence negligible 
compared to No (supposed to be a large number). 

The variational variables contained in the trial ket (43) are thus the set of 6, and 
Gx, as well as No and Co. 


4-b. Different contributions to the energy 


We now compute the average energy, in the variational state |®,) written in (43), 
of the Hamiltonian operator given by (11). 





Bray leading to large fluctuations of the particle number in the state k = 0 (condensed particles). This 


would necessarily yield large fluctuations of the total particle number, as well as of the average repulsive 
energy, whereas, as we saw in § 3-b-3 of Complement Gxv, those fluctuations are not possible precisely 
because of this repulsion. 

®One shold be careful about the change of notation: in Chapter V and its complements, |yo) denotes 
the ground state of the one particle harmonic oscillator, which here corresponds to the vacuum |no = 0). 
In the present complement, |yo) is the ket associated with a large number of particles occupying the 
same individual state, as is also the case of the wave function y(r) of the Gross-Pitaevskii equation 
(Complement Cxv); with the notation of Complement Gy, this ket would rather correspond to a |ao) 
state. 
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a. Kinetic energy 


The kinetic energy term is the sum of the contributions from the different individual 
states k, with no contribution from the k = 0 state (since exo = 0). Each term of the 
summation contains the operator Nx, whose average value in the factored (over the k) 
state (43) is given by the average value (f;,| Mk |F,) in the state |%,). This average value 
is given by relation (C-33) of Chapter XVII as sinh?0,, which yields, for the average 
value E, of the kinetic energy in the state |®g) the expression: 





Eo= S> Ck (D,, | Nk Px) = S> Ck sinh? 6, (48) 
k40 k40 
with: 
hk? 
= 4 
eh (49) 


where m is the particle mass. 


B. Interaction energy 


The average value of the interaction potential energy is a sum over four indices 
k,k’,k’”,k’” of the potential matrix elements described in (19). As opposed to what 
happened for the kinetic energy, these elements have no particular reason to cancel out 
if one (or several) of their indices is zero. We shall therefore compute the different 
contributions, arranging them in decreasing order of the number of their zero indices. 

A noticeable simplification of the computation occurs with the choice of the trial 
vector, as the coherent state |yo) is one of its factors. Any time one of the four indices 
in the potential energy term is zero, the corresponding annihilation operator may be 
replaced by the complex number ag. This is because the trial ket |®g) is an eigenvector 
of the operator ao with eigenvalue ap - see relation (46). In the same way, each time one 
of the two indices k or k’ is zero, the creation operators on the left of the product, and 
hence acting on the bra (®,|, can be replaced by ag, since the Hermitian conjugate of 
relation (46) is: 


(vol a5 = 2% (vol (50) 


These two operators are therefore simply replaced by numbers. Let us examine in turn 
all the possible cases. 

(i) If the four indices k,k’,k”,k’” are zero, the interaction potential contributes 
via the constant Vo (forward scattering term), defined in (16) as the integral of the 
interaction potential W2(r); this contribution is written as: 


(No)” 
2 


oe Vi 
(Wrorwara). a = (yo| ajaiagao |vo) = Vo 





(51) 


The corresponding term is represented in Figure 6. 
There is no contribution from terms where three (and only three) indices k, k’,k”,k/” 
are zero: total momentum conservation would require the fourth index to also be zero. 
(ii) If among the four indices k,k’,k”,k’” two are zero, one concerning an annihi- 
lation operator, the other a creation operator, the momentum conservation requires the 
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Figure 6: Diagram symbolizing the interactions between particles in the individual state 
k =0, and which remain in that state after the interaction (forward scattering term that 
yields the internal mean field of the condensate). 





other two operators to be al and a,x, with the same index k. This can yield either a 
direct term, or an exchange term. 

- the direct terms contain the average value of either the product ak ajag ay, or of the 
product aha ayag; it is again a forward scattering process and the potential appears via 
the constant Vo. The two average values can be factored into two terms (¥o| alao yo) = 
lao|” and (G,| Mx |G.) =sinh?0,; they are thus equal and the corresponding contribution 
is written as: 


(Waiece), SVN Sen (52) 


where the subscript e symbolizes the ensemble of the “excited” states, ie. those with 
momentum hk # 0 that have a non-zero kinetic energy. Introducing the average total 
number of particles N, in these excited states: 


N.= 5 (ahax) i S © sinh? (53) 
k40 kZ0 


we can write: 


(Weairect . = VoNoNe (54) 
This term is simply interpreted as coming from the interaction between No particles in 
the condensed state k = 0 and N, particles in the other individual states. 

- the exchange terms contain al a\ayag and a\al agar. We are now dealing with a 
momentum transfer process, and the potential now appears via the constant V, obtained 
by inserting q = k in (16). Otherwise, the computation is the same as for the direct 
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terms: the two average values can be factored, and the corresponding contribution is 
written: 


(Wer), = No aM sinh?O, (55) 


The two terms (54) and (55) correspond to mean field contributions associated with 
the interaction between k = 0 particles and k ¥ 0 particles, taking into account the 
indistinguishability of the particles that led to the exchange term. 

(iii) if the product of operators contains the annihilation operator in the state k = 0 
twice, the momentum conservation requires the product to be of the form al.al .agao. We 
are now dealing with a process where two particles in the state k = 0 are replaced by a 
pair (k, —k), which amounts to creating a pair from particles initially in the condensate, 
as shown on the left-hand side of Figure 7; here again, the potential appears via the 
constant Vx. The two annihilation operators introduce the factor [ao]” = Noe2*° and 
the other two operators, an “anomalous average value” in a state |%,,), which we already 
computed in (C-51) of Chapter XVII. We therefore get: 


N 
=: S > Vic sinh, coshd, €7"(60~S*) (56) 
k40 


If the product of operators contains the creation operator in the state k = 0 twice, 
it must necessarily be of the form ala\axa—t, which corresponds to the annihilation of 
a pair whose particles are transferred to the state k = 0 (right-hand side of Figure 7). 
This product is the Hermitian conjugate of the previous one, and its average value is the 
complex conjugate of the previous result. The sum of these two terms is the contribution 
of the processes of creation and annihilation of pairs from the condensate: 


—No Se Via sinhé, coshO, cos 2 (Co — Ck) (57) 
k40 


These terms come from the pairing of particles, as opposed to other terms that are related 
to the mean field. We shall see in Complement Exyq the essential role they play in the 
Bose-Einstein condensation of an ensemble of bosons. 

(iv) There are matrix elements of the interaction potential involving a single par- 
ticle in the k = 0 individual state, and three other particles in the k # 0 states. The 
corresponding terms have a zero average value in the state |®p) because of the struc- 
ture of its component |W paired), where the occupation numbers of two paired states must 
always vary together. 

(v) We have yet to compute the contribution of terms where none of the wave 
vectors are zero. The computation is very similar to that of § 3, and we shall again 
distinguish three cases: 

— Case I 

Terms containing interactions where particles are created in the states from which 
they were destroyed: a direct term in al at ay ak, and an exchange term in ah at aya. 
The computation is the same as in § 3, except for the fact that no minus sign occurs in 
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Figure 7: The diagram on the left represents a process where two particles, initially in the 
k = 0 individual state, interact and end up in states of opposite momenta. The diagram 
on the right represents the inverse process, where two particles of opposite momenta 
collide and end up in the k = 0 individual state (i.e. in the condensate). As opposed 
to the previous terms, corresponding to the mean field of interacting particles, the terms 
corresponding to this diagram are introduced by the pairing process: they play a central 
role in the Bogolubov theory (Complement Exyrz). 





the exchange term. Result (31) therefore becomes, for bosons”: 


1 1 . 
5 S> [Vo + Viet] [vnel? fore |? = 5 S> [Vo + Ver—x] sinh? sinh? 
kk’ kk’ 


1 
ive (N.)? + 5 S> Vur_k Sinh?0, sinh? 6, (58) 


2 
k,k’ 


The first term is the direct term that, when N, >> 1, is interpreted as the effect of 
the interaction mean field between the N. (N. — 1) /2 different pairs of particles (when 
N. > 1). It is corrected by a second exchange term, which expresses the increased 
interaction between particles due to the boson bunching effect. 

— Case IT 

The “pair annihilation-creation” term in atat ar a_K , which yields here, taking 





7 As opposed to the fermion case, the contribution of the terms k = k’ is not zero but involves the 
average value of the operator nk Nk - 1) in the state |y,), see § C-2-b of Chapter XVII. However, 
for a large system, the number of individual states k is very important, and this contribution is totally 
negligible compared to (58). This is why we neglected this term. 

As for fermions, the summations over k do not have any restriction (no limitation to half the reciprocal 
space). 
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(C-51) and (C-52) of Chapter XVII into account: 


1 be 7" ie ee 
2 S° Vier (Pree | Oh ig Pur) (Piel AK Ak |Pr) 
k4k” 


1 . 
=5 S° Vier _& sinhO,coshO, sinhO,coshO 24 (S* ~ Sx") (59) 
kk” 


— Case ITI 

Finally, the case where only one pair is involved leads, as in the fermion case, to 
a term proportional to Vo (NV), negligible compared to the term in Vo (N \e of (58) when 
the average particle number is large. We shall therefore neglect it. 


4-c. Total energy 


Regrouping the terms in Vo of (51), (54) and of (58), we get a total mean field 
term: 


> VY 
(Wrnean feta) a os (No + Ne)” (60) 


From a physical point of view, it is natural that this term be proportional to the square 
of the total particle number divided by 2, that is to the number of ways N particles can 
be associated by pairs (when N > 1). If we now include (55), (57) and (59), we get for 
the total energy: 


a~ \ 
(#) = yee sinh?6, + = (No + Nz)? 
Be GG 
+ No S° Vi [sinh? Ox — sinhé, cosh@, cos 2 (¢o — Cx) | 
k40 


1 
+ 9 y Vick! [sinh? sinh? 6,, + sinhd, sinhO,: coshd, cosh: cos 2 (Ck a Cx) | 
k,k’40 
(61) 


The second summation on the right-hand side describes the effect of momentum transfers 
between k ¥ 0 particles and the condensate, as well as the processes of annihilation and 
creation of pairs from the condensate (this last process depends on the relative phases 
¢o — Ge and, as already mentioned, arises from the pairing of particles). The last terms 
on the right-hand side, included in the double summation over k and k’, correspond 
to interactions between particles in the k # 0 states. Since the number of individual 
states is very large, we have ignored the constraint k 4 k’ of relation (59), which has a 
negligible effect; furthermore, as we noted in Chapter XVII, it is justified to replace the 
imaginary exponential by a cosine. 

We have shown, in this complement, that the paired states are a useful tool for 
computing the average energy of an ensemble of interacting particles. In the following 
complements, we shall use these results successively for fermions and bosons. 
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Fermion pairing, BCS theory 
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We present in this complement the BCS mechanism for the pairing of fermions 
through attractive interactions. The three letters BCS refer to the names of J. Bardeen, 
L.N. Cooper and J.R. Schrieffer who proposed in 1957 [9] a theory for a physical phe- 
nomenon already observed in 1911 by H. Kamerlingh Onnes in Leiden, but as yet unex- 
plained. This latter scientist observed that, below a certain temperature, the electrical 
resistivity of certain metals (mercury in his case) abruptly goes to zero as a phase transi- 
tion occurs toward a so-called “superconducting” state. Along with this transition, many 
other spectacular effects occur, such as the expulsion of magnetic fields from the material. 
In this complement, we shall be concerned, with the general pairing mechanism of at- 
tractive fermions in the framework of BCS theory. We shall not, however, give any detail 
about the theory of metals, simply accepting the existence of an attraction between the 
fermions, without justifying its precise origin. In metals, this effective attraction comes 
from a coupling between electrons and phonons, and is therefore indirect, introducing an 
additional complexity to the problem. Furthermore, we shall not present any calculation 
of electrical resistivity, and hence not show that it can go to zero. 

The BCS theory is a mean field theory, of the same type as the Hartree-Fock theory 
(Complements Dxy and Exy). In this latter theory, particles are assumed to indepen- 
dently propagate in the mean field created by all the others; the system is described by 
an N-particle Fock state. Here, we shall assume that the particles form pairs, and this 
hypothesis will lead us to use, as a variation trial ket, the ket |Wgcg) introduced in Chap- 
ter XVII; this complement is a direct application of the results of that chapter. The state 
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we will choose does indeed mathematically resemble a Fock state of “molecules”, each 
composed of two particles. It should not be concluded, however, that this approximation 
reduces to a theory where each molecule is considered as an identifiable object moving in 
the mean field created by all the others. This naive picture is correct in the limit where 
the molecules are very strongly bound, but we shall see that it is totally inappropriate 
for loosely bound pairs such as those in the BCS theory. As already underlined in the 
introduction to Chapter XVII, the use of paired states brings a lot of flexibility to the 
mean field approach, as it allows modulating the binary correlation function between 
particles, and then to adapt it to interactions. 

We start (§ 1) by minimizing the energy to determine the optimal quantum state in 
the family considered. In § 2, we discuss some physical properties of the optimized BCS 
wave function, mainly in terms of one- or two-particle correlation functions, but also in 
terms of what is called “non-diagonal order” (Complements Axy; and Axyir). Finally, 
in § 3, we shall study in more detail the physical content of the BCS pairing mechanism 
allowing the optimization of the energy of a fermion system, and in particular the role of 
phase locking (spontaneous symmetry breaking). For the sake of simplicity, we assume 
throughout this complement that the temperature is zero, but the BCS method can also 
be extended to the study of non-zero temperatures. This will lead to the study of excited 
states (§ 4), as will be briefly mentioned in § 4-d). 

Shortly before the BCS theory was established, Cooper proposed a model including 
two attractive fermions. He showed that the exclusion of their wave functions from the 
interior of a Fermi sphere led to a bound state having certain properties similar to those 
described later by the complete BCS theory. This theory can be considered to be a 
generalization to N particles of the Cooper model, highlighting the collective effects 
leading to the properties of the BCS ground state. The Cooper model will be studied in 
Complement Dxyqr, and its analogies with the N-particle theory will be underlined. In 
the present complement, we present the BCS theory, starting directly from the general 
results of Chapitre XVI; we shall also use the average energy values calculated in § 3 of 
Complement Bxvu. 

We obviously cannot give here a detailed account of superconductivity theory and 
its various resulting effects, which would require an entire book. Limiting a large part 
of the computations to zero temperature situations already implies that numerous phe- 
nomena are outside the scope of this complement. To learn more about the subject, the 
reader can consult reference [8]. 


1. Optimization of the energy 


Relation (B-11) of Chapter XVII yields the expression of the paired state! |Wgcs): 


|Vpcs) = exp »» Ik chet} 0) = | [ lvx) (1) 
k @®k 





1This state is a superposition of components containing different numbers of particles. As already 
mentioned in Chapter XVII, one could also choose a variational state where the particle number is 
perfectly determined ([8], § 5-4 and Appendix C of Chap 5), but that would make the calculations a bit 
more complex. 
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The ket |Wpcog) was then normalized by separately normalizing each ket |y,), which 
became the kets |%,,): 


Pu) = fae + ve af sal | 10) (2) 
where the two functions ux and vu, are related by: 

Uk = Uk Je (3) 
and satisfy: 

Jee? + uxl? = 1 (4) 


In that chapter, gx was introduced as the Fourier transform of the wave function x (r) 
of the “diatomic molecule” used to build the paired state; until now, this state was not 
specified. Here, we shall consider the gy as variational parameters. Choosing gk = 0 
leads to v, = 0 and |u_~| = 1: in that case, the two individual states k, + and —k, | are 
neither occupied nor paired. They will be, however, if gx is not zero. In general, the 
number of non-zero gy is, a priori, arbitrary (finite or infinite). We can, for example, 
limit their number by setting a maximum value k, for the modulus of k, and consider 
this maximum value as a supplementary variational parameter defining the trial ket. 

We were led, in that same Chapter XVII, to set ux, = cosO, e~*%* and uy, = 
sin 0 e’S*, relations that imply that ux, and vq have opposite phases (a situation always 
possible to obtain by changing the global phase of the ket |%,), which has no physical 
consequences). In the present complement, it will be more convenient to assume that 
the phase of |G.) is chosen in order to make ux, real and positive, and we will set: 


Uk = COS OK 


U_ = sin Oy e2"S* (5) 


Relation (C-19) of Chapter XVII yields the particle number in the state |Vacs): 


(N) =25~ |vxl? =25 sin? (6) 
k k 


1-a. Function to be optimized 


The average particle number in the state |Wgcg) may be changed by varying the k 
dependence of the ux, and v_: as an example, choosing |ux| = 1 and vu, = 0 for any value 
of k, the average number (N) will be zero; on the other hand, if |ux| is very small and 
|ux| equals 1 for a great number of k values, the average total particle number (N) can 
attain arbitrarily large values. As the energy minimization operation makes sense only 
for a fixed value of (N), we shall determine that value with the Lagrangian multiplier 
us (chemical potential; see Appendix VI, § 1-c). We will optimize the ux, and vu, choices 
by introducing the variations du, and dv, and cancelling the variation of the average 
value A = (H)—y(N). The volume L? of the physical system and its chemical potential 
pt are supposed to be fixed; we can choose one of two equivalent sets of variables to be 
determined, either the ux, and the v_, or the 0% and the Cx. 
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Relation (40) of Complement Bxyq yields (H), whereas (N) is given by (6). We 
then have: 


A = (H)-y(N) 


VY 
= 2) (en—H) lox + a (NY? + $2 [Vo — Vite] [nel” ore? 
k kk’ 


+ 0 Vite Ui te ier Ute (7) 
k,k’ 
with, according to (5): 
lux|” = sin? 0, UE uy = sin Oy Cos O_ eS (8) 
In the above expression for A, e; is the kinetic energy of a free particle with momentum 
hk: 


Rek? 
ee = 


(9) 





2m 
and the VY, are the Fourier transforms of the interaction potential W, (r): 


1 —ik-r 
i= fer e KT Wo (r) (10) 


As this potential is rotationally invariant, the function V. only depends on the modulus 
k of k, and it must be real (Appendix I, § 2-e); as the potential is attractive, we can 
assume all the Vy, to be negative. 

We saw in Chapter XVII that the first term of (7) corresponds to the kinetic 
energy, the second to the mean field (diagonal term) for particles with opposite spins, 
the third one to the similar term for particles with identical spins (in which the direct 
and exchange terms cancel each other for a short-range potential). Finally, the fourth 
term, on the second line (which contains Yy._,) plays a particularly important role in 
what follows; it comes from the pair annihilation-creation diagram schematized in Figure 
4 of Complement Bxyyr. It is often called the “pairing term”. 

We use relation (6) to write:: 


d[(N)]? = 2(N) d(N) =4(N) D0 d vx)? (11) 
k 


We then get: 
dA = 25° & dlvxl? 
k 
+ > Vick {UK Uy, d [u,ug] +g une d [u,v] } (12) 


k,k’ 


where the variable €,% is the kinetic energy with respect to the chemical potential, and 
corrected by the interaction effects ?: 


\ 
bk = ee — pet = (Nt 2 (Vo — Vive) ve? (13) 





2 factor 2 appears in front of the summation over k’ as the variations of |v,|? and |vy/|? in (7) 
must be added, but is included in the factor 2 in front of the summation containing €,. 
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Comment: 


For the applications of the BCS theory, the choice of the interaction potential to be used 
in the equations is not necessarily self-evident. 


This is especially true in the superconductivity theory of metals, where the fermions 
involved are electrons which, isolated, interact via a repulsive Coulomb potential. In a 
metal, however, the direct repulsive interaction between electrons is mostly screened and 
they interact indirectly via the crystalline network deformations (phonons, see Comple- 
ment Jy). This phenomenon leads to a long-range attractive component in their effective 
interaction, and explains why pairing between electrons is possible. This effective inter- 
action depends on the phonon characteristics, and in particular on the Debye frequency 
of the solid under study. 


This is also true in the theory of an ultra-cold diluted fermionic gas, where we do not use 
directly the interatomic potential in the equations. This interatomic potential contains, 
at short-range, a strongly repulsive part (often assimilated to a “hard core”) and, at 
an intermediate distance, a strongly attractive well, permitting the formation of a large 
number of molecular states. Now when the gas under study is very dilute, the three-body 
collisions leading to these molecules are very rare, meaning these molecular states play 
practically no role; only the long distance effects of the potential have a real importance. 
In other words, the essential role is played by the asymptotic properties of the stationary 
collision states, as described by the scattering amplitude (Chapter VIII, relation B-9) 
and the associated phase shifts (Chapitre VII, § C). The potential used in the BCS 
computations will therefore be an “effective potential”. Furthermore, as the collisions 
occur at very low energy, this effective potential only depends on the phase shift do 
associated with | = 0. This phase shift is generally characterized by a “scattering 
length” ao defined as 690 ~ —kao when k —+ 0; the effective potential will be attractive 
if this scattering length is negative. 


As this complement deals mainly with the quantum mechanism for BCS pairing, and not 
with the determination of a valid potential, we shall not examine this point further and 
assume a pertinent choice of the interaction potential has been made. 


1-b. Cancelling the total variation 


It is obvious in (7) that the first three terms on the right-hand side depend only on 
the moduli of the u_; only the last term (annihilation-creation) depends on the phases 
Gx. Now the function A must be minimal if we vary the ¢, without changing the Ox, i.e. 
when we vary only this last term: 


ys Vick’ Sin 0, COSO, SiN Oy COS Oy C74! —S) (14) 
k,k’ 


We assumed that all the potential matrix elements were negative, whereas relation (C-5) 
of Chapter XVII shows that the products sin 6, cos 6, are positive. The lowest value 
of this sum will be obtained when all the terms in the summation over k and k’ have 
the same phase in order to add coherently. This condition is called the “phase locking 
condition”, and will be discussed in more detail in § 3-a-8. The minimum obtained does 
not depend on the absolute phase of the vz, but only on their relative phases. One can 
then simply choose all the ¢, to be equal to zero, which means that all the uv, are real 
and positive. This is the choice we shall adopt from now on. 
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In relation (12), the terms in d[u, vy] and d [u,v] now become equal (the k and 
k’ are dummy indices), and we have: 


dA=2 See d (ux)? +2 x. Vik! Uk Uy d (U,V) (15) 
k k,k’ 


We must now vary the 6,. For that purpose, we introduce the quantities A,, having the 
dimension of an energy, as: 


A, = S> (—Vic_x’) Uk’ Uk’ (16) 
k’ 


The A, are real since the ux and v_, are real, and positive since we assumed the in- 
teraction potential matrix elements to be negative. They are called “gaps” and play an 
important role in the BCS theory. It will be easier to discuss this role in the case of a 
very short-range potential; this will be done in § 1-c. The choice of the word “gap” will 
also be explained later (in § 4, see in particular Figure 7). The variation of A can now 
be written as: 


dA =45 0 & ve doe — 257 Ace [updo + vedy,] (17) 
k k 


The variations of dux and du, are, however, not independent since relation (4) requires 
(for u_ and v, real) that: 


Que du, + 2vu~ du, = 0 (18) 


This means we can replace duy by —v,dv_/u_. The right-hand side of (17) then becomes: 
4S 0 & Uk dup — 25° Ay ‘igs du, (19) 
k k Uk 


Cancelling the variation of A with respect to all the vu, leads to: 





Dee Ae lus ss a) =0 (20) 


Multiplying by u,, we get: 


2&h UkUk = Ax (eae)? - (v%)?| (21) 
or else: 
Ex Sin 20, = A, cos 20 (22) 


One can then compute the sine and the cosine, since: 


[cos 204)? — eee 20)" = (&)" (23) 
[cos 20]? + [sin 2]? (€4)? + (Ax)? 
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and we obtain: 

















cos 20, = ce EO = 2 

(Ex)° + (Ax)? . 
sin 20, = ————*____ = os (24) 

(Ex)” + (Ax)? : 

where we have set: 
Ex = \/ (&)° + (An)? (25) 
We finally obtain: 

asd Sil ase 

[uK]” = 5 (1 + cos 20,] = 5 1 + #| 

aT ie 
[uk] = 5 [1 — cos 20,] = 5 1 + *| (26) 


They are many possibilities for rendering stationary the difference of average values, 
A = (H) — 2. (N), depending on the sign + chosen in each equation, and for each value 
of k. This multiplicity of solutions is not surprising since the stationarity is obtained 
not only for the ground state, but also for all the possible excited states of the physical 
system; those will be discussed in § 4, and we will see that the stationarity conditions (26) 
include the possibility of “excited pairs” (§ 4-c-G). For the moment, we shall concentrate 
on the search for the ground state and look for the absolute minimum of the average 
value (7). 

Let us examine which signs must be chosen in (26) to get the ground state, i.e. the 
lowest possible value of A in expression (7). The chemical potential of an ideal fermion 
gas in its ground state is positive, equal to the Fermi level, and proportional to the 
particle density to the power 2/3 (Complement Cxry, § l-a). In the presence of a weak 
attractive potential, the factor (e, — js) in the first term on the right-hand side of (7) is 
negative when the modulus of k is small, and positive when e, >> yu. In the first case, 
to minimize A, it is better to choose values of [ux]? as large as possible, and hence the 
— sign in the second equation (26) since €, is negative in this case. On the other hand, 
when e, > p, it is better to choose values of [uy]? as small as possible, and it is again 
the — sign in the second equality that must be chosen. As a result, it is the — sign that 
must be taken in the second equality (26), and hence the + sign in the first one. 

As we know that ux and vx, are positive, we finally obtain for the ground state: 


neq =) es 


Inserting these results in (21), we verify that the stationarity relations are fulfilled, inde- 
pendently of the sign of &. They apply as long as the self-consistent condition derived 
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from the A, definition (16) is satisfied: 


2 Ew 20 (Ev)? + (Aw)? 


As we now show, this condition takes on a simpler form for a very short-range interaction 
potential. 

The above computation shows that starting from any function y(r), or (which 
amounts to the same thing) from functions g, considered to be entirely free variables, 
the optimization procedure yields values for ux, and vx; this in turn fixes the optimal gx 
and determines the function y(r) for building the paired state described in (1). 





1-c. Short-range potential, study of the gap 


The matrix elements of the interaction potential V, were defined in Complement 
Bxvrr as the Fourier transforms of the potential — see relations (16) and (18) of that 
complement. For a regular potential of range b, the matrix element V; necessarily varies 
when k changes by a quantity of the order of 1/b; in particular, V, > 0 when k > 1/b. 
However, in many physical applications of the BCS theory, the k wave vectors involved 
remain very small compared to 1/b, and a useful approximation is to ignore the variations 
of the V,. We therefore consider them all equal to the same constant —V: 


Vi = -V (29) 


The minus sign was introduced to make V a positive number for an attractive poten- 
tial; this number is inversely proportional to the volume VY, as shown by relation (10). 
Definition (13) of & now takes on a simplified form: 


f= er — a 5 WW) (30) 


that can be inserted in the relations (27) to get the functions ux and vx. 
Relation (16) also has a simpler version; all the A, take on the same value A: 


A= Ve Uk! Uk! (31) 


k’ 


In this case, there exists only one value of the gap, and since the ux and vu, are real, this 
value is also real. We shall see in what follows that A plays a particularly important role, 
especially in the dispersion curve characterizing the system excitations (see for example 
Figure 7 which shows the existence of an energy minimum equal to A). 

All the previous formulas apply, provided we replace the A, by A. Relations (24) 
then become, with the sign choice leading to the ground state: 


a fe 
(&)?+a2 7 

ose (32) 
(Gj)? +a2 Fe 
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Equalities (27) are unchanged. When k — oo the second relation (32) shows that, taking 
(25) and (30) into account, the value of 6, goes to zero as: 


Oe ~ A/2E, ~ A/2x (33) 


It will be useful in what follows to know the asymptotic behaviors of the functions ux, 
and v,, whose values as a function of 6, are given by (5). When k — ov, relation (33) 
shows that u, goes to 1 whereas uv, goes to zero as: 


A AR 1g 
Seog a) a es 


This ensures the convergence of the summations (C-19) and (C-26) of Chapter XVII 
giving the average values of N and of its square. 


) (34) 


Uk 


Qa. Self-consistency condition and divergences 


The self-consistent condition (28) now takes on the simpler form: 


(+) 
\/1 (35) 
zy () YT (6)? +42 
that is: 


icy: | (36) 
2 (x)? + A? 





which is an implicit equation expressing the gap A in terms of p (as this latter parameter 
appears in the definition of €;). 

Choosing a large volume L°, we can replace the discrete summation over k by an 
integral. We shall assume, as mentioned in § 1, that the g, in the variational ket (1) are 
zero when the modulus of k is larger than a given cutoff value k,. Under these conditions, 
the implicit equation for the gap becomes: 


Ee # Efe _. i. y 
yl (Ex)? + A? 


where k, is the upper limit of the wave vectors introduced in § 1; remember that V is 
inversely proportional to the volume, and hence the right-hand side of this equation does 
not depend on that volume. The integral will diverge if k, is infinite, since when k > oo, 
the function to be integrated behaves as 1/€j ~ 1/e, ~ 1/k?. The value obtained for A 
therefore depends on the value chosen for k,; this upper limit then plays an important 
role. 


(37) 


B. Calculation of the gap 

We note e, the equivalent, in terms of energy, of the cutoff frequency k-,: 
Reke 
2m 





(38) 


Co = 
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We now choose the energy e, as the integration variable. We then have to consider the 
density of states D(e,), obtained® by taking the differential of the definition of e,: 


Dlex) = 5 a Va (39) 


Relation (37) then becomes: 


=f 16 ——— (40) 
(ex — zB)? + A? 


where, to simplify relation (30), we introduced a chemical potential 7 relative to the 
mean field energy?: 
B= pt > (N) (41) 
In relation (40), the function to be integrated over e, contains a fraction that is 
maximum for e, = Zi ; this fraction takes on significant values in an energy band of width 
A centered, in k space, on the surface of the “Fermi sphere” (see Complement Cxrv) 
whose radius ky obeys: 


ike 


2m 





ty (42) 


As for the density of states D(ex), it takes on low values in the vicinity of the center of that 
sphere, but increasingly larger ones outside. The inside of the sphere barely contributes 
to the summation, the main contribution coming from the outside, in between the Fermi 
surface and the cutoff energy ex. We can then find in this region an intermediate value 
Dp for the density of states that can replace D(e,) without changing the integral, with: 


D(u) < Do < D (ec) (43) 


The density of states can be removed from the integral, and we get: 


D 
=e = dex, —————— 
(ex — B+ A? 


As V is inversely proportional to the volume, whereas, according to (39), the density of 
states is proportional to it, this relation is independent of the volume. 

In the physics of superconducting metals, the attractive interaction between the 
electrons is mediated by the motions of the crystal’s ions, i.e. by the phonons of the 
network. A cutoff energy naturally appears in the matrix elements of the interaction 
potential, the Debye energy hwp of the phonons. One often uses a simple model where, 


(44) 





3This density of states is defined in Complement Cxrv, and given by formula (8) of that complement. 
In our case, as we do not have to take into account the two spin states, the density of states is half the 
one computed in that complement. 

4With the sign convention we chose for V in (29), this mean field energy is equal to —V (N) /2 per 
particle. 
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in (28), the potential matrix elements Vi, are zero as soon as the difference in energy 
le, — ex’| is larger than hwp, supposed to be much smaller than 7; otherwise, they are 
all equal to a constant V. The same computations as those that led to (44), yield in this 
case the gap equation® for levels close to the Fermi surface: 


VD pithw p 1 hw 
1s = | de, —————— = VD arsinh (=) (45) 


Pfu (ex — fi)? + A? 


where Dr is the density of states on the Fermi surface. If, furthermore, we make the 

approximation VDr < 1, we get: 
A= 2a = = 
sinh (1/V Dr) 





1 
~ 2hwp exp (-a ) (46) 
F 


This important equation is called the “BCS gap equation”. 

It is worth noting that this expression cannot be expanded in a power series of V 
when the interaction goes to zero: all the derivatives of A with respect to V are zero 
for V = 0. Consequently, this expression cannot be obtained in the framework of a 
perturbation theory in powers of the interaction (this point will be discussed in § 3-c). 


2. Distribution functions, correlations 


Inserting expressions (27) in the trial ket, we obtain the optimal state vector |Vgcs) 
that best describes the ground state. We now examine the physical implications of 
that optimized quantum state, concerning the properties of the one- or two-particle 
distribution functions. These properties will be used later on in this complement to 
understand the origin of the energy lowering due to condensation into pairs of particles. 


2-a. One-particle distribution 


As we are going to show, the properties of the one-particle distribution are fairly 
close to those of an ideal gas. 


a. Momentum space 


Once the gap A is obtained, we can use relations (30) and (32) to determine 
the values of 0, for each value of k; relation (C-16) of Chapter XVII then yields the 
average number of particles in each pair of states. As the two states composing the pair 
play the same role, the average number of particles in each of the states is simply half 
that number, that is sin? 6%. Figure 1 plots, as a function of e,, the variation of the 
distribution function (nx,,) obtained, which is the momentum distribution function of a 
particle, once the variables u, and vu, have been optimized. For an ideal gas, we saw in 
Complement Bxy that it is a Fermi-Dirac distribution; at zero temperature (as is the 
case here, since we are studying the ground state), this distribution is a “step function” 
equal to 1 for e, < y and to zero for ex > ps (dotted curve). In our case, the transition 





5There are two equal contributions to the integral on the right-hand side, one from the values of 
ex above 7, the others from those below; this is why the factor 1/2 has disappeared from the second 
equality. 
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Figure 1: Plots of the one-particle distribution function (nk) = \ux|? in the BCS state, 
as a function of the energy ex. In the absence of interactions, this function ts equal to 1 for 
ex <p, and zero for ex > us (dotted line step function). In the presence of interactions, 
due to the pairing of fermions the curve is rounded off over an energy domain of the order 
of the gap A (double arrow on the horizontal axis), and the variations occur around the 
value Ti (value of shifted by the mean field effect). The dashed curve plots the product 
UkUK as a function of the same variable e,. This function is largest around ex = [L, in a 
domain spreading over a few A. 





between 0 and 1 occurs around 7, hence for a value of chemical potential shifted by the 
mean field effect as indicated by relation (41); this energy shift due to the mean field is 
natural. What is more striking is that the curve no longer presents a discontinuous step, 
but varies progressively over an energy domain whose width is of the order of the gap A. 
The interaction effect depopulates certain pairs of states in favor of other pairs having 
higher kinetic energies. Certain fermions are promoted from the inside of the Fermi 
surface towards the outside, this effect occurring over a depth of the order of A. In k 
space, the perturbation introduced by the attractions is localized in the neighborhood 
of that surface; the fermions situated close to the center of the Fermi sphere are not 
concerned, whereas those close to that surface gain an energy of the order of the gap. 


B. Position space 


Relations (B-22) and (B-23) of Chapter XVI yield the one-particle correlation 
function in position space: 


Gi(r,u;r’,v’) = (WE (r) WL (r')) = (r’,v'| pr |r, v) (47) 
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where p; is the one-particle density operator. Taking into account formula (A-14) of 
Chapter XVI, applied to normalized plane waves, we can write: 


1 fa OP 
Gi(r, V; r’, v’) = fe ». eilk ‘ kr) (ak aww) 


k,k’ 


= A yea Et) (Wpos| a Ax" |YBos) (48) 
k,k’ 

where aes is the creation operator in the individual state of momentum hk and spin pv, 
and ay, the annihilation operator in the state of momentum /ik’ and spin v’. Now, in 
the state |Wpog), the occupation number of each momentum pair are either 0 or 2, which 
means that the average values of the product of these operators is zero whenever each of 
them concerns a different pair, or if the two individual states are in the same pair, but 
are different from each other. We now have: 


1 ik-(r’—r 
Gi(r wir’ y') = fyb Dre) Wacs| ah aK, [Wecs) 
k 
1 ik-(r/—r) js 
= Fab Dre K(r’-r) (ay) (49) 
k 
with: 
(nk,v) = (Uscs| Of Oy |Vacs) = |vxl” (50) 


The function G, is proportional to the Fourier transform of the average population (nx,v) 
of the individual state k, v. As this average population is a function whose width is of the 
order of the Fermi wave vector kr, the function G, goes to zero when |r — r’| > 1/kp, 
i.e. as soon as the difference in positions is no longer microscopic: in this system, there 
exists no “long-range non-diagonal order” of the one-particle correlation function. For 
r=r’, we get: 





Ovv! cy NBCS 
- 7 
Gi(r,yj3r,v') = 5 (W) = Opp! (51) 


where ngcg is the numerical particle density: 


%) 


L3 





NBCS = (52) 


The function G1(r,v;r,v) has no spatial dependence; the factor 1/2 reflects the fact that 
the total density ngcg is shared equally among the two spin states. The results are the 
same as for an ideal gas. 
2-b. Two-particle distribution, internal pair wave function 

As opposed to the one-particle distribution, the two-particle distribution is strongly 


affected by the BCS mechanism, which is to be expected since it is a pairing process. 
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Q. Momentum space, peak in the distribution 


Relation (C-19) of Chapter XV yields the expression for the matrix elements of 
the two-particle density operator py; in an unspecified basis. In the momentum repre- 
sentation, they are written: 


(1 . k" 332 . a PII [1 : k, 432 : k’, v2) = (ah ben thera He vs ) (53) 


We shall mainly consider the diagonal elements, characterizing the correlations between 
the momenta of two particles: 


(1:k,v;2:k',v’| p77 |1:k,v32:k',v') = (ak ak tie ute) (54) 


In this expression, the creation operators repopulate precisely the same states as those 
that have been depopulated by the annihilation operators. 

For v’ = v, in order to obtain a non-zero result, we must have k’ 4 k (otherwise 
we get the square of a fermionic operator, which is zero). We get: 


(1:k,v;2:k’,v| py (1: k,v32:k',v) = |vx|? uel? (if k’ #k) (55) 


which means there exists no correlations between the momenta. 
For v’ = —v, when k’ is different from —k, two different pairs are involved, and 
we again get a product®: 


(Lik, 2:k', —v| prr |b: k,v32:k',—v) = luni? loel? GE! # -k) (56) 


On the other hand, if k’ = —k, only one pair is concerned, destroyed and then recon- 
structed by the operators (as before, this is a contribution from the diagram in Figure 4 
of Complement Bxy; the computation then involves a single state |%,), and we get: 


(1:k,v;2: —k, -v| pr |L 2 k,v;2: —k, -—v) = ure|” (57) 


This result is not the limit of the previous one when k’ > —k, which would be url"; the 
value we obtain is larger, since |v_|? < 1. 

This shows that for all the k values that do not correspond to a pair of opposite 
momenta, the density operator is simply a product, involving no correlations between 
the particles’ momenta. This confirms what we found in the study of the one-particle 
density operator: all the k states having a momentum smaller than that of the Fermi 
level are populated, with a rounding off of the functions due to the pairing phenomenon. 
On the other hand, for opposite values of both the momenta and the spin values, as is 
the case for a pair, we observe a discontinuity of the diagonal correlation function: it 
jumps from lu|* to the larger value ae The corresponding discontinuity in) can be 
written as: 


rye? = |u|? — fonel* = lorel? [1 — fort?) 


= |mev%e|” (58) 





Sif yp = —, to get this result we use the fact that the function v(k) is even. Now if k’ = k, two 
pairs are still involved, labeled by opposite values of momentum (remember that we chose the convention 
where each pair is labeled by the momentum of the spin + particle); but, here again, the parity of v (k) 
leads to |v (k)|*, in agreement with (56). 
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Figure 2: The left part of the figure shows the distribution function of the momenta of 
two particles, assuming that the two momenta hk, et hky are parallel (or antiparallel); 
a value A/Ey = 1/10 has been chosen. In the descending part of the surface, and in the 
two corners where ki + kp vanishes, one can distinguish a small crest indicating a partial 
Bose-Einstein condensation. In order to see this effect more clearly, we cut the surface 
along vertical planes whose trace is indicated by the dashed lines in the right part of the 
figure. This leads to the curves of Figure 8. 





We shall see below (§ 2-b-@) that én? is none other than the square of the k component 
of the pair wave function. This discontinuity is significant for the values of k for which 
the product u,xv_ takes on its largest values; Figure 1 shows that it corresponds to a 
region around the Fermi surface, with an energy bandwidth of the order of the gap A. 

The momentum distribution function depends on the 6 components of the two 
momenta, which does not allow a simple graphic representation. To simplify, we are 
going to assume the two particles’ momenta Ak; and hkg are parallel (or antiparallel), 
so that the distribution we wish to represent becomes a surface in three-dimensional 
space: we plot k, along one axis, ky along the second, and the probability along the third 
perpendicular axis. We then obtain the surface shown in the left part of Figure 2, where 
it has been assumed that A/Ey = 1/10. 

To explore this surfact in more detail, we plot in Figure 3 the curves we obtain 
by cutting this surface by vertical planes parallel to the first bisector of the k; and kz 
axes; we assume the difference k, — kg to be constant (dashed lines in the right part of 
Figure 2) and use, as the variable, the sum of these two momenta. The horizontal axis 
in Figure 3 then represents the dimensionless variable gq: 


_ kitke 


Qkp (59) 





As q varies, the corresponding point in the plane k,, kz moves along a straight line. 

For a fixed value of « = k, — ko, we must set g = 0 for the wave vector components 
to have opposite values: ky = «/2 and kp = —«/2. On the left-hand side of Figure 3, 
the difference « is chosen equal to 1.4 kp; we obtain an almost square curve, rounded 
off by the fact that A is not zero (as was the case in Figure 1), and which presents 
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Figure 8: Plots of the distribution function for two particles of parallel (or antiparallel) 
momenta k, and kg, as a function of the dimensionless variable q = (ki + kg) /2kp; the 
figure was plotted with the choice A/Epr = 1/10. 

For the curve on the left-hand side, the difference (ki — kz) is chosen equal to 1.4 kp. 
The curve looks like a bell shaped function, practically constant for small values of q, and 
decreasing for larger values following a rounded slope similar to the one in Figure 1 (and 
all the more steep as the A value is chosen smaller). No singularity of the distribution 
is clearly visible (except for a minuscule peak at the origin). 

For the curve on the right-hand side, the difference in momenta is chosen equal to 2hkp; 
when q is close to zero, the two momenta take on values that both fall into the rounded 
part of the one-particle distribution. A singularity at q = 0 is now clearly visible, signaling 
an accumulation of “molecules” in a state where their center of mass does not move. The 
height of the central peak corresponds to the population of the discrete level having a zero 
total momentum, and its width reduces to zero as it is a discrete level. 





a barely visible peak. But, as we saw before, the effects of the pairing are important 
when ky = —kyg ~ tkp, i.e. when & ~ +2kp. On the right-hand side of Figure 3, the 
momentum difference is chosen equal to 2hk, so that the momenta can both fall in the 
rounded part of the distributions. We observe, superposed on a “pedestal”, a narrow 
peak indicating an additional population in the level having a zero total momentum. 
The value of that population is given by the height of the peak, whose width is strictly 
zero for discrete levels. The singularity of this momentum distribution is then clearly 
visible. 








Therefore, a singularity appears in the momentum distribution of particle pairs, 
whose centers of mass present a condensation in momentum space. This is, however, a 
partial condensation: as opposed to the boson case, the condensation peak appears on a 
pedestal due the presence of a majority of non-condensed pairs. Actually, the only pairs 
involved are those whose two components have energies falling around the Fermi level 
Ey, ina bandwidth of the order of the gap A. Despite these restrictions, it is nevertheless 
true that the condensation phenomenon into attractive BCS pairs has properties related 
to Bose-Einstein condensation for repulsive bosons. The link between that condensation 
and the appearance of an order parameter for the pair field is discussed in § 2-b-y of 
Complement Axvit- 
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B. Position space, correlations described by the pair wave functions 


We did not find any effects of the interactions on G,. But, as pointed out before, 
since the BCS theory relies on pairing, one expects to find more interesting properties 
concerning the two-particle correlation functions. They will be studied now, limiting 
ourselves to the “diagonal” correlation function, as defined by relation (B-33) of Chapter 
XVI, including the spin variables as in (B-36). This function is written as: 


Garvin’) = (Uh (rU} (eV) 
= (1:r,v;2:r',v'| pry ll :r,v;2:4r',v’) (60) 


(prr is the two-particle density operator), or else, as before: 


1 : 
GS (r, V; r’, v') = 7 yy eil(kK-k) 4 +(k'—k”) 2] (ahi ther yr Ak 7 ) (61) 
k,k’,k’”",k’” 


This expression includes the average values of the product of four operators, whose com- 
putation is similar to the one explained in § 3 of Complement Bxvyy for the average 
interaction energy, except that, in our case, the spin indices are fixed rather than ap- 
pearing as summation indices. Figure 4 schematizes with a diagram each term of (61): 
the incoming arrows represent particles that disappear (annihilation operator action), 
the outgoing arrows represent those that will appear (creation operator action); each 
value of k is associated with a position value r, via an exponential e’*™ for the incoming 
arrows, or e~** for the outgoing ones, as well as with a value of the spin v. 

Parallel spins: if vy = v’, the two destruction operators necessarily concern pairs 
with different k. To restore the populations of these two couples of states to an even 
value, the only possibility is to again give each one its initial value; otherwise the result 
will be zero. We must have, either k = k’” and k’ = k” (direct term), or k = k” and 
k’ = k’” (exchange term). In the first case, we obtain (after two anticommutations whose 
sign changes cancel each other) a result’ independent of the position variables: 


1 i 2 apes = 1 2 2 
Fe Yo alah, ory Ke) ie aba» [Bre = Py Do lol” lew (62) 
k,k’ k,k’ 


and in the second case (after only one anticommutation): 


1 i(k—k’)-(r—r’) -— — — = 
—Te e€ (Eo) (Px| a yey Pac) (Prer| Oy AK! ,v lPu’) 
k,k’ 
1 i(k—k’)-(r—r’ 2 2 
=-7 ei(k-K') Ce2’) fay |? Jaer| (63) 


k,k’ 


Regrouping these two contributions, and using (6), we get: 


Go(r,v;r',v) = (Mt) 1 —[F(r—r’)]? (64) 





"If vy = —, we must change the sign of k and k’ in v, and vy but, as before, it does not change the 
result since we can change the sign of summation variables. 
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Figure 4: This diagram symbolizes each term involved in the binary correlation function. 
The two incoming arrows on the bottom represent particles that will disappear during the 
interaction under the action of the two annihilation operators; the two outgoing arrows 
on the top represent particles that appeared during the interaction under the action of the 
two creation operators. All the arrows are associated with an imaginary exponential of 
the position, with a positive argument for the incoming arrows, and a negative one for 
the outgoing arrows. The indices v label the spins. 





with an exchange term containing the (real) function: 
FO) = ap oe box!” (65) 
(yy & 


This result has the same form as relation (22) of Complement Axvyy1, taking into account 
the fact that the population of each spin state is half of (N). It shows that the correla- 
tion function for two parallel spins exhibits an “exchange hole” very similar to the one 
plotted in Figure 2 of that complement, but with a slightly different shape, since here 
the functions lure|” are no longer exactly discontinuous step functions. The width of this 
exchange hole is of the order of the inverse of ky, the Fermi wave number related to the 
Fermi energy Ep by Ep = h?k3./2m. 

Opposite spins: If v 4 v’, it is possible for the two annihilation or creation 
operators to act on the same pair of states; we are then dealing with a pair annihilation- 
creation term (term of type II according to the classification presented in § D-l-a of 
Chapter XVII). Figure 5 symbolizes the three types of diagrams playing a role in the 
computation of the correlation function for opposite spins: I (forward scattering), II 
(pair-pair) and ITI (special cases). The computation of their sum has been performed in 
§ D-2 of that same chapter, and led to the following result: 


Go (r,v;r', —v) ~ Sz + |dpair (t — 1’) |? (66) 


1906 


e FERMION PAIRING, BCS THEORY 





We have used the following definition of the (non-normalized) “pair wave function”® 


dpair (F — oe 


Opie ee (67) 


which is simply the pair wave function already introduced in relation (D-14) of Chapter 
XVII. We find again relations (38) and (39) of Complement Axyi, where this wave 
function was obtained by a different method involving the two-particle field operator. 
The presence of the second term on the right-hand side of (66) is thus due to the non-zero 
average value of the pair field, introduced in that complement (non-zero order parameter). 

We have just shown that, contrary to what happens in an ideal gas (Complement 
Axvi, § 2-b), two particles with opposite spins may be spatially correlated. This cor- 
relation is described by the modulus squared of the wave function @pair (r — r’), defined 
by its spatial Fourier transform u,v,. This new wave function, different from the one 
we used at the beginning to build the N-particle trial wave function, was introduced in 
§ D-2 of Chapter XVII, as well as in Complement Axvyy, starting from the pair field 
operator. The spatial correlation it characterizes is purely dynamic, as it does not exist 
in the absence of interactions. Its physical consequences, in terms of potential energy, 
will be discussed in § 3-a-a. 

Physical discussion: on the right-hand side of (66), the first term does not 
contain any spatial dependence; it simply corresponds to the correlation function of an 
ensemble of totally independent particles. The second term, on the other hand, depends 
on the position differences r — r’; we now discuss its physical origin in terms of quantum 
interference. 

This second term comes from the contribution of the pair annihilation-creation 


terms for which we have, in relation (61), k = —k’ and k” = —k’”. Let us show that 
“cutting them in half”, they look like interference terms. They include average values of 
operator products that, when v’ = —v, can be written: 


(Git pe even, — (Vgcs| Gh io Wie gi Ae is |Wecs) 
= (9 (k”) | (x) ) (68) 
where | (k)) is defined as: 


| (k)) = a_4,-vaky [Waes) (69) 


Relation (66) then becomes: 


Go (r,v;7', —v) ~ ae = y- ell ihe) (*) (@ (k’”) | (k)) (70) 


k, k’” 





8The factor 1/L° appearing in (67) permits defining a pair wave function independent of the dimen- 
sion L of the physical system, in the limit of large L where the sum over the k becomes an integral 
over dk multiplied by (L/27)3. As a result, the square of that wave function is not homogeneous to 
the inverse of a volume, as is generally the case for a particle wave function, but to 1/ L®. Actually, 
it should be considered as a two-particle wave function, product of a constant wave function 1/L3/2 of 
the center of mass of the pair (assumed to have a zero momentum) and a wave function describing its 
relative position variable. 
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Figure 5: Diagrams symbolizing various contributions to the binary correlation function 
for opposite spins (Vv # v'). The diagram of type I corresponds to a process where 
two particles with opposite spins are destroyed and then re-created in exactly the same 
individual states (forward scattering). The type II diagram corresponds to the case where 
two particles of the same pair are destroyed, and then two particles are created in the 
states of another pair (pair annthilation-creation process). Finally, type IIT diagram is a 
special case of the previous diagrams, and yields a negligible contribution. It is the type 
ITI diagram that introduces the spatial dependance of the correlation function. 





The position dependent term in the correlation function can be interpreted as resulting 
from the interference between a process where two particles of the same pair (k, —k) are 
annihilated, and a second process where the two annihilated particles are from another 
pair (k’”, -k’”); these two processes are schematized in Figure 6. 

According to (1) and (69), we have: 


| (x) ) = rnc = O32 = 0) TT be) (71) 
@k’¢k 


Ifk 4k’, the two states lw (k)) and w (k/” )) are neither identical, nor orthogonal; 


they actually have identical components on all the pairs of states different from (k, —k) 
and (k’””, -k’”), but these two pairs have the same component only for states where the 
4 populations are zero. We can then write: 


(w (k’”’) | (k) ) = Up Uk UX Uk (72) 


Inserting this result in (70) yields relation (66), whose spatial dependence does come 
from the interference between the two processes schematized in Figure 6. 

One could also use relation (68) of Complement Axyr to express the product 
Ww, (r’)G_(r) as a function of a sum of pair annihilation operators. This is another way 
of understanding the role of pairs in the determination of the binary correlation function 
expression (66). 
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i a3) ean) 


|W acs) |W cs) 


Figure 6: Diagram symbolizing two pair annihilation processes from the initial state 
|W acs), leading respectively to the states Ww (k)) and lw (k"”)). As these two states are 


not orthogonal, an interference effect occurs that is at the origin of the position dependent 
part of the binary correlation function. 





2-c. Properties of the pair wave function, coherence length 


The pair wave function plays an important role in the BCS theory, and not only 
for the binary correlation functions, as we already mentioned. Its range determines the 
coherence length of the system, and its norm is also related to the number of quanta 
present in the field of condensed pairs (Complement Axvrr). 


Q. Form of the pair wave function 


As the functions ux and v_ only depend on the modulus of k, we can apply the 
Fourier transform formulas for this case — see Appendix I, relation (52). Replacing the 
discrete summation by an integral, the pair wave function (67) becomes: 


ie es . t- Ao f® 1 
pair (¥) = (=) pee eT Ue = ——z =f kdk ————_—— sin kr 
: oe (ex — 7H) + 2? 


(73) 


Therefore,the pair wave function is real. Figure 1 gives a plot of unv_ as a function of 
the energy e,; it presents a maximum in the vicinity of the surface of the Fermi sphere, 
with a peak whose width is of the order of A. More details on the role this pair wave 
function plays in the correlation functions are given in Complement Axvyyqr. 

The Fourier transform of ¢pair(r) is thus concentrated around values of the modulus 
of k of the order of the Fermi wave vector ky. Its spread 6k is such that the corresponding 
variation of energy e, is of the order of the gap A, which leads to the condition: 


h A 
—2kp 6k ~A that is on 
2m 


~ — 74 
ee (74) 
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This wave function oscillates? as a function of the position r, at a spatial frequency ap- 
proximately equal to the wave vector at the Fermi surface. These oscillations are damped 
over a length of the order of €pair defined by (the arbitrary factor 2/m is introduced to 
match the usual definition found in the literature): 


boy = 2. = Whe _ 1 4Er 
paw 6k ommA kp cA 





(75) 


which is of the order of the distance between fermions, multiplied by the ratio E-/A, 
very large compared to 1. Each fermion pair extends over a relatively large volume, 
leading to a strong overlap between pairs. In a superconductor, the length pair is called 
the “coherence length”!®; it characterizes the capacity of the physical system to adapt 
to spatial constraints, and plays a role analogous to the “healing length” in systems of 
condensed bosons (Complement Cxy, § 4-b). 

We have shown that the pairing significantly modifies the correlation functions for 
opposite spins: the particles now become correlated, whereas this was absolutely not the 
case for an ideal gas. It is a positive correlation, leading to a bunching tendency (the 
opposite of a Pauli exclusion); this explains the decrease in the interaction energy of 
the particles (§ 2-c-y). On the other hand, the pairing has no significant effect on the 
correlation function of particles having the same spin direction; it remains similar to the 
correlation function of an ideal gas, with an exchange hole whose width is of the order of 
1/kp. Relation (75) indicates that the width of this exchange hole is much smaller than 
the distance €pair over which the modifications of the correlation function for opposite 
spins occur. 

As mentioned before, the pair wave function has little in common with the initial 
wave function y (rj — r2) used in Chapter XVII to build the N-particle variational ket, 
since (3) shows that the Fourier transform of x is gx = vK/ux. This is not surprising: 
when building a trial ket by the repetitive action of the same pair creation operator, we 
do not simply juxtapose those pairs. The antisymmetrization effects are dominant, and 
in each term of the expansion to the power P of operator }7;, 9x Gad! 5 in relation (1), 
the result is zero each time the same value of k is repeated (the square of a fermionic 
creation operator is zero; two fermions cannot occupy the same individual state). This 
is why the antisymmetrization effects completely remodel the pairs formed in the system 
of N identical particles. 


B. Norm of the pair wave function 


According to (67), the component on |k) of the ket |dpair) associated with the wave 
function @pair (1) is written as: 


1 
(k |@pair) = Tan UKek (76) 





°The existence of this oscillation is confirmed by the fact that its integral over the entire space is 
practically zero; this integral is proportional to uovo, i.e. uo,/1 — ue, which is indeed practically zero 
since uo ~ 1. 

10The coherence length €pair Should not be confused with the (London) “penetration depth” that 
characterizes the magnetic field exclusion from a superconductor, and that depends on the charges of 
the particles. 
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(the functions u, and v_ are even). The square of this ket’s norm is therefore: 
1 2 
(pair |Ppair) =. TB S> [wk Vic | (77) 
k 


Replacing the discrete summation by an integral, we get: 


te bo Ae dex 
(Ppair |Ppair) = B (=) fe k luxv|? = af D (ex) (& —p? + 22 (78) 


where, in the second equality, we chose e; as the integral variable, introducing the density 
of states D (e,) defined in (39). The function to be integrated converges since D (ex) 
varies as ,/é€x; this function is concentrated around e, = ff, spreading over a width 
A <q. We can then, to a good approximation, replace D(e,) by its value Dp at the 
Fermi energy, and extend the lower bound of the integral to —oo. As the integral of a 
Lorentz function is known (Appendix II, § 1-b): 


eS dex Tv 
a (ex B+ A? A (79) 
we get: 
7 
(pair |dpair) = qPra (80) 


We showed in § 2-a-6 of Complement Axyi that the norm \/(@pair |@pair) yields the 
average value of the field (®pair (R.)), hence the value of the order parameter. In § 2-b-G 
of that same complement we showed that the square of the norm, equal to (@pair |pair), 


yields the large distance behavior of the average value (hai (R) ®pair (R’ ))s the quan- 


tity (dpair |dpair) is thus related'! to the field pair intensity (or, in other words, to the 
total number of quanta in that field). 

In addition, we just saw in the above § 2-b-a that a peak in the momentum 
distribution signaled the presence of a Bose-Einstein condensation. Inserting (76) into 
(58) shows that this peak height is: 


jn = Jurre|? = L? |(k [dpair)|? (81) 
The total particle number associated with this peak is: 


T 
Do ing.) = L? (Gone IPpa) = GDA (82) 


Consequently, the square of the norm, (pair |@pair), multiplied by the volume, is also 
the total particle number in the condensation peak found in § 2-b-a, which confirms the 
previous interpretation. 





11The pair field operators ®pair and ot 


pail do not exactly satisfy the boson commutation relations 


(Complement Axvir); the operator & 
of quanta in the pair field. 


UD pan is thus not, stricto sensu, an operator giving the number 
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y. Link to the interaction energy 


The energy term on the third line of (7) can be written, in the zero range potential 
approximation (29): 


) Vik! UK Ug Uk) Up = —V Up Uk y Uk! Ue 
k,k’ k k’ 


= -VL* |dpair (0)? (83) 


This result yields an energy proportional to V and to the probability that the two com- 
ponents of a pair, described by the wave function ¢pair (r), are found at the same point; 
this makes sense since the pair size is very large compared to the interaction potential 
range. 


é. Non-diagonal order 


When studying Bose-Einstein condensation for bosons, we showed in § 3 of Com- 
plement Axyr that the one-particle non-diagonal correlation function did not go to zero 
at large distance, when a significant fraction of the particles occupy the same individual 
state. Nevertheless, in § 2-a of the present complement, we found that this was not the 
case for a system of paired fermions, where the non-diagonal order goes to zero over a 
microscopic distance. This can be understood from a physical point of view, since, in 
the present case, there is no accumulation of particles in the same individual quantum 
state. On the other hand, we saw in § 2-b-a@ that the center of mass of the pairs of parti- 
cles is subject to a phenomenon of partial accumulation, reminiscent of a Bose-Einstein 
condensation. It is thus natural to examine the properties of the non-diagonal functions 
relative to pairs, and compute the “non-diagonal position” average value: 


(Woe) ©) PL) H7")) (84) 


With two positions r’ on the right, and two positions r on the left, this expression is the 
exact transposition to two particles of the one-particle non-diagonal function: a couple of 
particles with opposite spins are annihilated at point r’, and then recreated at a different 
point r. In a more general way, we are going to evaluate the 4-point average value: 


(vi (ri) Uf (r2)¥y(ra)¥y(r4)) (85) 


which, following the same computation steps as for the one-particle functions, can be 
written as: 


(Wh (rr) WE ra) (rh) YH(r4)) 
1 


= — ss eil(eri tk’ rh) —(k! ro tk” -r1)] (ahr gah yam sax, ) (86) 
kkk {ki 
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In this equality, the matrix elements have already been evaluated in § 2-b-8. We are 
going to show that this expression can be written as: 


(Vi (rs)W] (ra) V(r) ¥+(r4)) 
= Gi(ri, teri, t) Gi(ra, 75,4) + Opair(ti — 82) pair (11 — £9) (87) 


where the one-particle non-diagonal distribution G; has been defined in relation (49) for 
the case vy = v’, and the pair wave function ¢pair in relation (67). This equality is the 
same as relation (72) of Complement Axyrr, but is now obtained by another method. 


Demonstration: 


To compute expression (86), we distinguish several cases, as already explained on several 
occasions: 


(I) Forward scattering terms; if the annihilation operators do not act on two states of 
the same pair ((k # —k’), this term will be non-zero only if k’” = k and k” = k’, in 
which case it is written: 


my etl ies) Co) fay? fase? = Ga (ras test) Galea, do, 4) (88) 


Le 
k,k’ 


As we already mentioned, for example in Chapter XVII (§ D-1-a), the constraints on the 
summation indices can be ignored if the size of the system, L, is macroscopic; the two 
summations then become independent. 


II) Terms corresponding to the annihilation-creation of different pairs; if k = —k’ and 
g 
k” = —k” but k #k” (annihilation-creation of different pairs), we get the contribution: 
1 i[k-(r -rh)-k”’-(ro-r1)] * * ! ! * 
Ts S° e UKUKUK" UK = dpair (Ti asd ro) Ppair (V2 =. ri) (89) 
k,k’”’ 


As, in addition, the function ¢pair(r) is even, we indeed obtain the second term of the 
right-hand side of (87). 


(III) If k = —k’ and k” = —k"’, and furthermore k = k” (annihilation-creation of the 
same pair), we get: 


1 . , , 
See) jore|? (90) 


Ls 
k 


This term is negligible as it is proportional to (N) /L® when all the positions are the 
same, whereas the term (I) is proportional to (N)? /L°. 


Let us now assume the positions can be grouped two by two: r; and rg are close 
to each other, as are r, and r, but that the two groups’ positions are further away from 
each other. Under these conditions, the first term in G, on the right-hand side of (87), 
which has a microscopic range in (r; —r{) and (rz —r4), becomes very small. We are 
then left with the product of the pair wave functions. It follows that the non-diagonal 
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correlation function is simply the product of pair wave functions calculated at the relative 
positions!?. 

In the particular case where r) = rg = r andr, = r, = r’, we get the pair 
correlation function (84), which obeys: 


(VERVE) WO Ce") > baie 0)? (91) 
This non-zero long distance limit signals the existence of a non-diagonal order for the two- 
particle density operator. It comes, as was already the case for the pair wave function, 
from contribution (II), meaning from terms corresponding to the annihilation-creation 
of different pairs. This situation is reminiscent of what we encountered in the case of a 
condensed boson gas; but in the present case, the non-diagonal order concerns the pairs 
and not the individual particles. 


3. Physical discussion 


In an ideal gas of fermions, and as we saw in Complement Axvyj, there already exist strong 
correlations between the particles, simply due to their indistinguishability (a purely sta- 
tistical effect). In the presence of attractive interactions, the BCS mechanism introduces 
additional correlations (dynamic correlations) that lower the total system energy. We 
are going to show that this decrease in energy comes from a slight imbalance between an 
increase in kinetic energy and a decrease of the potential energy, the latter one slightly 
surpassing the first one. 

For clarity, we shall discuss this using the short-range potential approximation (§ 
1-c) where all the matrix elements of the interaction potential are replaced by a constant 
—V ( V being positive); all the A, are then equal to the same gap A. 


3-a. Modification of the Fermi surface and phase locking 


The energy written in (7) first includes a kinetic energy term, then a mean field 
term expressed in terms of the average particle number. If that average number is 
constant, this term is independent of the quantum state of the system, and hence not 
related to the BCS pairing mechanism. By contrast, the last term in (7), which is the one 
we optimized in the variational calculation, is far more interesting; we call it the “pairing 
term”, and use the words “pairing potential energy” or else “condensation energy” for 
its optimized value Epairea. AS the ux and the vu, are real, Epairea can be written as: 


SS ven (92) 


k 


Epaired =-V 





where the ux and the vu, take the optimized values given in (27). We see that to get a 
large condensation energy, the sum }>), uxv_ must take the largest possible value. 





12 As mentioned in note 8, the center of mass variables are not included in (87) since we assumed all 
the pairs to be at rest. If this were not the case, the long-range factorization of the non-diagonal order 
would be expressed as the product of a function of the two variables (rj — r4) and (r| + r5)/2 by the 
complex conjugate of that same function of the two variables (r; — rg) and (ri + r2)/2 (in other words 
by the product of a function of r{ and rj, by the complex conjugate of that same function of the two 
variables ry and ra). 
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Q. Compromise between the kinetic and potential energies 


In an ideal gas, the ground state is the one for which all the individual states 
of energy lower than the Fermi level (chemical potential 4 = Ey) are occupied by one 
particle, and all the states above are totally empty. In the k-space, the particles each 
occupy a state inside one of the two Fermi spheres of radius kr (with Ep = h?k}/2m), 
one associated with the + spin state, and one associated with the — spin state. Using 
the ket (1), such a state simply corresponds to the case where: 


u=O0 and vy.=1 fork<kp 


Uk = 1 and _ = 0 for k > kp (ideal gas) (93) 


Whatever the value of k, one or the other of the functions u, and vu, will be zero, and 
so is the product ux,v_; the condensation energy of an interacting system remains equal 
to zero as long as the state of the system does not differ from the ideal gas state. A 
condensation energy can only be obtained via a deformation of the Fermi distribution. 

It is the attractive interactions that actually distort this distribution to create an 
overlap between regions where both functions ux and vy, are different from zero, as can be 
seen in Figure 1. This allows minimizing the pairing energy (92), but involves a transfer of 
particles from the inside of the Fermi sphere to the outside, hence toward states of higher 
kinetic energy; this has a cost in terms of kinetic energy. The optimization we performed 
amounts to looking for the most favorable balance between the gain in potential energy 
and the cost in kinetic energy. The condensation energy is proportional to the square 
of the integral of the dashed line curve in Figure 1, which presents a maximum in the 
vicinity of the Fermi energy Ey. The largest contributions come from energies close to 
Ep, over a width of the order of a few A - but the figure also shows that the contributions 
to the condensation energy spread relatively far from the Fermi surface (the curve only 
decreases as the inverse of the energy’s distance from its maximum). The Fermi surface, 
which was perfectly defined for an ideal gas, becomes blurred over a certain energy 
domain. 

The two-particle correlation function expresses in more detail this optimization of 
the attractive potential energy. Relation (64) shows that, for parallel spins, no significant 
change of the correlation function occurs, when compared to that of an ideal gas (for 
which an exchange hole is already present in the binary correlation function) — hence no 
significant change of the corresponding interaction energy. This lack of effect comes from 
the fact that the BCS wave function only pairs particles with opposite spins. On the other 
hand, when the spin directions are opposite, relation (66) shows that the probability of 
presence of two particles at a short distance from each other is increased; the larger the 
pair wave function modulus at the origin (r = r’), the higher this increase will be. It 
directly yields the gain in the attractive potential energy. 

In other words, the BCS gain in energy comes from the fact that, because of 
the interactions, the system changes its wave function to optimize its pairing potential 
energy. It develops correlations that go beyond that of an ideal gas; they are referred to as 
“dynamic correlations”, as opposed to the statistical correlations (coming solely from the 
indistinguishability of the particles, such as those studied in Complement Axy1). This 
produces a deformation of the ideal gas Fermi distribution that, instead of presenting an 
abrupt transition between the occupied and empty states (perfectly well defined Fermi 
sphere), presents at its edge a more progressive transition region (blurred Fermi sphere). 
The system’s state vector then becomes a superposition of states where the particle 
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number in each pair of states (k, —k) fluctuates. The potential energy term that drives 
the BCS mechanism is the “pair annihilation-creation” term computed in § 3-a-@ of 
Complement Bxyn, and that is schematized on its Figure 4. It includes a sum of terms 
containing non-diagonal matrix elements of the form: 


(n(K,—k) = 2; Nk" ,-k") = 0| W2 |7.(,—k) = 0; Nk! -k") = 2) (94) 


(the occupation numbers of all the other pairs remaining the same); between the ket and 
the bra, a pair (k”, —k”) is replaced by another one (k, —k). The BCS energy gain is due 
to the summation over all these non-diagonal terms; they are sensitive to the coherence 
of the state vector between these two components (where the numbers of pairs fluctuate 
in a correlated way) and hence to their relative phase. 


B. Phase locking and cooperative effects 


In the computation of the § 1-b, the minimization of the energy led us to choose 
the phases of all the ux to be equal, and they simply disappeared from the following 
calculations. To discuss the physical process at work, it is useful to reintroduce them 
with their non-specified values before the optimization, as they appeared in (14); when 
all the matrix elements of the interaction potential are equal, the average value of the 
pairing energy is written: 


Epairea = —V S° sin 0 Cos Oy sin Oy COS Oy €2%(Sk" — Se) (95) 
k,k’ 


We mentioned above that adding to the phase ¢, of each vp any given common phase y, 
left all the results unchanged. The energy is invariant with respect to a symmetry of the 
wave function, the one that concerns the global phase of the vz. It is often called the 
“U(1) symmetry”, referring to the U(1) unitary symmetry group of rotations around a 
circle, isomorphic to the group of phase changes for a complex number. 

On the other hand, changing one by one the phases of the vx, leads to an obvious 
reduction (in absolute value) of the pairing energy (95): in the complex plane, vectors 
that were perfectly aligned, now take different directions and the modulus of their sum 
is reduced. We saw that this term is at the origin of the gain in energy provided by the 
BCS mechanism; it is clearly linked to the acquisition of a common phase by all the pairs 
of individual states. This is an example of a phenomenon called in physics “spontaneous 
symmetry breaking”: whatever the phase of each vx, which can take on any value, it is 
essential that it be the same for all, otherwise most of the gain in energy will be lost. In 
a similar way, in the ferromagnetic transition in a solid, the space direction along which 
the spins will align is not a priori fixed, but it is essential that it be the same?® for all 
the spins. 

Note finally the cooperative character of the energy gain obtained, which, math- 
ematically, corresponds to the presence of a double summation over k and k’. Starting 





13 For an ensemble of spins parallel to any given direction, each spin is in a state where the relative 
phase between the components on |+) and |—) is the same. For the BCS mechanism, it is the phase 
between the components where the occupation number of the couple of states k, —k is 0 or 2 that takes 
on a value independent of k. The corresponding energy lowering results from an interference effect 
between states where two pairs k and k’ have respective occupation numbers nx, = 2,ny, = 0 and 
nk = 0,n, = 2; therefore it cannot be directly expressed in terms of pair populations. 
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from a perfectly phase locked situation, destroying the phase locking of a single pair leads 
to an energy loss proportional to the number of pairs that remained phase locked; the 
individual energy of a single pair is not what is at stake. On the other hand, starting 
from a situation where the phases of all the pairs are random, changing a single phase ¢, 
barely modifies the average energy. We are in the presence of a cooperative effect: the 
greater the number of pairs that are already phase locked, the higher the tendency for a 
new pair to become phase locked; this tendency can be seen, in a way, as resulting from 
a mean field created in a cumulative way by all the other pairs. Here again we see the 
analogy with a ferromagnetic material where, the greater the number of spins already 
aligned, the higher the gain in energy with the alignment of a new spin. 


3-b. Gain in energy 


We now compute the gain in energy resulting from the pairs’ formation. We first 
insert in (7) relations (27), which yield the optimal values of the ux, and the v,, and use 
the definition (25) for E,; we also take all the potential matrix elements to be equal to 
the same constant —V. Since we then have: 





2 1 &k 1 Ex — &% 
ee es 96 
jor 5 ( *) 2 Ex (98) 
and: 
1 Bae « K 
me ef es ee 97 
Se 5 (#4) QE, me) 
we get 





(98) 


4 [ee = a us 
k x (&,)? + A? / (Eur)? + A? 


The first term on the right-hand side is the mean field term (as before, we have neglected 
1 compared to the total number of particles). The second one corresponds to the kinetic 
energy, and the third one, to the interaction between pairs: 


> A? - 1 
x (&)? + A? \/ (Ex) Peat og \V (Ex) + A? 


where to get the second equality we have used relation (36) to eliminate the summation 
over k’. Using again the definition (25) for Ex, we get: 


(BAHN) ae ss ( 





(99) 


(&)° + A? &) - | 
(100) 
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On the right-hand side of this expression, the first term, corresponding to the mean field, 
is of no particular interest. The second one accounts for the change in energy due to the 
dynamic correlations introduced by the interactions; it characterizes the BCS mechanism. 

We first check the convergence of its summation over k, for a fixed value of A. 
This is not the case for each term in the parenthesis, which tends toward a constant 
when k - oo, leading to a summation in 1/£, ~ 1/k? that diverges. We are now going 
to show that the divergent terms cancel each other. We can write: 





Ae ~ Bie 
2 2_ py a yk A ee 
(Se PAP Sey i, Beet (101) 
and thus: 
2 4 
—— [« ( (Gx) + A? &) >|> Sat (102) 
(&) +A? (Sx) 


We have just shown that the divergent terms in the infinite summation of k in relation 
(100) cancel each other between the kinetic and interaction terms; the function in the 
summation goes to zero, for large k values, as 1/ (€,)° ~ 1/k®, which ensures the conver- 
gence and does not require the introduction of a cutoff frequency k, (apart from the one 
we had to introduce before to ensure a finite value for A). This was also the case for the 
total number of particles. We thus see that once we have introduced an upper bound- 
ary (cutoff) k, in the integral determining the gap A, all the other important physical 
quantities remain finite, without having to reimpose this cutoff frequency. 

The precise determination of the energy requires, in general, the computation of 
somewhat complex integrals. It will not be detailed here, but yields the result: 


(in) 


(remember that Dp is the density of individual states at the surface of the Fermi sphere, 
and is proportional to the volume V = L°). Finally, the energy gain resulting from the 
BCS pairing is given by: 


= (f-u8) —Y yxy? -5a°De (108) 


BCS 4 


én = —5A?Dr (104) 


It can be shown that the values of & that contribute most to the energy are those that 
are lower than or comparable to the gap A; the energy change linked to the pairing 
phenomenon is mainly located in the vicinity of the Fermi surface. This result is often 
interpreted by saying that, in an ensemble of A x Dr pairs, each pair gains an energy of 
the order of A, which explains the A? dependence of (104); while this image is simple, 
it has its shortcomings (see note 13). 


3-c. Non-perturbative character of the BCS theory 


Generally, the most basic way to take the interactions into account is to use a 
first order perturbation theory (Chapter XI), where the energy correction is the average 
value, in the initial non-perturbed state, of the perturbation Hamiltonian. Applied here, 
the first order correction to the energy is obtained by inserting the values (93) into (7). 
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The first term (kinetic energy) on the right-hand side of (7) is unchanged, and the third 
one remains zero since, according to (93), the product u_v,_ is always zero for any value 
of k. We are left with the second term, which produces a mean field correction. To 
the next perturbation order, the effect of the potential is to change the ground state by 
transferring pairs of particles, initially both inside the Fermi sphere, toward individual 
states whose momenta fall outside the sphere (all the while keeping the total momentum 
constant); this changes at the same time the average kinetic energy (which is increased) 
and the interaction potential energy. The computations become more and more complex 
as the perturbation order increases. And above all, it is clear that this approach to higher 
and higher perturbation orders cannot account for the existence of the gap obtained in 
(46): as the function A(V) has all its derivatives with respect to V equal to zero at 
V =0, it can not be expanded as a series in V. 

The BCS theory is a non-perturbative method that solves this difficulty. However, 
it is not an exact method since it is a variational method, but the chosen wave function 
is sufficiently well adapted to allow the inclusion of important physical effects, without 
using any perturbation theory. 


4. Excited states 


Up to now, we only studied the ground state of the system of attractive fermions. As soon 
as the temperature is no longer zero, excited states of the system begin to be populated. 
In this last section, we shall give a survey of the BCS theory predictions concerning the 
excited states. A study of the BCS theory at non-zero temperature can be found in more 
specialized books. 


4-a. Bogolubov-Valatin transformation 


Relations (E-3) and (E-4) of Chapter XVII define the Bogolubov-Valatin trans- 
formations of the creation and annihilation operators of spin 1/2 fermions. With the 
notation of the present complement where the spin directions are explicit, they become: 


bk = = Uk Ak,t — Uk Gut 


bp, = UK a_k,| + Uk is (105) 


which, by conjugation, yield the definitions of the Hermitian conjugate operators bh and 
ot: 


bk 


I 


Uke Oct — Vic O-K,y 

bt, = ut ash + UK Akt (106) 
For each value of k, we get a general transformation of the four initial creation and 
annihilation operators a or at into four new operators b and bt. We showed in Chapter 


XVII that these operators obey the usual anticommutation relations of fermions. 
We also saw in that chapter that the ket |%,,) defined in (2): 


a.) = [ux + vx af .at ys] 10) (107) 
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is an eigenvector of the two operators by and b_, with a zero eigenvalue: 
bk Px) = UkUk lati = aly. |0) =0 
b_k |Px) = UkUk |—ab. + + al. |0) =0 (108) 


It follows that the variational ket |Ygcs) of the ground state, written in (1), is an 
eigenvector, for any value of k, of all the operators by, and b_,, with a zero eigenvalue. It 
is therefore also an eigenket of all the operators bt by and bt bk with a zero eigenvalue, 
which is a minimum eigenvalue for operators defined as positive or zero. Furthermore, we 
showed that the repeated action of the creation operators bh and bh permits obtaining 
other states, which are also eigenvectors of the operators bt by and bt bk. We are going 


to show that these operators bt Dk and bt bk can be interpreted as corresponding to 
the occupation numbers of the excitations present in the physical system. 


4-b. Broken pairs and excited pairs 


Letting bh act on (107), we get: 


—= 2 2 2 2 
bb Bie) = [lel? af, 5 — lene!” ateyah, sah ep] 10) = [lesl? af + fon!” af] 10) 
= Gi 1) (109) 


which is a ket normalized to unity, and obviously non-zero (as opposed to the one resulting 
from the action of by). Similarly, if we consider the action of bly, we get another non-zero 
ket: 


oe |Pu) = aes |0) (110) 


These two new normalized kets are orthogonal to the initial ket |%,), since they corre- 
spond to an occupation number equal to 1, whereas the occupation numbers of |%;,) are 
0 and 2. In these states, a pair has been replaced by a single particle, not belonging to 
any pair; they are called “broken pair” states. 

As the squares of the operators bh and of are zero, the repeated application of 
any of the two does not allow constructing new orthogonal states; however this can be 


e, 


achieved with their cross product. Letting bh act on the ket (110), we get the ket |@,)*: 


Pu)? = Ooh a (Pe) = Jrieag rahi, — ae] 10) (111) 


which is another normalized ket, and orthonormal, as can be easily checked, to |%,,); 
letting now the two operators bh and bbe in the inverse order, act on |), we get the 
same ket, |%,)°, within a change of sign. The components of the two states {%,) and 
|Z.) contain occupation numbers equal to 0 or 2; the ket |%j,)° is called “excited pair” 
state. To go from |%,) to |,)°, we simply switch uz and v_, change the sign of vp, and 
finally take their complex conjugate (this is true for the general case, but in the BCS 
pairing case, as ux, and v_, take on real values, this last step becomes unnecessary). 


4-c. Stationarity of the energies 


Let us now show that the energies of these new states are stationary with respect 
to the variational parameters. 
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Q. Broken pair 


According to (109), the action of bh on the ground state |Wpcg) leads to the ket: 


bk acs) = [al 10)] ® ics) (112) 


where |Wiqg) is just the ket |Wpcg) whose k pair component has been removed from the 
product: 


|Vecs) = II |Px) (113) 


@k’#k 


The energy average value in the state (112) is the sum of three terms: 
(i) the kinetic energy e, = h?k?/2m associated with the state al Pal) 


(ii) the energy associated with the state |Vgcg); the computation of that energy is the 
same as for |Wpos), including the pair interaction energy, except for the fact that one less 
pair is now involved in the calculation. This slightly modifies the value of A, and hence 
the optimal value of the parameters 0,; however, since the relative variation of A is 
inversely proportional to the number of particles, we shall ignore this slight modification. 


(iii) finally, the interaction energy between the particle in the individual state al 7 10) 
and the particles described by |Vpcs); the pair structure of that state means that the 
only contributions are a direct term in: 


1 ES 
5 >, Vo (ak Oly , Qe! Mk, t + Oh Oe 4A, 4 Ae!» ) =WVo S> (Ne! v) 
k/ ¢k,v k/,y 


= VoN' (114) 


(where N’ is the average particle number in the state |Wpcog)) and an exchange term in: 


; > Vik (al, pe he Ak, tak’ ,t + at sa 4k’, +Qk, +) = Vitik (Reet (115) 
ak k/A¢k 


Note again that, for an interaction that does not act on the spins, the exchange is only 
possible with particles having the same spin. With the short-range potential approxima- 
tion (29): 


Vvo=Yy=-V (116) 


the term (114) becomes equal to —V N’, the term (115) to VN’/2, and their sum simply 
yields a constant —V N'/2. 


The parameters defining the variational state (113) are the set of the 0, and the ¢y, for 
k’ #k (the dependence on the 0, parameter, which characterized the broken pair, is no 
longer present). These parameters are the ones that make the energy stationary, since 
we neglected the slight variation of the gap linked to the disappearance of a pair; they 
play no role either in (i) or in (iii). 


We have just confirmed that bh |Wpcs) renders the energy stationary (in the frame- 
work of the variational approximation we are using). A symmetry argument shows that 


this is obviously also the case for the state Bhs |Wpcs). 
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B. Excited pair 


In the stationary relations (26), the change of {Gj,) into |%,)° simply amounts to 
exchanging the signs + (the ux and v_ are real); the components of the ket |%,)° are 
part of the stationary solutions we have discarded in writing (27). We thus confirm that 
the excited pair corresponds to a stationary energy; it is actually the highest possible 
energy for the pair of states (k, —k). 


4-d. Excitation energies 


In the 4-dimensional state space associated with each pair of states (k, —k), the 
creation operators b! acting on the |%,) permit building a new basis of 4 orthonormal 
states, whose average energies are stationary. They can be considered to be the ap- 
proximate eigenvectors of the system Hamiltonian. We now compute the corresponding 
eigenvalues. 

In the case of the broken pair, the excited state |Vpcog) does not contain the same 
number of particles as |Wgcg); it does not make sense to directly compare their energies. 
To make a valid comparison, we must take into account the presence of a particle reservoir 
whose energy increases by yz (chemical potential) each time it absorbs a particle. In other 


words, we must evaluate the variations of the average value (ff - uN . 


Q. Broken pair 


We now show that the variation of the average value (A - uN ) associated with 
the breaking of the pair is simply the energy E;, defined in (25). 


To do so, we compute the variation of this average value when the state |Wpcs) is replaced 
by expression (112). Several terms come into play: 


(i) The variation of the average value of the kinetic energy is the difference between the 
energy ex of a particle and that of the population ur? of the pair (k, —k), with a kinetic 
energy of 2e,; this difference is therefore ex (1 —2 vel”). 


(ii) As for the potential energy, the passage from |Wpcs) to the ket |Wgcg) changes the 
average particle number (N) from 2 |v«|” (initial population of the pair) to 0, so that the 
variation of (N) is 6(N) = —2|vx|?. The mean field term —V (N)? /4 in (7) varies by 
—~V (N)6(N) /2, that is V (N) |vx|?. The following term in (7) is zero for a short-range 
potential. Finally, the breaking of a pair has an impact on the binding energy in the 
last term of (7); if we change the dummy summation index k into k’, and k’ into k”, 
the terms that will change correspond to the terms k = k’ and the terms k = k”, which 
double each other. The breaking of the pair leads to an increase of energy equal to: 


2V ukVUk ) Uk/ UK! = 2A UkUk 
k/ 


od alli as 
(Ex)? Bk 





(117) 


where we have used (31) and (27). 


(iii) We saw that the unpaired particle has a potential energy —V.N’'/2 ~ —V (N) /2. 
This energy must be added to the variation of the mean field term calculated above, to 
give a contribution equal to —V (N) (1 —2 vl”) /2. 
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We now sum all the previous contributions and add the variation of —u (8 ) which yields 


a term — (1 —2 |v”). The total variation is then: 


6(f u®) = («1 VAN) “) (1 2 Ion®) + (118) 





or else, taking (13) into account: 





- = Ex (119) 





We find the expected result +. 


B. Excited pair 


We now assume that in the product that yields |Vgcg), the ket |G) is replaced by 
the orthogonal ket |%,,)° written in (111), and which describes an “excited pair”. We are 


going to show that the variation of the average value (a — uN ) associated with that 
excitation is 2E,, twice the excitation associated with the breaking of the pair. 


To show this, we must, here again, add several variations. The first one comes from the 
kinetic energy and yields 2e, (|r|? - lvl”), that is 2e, (1 —2 |v) |) —see relation (4). 
The second one is the mean field term introduced by the fact that the average value of 
the total particle number varies by 2 (| rune? - vel”), which leads to a potential energy 
variation —V (N) (1 —2 lvl”). We must also account for a variation of the pair binding 
energy, which comes from the sign change of the product uxKvx~, which doubles the term 
(117). Because of the change in the average particle number, the term in yu (N) gives a 
contribution of 2 (|x|? - lvl”), that is 2u (1 —2 vl”). Finally, all the terms found 
for the broken pair are just doubled here and we indeed find 2Ex. 


y. Spectrum of the elementary excitations 


We now have the energy of the three excited states associated with each pair of 
states: the energy FE, (doubly degenerate since it corresponds to both kets bh \P,.) and 
be \?,)) and the energy 2; (non-degenerate). The value of these energies is given in 
(25). Figure 7 plots the dispersion relation of these elementary excitations (energy of 
these excitations as a function of their momentum). The solid line corresponds to the 
spectrum associated with the breaking of a pair k, —k, during which a particle disappears, 
as in relations (109) and (110); as the spectrum associated with the excitation of a pair 
can be simply obtained by the multiplication by a factor 2, it is not plotted in the figure. 
The dashed lines plot those same energies for an ideal gas (no interaction) for which 
A = 0. The interaction effect creates a “gap” A, which yields a minimum value for the 
excitation energy that otherwise can go to zero for an ideal gas. 

Upon the breaking of a pair, we saw that, on average, the system’s total population 
changes by 1 —2 lvie|*. The curve in Figure 7 has a different interpretation, depending on 





14The calculation would be the same for an ideal gas; in the particular case where A = 0 and according 
to (25), we would get: Ex = |Ex|- 
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Figure 7: The solid line plots the variation as a function of k of the excitation energy 


Ex = \/ (Ex) + A2, with &% = ex — ue and eg = h2k2/2m (for the sake of simplicity, 
we assumed tp ~ ft, so as to neglect the difference between fi and ys in the expression of 
&). This energy presents a minimum equal to the gap A when k is equal the the Fermi 
wave vector k = kp (wave vector for which e, = ). The dashed line curve is the same 
function, but for A =0 (zero gap), hence for an ideal gas. 

The BCS theory predicts that the energy associated with the breaking of a pair is Ex, and 
the energy associated with the excitation of a pair is twice that amount, i.e. 2E,. The 
minimum of the energy Ex, is therefore the minimum of energy that must be supplied to 
the system in its BCS ground state to produce one of the previously computed excitations. 
As explained in the text, the region on the left-hand side of the curve corresponds to “hole 
type” excitations (the excitation leads to a particle loss for the physical system) and the 
region on the right-hand side to “particle type” excitations (the physical system gains a 
particle). 

For clarity, the figure does not take into account the mean field effects; these would lower 
all the energies by the same negative quantity, and change the chemical potential into 
Li defined by (41), so that & would become & = ex, — fi. These effects slightly shift the 
curve plotting E;, to the left. 





which part of the curve we analyze. On the left-hand side (decreasing function), the solid 
line curve nearly perfectly matches the dashed curve, meaning luxe” is practically equal 
to 1 (see Figure 1). In that case, 1 — 2 lore? ~ —1: a particle disappears in the course of 
the excitation, which is said to be of the “hole type”. Its energy u is the energy needed 
to push one particle towards the reservoir that fixes the chemical potential, diminished 
by its initial kinetic energy e,, and to which we must add the mean field correction); 
the excitation energy is therefore fi — ex, a value that corresponds to the left-hand side 
of the curve. As for the right-hand side part (increasing function), the constant |v,|” is 
practically zero: the excitation adds a particle to the system, and is said to be of the 
“particle type”. Its energy is equal to e, — uu, energy necessary to promote a particle 
from its energy p to a state of kinetic energy ex (with, as before, a mean field correction 





15This correction changes the initial energy ex into e, — V (N) /2, and hence p — ex into fi — eg. 
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that changes yu into 7). Finally, for the central part of the curve, we have a “mixed” 


excitation, of both hole and particle type; it is the region of the spectrum where the solid 
line parts the most from the dashed line, and where the BCS mechanism, which creates 
the gap A plays an essential role. 

From these four energy levels associated with each pair of states, quantum statis- 
tical mechanics allows obtaining a density operator describing the thermal equilibrium 
of the system at temperature T, as well as all the various thermodynamic functions. The 
corresponding development will not be exposed in this complement. We shall simply 
mention that it allows extending the validity of a certain number of results obtained at 
T = 0, by simply introducing a gap A(T) that depends on the temperature. At zero 
temperature, A(0) is still given by (46), but the gap decreases as T increases, and goes 
to zero for a certain critical temperature T,. This cancelling of the gap corresponds to 
a phase transition: as a system of attractive fermions is cooled down, when it reaches a 
certain temperature the pair condensation phenomenon occurs, which leads to a number 
of physical consequences. For example, the system’s specific heat first takes on values 
higher than in the absence of transition, then abruptly (exponentially) goes to zero as 
T— 0. 


Conclusion 


In conclusion, the choice of a variational basis of paired states sheds new light on the be- 
havior of an ensemble of attractive fermions. We focused on the case of weak attractions, 
corresponding to electrons in superconducting metals; in such a situation, (A/Er) <1 
and relation (75) shows that the pair range €pair is very large compared to the distance 
between fermions. The one-particle distribution shown in Figure 1 is then very similar 
to the step function obtained for an ideal gas at zero temperature, the step being never- 
theless rounded off over an energy band of width equal to A. In other words, the BCS 
pairing only slightly modifies the Fermi sphere of a perfect gas. Studying the properties 
of the optimal state, we were able to expose a number of important phenomena: exis- 
tence of spatial dynamic correlations, which explain the increase of the average attraction 
(negative) energy between fermions of opposite spins; phase locking accounting for the co- 
operative aspect of the pairing (increase of the attractive energy overcoming the increase 
of kinetic energy, hence leading to a decrease of the system total energy); existence of a 
pair wave function describing fermions of opposite spins, and reminiscent of the Cooper 
pairs (Complement Dxvr); appearance of a “gap” in the elementary excitation spectrum 
explaining the robustness of the system’s ground state. 

Another interesting limiting case concerns strong attractive interactions where the 
pair range becomes very small compared to the distance between particles. “Molecules” 
are then really formed with a binding energy —e, large (in absolute value) compared 
to the Fermi energy Er. Saying that the size of the bound state is small compared to 
the distance between particles amounts to saying that its momentum distribution width 
is large compared to the Fermi wave vector kr. This means that due to the attractive 
potential, the occupation of the individual states are spread over a large number of 
different momenta, which dilutes the effects of Pauli exclusion principle; these effects thus 
become negligible whereas they are essential in the BCS case. Instead of being positive, 
the chemical potential is now negative, close to —ez. Relations (24) then show that the 6; 
(and hence the populations of the individual states k) always remain small, nevertheless 
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extending up to energies e;, of the order of ey. In that special case, the pair wave function 
pair, With its Fourier components uzv_, = sin 6; cos O,e7"S*, practically coincides with 
the wave function having as Fourier components (v;/u,) =tg0,e?"S*, and which was 
initially used for building the paired state. As the molecules contain two strongly bound 
fermions, they behave as composite bosons (Complement Axvu, § 3), which may undergo 
Bose-Einstein condensation. Paired states enable us to see the continuous passage from 
one limiting case (BCS situation with a weakly perturbed Fermi sphere) to the other 
(condensation of strongly bound “molecules”). A detailed discussion of this continuous 
passage and its physical consequences is given in §4-6 of reference [10] and in [11]. 

In this complement, we emphasized the physical interpretation of the results ob- 
tained in the detailed calculations we presented; this will give the reader the necessary 
base for studying the experimental aspects of superconductivity, which are not presented 
here. Among the many aspects of superconductivity that have not been studied in this 
complement, we can list: transport phenomena and the disappearance of the electri- 
cal resistance; behavior in the presence of a magnetic field (Meissner-Ochsenfeld effect); 
experimental study of the elementary excitation spectrum and gap measurements via 
different methods (tunnel effect, magnetic resonance); Josephson effect. 

The interested reader can refer, for example, to the books of M. Tinkham [12], 
of R.D. Parks [13], or of A.J. Leggett already quoted [8]. The book of Combescot and 
Shiau [14] presents a good overview of the four main theoretical methods for studying 
superconductivity, the BCS variational method discussed in this complement being the 
first of this list. 
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In this complement, we present the “Cooper model” which was a first step towards 
the complete BCS theory. It yields some results of that theory without having to deal 
with the difficulties inherent to an N-body problem. With this simplified model, we 
study the properties of two attractive fermions whose wave function, in the momentum 
representation, is excluded from the Fermi sphere. The model will be presented in § 1, 
where we show the existence of a bound state, occurring only because of the existence 
of that sphere. Furthermore, we shall see that the mathematical expression for the cor- 
responding binding energy is reminiscent of the expression for the gap value A obtained 
in the BCS theory. 


1. Cooper model 


Among a large ensemble of identical fermions, we focus our attention on two of them, 
supposed to attract each other, in order to study their two-body wave function and energy 
levels. The presence of all the other fermions is simply accounted for by a Fermi sphere 
that, because of the Pauli exclusion principle, requires the components of that wave 
function to be zero inside that sphere. Such an approach is obviously not very rigorous: 
isolating two fermions among a large number of other indistinguishable fermions does not 
make much sense. Furthermore, it is hard to imagine why two of them would interact via 
an attractive potential, whereas all the others determining the Fermi sphere would be 
without interaction. However, the mathematical form of the results obtained with this 
model presents interesting similarities with the variational method where all the fermions 
are treated equally; it is thus useful to study this model. 


2. State vector and Hamiltonian 


Consider two attractive fermions in a singlet spin state |S = 0): 
1 
V2 


The relative motion of their position variables is described by the orbital ket |V,,,), and 
their center of mass is described by a zero momentum ket |®x=o). Their state vector is: 


|S = 0) = Se [IL :t) 21) — [LL 2 1h] (1) 


|Y) = |®x=0) ® |Vorv) ® |S = 0) (2) 


1927 


COMPLEMENT Dxyy, @ 





The state |...) is characterized by a wave function V4, (r): 


Worb (r) = (r |W orb) (3) 
where: 
r=r,—fre (4) 


is the difference between the positions of the two particles (relative position). As the 
singlet state is even with respect to the exchange of the two particles, their fermionic 
character requires the wave function Vo, (r) to be even with respect to particle exchange, 
i.e. with respect to a sign change of r: 


Worb (-r) = Worb (r) (5) 


We assume the operator describing the attractive interaction between the two particles 
to be independent of the spin. As in § B-2 of Chapter VII, we separate in the the two- 
particle Hamiltonian H the motion of the center of mass from the relative motion, and 
assume the center of mass is at rest. We are then left with a Hamiltonian H,.) that only 
acts on the space of the relative motion variables, and can be written: 

ey) 


~ +V (8) (6) 


ret = 
where f = f1 —f2 is the operator associated with the relative position of the two particles; 
p is the operator associated with the momentum of the relative motion, defined as a 
function of the momenta p, and pz of the two particles: 
~  Pi-Pp2 
= 7 
p 5 (7) 
As mentioned above, we assume the presence of an ensemble of non-interacting 
fermions, whose Fermi level is EF. We must then solve the eigenvalue equation: 


Fret ee) a. (EB + 2Er) |Vorb) (8) 


when |W ,p) does not have any component inside the Fermi sphere of radius kp, related 
to the Fermi level Ep by: 


_ (kp) 


2m 


Ep (9) 
In relation (8), E is the eigen-energy with respect to twice the Fermi level. It is indeed 
natural to take 2p as an energy reference; this is the minimal energy to be given to the 
two fermions under study, for their wave function |W,,,) to have zero components inside 
the Fermi sphere, in the absence of interaction. With this convention for the energy 
origin, EF simply reflects the effect of the attractive interaction. 
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3. Solution of the eigenvalue equation 


We now expand |W,,,) on the normalized eigenvectors |k) (plane waves) of the momentum 
p: 





[Yorb) = 32 gx Ik) (10) 
k 

Projected onto |k), the eigenvalue equation (8) reads: 

(25 ge + D> (kl V |k’) we = (E+ 2Er) o% (11) 

k’ 
where we have set, as usual: 
RRP 
= 12 

ee (12) 
The absence of components of |W.) inside the Fermi sphere leads to the relation: 

ga =O if |k| <kp (13) 
while (11) becomes: 

[E+2(Er—ex)\9x= S> Vice 9x (14) 

|k’|>kp 

The matrix elements of the interaction operator V are noted Vik’! 

Viae = (| Vk) (15) 


4. Calculation of the binding energy for a simple case 


Let us further simplify the model and assume that the potential matrix elements Vix: 
are such that: 


Via = —-V_ if kl, |k’| < kp + Ak 

Via = 0 otherwise (16) 
where Ak defines a wave vector domain Ak < kp; these matrix elements can therefore 
be factored. Note that the minus sign in front of the constant V was introduced to ensure 
that, for our present attractive potential, the constant V is positive. When |k| < kr+Ak, 


the summation on the right-hand side of (14) becomes a constant —SV independent of 
k, with: 


S= Do we (17) 
kp<|k’|<kp+Ak 


whereas, if |k| > ke + Ak, this summation is zero. The solution of this equation is 
simply: 


—SV 
= ——_——_ ifk k| <k Ak 
To WET e). OP 
9k = 0 otherwise (18) 
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We must add the self-consistent condition we get from inserting this solution in the 
definition (17) of S: 
—SV 
S=  Y spre : 
kp<|k'|<ke+Ak E+ 2 (Ep — ex) 


that is, changing the sign of the denominator: 
1 1 
Se, OS ee (20) 
V ke<|k’|<kp+Ak 2 (ex = Ep) —£ 


This condition is also an implicit equation for obtaining the energy E. Assuming 
the system is enclosed in a cubic box with a very large edge length L, the discrete 
summation can be replaced by an integral, and we get: 


1 3 kp+Ak 2 
ie sa | dk (21) 
Vn? Jy 2(e, —Epr)-—E 
We now choose, as the integral variable, the variable x: 
v= €k — Er (22) 
As dex = h?kdk/m, this integral now includes a density of states D (e,): 
L® ,dk L3 m 
Dg). =— ? — = 23 
(x) = Fa ae = one Ce 
or: 
IL? m 
D (ex) = 2 FY 2mer (24) 
The implicit equation for F then becomes: 
1 ee ee 
a =} dap (Er +2) (25) 
V 0 2x2 —£E 
where the upper bound AF is defined by: 
hn? 2 
2m 


As we assumed Ak < kp, we can replace! in (25) the density of states D (Ep + 2) 
by D (Ey), no longer dependent on the variable x, and that we simply note Dr: 


Dr = D(EF) (27) 
We can then perform the integration, which yields: 
1 Dr AE _ Dr 2AE-E 


Di _E as 


=— ———] pe es 
2 |2AB—-E 





1Replacing k by kp in (23), one can easily compute an order of magnitude for the density of states at 
the Fermi level. We find D (Er) ~ (N) /Ep, hence a value proportional to the average particle number. 
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We then have: 


=E —2/V Dp 
2, 29 
2AE-E ~* (72) 


The solution of this equation for EF is: 


e72/VDr 
B= -2AB sp; (30) 
which, when VD (Er) < 1, can be simplified to: 
E = —2AE exp[-2/VDr| (31) 


We obtain a negative energy (with respect to 2E;-), as expected for a bound state 
(the wave function can be normalized). As we cannot make a series expansion of the 
function exp (—1/z) in the vicinity of x = 0, this energy cannot be expressed as a power 
series of the interaction potential V, since all its derivative are zero at x = 0; consequently, 
this energy cannot be obtained by an ordinary perturbation calculation. 

Note also that the energy F goes to zero (through negative values) if the density 
of states D(E) goes to zero, i.e. if Ep goes to zero: the existence of the bound state is 
therefore linked to the presence of the Fermi sphere, whose role is to introduce a non-zero 
density of states. If the Fermi sphere disappears, so does the bound state. 

We find results similar to those found in Complement Cxyr using the BCS theory, 
and in particular to the expression (46) of that complement, which yields the gap A. 
To obtain that expression, we had to introduce an upper bound hwy for the variation 
(in absolute value) of the energies around the Fermi energy; this upper bound plays a 
role comparable to that played by the energy AE we just introduced in (25). We simply 
have to assume that hwp = AE for the two results to become quite similar as they only 
differ by a factor 2 in the exponential (the sign difference simply comes from the fact 
that the gap A was defined as a positive quantity, whereas a binding energy is negative). 
The interest of the Cooper model is to clearly highlight the essential role played by the 
density of states Dp (in the vicinity of the Fermi level) in the creation of the gap A in 
the BCS theory. 
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In this complement we study the properties of an ensemble of repulsively interacting 
bosons!, undergoing Bose-Einstein condensation. We know that, for an ideal gas, a 
system of bosons in its ground state is totally condensed: a single individual quantum 
state, corresponding to the lowest energy, is occupied by all the particles. In the presence 
of short-range interactions, and for a sufficiently diluted system, one expects its properties 
to remain close to that of an ideal gas, and in particular that a large fraction of the 
particles still occupy the same individual quantum state. We consider this to be the case 
for the system under study, and that the population of one individual quantum state 
is much larger than all the others. We shall assume that each of the states obeys the 
periodic boundary conditions in a box of side length LZ (Complement Cxrv), and that 
the state with the large population? is the state k = 0 (whose momentum p = fk and 
kinetic energy are zero). Consequently, if No is the average value of the population of 
this zero momentum level, we assume that: 


No > Nx (for any k ¥ 0) (1) 





lWe will not consider the case of attractive interactions, as they lead to an unstable physical state 
— see § 4-b of Complement Hxy. 

*This hypothesis simplifies the writing of the equations, but is not essential; in the case where it is a 
state of non-zero momentum ko that is highly populated, one can go to the reference frame where this 
momentum is zero. This amounts to adding, in the initial frame, ko to all the wave vectors appearing 
in the equations. 
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where nx = (Nx) is the average number of particles occupying an individual state k 4 0. 
The total particle number JN is: 


N=No+ >> m (2) 
k40 


We have already used, in Complement Cxy, a first approximation to study the 
ground state of a condensed boson system: we described the state of the N-particle 
system as the product of N identical individual state vectors. This led to the Gross- 
Pitaevskii equation. This approach implies that only one single individual state k = 0 
is occupied (No = N and nx = 0 for any k), as for an ideal gas. This obviously cannot 
be exact: it is clear that the interactions introduce dynamic correlations between the 
particles, which cannot be accounted for by a state vector that is a simple product 
of individual kets (hence without correlations). Actually, the effect of the interaction 
potential on the ground state is to transfer at least a fraction of the particles* from the 
state k = 0 to the states k # 0; a model involving only one individual state is necessarily 
limited to the case where the potential effect is very weak, and hence No ~ N. 

In Complement Exy, we introduced another approximation, based on the Hartree- 
Fock method; it is more general than the previous one as it allows taking into account a 
non-zero temperature. However, it still implies that each particle moves in the mean field 
created by all the others, ignoring the dynamic correlations; its description of the ground 
state is no better than the one derived from the Gross-Pitaevskii equation. Furthermore, 
this latter method proved to be problematic for a boson system undergoing Bose-Einstein 
condensation: we noted in § 3-b-6 of Complement Gxy that, for a system of condensed 
bosons, the Hartree-Fock approximation predicts, at the grand canonical equilibrium, 
very large fluctuations of the number of condensed particles. In the real world, these 
fluctuations are strongly limited by the repulsion between the particles, which clearly 
indicates that the predictions of the Hartree-Fock approximation concerning fluctuations 
are non-physical. 

In the present complement, we shall try to address these two problems: on one 
hand, we shall take into account the dynamic correlations introduced by the interactions 
in the physical system; on the other, we shall not let the number of condensed particles 
fluctuate arbitrarily. We will use a variational method, choosing a variational state that 
takes into account the binary correlations between the particles, but does not introduce 
unrealistic fluctuations of the particle number. This variational state will be built with 
the help of a paired state, enabling us to directly use the results of Chapter XVII. We will 
add an extra component, to account for the Bose-Einstein condensation in the individual 
k = 0 state. Obviously, this is still not an exact calculation, as it involves a variational 
approximation, but it allows describing a physical situation more complex than the simple 
Gross-Pitaevskii approximation. This approach also highlights the many analogies, but 
also the differences, between the pairing of condensed bosons and the pairing of fermions. 

In a general way, this complement illustrates how variational methods allow chang- 
ing the correlations between particle pairs. When dealing with binary interactions, as in 
a standard Hamiltonian, these correlations determine the average value of the potential 
energy (Chapter XV, § C-5-b-q@). The higher order correlations (ternary, etc.) may be 
present and play a role in the system; but they are not directly involved in the energy. 





3This phenomenon is traditionally called “quantum depletion” and will be discussed in more detail 
in § 3-a. 
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This is why using the paired states to optimize only the binary correlations can lead to 
fairly good results. 

We introduce in § 1 the paired variational state depending on a certain number of 
parameters, and compute the corresponding average energy. In § 2, we shall search for the 
optimal values of these parameters that minimize this energy, using an approximation 
where No ~ N so that we can neglect the interactions between the particles in the 
k # 0 individual states. In § 3 we study the physical properties of the state thus 
obtained, such as the number of particles that are not in the k = O state, the energy, 
and the correlation functions. We shall then develop, in § 4, a different point of view, 
the Bogolubov operator method. We shall choose a larger variational space, and use 
the results of § E in Chapter XVII to get the Bogolubov Hamiltonian, which can be 
directly diagonalized. This will confirm a certain number of previously obtained results. 
The reader only interested in the Bogolubov operator method can go directly to this 
paragraph, which is fairly self-contained. The conclusion of this complement will sum up 
the results obtained and the limits of this approximation method. 


1. Variational state, energy 


We are now going to directly apply the results of Complement Bxvyyq1, for the choice of 
the variational ket as well as for the computation of its average energy. 
1-a. Variational ket 
The (normalized) variational ket is of the form: 
[Ps) = lo) ® |Vpairea) = lo) ® T] |Px) (3) 
@keD 


where the subscript B refers to the name Bogolubov. In this expression, |Vpairea) is the 
paired state for spinless particles written in (B-8) of Chapter XVII, which is a tensor 
product of the normalized states (C-13): 


1 
ee ea tae i Tt 
Be) = apge OP [ee ahaa] 10) (4) 
with: 
T, = tanhO, e7"S* ( 0% > 0) (5) 


The domain D of the tensor product in (3) is half the k-space, which prevents (as we 
saw in Chapter XVII, § B-2-a) the double appearance of each state |G) = |P_x)i the 
origin k = 0 is excluded from D. 

As for |yo), it is the coherent state already used in Complement Bxyr, relation 
(44): 


Ivo) = e7N0/? @0%0 Jing = 0) (6) 


This state depends on a complex parameter ao, characterized by its modulus /No and 
its phase Co: 


ag = No etS0 (7) 
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It is the normalized eigenvector of the operator ap with eigenvalue ag: 


ao |¥o) = a0 |¥o) (8) 


The average particle number in the state k = 0 is then: 


(po| aac |~o) = a§a0 (vo |¥0) = No (9) 


The width of the corresponding distribution is (No (Complement Gy), hence negligible 
compared to No (this number is supposed to be large). 

The variational variables contained in the trial ket (3) are thus the set of 0, and 
G,, as well as No and G. 


1-b. Total energy 


Expression (61) of Complement Bxyy, yields the total energy in the form: 


(f) = Sex sinh? + “2 (iy +.Ne)* 
B k40 

+ No S> Vic [sinh — sinhO, coshOx cos2 (Go — Cc)] 
k40 


1 
+ 3 S> Vi_k! [sinh? 0, sinh? + sinhO, sinhO, coshO, coshO,, cos 2 (Ck - Cer) | 
k,k’ 40 
(10) 


where the matrix elements Vy of the particle interaction potential are defined, as in 
Chapter XVII, by: 


1 -ik-r 
y= a fer e*? Wo(r) (11) 


The term on the second line of (10) corresponds to the momentum exchanges between 
the k 4 O particles and the k = 0 condensate, as well as the pair annihilation-creation 
processes originating from the condensate. The terms in the last line, with a double 
summation over k and k’, correspond to interaction effects between k # 0 particles. 


1-c. No >> Ne approximation 


As already pointed out in the introduction, for an ideal gas in its ground state, 
only one individual state is occupied, corresponding to the lowest energy; in that case, 
the average total particle number is equal to No, and all the populations ny, of the other 
k states are zero. We are going to assume that the system we study is a dilute gas where 
the interaction effects are limited so that No remains very large compared to the sum of 
all the populations nx: 


No > Ne = Yo ne (12) 
k4O 
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This hypothesis is more constraining than the one initially proposed in (1), since now the 
population No must largely exceed the sum of all the other populations. Nevertheless it 
allows a simplification of the following computations while highlighting a certain number 
of general physical ideas. 

Under these conditions, the interactions between particles in the k 4 0 states and 
particles in the k = O condensate are dominant compared to the interactions between 
particles both in the k 4 0 states. The interaction term on the second line of (10), 
proportional to No, is therefore much larger than the term on the last line, which does 
not contain No. This is why we use the approximate average value: 


Es . Vv 
(#), =o sinh?6, + = (No + N.)? 


+ No S> Vc (sinh, — sinh, cosh, cos 2 (Go — Cx)] (13) 
k40 


We have yet to determine the optimal values of the variables appearing in (13) by 
minimizing this energy average value with respect to each of them. 


2. Optimization 


The variational state |®) depends on the variables No and Co associated with the indi- 
vidual state k = 0 (condensate), as well as on the angles 6, and the phases ¢, associated 
with all the other k 4 0 states. On the other hand, N, is not a variational variable, but 
a function of the previous variables determined by relation (53) of Complement Bxvu: 


N.= S> (ahax ) Ds sinh? 6, (14) 


k#40 k40 


As in Complement Bxyu, we introduce a Lagrange multiplier 4 (chemical poten- 
tial, see Appendix VI) to fix the average total particle number; we thus impose the 
stationarity of the difference of two average values: 


a= (2), -W(8), 09 


where (N ) is the average total particle number in the variational state: 
B 


(W) = (abao) + S° (ahax) =Not+Ne (16) 
kZ40 


The function to be minimized is therefore: 


VY : 
A= (Not Ne)” — No + > 7 (ex — 1) sinh? + No >) Fe (17) 
k+0 k+0 
with: 
Fy = Ve [sinh7 0, — sinh, cosh, cos 2(o — C)] (18) 
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2-a. Stationarity conditions 


The function A must be made stationary with respect to all the variables. We 
shall start with the phases, then the parameters 0,, and finally No. 


Q. Stationarity with respect to the phases: phase locking 


The phases only intervene in the Fx, as phase differences ¢o — Cx. Since we have 
a repulsive potential, we assume Vy, is positive; furthermore, as the variable 6, is always 
positive according to its definition in Chapter XVII, the product sinhé@, coshO, is also 
always positive. Expression (18) shows that, whatever the value of 0,, the minimization 
of the function A with respect to the phases ¢) and Cx requires the cosine to be equal to 
1, that is: 


Cx = Co for any k (19) 


Consequently, the phases used to build the paired states must all be equal to the phase 
defining the coherent state associated with k = 0. We call this equality the “phase 
locking condition”. 


B. Stationarity with respect to the 0x 


The stationarity of A with respect to each parameter 0, implies that, for any k: 


ON. oF 
0=V(No + Ne) mec (ex — 4) sinhO, coshO, + Nowa (20) 


where the derivative of Fy is taken at the phase values that satisfy relation (19). Grouping 
on a first line the terms in sinh@,cosh6, (including those coming from the derivative of 
sinh), and on a second, those coming from the derivative of sinhO,coshO,, we get: 


0 = [Vo (No + Ne) + ex — w+ NoV&] 2 sinhO, coshO, 
—NoVu (cosh? + sinh” 6.) (21) 


Relation (21) then becomes: 





0 = [ex —u+Vo(Not+ Ne) + NoVk] sinh20, — NoV_ cosh26, (22) 
that is: 
N 
tanh20,. = oVic (23) 


ex — + Vo (No + Ne) + NoVc 


y. Stationarity with respect to No 


We now write the stationarity of A with respect to No. Taking into account rela- 
tions (17) and (18), as well as the phase locking condition (19), we get: 


0 = Vo(No + Ne) — w+ 5° Ve [sinh?6, — sinhO, cosh | (24) 
k40 
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This result shows that the chemical potential is equal to: 
= Vo(No + Ne) + dp (25) 


which is the sum of a mean field term Vo (No + N.) created by all the particles, and 
another term du: 


5p = S~ Vy [sinh?O, — sinh coshOx| (26) 
k40 


This last term is also the sum of two terms of different signs: a positive contribution 
coming from momentum transfer processes, leading to an increase of the repulsion en- 
ergy due to the boson bunching effect; a negative contribution due to the creation or 
annihilation of pairs from the condensate k = O (Figure 7 of Complement Bxyr), and 
expressing the reduction of that energy, due to the dynamic correlations induced by the 
interactions. 

Relation (23) then becomes: 


NoV« 


tanh20, = = 27 
woe €x + NoVu (27) 
with: 
ex = €k — Ou (28) 
2-b. Solution of the equations 


The ground state we are looking for depends on two parameters that are externally 
fixed, the volume L° of the physical system, and the chemical potential jz: that controls 
the total number of particles. We must determine the variables 6, from (27), as well as 
No from (24). This last relation includes N., which is not an independent variable since 
it is determined by (14). We have a set of non-linear equations whose solution is not 
obvious, a priori: relation (27) determines the 6, (No), and hence N, (No), as a function 
of No. But No itself is determined as a function of y and the variables 6, (directly, and 
indirectly through N,) by the stationarity condition (24). Inserting the 6, (No) in this 
relation, we get an implicit equation for No, reminiscent of the implicit equation for the 
gap A in the BCS theory (Complement Cyyzz, § 1-c-8). 

A first approach for solving this implicit equation is to proceed by successive iter- 
ations, as in the Hartree-Fock method. We start from an approximate, reasonable value 
of No, such as the value yz/Vo obtained by assuming that N, and dy are both zero. Using 
(27), we then get a first approximation for the 6, and for N., that can be inserted in (24) 
to get a new value for No. Iterating the process, one can expect, as for the Hartree-Fock 
non-linear equations, a convergence after a certain number of cycles. 

Another approach is to not arbitrarily fix the chemical potential, but rather deduce 
it from the computation. We then start from an arbitrary No value, yielding the values 
of the angles 6,, then the value of N. using (14); this fixes the total particle number 
N = No+N-, and the relations (25)-(26) yield the chemical potential. We shall use this 
simpler approach in what follows. 


1939 


COMPLEMENT Exy, @ 





3. Properties of the ground state 


We start by computing the total particle number. To highlight the general ideas while 
dealing with equations as simple as possible, we shall use a model where the potential 
matrix elements V, are all equal to the same constant Vo, or else equal to zero: 

Vue= Vo if [kl <k 

y=0~ if |k|>k, (29) 
where the “cutoff value” k, characterizes the potential range b (k. ~ 1/b). To further 


simplify, we shall consider, in each calculation, the case where du = 0, ie. where €, is 
the same as ex. 


3-a. Particle number, quantum depletion 


We use relation (14) to compute N,, the average number of particles in the indi- 
vidual states k # 0. To get sinh?6,, let us first compute cosh20, using: 


sh?20 1 
cosh20, = ae * 3 = 2 
cosh 20x — sinh 20x 1 — tanh 20x 


ey + NoVu 








a ee eee oar (30) 
e€k (Ex + 2NoVx«) 
Since we have: 
2sinh?6, = cosh?6, + sinh? — 1 = cosh26, — 1 (31) 
we can write: 
1 a 
Sneoe = | eee = (32) 
2 \/€k (Ex + 2NoVx) 
Inserting this relation in (14) we get: 
1 é€, + Nom 
Nez see oVk (33) 
2 «40 Ck (€x + 2NoV«) 


Let us see what becomes of this expression in the simple model where the e; are 
equal to the ex, ( du is supposed to be negligible). Replacing the summation in (33) by 
an integral, we get: 








3 hk? 
Nose / amt NOV 1 (34) 
e— 3 SS 
S EE (GE + 2No¥ 


Using the matrix elements of the simplified potential, relation (29), the function to be 
integrated only depends on the modulus k of k, and goes to zero if k > k,; this means 
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that, using spherical coordinates, the integral over dk only goes from 0 to k,. We define 
the integral variable s: 


ke k k 
a= WomNe oy 


where € is the “healing length” introduced? in § 4-b of Complement Cxy: 


h2 
[= Dm NoVo (36) 


Noting S, the upper bound of s coming from the upper bound k, of k: 
Se= im ke (37) 


we can write: 


L3 (2mNoVo\*”? pS 244 
fe (Fr) i ergs lt ee Ss og (38) 
Ar h 0 4/ 8? (s? + 2) 
The integral in (38) is still convergent if S. goes to infinity since, when s > ov, 
one can make a limited expansion in powers of the infinitely small 2 = 1/s? and write: 


241 1+1/s? 1 
a (39) 


/s2(s2+2)  /1+2/s? — 25° 
1 


The integral also converges at the origin (the function to be integrated diverges as s~*, 
but the differential element is s2ds, which eliminates the divergence). This integral can 
be readily calculated, and for an infinite value of S, (very short-range potential) is equal 
to V/2/3. We then get: 


L3 (moto 


Ne. = =s 
© 37 h 





(40) 


We find that N, is proportional to the volume and to the product NoVo to the power 
3/2. When the interaction potential Vo is zero, we confirm that all the particles are 
in the individual state k = 0. As Vo starts increasing, the “non-condensed fraction” 
N./ (No + N-) varies, at the beginning, proportionally to the power 3/2 of Vo. 

We have found that the effect of the interaction potential is to transfer a certain 
number of particles from the individual state k = 0 towards the k ¥ 0 states. This 
effect is often called “quantum depletion”. It has nothing to do with a thermal excitation 
effect that would bring some particles from their ground state towards excited states, 
as a result of the coupling with a thermal reservoir at a non-zero temperature. The 
calculations we are performing in this complement concern the ground state, and we 
assume the temperature is rigorously zero. 





4In Complement Cxy, we defined in (61) a constant € as a function of the parameter g associated 
with an interaction potential in gd(r). Such a potential corresponds to Vo = g/V (where V is the 


volume), and relation (36) is indeed equivalent to € = ,/h?/2mgno. 
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Comment: 


Note however that the result (40) was established with the hypothesis Ne < No. It is 
therefore only valid if: 


2 


h -1/3 
V< ie (No) (41) 


If b is the range of the potential, and U its order of magnitude, relation (11) shows that 
the order of magnitude of the matrix elements Vo is Ub? / L®; the previous condition is 
then written: 


mf BB \e 
of a 42 
OS a (sx) a) 


The result is thus valid if U remains small compared to the kinetic energy of a particle 
localized within the potential range b, multiplied by the ratio between the average particle 
distance in the state k = 0 and b. This requires the potential range b to be sufficiently 
small. 


3-b. Energy 


We now compute the energy, taking successively all the different terms of (13) into 
account. 


Q. Kinetic energy 


The first contribution comes from the kinetic energy, which according to (32) is 
written: 


i 1 ey + NoVe 
E.= e, sinh?6, = = €, | —=—=—=——————_. - 1 (43) 
», 7 d V €k (€x + 2NoVi) 


This term reminds us of the one we encountered in the computation of N, in (33), but 
the presence of the factor e, in the summation changes its properties. In the simplified 
potential model where the Vj are given by (29), and if we furthermore assume that 
du = 0, the change of variable (35) leads to: 


L3 (2m\3? sat s2+1 
Boe fe NoVi dgeg? | 28 af 4A 
dae (=) Pore | s/s? (s? + 2) eo) 


According to (39), when s — oo, the function to be integrated behaves as: 


“| ee l= [age i] =5+0( 5) (45) 


and tends towards a constant. Consequently its integral over ds is divergent if S$, is 
infinite; if S, is large but finite, the integral value depends linearly on the choice of S¢. 
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B. Interaction with the condensate 


In relation (13), the mean field term in the energy Vo (No + Ne)” /2 is known 
since N, has been obtained previously — see relation (38). We do not need to compute 
specifically its contribution to the average energy. 

The second term in the potential energy is proportional to No, and corresponds 
to the interactions between atoms outside the condensate ( k ¥ 0 individual states) and 
inside the condensate (population of the k = 0 state); this term contains the sum of 
the Fy defined in (18). In order to evaluate that term, we need to compute the product 


sinhé, cosh6,: 
1 inh?26 
sinh®, coshé, = 5sinh20y = 5\ ats 
cosh 20, = sinh? 20x 
_ 1 /  tanh?26, (46) 
~ 2V 1— tanh?26, 


sinhO, coshO, = NO = (47) 
2,/€x (Ex + 2NoVu) 


or else, according to (27): 


Taking into account the phase locking condition (19) for the optimal variational state, 
the Fy, defined in (18) are equal to: 


Fi = Vx [sinh?0, — sinhO, cosh, 


2 €k (€x + 2NoV«) 





We obtain the contribution Ey, to the energy: 


(49) 


= Mo R=! 2 So Vi 


k40 k40 





eee 
«/ ek =D | 


For the simple model (29) already used before, and if du = 0, this results becomes: 


1 2mNoVo \*/?_ 2 
By = 73 ga ov ( — | | s? ds aa! (50) 
0 





The function to be integrated behaves, at infinity, as: 


2 8 2 1 _ 1 


which means the integral is not convergent when S, + oo, but depends linearly on S,. 
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ry. Ground state total energy 
With the same approximation 6u = 0, the sum of (43) and (49) yields: 


1 
E.+ Em =5 >> | Vex (RPONGVE) See= NoVi] (52) 


k40 


or else, using again the simplified model (29) for the interaction potential and adding 
(44) and (50): 


1 IML? 3/2 5/2 So x 
Be + Bye = 75 (=r) (NoVo) i ds [s* Vis? a $*] (53) 
0 


Relations (45) and (51) show that the function to be integrated tends towards —1/2 when 
s8 — co; we have again a divergent integral when k, + oo (or S, + co). Consequently, 
its value is a linear function of the chosen cutoff frequency k,. However, the fact that 
the limit of the function to be integrated is negative indicates that, for large values of 
S., the decrease in potential energy overcomes the increase in kinetic energy. 

The ground state total energy Egrouna is the sum of all the energies we just com- 
puted, including the mean field term: 


Vo 


Esround = > (No + Ne)” + Ee + EN, (54) 


where E, + En, is given by (53). 


Remarque: 


The divergences appearing when S$, — oo in our calculation of the energy are not fun- 
damental. They occur when one assumes that the matrix elements Vy of the potential 
written in (29) remain constant when k — oo, while they tend to zero with a realistic 
potential. It is indeed possible to perform a more careful treatment of the potential, such 
as that mentioned in § 4.2 of Référence [15], and to obtain a finite result. 


3-c. Phase locking; comparison with the BCS mechanism 


We just saw in § 2-a-a how all the phases @ had to become equal to the phase 
Go associated with the state k = O in order to minimize the repulsive energy between 
any particle in the k 4 O states and any particle in the k = O state. Fixing the phase 
differences to be zero is what we called the “phase locking condition”. This situation 
reminds us of the “symmetry breaking” of the BCS mechanism, where a common locking 
of all the relative phases of all the pairs (k, —k) enabled the building of a gap A, through 
a collective effect. For bosons, the equivalent of the collective mean field created by the 
pairs is the one created by the condensate of particles in the k = 0 state. This is why it is 
now the relative phase of the pair states with respect to that of the condensate that plays 
a role; in other words, we have now an “external” instead of an “internal” mechanism. 
The gain in energy will be exactly the same, whatever value is chosen for the phase Co; 
only the relative phase ¢, — ¢p is relevant. Accordingly, and just as for fermions, the 
arbitrary choice of the phase leads to a symmetry breaking phenomenon. The analogy is 
reinforced by the fact that, for a fixed value of , we found in § 2-b that the value of the 
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particle number No in the k = 0 state is given by an implicit equation in No. Similarly, 
in the BCS theory, it is also an implicit equation that fixes the value of the gap A. 

Relations (40) and (53) include non-integer powers of the interaction potential Vo, 
and are thus non-analytic functions of that potential. They cannot be obtained by a 
perturbation theory as a power series expansion of Vo, and this is another analogy with 
the results of Complement Bxvr. 

We also saw in that complement that, in the BCS mechanism, it is the energies in 
the vicinity of the Fermi level that play the most important role. This is not the case for 
a system of repulsive bosons. For example, in (44), the function whose integration over 
s yields the kinetic energy is: 


2th ee 
fc (8) = ane 1 (55) 


whereas the one yielding the interaction potential energy between particles in the k 4 0 
states and particles in the k = 0 state is: 


2 3? 
fn, (s) = 8 artery 1 (56) 
Figure 1 plots these two functions with dashed lines, as well as their sum with a solid 
line. It illustrates how, in the case of repulsive bosons, the effects of minimization of the 
potential energy overcome those of the kinetic energy. This minimization of the repulsion 
necessarily comes with a modification of the particles’ position correlation function, which 
must decrease at short distances; this interpretation will be substantiated in § 3-d-8 
where we study the binary correlation functions. We also note in the figure that the 
accumulated gain of energy is not due to a particular energy band: all the s values 
contribute up to the limit imposed by the upper bound of the integral. 

We can further refine the analysis of the energy balance by looking at the gain of 
energy per individual quantum state. We must then remove from the previous relations 
the factor k? coming from the density of states, and hence remove a factor s? from (55) 
and (56). Figure 2 plots the resulting functions, which show that as long as s is small 
or of the order of 1, the decrease in potential energy largely overcomes the increase in 
kinetic energy; on the other hand, the two contributions balance each other when s > 1. 
According to (35), the condition s < 1 corresponds to: 


k<sé€-'  thatis: e, S NoV (57) 


This means that individual states of low energy provide most of the decrease of the re- 
pulsive potential energy; the corresponding energy domain is proportional both to No 
and to the interaction matrix element Vo. Relations (27) also show that it is those en- 
ergies in the system ground state that the energy minimization affects the most. From 
the physical point of view, it is understandable that particles having a low kinetic en- 
ergy compared to the interaction energy NoVo are the most affected by the interactions, 
whereas those with a kinetic energy large compared to NoVo have their correlations only 
slightly modified by the interaction potential. However, as we noted before, even though 
the individual contribution of the highest energy state to the energy reduction is reduced, 
their large number (corresponding to a density of states proportional to k?) means that 
their contribution to the total energy remains significant. 
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Figure 1: Plots as a function of s of the functions whose integral over s yield the ki- 
netic energy E~. (upper dashed curve), the potential energy for the interaction with the 
condensate Ex, (lower dashed curve), as well as their sum (solid line). The increase 
in the kinetic energy is overcome by the decrease in the potential energy, which ends up 
lowering the total energy. 





3-d. Correlation functions 


As the system is contained in a box and obeys periodic boundary conditions, we 
expect the properties of the one-body correlation functions to be translation invariant. 
This does not rule out a possible spatial dependence of the correlation functions, as far 
as the differences in positions are concerned. This is what we want to elucidate now. 


a. One particle 


Expanding the field operator V(r) on the annihilation operators, according to 
relation (A-3) of Chapter XVI, we get for the one-particle correlation function G1 


Gi (6.2) = @a| WH) Ba) = Fe De") Wal ahaw [Bo) (58) 
k,k’ 


where expression (3) determines |®g). Since in this state the particle number in an 
individual state k is always the same as that number for the individual state —k, the 
average value of ah ay in |® g) will be different from zero only if k = k’. In the summation 
over k, the k = O contribution introduces a term in No; adding to it all the other 
contributions, we get: 


1 ~ ik-(r’—r 
Gi (r,r’) = 7s No + > (Ax) e€ 7 ( ) (59) 
k40 
When r = r’, the function G; is simply equal to the total particle density ntot: 


No + Ne 
[D3 


Ntot = 


1946 


e CONDENSED REPULSIVE BOSONS 











Figure 2: Plots as a function of s of the kinetic energy (upper dashed curve), the potential 
energy (lower dashed curve), and the total energy (solid line) per individual state. It 
shows that it is the lowest kinetic energy states that make the largest contribution to the 
lowering of the energy. 





When r and r’ are different, the function G, is the sum of two terms: 

— one term corresponding to particles in the k = 0 state (condensed particles), 
independent of the positions; this term does not decrease at large distance, but has an 
infinite range. 

—a second term corresponding to particles in the k 40 state, which is the transform 
of the particle distribution (ny), and therefore goes to zero when r and r’ move away 
from each other (it has a microscopic range). 

We find again the Penrose-Onsager criterion according to which it is the condensed 
fraction of a boson system that leads to an infinite range of the non-diagonal one-body 
correlation function (in the case of paired fermions, we found in Complement Cxvu, 
§§ 2-a-8 and 2-b-8, that this long range does not occur for the one-body correlation 
function, but only for the two-body correlation function). 


B. Two particles 


The diagonal two-particle correlation function is written: 


Go(ryrr/jr’) = (@p| U(r) V(r’) U(r’) U(r) |G) 
= ale ret)" Bplahah aera [Bs) (61) 
k,k’,k’’,k’” 

We get the same simplifications as in § 4-b-6 of Complement Bxyy in the computation 
of the average values of products of creation and annihilation operators: operators ao 
placed on the right each yield a factor ap and operators ah placed on the left, each a 
factor aj; the average values of the other operator products are given by the results 
of § C in Chapter XVII. We must distinguish between several cases, depending on the 
number of values, among the 4 summation indices, which are equal to k = 0; we shall 
proceed by decreasing values of that number. 


1947 


COMPLEMENT Exy, @ 





(i) If the four operators concern the k = 0 state (case represented in Figure 6 of 
Complement Bxyir), we get the contribution: 


which is position independent. 

The case where only three of the summation indices are zero is not possible, as 
the corresponding term would contain the average value of an operator a, (or of its 
Hermitian conjugate) in the state |®,), which is zero. 

(ii) If one creation and one annihilation operator concern the individual k = 0 
state, two cases may occur and yield different types of terms: 

— direct terms in aa Guan or al, ajaga,,; both contributions are equal and their 
sum leads to: 


NN 
L® 





(63) 


which is also position independent. 
— exchange terms in aja ,aga,, or at aay, a9; the corresponding terms are also 
equal and their sum is written: 


- S- eik’-(r-2’) (Aix) 4 yer (Fix) 


k’40 k40 
2No me 
eG. (A) cos [k - (r’ — r)] (64) 
k40 


which now depends on the difference in the positions r and r’. These terms reflect the 
existence of a bunching effect between bosons; relation (C-28) of Chapter XVII yields 
the value of (7,): 


(fix) = sinh? 0, (65) 


(iii) If the operators corresponding to k = 0 are of the same nature (both creation 
or both annihilation operators), we get terms such as the ones represented on Fig 7 
of Complement Bxv1, corresponding to the creation or annihilation of a pair from the 
condensate k = 0: 

— for a product of the type Gl al agay where k and k’ are not zero but opposite 
(for the same reason as explained before), we get an anomalous average value in the 
state |%,,), multiplied by the average value of the product of two operators ag. The first 
average value is given by relation (C-51) of Chapter XVII, and the second yields (ao), 
that is Noe?*S° according to (7). 

— for a product of the type ahah aynd_yr where k” and k’” are not zero but 
opposite, we get the complex conjugate of the previous result. 
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The sum of the two previous results is then written: 


No 


76 oa elk (r’-r) sinh0, cosh0.e2%(S0-S«) 


k40 


+ S° e("—¥) sinh Or CoshO yee 2460S”) 

k’’40 
2No 

18 


S> sinhO, coshO, cos [k - (r’ —r) +2 (Co — G&)] (66) 
k40 


(iv) Finally we have terms where none of the wave vectors is zero, corresponding 
to cases where the particles are in k # O states before and after the interaction. They 
include a direct term: 


(Ne)? 
LS 





(67) 


which is constant, an exchange term, and finally a pair annihilation-creation term. Com- 
pared to the previous terms (which are proportional No), their relative value is of the 
order of N./No. Taking into account the exchange term and the pair creation-annihilation 
term leads to simple calculations of a type already performed; however, to be consistent 
with (12) and the corresponding energy approximations, we shall ignore those terms. 

The sum of (62), (63) and (67) yield the constant N?/L°, to which we add (64) 
and (66) and get: 


N2 2N 
Go (r,r;r’,r’) ~ Te + See: {sind cos [k - (r’ — r)] 
k#0 
—sinhO, cosh@, cos [k- (r’ —r) +2(¢o — ce) (68) 


The position dependent term on the second line shows how the relative phases introduced 
in |®) control the relative particle position in the physical system; it confirms that the 
choice Cx = Go does indeed decrease the probability of finding two particles close to each 
other. 

When the phase locking condition (19) is satisfied, the position dependent contri- 
bution becomes: 


2No 


LS 
k40 


[sinh? 0, — sinh6,coshO,] cos [k - (r’ — r)] (69) 


Since sinhO, < coshO,, the cosine in each term has a negative coefficient; it does decrease 
the probability G2 (r,r;r,r) of finding two particles at the same point r: the dynamic 
correlations appearing in the system tend to “antibunch” the particles, and hence re- 
duce their repulsive interactions. The final result is a compromise between a sinh?6, 
term that leads to bunching (as for a non-interacting boson gas) and a antibunching 
term in sinh,cosh@, that is larger, and involves anomalous average values (creation or 
annihilation of particle pairs in the condensate). 
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Comments: 


(i) The correlation function (68) is invariant with respect to the exchange of r and r’, 
as seen from the way the terms k and —k are accounted for in the summation. Its 
Fourier transform only contains terms in cos[k - (r’ — r)], which can take on any value 
by an appropriate choice of the 0, and the ¢,. As mentioned in the introduction, the 
variational state can lead to any correlation function; the results discussed above concern 
the optimal value of this correlation function. 


(ii) On several occasions, we assumed the chemical potential correction dj, defined in 
(26), to be zero, which enabled us to replace the ex, by the e,. Let us now check that a 
non-zero value of this correction does not radically change the results we obtained. 


Using the model (29) where the non-zero matrix elements V;, are all equal to the same 
constant Vo, expression (26) is simply written: 


du = Vo aS, (sinh? — sinhd, coshOx | =-\W 3 sinhO,e °* <0 (70) 
k40 k40 


where the summation is limited to vectors k having a modulus less than k,. Setting: 
du = —2VoNo (71) 
with x > 0, relation (27) that fixes the 6, becomes: 


NoVo 


tanh20, = ————_______ 
«ex + NoVo (1 +2) 


(72) 
The corrective effect of x and hence dy, is to lower the 0,; this correction is however 
negligible if e, >> xNoVo. Consequently, the populations of the individual states k (which 
are equal to sinh? 6) decrease when e, < xNoVo, but remain practically unchanged in 
the opposite case. The quantities resulting from a summation over k, such as Nz, are 
then barely affected: the change in the function to be integrated only occurs for small 
values of s, whose contributions, in any case, are weak because of the factor s”? in the 
integral (38). As for the energy, this is accentuated since the integral in (53) diverges 
if S. is infinite, which means it mainly depends on the large values of s (if S- >> 1). 
Turning now to the correlation functions computed in § 3-d, they contain summations 
over k that lead to the same integrals; they are thus fairly insensitive to the value of dy. 
This explains why, aside from the predictions concerning the populations of small wave 
vectors, the approximation du = 0 used in § 3 is reasonable in many cases. 

To push the analysis a step further we need to compute the value of the x coefficient. 
This requires improving the precision of the calculations, and in particular taking into 
account the interactions of the particles in the k 4 O individual states. This is beyond 
the scope of this complement, and we shall simply accept that «x is small and note that 
only the small k populations are changed when dé is not equal to zero. 


4. Bogolubov operator method 


We now present a different point of view and introduce the Bogolubov method; it is 
based on the search for a readily diagonalizable operator form of the Hamiltonian (or of 
an approximate expression of this Hamiltonian). This method not only applies to the 
ground state, but it also enables the study of the excited states. We shall use the results 
of § E in Chapter XVII to introduce new operators that simplify the diagonalization of 
the Hamiltonian. 
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4-a. Variational space, restriction on the Hamiltonian 


The variational set we consider has been defined in (3); we assume: 
|®) = |¥0) ® |Wpairea) (73) 


where |o) is the coherent state (6), and |Wpairea), any paired state in the Fock space 
spanned by all the individual states others than k = 0. We call Ep (No) the ensemble of 
kets expressed as (73). 

We now take the general Hamiltonian operator H written in (8) of Complement 
Bxvrr, and consider its action restricted to such states; the corresponding matrix elements 
are of the type: 


(®p|  |®5) (74) 


where |®,) and |®‘,) are any two kets of Eg (No). In the computation of this matrix 
element, the same simplifications as in § 1 will occur: any annihilation operator ag on 
the right can be replaced by the number apo, any creation operator ah on the left by the 
complex conjugate aj. We will further simplify the problem by assuming, as in (12), that 
the total population N, of the k ¥ 0 individual levels is much smaller than No = lanl”, 
and keeping only certain terms among the Hamiltonian interaction terms. 

First, we study the forward scattering terms, which are the terms (k” = k and 
k’”” =k’) in relation (20) of Complement Bxyyy. Their expression is: 


Vo Vo Vons 
oy 24 aha} aK/ ax om 2, [ak araj are = Ok,k’ ajax| = oe (W — 1) (75) 


In this equality, N is the total number of particles operator: 
N=N+N- (76) 


where No = ahag is the operator associated with the population of the individual state 
k = 0, and N, that associated with the total number of particles in the states k 40: 


N, = ys ah ar (77) 
k#0 


As for all the other interactions terms, we shall proceed as in § 1-c and will only 
keep the terms that contain No — the others correspond to interactions between particles 
in the k 4 0 individual states, assumed to be negligible when inequality (12) is satisfied. 
In all the terms we keep, there are either four or two creation or annihilation operators 
concerning the k = 0 state. 

Those containing the product aha\aoao, or one of the two products al ajagax and 
aval axao, are already taken into account in the mean field term (75). We simply have 
to add: 

— the terms containing the products al ah axao or a\al aoa, i.e. the exchange terms 
of § 4-b-8 in Complement Bxy1; they yield a contribution: 


NoVcat. ay (78) 
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—the terms in al.al .agao, corresponding to the pair creation from the condensate, 


or the terms in ajahaya_r corresponding to the annihilation of pairs into the condensate; 


their contribution is: 


NoM ; 
a e760 gl al +e77 aa» (79) 

With the above conditions, we get a simplified version of the Hamiltonian H , which 
becomes a reduced Hamiltonian Hp: 


~ VoN(N-1 
fp WAG ) 


1 : ’ 
+ > {evahay + NoV« lala + 5 (oo at al +e 2to c4a-4)] \ (80) 
k40 


If the number of particles is fixed, the first term in the right hand side (mean field) 
introduces only the same displacement of all energies, without physical consequence. 
In the Bogolobov_ approximation, where the condition No > N, is assumed, one often 
merely replaces N by No in this term, which amounts to restricting the sum of (75) to 
the terms k = k’ = 0. Since the kets (73) are eigenvectors of ag with eigenvalue No, 
we may then replace the mean field operator (75) by the number Vo N@/2. If, moreover, 
one assumes that Cg = 0, one obtains the simpler expression: 


A,  VoNG t i 
AR = ——+ S> C40, A, + NoVi | ayy + 
2 k40 


al al + a,a_, (81) 
2 
Hither (80) or (81) can be used as the Hamiltonian within the Bogolubov approximation. 
Neither of these operators conserves the total particle number, because of its terms 
proportional to the product of two creation or two annihilation operators. Complement 
Bxvu explained how such “anomalous” terms can, nevertheless, account for the interac- 
tion effects within the framework of certain approximations. We are now going to show 
that this expression can be put in the form of a Hamiltonian of independent particles, 
provided the operators undergo the transformation introduced in § E of Chapter XVII. 


4-b. Bogolubov Hamiltonian 


We obtained in Chapter XVII the expression (E-29) of the Hamiltonian operator 


n 


Hp: 


Ap = > fwr [Oh i bt sb] (82) 
keD 
which includes the Bogolubov operators for bosons: 
by, = Ukay, + vKa! 


b_y = Uka_y, + ka}, (83) 


1952 


@ CONDENSED REPULSIVE BOSONS 





Remember that D is half the momentum space, avoiding double counting of the same 
pairs of states in (82). Relation (E-15) of Chapter XVII expresses the ux and v_ in terms 
of the two parameters 0, and Cx: 


ux = coshO, e*S* 
v_ = sinh, e'S* (84) 


As for the value of the parameter w,, it will be fixed later. 
We then have: 


bt de = |u|? af a. + lux|” aka’ y + (uiernajal + uncdjeA (85) 
and: 
bt bk = |ure|? al .a_k + lure|” aya. + (uirna! jaf + unde d—K) (86) 


The operators in these equalities can be rearranged in normal order, using the proper 
commutation; adding them both, we get: 


bt by + bt by = (eel + vx”) (ajax + a! ak) 
+2 lore? + 2utu,al al. + 2u,_ UE AKA_k (87) 
that is, taking (84) into account: 
bby. + Bb ae = cosh 2. [aay + af ja] 


+ 2sinh76, + sinh20, [at a es 4+ a a_y ek (88) 
Operator H gp can therefore be written: 


Hy = ys hw, { cosh20 lakax + al ax 
keD 


+2sinh?O, + sinh20, Jat ya ek + aa_y, ee \ (89) 


Now this Hamiltonian may be identified with the approximate Hamiltonian (80). 
To see this, we replace cosh26, by expression (30), sinh26, by the double of (47), and 
sinh?0, by (32); we are still in the simplified model where du = 0, and hence the €, are 
replaced by the e,. Finally we choose for w, the value: 


hw, = ex (ex + 2NoV«) (90) 


and we assume that all the c, are zero. We then get: 


Ap = S> {(ex + NoVx) [ata + at a+] 
keD 


NoV\ 
fo [at ya, + ay.a_| \ — AEF tona (91) 
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with, again using the value (32) for sinh?6,: 


AE grouna = —2 5 > hwy sinh”, = — S~ hwy, sinh? Oy 


keD k40 
1 
5 Se lv ex (ek + 2NoVk) — ek — NoM| (92) 
k40 


Comparison with relations (52) and (54) shows that AEgrouna is none other than the 
energy Eground already obtained, shifted by the mean field value: 
VoN? 

2 





A Eground = Esround <= (93) 
Finally, taking (80) into account, if the ¢, are all chosen equal to zero (phase locking 
condition), we simply have: 


Hp = Hg + Eground (94) 


4-c. Constructing a basis of excited states, quasi-particles 


As Eground is a number, it introduces a simple energy shift in the eigenvalues of 
Hr compared to those of Hg, with no effect on the eigenvectors. Now we saw in § E-3 
of Chapter XVII that the eigenvalues of Hp are known, and can be written as: 


Ep = S— [n(be) + n(b_x)] hive (95) 
keED 


where n(b,) and n(b_%) are any positive or zero integers. As for the eigenstates associated 
with these energies, they can be simply obtained by the action on the ground state of 
the following product of creation operators: 


TI a’ ee (96) 


keED 


All things considered, the operator H B Shares a lot of properties with the Hamil- 
tonian of an ensemble of non-interacting particles. Just as the usual creation operators 
permit adding particles in a system of free identical particles, the bh and by creation 
operators can be considered as adding an extra “quasi-particle” to the physical system. 
When acting on the ground state, the operator bh yields a ket where both the energy 
and the momentum are well-defined: the energy is increased by the amount hw, specified 
in (90), the momentum is increased by ik with respect to the zero momentum of the 
ground state. This exact change of momentum occurs because the action of bh on any 
ket creates two components: one component where one particle with momentum hk is 
added, the other component where one particle with momentum —/Ak is suppressed. In 
both cases, the total momentum has increased® by the same amount hk. The operator bt 





5This result can also be verified by calculating the commutator [P. of] of the total momen- 
tum P= ee hk ata, with bf. One obtains [P. oj] = uy [nkaj.a,, af] + UR [—hka! .a_y,@-x], or: 
[P, of] = hk (ugal + vga_x) = hk of. As a consequence, the effect of of on any eigenstate of P is to 
increase its eigenvalue by hk. 
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therefore creates a quasi-particle of well-defined energy and momentum, and 6, annihi- 
lates it; of course, be and b_, have the same properties for the quasi-particle of opposite 
momentum. These quasi-particles do not coincide with particles of a system without in- 
teractions, as can be seen from the expression of those creation operators. They yield, 
however, a basis of states that permits reasoning as if there were no interactions; this 
provides a very powerful point of view in many fields of physics. 

We can assume, as in Complement Dxy, that the interaction potential has a zero 
range: 


Wa (r,r’)=9 6-1’) (97) 
Relation (11) then becomes: 


1 


= 5 | dre!" Wa(r) = oe (98) 


Vi iB 


and equality (90) is written as: 


h2 
hw(k) = \/ex (ex + 2gno) = aa (k? + k2) (99) 
m 
with: 


ko = = mara 7 2 (100) 
In this last equation, € is the healing length defined in (36). This equation is the same as 
relation (34) of Complement Dxvy, whose Figure 1 represents the quasi-particle spectrum. 
When the modulus k of the wave vector k is smaller than the wave vector ko, we get a 
linear spectrum whose slope corresponds to the sound velocity in the boson system; for 
values larger than kp, the spectrum becomes quadratic, as for free particles. 


Conclusion 


The calculations presented in this complement illustrate the analogy between the pairing 
phenomena for attractive fermions and for repulsive bosons. In both cases, binary posi- 
tion correlations are introduced by the dynamic interactions, resulting in a decrease of 
the interaction potential energy of the physical system; the paired states are a valuable 
tool for understanding this effect. In both cases, a relative phase locking phenomenon 
occurs, but the precise nature of that locking is, however, different. 

For fermions, the energy gain is due to a collective effect, involving the pair-pair 
interactions and the relative phase of every pair of states (k, —k); each contributes to 
the value of the gap A which, in turn, has an effect on all the others — this is translated 
mathematically by the presence of a double summation over k and k’ in the energy. This 
is reminiscent of a ferromagnetic system, where each spin contributes to the collective 
exchange field that act on all its neighbors. As the interactions are supposed to be 
attractive, the phase locking to zero maximizes the pair-pair interactions, and hence 
minimizes the energy. 

For bosons, the major role is played by the relative phase of the pairs with respect 
to that of the reservoir composed of all the particles in the k = 0 state (condensate). 


1955 


COMPLEMENT Exy, ®@ 





The physical process involved is illustrated in Figure 7 of Complement Bxy1, where two 
particles emerge from the condensate to form a pair, or vice-versa — mathematically, the 
energy term contains only one summation over k. The relative phase locking it introduces 
will minimize the repulsion between these pairs and the condensate, and hence the total 
energy. Compared to the fermion case, the presence of a condensate independent of the 
pairs radically changes the nature of the phase locking. 
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Introduction 


In the three previous chapters, we studied ensembles of identical particles, which allowed 
us to introduce the concept of quantum field operators. We now begin a new series of 
three chapters where this quantum field concept is applied to an important particular 
case: the electromagnetic field, made of identical bosons called “photons”. We start by 
noting that, in classical electromagnetism, the dynamics of the different field modes is 
exactly similar to that of a series of harmonic oscillators. Each of these modes may be 
quantized by the same method as that used for an elementary harmonic oscillator, for a 
single particle; this method has the great advantage of simplicity. It requires, however, 
establishing beforehand the equivalence between modes of the classical electrodynamic 
field and harmonic oscillators; this is the main purpose of the present chapter. 

For the presentation to be self-contained, we first review a certain number of prop- 
erties of classical electromagnetism. One complement is also devoted to a synthetic 
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presentation of the Lagrangian formalism applied to this case. The reader already fa- 
miliar with those aspects of classical electrodynamics may wish to go directly to the 
quantum treatment presented in Chapter XIX. 

We start in § A with the equations of Maxwell-Lorentz describing the coupled 
evolution of the electric field E(r,t), the magnetic field B(r,t) and the coordinates 
and speeds of the particles acting as source for this electromagnetic field'. We shall 
give the expressions for a certain number of constants of motion, such as the energy, 
or the linear and angular momenta of the global system “field + particles”. The vector 
potential A(r,t) and scalar potential U(r, t) will also be introduced, as well as the gauge 
transformations that can be performed on these potentials. 

We shall then show that it is useful to take the spatial Fourier transforms of these 
fields, since in the reciprocal space, Maxwell’s equations have a simpler form. For a 
free electromagnetic field (in the absence of charged particles), they are no longer par- 
tial differential equations, as in ordinary space, but ordinary time-dependent differential 
equations. Furthermore, the concept of longitudinal or transverse field vectors has a clear 
geometrical significance in the reciprocal space?. A field vector V (k, t) is longitudinal 
if V(k, t) is parallel to k at every point k of the reciprocal space, transverse if V(k, t) 
is perpendicular to k at every point k. We will show that two of the four Maxwell’s 
equations yield the value of the longitudinal electrical and magnetic fields, whereas the 
other two describe the evolution of the transverse fields. It will become clear that the 
longitudinal electric field is simply the Coulomb electrostatic field created by the charged 
particles. Consequently, it is not an independent field variable since it only depends on 
the coordinates of the particles?. Furthermore, choosing the Coulomb gauge amounts 
to choosing the longitudinal potential vector equal to zero; this permits eliminating the 
longitudinal fields from the expressions for all the physical quantities. 

In § B, we establish the equivalence between the radiation field and an ensemble of 
one-dimensional harmonic oscillators. Maxwell’s equations for transverse fields enable in- 
troducing linear combinations of the vector potentials and transverse electric fields, whose 
time evolution, in the absence of particles, is of the form e~“* where w = ck. These vari- 
ables, called normal variables, thus describe the eigenmodes of the free field vibrations. 
The dynamics of each of these eigenmodes is similar to that of a one-dimensional har- 
monic oscillator. The normal mode variable is the equivalent of the linear combination 
of the position and velocity of the associated operator, and becomes, in the quantization 
process, the annihilation operator, fundamental in the quantum theory of the harmonic 
oscillator. Replacing the normal variables and their complex conjugates by annihila- 
tion and creation operators will yield, in Chapter XIX, the expressions for the various 
operators of the quantum theory 





1We assume that the speeds of the particles are small compared to the speed of light, so as to use a 
non-relativistic description. 

?We shall note G(k) the spatial Fourier transform of G(r), the symbol “tilde” allowing a clear 
distinction between the functions in ordinary and reciprocal space. 

3 As for the longitudinal magnetic field, it is simply zero. 


1958 


A. CLASSICAL ELECTRODYNAMICS 





A. Classical electrodynamics 


A-1. Basic equations and relations 
A-1-a. Maxwell’s equations 


There are four Maxwell’s equations in vacuum, and in the presence of sources: 


V Ble.) = =olrt) (A-la) 
Vv -Blr,t) =0 (A-1b) 
V x E(r,t) = -< Br, t) (A-1c) 
VY eBG)= Te Blrt) + =ailr,t) (A-1d) 


where c is the velocity of light in vacuum and ¢9 the vacuum permittivity. These 
equations yield the divergence and the curl of the electric field E(r,t) and the magnetic 
field B(r,t). The charge density p(r,t) and current density j(r,t) appearing in those 
equations can be expressed, in the non-relativistic limit, in terms of the positions r,(t) 
and the speeds v,(t) = dr,(t)/dt of the various particles a of the system, each having a 
mass m, and a charge qa: 


plr,t) = S> gad [r — ra(t)] (A-2a) 
i(r,t) = S- qava(t)6 [r — ra(t)] (A-2b) 
A-1-b. Lorentz Equations 


Lorentz equations describe the dynamics of each particle a submitted to the electric 
and magnetic forces exerted by the fields E(r,t) and B(r,t): 


me SaPalt = da [E (ra(t), t) + Va(t) x B (ra(t), t)] (A-3) 


The particle and field evolutions are coupled: the particles move under the effect of the 


forces the fields exert on them, but they also act as sources for the evolution of those 
fields. 


A-1-c. Constants of motion 
Definitions (A-2a) of p(r,t) and (A-2b) of 7(r,t) lead to the continuity equation: 
0 d 
alr) + V -J(7,t) =0 (A-4) 


which implies the time invariance of the total charge of the particle system: 
Q= [ror = Seas (A-5) 
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Other constants of motion exist: the total energy H, the total momentum P and the 
total angular momentum J of the system field + particles. They are respectively given 
by: 


H= Sy imavi(t) + 2 f ar [B%(r,1) + PB, 0) (A-6a) 
Ps SS maa(t) + € fer E(r,t) x B(r,t) (A-6b) 
I= S>ra(t) X MaVa(t) + £0 [er r x [E(r,t) x B(r,t)] (A-6c) 


Using (A-1) and (A-3), we can verify that the derivatives with respect to time of H, P 
and J are indeed zero (for H and P, see for example exercise 1 in Complement Cy of 
[16] and its correction). 


A-1-d. Scalar and vector potentials: gauge transformations 
As we already saw in Complement Hy, the fields E(r,t) and B(r,t) can always 


be written in the form: 


E(r,t) = -—VU(r,t) — SA(r,t) (A-7a) 


B(r,t) =V x A(r,t) (A-7b) 


where A(r,t) and U(r,t) are the vector and scalar potentials defining a gauge. For any 
function x(r,t) of r and of t, the transformation of these potentials obeying the relations: 


A(r,t) > A'(r,t) = A(r,t) + Vx(r,t) (A-8a) 
0 
U(r,t) > U'(r,t) =U(r,t) — apxirt) (A-8b) 
leads to the same expression for E(r,t) and B(r,t); the same physical fields can therefore 
be represented by several different potentials A(r,t) and U(r,t). The transformation (A- 
8) associated with the function (r,t) is called a gauge transformation. 
Relations (A-8) allow a flexibility on the choice of the gauge {A,U}, which allows 


introducing an additional condition. The Coulomb gauge, which we will use in this 
chapter and the following, is defined by the condition: 


V -A(r,t) =0 (A-9) 
A geometrical interpretation of condition (A-9) in the reciprocal space will be given later. 


A-2. Description in the reciprocal space 


Using Fourier transforms, the equations of electrodynamics can be put in a form 
that simplifies calculations. 
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A-2-a. Spatial Fourier transforms 


Let us introduce the Fourier transform of the electric field E(r, t): 


s 1 
E(k,t) = x73 per Fg te (A-10) 


(27) 


which enables us to write E(r,t) as: 


E(r,t) = [ee E(k, t)e’*” (A-11) 


1 
(2n)3/2 
Analogous expressions can be written for all the physical quantities we just introduced: 
magnetic field, charge and current densities, scalar and vector potentials. 

It will be useful in what follows to recall the Parseval-Plancherel relation (Appendix 
I, § 2-c) showing the identity of the scalar products of two functions expressed in position 
space or in reciprocal space’: 


je F*(r)G(r) = [eve F*(k)G(k) (A-12) 


and the fact that the product of two functions in reciprocal space, is the Fourier transform 
of their convolution in position space: 


I a es 1 3,/ / ! 
ee ~ — - 
A-2-b. Maxwell’s equations in reciprocal space 


Maxwell’s equations take on a simpler form in the reciprocal space, clearly showing 
the differences between the longitudinal and transverse components of the various fields. 
Any vector field V(k, t) can be decomposed into a longitudinal field Vj (k, t), parallel at 


any point k to the vector k, and a transverse field V,(k,t) perpendicular to k: 


V(k,t) = Vi(k,t) + Vi(k, t) (A-14) 
with: 

Vi (k, t) = (K-V(k,t)) =k (k- V(k,t)) /R? (A-15a) 

V1 (k,t) = V(k, t) — Vi(k, t) (A-15b) 
where 

Kk =k/k (A-16) 


is the unit vector along k. 





4The space of the vectors r ( ordinary space) is called “position space” whereas “reciprocal space” 
is the space of the wave vectors k. 
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As the operator V in position space corresponds to the operator ik in reciprocal 
space, Maxwell’s equations (A-1) become in reciprocal space: 


ik. E(k, t) = + 5k, t) (A-17a) 
E0 
ik - B(k,t) =0 (A-17b) 
ik x E(k,t) = 5 Bk, (A-17c) 
ea ots es Tie 


Taking into account definitions (A-15) for the longitudinal and transverse com- 
ponents of a vector field, the first two equations (A-17a) and (A-17b) determine the 
longitudinal parts, projections of the fields E(k,t) and B(k,t) onto k: 


72 (A-18a) 


By(k,t) =0 (A-18b) 


~ to k 


The last two equations (A-17c) and (A-17d) yield the rate of change 0E(k,t)/Ot and 
AB(k,t)/Ot of the fields E(k,t) and B(k,t), and are the equations of motion of these 
fields. In the absence of sources (j(k, t) = 0), i.e. for what we will call a “free” field, they 
are time-dependent differential equations, and no longer partial derivative equations as 
is the case in position space. 


A-2-c. Longitudinal electric and magnetic fields 


Equation (A-18b) shows the longitudinal magnetic field B \(&,t) is zero. Equation 
(A-18a) expresses E(k, t) as a product of two functions of k, #(k,t) and —ik/eok” whose 
Fourier transforms are written (relation (63) of Appendix I): 


pk, t) <> p(r,t) (A-19a) 
ik (2r)3/2 » 
o> == 








oe OR A-1 
€o k2 FT Aneg 13 eet) 
Using relation (A-13) then leads to: 
1 —r' 
E = da? ! 
Wr) = ae f aro! Ne 
1 r—T,(t) 
= —__ A-20 
Are ds Ir — ra(t)|> ( ) 


This means that at time t, the longitudinal electric field coincides with the Coulomb field 
produced by the charge distribution p(r,t), computed as if this distribution were static 
and fixed at that instant t. 
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Comment 

The fact that the longitudinal electric field instantaneously follows the evolution of the 
charge distribution p(r,t) should not lead us to believe in an action at a distance propa- 
gating at an infinite speed. The contribution of the transverse field must also be taken into 
account, as only the total electric field E = E| + E has a real physical meaning. It can 
be shown that the transverse electric field also has an instantaneous component, which 
balances exactly the longitudinal component so that the total field is always retarded (to 
t —|r —r’|/c), as the electromagnetic interactions propagate at the speed of light c (see 
exercise 3 and its correction in Complement Cy of reference [16]). 


The previous results show that the longitudinal fields are not independent quan- 


tities: they are either zero (in the case of the longitudinal magnetic field), or simply 
related to the particle coordinates r,(t) (in the case of the longitudinal electric field, 
whose expression is given by (A-20)). 


A-2-d. 


Time evolution of the transverse fields 


Now that we showed that the first two Maxwell’s equations determine the longi- 


tudinal part of the fields, let us consider the last two equations (A-17c) and (A-17d) and 
focus on their transverse components. Since k x E = k x FE, they can be rewritten as: 


< Btk,t) = ~ik x E_(k,t) (A-21a) 
2 Fe, (kt) = i2k x Blk,t) - ~F(k,2) (A-21b) 
ot Eo 


which yield the time evolution of the transverse fields EF, (k,t) and B(k, t). 


Comment 
One can also study the longitudinal projections of the two Maxwell’s equations (A-17c) 
and (A-17d). The result is trivial for the first one: as both sides of the equation are 
transverse, their longitudinal projections are zero. As for the second equation, (A-17d), 
it leads to: 
oF (k yack (k,t) =0 (A-22) 
Ot I ’ £0 J ll ? as 
Taking the scalar product of k with each side of this equation, using (A-18a) and the fact 
that k- 7 =k- jj, we find: 
O. cen 
Byes t)+ik-j(k,t) =0 (A-23) 
which is simply the continuity equation (A-4) in the reciprocal space, and does not provide 
any new information. 


A-2-e. Potentials 
In the reciprocal space, relations (A-7a) and (A-7b) between fields and potentials 
become: 
E(k, t) = —ikU(k, t) -— © A(k, 0) (A-24a) 
B(k,t) = ik x A(k, t) (A-24b) 
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and the gauge transformations relations (A-8a) and (A-8b) are written: 


A(k,t) > A’(k,t) = A(k, t) + ikX(k, t) (A-25a) 
U(k, t) > U'(k, t) = U(k, t) — S x(k 0 (A-25b) 


where ¥(k,t) is the Fourier transform of x(r, t). 

Since the last term in (A-25a) is a longitudinal vector, it is clear that a gauge 
transformation does not change the transverse part A (k,t), which thus defines a gauge 
invariant physical field: 


A’ (k,t) = A, (k,t) (A-26) 


Since k x A| = 0, the transverse projections of relations (A-24a) and (A-24b) yield the 
equations: 


E_(k,t) = —< As (ht) (A-27a) 
B(k,t) = ik x A,(k,t) (A-27b) 


Note that equation (A-27b) allows expressing A (k,t) as a function of B(k,t), as we 
now show. Taking the vector product of k with each side of this equation, and using the 
identity: 

ax (bx c)=(a-c)b—(a-b)c, (A-28) 
and the fact that k- A, (k,t) =0, we get: 


x a 


A (k, t) _ k2 


This equation, together with equation (A-27a), allow rewriting the two time evo- 
lution equations (A-2la) and (A-21b) for the transverse fields in a form only involving 
E,(k,t) and A, (k,t): 


(k x B(k,t)) (A-29) 





& Aa (byt) = —E, (k,t) (A-30a) 
2 Rk Ser AR oD (A-30b) 
ot E0 


In the absence of sources (7 (k, t) = 0), we get two coupled time evolution equations for 
the transverse fields EF, (k,t) and A, (k,t). They will be useful later on for introducing 
the field normal variables, and for the demonstration of the equivalence between the 
transverse field and an ensemble of harmonic oscillators. 





Time evolution equation for the transverse potential vector 


The time evolution equation for A. can be obtained by replacing E, in (A-30b) by 
—O0A_,/0t. We obtain: 


| 2,2] 4 Leg 
— k°| Ai (k,t) = —ji(k,t A-31 
lz che DR =, ah) (A-31) 
which is written, in the position space: 
Leo 1 
saa CAIJA t) = —sj t A-32 
E 2 | L(r,8) = shalt) (A-32) 
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A-2-f. Coulomb gauge 


Condition V - A(r,t) = 0, which defined in (A-9) the Coulomb gauge, becomes in 
the reciprocal space: 


ik. A(k,t)=0 «+ Aj(k,t) =0 (A-33) 


In the Coulomb gauge, the longitudinal vector potential is therefore equal to zero; there 
only remains the transverse vector potential, which, as mentioned above, is a physical 
field. 

What can be said about the scalar potential U in the Coulomb gauge? Let us 
consider the longitudinal part of each side of equation (A-24a). As the last term on the 
right-hand side is transverse in the Coulomb gauge, we get E\(k, t) = -ikU(k, t), which 
reads, in position space, E\(r,t) = —VU(r,t). The scalar potential is the potential 
whose gradient yields the longitudinal electric field. Equation (A-20) then shows that, 
to within a constant, U(r,t) is equal to: 


1 


1 
U(r,t) = Aieo d, or — v(t) (A-34) 


which is the Coulomb potential created by the charge distribution. 


Lorenz gauge 
In the present chapter and the next one, we shall mainly use the Coulomb gauge. Another 
gauge often used, in particular in the clearly covariant formulations of electrodynamics, 
is the Lorentz gauge” defined by the condition: 
VAG + = ea a0 (A-35) 
‘ c Ot : 


which can be written, using covariant notation: 
oy 0, A" =0 (A-36) 
wb 


The condition defining the Lorenz gauge thus keeps the same form in every Lorentz refer- 
ence frame, which is not the case for the Coulomb gauge (since in relativity, a transverse 
field of zero divergence in one reference frame is no longer necessarily transverse in another 
frame). Nevertheless, an advantage of the Coulomb gauge is that it allows the immediate 
identification, in a given reference frame, of the field variables that are really independent. 


A-3. Elimination of the longitudinal fields from the expression of the physical quantities 


It will be useful for the following discussion to eliminate the longitudinal fields 
from the expressions of the total energy H and the total momentum given by equations 
(A-6a) and (A-6b). We shall express these physical quantities only in terms of the truly 
independent variables, such as particle coordinates and speeds, and transverse fields. 





5The danish physicist Ludwig Lorenz is often confused with the dutch physicist Hendrik Lorentz. 
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A-3-a. Total energy 


We start by eliminating the longitudinal electric field from the last term in expres- 
sion (A-6a). Using the Parseval-Plancherel equality (A-12) and the fact that Ej (k, t) - 


E(k, t) = 0, we can rewrite this term as: 


dr [E* (r,t) + cB? (r,t)] = Hiong + Htrans (A-37) 

where: 
Fong = = [eve Ej (k, t) - E(k, t) (A-38a) 
Heros = if (°k [BY (k, t) - B, (k,t) + 2B"(k,t) Blk, d)] (A-38b) 


In (A-38a), we replace E(k, t) by expression (A-18a). We get, taking (A-12) and (A-13) 
into account: 


1 O*(k, t) p(k, t 
Hine=2= gs, OM ? ) Al ,t) 


7 k? 
= al {* dr , plr, tar’, t) 
879 lr —r’| 


Jadb 
- = OW. A- 
zo heout FS ae a “ira — To) —¥i = Vooul (A-39) 





The longitudinal field energy is thus equal to the Coulomb electrostatic energy Voow of 
the charge distribution p(r,t). In addition to the Coulomb interaction energy between 
different particles a and b, Vcow also contains the energy hé,,, of the Coulomb field of 
each particle a, which diverges for point particles. 

Expression (A-38b) for Htrans can be rewritten as a function of the variables 
E__(k,t) = —A,(k,t) and A, (k,t) introduced above for the transverse field: 


Fh S dk [Ai (&, 0) . A, (k,t) + w? A* (k,t) A (k,0)] (A-40) 


Finally, the energy of the global system field + particles can be expressed in the 
form: 


ae Ma? )+ Vooul + Ftrans (A-41) 


where we used the simplified notation r,(t) = dr,(t)/dt = v,(t). It is the sum of 
the kinetic energy of the particles, of their Coulomb energy, and of the energy of the 
transverse field. 
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A-3-b. Total momentum 


Similar computations can be carried out for the total momentum P. The field 
contribution contained in the last term of (A-6b) can be written as: 


E0 [ee E*(k,t) x B(k,t) = €0 [ee Ej (k,t) x B(k,t) 
— qt um 
Prong 
+ € [eve E* (k,t) x B(k,t) (A-42) 
—Kaqcfyr_—_q(~ 


Prrans 


where we have separated the contributions to P coming from the longitudinal and trans- 
verse components of the electric field®. Using (A-18a) and (A-27b), taking into account 
identity (A-28) and the fact that k- A, (k,t) = 0, we get: 


Lp*(k k 2 
Prong = co | ah iE x (ik x A (k,t)) 
Eo k 
= fk p(k, )AL,A) (A-43) 
We then have: 
Prong = fr pr DAL! 
= S- qaA. (as i (A-44) 


As we did above for (A-40), we can rewrite the expression of Pyrans as a function 
of the variables E,(k,t) = —A,(k,t) and A, (k,t) of the transverse field: 


Prrans = —€0 [os A* (k, t) x [ik x A_(k,?)] 
= ~ieo [ae k [A (k,t) - A. (k, t)] (A-45) 
The momentum of the global system field + particles can be written in the form: 


P= S° [tta%a(t) + da AL (Ta; t) + Prrans (A-46) 


Let us finally introduce the quantity: 
Pa(t) GS Maha(t) + qaA1 (Ta; t) (A-47) 


We shall see later that, in the Coulomb gauge electrodynamics, p,(t) is the conjugate 
momentum of r,(t), hence different from the mechanical momentum m,?f,(t). Expressed 





6The notation Prong should not lead us to believe that Ping is a longitudinal field vector itself: it 
is actually the vector yielding the longitudinal electric field contribution to the momentum vector; the 
same comment applies to Ptrans- 
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as a function of p,(t), the total energy (A-41) and total momentum (A-46) are written 
as: 


1 
H= Ss [Pa = qaAL hs ty] + Vooul + trans (A-48) 


2Ma 





P= D_Palt) + Prrans (A-49) 


where Atrans and Pirans were introduced in equations (A-38b) and (A-42). We shall 
see that H actually coincides with the Hamiltonian in the Coulomb gauge of the global 
system field + particles. 


A-3-c. Total angular momentum 


Calculations similar to ones just presented, but that will not be detailed here’, show that 
the contribution of the longitudinal electric field to the total angular momentum is equal 
to: 


Tiong = co fa rT xX (E| x B) = te x Ai(r a): (A-50) 


Adding Jiong to the particles’ angular momenta, we get, taking (A-47) into account: 


Ta X Mata t Jiong = ¥ Ta X Pa (A-51) 
» » 


a a 


so that we can finally write: 


J — x Ta X Pa + Jtrans (A-52) 
where: 
Ferans = €9 / dr [r x (Ex x B)] (A-53) 
B. Describing the transverse field as an ensemble of harmonic oscillators 
B-1. Brief review of the one-dimensional harmonic oscillator 


The energy of a harmonic oscillator is given by: 


1 1 
E= aint + Le (B-1) 


where w/27 is the oscillation frequency, and « the oscillator velocity: 





‘These calculations can be found in § 1 of Complement By in [16]. 
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This velocity obeys: 


d 
ai &= —ws (B-3) 


so that the equation of motion of zx is: 
é+w'z=0 (B-4) 


Consequently, the time evolution of x(t) is given by a (real) linear combination of cos(wt) 
and sin(wt). 

The dynamic state of the classical harmonic oscillator is defined at each instant by 
two real variables x(t) and «(t). It is often useful to combine them into a single complex 
variable a(t) by setting: 

c(t 
a(t)=C a +i aa (B-5) 
w 
where C' is an arbitrary (time-independent) constant. Relations (B-2) and (B-3) show 
that a(t) obeys the first order differential equation: 


a = C(é — iwx) = —iwC (« + i=) = —iwa (B-6) 


The time dependence of the new variable a(t) is therefore simply e~***. 

One can invert the system formed by equation (B-5) and its complex conjugate 
yielding a*, and compute x and & as a function of a and a*. Inserting the expressions 
thus obtained in equation (B-1) for the energy E, we obtain by a simple calculation®: 


2 


= ace (va + aa*) (B-7) 

The constant C' can be chosen so that: 

mu? hw 

eee Ne eee B- 

4022. (B-8) 
This leads, after quantization, to the Hamiltonian operator: 

~ hi 

A= = (aa + Gat) (B-9) 


which is the Hamiltonian of a harmonic oscillator®. 


B-2. Normal variables for the transverse field 
B-2-a. Vibration eigenmodes of the free transverse field 


In the reciprocal space, expression (A-40) for the free transverse field energy Htrans 


is a sum of quadratic functions of A, (k,t) and A,(k,t). For each value of k, we get 
a harmonic oscillator Hamiltonian. The evolution introduces no coupling between the 
various spatial Fourier components of the transverse field. We see the advantage of 
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€,(k) 


E(k) 


Figure 1: For each vector k, the transverse fields can have two polarizations characterized 
by unit vectors €1(k) and €2(k) perpendicular both to each other and to k. 





working in the reciprocal space: it enables us to identify the eigenmodes of the field 
vibrations, in the absence of sources. 

Actually, for each k, the transverse field can have two different polarizations 
characterized by unit vectors e;(k) and é2(k), both perpendicular to k and to each 
other, so that we can write for A,(k,t), as an example: 


A. (k,t) = A1es(my(R,t) €1(R) + Ares a(R, t) €2(k) = $2 Areicay(R,t) ex(k) (B-10) 
ei(k) 


10 





with: 
A Le.(n)(k; t) = €;(k) : A (k, t) (B-11) 


The set {k, €;(k)} defines what we shall call in this chapter a free field mode; they are 
the eigenmodes of the free field vibration, with a frequency: 


w = ck (B-12) 


To simplify the notation, we shall write the last summation in (B-10) in a more 
compact form: 


x Ate, p(k, t) ei(k = Ds Aue (k, te (B-13) 


€i(k) 


Let us rewrite expression (A-40) for Herans eXpliciting the components of the fields 
A, (k,t) and A, (k,t) on the polarization vectors. We get: 


Herans = 2 2 | dk > [Ais (k, )Axe(k, t) +w? AY (h, t)Are(k, 0] (B-14) 





8In view of the quantization where a and a* will be replaced by non-commuting operators @ and at, 
we keep the sequence of a@ and a* as they appear in the computations. 

°lf @ and p obey the canonical commutation relation [#,p] = ih, relation (B-8) for the choice of C 
also leads to the commutation relation [4, at] = 1. 

10We choose real vectors €1(k) and €2(k) corresponding to linear polarizations, but the choice of 
these two polarizations is arbitrary, since they can always be rotated by any angle around k. It is also 
possible to perform a more general change of basis with complex vectors defining elliptical polarizations, 
for instance the right and left circular polarizations es = (€1 + t i€2)//2. Circular polarizations are 
useful when discussing electromagnetic spin — see § 3 of Complement Bxrx. If complex (orthonormal) 
polarizations are used, €;(k) should be replaced by e*(k) in the right side hand of relation (B-11). 
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Note that the components on the two polarizations ¢ are truly independent dynamic 
variables (generalized coordinates and velocities). This is not the case for the Carte- 


sian components A,,(k,t) and A,,(k,t) (with i = x,y,z), because of the transversality 


condition. For example, the components A ;(k,t) must obey >7, kA ; = 0. 


Constraints on the dynamic variables in the reciprocal space 

Since the fields are real in real space, we have the condition A*(k,t) = A1(—k,t). 
In half the reciprocal space, the variables A,<(k,t) and A*,.(k,t) can be considered as 
independent . 


B-2-b. Definition of the normal variables, free field case 


Let us first assume that we are in the free field case (gj. = 0), and we can replace 
the field E, (k,t) by —A_, (k,t) in equations (A-30a) and (A-30b). As w = kc, we get two 
equations exactly similar to those of a harmonic oscillator (B-2) and (B-3), with A (k, t) 
instead of x(t). This analogy suggests introducing, as in (B-5), a new transverse variable: 


a(k,t) = N(k) Av.) + =A.(et)| 


€ 


kk 1 ~ 

= iN(k) li x B(k,t) — ~Bilk) (B-15) 
k wW 

where \V(k) is a real constant, not yet specified, which can depend on k (its value will 

be chosen at the beginning of the next chapter). This definition, together with (A-30b), 

yields the equation of motion for a(k, t): 


a(k, t) + wa(k,t) = 0 (B-16) 


As opposed to A, (k,t) that, according to (A-31), obeys a second order equation, this 
new variable a(k,t) obeys a first order equation. It is a complex variable whose time 
evolution is proportional to e~*“’, and not, as is the case for the variable A. (k,t), to a 
linear superposition of e~*”? and e+**. It will be useful in what follows to consider the 
complex conjugate of equation (B-15): 


a*(k,t) =N(k) Axi.) = = A106) 


€ 


Ww 


= N(k) Au(-k0) = -Ai(-k) (B-17) 


To go from the first to the second line of (B-17), we used the fact that A, is real in the 
real space, which leads to: 


A‘ (k,t) = A. (-k,t) (B-18) 


A similar relation exists for A .. The transverse variables a(k,t) and a*(k, t) are called 
the transverse field normal variables. We will see in the next chapter that the quantization 
process will transform these variables into annihilation and creation operators of photons. 
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B-2-c. Equation of motion for the normal variables in the presence of sources 


In the presence of sources, j, is no longer zero. We can still define the normal 
variables a(k,t) by relations (B-15), but we must now keep the term in j, (k,t) on the 
right-hand side of equation (A-30b). The same transformation that led us from equations 
(A-30a) and (A-30b) to (B-16) now yields a new equation of motion in the presence of 
sources: 


iN (k) 


Eo W 





a(k, t) + iwa(k, t) = j1(k, t) (B-19) 
This equation is strictly equivalent to Maxwell’s equations for the transverse fields. One 
can see this by taking the time derivative of equations (B-22a) and (B-22b) given below, 
and using (B-19) to get the time-dependent evolution equations (A-30a) and (A-30b) of 
these fields. 


Independence of the normal variables 


Another interest of the normal variables is that they are independent: there is no re- 
lation between a(k,t) and a*(—k,t) such as the one that exists between A, (k,t) and 
A’, (—k,t). This is because the real and imaginary parts of a(k,t) depend on two in- 
dependent degrees of freedom, A, (k,t) and its time derivative. It is easy to check, by 
changing the sign of k in (B-15) and by using (B-18) that: 


o(—k,t) = N(k) [At (k, 8) + “Al (k,t) Deedee (B-20) 


The knowledge of the a(k, t) in the entire reciprocal space does not entail the knowledge 
of the a*(k,t). Consequently, the integrals over k of the normal variables must be taken 
over the entire space, and not be limited to half the reciprocal space. 


B-2-d. Expression of the physical quantities in terms of the normal variables 


We are going to show that all the physical quantities can be expressed in terms of 
the normal variables. 


Q. Transverse fields in the reciprocal space 


Replacing k by —k, we can rewrite equation (B-17) as: 
a*(—k,t) =N(k) | A. (k,t) — Ai (k,¢) (B-21) 
w 


Using (B-15) and (B-21), we can now express A, (k,t) and A, (k,t) as a function of 
a(k,t) and a*(—k,t). We get: 


A, (k,t) = 





1 * 
ONE) [a(k, t) + a*(—k, t)] (B-22a) 


A. (k,t) = —i 





IN (ol) — 2° (kt) (B-22b) 
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B. Energy and momentum of the transverse field 


We insert relations (B-22a) and (B-22b) for A, (k,t) and A, (k, t) in the expression 
(A-40) for Hirans, using the more compact notation: 


a=a(k,t) ; a_=a(—k,t) (B-23) 
We get: 
2 
FHirans = S 5 We [(a* —a_):(a—a*)+(a*+a_)-(a+a*)| 
E w? ! . 
= - NAB [2a*-a+2a_-a*] (B-24) 


(in these equations, we keep the ordered sequence of a and a* as they appear in the 
computations, even though @ and a* are commuting numbers; the reason is that similar 
computations can be carried out in the quantum theory where @ and a* will be replaced 
by non-commuting operators). A change of variable k > —k in the integral of the terms 
in a_-a* yields an integral of a-a*. We then get: 


2 
wW * * 
trans = €0 pee 4N?(k) [a "A+Qa-a ] (B-25) 


Expliciting the components of a and a* on the two polarization vectors €¢ perpendicular 
to k, and using the simplified notation (B-13), we finally get: 


trans = €0 ee d, We [az (k, t)ae(k, t) + ae(k, t)az(k, t)] (B-26) 


This expression looks a lot like a sum of harmonic oscillator Hamiltonians; a suitable 
choice for the constant NV will be made in the next chapter. 

Similar calculations can be carried out for the transverse field momentum Pirans!'. 
Using equations (A-45), (B-22a) and (B-22b), we get: 


= 3 wW * * 
Pane = 0 f ah Saari [ae(h. Darel, t) + aelk,0z(b, 0) (B.27) 
Y. Transverse fields in real space 


Let us consider first the transverse potential vector A (k,t), whose expression in 
terms of the normal variables is given by (B-22a). To get its expression in real space, 
one must, taking (A-11) into account, multiply (B-22a) by (27)~°/%e*" and integrate 
over k. Making the change of variable k + —k in the integral containing a*(—k, t), we 
finally get: 


A, (r,t) = oar [ee ay wih [ae(k, t) e thr az(k, t) e* ene (B-28) 





11 The expression of the angular momentum Jtrans of the transverse field, in terms of the normal 
variables, will be computed in Complement Bxyx. 
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This relation (as well as the next two equations) is written in the general case where the 
polarizations may be complex, elliptical or circular (cf. note 10). This is why the term 
in az(k,t) contains a complex conjugate polarization e*. 

Similar calculations can be carried out for the transverse electric field as well as 
for the magnetic field. They yield: 


E, (r,t) = oars eve d, Web [ae(k, t) € e*” — at(k,t) e* eT] (B-29) 


1 ik 
BS (27)3/2 [eve d. Ne lac(k, t) K x € e'®? _ a*(k, t) Kx e* ene | 
(B-30) 


where « has been defined in (A-16) as the unit vector parallel to k. 


B-3. Discrete modes in a box 


So far, we have considered radiation propagating in an infinite space and used 
continuous Fourier transforms; in relation (A-11), the electric field is expanded on a 
continuous basis of normalized plane waves e“*'" /(27)?/?. It is often useful, however, to 
use a discrete basis, assuming the radiation to be contained in a box of finite volume, 
generally defined as a cube of edge length LD; this will frequently occur in the next two 
chapters when dealing with the quantized radiation. The components of each wave vector 
must obey the boundary conditions in the box!?, and hence take on discrete values: 


Kay,z = 20 Ne,y,z/L (B-31) 


At the end of the computation, nothing prevents us from choosing a very large value of 
L in order to check that the final result does not depend on L. 

Instead of continuous spatial Fourier transforms, one must now introduce discrete 
Fourier series where each physical quantity is expanded in terms of normalized plane 
waves e**? /L3/2_ The expansion (A-11) of the electric field then becomes: 


1 a ik-r 
E(r,t) = Fan S| Ex(t)e* (B-32) 
k 
with!s: 
7 d 3 —ik-r 
Ext) = 739 i dr E(r, te (B-33) 


The summation in (B-32) is discrete, and the integral in (B-33) is now limited to the 
volume V of the box. 





12QOne can choose to impose the field being zero on the walls, but it is generally easier to enforce 
periodic boundary conditions (B-31), which lead to the same k density of states. 

13In Appendix I, we used a slightly different definition for the Fourier series, with which the factor 
1/L3/? would be missing from (B-32), but where (B-33) would contain a factor 1/L°. The definition we 
use here is chosen to directly yield an expansion of E(r,t) on plane waves normalized in the cube. 
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Note that if the field is zero outside the box, it is obviously possible to use the con- 
tinuous Fourier transform (A-10) to get the field component E(k, t); however, this latter 
component is different from the discrete component Ex(t), because of the coefficients 
introduced in the definitions. The two components are related by: 


3/2 
E,(t) = (#) E(k, t) (B-34) 


The same changes can be made on the Fourier transforms of all the other physical quan- 
tities such as the magnetic field, the vector potential, as well as the charge and current 
densities. The equations in the reciprocal space such as equations (A-17), (A-21), (A-25) 
and the following, remain valid if we replace the continuous variables k by discrete vari- 
ables, since each side of those equations are multiplied by the same factor (27)°/ eral 
In the case of a zero field outside the box, the a,-(k,t) are also replaced by : 


ar,e(t) = ae ave( kt) (B-35) 


Coming back to ordinary space (r,t) via the inverse Fourier transform, we must 
use relations of the type (B-32) instead of (A-11). Consequently, once we replace in 
the integral over d°k the E(k,t) by the E(t), we must also introduce a multiplicative 
factor!: 


pee => as (B-36) 


k 


B-4. Generalization of the mode concept 


In the absence of sources, the solution of the equation of motion (B-16) for the nor- 
mal variable a-(k,t) is very simple, since it is an exponential with an angular frequency 
w = ck: 


ae(k, t) = ae(k,0)e*”? (B-37) 


Inserting (B-37) in the expressions we just obtained for the transverse fields and the other 
physical quantities, we see that the fields are linear superpositions of progressive plane 
waves, propagating independently of each other. The free field energy and momentum 
are the sum of the squared moduli of the various normal variables, each being time- 
independent and proportional to |ae(k,0)|?. 

The modes {k, ¢} introduced in this chapter permit expanding the free transverse 
fields on progressive plane waves. Nevertheless, other expansions on monochromatic 
waves that are not necessarily plane waves are also possible; they involve other families 
of modes, as we are now show, coming back to equation (A-31). In the absence of sources, 
any monochromatic solution of this equation, of the form Aw (r)e—*, necessarily obeys 
equation: 


(A+k) A (r) =0 (B-38) 





\4The product of the multiplicative factor of (B-34) and that of (B-35) yields the usual factor (27/L)?, 
obtained directly from (B-31). 
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(which is simply the Helmholtz equation) with k = w/c. The plane waves e+” are 
a possible basis of eigenfunctions for this eigenvalue equation, but not the only one. 
There exists other bases, such as the basis of stationary waves cosk-.r and sink -r, the 
basis of multipolar waves (radiation modes with a specific angular momentum, whereas 
plane waves have a specific linear momentum), or the basis corresponding to Gaussian 
modes. More generally, any linear combination of plane waves with the same modulus 
k can become a mode. Whatever basis is chosen, the transverse field energy will be 
a sum of the squared moduli of normal variables introduced in the expansions of the 
transverse fields on the eigenfunctions of that basis. The expression of the other physical 
quantities, however, will only have a simple form in a particular basis. As an example, 
the momentum of the transverse field is a sum of squared moduli only in the basis of 
progressive plane waves, whereas the field angular momentum has a simple form only in 
the basis of multipolar waves. 

Note finally that the field can be contained in a cavity with well defined bound- 
ary conditions. Finding the eigenfunctions of equation (B-38) obeying these boundary 
conditions is a way to determine the eigenmodes of this cavity. 


To conclude this chapter, we can say that the free radiation field is equivalent to 
an ensemble of one-dimensional harmonic oscillators associated with the modes {k, e} 
labeled by their wave vector and their transverse polarization. Each mode is associated 
with a field normal variable, similar to the classical variable of the corresponding classical 
oscillator, and which will become, in the quantization process, the oscillator annihilation 
operator. The results established in this chapter will be the simple starting point for the 
radiation quantization explained in the next chapter. 
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COMPLEMENT OF CHAPTER XVIII, READER’S GUIDE 


Axvill LAGRANGIAN FORMULATION OF 
ELECTRODYNAMICS 


The dynamic equations for the electrodynamic 
field (Maxwell’s equations) can be obtained from 
the Lagrangian formalism based on a principle of 
least action. This enables introducing expressions 
for the conjugate momenta of the various field 
variables, as well as for the field Hamiltonian 
when coupled to charged particles. The results of 
this complement are not indispensable for reading 
the other chapters and complements. They offer, 
however, an overview of a more general approach 
to quantum electrodynamics, which is essential 
for a relativistic treatment of these problems and 
for the use of path integrals (Appendix IV). 
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Complement Axvyit 


Lagrangian formulation of electrodynamics 
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Introduction 


As shown in Appendix III, the dynamics of a system of point particles in an external 
potential can be described either by Newton’s equations, or by a Lagrangian with the 
principle of least action leading to Lagrange’s equations, equivalent to Newton’s equa- 
tions. An advantage of the Lagrangian formalism is that it facilitates the quantization of 
the theory: it directly leads to the definition of the conjugate momenta of the particles’ 
coordinates, and of the system’s Hamiltonian, which is a function of the coordinates 
and the conjugate momenta. It then naturally introduces the canonical commutation 
relations, fundamental for the quantum description of the system. This complement will 
show, in a succinct way, how the Maxwell-Lorentz equations, studied in this chapter and 
the next, can be deduced from a Lagrangian and a principle of least action. This will give 
a more general justification for the expression of the Hamiltonian of the system “field + 
particles” postulated in Chapter XIX and for the commutation relations also postulated 
in that chaptert. Another advantage of the Lagrangian formalism, that we shall not 
exploit here, is that it is well suited to a relativistic description of the system “field + 
particles” which is why it is used in the quantum theory of relativistic fields. 





1The relations postulated in Chapter XIX are justified a posteriori by the fact that they lead to the 
correct Heisenberg equations for the quantum operators associated with the particles and the fields. 
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We start in § 1 by extending the computations of Appendix III to the case where the 
system coordinates are complex and not real, even though the Lagrangian remains a real 
quantity. We will also show that the principle of least action and Lagrange’s equations 
can be generalized to the field case, that is to a case where the system coordinates no 
longer depend on a discrete but on a continuous index, such as the point r in real space. 

The discussion will be illustrated in § 2, which studies the Lagrangian of the free 
radiation field in the absence of sources. The field will be described by its components 
in reciprocal space, which are complex quantities. The Lagrangian then depends only on 
the field components and their time derivatives, hence making the computations easier 
than if the fields were described by the real components in real space (this is because 
the Lagrangian in real space depends not only on the field components and their time 
derivatives, but also on their spatial derivatives). In this study, we shall establish the 
expression for the field Hamiltonian, and the canonical commutation relations of the 
components of that field. 

Finally, we give in § 3 the expression for the electrodynamic Lagrangian in the 
Coulomb gauge in the presence of sources; we show how Lagrange’s equations deduced 
from this Lagrangian coincide with the Maxwell-Lorentz equations studied in Chapter 
XVII. Several important relations for the quantization of the theory will be established: 
expression for the conjugate momenta of the particles and fields; expression for the 
Hamiltonian of the global system field + particles; canonical commutation relations. 
The results obtained in this complement give a base for the quantization process more 
general than the simplified approach of Chapitre XIX. The interested reader can find a 
more detailed description of the electrodynamic Lagrangian and Hamiltonian formalism 
in Chapter II of reference [16] and its complements. 


1. Lagrangian with several types of variables 


1-a. Lagrangian formalism with discrete and real variables 


The Lagrangian LD is a real function of dynamical variables composed of “general- 
ized coordinates” x;(t) labeled by a discrete index i and of the corresponding “generalized 
velocities” «;(t) = dax,(t)/dt. L is written: 


L [x1 (t), xe(t), ..0n(t); x1(t), £o(t), .. on (t)] (1) 


Consider a possible motion of the system where the coordinates x;(t) follow a 
certain “path” [ between an initial time t;, and a final time tg. The integral of L along 
the path [ is, by definition, the action Sp associated with this path: 


Gi / “dt L[e1(t), 22(t), w(t); 1(t), a(t), tw (0) (2) 


t1 


The principle of least action postulates that, among all the possible paths start- 
ing from the same initial conditions described by x;(t¢i,) and arriving at the same final 
conditions described by x;(t2), the system will follow the one for which Sp presents an 
extremum (if the path varies, Sp is stationary). Consider an infinitesimal variation 62;(t) 
and 6«;(t) of the dynamical variables around this path of extremum action, which does 
not change the initial and final values of the coordinates, i.e. such that: 


6x;(tin) = 62;(t2) = 0 (3) 
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The corresponding variation of the action 


7 OL OL 
= S | | 6ai(t) =— + da; d 4 
- i ; ba Ox; Fite) a , (4) 





must be zero to first order in 6x;(t) and 64;(t). We replace, in the last term of (4), 6%;(t) 
by: 


6%;(t) = < in(t) (5) 


and integrate by parts the corresponding term. The integrated part is zero because of 
(3). We then get: 


2 OL d0L 
is= f d_ Salt Fe a sae | (6) 


As 6S must be zero for any variation 6x;(t), the path actually followed by the system 
must obey the N equations: 








OL doL 








These relations are called Lagrange’s equations; they can be shown to be equivalent to 
Newton’s equations (Appendix III). 

The next step of the Lagrangian formalism is to introduce the conjugate momenta 
p; of the coordinates x;, defined by the equations: 


OL 
os 8 
Es Ox; (8) 





as well as the Hamiltonian H equal to: 


H=) ap, -L (9) 
Let us take the differential of H 
OL OL 
dH = da c,dp; — ~—dax; — ——dz; 
d [» ZY + Xj Di Ox; x On} x 
= [&idpi — pide] (10) 


To go from the first to the second line of (10), we used (7) and (8) to replace 0L/02z; 
by p; and OL/0x; by p;. We assume the #; can be expressed as a function of the x; and 
the p;. The Hamiltonian H is then a function of the coordinates x; and the conjugate 
momenta p;, whose evolution obeys, taking (10) into account, the 2N equations: 


dt = Op; dt — Ox; 
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called the Hamilton-Jacobi equations. 

Let us finally recall the canonical quantization process. One associates with the 
coordinates x; and the conjugate momenta p; the operators <; and p; obeying the com- 
mutation relations: 


[2i, Pj] = indi; (12) 
all the other commutators being equal to zero. These results are valid only if the coor- 
dinates x; are Cartesian components (see comment in § B-5 of Chapter III). 

1-b. Extension to complex variables 


Let us assume, to keep things simple, that the index 7 takes only N = 2 values. 
With the two real coordinates x;(t) and x2(t) we build the complex variables: 
1 1 
— |x1(t) + ixe(t X*(t) = — |x1(t) — ixe(t 13 
7g ete) a(t)| (t) 7g er) a(t)| (13) 
whose real and imaginary parts are, within a factor 1/./2, equal to 21(t) and x(t) for 
X(t), 21(t) and —2x2(t) for X*(t). Equations (13) can be inverted and yield: 


X(t) = 


1 : i 
yo el. BOS 


Analogous equations can be written, relating X(t) and X*(t) to @)(t) and #2(t) and vice 
versa: 


v(t) = X(t) — X*(0) (14) 


1 


X(t) = ple + ida] X= s [ea(t) — ééa(t)] (15) 
2 _ le a Se 2 7 te , a 
nQ=ZXO+ XO] — s() =- 5 [XO- XO] (16) 


Inserting in the Lagrangian (1) expressions (14) and (16) for the variables, we get a 
Lagrangian of the form L [X(t), X*(t), X(t), X *(t)] that depends on complex variables. 
Note however that just as in (1), this Lagrangian, even though it depends on complex 
variables, is still a real quantity since its time integral along a path T is an action (which 
is a real quantity). We now study what becomes of all the results established earlier 
using (1) when they are expressed as a function of X,X*,X and X*. 


Qa. Lagrange’s equations 


It is important, for what follows, to relate OL/OX and OL/AX to AL/Ox1, OL/Ax2, 
OL/0x, and OL/O«2. Using (14) and (16), we can write: 








OL _ Ob dm, , AL v2 _ 1 [OL _ ab an) 
OX  dx10X | dn.0X 2|dx1 ‘dzo 
OL OL dt OL Vig 1 2 oe is 
OX O04 OX 0% AX V2|0%1 Oke 
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Subtracting from equation (17) the time derivative of equation (18), we get: 


OL. dob A OL d OL a OL d OL 
Ox dt Ox ~ J2 Ox, dt Ox J2 Ox2 dt Ox 


The two parentheses on the right-hand side of this equation are zero since x; and x2 
obey Lagrange’s equation (7). It then follows that the left-hand side is also zero, as is 
its complex conjugate? : 


(19) 











ab a aL _, abd ab _ i 
OX dtax — OX* dt Ox* ~ 
which proves that X and X* also obey Lagrange’s equations®. 
B. Conjugate momenta 
In (18) we replace 0L/0%1 and OL/Ox2 by pi and pe (see Eq. (8)). We get: 
OL 1 
ee es Sai 21 
Sx = yglPt ie) (21) 
The complex conjugate of equation (21) is written: 
OL 1 
— = a(pit+2 22 
a fg Ps ip2) (22) 


To choose the definition of the conjugate momentum P of the complex variable 
X, it is useful to compare the way the conjugate momentum P and the velocity X are 
transformed upon the change of dynamical variables 11,%2 —> X,X*. We compare 
the first equation (15) and the two equations (21) and (22). The velocity X becomes 
£1 + ix; a wise choice would be to define the associate momentum P in such a way 
that its transformation yields p; + ip2. Equations (21) and (22) then clearly show that 
P must not be defined as 0L/9X, but rather as 0L/OX*; the complex conjugate P* is 
then equal to 0L/AX: 


ea ee) 
Ox Bae 


This is the definition we shall use in the rest of this complement. 





(23) 


y. Hamiltonian 


The quantity «1p, + <2p2 appears in the definition (9) of the Hamiltonian. This 
quantity can be rewritten by replacing 4; and #2 by their expressions (16) as a function 
of X and X*, as well as p; and po by analogous expressions as a function of P and P*: 

Pic aso cals, hes Vee et 
£1pi + L2p2 = pote rat? }e are a 
= XP*+ X*P (24) 


(Pa) 





Since L is real, we have (OL/OX)* = OL/0X* and an analogous equation for (aL/ax) ee 
3These results could have been obtained directly by the variational calculation leading to (6), con- 
sidering 6X and 6X™* to be independent variables. 
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We can then write: 
H = 4p + tape —L = XP* + X*P-—L (25) 


We now take the differential of H: 
OL OL OL... OL 





dH = XdP* + P*dX + X*dP+PdXx* dx dx* ~dX dx". (06 
tf 7, * ax” Ox ae ae 

Using (20) and (23), we get: 
dH = X*dP — P*dX + XdP* — PdXx* (27) 


If X and X* can be expressed in terms of the variables X, X*, P, P*, the Hamiltonian H 
only depends on those variables and we deduce from (27) the Hamilton-Jacobi equations: 


dX OH dP OH (28) 
de * aR dt 0X* 
and the complex conjugate equations for X* and P*. Note that it is the partial derivative 
with respect to P* (and not with respect to P) that is equal to the total derivative of X. 


é. Canonical commutation relations 


_Upon quantization, the different variables become operators %1, %2, pi, p2, x, P, 
x t Pi. The commutation relations between the operators Xx, P, x t Pi are abrauned 
by expressing those operators in terms of %1, £2, pi, peo and using ‘ie commutation 
relations (12). We can easily check that the only non-zero commutators are [X, Pt] and 


[P, Xt] = —[X, Pt]. Using (21), (22) and (23), we obtain: 
[X, Pt] = ; [t1 + t£2, Pi — ipe| 
= ; ([@1, Pi] + [@2, B2]) = ih (29) 
1-c. Lagrangian with continuous variables 


We now assume that the dynamical variables of the system depend on a continuous 
index, such as the point r in real space (or the point k in the reciprocal space when the real 
space is infinite). In other words, they constitute a field ¢;(r), where the discrete index 
j labels the component of the field if we are dealing with a vector field; in the reciprocal 
space, this field becomes o;(k). We shall only establish here Lagrange’s equations for 
a real field. In the upcoming § 2, we shall study the radiation field described by its 
complex components in the reciprocal space. We will then generalize to a complex field 
all the results established earlier for discrete and complex variables. This will yield the 
expression for the free field Hamiltonian and the commutation relations for the free field, 
which are essential for the quantum description of the field. 

The Lagrangian L of a real field is now the integral in real space of a Lagrangian 
density L: 


a if Br L(r,t) (30) 
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The Lagrangian density is a function of the field ¢;(r) and of its partial derivatives with 
respect to ¢ and to the components of r: 


L(r,t) = L (O; (r,t), b;(r, t), Od; (r, t)) (31) 
with the notation (i = 2, y, z): 

oj(7,t) = O¢b;(r, t)/Ot (32) 

Ox; (r, t) = 06; (r, t)/Or; (33) 


Consider a possible path I for the field, going from the value @,(r, tin) at an initial 
time tin to the final value ¢;(r,t2) at a final time t2. The action Sp associated with this 
path is, by definition: 


Sr = if vat far 2 (6)(7,8), 447, 0,8:64(7,0) oy) 


The principle of least action postulates that among all the possible paths starting from 
the same initial state and ending at the same final state*, the path(s) actually followed by 
the system is the one (or are those) for which Sp presents an extremum. Let us compute 
the variation 6S' of the action for an infinitesimal variation of the path, characterized by 
the infinitesimal variations 64, (r,t), 6(0¢,(r,t)/Ot) and 6 (0¢,(r, t)/Or;). 


= Pat feer¥ [posing + 5)3(r 1 thw A;6;(r, t)) — 


(35) 
Using: 
dd4(1,t) = 9 (5d,(r, t)) /At 
6 (0:9;(7, t)) = 0; (66;(r, t)) (36) 
and performing an integration by parts of the terms proportional to 0(d¢,(r,t)) /Ot 
and 0; (6¢;(r,t)), we find that the integrated terms are zero because of the boundary 


conditions for d¢;(r,t) at the initial and final times, and for r + oo. The remaining 
terms are therefore all proportional to 5¢;(r,t). Grouping them all, we find’: 








dav 
= ” a fae | d’r N° 66,(r 37 
x j 5 dt 0¢; 2% ‘Aa a oe 
As 6S must be zero for any time or spatial variations of 6¢,(r,t), we can deduce that: 
Of dade OL 
7 O; =0 38 


which are the Lagrange equations for the field. 





4We also assume that the Lagrangian density is zero or tends to zero fast enough when r goes to 
infinity. 
>The function 2 a does not directly depend on time t. It nevertheless depends indirectly on ¢ if 


we replace, as in (31), the fields and their derivatives by their values for a given history of the field. 


By convention, we then denote by 4 ae the time derivative of this function at each point of space. It 


contains the sum of the contributions of the partial derivatives of the function with respect to all the 
initial variables (the fields and their derivatives). 
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2. Application to the free radiation field 


We now study the free radiation field (in the absence of sources) starting from its La- 
grangian density in reciprocal space. We choose the Coulomb gauge so that the longitudi- 
nal vector potential Aj is zero and A is reduced to A; furthermore, the scalar potential 
is also zero since, in the Coulomb gauge, it would be the potential corresponding to the 
Coulomb field created by the charges (see relation (A-34) of Chapter XVIII), and we are 
assuming that there are no charges. The only fields we have to consider are thus the 
transverse electric field and the magnetic field related to the transverse potential vector 
by the following equations in real space: 


E, (r,t) = —A,(r,t) B(r,t) =V x AL(r,t) (39) 
and in the reciprocal space: 


E(k, t) = —A,(k,t) B(k, t) = ik x A,(k,t) (40) 


2-a. Lagrangian densities in real and reciprocal spaces 


The Lagrangian density most commonly used in real space is®: 


L(r,t) = S [E? (r,t)? B(r,t)| (41) 


where c is the speed of light. Using (39), we see that this Lagrangian density depends 
both on A, (r,t) and A, (r,t), as well as on the spatial derivatives of A, (r,t). 
We now go to the reciprocal space. The Lagrangian LD is then written as: 


L= [vk Zee.0) (42) 


where the Lagrangian density “(k,t) in the reciprocal space is obtained from (41), 
rewriting the fields in the reciprocal space’. Let us evaluate the contribution to the La- 
grangian of the two terms in the bracket of (41). Using (40) and the Parseval-Plancherel 
equality — see relation (A-12) of Chapter XVIII — we can write: 


perez) .E, (r,t) = [veaicen . A, (k,t) 
forse -B(r,t) = jee [(-ik x A%(k, t)) - (ik x A, (k,t))] (43) 


As the two vectors k x A* (k,t) and k x A,(k,t) are in the plane perpendicular to k, 
we have: 


[ee [(-ik x A’(k, t) - (ik x A,(k,t)] = [eve k? A* (k,t)- Ax (k,t) (44) 
Finally, the Lagrangian density in the reciprocal space is written as: 


PA(k,t) = S [Ai (x, ) - A, (k,t) — 2k?.A* (k,t) - A, (k, t) (45) 





6This density has the advantage of being a relativistic invariant (Lorentz scalar). 
TWe use the notation “(k, t) for this Lagrangian density even though this function is not the Fourier 
transform of “(r, t). 
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The generalized coordinates of the field can be seen as components of the transverse po- 
tential vector, and the generalized velocities as the time derivatives of these coordinates. 
As opposed to -/(r, t), £(k,t) depends only on A* (k,t) and A, (k,t), and not on the 
partial derivatives of A* (k,t) with respect to the k components. The computations will 
thus be simpler in the reciprocal space. 

It will be useful for what follows to introduce the Cartesian components of A | (k, t) 
in the reference frame formed by & = k/k and the two polarization unit vectors €1(k) 
and €(k) in the plane perpendicular to k. Since A, (k,t) is transverse, it does not have 
any component along &, and we can write: 


L(k,t) = FAL (kA Lek, t) — PRAY (bt) Are(k, 2) (46) 


where 5°, is a simplified notation representing the summation over the two transverse 
polarizations ¢;(k) and €2(k) — see relation (B-13) of Chapter XVIII. 


2-b. Lagrange’s equations 


Equation (38) becomes here: 


dL(k,t) d AL(k,t) 
OA* (kt) dt 9A* .(k,t) 





=0 (47) 


We then get, taking (46) into account: 
A, e(k,t) + 2k?A,2(k, t) =0 (48) 


This equation coincides with equations (A-30a) and (A-30b) of Chapter XVIII, which 
give the time evolution of the transverse vector potential of a free field in the absence of 
sources (we set 7, = 0). We recover, as expected, the predictions of Maxwell’s equations 
in the usual formulation of classical electrodynamics. 


2-c. Conjugate momentum of the transverse potential vector 


To define the conjugate momentum II, .(k, t) of the complex variable A. -(k,t), 


we use expression (23). Note however that the velocity Any (k,t) appears several times 
in the integral over k of Y (k,t). Consequently, we must add all the corresponding 
contributions of the partial derivatives of Y(k,t) with respect to these various velocities 
in the definition of the conjugate momentum II, .(k,t). This situation results from the 
fact that the fields are real in real space. The Fourier transform properties then lead to 
(cf. relation (B-18) of Chapter XVIII): 


Ai(r,t)=Ai(r,t) =  Ax(k,t) =A} (-k,t) (49) 


and to an equivalent relation for the time derivatives of the components of the trans- 
verse potential vector. In the integral over k of L(k,t) we get, in addition to the term 


A* .(k, t)A.e(k, t), the term A*_.(—k, t)Ai-(—k, t) which, according to (49), is equal to 
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Aie(k, t) Aie(k, t)* and therefore doubles the first term. If we ignore the terms in —k, 
we must then double the contribution of the terms in k, which yields: 


dP (k, t) 
aA* .(k, t) 
= eyA,e(k,t) = —enE 1 ¢(k,t) (50) 


Il, -(k, t)=2 


The conjugate momentum of the transverse potential is seen to be equal, within a factor 
—€g, to the transverse electric field. 

Another equivalent way to obtain (50) is to use, in the Lagrangian expression, only 
independent variables. The reality condition (49) ensures that, if one knows the variables 
in half the reciprocal space, one knows them in the entire space. One can define L as the 
integral over only half the reciprocal space (where all the variables are independent) of 
a Lagrangian density, noted Y(k, t), equal to twice the initial density. Writing “ f ” the 
integral over half a space (the bar indicating that the k space is divided into two parts), 
we get: 


b= fa Lk, t) (51) 
with: 
P(k,t) = 60 > |Aie(k, A re(h,t) — 0? AY (kA (k,t)] = 2 Pk, 1) (52) 


€ 


so that one can also define the conjugate momentum of the transverse potential vector 
as: 


2 OL(k,t * 
Il, -(k,t) = oe = £9A_.-(k,t) (53) 
OA* .(k, t) 
2-d. Hamiltonian; Hamilton-Jacobi equations 


The Hamiltonian H of the free radiation field is obtained by generalizing, to con- 
tinuous variables, expression (25) established for discrete variables. To only include 
independent variables in the integral over k of the Hamiltonian density H(k,t), this 
integral is taken over only half the reciprocal space: 


H =f H(k, t) (54) 
where the Hamiltonian density H(k, t) is equal to: 
H(k,t) = —P(k,t) + D> [Are(k, OL (bt) + AL (k, OiLLe(k, 8] (55) 
é 
which yields for H, taking (53) and (52) into account: 


f= cof ak Y- [Ai elk, t)Are(byt) + PW AY (k,)ALe(b, A]. (56) 
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If the integral over the half-space in (56) is extended to the entire space, one must replace 
€o by €9/2; we then get the same expression as (B-14) of Chapter XVIII for the energy 
of the free transverse field. The Hamiltonian obtained with the Lagrangian formalism 
coincides with the field energy. 

We can write expression (55) for H(k, t) as a function of only the variables A, -(k, t) 
and II, .(k,t). Using (53), we get: 


2 {x 4 es : 
He,t) = > | Ai bee) + s0e?R2AY 00) Ase (57) 


Equations (28) can then be generalized and yield the Hamilton-Jacobi equations for 
A.e(k, t) and II, e(k, t): 


2 JH(k, t) fy 22 

A. e(k,t) = ——- = — I -(k,t 58 
ie(k, t) BIT (kt) ~ eo ie(k, t) (58a) 
i OH(k, t) Se 

Il, e(k,t) = -—- 2 _ = ~e9c?k* A, (kt 58b 
ie(k, t) DAs (kf) Ec te(k, t) (58b) 


It is easy to check that the two equations (58a) and (58b) are the same as Maxwell’s 
equations (A-30a) and (A-30b) of Chapter XVIII, which describes the evolution of the 
transverse fields in the absence of sources. Equation (58a) of the present complement and 
equations (A-30a) of Chapter XVIII are identical, and define the transverse electric field 
as a function of the time derivative of the transverse potential vector. As for equation 
(58b) of this complement and equation (A-30b) of Chapter XVIII, they are the same 
when j = 0. They describe the evolution of the transverse electric field. 


2-e. Field commutation relations 


Generalizing the canonical commutation relation (29) to the case of continuous 
variables, we get: 


4 at 
A,e(k), IL) -(k’)| = ih deerd(k — k’) (59) 


all the other commutators being equal to zero. The Kronecker delta dee: of the vectors 
é and é’ is equal to 1 if both these vectors are the same, and to 0 if they are different. 


Comment 

The canonical commutation relations only apply to independent conjugate variables, which 
is the case for the components of the various fields along the transverse polarization di- 
rections. Now the field components on an arbitrary fixed reference frame{ez, ey, ez}, 
A.i(k) with i = x,y,z, are not independent because of the transversality condition 
> ki Aii(k) = 0. Therefore: 


A 


A .s(be), 11, ,(H)] ads (he — B’) (60) 


4s at 
To get the correct commutation relation between A_,(k) and II, ;(k’), we must express 
both quantities as functions of their components along the two polarization vectors é¢ and 
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e’, which are perpendicular both to each other and to k (here we choose a basis of linear, 
real, polarizations), and then use (59). As an example: 


Aik) = ei Aie(k) + €,A.e(k) (61) 
where: 
6 =e, € e,=e,-e' (62) 
We thus get: 
2 at 
[Au(e), TL, ,(k’)| = in (exe; + fel) 6(k — B’) (63) 


This equation can be further transformed by noting that e, e’ and k/k form an orthonor- 
mal basis, so that: 


ei€g + e4e; + kik, /k? = bij (64) 


4 at 
Finally, the correct commutation relation between A_j;(k) and II, ;(k’) is written: 





2 at ‘ kik; 
[Au T,()] = ah [65 — 54] 6-8) (65) 
We multiply both sides of (65) by e**’"e ee Ome and integrate ue k and k’. We then 
get on the left-hand side the commutator of the fields in real space®, [A,i(r ) Il1;(r’)], 
and on the right-hand side the Fourier transform of the function (5;; — kik; /k?) which is 
the transverse delta function? 6;5(r — r’): 

















[Ai( ae 
d®k | dk’ en ihr eth Bs = a i(k — k’) 
Z = oa ties PEON Sip ae ) = ind (r =r’) (66) 
2-f. Creation and annihilation operators 


The normal variable a(k, t) introduced in equation (B-15) of Chapter XVIII has a 
time evolution e~*“', where w = ck for the free field case. According to § B-1 of Chapter 
XVII, this variable becomes, upon quantization, the annihilation operator @_(k,t) of 
the harmonic oscillator associated with the mode {k,¢}. As for the complex conjugate 
of this normal variable, it becomes the creation operator @!(k,t). These two operators 
are therefore written as: 


Ge(k, t) = N(k) [Arete + othuelht) 
al (k,t) = N(k) 4} .(6.0 oe ft 0) (67) 


EQw 





8For the term in iy (k’), we use the reality condition fh (k’) = IL, ;(—k’) and change k’ into —k’ 
in the integral over k’. 

°The interested reader can find details on the properties of that function in Complement Ay of 
reference [16]. 
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where we have used (53) to write A,<(k) = (1/eo)[l,-(k). The quantity N(k) is a 
normalization constant, arbitrary for now. It can, however, be determined by imposing 
for the commutator of the two operators (67) a generalization of the well-known relation 
[a,a'] = 1 for the harmonic oscillator. We thus use the two equations (67) to compute 


the commutator [ae (k), al, (k’ ) as a function of the commutators of the fields A, and 


I. and of their adjoints. Since the only non-zero commutators are between A, and Tr, 
as well as between Ai, and I, we get: 
% a —1 
de(I), al, (h")] = N?(k)— 


EQw 


{ [Are(), (| ‘ [Fie(z), At, (k’)| } 


7 N74) =f 2indcedlh = K)} 


0 


— 2p) 2 _ Ep! 
= N?(b) =~ beer (k ~ k') (68) 


To go from the first to the second line of (68), we used (59) and its complex conjugate. 
The constant N(k) is finally determined by imposing the commutators between the 
annihilation and creation operators to be equal to dce6(k — k’), which yields: 


N(k) = (st = ae (69) 


Inserting this relation in equality (B-25) of Chapter XVIII, we find that the contribution 
to the classical energy of the mode {k, ¢} is: 
hw 
2 


We shall see in Chapter XIX that it is indeed the equivalent of the expression for the 
quantized radiation Hamiltonian. 





[ae(k)ae(K) + ae(K)ae(k)] (70) 


2-g. Discrete momentum variables 


We examined, in § B-3 of Chapter XVIII, the case where the radiation is contained 
in a box of finite volume L°, which leads to a discrete summation over the momenta. 
Relation (59) then become: 


4 at 
[Askettnee| = ih bee Ok,k! (71) 


Applying the substitution (B-34) or (B-35) of that chapter to both sides of (67), the two 
coefficients (27/L)° cancel each other, and these relations remain unchanged (aside from 
the fact that k is now a discrete index rather than a continuous variable). 

As for the relations (68), they become: 


oe 2h 
[tues or] = N2(h) = Bee Bae (72) 


With the choice (69) for V(k), we check that the commutator is equal to unity if k = k’ 
and € =e’. 
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3. Lagrangian of the global system field + interacting particles 


We now study the Lagrangian of the total system, including the interactions between the 
particles and the electromagnetic field. 
3-a. Choice for the Lagrangian 
We choose a Lagrangian expressed as: 
L=Lr+U0p+L; (73) 


where Lr depends only on the radiation variables, Lp only on the particle variables, 
and L; on both types of variables as it describes the interactions between particles and 
radiation. 

For Lr, we shall take the Lagrangian introduced above for the free field — see 
relations (51) and (52): 


La = f Pk Zalk,t) = cof Pk [A (hd re(Bt) — WP Ay eC, )Are(h,t)]. (7A) 


For the Lagrangian Lp of the particles, labeled by the index a, we shall use the usual 
Lagrangian for a system of particles, i.e. the difference between their kinetic energy and 
their potential interaction energy which comes from the Coulomb forces they exert on 
each others: 


Lp = » 5a rao) = Vou (75) 
Finally, the interaction Lagrangian will be chosen as: 

L;= feraey -A_(r,t) (76) 
where j(r,t) is the particle current density given by the expression: 


= So ata(t) 6(r — ra(t)) (77) 


and qq is the charge of particle a. This expression does not contain terms including A), 
the charge density p(r,t) or the scalar potential U(r,,t). This is because of our choice 
of the Coulomb gauge in which Aj is zero, so that the energy of the longitudinal electric 
field only depends on the particle variables; the same is true for the scalar potential, 
which is at the origin of the term Voou included in the particle Lagrangian (75). 

For the following computations, it will be useful to give other equivalent expressions 
for L;; depending on the problem we focus on, we shall use the most suitable expression. 
Inserting (77) into (76), we get: 


b= f ar i(r,t) eA ded) = Datel ee Cre (78) 
Now, using the Parseval-Plancherel identity, we get: 
Ly= f ar s(rst)-Alryt) = [Pk Fb,t)- Ase) (79) 
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In the integral over k in (79) we get the sum: 
F (ht) Ax (k,t) +9°(-k,t) As (—k,t) = 7"(k,t)- Ai (k,t) +5(h,t)- Ai (k,#) (80) 


Limiting the integral to half the reciprocal space, we can write: 
BA / dk j*(k, 0) Ay (bt) 


= fate F()- Av(k) +51.) ALO) (81 


3-b. Lagrange’s equations 


We now show that the Lagrange’s equations associated with (73) coincide with the 
Maxwell-Lorentz equations, which will be a justification for the choice of L. 


Q. Field Lagrange’s equations 


The time derivative of the transverse potential vector A te only appears in the 
Lagrangian density “p(k, t) written in (74). Writing Y the Lagrangian density of the 
total system, we can write: 


OL OLR 


a 2 SAD) (82) 

OA* .(k,t)  OA*.(k,t) 
Now A..-(k,t) appears both in Yp and in Y which is the function to be integrated in 
the last integral of (81). We get: 


OL OLR OL; 


2 = a t= = 212 A 2(k,t ce -(k,t 83 
OA .(h0) OA .(,8) * OA, (hg) 0 * AbD + He) (83) 





The field Lagrange’s equation is obtained by setting equal the time derivative of (82) and 
relation (83), which yields: 


2 sgh ats 
Aie(k,t)+ 7k? A, -(k,t) = gjJte hat) (84) 


We thus get the time evolution equation of the transverse potential vector in the presence 
of sources, which we already obtained in (A-31) of Chapter XVIII. 


B. Lagrange’s equations for the particles 
The velocity r, of particle a appears in both Lp and L;. Noting x, the component 
of 7, on the x axis, we get: 
OL  OLp_ OL; 
Of, § Ot, OF, 








= Mata t+ daALs (a(t), t) (85) 


We now compute the time derivative of this expression. The time dependence of the 
second term of (85) is explicit via the time dependence of the vector potential, implicit 
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via the time dependence of the point r,(t) where this potential is evaluated. We therefore 
have: 


d OL JA 1a (Tat) 


Wat = Maa a ala A a(Ta,t 86 
did, Mela + | OL + dafa: VALax(Ta;t) (86) 


The partial derivative of the transverse vector potential with respect to t leads to the 
transverse electric field: 


OA. a(Ta,t 
qa Aaetast) = —qaE12(Ta,t) (87) 
t 
As for the last term of (86), it can be written: 


OAL» " OAs _ OALe 
OLa + Ya OYa w84 OZa 





Gata . VAiz(Ta; t) = da La (88) 


We now compute the partial derivative of L with respect to the component x, of 
Tq, Which appears in the term Voou of Lp as well as in L; (via the position dependence 
of A_). We obtain: 


OL OLp OL; OVcoul fl OA, 
= = ala’? —— 89 
OXg OXa r OXa OXa + GP OXa ( ) 
The term —OVcou1/OXaq is the Coulomb force exerted on the particle a, i.e. the force due 
to the electrostatic field created by the charge distribution and acting on the charge qq 


at point r, where the particle a is located. It can also be written as: 


_ OVcoul 


= 90 
OXa daL\|2 (Ta, t) ( ) 


where E} is the longitudinal electric field, since, as we saw in Chapter XVIII, the longi- 
tudinal electric field is equal to the electrostatic field created by the charge distribution. 
Finally, let us explicitly write the last term of (89): 














. OAL . OA,  . OA,  . OA; 
“a = da |LaZD a a 91 
ae Go, lo Oa ie O24 ue Org 21) 
Lagrange’s equation for particle a : 
d OL OL 
res = 92 
dt 0%, OX, (92) 
can thus be written, using the previous results: 
OA 
Maa = daEa(Ta; t) — daa . VAs + daa ‘ ae (93) 
ze 
where the total electric field at point r, is : 
E(rq) = E. (rq) + E\(r2) (94) 
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We can write explicitly the last term of (93) by regrouping equations (88) and (91). We 
then get: 





aa qa?a . VAix + qa?a a OAL 
OXe 
= . (OAly OAs ; OAl, OA, 
Fees OXg OVa *\ Oz, OXa 
=a [Ta &(V XAx)),. = delta x B)e (95) 


This yields the Lorentz magnetic force exerted by the magnetic field on the particle with 
velocity rg. To sum up, Lagrange’s equation for particle a is written: 


Maka = daE (Ta) + daha X B(ra) (96) 


and coincides with the Lorentz equation (A-3) of ChapterXVIII. The Lagrangian we 
chose above therefore leads to the right equations for the field and the particles. 


3-c. Conjugate momenta 


The equation (82) established above can be used to compute the conjugate mo- 
menta II, -(k,t) of the field variables A, .-(k, t): 


OL OLR 


a A, (k, t)) = -€0 Be (k, t) (97) 
OA* (k,t) OA*.(k,t) 


The (k, t) = 


In a similar way, the computation of the conjugate momentum of the coordinate 
rq of particle a is the same as the one leading to equation (85): 


_ OL _ OLp , lr 
Or, Oe Oe 








Pa = Mala + da AL (Ta) (98) 


3-d. Hamiltonian 


Since A, and is i eoA 1. appear only in the radiation Lagrangian Yp, which 
only depends on the radiation variables, the Hamiltonian of the global system must 
contain a term Hp identical to the expression (56) found for the free field. 

To obtain the other terms coming from the particle conjugate momenta and from 
the subtraction of Lp and Ly, we first compute >, ta - Pa. Equation (98) yields: 


S> Pa ‘Pa = S° [iar + daa a A. (ra)| (99) 


We must now subtract from (99) the values of Lp and Ly; given by equations (75) and 
(78). The term coming from L; cancels the last term of the right-hand side of (99) and 
we are left with: 


V 1 <2 [Pa = daAt (rq)|° 
Cal a Mak, = Veet ) (100) 


2Ma 
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Finally, the global system Hamiltonian is given by: 


oz qaA1(ta)]” 


H = Hr+Voo+ > [Po = (101) 


where Hp has the same form as (56) for the free radiation. This result is a justification 
for the expression of H given in equation (A-41) of Chapter XVIII. 


3-e. Commutation relations 
Since the radiation variables and their conjugate momenta are the same as for the 
free field, the commutation relations (59) established for the free field remain valid: 


4 at 
A.e(k), Il, </(k')| = 6h dee 6(k — k) (102) 


all the other commutators being equal to zero. As for the commutation relations for the 
positions and conjugate momenta of the particles, they are the usual relations: 


[Pais oj] =ih Sab 09 (103) 


where the indices a,b label the particles and the indices i,7 = x,y,z the Cartesian 
components of r and p. 

As in § 2-g, one can extend these commutation relations to the case where the 
momenta are discrete. 
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Introduction 


This chapter presents a quantum description of the electromagnetic field and its in- 
teractions with an ensemble of charged particles. Such a description is necessary for 
interpreting certain physical phenomena such as the spontaneous emission of a photon 
by an excited atom, which cannot be carried out with the semiclassical treatments we 
have used previously! (classical description for the field, and quantum description for the 





1See for example in Complement Axzz the study of the interaction between an atom and an 
electromagnetic wave. 
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particles). Imagine, for example, that a monochromatic field with angular frequency w 
is described by a classical field Eo cos w¢; its interaction with an atom is then described 
by the Hamiltonian H 1 = —D.-Eocoswt, where D is an operator (the electric dipole 
moment) whereas Ep remains a classical quantity”. Such a treatment is adequate for 
understanding how the field can excite the atom from its ground state a with energy 
Eq towards an excited state b of energy Ey; the processus is resonant if w is close to 
the atomic Bohr frequency wo = (Ey — E,) /fh. Imagine now that the atom is initially 
in the excited state b, in the absence of any incident radiation. The classical field Eo 
is then identically zero and, consequently, so is the interaction Hamiltonian H;. The 
Hamiltonian of the total system is then reduced to the atomic Hamiltonian Hy. Since 
this operator is time-independent, its eigenstates are stationary, including, in particular, 
the excited state b. The semiclassical theory predicts that an atom, initially excited in a 
state b in the absence of incident radiation, will remain indefinitely in that state. But this 
is not what is experimentally observed: after a certain time, the atom spontaneously falls 
into a lower level a, emitting a photon whose frequency is close to wo = (Ey — Eq) /h. 
This process is called spontaneous emission and happens after an average time called 
the radiative lifetime of the excited state b. This is a first example of a situation where 
a radiation quantum treatment is indispensable. It is far from being the only exam- 
ple: numerous experiments, more and more elaborate, have created situations where the 
quantum description of the electromagnetic field is necessary. 

This chapter presents the base of this quantum description, while following an 
approach that is as simple as possible — a more general presentation of the quantization of 
the electromagnetic field is possible with the Lagrangian formulation of electrodynamics 
(Complement Axvi. In the previous chapter, we underlined the analogy between the 
eigenmodes of the radiation field vibrations and an ensemble of harmonic oscillators. We 
shall use this analogy in § A of this chapter, and proceed to a simple quantization of 
this ensemble of oscillators. With each eigenmode i of the classical field, described by 
normal variables a; and a7, we shall associate annihilation @; and creation a! operators, 
obeying the well-known commutation relations [aa | = 1. We shall also propose a 
plausible form for the quantum Hamiltonian of the system “field + particles”, starting 
from the classical energy of that system established in the previous chapter. We will see 
that the equations of evolution® for these various quantities in the Heisenberg picture 
(Complement Gy) are the transposition of the Maxwell-Lorentz equations to operators 
describing fields and particles, properly symmetrized. This will yield an a posteriori 
justification for the simple quantization procedure we used. 

Several important properties of the free field (in the absence of sources) are de- 
scribed in § B. The state space of this field has the structure of a tensor product of Fock 
spaces, analogous to those studied in Chapter XV; the elementary excitations of the field 
are called photons. A few important states of the field will be described: the photon 
vacuum, where no photons are present (but where there exists, nonetheless, a fluctuating 
field throughout the entire space, with a zero average value), the one-photon states, and 
the quasi-classical states, which reproduce the properties of a given classical field. 

Finally, § C studies the interaction Hamiltonian between an electromagnetic field 
and particles, in particular when those are neutral atoms (such as the Hydrogen atom 





2For the sake of clarity, we use in the entire chapter and its complements the symbol “hat” to 


distinguish an operator G from its corresponding classical quantity G. 
3More concisely, we shall call them Heinsenberg equations. 
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where the positive and negative charges of the atom’s constituents balance each other). 
It is then possible to distinguish between two types of atomic variables: the center of 
mass variables (external variables) and the “relative motion” variables in the center of 
mass frame (internal variables). We shall also study the electric dipole approximation, 
valid when the radiation wavelength is large compared to the atomic sizes, as well as the 
selection rules associated with the interaction Hamiltonian. 


A. Quantization of the radiation in the Coulomb gauge 


A-1. Quantization rules 


In the previous chapter, we established in relation (B-26) the following expression 
for the energy of the classical transverse field: 


ie / Bk 3 Ww [ax (k, t)ae(k, t) + ae(k, t)at(k, t)] (A-1) 


where ae¢(k,t) and az(k,t) are the normal variables describing the transverse field, w = 
ck, and N(k) a real normalization constant that appeared in the equations defining the 
normal variables in terms of the transverse potential vector and its time derivative: 


RD = Ast.) zs, [Asko] 








a" (k, t) = N(k) Ai, t) - * Aik, 0] (A-2) 


The analogy between the free transverse field and an ensemble of classical harmonic 
oscillators of frequency w associated with the modes {k, e} is clearly seen in expression 
(A-1). 

To quantize the field, this analogy suggests replacing the normal variables a-(k, t) 
and az(k,t) by annihilation and creations operators. We shall use in this § A the 
Schrédinger picture where these operators are time-independent and where the time 
dependence only appears in the evolution of the state vector. The quantization proce- 
dure will consist in replacing the a¢(k,t = 0) by time-independent annihilation operators 
a-(k), and of course the az(k,t = 0) by the adjoint creation operators a!(k). Once this 
operation is performed on (A-1), we obtain a quantum Hamiltonian identical to a sum of 
standard harmonic oscillator Hamiltonians, provided the factor w?/4N ?(k) multiplying 
the bracket on the right-hand side of (A-1) is equal to fiw/2e9. We therefore choose for 
N(k) the value: 


N(&) = [9% = ae (A-3) 


This relation is the same as relation (69) of Complement Axyy, obtained from the 
commutation relations. We now replace in (A-1) the classical normal variables ae¢(k, t) 
and ax(k,t) by the operators @e(k) and i(k) obeying the commutation relations: 


[ae(K), al, (h")| = deer 5(k — k’) (A-da) 


[ae(k), Ger(k")] = [ab (k), af, (k’)] = 0 (A-4b) 
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This yields the Hamiltonian operator (as this operator will be frequently used, we 
simplify the notation and replace Htrans by Hp): 


Fi = Flan = [ae J [al (hs) te(k) + de(bah (4) (A-5) 


which has the expected form for the quantum Hamiltonian of the transverse field. 

Extending this procedure, we now replace the classical normal variables by anni- 
hilation and creation operators in all the classical expressions established in the previous 
chapter for the various physical quantities. The transverse momentum — see equation 
(B-27) of Chapter XVIII — becomes: 


Parana = f a8 37 [ab(beae(h) + de() AL (&)] (A-6) 


As for the transverse fields, written in (B-29), (B-30) and (B-28) of Chapter XVIII, they 
become linear combinations of creation and annihilation operators: 


° ; dek hw 1/2 7 i . : iis fe gh 
E\(r) =i i: (ans =] [ae(k) € err a Gl(k).e* 6 ] (A-7) 
Baht AO de fw | i pei 
Ber) == | aoa =| [ae(k) Kx e e™* —al(k) Kx e* e® | (4:8) 
A dk h a? op ik-r A * —tk-r 
A.(r) = i npr =| [ae(k) €€ er al (hk) e* e ] (A-9) 
Comment: 


As in Chapter XVIII, these relations are written in the general case where the polarizations 
may be complex (elliptical or circular). Complex conjugate e* of the polarization vectors are 
therefore associated with the creation operators. It is of course necessary to check that the 
quantification procedure is independent of the arbitrary choice of the polarization basis. If a 
quantization is performed with a given basis of polarizations, by substitution one can calculate 
the operators multiplying e¢ and e* in the new basis, and check that the commutation relations 
of these operators are indeed those of standard creation and annihilation operators. This ensures 
the polarization basis independence. 


Finally, relation (A-48) of Chapter XVIII for the total energy of the system “particles + 
fields” becomes: 


> [Pe wwAx(F)] + Voou+ f ae s “ [al )ae(k) + de()AL (&)] 


2Ma 
(A-10) 





H= 


which is a plausible form for the quantum Hamiltonian of the system “particles + fields”. 
The position #, and momentum pH, operators defined using equation (A-47) of Chapter 
XVIII obey the usual commutation relations: 
[(Pa)is (Bo) 3] = th ban di (A-11a) 
[(Pa)is (Fo) 5] = [(Ba)i, (Gv) j] = 0 (A-11b) 
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The quantization rules we just heuristically introduced have the advantage of simplic- 
ity. We are going to show in addition that the Heisenberg equations for the various 
operators describing the particles and the fields, deduced from the Hamiltonian (A-10) 
as well as from the commutation relations (A-4), (A-1la) and (A-11b), are indeed the 
Maxwell-Lorentz equations for operators. This result justifies a posteriori the quantiza- 
tion procedure exposed in this chapter. 


A-2. Radiation contained in a box 


If the real space is infinite, k is a continuous variable, and there exists a continuous 
infinity of modes. However, as we mentioned in § B-3 of Chapter XVIII, it is often more 
convenient to consider the field to be contained in a cube of edge length L with periodic 
boundary conditions; the variable k is now discrete: 


Kay,z = 20 Ney,z/L (A-12) 


where nz,y,z are positive, negative or zero integers. All the physical predictions must be 
independent of Z when it is large enough. In such an approach, we replace the Fourier 
integrals by Fourier series and the integrals over k by discrete summations. For a classical 
field, the continuous variables a-(k,t) then become discrete variables ay ,-(t). If the field 
is zero outside the box, relation (B-35) of chapter XVIII indicates the multiplicative 
factor that must be used to go from one type of variable to the other. 

The system is then quantized as we just explained. In the Schrédinger picture, 
each classical coefficient a,,-(t = 0) in a Fourier series becomes an annihilation operator 
Gre; each coefficient aR e(t = 0) becomes a creation operator al x This latter operator 
creates a quantum in a field mode confined inside the box (instead of spreading over the 
entire space). The commutation relations (A-4) are then written: 


[ane al, .| Suh eg (A-13a) 


[axes Gee] = [ah .,@h,,<.] =0 (A-13b) 


Relation (B-36) of Chapter XVIII indicates that once the discrete variables have 
been inserted in the expressions for the fields, the following rule must be applied to go 
from a continuous to a discrete summation: 


. on \ 3/2 
[ors (7) y (A-14) 
k 
Expressions (A-7) to (A-9) must be modified. As an example, relation (A-7) becomes: 


r - hw ene ~ ik-r at * -ik-r 
E\(r) =i S> DeoL3 a ee SO, ee (A-15) 
E 


This means that in addition to replacing the integral by a discrete summation, and 
multiplying by a factor (27)3/?, one must divide the field expansion by the square root 


of the volume L3. Both relations (A-8) and (A-9) undergo the same changes. 
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A-3. Heisenberg equations 
A-3-a. Heisenberg equations for massive particles 


We start with the equation for the evolution of *,(t): 


f(t) = 5 [alt A] (A-16) 


The only term in Hamiltonian (A-10) that does not commute with 7, is the first one. 
Using the commutation relation deduced from (A-lla) and (A-11b) : 


of 


[Pair f((Ba)s)] = 55 B.). (A-17) 
we get: 
a(t) = - Fa, a (a(t) _ toAlt.,t)) | 
= — [Pa(t) = qaA1(Fa,4)| (A-18) 


This equality is simply the operator form: 
Pa(t) = MaPa(t) + da A. (fa, t) (A-19) 


of the classical equation relating the generalized (or canonical) momentum p, and the 
mechanical momentum m,f,. We then define the velocity operator 6, of particle a by: 


Balt) = —~ [Balt) ~ oA (Fo,t)| (A-20) 


Consider now the Heisenberg equation for the evolution of this operator. It yields 
the equation of motion of that particle: 


Mata(t) = maia(t) = = [a(t); Al (A-21) 


We shall compute below the commutator [ea(t), H |: it leads to the quantum equation 
of motion for particle a: 


Mata = qabi(Fa) + % |b. x B@a) - B(Pa) x 6a (A-22) 
which is simply the quantum Lorentz equation describing the motion of particles in- 
teracting with the magnetic field B and the total electric field E = E) + E,. The 
special form of the magnetic force qq |®q x B(?,) - B(?,) x 6,| /2 comes, as shown in 


the computation below, from using the Heisenberg equations, and from the fact that the 
operator 6, x B(#,) is not Hermitian. To make that operator Hermitian, we must add 


Kn t a 
its adjoint (@. x B(F.))) , which is simply —B(#,) x 6, and divide the result by 2. 
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Demonstration of equation (A-22) 


To compute the commutator of mata/ih with the first term of raf , it is useful to first 
calculate the following commutators: 


= tga Dex B(Pa))e, (A-23) 
k 


where €;%; is the completely antisymmetric tensor that allows writing the cross product 
components of two vectors a and b in the form (a x b), = ar €x31a;b;. We then get: 


“ (), Hmatior] = $F — ah : { (Ga 3, (®a)1 ] + [(Ga), (6,)1 | (@.)i$ 
U 
= OT owl 8.)1(B(Fa))e + (B(Pa))e(Ba)} 


(A-24) 
The last line in (A-24) can be rewritten in the form: 
& [6 x Ba) — B(Pa) x 6a], (A-25) 
and is thus the component along the 7 axis of the symmmetrized magnetic force. 
The commutator of maé_/ih with the second term of Fl is written: 
Me [(8a)4, Voou] = 3 [(Ba)), Veou] = ~zPVeout = da(Eiy(Fe))4 (A-26) 
ih a)j, VCoul} = ih Pa)j, VCoul] = O(Pa); Coul = da || a))9 


It describes the interaction between particle a and the longitudinal electric field. 


We finally have to compute the commutator of m,t,./ih with the last term of A. Using 
the commutation relations (A-4) and expressions (A-9) and (A-7) for A, and EF, we get: 


[0 sf ah 2 Mele Ge(k, t) + 1/2) 
= ine fae Sow [(A1(#a));, ab (k, t)ae(k, t)| 


= qa(B1 (Pa), (A-27) 


This term describes the interaction of particle a with the transverse electric field. Finally 
grouping (A-25), (A-26) and (A-27) leads to (A-22). 


A-3-b. Heisenberg equations for fields 


As all the fields are linear combinations of the operators @-(k,t) and al(k, t), we 
simply have to consider the Heisenberg equation for @(k, t): 


aCe - [ae(h, 0), (A-28) 
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We assume that the polarizations ¢ are real (linear polarizations). The commutator with 
the first term of H yields, with the use of(A-4a) and (A-20): 


1 Mab? —da OA, OA, 
ae Ae k, ) eli ) Ya , , a 
- c (k, t) > 2 | 2, 2h {@ zu : dal (k) " j 


a 











i 2a lp path Pa heh - 
~ Lh Jeo = e- |Oue +e 64] (A-29) 


where 0A, /dai(k,t) denotes the coefficient of @i(k) in the integral (A-9) of A, (r), 
which is nothing but the coefficient of ai(k,t = 0) in the classical expression of A, (r) . 
We introduce the current operator (symmetrized to make it Hermitian): 


: 1 ‘ ss ar 
1HSs d, da [ba5(7 — Fa) + 4(7 — Fa)Oa] (A-30) 
The right hand side term of equation (A-29) can then be rewritten in the form: 


Loe — tga/2 e- (8, eth Fa +e FaG§,] = = 


—ik Te ce r 
4/2ephiw( 27) ir) 


jer e€ 
Pash /2eohiw(2n)3 


- ae E e+ j(k) (A-31) 


The commutator with the second term of H is zero, whereas the commutator with the 
third term yields, using (A-4): 


ae 3h/ at 1 4)* ! =~ ae 
7 etm Je k ee (ale ,t)der(k’,t) + ) = —iwa.(k, t) (A-32) 
Finally, regrouping (A-31) and (A-32) yields: 


Ge(k, t) + iwa.(k, t) = e-j(k,t) (A-33) 


This equation is, for the operator @,(k,t), an equation of motion of the same form as the 
equation of motion of the classical normal variables a(k,t), which is given by equation 
(B-19) of Chapter XVIII. As this latter equation is equivalent to Maxwell’s equations for 
the transverse fields, we may conclude that the Heisenberg equations for the quantum 
transverse fields are simply the usual Maxwell’s equations applied to the field operators. 


B. Photons, elementary excitations of the free quantum field 


We now study a certain number of properties of the electromagnetic field we just quan- 
tized, starting with the simplest case: the field in the absence of charged particles. 


B-1. Fock space of the free quantum field 


The state space of the total system “field + particles” is the tensor product of the 
particle state space Ep and the radiation field state space Er. This latter space is itself 
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the tensor product of the state spaces of the harmonic oscillators associated with the 
different modes {k, ¢}: 


ER = Ex, 6, ® Ekeoien Os. @ Eke, ® « (B-1) 


where Ex, ¢, is the state space of the harmonic oscillator associated with the mode {k,, e;}, 
with frequency w;. 

As in § A-2, we assume the radiation to be contained in a box of edge length L. 
The operators G@-(k) depending on the variables k are then transformed into operators 
Gk,,e, depending only on discrete variables. We can even use a more compact notation 
a;, where the index i labels* the whole set of indices k;,€;; the operators Ge(k) are now 
simply written a@;. In this section, it is convenient to use the Heisenberg picture; the time 
dependence of the @; and al is then particularly simple, since we have: 


a;(t) = exp(i{rt/h) a; exp(—iHpt/h) = 4; e~™** (B-2) 


as well as the Hermitian conjugate relation. 

Once the discrete variables have been inserted in the continuous expressions of 
the fields, we must use rule (A-14) to transform the continuous integrals into discrete 
summations. The expansions of these fields in term of normal variables are then: 

















: hw, \'/? 
Bulo.t) = 132 (siz) [Baer — afetersoro] (63) 
; €0 
7 Ae NCP ; 
B(r,t) = oye (ss) aes x e,et(hir—wit) — al ne, x Zoo (B-4) 
i h ie : 
A(r,t)= >> (5) laegeeri ane +4! epee) (B-5) 
; EgWy 
Ar= > ee lata, + aval | = Shu; lala; + Z (B-6) 
: 9 4 4s wy - v 4 4 9 
: Aki fat. | 2 at ada 
Prrans = S- 2 lal air aval | = ye hk; a; ay (B-7) 


Note that the last term in (B-7) does not contain the factor 1/2, since }>, k; = 0. 


B-2. Corpuscular interpretation of states with fixed total energy and momentum 


Consider first the mode i. The eigenvalues of the operator ala, appearing in 
expressions (B-6) and (B-7) for Hr and Pirans are all the positive or zero integers n; : 





4For each k,, there exists two polarization vectors €;; and €;2 perpendicular to k; and perpendicular 
to each other. The compact notation Ly must be interpreted as a summation over k; and, for each 
value of k;, as a sum over €;1 and &j2. 
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Remember the well-known actions of operators @! and 4; on the states |n,): 


a! |n;) = Vnj + Ini) 
a;|ni) = /nilns — 1) 
a;|0;) =0 (B-9) 


As ala, commutes with ala;, the eigenstates of H R and are the tensor 


products of the eigenstates |n,...n;...) = |n1) @...@|n,)... of the creation and annihilation 
operators alar,....a!a, et 


z 1 
Hr|niy...nj...) = S° (1 + 5) hw; |n1...nj...) (B-10a) 


Prrans|na-..i-.-) = is nhk,|n1...nj...) (B-10b) 


The field’s ground state corresponds to all the n; equal to zero, and will be noted |0): 
|0) = |0j...0;...) (B-11) 


the states |n1...n;...) being obtained by the action of a certain number of creation oper- 
ators on this |0) state: 








With respect to the field ground state, the state |n1...n;...) has an energy }), njhw; and a 
momentum >, n,fik;. It can be interpreted as describing an ensemble of n; particles of 
energy fw; and momentum fky,....., n; particles of energy hw; and momentum /hk;, etc... 
. These particles characterize the elementary excitations of the quantum field and are 
called photons. The quantum number n, is therefore the number of photons occupying 
the mode i, so that the ground state |0), corresponding to all the n; equal to zero, can 
be called the photon vacuum. 

Whereas there exists for photons eigenstates of momentum and energy, there are no 
quantum states of the electromagnetic field where the position can be perfectly known; no 
position operator is associated with this field. This is a different situation from what we 
encounter with massive particles, which have both a position and a momentum operator; 
the wave functions in the two representations are related by a simple Fourier transform. 
This non-existence of a position operator is linked to the impossibility of building, by a 
linear superposition of transverse electromagnetic waves, a vector wave perfectly localized 
at a point in space. The relativistic and transverse character of the electromagnetic field 
yields commutation relations between its components that involve the transverse delta 
function (Complement Axvut, § 2-e) instead of the usual delta function. 


B-3. Several examples of quantum radiation states 


We now study several examples of states of quantum radiation. 
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B-3-a. Photon vacuum 


The presence of the 1/2 term in the parenthesis on the right-hand side of equation 
(B-10a) shows that the vacuum state energy is not zero, but equal to )7, hw,/2; this 
sum is an infinite quantity. We encounter here a first example of the difficulties linked 
to the divergences appearing in quantum electrodynamics. They can be resolved by 
renormalization techniques, whose presentation is outside the scope of this book. We shall 
avoid this difficulty by only considering energy differences with respect to the vacuum. 

If we consider a single mode i of the field, the energy fw;/2 of the vacuum state 
for this mode is finite, and reminiscent of the zero-point energy of a harmonic oscillator 
of frequency w;. As you may recall, this zero-point energy is due to the impossibility of 
having simultaneously zero values for the position z and momentum p of that oscillator, 
because of the Heisenberg relations. The lowest energy state of the oscillator results 
from a compromise between the kinetic energy, proportional to p?, and the potential 
energy, proportional to x? (this problem is discussed in § D-2 of Chapter V). The same 
arguments can be presented for the contribution, at a given point r, of mode i to the 
electric E, (r,t) and magnetic B(r,t) fields; according to (B-3) and (B-4), those fields 
are represented by two different linear superpositions of operators @; and al, which thus 
do not commute. Consequently, one cannot have simultaneously a zero value for the 
electric energy proportional to E?, and for the magnetic energy proportional to B?. 

One can further calculate the average value and variance of the contribution of 
mode i to the electric field E, (r,t) at point r. Since G; and al change n; by +1, a simple 
calculation yields: 





(O|E.(r, t)|0) mode ; 0 (B-13a) 
hw; 


0|.E7 t 0) modet = == 


(B-13b) 

Similar calculations can be done for the magnetic field. They show that in the photon 
vacuum state, the average value of both the electric and magnetic fields is zero, but not 
their variance. Since result (B-13b) is proportional to hk, the non-zero variance of the 
fields in the vacuum is a quantum effect. 


Comments 
(i) The summation over all the modes of expressions (B-13) yields, once we have replaced 
the discrete sum by an integral: 


(0|E1(r,t)|0) = 0 (B-14a) 








A2 = hw — he km 3 
(O| E74 (r,t)|0) = NoeRIE = Dey i ke dk (B-14b) 


This means that the variance of the electric field diverges as the fourth power of the upper 
boundary of the integral over k appearing in the summation of the modes of frequency 
w = ck. This divergence is the same as that mentioned above. 


(ii) To characterize the dynamics of these field fluctuations, it is possible to compute 
the field correlation functions in vacuum®. This calculation shows that the electric and 
magnetic fields fluctuate very rapidly around their zero average value. These fluctuations 
are called the vacuum fluctuations. Certain radiative corrections, such as the “Lamb shift” 





5See for example § III-C-3-c and Complement Cyyz of reference [16]. 
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in atoms, can be interpreted from a physical point of view, as resulting from the vibration 
of the atom’s electron caused by its interaction with this fluctuating electric field. This 
vibration leads the electron to explore the nucleus Coulomb potential over the range of its 
vibrational motion. The corresponding correction to its binding energy depends on the 
energy level it occupies; this explains why the degeneracy between the 2s1/2 and 2p1/2 
states of the hydrogen atom, predicted by the Schrédinger and Dirac equations, can be 
lifted by the interaction with the vacuum fluctuations °. 


B-3-b. Field quasi-classical states 


The state and observables of a classical field are characterized by the normal 
variables {a,;} introduced in § B-2-b of Chapter XVIII. The coherent states of a one- 
dimensional harmonic oscillator studied in Complement Gy, can be used to build the 
field quantum states whose properties are closest to those of the classical field {a;}. 

The coherent state, supposed to be normalized, of a one-dimensional harmonic 
oscillator is the eigenstate of the annihilation operator a, with eigenvalue a: 


ala) = ala) (B-15) 


The eigenvalue a may be a complex number since operator @ is not Hermitian. Equation 
(B-15) leads to: 


(ajaja)=a (alata) = a* (B-16) 


More generally, the average value of any function of @ and 4, once put in the normal 
order, i.e. where all the annihilation operators are positioned to the right of the creation 
operators (Complement Bxyy1, § l-a-a), is equal to the expression obtained by replacing 
operator @ by a and operator @t by a*. As an example: 


(alatala) = a*a (B-17) 
Consider then the field quantum state: 
|a1) @ jag) ®... Jay)... = lar,ag...a,...) (B-18) 


where each mode i is in the coherent state |a,) corresponding to the classical normal 
variable a;. Using equations (B-16) and (B-17), we can obtain the average values of the 
various field operators (B-3), (B-4) and (B-5) in the state (B-18); they coincide with the 
values of these various physical quantities for a classical field described by the normal 
variables {a;}. The same is true for the observables (B-6) and (B-7) corresponding to 
the energy and momentum of the transverse field. This is why the quantum state (B-18), 
which yields average values identical to all the properties of a classical field, is called a 
quasi-classical state’. We shall see later that the correlation functions of the quantum 
and classical fields involved in various photodetection signals also coincide when the field 
state is a quasi-classical state. 





®See for example [17]. 
‘For more details on the properties of the radiation quasi-classical states, see § III-C-4 of reference 
[16]. 
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B-3-c. Single photon state 


Consider the state vector: 


= Daeilt) I 12) (B-19) 


@j#F% 


which is a linear superposition of kets where a mode i contains one photon, whereas all 
the other modes 7 #7 are empty. Such a ket is an eigenket of the operator total number 
of photons N = ye ala, with an eigenvalue equal to 1. It is therefore a single photon 
state. However, except in special cases, it is not a stationary state since it is not an 
eigenstate of the field energy Hp. It describes a single photon propagating in space with 
velocity c. We shall see later (Complement Dxx) that, when the field is in the state 
(B-19), a photodetector placed in a small region of space yields a signal corresponding 
to the passage, in that region, of a wave packet. 


C. Description of the interactions 


C-1. Interaction Hamiltonian 


The Hamiltonian A of the system “particles + field” has been given above. In its 
expression (A-10), we now separate the terms that depend only on the particle variables 
or only on the field variables, and those that depend on both. We can then write H= 
val pt val R+ val rt, where the particle Hamiltonian is: 


a2, 


7 Pa 
Hp = S> Sih, + Voout (C-1) 





whereas the radiation one is: 
A ew 1 
AR = 2 hw; (ata, + 5) (C-2) 


Finally, the interaction Hamiltonian is the sum: 





A, =4n+4Ap, (C-3) 
with: 

a — qa ~ A an A ~ ~ 

Ha a, [Ba Au (Pa) + As (Pa) - Ba] (C-4) 


fin = > [Ax(ea)]’ (C5) 


2Ma 


(we have separated the linear and quadratic terms with respect to the fields). 
To that interaction Hamiltonian, we must further add the term: 


Hi, = -— > M3. B(#,) (C-6) 
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describing the interaction of the spin magnetic moments of the various particles with the 
magnetic field of the radiation (Complement Axqr, § 1-d): 


Mis = Ga5-Su (C-7) 


a 


where g, is the “Landé g-factor” of particle a whose spin is noted Sa. 


Comment 

Even with this additional term, all the possible interactions are not contained in that 
Hamiltonian: missing for example are the electron spin-orbit coupling, the hyperfine in- 
teraction between the electron and the nucleus, etc. — see comment (iii) of § C-5. The 
Hamiltonian we wrote is however sufficient in a great number of cases. 


C-2. Interaction with an atom. External and internal variables 


Consider the case where the particle system is a single atom, assumed to be neutral, 
formed by an electron e and a nucleus N which have opposite charges (q. = —qn = q) and 
whose masses are noted m,. and my. This is the case for example of the hydrogen atom. 
It is standard practice (see for example § B of Chapter VII) to separate the variables R 
and P of the system’s center of mass and the variables ¢ and p of the relative motion. 
These two types of variables commute with each other and are given by equations: 


pa ee IN EN ae De +PNn 
M P _ Pe _ PN (C-8) 
T=Te—TN m Me Mn 


where we have noted M the total mass of the system, and m its reduced mass: 


Mem 
M=m.+mn : m= — (C-9) 


Expressed as a function of these new variables, the particle Hamiltonian is written: 
i Pp? p 
Ap= = 2M 5 Ane a Veou(? ) (C-10) 


The center of mass variables, also called external variables, describe the global 
motion of the atom, whereas the variables of the relative motion, also called internal 
variables, describe the motion in the center of mass reference frame. 


C-3. Long wavelength approximation 


The interaction Hamiltonians (C-4), (C-5) and (C-6) contain fields evaluated at 
the electron r, and nucleus ry positions. These positions can be described with respect 
to the position of the center of mass and we can write for example: 


A (#.) = A\(R+ Pe R) (C-11) 


In an atom, the distance between the position of the electron or the nucleus and the atom’s 
center of mass is of the order of the atom’s size, i.e. just a fraction of a nanometer. Now 
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the radiation wavelengths that can have a resonant interaction with the atom are of the 
order of a fraction of a micron, much larger than the atomic dimension. One can thus 
neglect the variation of the fields over distances of the order of |r, — R| (or |ry — R]) 
and write: 


A, (#.) ~ Ay 
A. (fx) ~ A,(R) (C-12) 





Such an approximation is called the long wavelength approximation (or dipole approxi- 
mation). 
Using this approximation in the interaction Hamiltonian Hy7,, yields: 


Hn = leh. - A, (#,) - AN by - Ai (#y) 
Me MN 
eins [2 - Be] .A,(R) 
Me 
=~". A,(R) (C-13) 
m 


We used the relation g. = —qy = q as well as definition (C-8) for the relative momentum. 
As for Hamiltonian H72, it becomes with this approximation: 


I 





rs de A2 dn 2 
72 et Sag MEN) 
¢ 42H 


Comment 

When we include the Hamiltonian describing the spin magnetic coupling Hy, written in 
(C-6), we also replace all the f, by R. This is however insufficient: we must add other 
terms of the same order, obtained by including first order terms in k-(#e — R) in Hn and 
A 72, and representing corrections to the long wavelength approximation. This is because 
a computation analogous to the one in § 1-d of Complement Axi shows that these 
corrections yield new interaction terms of the same order as A nm: interaction between 
the atomic orbital momentum L and the radiation magnetic field; electric quadrupole 
interaction. 


C-4. Electric dipole Hamiltonian 


Using the long wavelength approximation, the global Hamiltonian for the system 
atom + field is written: 
Nay 
2 





A 4, (BR) 4 i i 

A =——+— [p—qA.(B)| + Vout > lata, + aval | (C-15) 
ee i 

We are going to perform a unitary transformation on this Hamiltonian, leading to a new 

interaction Hamiltonian, composed of a single term of the form —D- FE, (R), where D 

is the electric dipole moment of the atom: 


D=q? (C-16) 
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and F(R), the quantum field given by expression (B-3). This new interaction Hamil- 
tonian is called the electric dipole Hamiltonian. 

To find this unitary transformation, it is useful to start with the simpler case where 
the radiation field is treated classically. 


C-4-a. Electric dipole Hamiltonian for a classical field 


When the radiation field is treated classically, as an external field whose dynamic 
is externally imposed and hence has a fixed time dependence, the last term of relation 
(C-15) does not exist; operator A,(R), which appears in the second term, must be 
replaced by the external field _A_.(R,t). The system Hamiltonian is then written: 


A 1 Os ee 

=> + = [p-¢A.(R,1)| + Voou C-17 

IM + Im (P~ PAs 8) + Voou (C-17) 

We are looking for a unitary transformation that performs a translation of p by 

a quantity gA_-(R,t), so that the second term in (C-17) is reduced to p?/2m. Such a 
transformation reads: 


A 


T(t) =exp 507 -A.(R,t) | (C-18) 


We can check this since, using [p, f(*)] = —ih Of/OF and the fact that the internal 
variable *# commutes with the external variable R, we have: 


T(t) pT" (t) = p+qA.-(R,t) (C-19) 


As they do not depend on #, the other terms of (C-17) are unchanged by the transfor- 
mation. On the other hand, since this transformation has an explicit time dependence 
via the term qA ie(R, t), the new Hamiltonian H’ that governs the evolution of the new 
state vector: 








\¥'(t)) = THO) (C-20) 
is given by: 

A(t) = T(t)A(t)T"(t) + ih ay T(t) (C-21) 
As we have in addition: 

ih a?) Ti(t) =qr- a =-D-E_.(R,t) (C-22) 








where D = q? is the electric dipole moment of the atom, we finally obtain: 


Bh P?2 p : 
H'(t) = om + amt Voou— 2: E_.(R,t) (C-23) 


where the last term has the expected form for an electric dipole Hamiltonian. 
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C-4-b. Electric dipole Hamiltonian for a quantum field 


The results we just obtained suggest using the unitary transformation: 
T = exp [-jaF- AL(®) | (C-24) 


where it is now the operator A 1(R) that appears in the exponential. One can check 
that this operator is still a translation operator for p, so that the second term in (C-15) 
is now simply of the form p?/2m. 

As the transformation (C-24) no longer has an explicit time dependence, the term 
analogous to (C-22) does not exist anymore. On the other hand, we must study the 
transformation of the last term of (C-15), which represents the energy Hp of the trans- 
verse quantum field. We therefore rewrite expression (C-24) using the expansion (B-5) 
of A, (R) as a function of 4; and al: 


P = exp > (ra es dial ) | (C-25) 


with: 
ye ee Det (C-26) 
2Qeohw,L? 


In this form, operator T' does appear as a translation operator (Complement Gy, § 2-d); 
it obeys the equations: 

TaT=4,+d; TalTt=al+r (C-27) 
To prove relations (C-27), one can use (Complement By Br, § 5-d) the identity: 


e(AtB) — p4eBe-[A.BI/2 (C-28) 


valid if A and B commute with their commutator [A, B], as well as the commutation 
relation [@, f(a')] = 0f/0a'. The transformation of the last term in (C-15) then yields: 





aA By hws [ Z ” Pp ree 
tinar = (a + di)(af + AF) + (4) + AN) (@ + ri)| (C-29) 


The terms on the right-hand side of (C-29) that are independent of \; and Aj yield again 
Hp. The terms linear in ; and Ax yield: 


ST he (xia! + .74,) is =o ; am ae ® _ ateteh A), A 
: ) 2e18 
= 8,8). ‘D (C-30) 


where we have used (B-3). We thus get the expected electric dipole form for the inter- 
action Hamiltonian: 


H, = —E,(R)-D (C-31) 
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Finally, the terms quadratic in A; and A¥ introduce a term we shall note haip: 
n ‘ 1 x p 
hdip = De Xi = d de E3 -D)(e; - D) (C-32) 


It represents a dipolar energy intrinsic to the atom. 

To sum up, regrouping all the previous terms, we get for the transformed Hamil- 
tonian: 
eee on ae ee 


= oar t ayy + Vout Hr - DD: EL(R) + hai (C-33) 


> 


This is a form similar to (C-23), with an additional term haip. 


Comments 


(i) The same mathematical operator does not describe the same physical quantity in two 
different representations, deduced from one another by a unitary transformation. As an 
example, the operator EB, (R) appearing in (C-31), does not represent the transverse 
electric field in the new point of view, which should be BE, (R) transformed by T, written 
as TE, (R)T", and hence different from E,(R). Actually, one can show that the operator 
E(R) represents in the new point of view the physical quantity D(R)/eo where D(R) 
is called the electric displacement field (see Complement Ary of [16]). 

(ii) The intrinsic dipolar energy haip is given by an integral over k, which diverges at infin- 
ity. This integral must however be limited to values of k for which the long wavelength 
approximation is still valid. 


C-5. Matrix elements of the interaction Hamiltonian; selection rules 


Consider an initial state where the atom is described by |yi"*) for its internal state, 
|e") for its external state, and where the radiation is in the state |~#). The interaction 
Hamiltonian (C-31) couples this initial state to a final state where the atomic internal and 
external variables, as well as the radiation variables are respectively in the states |Win’), 
|e), and |W). As the operator FE, (R) appearing in (C-31) is a linear superposition of 
annihilation @; and creation al operators, the matrix element of H, describes two types 
of processes: the absorption processes associated with operator a; where one photon 
disappears, and the emission processes associated with operator a! where a new photon 
appears. This matrix element can be factored into a product of three matrix elements 
concerning the three types of variables; they are written, for the absorption processes: 


hw; 
2€o L 





(w int |e; - D |pirt) Cy an’ | exp( (i ky - R) per) (we | a: |vE (C-34) 
and for the emission processes: 


hos yin in ex ex . 
— iy] ae pa (Wain | ef D |abin') (win [exp(—a hi - 2) ein") (wan @ [in) (C-35) 


The central term in these expressions is a matrix element concerning the exter- 
nal atomic variables; it expresses the conservation of the global momentum as we now 
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show. Operator exp(+ik,;-R) translates the momentum by a quantity +hk;. If the 
atom’s center of mass has an initial momentum fiKj,, once it absorbs a photon, its final 
momentum will be hKgy = hKi, + hk;; the momentum hk; of the absorbed photon is 
therefore transferred to the atom during the absorption process. In a similar way, one 
can show that the atom’s momentum decreases by the quantity Ak; when a photon is 
emitted. 

In the first matrix element of (C-34), which concerns the internal atomic variables, 
operator D is an odd operator. The matrix element will be different from zero only if 
the initial and final internal atomic states have opposite parity, as for instance the 1s 
and 2p states of the hydrogen atom. We rediscover here a second conservation law, the 
conservation of parity. In addition, as the operator D is a vector operator, it leads to 
selection rules on the internal angular momentum which will be studied in Complement 
Cxix. 


Comments 


(i) The conservation of the total momentum comes from the central matrix elements in 
expressions (C-34) and (C-35). One may wonder whether this result is only valid for 
the approximate form (C-31) of the interaction Hamiltonian used to establish those 
equations. Actually it can be shown, using the commutation relations [pa,F(ra)| = 
—ihOF/Or, and [4!4;, @:;] = —G@:, that the interaction Hamiltonian Hn written is (C-4) 
(without the long wavelength approximation) commutes with the system total momen- 
tum a Pa + NG: hkial as. The same result is true for all the terms of the interaction 
Hamiltonian. Consequently, the exact (without approximation) interaction Hamiltonian 
has non-zero matrix elements only between states having the same total momentum. The 
fact that the total momentum commutes with all the terms in the Hamiltonian is related 
to the system invariance with respect to spatial translation. The properties of the sys- 
tem are unchanged upon the translation by the same quantity of the particles and the 
fields. Similar considerations apply to the rotational invariance and cause the interaction 
Hamiltonian to only connect states with the same total angular momentum. These results 
are important for understanding in a simple fashion the exchanges of linear and angular 
momenta between atoms and photons, which will be discussed in Complements Axrx and 
Cxix. 


(ii) Conservation of total momentum during the absorption process, combined with total 
energy conservation, shows that the energy of the absorbed photon is different from the 
energy separating the two internal levels involved in the transition. Two effects account 
for this difference: the Doppler effect, and the recoil effect (Complement Axrx); they play 
an important role in laser cooling methods. 


(iii) If we continue the calculations beyond the long wavelength approximation, we find addi- 
tional terms for the interaction Hamiltonian, describing the interaction between the radia- 
tion magnetic field and the atomic orbital or spin magnetic moments (Complement Axim, 
§ 1). Some of these terms have already been written in (C-6). Transitions, called magnetic 
dipole transitions, may occur between levels having the same parity, as opposed to the 
electric dipole transitions studied above. Other types of transitions may also be observed 
at higher orders, such as the quadrupole transitions. 


Note finally that, if the initial radiation state already contains n; photons, the 
last two matrix elements of (C-34) and (C-35) are equal to (n; — 1|4@;\n;) = \/nj and 
(ng + 1|a!|n;) = Jn; +1. In the presence of n; incident photons, the probability of 
the absorption process is thus proportional to n;, whereas the emission probability is 


2015 


CHAPTER XIX QUANTIZATION OF ELECTROMAGNETIC RADIATION 





proportional to n; +1. We shall see in Chapter XX that this difference is linked to the 
existence of two types of emission, the stimulated emission and the spontaneous emission. 


With the knowledge of the various Hamiltonians A A) H Rand H T, as well as their 
matrix elements, we can now solve SchrGdinger’s equation to compute the transition 
amplitude between an initial state and a final state of the system “atom + field”. This 
will be done in the next chapter, where we study various processes, such as the absorp- 
tion or emission of photons for an incident radiation either monochromatic or having a 
large spectral band, the photoionization phenomenon, multiphoton processes and photon 
scattering. 
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COMPLEMENTS OF CHAPTER XIX, READER’S GUIDE 


The processes of photon absorption and emission by atoms must obey conservation laws for the 


total linear or angular momentum. This has implications that are highlighted in the three complements 
of this chapter. When an atom absorbs (or emits) a photon, it gains (or loses) an energy, a momentum 


and an angular momentum equal to the energy, momentum and angular momentum of the photon. This 


allows “manipulating” several properties of the atoms. It is, for example, at the base of optical pumping 


and laser cooling methods. 





Ax1x MOMENTUM EXCHANGE BETWEEN 
ATOMS AND PHOTONS 


Momentum exchange between atoms and photons 


plays an important role in determining, for 
example, the Doppler effect and the shape of the 
spectral lines emitted or absorbed by gases. As an 
atom continually absorbs and re-emits photons, 
its momentum can be greatly affected. The atom 
can be decelerated, which allows slowing down 
and even bringing to rest an atomic beam over 
short distances. Other uses of the Doppler effect 
include the introduction of a friction force that 
slows down atoms to form ultra-cold gases. When 
the atoms are confined in a trap, the nature of the 
Doppler shift may be greatly changed and even 
Muli- 


tiphoton processes, in which the total momentum 


completely disappear (Méssbauer effect). 


of the absorbed photons is zero, are also discussed. 





Bxix : ANGULAR MOMENTUM OF RADIATION 


This complement is more technical than the 


previous one. It shows how the photon can 
be seen as a spin 1 particle; this particle also 
has an orbital angular momentum. The photon 
thus possesses two types of angular momentum. 
These concepts are useful for reading the next 


complement. 





Cxi1x ANGULAR MOMENTUM EXCHANGE 
BETWEEN ATOMS AND PHOTONS 


This complement studies the exchanges between 
the photon spin angular momentum (related to 
the light beam polarization) and the internal 
degrees of freedom of the atoms. These exchanges 
obey selection rules for the atomic transitions. 
Such rules are essential for many experimental 
methods 
pumping” where a polarized light beam allows 
in specific 


in atomic physics, such as “optical 
accumulating the atoms of a gas 
Zeeman sublevels. A number of applications 
of these methods are briefly reviewed in this 


complement. 
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Complement Ax x 


Momentum exchange between atoms and photons 





1 Recoil of a free atom absorbing or emitting a photon... . 2020 
l-a Conservation laws .... 2... . ee ee 2020 
1-b Doppler effect, Doppler width.................. 2022 
1-c Recoilenergy~ ooo sn0k bk O53 Oe Sew ak bas 2023 
1-d Radiation pressure force in a plane wave. ........... 2024 

2 Applications of the radiation pressure force: slowing and 
cooling atoms... 1... ee ee ee ee ee ee et es 2025 
2-a Deceleration of an atomic beam. ...............-. 2025 
2-b Doppler laser cooling of freeatoms ............... 2026 
2-c Magneto-optical trap... 2... 2. ee ee 2034 
3 Blocking recoil through spatial confinement ......... 2036 
3-a Assumptions concerning the external trapping potential . . . 2036 
3-b Intensities of the vibrational lines... ............. 2037 
3-C Effect of the confinement on the absorption and emission spectra2038 
3-d Case of a one-dimensional harmonic potential ......... 2039 
3-e Mossbauer effect .. 2... 2... 0... eee te ee 2040 
4 Recoil suppression in certain multi-photon processes . .. . 2040 





We studied, in § C of Chapter XIX, the matrix elements of the interaction Hamil- 
tonian between an atom and a field. This led us to establish selection rules based on the 
conservation of the total momentum of the system “atom + field” during the absorption 
or emission of photons by the atom. The study in Chapter XX of the absorption and 
emission amplitudes will show that the global energy of the system is also conserved dur- 
ing these processes. The goal of this complement is to show how these conservation laws! 
provide an interesting view on many aspects of momentum exchange between atoms and 
photons. 

We start in § 1 with the case of a free atom, whose center of mass is not submitted 
to any external potential. We shall establish the expressions for the Doppler shift and 
the recoil energy that appear in the equation yielding the frequency of the absorbed or 
emitted photons. In a gas containing a large number of atoms with different velocities, 
the dispersion of these velocities yields a Doppler broadening of the emission and absorp- 
tion lines. This broadening, as well as the shift related to the recoil energy, introduce 
perturbations in the lines observed using high resolution spectroscopy, hence limiting its 
precision. In addition, when the atom constantly absorbs and re-emits lots of photons, its 
momentum change per unit time can become very large. This results in a force generated 





1 The first study along this line concerned the Compton effect (1922), where the scattering of a photon 
by an electron is considered as a collision between two particles. Assigning the photon an energy hy 
and a momentum hk, with |k| = 27v/c, one writes the conservation equations for the total momentum 
and energy during the collision. This yields the change of frequency of the photon as it is scattered in a 
given direction, in complete agreement with experimental observations. 
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by the radiation pressure. We shall calculate the order of magnitude of that force and 
show that it can produce an acceleration or deceleration of the atom a hundred thousand 
times larger than the one due to gravity. 

In § 2, we will show that this force is able to slow down and immobilize a beam 
of atoms propagating in the direction opposed to that of the light beam. The velocity 
dependence of the radiation pressure force, due to the Doppler effect, is also very interest- 
ing. It allows, using two light beams in opposite directions, but with the same intensity 
and frequency, to generate a friction force on the atom, provided the light frequency is 
lower than the atomic frequency: the radiation pressure force is zero when the atomic 
velocity v is zero, but opposite to v when it is different from zero, therefore producing a 
damping of that velocity. This is the principle of one of the first laser cooling mechanisms 
observed experimentally. The very low temperatures obtained, millions of times lower 
than room temperature, explain the increasing number of application of the ultra-cold 
atoms thus obtained. We also explain in § 2-c the principle of the magneto-optical trap, 
which involves a position dependence of the radiation pressure force. 

We describe in §§ 3 and 4 of this complement a number of methods developed to 
suppress or circumvent the effect related to the recoil. Confining the atom in a trap, 
as studied in § 3, may prevent the atom’s recoil if the trapping is strong enough. If 
the transition is multi-photonic, for example if two photons having the same energy but 
opposite momenta are absorbed in the transition, no recoil is experienced by the atom, 
and there is no Doppler shift. An important example of this method is the Doppler-free 
two-photon spectroscopy (§ 4). 


1. Recoil of a free atom absorbing or emitting a photon 


Consider first an atom that is not subjected to any external potential (free atom). The 
Hamiltonian Hoxt for the external variables is reduced to the kinetic energy term Pp? /2M, 
where P is the momentum of the center of mass and M the total mass of the atom. The 
eigenstates of Hext can be chosen as states having well defined momentum P and energy 
P?/2M. 


L-a. Conservation laws 


Let us express the radiation field as a function of plane waves of wave vector k and 
frequency w = ck. The eigenstates of the radiation Hamiltonian Hg can be described in 
terms of photons having an energy fw and a momentum fk. The interaction Hamilto- 
nian H, studied in § C of Chapter XIX is invariant? under spatial translation of the total 
system “atom + field”. Consequently, it commutes with the system’s total momentum, 
and can induce transitions only between states having the same total momentum. Fur- 
thermore, the transition amplitude associated with an interaction lasting a time T can 
only connect states of the total system having the same total energy, within /T (this 
point will be further discussed in the next chapter). These two conservation laws can be 
used to study the influence of the motion of the center of mass on the frequencies of the 
photons it can absorb or emit. 





2The interaction Hamiltonian involves field values at points where particles are located. It is therefore 
invariant when both fields and particles are shifted (by the same quantity). 
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Consider first an absorption process where the atom goes from an internal state a 
to another internal state b by absorbing a photon of energy hw and momentum ik. We 
shall note: 


hwo = Ey — Ea (1) 


the energy difference between the two internal states. The initial (final) momentum of the 
center of mass before (after) the photon absorption is noted Pin (Psu). The conservation 
of the total momentum leads to: 


Pan = Px + hk (2) 
The total energy in the initial state is the sum of the photon energy, the internal energy 
of the atom and its translation energy P?,/2M: 

P2 
Ein = hw + Ea = 3 
e ca IM (3) 


The total energy in the final state reduces to the atom’s energy since the photon has 
been absorbed: 





Bop = By + him (4) 
2M 





The conservation of the total energy means that Ei, = Egn. Using (1) and (2), this last 
relation reads: 
hk - P, h?k? 


=h 
hu Wo + M aM 








(5) 


The last two terms in (5) represent the variation of the external energy of the atom 
during the transition — i.e. the variation of the atom’s center of mass kinetic energy 
between the final state where it is equal to (Pin + hk)?/2M, and the initial state, where 
it is equal to PR? /2M. This equation can be rewritten as: 


Exec 
h 





wW=wotk-vint 


(6) 
where Vin = Pin/M is the initial velocity of the center of mass, and where: 


Hk 
Erec — 2M = hor (7) 
is the recoil energy; it is the energy an atom, initially at rest, will acquire upon the 
absorption of a photon having a momentum hk. 

The same type of calculation holds for the emission process during which an atom, 
whose center of mass has an initial momentum P,,, goes from the internal state b to the 
internal state a by emitting a photon of energy iw and momentum hk. Equation (6) 
must now be replaced by: 


Exec 
w=wtk- vin - i (8) 





where only one sign is changed with respect to (6). 
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1-b. Doppler effect, Doppler width 


The term k- vin in equations (6) and (8) is simply the Doppler shift, due to the 
motion of the atom, of the frequencies it absorbs or emits. Setting: 


Ww — Wo = 2n(v — Hy) = 2nAv and k=2n~ (9) 
c 


we get for the frequency variation Av due to the Doppler effect: 


BP Oe (10) 
vy c 
where & = k/k is the unit vector defining the propagation direction of the photon. Note 
that a radiation quantum theory is not needed to account for this frequency shift, which 
can be predicted by a classical theory. This was to be expected since, among the last 
two terms of (6) and (8), k- vin is the only one that does not go to zero when fi tends 
toward zero, as opposed to Eyec/h = hk?/2M (which is proportional to h). 

For an ensemble of atoms in a dilute gas at thermal equilibrium at temperature T, 
the velocities are distributed according to the Maxwell-Boltzmann law, and the velocity 
dispersion Av is of the order of \/kgT/M, where kg is the Boltzmann constant. The 
shifts Av of the frequencies emitted or absorbed by the atoms are distributed following 
a Gaussian curve® whose width Avp (standard deviation of the frequency distribution, 
equal to the square root of the variance), called the Doppler width, is given by: 


Avp _  [kaT (11) 


Yo Me? 








In general, in the optical domain and for temperatures around 300 K, the Doppler 
width Avp is of the order of 1GHz=10° Hz, much smaller than the frequency vo (of the 
order of 10!° Hz), but much larger than the natural width I’, of the order of 10’ Hz. In 
this domain, the resolution of spectroscopic measurements of line frequencies emitted by 
a dilute gas is generally limited by the Doppler broadening of the lines. 


Relativistic Doppler effect 

The previous calculations are only valid in the non-relativistic limit (v < c). The Doppler 
shift expression can be generalized to any value of v by noting that the four quantities 
{kz, ky, kz,w/c} are the four components of a four-vector. Let us assume the atom is 
at rest in a reference frame R and emits a photon of frequency w along the x axis (we 
ignore here the recoil energy). An observer, in a reference frame R’ moving with velocity 
v along the x axis, sees the atom moving away at velocity —v and measures a frequency 
w’ for the photon emitted by the atom. According to the relativistic expressions for the 
transformations of four-vector components, we have: 


ee ee (12) 


1 —v?/c? 


To first order in v/c, replacing k- vin by —kv, we again find the Doppler shift of equation 
(8) — the relativistic correction being (in relative value) of the order of v?/c? for v < c. 





3 Actually, this distribution is the convolution of a Gaussian and a curve of width I’, where I is the 
natural width (due to the spontaneous emission) of the line emitted or absorbed by the atoms. For a 
gas at room temperature, I’ is much smaller than the Doppler width. 
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1-c. Recoil energy 


Imagine the atom is initially at rest, so that the terms in k- vj, in (6) and (8) 
are zero. When the atom absorbs a photon, its momentum increases by a quantity hk 
equal to the momentum of the absorbed photon. Consequently, the atom recoils with 
a velocity Uree = hk/M in the direction of the incident photon, and its kinetic energy 
becomes Egn = Mv?2,./2 = Erec. The energy hw of the incident photon is used both to 
increase the internal energy of the atom by fw (since the atom goes from a to 6), and 
to increase its kinetic energy from 0 to Eyec. We then have hw = hwo + Exec, which is a 
particular case of (6) for a zero initial velocity. However, for the emission process where 
the atom goes from 6 to a by emitting a photon, this relation is modified. As the photon 
leaves the atom with a momentum hk, the atom recoils with the same momentum but in 
the opposite direction, and acquires a kinetic energy Eye.. The loss of internal energy of 
the atom, equal to wp, must now be used both to increase the radiation energy by hw 
(the energy of the emitted photon), and to increase the kinetic energy of the atom from 
zero to Exec. We then have hwo = hw + Fyec, that is hw = hwo — Exec, which coincides 
with (8) with the minus sign on the right-hand side. 









Absorption 





ete 
Hmission 





a 


Wy — WR Wo + WR 


Figure 1: Because of the recoil effect of the atom, the absorption and emission lines do 
not coincide, but form a doublet called the recoil doublet; they are centered at w+wp for 
the absorption line and w—wp for the emission line. In a gas, their width is the Doppler 
width Awp. 





The recoil of the atom with a kinetic energy Eyee causes the centers of the ab- 
sorption and emission lines to be different (Figure 1); their position is wo + wr for the 
absorption line and wo — wr for the emission line, with we = Eye-/h. For a gas con- 
taining a large number of moving atoms, the velocity dispersion around a zero average 
gives each of these two lines a Doppler width Awp. In the optical domain, the recoil 
frequency wp is of the order of a few kHz, much smaller than the Doppler width at room 
temperature, and also smaller than the natural width. Consequently the recoil doublet 
shown in Figure 1 is not resolved: the distance between the centers of the two lines is 
less than their width. However, when one studies the lines emitted by nuclei in the X-ray 
or y-ray domains, the recoil frequency (which increases as k”) becomes comparable to or 
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even larger than the Doppler width (which only increases as k). The two lines in Figure 
1 then only overlap far out on their wings. In this case, the photon emitted by a nucleus 
in an excited state b has very little chance of being absorbed by another identical nucleus 
in the lower state a. We shall see later how the recoil of a nucleus can be blocked when 
the atom having that nucleus is sufficiently strongly bound to other atoms in a crystal 
(Mossbauer effect). 


1-d. Radiation pressure force in a plane wave 


Each time an atom absorbs a photon, it gains a momentum hk. If Nabs is the 
number of absorptions per unit time, the atom gains a momentum Napshik, per unit 
time. In a steady state, the number Naps of absorptions per unit time is equal to the 
number of emissions per unit time Nem. This latter number is equal to T'a,,, where I 
is the natural width of the atom’s excited state, and where the diagonal element oy, of 
the atom’s density operator in 6 is the occupation probability of that state. This gain 
in momentum per unit time of the atom can be considered as coming from the action of 
a force, associated with the radiation pressure exerted by the light beam on the atom. 
One often calls this force the “radiation pressure force”. According to what we just saw, 
it is equal to?: 

F = Napshk = Towhk (13) 

To get an idea of the order of magnitude of this force, let us assume the light 
intensity is very high; the atomic transition is then saturated, meaning the occupation 


probabilities op, and aq of the higher level b and the lower level a are both equal to 1/2. 
We then have: 


r 
F = hk— (14) 
2 
Such a force can communicate an acceleration A equal to F/M to the atom of mass M. 


Taking (14) into account, this acceleration is equal to: 


— AKT — Vree 


a 
M2 2T 





(15) 


where Vrec = Ak/M is the recoil velocity of an atom absorbing or emitting a photon, and 
7 =1/T is the radiative lifetime of the excited state b. 

Let us calculate the value of this acceleration for a sodium atom. The recoil velocity 
is of the order of 3 x 10~?m/s and the radiative lifetime of the order of 16.2 x 10~%s, 
meaning the acceleration A is of the order of 10°m/s?, which is 10° times larger (!) 
than the acceleration due to gravity (of the order of 10m/s?). This high value for the 
acceleration A arises because the velocity change of the atom vyec for each absorption- 
emission cycle, though very small by itself, accumulates during the very large number of 
cycles, 1/27, occurring in one second. 





4To compute the momentum change, we only considered here the photon absorption processes. 
The spontaneous emission processes also change the atom’s momentum, as the atom recoils when it 
emits a photon. However, the spontaneously emitted photons can have any direction in space, and the 
momentum change of the atom has a zero average. This phenomenon, however, gives rise to a diffusion 
of momentum, hence increasing the velocity dispersion of the atoms. We shall see in § 2-b-y that this 
momentum diffusion must be taken into account when evaluating the limits of laser cooling. 


2024 


e MOMENTUM EXCHANGE BETWEEN ATOMS AND PHOTONS 





2. Applications of the radiation pressure force: slowing and cooling atoms 


We now study three applications of the radiation pressure force using either one laser 
beam, or two laser beams with the same intensity and same frequency, propagating 
in opposite directions along the x axis. We shall see in § 2-a how, with just a single 
laser beam, the radiation pressure force exerted by the beam on the atoms in an atomic 
beam propagating in the opposite direction can be used to slow down, and even bring to 
rest, the atoms of the beam. With two laser beams propagating in opposite directions, 
interesting effects occur if one can introduce an imbalance between the two radiation 
pressure forces, depending either on the atom’s velocity v along the x axis, or on its 
position x. We study in § 2-b how to get this velocity dependence, and how the sum 
F of the two forces exerted by the two waves, zero for v = 0, becomes, for v ~ 0 but 
sufficiently small, a linear function of v; it can then be expressed as F' ~ yu. For a proper 
detuning of the lasers’ frequency, the coefficient y can be negative, so that the resulting 
force F' acts as a friction force that damps the velocities of all the atoms in the beam, 
and hence cools them down. This is the principle of laser cooling. In § 2-c, we shall see 
how a position dependence can be obtained, and how the resulting force, zero for x = 0, 
becomes different from zero if x # 0 and equal to 6x if x is sufficiently small. If @ is 
negative, this force becomes a restoring force that can trap the atoms around x = 0. 
This is the principle of the magneto-optical trap. 


2-a. Deceleration of an atomic beam 


Imagine that an atomic beam is irradiated by a resonant laser beam propagating 
in the direction opposite to that of the beam. Due to the radiation pressure force, the 
atoms of the beam will slow down. Is it possible to bring them to rest? It is important 
to notice that even if the laser beam is initially resonant, it will not be when the atoms’ 
velocities change, since the Doppler effect takes the atoms out of resonance; this will 
significantly lower the radiation pressure force, and hence the slowing down effect. For 
the sake of simplicity, we shall first ignore the Doppler effect following the change in the 
atoms’ velocities; we shall see later how it can actually be circumvented. 

We first assume the radiation pressure force does not change in the course of the 
deceleration process, and that the laser intensity is high enough for the atomic transition 
to be saturated; we can then use the orders of magnitude calculated in the previous 
paragraph. We found that for sodium atoms, the deceleration A is of the order of 
10°m/s?. If the atoms of the beam have an initial velocity of the order of 10°m/s, their 
velocity will be zero after a time T of the order of 10~%s, after they traveled a distance 
AT? /2 of the order of 0.5m, which shows that the size of such an experiment is not, a 
priori, excessive. 

To solve the problem of the atoms going out of resonance because of the Doppler 
effect which changes in the course of the slowing down, an ingenious method was pro- 
posed and demonstrated [18]. It is based on the propagation of the atoms in a spatially 
inhomogeneous magnetic field. More precisely, the atomic beam travels along the axis of 
a spatially varying solenoid coil (Figure 2). The magnetic field produced by the solenoid 
is parallel to the beam direction, and its intensity varies along the beam axis. As an 
atom propagates along this field, it undergoes a variable Zeeman shift of its resonance 
frequency. One can then adjust the profile of the field so that as the atom is slowed 
down, the Zeeman shift of the atomic frequency balances the Doppler shift of the laser 
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Figure 2: Schematic diagram of a Zeeman slower. The atomic beam is cooled by a laser 
beam propagating in the opposite direction. It travels along the axis of a solenoid composed 
of a set of magnetic coils with decreasing diameters, whose cross sections are shown in the 
figure (the current in the coils flows perpendicularly to the figure). While they propagate, 
the atoms are submitted to a larger and larger magnetic field. The Zeeman shift of their 
resonance frequency can thus follow the Doppler shift of the apparent laser frequency in 
their own reference frame. Consequently, instead of going off resonance, they can be 
slowed down during their entire propagation through the solenoid, and even come to rest. 





frequency: at each point z, the field is calculated so that both Doppler and Zeeman shifts 
exactly balance each other. This type of apparatus is called a “Zeeman slower”. 


2-b. Doppler laser cooling of free atoms 


Q. Doppler laser cooling principle 


The “slower” described above concerns the mean velocity of atoms, which can be 
brought down to zero. However, the root mean square of the atomic velocities remains 
non-zero, as does the temperature which is characterized not by the mean velocity but 
by its root mean square. We now describe a method using the velocity dependence of 
the radiation pressure force, due to the Doppler effect, and which permits reducing the 
dispersion of the atomic velocities around their mean value, and hence really cooling 
down the atoms. As this method uses the Doppler effect, it is called “Doppler laser 
cooling”. It was proposed in 1975 for free atoms [19] and for trapped ions [20]. Here, we 
shall only study the case of free atoms. 

The idea is to use two laser waves 1 and 2, having the same angular frequency w 
and the same intensity, counterpropagating along the Ox axis, wave 1 toward negative 
x, and wave 2 toward positive x (Figure 3). Imagine an atom also propagating along the 
Oz axis with, for example, a positive velocity v. We call wo the angular frequency of the 
atomic transition a + b excited by the laser. We assume the lasers are “red-detuned”, 
meaning that: 


W < Wo (16) 
In the reference frame where the atom is at rest, the apparent frequency of wave i (with 


i = 1,2) is Doppler shifted, and equal to w —k;-v. As v is positive, the atom and wave 
1 propagate in opposite directions, so that kj -v is negative. The apparent frequency 
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Figure 3: Principle of Doppler laser cooling. An atom moving with velocity v along the 
Ox axis interacts with two laser waves 1 and 2 having the same angular frequency w; 
this frequency is “red-detuned”, meaning w < wo. The two waves have the same intensity 
but propagate in opposite directions along the Ox axis. The direction of the velocity v is 
opposite to that of wave 1. In the atom’s frame of reference and because of the Doppler 
effect, the frequency of wave 1 is shifted closer to resonance, whereas the frequency of 
wave 2 is shifted away from it. Consequently, the modulus of force F, exerted by wave 1 
increases, whereas that of the force Fz exerted by wave 2 decreases. The resulting force, 
zero for v = 0, ts opposed to v when v #0, and proportional to v for small enough values 
of v. It is therefore equivalent to a friction force. 





w—k-v of wave 1 is therefore increased. The Doppler effect brings the apparent frequency 
of wave 1 and the atomic resonance frequency closer together; consequently, the modulus 
of the radiation pressure force F exerted by wave 1 on the atom and directed, like wave 
1, towards the negative x, increases with respect to its value for v = 0. The conclusions 
are just the opposite for wave 2, whose frequency is shifted away from resonance by the 
Doppler effect; the force F2 it creates along the positive x is weaker than its value for 
v=0. 

The sum of the two forces is zero for v = 0 (both forces have the same modulus 
and opposite directions), but no longer zero when v ¥ 0. For positive values of v, it has 
the same direction as F, since the modulus of Fj is larger than that of F) (Figure 3); 
for negative values of v, it is just the opposite since the two waves have switched their 
roles. The sum F' = F\ + Fy» of the two radiation pressure forces exerted by the two 
waves is thus in the direction opposite to that of the velocity v. For small values of v, it 
is proportional to v and can be written: 


F=--yv (17) 


where ¥ is a positive friction coefficient. 

Under the effect of this friction force, the atomic velocities are constantly reduced. 
Their dispersion, however, does not tend towards zero for long interaction times, because 
of the unavoidable fluctuations in the emission and absorption processes. There is actu- 
ally a competition between the friction effect we just described, which tends to cool down 
the atoms, and the momentum diffusion that tends to heat them up. We evaluate in the 
next paragraphs the effect of these two processes to estimate the order of magnitude of 
the temperatures that can be obtained by Doppler laser cooling. 





5We shall see below that the effects of interference between the two waves can be neglected. 
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B. Estimation of the friction coefficient 


We will now seek an estimation of the friction coefficient, in order to calculate 
the evolution of the momentum of the atom, as well as of its energy. In a first step 
and for the sake of simplicity, we will limit ourselves to a calculation of the average 
effect of the photon absorption and emission cycles by the atom. This will allow us to 
determine the evolution of its average momentum p. Nevertheless, the absorption and 
emission processes of photons by an atom are actually fluctuating processes, as we will 
discuss below. Ssuch a calculation is theferore not sufficient to obtain the evolution of 
the average p? of the square of the momentum, that is of the average kinetic energy, 
since the average value of a square differs in general from the square of the average value. 
In a second step, we will use a calculation that takes the fluctuations of the momentum 
transfers betwee photons and atoms into account. 

We set: 


6=wW-—wotwR (18) 


where fiwp is the recoil energy defined in (7); 6 is the detuning between the laser frequency 
w and the atomic frequency wo — wr. We assume from now on that the intensity of the 
two lasers is weak; the atomic transition is not saturated and consequently the population 
oop of the excited level b remains low. Its variation as a function of the detuning 6 follows 
a Lorentzian curve with a total width at half maximum equal to I: 


(T/2)? 


oyp(5) = oO) Dr + 


(19) 
We shall not need the expression for op,(0), since it cancels out in the expressions for the 
friction and diffusion coefficients we shall obtain; it can however be found in Chapter V 
of reference [21] (optical Bloch equations). 

In a perturbative approach to the problem, two types of terms must be considered: 
the “square” terms, coming from the interaction between the dipole induced by wave 
i with that same wave 7; the “cross” terms coming from the interaction of the dipole 
induced by wave i with the other wave 7 #7. The cross terms correspond to interference 
between the effects of the two waves. However, as these two waves do not have the same 
spatial dependence (they propagate in opposite directions), these interference effects vary 
rapidly in space as exp(+2ikx). They consequently vanish when the forces are averaged 
over distances of the order of the laser wavelengths, as we shall assume. It is then possible 
to consider that the radiation pressure force acting on the atom is simply the sum of the 
radiation pressure forces exerted by each wave, in the absence of the other. 

When the atom is at rest, the two waves have the same frequency in the atom’s 
reference frame, and hence the same detuning 6; remember that 6 is supposed to be 
negative in a laser cooling experiment — see (16). If the atom moves with a velocity 
v > 0, we just saw that the apparent frequency of wave 1 is increased by a quantity kv 
(where k and v are positive), so that the detuning for the interaction of the atom with 
wave | is equal to: 





61 = 6 + kv (20) 


while it is 62 = 6 — ku for wave 2. For this atom, the population of the excited state 
is the sum of two contributions: that of wave 1, obtained by replacing 6 with 6 + kv in 


2028 


e MOMENTUM EXCHANGE BETWEEN ATOMS AND PHOTONS 








Figure 4: Populations opp(61) and opp(d2) excited in the upper state b by wave 1, with 
detuning 6; = 6+kv, and wave 2, with detuning 62 = d6—kv. As the detuning 6 for v = 0 
is assumed to be negative, the ordinate oyp(d1) of point B is higher than the ordinate 
Opp(62) of point C. 





expression (19), and which is proportional to the ordinate of point B whose abscissa is 
6, = 6+ kv in Figure 4; that of wave 2, which requires to replace 6 with 6 — kv in (19), 
and which is therefore proportional to the the ordinate of point C having the abscissa 
6 —kv in that same figure. Computations similar to those of § 1-d allows computing the 
total force F acting on the atom, as the sum of the two forces exerted by each wave, 
added independently of each other: 


F = —Thkow(6 + kv) + Thkopsy(6 — kv) (21) 


where o)(6) is the function defined on the right-hand side of (19). 
When kv is small compared to the width I of the curve in Figure 4, one can expand 
oyp(6 + kv) to first order in kv and obtain: 





d 
F = —2kv Thk 5 70095) (22) 


The last factor on the right-hand side of (22), which is the slope at point A (with abscissa 
6) of the curve representing op,(6), can be computed from (19). For the point 6 = —T’/2 
where the slope is maximum, we find: 


<ow(8) = aul) (23) 
Inserting (23) into (22), we get: 

F=-y (24) 
where the friction coefficient y is given by: 

4 = 4hk? ow(6) (25) 
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Using equation (24), we can also compute the damping of the momentum j and of 
its square. As F = dp/dt and v = p/M, we have: 


dp Pp 

soho ees ak 2 

dt 'M (26) 
We can also write: 

d_» _dp Dp 

—p* = WM = -2y 2 

dt? Pat ™™M 2) 


Remember, however, that the average value of the kinetic energy is proportional 
to p2, the average value of the square of the momentum, and not to the square of its 
average value p*. We should therefore not conclude from relation (27) that the ultimate 
temperature that can be reached by Doppler laser cooling when t — oo is zero. Equa- 
tion (27) was obtained by considering only the average effect on the atom’s velocity of 
the light beams and of the successive spontaneous emission processes, which introduces 
a continuous average evolution. But, in reality, the absorption and emission processes 
fluctuate and yield photons emitted in random directions. Even though their total mo- 
mentum has a zero average (meaning p is not affected), these fluctuations will change 
p2. This effect can be considered as a source of noise (also called momentum diffusion) 
that increases p2, and acts in the direction opposite to the friction. It is therefore the 
competition between these two opposed mechanisms that leads to an equilibrium state, 
whose energy p?/2M determines the ultimate temperature that can be obtained. 


y. Momentum diffusion 


We now study the diffusion of the momentum of one atom, due to the spontaneously 
emitted photons; the ensemble of particles discussed above then reduces to one single 
atom (P = p). Let us consider a time interval dt whose value will be specified later. We 
call dN; and dN», the photon numbers from waves 1 and 2 that are absorbed during that 
time interval. As we assume the friction has acted long enough to cancel the average 
velocity, the detuning 6 has become the same for the two beams. We then have, on the 
average: 


dN, = dNo =dN (28) 


Each absorbed photon then yields a spontaneously emitted photon. We use here a simple 
one-dimension model: each photon is emitted spontaneously in a random way, either in 
the positive x direction (the atom’s recoil is then negative), or in the negative x direction 
(the recoil is then positive). The variation of the atom’s momentum is then €;hk, with 
€; = —1 in the first case and €; = +1 in the second. There are no correlations in the 
directions of two consecutive photons. The total momentum dP gained by the atom 
during the absorption and re-emission of dN; +dN2 = 2 dN photons is equal to the sum 
of the momentum gained by the absorption of photons from beam 1, of the momentum 
gained by the absorption from beam 2, and finally of the momentum coming from the 
spontaneous emissions: 


2 dN 
dp = hk lam -dNi+ >> ‘ (29) 


i=l 
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(i) To begin with, we neglect the fluctuations of the number of photons absorbed 
from each wave (we shall discuss this point later). The numbers dN; and dN2 are then 
equal to their average values, and we have: 


2 dN 


dp=hk N° & (30) 
w=1 


The summation over 7 in (29) yields a zero contribution to dp, since the sum of the &; 
is zero on the average, but this is not the case for the contribution to dp? that we now 
compute. Taking the square of the summation over 7 in (30), the cross terms €; with 
j # i are zero on the average, because there are no correlations between the signs of the 
&; and the €;. We are left with the square terms £? which are all equal to 1. We obtain: 





dp? = 2 dN hi7k? (31) 


which is obviously non-zero. 

Let us specify the time interval dt, which should be long enough for the number dN 
of absorptions and spontaneous emissions to be large during this time, but sufficiently 
small for the variations of op») to stay negligible. We can then write: 


dN = Nat =To»(d)dt (32) 


where we used in the last equality the fact that the average number of photons absorbed 
per unit time in each wave is equal to T'a,»(6), as we have seen above. Inserting this 
result in (31), we get the increase of (P?) during the time interval dt: 


dp? = 2h?k?d.N = 2h?k?Toy,(d)dt (33) 


We finally get: 


dp? 21.2 
(# = 2h k Topp (5) a Dsp (34) 
sp 
The subscript “sp” of the parenthesis reminds us that this increase of (P?) per unit time 
is due to spontaneous emission processes. This expression is often called the “diffusion 
coefficient” Dgp. 
(ii) We now study the effect of fluctuations on the numbers dN; and dN2 of ab- 
sorbed photons in each wave during the time interval dt. If these fluctuations are no 
longer neglected, we must write: 


with i = 1,2. In this equation, én, is the fluctuation of the number of absorbed photons 
in wave i (by definition, the average value of én; is zero). The total momentum dP the 
atom receives during the absorption of these photons is equal to: 


dp = hk(dN2 — dN) = Ak(dn2 — 6n1) (36) 


Since the average values of dn; and dng are zero, the fluctuations in the absorption 
process do not change the average value of p, but this is not true for the average value 
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p?. Taking the square of (36) and using the fact that there are no correlations between 
the fluctuations of 6n; and dng (and hence the average value of their product is zero), 
we get: 


dp? = long + bn3| hk? (37) 
To compute dn, we take the square of equation (35). This leads to: 
dN? = dN? 4+ 2 dN6én; + 6n? (38) 


We now take the average value of each side of this equation. Using the fact that the 
average value of 6n,; is zero, we get: 


bn? = dN? — dN? (39) 


The quantity dN2 —dN? is simply the variance of the number of photons absorbed from 
the wave. In general, for Poisson statistics, we have®: 


dN? —dN,; =dN, =dN (40) 
We deduce that én? is simply equal to dN, so that equation (37) is simply written: 
dp? = 2dN hk? (41) 


We therefore obtain for the increase of p? due to fluctuations in the absorption processes 
a result identical to (31). The computations leading from (31) to (34) can be repeated 
and we get the following result for the increase, per unit time, of p? due to the absorption 
processes: 


dp? 22,2 
oe = 2h?k?T om, (5) = Dabs (42) 
abs 


where the diffusion coefficient Dap; due to the absorption processes has the same value 
as Dsp for the spontaneous emission processes: 


Dype = Dey = 27k? Lax (0) (43) 


To evaluate the global rate of variation of p2, we must add to the rates of variation 
(34) and (42) the one due to the cooling process (dp?/dt)¢oo1.. This variation is simply 
the variation of p” in the absence of fluctuations during the momentum exchanges, so 
that it can be obtained by assuming that p? and p are simply equal. Using (27), we can 
write this variation as: 


dp? p? 
rae = —2n5— 44 
( dt YM (44) 


6One could evaluate the effects of the deviations from Poisson statistics, but it will not be done here 
to keep things simple; this is legitimate for the low laser intensities (unsaturated transition) we assumed 
here. 
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Adding (34), (42) and (44), we finally obtain a total rate of change equal to: 


dp? p 
— = —2y— + Dsp + Dabs 4 
( dt oy M + Dsp + Dab (45) 
tot 
This rate of change goes to zero when : 


= M 
p? = (Dsp + Dans) = (46) 
Y 
Dividing both sides of this equation by 2M and using expressions (25) and (43) for the 
friction and diffusion coefficients, we finally get’ the expression for the average kinetic 
energy in the stationary regime: 


pW 

2M sO 
This result indicates that the ultimate temperature is directly related to the natural 
width of the excited level. 


(47) 


é. Doppler temperature 


In a Doppler laser cooling experiment, and for a one-dimensional treatment of the 
problem, the average kinetic energy of the velocity fluctuations around its average value 
is related to the Doppler temperature Tp : 


p? _ kpTp 
2M 2. 





(48) 


where kp is the Boltzmann constant. Using (47) and (48), we find that the equilibrium 
temperature that can be reached by Doppler laser cooling is given by: 


AL 


Tea 
Be” hey 


(49) 
For sodium atoms, this temperature is equal to 235 x 10~® K, that is 10° times lower 
than room temperature (of the order of 300 K)! 

Our treatment of Doppler laser cooling is based on several approximations, as for 
example the one-dimensional treatment and the simplified description of spontaneous 
emission occurring only in two opposite directions. Nevertheless, more precise calcula- 
tions lead to the conclusion that the average kinetic energy reached in a stationary regime 
is indeed of the order of AL, within numerical coefficients of a few units. 

Finally, equation (47) yields an estimation of the velocity Up of the cold atoms 
thus obtained: 


dp ~ Vir /M (50) 





This means that the Doppler shifts +kup of the apparent frequencies of waves 1 and 2 
are such that the separations of the dotted lines in Figure 4 is of the order of t+k,/AT'/M. 





7 As the diffusion and friction coefficients are all proportional to 7op(6), this factor disappears from 
(46) and is no longer present in (47). 
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We can compare these Doppler shifts with the width T of the curve plotted in Figure 4 
and obtain: 


kVJhT/M — [hk2/M | Bryce 
r ~ r ~ ar (51) 


where Exec is the recoil energy given in (7). The ratio Fye./hT is in general small for the 
atomic resonance lines used in laser cooling; it is of the order of 1/100 for sodium, which 
means that kup remains small compared to I and shows the validity of the limited series 
expansion used in equation (22). 





Other laser cooling methods 

Until now we have described laser cooling methods using only the Doppler effect. Other 
methods have been proposed and demonstrated, such as “Sisyphus cooling” (§ 4 of Com- 
plement Dxx and [22]), the “subrecoil cooling” and “evaporative cooling” [23]. The reader 
interested in the two latter methods may read for instance § 13.3 of [24]. 


2-c. Magneto-optical trap 


We wish to introduce an imbalance, depending on the atom’s position x, between 
two laser beams 1 and 2, with the same frequency but propagating in opposite directions 
along the Ox axis. This requires achieving detunings (between the lasers’ frequency 
and the atomic frequency) that depend on the position x of the atom along the Ox 
axis; these detunings must be the same for both lasers when x = 0, and different when 
xz #0. We must then necessarily use an atom with several Zeeman sublevels and different 
polarizations for the two beams 1 and 2. The principle of the method, suggested for the 
first time by Jean Dalibard in 1986, is schematized in Figure 5. We assume the atomic 
transition is between a ground state with a zero angular momentum (J, = 0) and an 
excited state with an angular momentum equal to 1 (J. = 1). The solid lines in Figure 
5 plot the energy of the three Zeeman sublevels e41, e9 and e_; of the excited state, 
and of the sublevel go of ground state, in an inhomegeneous magnetic field B applied 
along the Ox axis. This field is zero at « = 0 and varies linearly with x around x = 0; 
it can be created, for example, by two circular coils having the same axis Ox, placed 
symmetrically with respect to x = 0, and carrying currents of opposite directions. The 
quantization axis is chosen along Oz and allows defining the magnetic quantum numbers 
Me and mg of the sublevels in the excited and ground states. The two laser waves 1 and 
2 propagate in opposite directions and have opposite circular polarizations with respect 
to the quantization axis ®°. Wave 1, with polarization a1, excites the transition gy G e€41 
whereas wave 2, with polarization o_, excites the transition go + e_1. The energy hwo 
of the zero-field atomic transition is equal to the difference between the energies of states 
€9 and go (solid horizontal lines in the figure). The detuning hd = hw — hwp between the 
energy fw of the laser photons and that of the zero-field atomic transition is shown as 
the difference in height between the dashed and solid horizontal lines in the figure. We 





8One generally defines the right-hand and left-hand circular polarization with respect to the prop- 
agation direction of the photon. In that case, the polarization of the photons of wave 1 and wave 2 
in Figure 5 would be o+ (in both cases the electric field of the wave turns around the direction of 
propagation following the right-hand rule). When studying the selection rules of the various transitions 
resulting from the conservation of spin angular momentum (see Complements Bxyx and Cxyx ), it is 
best to define both the quantum numbers and the polarizations of all the beams with respect to the 
same axis, chosen here to be the quantization axis Oz. 
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assume here that the detuning is negative (the laser’s frequency w is shifted towards the 
red of the atomic transition wo). 

At point x = 0, the energies of states e,; and e_, are equal, as are the detunings 
of waves 1 and 2 which excite the transitions gg © e41 and go © e_,. The radiation 
pressure forces exerted by the two waves are equal in intensity and opposite in direction, 
so that the resulting force is zero. This balance does not hold as soon as we move away 
from x = 0. For example, at x = x;, wave 1 which excites transition gg — e4+1, is at 
resonance with this transition and the force it exerts is at its maximum. On the other 
hand, at that same point, wave 2, which excites transition gy) > e_1, is way off-resonance 
and hence exerts a much weaker force. Consequently, the balance between the two waves 
is broken in favor of wave 1 and the resulting force exerted by both waves is non-zero 
and directed towards the right. The conclusions are inverted at point x = x_, where 
the total force is non-zero and directed towards the left. We obtain a restoring force, 
proportional to x in the vicinity of x = 0, which traps the atoms around x = 0. Such a 
trap is called a “magneto-optical trap” or “MOT”. 

For the sake of simplicity, we only considered a one-dimensional model, but the 
extension to three dimensions is possible. Note in particular that the field created by 
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Figure 5: Principle of the magneto-optical trap. The transition used is a Jg =0 > Je =1 
transition, excited by two laser waves 1 and 2 propagating in opposite directions along 
the Ox axis, with polarizations (04) and (o_) with respect to the quantization axis Ox. 
A magnetic field gradient is applied along the Ox axis, the magnetic field being equal 
to zero atx = 0. Wave 1, which excites the transition go © e€41, is resonant for this 
transition at point x = x4 and the radiation pressure force it exerts on the atoms is then 
maximal. At that point, wave 2, which excites the transition go ~ e_, ts off-resonance for 
the corresponding atomic frequency, and, consequently, exerts a much weaker force. The 
two forces are unbalanced, in favor of the wave 1 force. The resulting force is non-zero, 
directed towards x > 0. The conclusions are reversed at point x = x_, where the resulting 
force is non-zero, directed towards x < 0. Finally at x =0 both waves are off-resonance 
by the same amount, and the resulting force is zero. We obtain a restoring force that 
traps the atoms around x = 0. 
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two circular coils centered around the Oz axis, placed on each side of point « = 0 and 
carrying currents in opposite directions, is zero at x = 0 and exhibits non-zero gradients 
along the Oy and Oz axis. The detuning towards the red of the laser frequency with 
respect to the atomic frequency also has the advantage of providing a Doppler laser 
cooling effect. The magneto-optical trap is nowadays a basic tool of cold atom physics®. 


Other trapping methods 


Other methods for trapping atoms with light beams exist, for instance laser dipole trapping 
methods (Complement Dxx, §§ 1, 2 and 3). 


3. Blocking recoil through spatial confinement 


We now assume the atom or the ion under study is subjected to an external potential that 
traps it in a region of space. The energy spectrum of the external variables is no longer 
a continuous spectrum (as would be the case for a free atom), but a spectrum including 
a discrete part corresponding to the atomic bound states. Furthermore, because of this 
external potential, the atomic Hamiltonian is no longer translation invariant, and hence 
the total momentum is no longer a good quantum number. In this section we study how 
the absorption and emission spectra of the atom are modified by its confinement within 
the potential, and how the recoil of the atom can be blocked in certain cases. 


3-a. Assumptions concerning the external trapping potential 


We will assume the external potential acts only on the external variables, and 
not on the internal variables. This is the case for example for an atomic ion trapped 
by electric and magnetic fields, which only act on the center of mass via the global 
ionic charge, but does not act on the internal variables !°. Figure 6 plots the trapping 
potentials for an atom or an ion in the internal states a or b. The two potential curves are 
identical, deduced from one another by a vertical translation of amplitude iw g where wo 
is the frequency of the internal atomic transition b © a. The spectrum of the vibrational 
levels, of energies E,, Ey, Ey, ... is the same for the two potentials. The atomic 
states are labeled by two quantum numbers: a quantum number a or 6 for the internal 
variables; a vibrational quantum number v, v’, v”, .... for the external variables. The 
atomic transitions between the two internal states a and b now present a structure due 
to the vibrational motion of the center of mass. The frequency w,, of the transition 
b,v’ 4 a, is given by: 


Ruy» = hug + By — E, (52) 


The quantity FE, — E, gives the variation of the external energy of the atom during the 
b,v’ > a,v transition. 





°See § 14-7 of [24] for a description of the first experimental realizations of such a trap and for a 
more quantitative study of its performances. 

10The ion is generally confined in the center of the trap, a region where the electric and magnetic 
fields are very weak. It is then legitimate to neglect the Stark or Zeeman shifts of the internal states. 
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Figure 6: The external potential trapping the ion is the same when the ion is in either 
of its internal states a or b, separated by an energy difference hwo. Consequently, the 
spectrum of the vibrational levels of the center of mass in the external potential is the 
same for both internal states. 





3-b. Intensities of the vibrational lines 


We showed in § C-5 of Chapter XIX that the matrix elements of the interaction 
Hamiltonian could be factored into three terms pertaining to the three types of variables, 
the internal and external atomic variables, and the radiation variables — see relations (C- 
34) and (C-35) of that chapter. The part relative to the external variables is equal to 
(pe | exp(i k-R)|we**) for an absorption process, where 7) and |w£**) are the external 


final and initial states of the transition, equal here to |y,/) and |y,). This leads to an 
intensity of the vibrational line a,v © b,v’ proportional to: 


Luv = |(Pu'|exp(ik - R)| ev)? (53) 
The I,,, obey the sum rule (obtained by the closure relation on the states |y,-)): 
> Tyo = So (pol exp(—ik - R)| pv") (eu |exp(ik ‘ R)|pu) =1 (54) 


It follows that the relative weight of the transition a,v — b,v’ compared to all the 
transitions starting from a, v is precisely equal to I, y. 


Another sum rule 


The relative weights [,,,, obey another sum rule: 


hk? 
(B) = SV lurw(By — Bo) = Gap = Bree (55) 
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which indicates that the average energy gained by an atom going from a given level a, v to 
another level b, v’ is equal to the recoil energy, whatever the value of v. To prove relation 
(55), we rewrite the sum over v’ in (55) in the form: 


S° (Yo [exp(—ik . R), oe a) (Pur | exp(ik ‘ R) a) (56) 


v! 


where Hest = Pp? /2M + V(R) is the external variable Hamiltonian. The only term 
in Hext that does not commute with exp(—ik - R) is the kinetic energy term. We can 
replace the commutator appearing in (56) by [exp(—ik : R), Pp /2M |e We now develop 
this commutator and use the closure relation on the |p,/) states, as well as relation: 


2 





ns weak dE Spee ex 2 
This yields: 
ee Ee ee ye 
(yv| exp(—ik - R) aM exp(+ik - R) SME |~u) 
= Exec + (pul - P/M |v) = Exec (58) 


since, taking Ehrenfest’s theorem into account (Chapter III, § D-1-d-3), the average value 
of operator P (equal to M d(R)/dt) in the stationary state |y,) is zero. 


3-c. Effect of the confinement on the absorption and emission spectra 


The absorption and emission spectra of an atom are significantly modified by the 
confinement of its center of mass. 

As we saw in § 1, when a free atom has a well defined initial momentum P,y, 
the absorption of a photon with momentum Ak places it in a well defined momentum 
state Pan = Pin + hk. The conservation of the global momentum means that there is 
only one final state, |b, Pan), corresponding to an initial state |a, Pin), and hence a single 
absorption line a © b. 

On the other hand, when the global momentum is no longer conserved because of 
the external potential’s trapping of the atom, we get several lines going from an initial 
given state a,v to several possible final states b, v’, whose frequencies wy, are given by 
(52). One can then ask which of these lines is the strongest. 

To answer that question, we go back to expression (53) for the relative weight of 
the transition a,v — b,v’. In this equation, operator exp(ik-R) represents a translation 
operator, in momentum space, of the quantity hk. The quantity J, ,, is thus proportional 
to the squared modulus of the scalar product of the vibrational wave function y,/(r) and 
the wave function y,(r) translated in momentum space by the quantity hk. Let us 
assume the atom is trapped in a region of spatial extension Ax, very small compared to 
the wavelength \ = 27/k of the incident photon. The momentum spread Ap of the wave 
function is then larger than fk since: 


Ar <X (59) 
leads to: 
h h hk 
Ap ~ — aS 60 
. Ax me AX WW (60) 
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This means that, as long as the excited levels’ energy is not too large, the translation in 
momentum space of the wave function y,(r) by a quantity ik much smaller than its width 
leaves that wave function practically unchanged, and it consequently remains orthogonal 
to Yu(r) for v' 4 v. The strongest line in the absorption spectrum is therefore the line 
with no change in the vibrational quantum number (a line sometimes called the zero- 
phonon line), whose frequency remains unchanged, equal to wo. A strong confinement 
suppresses the Doppler shift and the atom’s recoil. 


Comment on momentum conservation 

One may wonder what happened to the momentum of the absorbed photon in the zero- 
phonon transition. Remember that we have treated the trapping potential of the atom 
as an external potential, which breaks the translation invariance of the problem under 
study: the Hamiltonian no longer commutes with the total momentum, which is no longer 
conserved. It is thus not surprising that we cannot follow what becomes of the photon 
momentum. We can, however, describe the trapping potential, not as an externally given 
potential, but rather coming from the interaction of the atom with another physical object 
whose dynamics must be taken into account. A quantum treatment of that device and its 
interaction with the atom permits introducing for the global system, “atom + trapping 
device”, a Hamiltonian that commutes with the total momentum; it is the global system 
that absorbs the photon momentum. As this momentum is microscopic, whereas the 
mass of the device is macroscopic, the recoil velocity is so weak that the corresponding 
frequency shifts are totally undetectable. 


3-d. Case of a one-dimensional harmonic potential 


We now assume the external trapping potential is harmonic, and we call wosc the 
oscillation frequency of the atoms in this potential. The energies E, of the vibrational 
levels are equal to (v + 1/2)hwosc, where v is an integer, positive or zero. The spatial 
extension Azo of the ground state wave function v = 0 is equal to \/h/2Mwosc. To 
characterize the confinement, we introduce the dimensionless parameter!!: 


A 
n = kAao = an (61) 


If 7 < 1, the atoms are confined in a region small compared to the radiation wavelength. 
The square of the parameter 7 has a simple physical significance since: 


2: = hk? _ Exec 
= 2M wose 7 Rwose 





” (62) 
is the ratio between the recoil energy Fyee and hwosc, which is the energy difference 
between vibrational levels in the potential well. 

It is instructive to compute, as a function of 7, the intensities Joo and Ip, of the 
vibrational lines a,0 — b,0 and a,0 — b,1. Assume the photon wave vector k is parallel 
to the x axis. Exponential exp(ik - R) appearing in equation (53) can be replaced by 





11This parameter is often called the Lamb Dicke parameter, after the names of the physicists who 
first introduced the idea of recoil-free absorption in a trapped system. To get a historical overview of 
the various studies on the suppression of recoil due to confinement, the interested reader may consult § 
6-4-4 of [24] as well as the references cited in that §. 
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exp(ikX). We now use the expression of operator X in terms of the annihilation and 
creation operators of the harmonic oscillator associated with the external potential: 


X = Sh/2Mwose (4+ at) = Azo (4+ G!) (63) 


We then get, in the limit 7 < 1, using (61): 
exp(ikX) = exp [in(a + a’)] 


2 
=1+in(at at) — 7 (a+ al)? +... (64) 


The series expansion (64) used in (53) yields, to order 2 in 7: 


Io,0 =l1- 0? (65a) 
ho=1 (65b) 


All the other transitions a,0 — b,v with v > 2 have relative intensities of a higher order, 
in 7°”. The transition with no change in the vibrational state, and hence with no recoil, 
is predominant for a strong confinement. The transition a,0 — 6,1 has a much lower 
probability, by a factor Fye-/hWosc; When it occurs, it increases the atomic energy by a 
quantity fiwos. much larger than Fy... The sum rule (55) shows that, on the average, the 
energy gained by the atom remains equal to Eyec. 


3-e. Mossbauer effect 


In 1958, Rudolf Méssbauer observed very narrow lines in the resonant absorption 
spectrum of yy rays by the atomic nuclei in a crystal. Building on the previous work of 
Lamb [25] on the suppression of the recoil in the resonant absorption of slow neutrons 
(and not of photons) by the atomic nuclei in a crystalline network, he attributed the 
narrow spectral structures he observed to a suppression of the recoil. This suppression 
can occur if, in the crystal phonon spectrum, there are frequencies larger than the recoil 
frequency wr = Exec/h. The interest of the Méssbauer effect comes from the high value of 
the frequency of the internal y transition, which can reach 1018 Hz, or even much higher 
frequencies. If the Doppler width and the recoil shift are suppressed by the confinement, 
and if the natural width remains of the order of 10° to 10’ Hz (as for an optical transition), 
the quality factor of the y transition (ratio between frequency and the spectral width of 
the resonance) can reach values of the order of 10!%. Such a resolution allowed measuring, 
already in 1960 [26], and for the first time in a laboratory, the gravitational shift predicted 
by general relativity between the frequencies of an emitter and a receptor, both located 
in the earth’s gravitational field but separated by an altitude of roughly twenty meters. 


4. Recoil suppression in certain multi-photon processes 


Until now, we only considered one-photon processes. We shall see in Chapter XX that 
there are multi-photon processes in which the atom goes from an internal state a to 
another state b by absorbing or emitting several photons. During such processes, the 
total energy and momentum must of course be conserved!?. 





12We now consider again free atoms, without an external potential. 
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Absorption of the probe beam 





Figure 7: Saturated absorption spectroscopy. This figure plots the absorption profile of 
the probe beam when scanning the frequency w of the two laser beams. A narrow hole, of 
width I, appears in the middle of a much larger Doppler profile, of width Awp. 





Imagine a two-photon process, where the two photons have the same frequency 
and opposite wave vectors +k and —k. The total radiation momentum is zero in this 
case. If the atom absorbs those two photons, its momentum does not change. Its external 
energy is not modified, meaning there is neither a Doppler effect, nor a recoil energy. 
This possibility can be extended to p-photon processes as long as the sum of the wave 
vectors of the p photons is zero: 


ky + ko... +k, =0 (66) 


This idea was proposed independently by two groups, in Russia [27] and in France 
[28]. It led to significant experimental advances in high resolution spectroscopy where the 
line width is no longer limited by the Doppler width, but rather by the often much smaller 
natural width. A particularly interesting example is the study of the transition 1s 4 2s 
of the hydrogen atom by Doppler-free two-photon spectroscopy [29]. The upper state 2s 
of this transition is metastable, with a long lifetime (around 120 ms). Consequently, its 
natural width is very small and the two-photon line very narrow, which allows extremely 
precise measurements of fundamental constants such as the Rydberg constant. Note must 
be taken however that the interaction with the laser radiation inducing the two-photon 
transition leads to shifts of the energy levels!*, proportional to the light intensity; these 
must be taken precisely into account to determine the non-perturbed frequency of the 
two-photon transition. 


Doppler-free saturated absorption spectroscopy 

Nonlinear effects also appear in experimental set-ups where the atom interacts with two 
counter-propagating light beams, with the same frequency w, one having a high intensity 
(pump beam) and the other a weaker one (probe beam). Contrary to the two-photon 
transitions considered in the previous paragraph, we assume here that the transitions 
induced by each beam are one-photon transitions between the two atomic internal states 
a and }; the laser frequency w is therefore close to the atomic transition wo (and not close 
to wo / 2) 2 

We neglect here the recoil energy, in general very small in the optical domain compared 
with the natural width I of the upper state b. However, the Doppler shifts of the absorp- 





13See Complement Bxx , §2-b 
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tion lines of the various atoms play an important role, as they are different for the pump 
beam and the probe beam which propagate in opposite directions. The pump beam in- 
teracts with an atom of velocity vpump if its apparent frequency w — kupump for that atom 
coincides with the atomic frequency wo (within T), ie. if kupump = w — wo within TI’. In 
the same way, the probe beam interacts with atoms of velocity Uprobe if w+ kuprobe = wo 
within T, ie. if kUprobe = —(w — wo) within T. When w is different from wo, we have 
Upump # Uprobe: the two beams do not interact with the same atoms in the velocity dis- 
tribution, so that the absorption of the probe beam is not perturbed by the presence of 
the pump beam. However, this perturbation becomes important when w = wo (within 
T), since the two beams interact with the same sub-set of atoms (those belonging to the 
same “velocity group” along the beams’ axis). 

The high intensity pump beam lowers the difference in populations between the a and b 
levels of the atomic transition, and tends to equalize these populations. The absorption 
of the probe beam is thus diminished when the two beams interact with the same velocity 
group, i.e in the vicinity of w = wo. When scanning the frequency w of the two laser 
beams, the absorption of the probe beam varies according to a Doppler profile centered 
around wo, with width Awp, in the middle of which (Figure 7) appears a hole with a much 
smaller width [. This method, called saturated absorption, allows the determination of 
the atomic frequency wo with a much better resolution than when using a single beam. 


Conclusion 


In this complement, we showed how the analysis of the momentum exchanges between 
atoms and photons allows introducing and interpreting several important physical phe- 
nomena. These phenomena include Doppler width, recoil energy, radiation pressure 
forces, Doppler laser slowing down and cooling of atoms, suppression of the Doppler 
effect due to confinement or in two-photon transitions, and the Méssbauer effect. 

Thanks to these various methods, spectacular improvements in the resolution of 
spectroscopic measurements have been obtained. This led to high precision measurements 
and improvements of atomic clocks, which now have a relative stability of the order 
of 10-!®. Placing such a clock in the international spatial station and comparing its 
frequency with that of a similar clock on the Earth, one hopes to be able to test the 
value of the gravitational shift predicted by general relativity with a precision better, by 
a factor close to 100, than all the other existing tests. Another conclusion we can draw is 
that atom-photon interactions are useful tools for controlling and manipulating atoms. 

We shall see in Complement Cx;x how the exchanges of angular momentum be- 
tween atoms and photons allows controlling the angular momentum of the atoms, polar- 
izing them via optical pumping. Such achievements have opened new fields of research, 
such as atomic interferometry and the study of degenerate quantum gases. 
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Introduction 


Radiation angular momentum plays an important role in many situations, in particular 
in atomic physics experiments. As will be explained in Complement Cxyx, the exchange 
of angular momentum between atoms and photons is the base of many experimental 
methods, such as optical pumping, which illustrated for the first time the manipulation 
of atoms by light. 

In Chapter XVIII, a spatial Fourier transform of the classical fields led to the 
introduction of the field normal variables a-(k) and az(k), which are the field components 
in a basis of transverse plane waves. Upon quantization, these normal variables became 
the annihilation G-(k) and creation @i(k) operators of a photon in a mode k,e. Such a 
plane wave basis is particularly useful for studying the radiation energy and momentum, 
since the photons of mode k,e have a well defined energy hw = fick and momentum hk. 
On the other hand, the expansion of the field angular momentum in terms of the normal 
variables a-(k) and az(k) is not as simple, since the photons of mode k,e do not have 
a well determined angular momentum. The aim of this complement is to find another 
expansion better adapted to the study of the radiation angular momentum, and establish 
a number of useful results. 

In the classical description of radiation, the normal variable a(k) = }>, ae(k)e is 
a vector function of k presenting a certain analogy with a wave function in the reciprocal 
space, and which could be seen as the wave function of the radiation (in momentum 
space). A physical quantity, such as the radiation total energy or the total momen- 
tum, does appear as the average value in that wave function of a one-particle operator 
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representing the energy or the momentum of a photon. We will see other examples of 
this analogy in this complement. As it is a vector function, this wave function can be 
regarded as the wave function of a particle of spin 1 whose total angular momentum J 
would be the sum of the orbital angular momentum LD and the spin angular momentum 
S. We will present, in § 1, a quantum mechanical calculation of the average values, in 
the state of a spin 1 particle described by the vector wave function ©(k), of the orbital 
and spin angular momentum of that particle. Returning to classical physics, in § 2 we 
will establish the expression for the total angular momentum Jp of free radiation; we 
shall first write it as a function of the fields in reciprocal space, then as a function of 
the field normal variables a(k). The expression thus obtained has the same form as that 
obtained in § 1, provided we replace the W(k) by the a(k). This will lead us to the 
expansion in terms of normal variables of not only the field total angular momentum, 
but also of its orbital and spin angular momenta. The physical interpretation of these 
results is discussed in § 3, which highlights, in particular, some important characteristics 
of these two types of angular momenta. 


1. Quantum average value of angular momentum for a spin 1 particle 


We first study a spin 1 particle that has a mass, and is therefore not a photon. Our 
results will be useful as a point of comparison for the next paragraph’s computations, 
where we return to the electromagnetic field. 


l-a. Wave function, spin operator 


The conclusions of this § 1 will be compared with those of the following § 2 concern- 
ing the radiation angular momentum expressed in terms of normal variables. As normal 
variables characterize the field in reciprocal space, it is important here to describe the 
state of the spin 1 particle in that same space. The particle state vector can be expanded 
on a basis {|k,v)}, where k represents the wave vector and v the spin state: 


1) => foe wuld) [k,n) (1) 


with: 
vy(k) = (k, v8) (2) 


In general, we choose for the states |v) the eigenstates | + 1),|0),| — 1) of the S$, spin 
component. Here, we shall choose another basis: 


lz) = (1/v2)|| - 1) - |+1)| 
ly) = (é/v2)|| = 1) +1+1)] 
lz) = |0) (3) 


The action of the S components S,, S,, 5 on these basis vectors can easily be computed. 
We must use S, = (S;+S_)/2 and S, = —i (Sy — S_)/2, as well as the action of 
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S,,S_,S, on the states |+1),|0),|—1) (Chapter VI, relations (C-50)). As an example, 
we obtain: 




















S,|2) = 5 (S++ $-)Ze[|- 1) -1+1)] = 55 [vaI0) - v2}0)] =0 
Sly) = 5(S4 + $-)e[|— 1) +140] = 555 [V2 10) + v2] = ale 
Sela) = 5(S4 + 8-)10) = 5 [V2 | +1) + v2|—1)] = aha) (4) 


These equations, and those similar for the action of Sy and S,, can be written in a more 
compact way as: 


Salb) =ih S~ eate |e) (5) 


where a,b,c are the indices x, y, z and egy, is the three-dimensional completely antisym- 
metric tensor. Equation (5) also leads to: 

(e|Sa|b) = ih Eabc (6) 
1-b. Average value of the spin angular momentum 


Taking (1) into account, the average value of S, is written: 
(W|suB) = fae f ak Y> v2W) R.A Sle Ben(k) (7 
b,c 

As S, does not act on the orbital degrees of freedom, described by the variable k, we 
get, taking (6) into account : 

(k’, c|Sa|k, b) = ih €ane 6(k — k’) (8) 
Inserting this result in (7) then yields: 

(D]SuI¥) = ih f ak Sane Ve(k\va(k) = —ih fa TT care vs (vel) — (9) 

b,c b,c 


(using the fact that egy. is antisymmetric). As the a component of the cross product of 
two vectors V and W is written: 





(Vx W), = > eave Vi We (10) 
b,c 
we get: 
(W|S,|¥) = -in [abe (w x W), (11) 
lBy definition €g,, = +1 if abe are xyz or can be deduced from xyz by an even permutation; 
€abc = —1 if abc is deduced from xyz by an odd permutation; finally €g,, = 0 if two of the three indices 


abc (or all three) are equal. 
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1-c. Average value of the orbital angular momentum 
The orbital angular momentum is written: 
L=RxP (12) 
Its DL, component acts in position space as: 
La =(RX P)a= > eave Ry Pe > —ih SN earers Oc with «=, = O/Or__——(13) 
b,c be 


Going to the reciprocal space amounts to performing a spatial Fourier transform. 
The operators which in r space correspond to a multiplication by r, and a derivation 
with respect to r., respectively become, in k space, the operators derivation with respect 
to ky and multiplication by k, (multiplied by appropriate factors): 


ry &. 10/dky = id O/re = Oe © ike (14) 
with the notation: 
dy = 0/dky (15) 


In reciprocal space, the action of the LZ, component of the orbital angular momentum is 
therefore: 


Lq => —ih S~ eabe (40h) (ike) = th S~ €abe he Op 
b,c 


b,c 
= ~ih(k x Vea (16) 


In the last equality of the first line, we have moved dy to the right of k,, which is allowed 
since the presence of €g,. means that all the terms with equal indices b and c must be 
zero. To obtain the equality in the second line of (16), we use the anstisymetry of €ane 
under the exchange of b and c, and relation (10) of the vector product; Vx is the gradient 
with respect of k. 

We finally compute the average value of L, in the state YW. Taking (1) into account, 
we get: 


(W|L4|W) = / ak / dk" SU (ke!) (Re, d| Lal, €) be) (17) 
dye 


As L, does not act on the spin degrees of freedom, we must have d = e in the matrix 
element on the right-hand side, which yields, using the differential form (16) for La: 


(WIL 4|¥) = / ak / dk" Sw") (h, d| Lal, d) Wak) 
d 


l| 


—th if d?k S° walk) Eabe kp a, walk) 


b,c,d 


= -in face valk) (kX VO el (18) 
d 
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Finally, adding (11) and (18), we obtain the following expression for the average 
value of the particle total angular momentum in the state W: 


(W|J|) = ih [er { B*(k) x U(k) + > wilh) (k x Ve) valk) } (19) 
; ee._) —_———_’ SS 
spin d orbital 
2. Angular momentum of free classical radiation as a function of normal variables 


We now show that the classical calculation of the radiation angular momentum presents 
a certain analogy with the results of § 1. 


2-a. Calculation in position space 


Relation (A-53) of Chapter XVIII yields for the total angular momentum of free 
radiation (in the absence of particles): 


eq per Ir x [E.(r) x B(r)] | (20) 


Let us replace B by V x A and use the triple product expansion a x (b x c) = (a-c) b— 
(a-b)c. We obtain, keeping the right order between V and A: 


Ex|Vx Al= 50 EiVAq—-(E-V)A (21) 
d 


where Eg is the component of EF, (r) on the Ox, Oy or Oz axis, labeled by the index d. 
Inserting (21) in (20) leads to: 


Pe [ar { So Bale x V)Ag—r x (E- v)A} (22) 
7 d 


Consider first the contribution J“ of the second term in (22). Its J component 
is written: 


JOD = eg [er {r x (E- v)A} 


= —-€0 [er S° E€abc Tb Ea Oa Ag (23) 


b,c,d 
We now move ry to the right of 04, using: 
Tp Og = OaTo — Oba (24) 


The contribution of the term —dyq to (23) yields: 


co f a°r So eile Ey Ace = co f ar (Ex A), (25) 


b,c 
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As for the contribution of the term 0g7r, to (23), we perform an integration by parts. 
The contribution of the integrated term yields a zero surface integral if the fields decrease 
fast enough at infinity. We obtain for the contribution of the term Ogr, to (23) : 


-« f & r S- €abe Ea Oa ( rp A c) =0+e fa? r > eabe Ts Ac Oa Ea (26) 
b,c,d b,c,d 
In the last term of (26), we note the quantity 
\\OaEa=V-E (27) 
d 


which is equal to zero since the electric field, in the absence of sources, is purely transverse 
(and hence of zero divergence). This term therefore disappears. 
Finally, the average value of J is the sum of (25) and of the first term of (22): 


=e f dr { Br) r+ Bae) (r x V)Aa(r) } (28) 
PRA) n——————_ 

spin orbital 
2-b. Reciprocal space 


Expression (28) for J can be rewritten as a function of the Fourier transforms of 
the fields E(r) and A(r). Using the Parseval-Plancherel equality (Appendix I, § 2-c) 
and relations (14), we get: 


jae 4 ak { BM +L Ee) )(k x Ve) Aah) } (29) 
SO) Ealk)(k x Ve)Aalk) 
spin orbital 


- We now use expressions (B-22a) and (B-22b) of Chapter XVIII to obtain the fields 
E(k) and A(k) as a function of the normal variables: 


aw 


E(k) = NB) [a(k) — a*(—k)] (30a) 
S 1 : 
A(k) = ayy lath) + (8) (30b) 


where \V(k) was determined by relation (A-3) of Chapter XIX: 


N(k) = f= (31) 
Inserting (30) into (29), we get: 
Jo=-i5 fa X {lost k) — a6(—R)] eave (acl) + 02(—R)] 
+ Do loa) — aa(—R)] €ane ky De [aa(k) + a'3(—F)) } (32) 
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Each line in (32) contains four terms: two of these terms include either a* twice for the 
first one, or a twice for the second — both will be shown below to be equal to zero; the 
other two terms contain either a* once or @ once — we show below that they are equal. 
We finally obtain: 


Lee [eve {2°(k) x a(k) k) + evi (ke) (kb x Ve) ova) \ (33) 
eats) (hx Vey oath) 
spin orbital 


This expression has the same form as (19): the angular momentum is the sum of a spin 
term and an orbital term involving spatial derivatives. This result confirms that the 
normal variable a(k) can be regarded as the wave function in reciprocal space of the 
photon field, and that the photon is indeed a spin 1 particle. This result also gives the 
explicit expressions of the radiation spin angular momentum (first term in the bracket 
of (33)) and orbital angular momentum (second term). 

For a massive particle, we know (Chapitre VI, § D-1-a) that in spherical (or cylin- 
drical) coordinates, the action of the Oz angular momentum component corresponds to 
a derivation with respect to the azimuthal angle y: 


ho 


Lz, > —ifi(ke Oy — ky Oy) = i Bp 


(34) 


This result simply comes from a calculation of partial derivatives; it is thus also valid for 
a field. 


Computation of the various terms appearing in equation(32) 
Consider, in the first line of (32), the terms involving a product of two a* or two a, for 


example: 
~i(h/2) [oe 2! a3 (K) €abe 02 (—K)] (35) 
Changing k into —k, inverting the indices b and c, and using €ach = —€abe, We can show 


that (35) is equal to its opposite, and hence must be zero. The same approach, followed 
for the term: 


+i(h/2) [oe 2! av(—k) €abe 0% (—k)] (36) 
shows that this term is equal to: 


—i(h/2) i; d?k 2! Ao(K) €abe a5 (k)] (37) 


which is identical to the other term on the first line of (32) containing one a* and one 
a, provided we change the relative order in which the term aj(k) and a<(k) appear. In 
classical theory, these quantities are numbers, and hence commute: their order does not 
matter. It is however useful to keep track of that order in order to obtain an expression 
still valid when, upon quantization, the a* and a@ will be replaced by the non-commuting 
creation and annihilation operators. 

This computation can be extended to the terms on the second line of (32). In addition to 
changing k into —k, we must also perform an integration by parts. The integrated term, 
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which yields a surface integral, is zero if the fields tend to zero fast enough at infinity. 
Added to it is a contribution that shows that the terms containing two a* or two @ are 
equal to their opposite, and hence equal to zero. On the other hand, the integration by 
parts shows that the two terms containing one a* and one q@ are equal if the order of the 
a@* and @ can be switched. In the case where the order of the a* and @ is not taken into 
account, we obtain expression (33). 


2-c. Difference between the angular momenta of massive particles and of radiation 


In spite of the strong analogy between equations (19) and (33), we should not 
forget an important difference between the two angular momenta, arising from the fact 
that the normal variables a(k) are transverse. Maxwell’s equation V - E = 0 for the free 
field does require a(k) to always be perpendicular to the wave vector k: 


k-a(k) =0 Vk (38) 


while the wave function W(k) of a massive particle in the reciprocal space is not neces- 
sarily perpendicular to k. Another difference, of course, is that the norm of this wave 
function does not have any particular physical meaning (it can arbitrarily be put equal to 
unity), while changing the norm of the normal variables of the field changes its amplitude. 


3. Discussion 


3-a. Spin angular momentum of radiation 


The spin angular momentum, first term on the right-hand side of (33), can be 
written as: 


(SAS ah / dk S> af (K) cs,cae(k) = —éh i dk [a*(k) x a(k)], (39) 
b,c 


Instead of using the components a*(k) and a(k) on a basis of three vectors e,, ey, ez 
independent of the wave vector k direction, we can choose a basis of three vectors €1(k), 
€9(k), e3(k) = 6 = k/k, including the unit vector « along k and two other vectors €1(k) 
and é€2(k), orthogonal to each other and to «, and forming a right-handed reference 
frame. As the normal variables a*(k) and a(k) are transverse, their components on kK 
are zero. In addition, we introduce the two complex linear combinations of e;(k) and 
€2(k): 


€4(k) = —[e1(k) + ieo(k)] /V2 

e_(k) = +[e1(k) — ieo(k)] /V2 (40) 
corresponding to right and left circular polarizations with respect to the k direction. The 
transverse normal variables a*(k) and a(k) can be expanded on these two vectors: 


a(k) = a4(k)es(k) + a_(k)e_(k) 
a*(k) = a% (k)e% (k) + a (ke (k) (41) 
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Using these two expansions, we compute the cross product a*(k) x a(k). Since: 


1 : : a 3 
e, Xe, = 5 (61 — 1€2) x (€, + i€2) = 5 (Et xX €9 — €2 X €1) = ik 
e* Xe_= (1 + i€2) x (€1 — i€2) = Fe X €2 — €2 X €1) = —ik 
e, xXe_= = (1 — 1€2) X (€, —1€2) =O=e* x ey (42) 
we get: 


Spr= pee { [a4 (k)a,(k)] he — [a* (k)a_(k)] hes} (43) 


The form of this expression, “diagonal with respect to the spin variables”, has 
a clear physical significance: to each plane wave with wave vector k and a right (left) 
polarization with respect to k, correspond photons of momentum Ak and spin angular 
momentum +f (—h) along the direction « of k. Upon quantization, when the normal 
variables a*(k) and a(k) are replaced by creation and annihilation operators, expression 
(43) becomes: 


Sas [eve { lal, (k)ay.(¥)| AK — lat (k)a_(¥)| he} (44) 


Operator al_(k) creates a photon with momentum hk and spin angular momentum 


+h along the direction & of k; operator @4(k) annihilates that photon, and operator 
al_(k)a(k) corresponds to the number of photons in that mode. An analogous defini- 
tion applies to the second term of (44) with a change of sign for the angular momentum. 


Helicity 

These results, which arise from the transverse character of free radiation, lead us to intro- 
duce the so-called “helicity”. It is the projection of the photon spin angular momentum 
onto the direction & of the wave vector k, equal to +1 for photons with a right circular 
polarization with respect to K, and —1 for photons with a left circular polarization. The 
transverse character of the free radiation field forbids the photons to have zero helicity. 
Note also that helicity is a pseudoscalar: upon reflection in space, the polar vector k 
changes sign whereas the spin vector S, an axial vector, remains unchanged. Conse- 
quently, the scalar product of & and S' changes sign (as opposed to a scalar). 


3-b. Experimental evidence of the radiation spin angular momentum 


Consider a plane wave of wave vector k and polarization ¢. Using the expressions 
for the electric field E(r) and the vector potential A(r) given in Chapter XVIII, one can 
easily compute the two terms of equation (28) yielding, in position space, the radiation 
spin angular momentum and orbital angular momentum?. The result is that the radi- 
ation orbital angular momentum — second term of (28) — is always zero, whatever the 





?These are the two terms that, transformed into the reciprocal space, and after the introduction of 
the normal variables, yield the two terms on the right-hand side of equation (33); by comparison with 
the expression of the angular momentum of a spin 1 particle, these terms have been interpreted as the 
two components of the radiation angular momentum. 
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polarization e is. As for the spin angular momentum — first term of (28) — it is zero for a 
linear polarization, but different from zero for a circular polarization, with opposite signs 
for the right and left circular polarizations. This validates, in the simple plane wave case, 
the general conclusions of the previous paragraph. 

Such a result suggests sending a linearly polarized light beam through a quater- 
wave plate. Assuming the plate transforms the incident linear polarization into a right 
(left) circular polarization, the incident photons have a zero spin angular momentum 
before they go through the plate, and equal to +h (—h) as they come out of the plate. 
The radiation spin angular momentum thus changes as beam goes through the plate, and 
this must be accompanied by a change, in the opposite direction, of the plate’s angular 
momentum. Suspending the plate by a thin torsion fiber, one should observe a rotation of 
the plate induced by the incident radiation, in a direction opposite to that of the circular 
polarization of the outgoing beam. This experiment, suggested by A. Kastler [30] was 
performed by R. Beth [31], confirming the existence of angular momentum transfer. 


Comment 

A paradox arises when computing, again for a plane wave, the angular momentum of 
the radiation, given by equation (20). In a plane wave, the Poynting vector I(r) = 
E(r) x B(r) is always parallel to the wave vector k at any point r, and for any polarization. 
The integral over the entire space of r x II(r) must then be zero. As the orbital angular 
momentum is also zero, it seems that the spin angular momentum should also be zero, 
whatever the polarization is. This paradox arises because infinite plane waves do not exist 
in the physical world: any real light beam has a finite spatial extension. The authors of [32] 
(see also [33]) show that the circular polarization at the center of the beam changes when 
the field amplitude changes around the edge of the beam. Taking this effect into account 
quantitatively confirms the result obtained above, namely that the beam spin angular 
momentum is equal to the sum of the angular momenta +h of that beam’s photons. 


3-c. Orbital angular momentum of radiation 


An important difference between the radiation orbital and spin angular momenta 
is clearly seen in expression (28): the definition of orbital angular momentum involves 
a reference point O, since the vector r, defined with respect to that point, explicitly 
appears in the expression for the orbital angular momentum. This is not the case for the 
spin angular momentum which, for this reason, is sometimes called “intrinsic” angular 
momentum. There are actually at least two cases where the choice of the point O is 
obvious, cases that we now analyze. 


Q. Multipolar waves 


When studying the radiation emitted or absorbed by an atom or a nucleus between 
two discrete states, a natural choice for analyzing the exchanges of angular momentum 
between the system internal variables and the photons is the center of mass of that atom 
or that nucleus. In the next complement Cxyx, we study for example the exchange of 
angular momentum between photons and the internal variables of an atom in a particular 
case: an electric dipole transition, in the long wavelength approximation. Consequently, 
the expressions describing the photon absorption only involve the radiation polarization 
variables, and hence only the photon spin angular momentum; the radiation orbital 
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angular momentum does not actually play any role®. 

There are other transitions, especially for atomic nuclei, where the variation of the 
internal angular momentum between the two transition states is larger than or equal to 
2; the photon spin angular momentum, equal to 1, can then no longer ensure the con- 
servation of the angular momentum. Radiation states having a total angular momentum 
J larger than 1 must come into play, which implies a contribution from the radiation 
orbital angular momentum. Waves corresponding to such states are called “multipolar 
waves”. 

The simplest way to build multipolar waves having a total angular momentum 
characterized by the quantum numbers J and MM is to associate a spherical harmonic 
Y,;™(«) with a spin S = 1; the spherical harmonic is an eigenfunction of L? and L, 
with eigenvalues ¢(€+ 1)h? and meh; the spin S = 1 has three eigenstates |.9,mg), with 
mg = +1,0,-—1, isomorphic to the three polarization states ex = —(e, + ie,)/V2, ez, 


e_ = (e, — ie,)//2. We therefore obtain a vector spherical harmonic: 
Y¥iiilk) = S> S> (JM |flmems) Y;"*(K) ems (45) 
me msg 


which is an eigenfunction of J?, L?, J,, with eigenvalues J(J + 1)h?, €(€+1)h?, Mh. 
In this equation, the first term on the right-hand side is a Clebsch-Gordan coefficient 
(Chapter X, § C-4-c), J can take one of the three values J = @—1,J=¢,J=€+4+1 and 
M=m+ms. 

A difficulty is that the vector spherical harmonics are not all transverse functions 
and hence cannot be used as a basis of normal transverse functions for expanding the 
radiation field. For a given value of J, one can nevertheless build linear superpositions of 
vector spherical harmonics Yfi i(k) with = J,¢= J +1 that are transverse and have, 
in addition, a well defined parity 7 = +1. Each vector spherical harmonic, which only 
depends on the direction « of k, can also be multiplied by 6(k — wo/c), hence yielding a 
function that is also an eigenfunction of the energy, with eigenvalue hwo. These functions 
form a possible basis of normal transverse variables for expanding the field; they are 
characterized by four quantum numbers: the energy ficko, the total angular momentum 
J, M, and the parity 7. They are called electric (for 7 = —1) or magnetic (for 7 = +1) 
multipolar waves. As this book is limited to the study of electric or magnetic dipole 
transitions, we do not give here the general expressions for multipolar waves. More 
details can be found in complement By of [16] and in [834]. 








B. Beams with cylindrical symmetry around one axis 


It often happens that the beams under study have a cylindrical symmetry. This 
is the case, for example, for Gaussian beams propagating along a z axis, and whose 
transverse sections are circular. If the reference point O is taken on the axis, the beam 
symmetry causes the orbital angular momentum to be necessarily along the z axis and 
to have the same value regardless of the position of O along this axis. If the reference 
point O is taken outside this axis, the orbital angular momentum will change, but not 
its component L,, which exhibits an intrinsic character. 





3This orbital angular momentum may, however, come into play during the angular momentum 
exchanges with the atom’s external variables for certain types of light beams, the Laguerre-Gaussian 
light beams (§ 3-b of complement Cxyx). 
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A particularly interesting case concerns the Laguerre-Gaussian beam (LG) whose 
field has an exp(tmy) dependence with respect to the azimuth angle » that defines 
the direction of a point in the plane perpendicular to the beam axis. The cylindrical 
symmetry is preserved since a rotation of the beam of an angle yo around the z axis 
yields the same field to within a global phase factor exp(—imyo). Relation (34) then 
shows that the Oz component of the orbital angular momentum of each photon of the 
LG beam is mh. 

Consider an LG beam propagating along the z axis, with a k wave vector along that 
axis. The phase at a point with cylindrical coordinates z, p, y is that of exp i(kz + my). 
For an ordinary Gaussian beam (for which m = 0) the surfaces of constant phase are, in 
the vicinity of the focal point, planes perpendicular to the z axis. When m ¥ 0, z and y 
must both vary for the phase to remain constant, following the relation kdz + mdy = 0. 
The surfaces of constant phase are therefore helicoidal surfaces spanned by a half-line 
perpendicular to the z axis, starting from this axis, and which rotates of an angle —27/m 
when z increases by 4. It is not surprising that under such conditions the field has a 
non-zero orbital angular momentum. Note also that the field must be zero on the z axis 
(otherwise its phase would vary discontinuously upon crossing that axis). 


In conclusion, we showed in this complement that there are two types of radiation 
angular momenta, the spin angular momentum and the orbital angular momentum, and 
we studied their properties. The photon can be viewed as a spin 1 particle, except for 
the fact that it only has two (instead of three) internal states, with respective heliticity 
+1 and —1. We shall see in the next complement how the interactions between radiation 
and atoms permit transferring angular momentum from the first to the others. 
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Introduction 


Angular momentum exchanges between atoms and photons are at the base of several 
experimental methods that played an important role in atomic physics and laser spec- 
troscopy. The aim of this complement is to analyze the selection rules appearing in the 
photon absorption and emission processes by an atom; they express the conservation of 
the total angular momentum of the system atom + radiation during these processes. 


We shall mainly focus on the transfer of angular momentum to the atomic internal 
(electronic) variables (§ 1). The polarization of the field, characterizing the spin angular 
momentum of that field (Complement Bxyx), then plays an essential role. For the ab- 
sorption process, we will establish the selection rules relating the field polarization to the 
variation of the “magnetic quantum number” m characterizing the projection of the total 
internal angular momentum of the atom on a given axis. Two important applications of 
these selection rules will be described in § 2: the double resonance method, and optical 
pumping. We shall see that the proper choice of the polarization of the exciting light 
beam, and of both the direction and polarization of the detected light emitted by the 
excited atoms, allows controlling the atomic Zeeman sublevels that can be populated 
and detected by light. We shall emphasize in § 2 the importance of this selectivity. The 
transfer of the radiation orbital angular momentum to the atomic external variables will 
be briefly addressed in § 3. 
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1. Transferring spin angular momentum to internal atomic variables 


1-a. Electric dipole transitions 


We shall limit ourselves to the case where the transitions between the atomic 
internal states are electric dipole transitions. As seen in Chapter XIX (§ C-4), the 
interaction Hamiltonian between atom and radiation can then be written in the form: 


H,; =—D- E,(R) (1) 


where D is the operator associated with the atomic electric dipole moment and E (BR) 
is the radiation transverse electric field operator at point R, the position of the atom’s 
center of mass. Note that all the results established in this complement are still valid 
for magnetic dipole transitions; one must simply replace D by the atomic magnetic 
dipole moment operator M and E, by the radiation magnetic field B operator. For the 
transitions where one photon is absorbed, the expressions (B-3) and (B-4) of Chapter XIX 
of the fields E, and B can be replaced by the part containing only destruction operators, 
called “positive frequency component” (cf. § A-3 of Chapiter XX) and denoted EW) and 
B). For the transitions where one photon is emitted, these fields can be replaced 
their components EO and Bl) containing only creation operators, called “negative 
frequency components”. 

Replacing EY and BO) by their plane wave expansions, the internal variables 
only appear in the scalar products of D, or M, with the polarization vector € of the plane 
wave k. We shall assume in § 1 and § 2 that all the incident radiation states are plane 
waves, or linear superpositions of plane waves with wave vectors having directions very 
close to an optical axis (paraxial approximation). These waves are supposed to have the 
same polarization ¢, which means that the beam angular aperture must be sufficiently 
small. The transitions between the internal atomic states! g and e we shall consider are 
thus entirely characterized by the matrix elements (ele - D| g)- 


1-b. Polarization selection rules 


We start with the simple case of an atom with a single electron, and a transition 
between a ground state g with an orbital angular momentum ¢ = 0 and an excited state 
e with an angular momentum £ = 1. We assume the radiation has a right circular polar- 
ization, noted o,, with respect to an axis noted z: this means that the radiation electric 
field rotates around that axis following the right-hand rule, at the angular frequency w. 
We have: 


1 
e= glee + teu) (2) 


Since D = qf, where q is the electron charge and f its position with respect to the 
nucleus, we have: 


e- D=—4 («+ iy) = -—Lrsin 6 exp(iy) 8) 


v2 v2 


1In this complement and as is usually done in the literature, we shall note g the ground state and e 
the excited state (instead of using our previous notation of a and 6 for the two atomic levels). 
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where r,0,y are the spherical coordinates of the electron with respect to the nucleus. 
Starting from a ground state with a magnetic quantum number m, = 0 (defined with 
respect to the z axis) and with no dependence on y, the excitation with a+ polarized 
light creates an excited state wave function that now varies with y as exp(iy). This wave 
function is an eigenfunction of the component L, = (h/i)0/dy of the orbital angular 
momentum, with eigenvalue +1 (it corresponds to the state m, = +1). In a similar way, 
an excitation with a o_ polarization, for which ¢ = vp (Cx —ie,), transfers the atom into 
the state m. = —1. Consider finally an excitation with a 7 polarized light, for which 
€ = e,: the electric field has a linear polarization parallel? to the Oz axis. We then have 
e-D= qz = qrcos0, with no y dependence; the excitation brings the atom to the state 
Mme = 0. To sum up, the polarization selection rules for a transition £4, = 0 —> & = 1 
are given by: 


0, —m=Htl, 7T—> m =0 oc. 3 m=-l. (4) 


The previous results can easily be generalized to any transition going from a ground 
state g with angular momentum J, to an excited state e with angular momentum J, 
for an atom with any number of electrons. One simply has to use the Wigner-Eckart 
theorem (Complement Dx and exercise 8 in Complement Gx). The dipole operator D 
(sum of the dipole operators for each individual electron) is a vector operator whose three 
spherical components D, with s = +1,0,-—1 are equal to : 


Day = —(D, + iDy) (5a) 


The Wigner-Eckart theorem (Complement Dx) states that 
(Je, me|Ds|Jg, ™q) = (e||D| |g) (Je, Me|Jg; 1; ™ag, s) (6) 


where the last term on the right-hand side is a Clebsch-Gordan coefficient (Chapter X, 
§ C-4-c) and the first term is a “reduced matrix element” independent of m,, s and me. 
The Clebsch-Gordan coefficient is different from zero only if: 


e a triangle can be formed with J., 1 and J,, which means that J. is equal either to 
Jj, or to Jg £1, the transition J. = 0 + J, = 0 being forbidden; 





© Me = Mt Ss. 


As the three values of s (s = +1,0,—1) correspond to the three polarizations 0+, 7,0_ 
respectively, the selection rules (4) for any given transition J, + J. can be generalized 
to (see Figure 1): 


o> me =m, +1, T —> Me = Mg ¢_ —+ m.=m,—-1 (7) 





*Because of the transversality of the field, the light beam must then propagate in a direction per- 
pendicular to the Oz axis. 
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Me = My — 1 Me = Mg Me =Mt+1 


1g 


Figure 1: Selection rules for an electric or magnetic dipole transition. The magnetic 
quantum number m increases by one unit for an excitation with a o+ polarization, re- 
mains unchanged for a x polarization and decreases by one unit for a o_ polarization. 





1-c. Conservation of total angular momentum 


We saw that, when an atom absorbs a photon having a polarization 0, with respect 
to a z axis, the component of the atom’s angular momentum along that axis increases 
by one (in f# units). The conservation of the total angular momentum means that the 
absorbed o, photon must have an angular momentum +f along the z axis. 


This result can also be obtained from the study of the radiation angular momentum 
presented in Complement Bxyx, as we now show. Although the interaction Hamiltonian 
pertaining to the atomic internal variables does not depend on the photon wave vector® 
k, one can always choose a k wave vector parallel to the atomic quantization axis (since 
these two directions must be perpendicular to the polarization vector of the circular 
wave). Now we saw in Complement Bxrx that in a plane wave (or in a beam of plane 
waves with a small angular aperture) a photon with polarization o, with respect to 
the wave vector has a total angular momentum (actually reduced to its spin angular 
momentum) equal to +h and parallel to its wave vector. The total angular momentum 
is indeed conserved. 


2. Optical methods 


The polarization selection rules show that it is possible to selectively excite a Zeeman 
sublevel of an atomic excited state. In a similar way, we shall see below that the ob- 
servation of the emitted light in a given direction with a specific polarization allows 
determining from which excited sublevel the light was emitted. Such a selectivity in 
excitation and detection is the base of the optical methods for Hertzian spectroscopy, as 
will be illustrated below with two examples. 
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(a) (b) 


Figure 2: Energy diagram and Zeeman structure of the 61S9 —+ 6°P, transition of the 
even isotopes of mercury at 253.7 nm (Fig.a). A static magnetic field, applied along 
the z axis, lifts the degeneracy of the excited state, which is split into three equidistant 
Zeeman sublevels: me = —1,0,+1. A resonant light beam, propagating along the x axis, 
with a linear polarization 7 parallel to the z axis (Fig.b), selectively excites the atoms 
into the me = 0 sublevel (upward arrow on Fig.a). When they are in the excited state, 
the atoms are transferred from the m,. = 0 state to both states me = +1 by a resonant 
radiofrequency field (oblique small double arrows on Fig.a). A detector D placed along 
the z axis, just behind an analyser that only transmits light with o+ polarization along 
the z axis, detects the light emitted by the atoms (Fig.b). Consequently, the detector is 
only sensitive to the light emitted from the me = +1 sublevel (wiggly arrow on Fig.a); it 
yields a signal proportional to the population of that sublevel. 





2-a. Double resonance method 


We now explain the principle of the method taking as an example the even isotopes 
of mercury, for which the first theoretical predictions were made by Brossel and Kastler 
[35]; the first experimental evidences were obtained by Brossel and Bitter [36]. Since for 
these isotopes the nuclear spin is zero, and as in a mercury atom all the electron shells 
are filled in the ground state, the energy diagram is particularly simple. The ground 
state g has a zero angular momentum (J, = 0), and the first accessible excited states, an 
angular momentum J, = 1. In the presence of a static magnetic field B applied along the 
z axis, the three Zeeman sublevels m, = —1,0,+1 of the excited state undergo Zeeman 
shifts proportional to m, and to the applied field, so that the energy of the m, state is 
written: 


Em, = Eo + 9rpMeupB (8) 





3In the long wavelength approximation, the radiation wave vector k no longer appears in the inter- 
action Hamiltonian for the atomic internal variables. This wave vector only appears in the part of the 
interaction Hamiltonian, exp(ik - R), pertaining to the external variables. 


2059 


COMPLEMENT Cxx @ 





where Eo is the excited state energy in the absence of the field, gz is the Landé g-factor 
of that state, and wz the Bohr magneton. The ground state J, = 0,m, = 0, whose 
energy is chosen to be zero, is not affected by the B field (Figure 2a). 

In the double resonance method, the atoms are selectively excited by a resonant 
light beam with polarization 7 into the sublevel m, = 0. For example, the exciting 
beam propagates along the x axis, with a polarization ¢, perpendicular to the x axis, 
and parallel to the z axis, hence with a 7 polarization (Figure 2b). 

If the atoms were left alone, with no perturbation while in the excited state during 
its radiative lifetime tp = 1/T (of the order of 1.5 107” sec), they would remain in that 
sublevel for the entire time they stay in the excited state. On the other hand, if they 
are subjected to a resonant radiofrequency field* that is strong enough to make them go 
from m,. = 0 to m, = +1 during the excited state lifetime Tr, the two states m, = +1 
will be equally populated. 

Is it possible, observing the light emitted by the atoms as they go back to the 
ground state by spontaneous emission of a photon, to determine the sublevel m, from 
which the light was emitted, and hence obtain a signal proportional to this sublevel 
population? This problem must be analyzed with more care than the absorption process 
for the following reason. Once the atom has reached the excited sublevel m,, it can 
emit in any direction with all possible polarizations, which are not necessarily the three 
basic polarizations 04, 7 or a_. We are going to show that one can place the detector 
in a specific direction, far from the atom, and put in front of it a polarization analyzer 
suitably chosen so as to be able to determine from which sublevel the detected photon 
was emitted. 

To demonstrate this result, it is important to first study the oscillations of the 
atomic dipole associated with a transition mg <—+ me. Let us assume the detector is 
placed on the z axis where the atom is located. 

(i) For the transition m. = 0 <> m, = 0, as the dipole oscillates along the z axis, 
it does not emit along that axis. The detector does not receive any fraction of the light 
emitted by an atom in the m, = 0 state. 

(ii) On the other hand, the dipole associated with the transition m, = 0 <— m,. = 
+1, which rotates around the z axis following the right-hand rule, in a plane perpendicular 
to that axis, emits along that axis light with a 01 polarization; this light yields a signal 
on the detector equipped with an analyzer selecting right circular polarization. This 
analyzer will, however, block the light emitted by an atom in the m, = —1 sublevel, 
which has a left circular polarization. 

To sum up, placing a detector in a well chosen direction, preceded by an analyzer 
selecting a suitable polarization, one can block out all light except the one coming from 
a specific unique m, sublevel, and get a signal proportional to that sublevel population. 

The principle of this double resonance experiment is to selectively excite the atoms 
in the m,. = O sublevel, and to detect, by observing the o+ light emitted along the 
z axis, the variations of the number of atoms transferred into the me = +1 sublevel 
by a radiofrequency field with angular frequency wer close to the Zeeman frequency 
wz = grtpB/h. Observing the variation of the emitted light as one scans wrr for a 
fixed value of the magnetic field, or as one scans the magnetic field for a fixed wer, one 











4The atoms are thus submitted to two resonant excitations: an optical resonant excitation that brings 
them from mg = 0 to me = 0; a radiofrequency resonant excitation that brings them from me = 0 to 
Me = +1. This is why this method is called “double resonance method”. 
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can optically detect the magnetic resonance in the excited state. 


Comment 

What happens if the light emitted by the atom is not observed along the z axis, with a 
right circular analyzer, but with a detector placed along the y axis, behind an analyzer 
selecting a linear polarization parallel to the x axis, and hence perpendicular to the z 
axis, a polarization called “sigma”°? The light emitted along the y axis by the atom in 
the me = 0 state has a linear polarization parallel to the oscillating dipole, and hence 
parallel to the z axis. It is blocked by the analyzer that only lets through the orthogonal 
polarization. On the other hand, whether the atom is in the me = +1 or me = —1 
sublevel, the rotating dipole in the xOy plane (following the right-hand or left-hand rule) 
emits in that plane light with a linear polarization perpendicular to the z axis; that light 
can be detected by the sigma polarization detector and it yields a signal proportional 


to the sum of the populations of both sublevels me = +1 and m. = —1. Actually, the 
resonant radiofrequency field excites a linear superposition of these two Zeeman sublevels. 
It was later discovered that the waves emitted from these two m. = +1 and m,. = —1 


states gave rise to interference, hence modulating at the frequency 2wrr the detected 
sigma light intensity®. The detector signal therefore contains a component modulated at 
the frequency 2wrr, on top of a continuous component (in steady state), proportional to 
the sum of the two populations of the Zeeman sublevels. This continuous component was 
the signal used in the first double resonance experiment. 


The shape of the magnetic resonance line can be exactly computed; it leads to 
analytical expressions in excellent agreement with experimental observations. The center 
of the resonance line yields the Landé g-factor of the excited state, ie. the magnetic 
moment of that state. The resonance width, extrapolated to zero radiofrequency intensity 
to eliminate radiative broadening, yields the natural [ width of the excited state. 


Calculation of the line shape 

Broadband excitation with a 7 polarization prepares, in a quasi-instantaneous way, the 
atom in the m. = 0 excited state. In the steady state, no atoms per unit time are excited 
into that state. Each atom then evolves, because of its interaction with the radiofrequency 
field B,, and its state becomes a linear superposition of the three sublevels m. = —1,0,+1. 
Let us assume the radiofrequency field is a rotating field, which allows introducing the 
associated rotating reference frame (Complement Fy) where the atom’s evolution actually 
becomes a simple rotation around B,. Using the rotation matrix for a spin 1, one can 
find the expression for P(m. = 0 —> m. = +1,t), the probability for the atom, initially 
in the m- = 0 state, to be found after a time t in the m. = +1 state [38]. Because of the 
radiative lifetime tp = 1/T of the excited sublevels, this probability is reduced by a factor 
e-T*. Consequently, in steady state, the number of atoms transferred to the me = +1 
state is equal to’: 


Nui = nw [ P(m. =0 > m = +41,t)e “dt (9) 
0 


Using the expression for P(me = 0 —> m- = +1, 1), one finally obtains: 


70? 46° +7? 40? 
QV (62 +12 4+ 7)(46? + TP? + 40?) 





Nui = (10) 





5 This set-up was the one used in the first double resonance experiment [36]. 
®Such modulations, called “light beats”, were observed in 1959 [37]. 
7A similar computation can be carried out for N_1. 
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Figure 3: Principle of optical pumping for a Jy =1/2 + Je = 1/2 transition. The reso- 
nant absorption of a photon with o* polarization selectively excites the mg = —1/2 —> 
me = 1/2 transition. Once it has reached its excited state, the atom falls back, through 
spontaneous emission, into the mg = +1/2 states. If it falls in the mg = +1/2 state, 
it can no longer absorb an incident photon, and remains in that state (since there is no 
transition o* originating from the mg = +1/2 state where the atoms accumulate). In 
addition, any change in the population difference between the mg = +1/2 sublevels can 
be detected by a change in the incident beam absorption, since this absorption is only 
possible starting from the m, = —1/2 sublevel. 











In this expression, 2 is the Rabi frequency associated with the radiofrequency field Bi, 
proportional to that field’s amplitude; 6 = wrr — wz is the difference between the fre- 
quency wre of the RF field and the Zeeman frequency wz associated with the gap between 
the Zeeman sublevels, which is proportional to the static field Bo. The resonance is plot- 
ted by scanning either the frequency of the RF field, or the static field, which amounts to 
scanning wz. 


2-b. Optical pumping 


Optical pumping, proposed by A. Kastler [39], extends to atomic ground states 
the essential ingredients of the double resonance method. It also opens the possibility 
of achieving, in a steady state, large population differences between Zeeman sublevels in 
the ground state. 

We shall explain this method’s principle in the simple case where the ground state g 
(as well as the excited state e) has only two Zeeman sublevels m, = +1/2 (or me = £1/2 
for the excited state). The ideas introduced for that example remain valid for more 
complex transitions where the e and g states have a higher degeneracy. 

The principle of optical pumping is illustrated in Figure 3. Atoms are excited by 
a resonant beam with o* polarization, propagating along the z axis (left-hand side of 
the figure). A static magnetic field is also applied along that same axis. The absorption 
of a resonant photon with o* polarization is selective, meaning it can only excite the 
m, = —1/2 —> m. = 1/2 transition, during which the magnetic quantum number m 
increases by one unit. Once in the excited state, and after an average time Trp = 1/T, 
the atom falls back, through spontaneous emission, to the m, = +1/2 states. The 
probabilities of the various possible transitions are proportional to the square of the 
Clebsch-Gordan coefficients. If the atom falls into the m, = —1/2 state, it can reabsorb 
a oy photon. After a certain number of cycles, it will eventually fall in the m, = +1/2 
state, where it can no longer absorb an incident photon. It will remain in that state (since 
no ot transition originates from the mg = +1/2 state) and the atoms will accumulate in 
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that sublevel. The cycles of absorption of a o, photon starting from the mg = —1/2 state 
followed by a spontaneous emission a photon transferring the atom in the m, = +1/2 
level can be considered as an “optical pump” that empties the m, = —1/2 sublevel to 


fill the m, = +1/2 sublevel, hence the name “optical pumping”. 


Balance of angular momentum exchanges 


During an optical pumping cycle, the atom gains an angular momentum +A since it goes 
from the state m, = —1/2 to the state m, = +1/2. The radiation looses one unit h 
of angular momentum as a o+ photon is absorbed. Since the total angular momentum 
of the system atom + radiation is conserved, the angular momentum of the radiation 
emitted by the atom going by spontaneous emission from the state me = +1/2 to the 
state mg = +1/2 must be zero. 


In order to directly demonstrate that the radiation does not lose, on average, any angular 
momentum during this transition, one must take into account that, as it goes from the 
Me = +1/2 state to the m, = +1/2 state, the atom actually emits a spherical wave 
in all directions, with all possible transverse polarizations; it is therefore not correct to 
say that the atom emits a single photon with a a polarization, which would imply the 
atom only emits photons with a wave vector perpendicular to the z axis. The correct 
way is to calculate the total (orbital and spin) angular momentum of the spherical wave 
emitted by the atom going from me = +1/2 to mg = +1/2. We give a brief outline of 
the computation® as this involves expanding the field no longer onto plane waves but onto 
multipolar waves (Complement Bxrx, § 3-c-a). Those waves are field modes characterized 
by four quantum numbers: wave number &k (or energy), parity equal to +1 or —1, total 
angular momentum J (which must be an integer), and finally the 7 component of the 
angular momentum J on the quantization axis z (which varies by unit steps between —J 
and +). For an electric dipole transition such as the one studied here, the parity equals 
—1 and the total angular momentum J equals 1. It can be shown that M7 is equal to 0 
when the atom goes from me to mg = Me, and is equal to +1 when the atom goes from 
Me tO Mg = Me F 1. 








The correct language to describe the spontaneous emission into the ground state is as 
follows: for a Je = 1/2 <> J, = 1/2 transition, an atom in the me = +1/2 state can fall 
back either into the state m, = —1/2 by spontaneous emission of an electric dipole photon 
M,; = +1, or into the state m, = +1/2 by spontaneous emission of an electric dipole 
photon M; = +0. This correlation between m, and M, is due to conservation of total 
angular momentum, arising from the rotational invariance of the interaction Hamiltonian. 
The final state of the system after the spontaneous emission is thus an entangled state, a 
superposition of the |mg = —1/2) ®|M ; = +1) state and the |m, = +1/2) ® |My; = 0) 
state, with coefficients weighted by the Clebsch-Gordan coefficients of the two atomic 
transitions, coming from the dipole matrix elements. This computation also yields the 
speed with which the two ground state sublevels repopulate, the branching ratio being 
given by the square of the Clebsch-Gordan coefficients. 


Light plays a double role in these experiments. As we just saw, it polarizes the 


atoms by accumulating them in a ground state sublevel; it also permits the optical 
detection of the atoms’ polarization. As the atoms can only absorb the incident o+ 
light if they are in the m, = —1/2 sublevel, the absorption of that light yields a signal 
proportional to the population of that sublevel. Any change in the population differences 





8The interested reader will find more details on multipolar waves properties in Complement Bry of 
[16] and in [34]. 
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between the mg = —1/2 and m, = +1/2 sublevels, induced by a resonant radiofrequency 
field or by collisions, can therefore be detected by a change in the absorbed light. 


2-c. Original features of these methods 


We now review some of the original features of these optical methods, to understand 
their prominent role in the development of atomic physics. 


e At the time it was suggested, the double resonance was among the first methods 
to extend the magnetic resonance techniques to atomic excited states. These tech- 
niques had been developed for ground states or metastables states with very long 
lifetimes, using essentially atomic or molecular beams: Stern-Gerlach type exper- 
imental set-ups were used to select atoms in given internal states; the flipping of 
the spins by a RF field would change the trajectories of the atoms or molecules in 
a detectable way, hence allowing, in most cases, the monitoring of the magnetic 
resonance (see for example reference [40]). These techniques could not be extended 
to the excited states because of their very short lifetimes. 


e An interesting feature of these optical methods is their selectivity, both for the 
excitation and the detection. This selectivity comes from the light polarization, 
and not from the light frequency. The width of the spectral sources used at the 
time, and the Doppler width of the spectral lines of the atoms contained in a 
glass cell were considerably larger than the frequency differences between optical 
lines going from the ground state Zeeman sublevels to the excited states Zeeman 
sublevels; it was thus out of the question to try to excite or detect a single Zeeman 
component of the optical line. 


e The measurements of the Zeeman or hyperfine structures in the excited states by 
the double resonance method are high resolution measurements. The structures 
under study are not determined by the measurement of the difference between 
two optical line frequencies, but by a direct measurement of the structure. In 
the radiofrequency or microwave domain, the Doppler width is negligible and the 
measurement resolution is only limited by the natural width. 


e The optical methods are highly sensitive methods. A radiofrequency transition 
between two sublevels of the excited or ground state is not detected by the loss or 
gain in energy of the radiofrequency field, but via an absorbed or reemitted optical 
photon, which has a much higher energy than a RF photon, and whose polarization 
depends on which sublevel the atom is in. It is therefore possible to detect magnetic 
resonances in a very dilute medium, such as a vapor. 


e Very high polarization ratios in the ground state, up to 90%, can be achieved 
by optical pumping. Such ratios are considerably larger than those expected at 
thermodynamic equilibrium: because of the very weak Zeeman shifts between the 
ground state sublevels, and the high temperature at which the experiments are 
conducted, the Boltzmann factors exp(—fwz/kgT) are all very close to 1. Note 
in addition that optical pumping may easily result, by a suitable choice of the 
polarization, in a larger population for the ground state Zeeman sublevel having 
the higher energy. This is one of the first examples of a method for achieving a 
population inversion, an essential condition for obtaining a maser or a laser effect. 
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More details on the optical methods and their applications can be found in the 
well documented work [24] and the references suggested therein. 


3. Transferring orbital angular momentum to external atomic variables 


3-a. Laguerre-Gaussian beams 


In optics or atomic physics experiments, one often uses Gaussian beams, linear su- 
perpositions of plane waves with wave vectors nearly parallel to an optical axis (paraxial 
approximation). If all the plane waves forming the Gaussian beam have the same polar- 
ization e€, the field phase in planes perpendicular to the beam axis does not depend on 
the azimuth angle y that determines the direction around the beam axis. New types of 
Gaussian beams have recently been realized®, called Laguerre-Gaussian (LG) beams, for 
which the field has an azimuthal dependence in expimy, where m = +1, +2,..., in planes 
perpendicular to the beam axis. We already mentioned the existence of such beams in 
§ 3-c-6 of Complement Bxrx. We now show how the absorption of photons from such 
beams can transfer to the atomic center of mass a non-zero orbital angular momentum 
with respect to the beam axis. 


3-b. Field expansion on Laguerre-Gaussian modes 


The LG modes form a possible basis for expanding any field. They are charac- 
terized by three quantum numbers: the wave number k, the number of nodes p in the 
radial direction, and the integer number m characterizing the phase dependence on the 
azimuth angle y. We assume the polarization ¢ to be uniform in the beam. We now 
place an atom in that beam, and use the LG modes basis eF, Lhe): Instead of being 


written (wWex*| exp(ik;-R) |wex*), the matrix element pertaining to the external variables 


of the interaction Hamiltonian in this basis is now written : 


(van | Fep(R) vir") (11) 
This relation shows that the initial wave function w¢*'(R) of the atomic center of mass 
is now multiplied by the function FZ",(#2) characterizing the mode. The phase factor 
exp(imy) is, ina manner of speaking, “imprinted” on the initial wave function. Equation 
(11) means that the transition amplitude, concerning the external variables and induced 
by the interaction Hamiltonian, is equal to the scalar product of Fj", (R) ext R) and the 
final center of mass wave function 7" (R). 

Imagine that the initial external state of the atom has a zero angular momentum 
with respect to the z axis, ie. that wW&*'(R) does not depend on the angle y. The 
absorption of a photon from such an LG beam, with quantum numbers k,p,m, gives 
to the product Fy", (R)yfs*(R) a y dependence given by exp(imy). This means that 
in its final state, the center of mass must have an orbital angular momentum mh with 
respect to the z axis, since L, = (h/i)0/Oy. The LG beam has transferred to the atom’s 
center of mass an orbital angular momentum mf. It is important to note that the 
transfer’s efficiency, described by the matrix element (11), will only be significant if the 





°The main method used to achieve such beams is to numerically design and fabricate holograms, 
then use them to diffract a Gaussian beam. For a review of the properties and applications of these new 
types of beams, see reference [41]. 
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spatial extent of the initial and final wave functions are well adapted to the geometrical 
characteristics of the LG beam. In the vicinity of the focal point, the width of the beam 
is of the order of its “waist” wo, i-e. of the order of a few microns, much larger than the 
atomic wave packets, of the order of nanometers at normal temperatures (T ~ 300K). 
This explains why the orbital angular momentum transfer to the atoms’ centers of mass 
became operational only when atoms could be cooled down to very low temperatures, 
in the microkelvin, or even nanokelvin range. The matter waves thus obtained, in Bose- 
Einstein condensates for example, can have spatial extensions of the order of a few 
microns. The transfer of orbital angular momentum by “phase imprint” can then be 
used to generate quantum vortices (see Complement Dxy, § 3-b-3) in matter waves, 
where the atoms rotate in phase around an axis. This method was actually used to 
create such vortices in a Bose-Einstein condensate of trapped atoms [42]. 
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Introduction 


In this chapter, we will use the results established in the previous chapter to study 
some elementary processes concerning the absorption or emission of photons by atoms. 
Knowing the Hamiltonians describing the atomic energy levels and the radiation, as well 
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as their interactions, we can now focus on solving Schrédinger’s equation that governs 
the evolution of the system atom plus field. Our objective is to compute the probability 
amplitude for that system to go from a given initial state |y;) at time ¢,; to a certain final 
state |p r) at a later time ty. 

In quantum mechanics, the evolution of the system’s state vector between the 
instants ¢; and ty is controlled by the evolution operator U(t;,t;), which is the basic tool 
for computing the amplitudes of the various processes studied in this chapter. This is 
why we start in § A by reviewing a number of equations satisfied by U(t;,t;), which will 
be useful for the forthcoming computations. 

The first processes we shall study in § B concern photon absorption or emission 
by an atom undergoing a transition between two discrete states. We shall first consider 
monochromatic incident radiation, and then a broadband excitation. We will then show 
in § C that two types of emission can occur during these interaction processes: stimulated 
emission, which is also predicted in a semiclassical treatment, and spontaneous emission, 
which requires a quantum treatment of the radiation. We will make a connection with 
the method used by Einstein to reestablish Planck’s law (giving the spectral distribution 
of the black body radiation), and deduce the absorption and emission coefficients. The 
role of correlation functions (pertaining to the atomic dipole and to the incident field) in 
the computation of transition probabilities is discussed in § D. 

An important example that involves not one, but two photons, is the scattering of 
a photon by an atom: during that process, an incident photon is absorbed and a new 
one is created either by spontaneous or induced emission. This process is studied in § E. 
When the frequency of the incident photon is close to the atomic transition frequency, 
the scattering is said to be “quasi-resonant”. Its description requires a non-perturbative 
treatment that will be developed, based on the results of §§ 4 and 5 of Complement Dxqy1. 
In this entire chapter, we shall only consider cases where the atomic levels are discrete; 
a case where those levels include a continuum will be treated in Complement Bxx. 


Notation: In Chapter XVIII, it was important to distinguish between the classical 
quantities and the corresponding quantum operators, so that the latter were de- 
noted with “hats”. In the present chapter, this distinction becomes less important, 
and we will come back to a more standard and simpler notation, without the hats; 
for instance, the annihilation and creation operators will be denoted a; and al, 
instead of @; and al. 


A. A basic tool: the evolution operator 
The unitary evolution operator U(t,to) has been defined in Complement Fy; it yields 
the state of a quantum system at instant t knowing the state of that system at a previous 
time to: 

|b(t)) = ULE, to) |b(to)) (A-1) 
It is a unitary operator: 


Ut (t,to)U(t, to) = 1 (A-2) 
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If H(t) is the system Hamiltonian, U(t, to) obeys the differential equation: 


d 
hau to) = H(t)U(t, to) (A-3) 
with the initial condition U(to, to) = 1. The integral equation: 
a #¢ 
U(t, to) =1—- 5 f dt’ H(t')U(t', to) (A-4) 
to 


is equivalent to the differential equation together with its initial condition. If the Hamil- 
tonian is time-independent, the evolution operator is simply: 


TG) Se ee (A-5) 


A-1. General properties 


In this entire chapter, we use the evolution operator to express the probability 
amplitude A,;(t;,t,) for the system, starting from the initial state |y,;) at instant ¢;, to 
be found in the state |p,) at time ty: 


Agi(ts, ti) = (pf lU (Ep, ta) Ys) (A-6) 
Consider the total Hamiltonian H: 
H=H,+Hr+ HA; = H+ Ay (A-7) 


where Ho = Ha + Hp is the non-perturbed Hamiltonian (sum of the isolated atom 
Hamiltonian H, and the free radiation Hamiltonian Hr ) and Hy is the interaction 
Hamiltonian (between the atom and the field). The evolution operators Up and U asso- 
ciated respectively with Ho and H read: 


Unlhta) = eer (A-8a) 
U(t, to) = e724 -t0)/4 (A-8b) 
These operators are related through the integral relation: 
1 t 
U(t, to) = Uo(E, to) + a dt’ Uo(t, t') Hr U(t’, to) (A-9) 
to 


To demonstrate this relation, we take the derivative of each side (taking into ac- 
count the derivative with respect to the integral’s upper bound, which appears in addition 
to that of the function to be integrated): 


d 1 ft 
ih—U(t, to) = Ho Uo(t, to) + Uo(t, t) HU (Et, to) + =f dt’ Ho Uo(t, t') H; U(t', to) 


dt Rh Se, 
(A-10) 
that is, taking into account the relation Uo(t,t) = 1 and relation (A-9): 
d Left 
ih U(t, to) = HyU(t, to) + Ho ott to) + af dt’ Uo(t, t') Hy U(t', to) 
to 
= [H; + Ho] U(t, to) = HU(E, to) (A-11) 
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The operator defined in (A-9) therefore obeys relation (A-3) with the total Hamiltonian 
H; since, in addition, U(to, to) = 1, this operator is an evolution operator. 

Inserting expression (A-9) for U(t,to) into the integral on the right-hand side of 
that same expression (A-9), we obtain an expression of that operator containing a double 
integral in time. Reiterating this process several times, we get the series expansion of 
the evolution operator in powers of Hy: 


1 t 
U(t, to) = Uolt, to) + af dt’ Uo(t, t’) Hy Uo(t', to)+ 
to 
1 2 t t’ 
+ (=) i at f dt” Uo(t, t’) Hy Uo(t’, t”) Hy Uo(t", to) +... (A-12) 
to to 


The n-order term of this series is a succession of n + 1 non-perturbed evolutions, each 
described by Up, separated by n interactions Hy. 

The evolution operator also obeys another integral equation, symmetric to (A-9), 
which will be useful for what follows: 


1 t 
U(t, to) = Uo(t, to) + =f dt’ U(t, t') Hy Uo(t', to) (A-13) 


to 


Its demonstration is similar to that of (A-9). 
Finally, we can also insert expression (A-13) for U in the integral of (A-9), replacing 
t by t’ and t’ by t”. We then obtain: 


1 t 
U(t, to) = Uo(t, to) + a dt’ Uo(t, t’) Hy Uo(t', to)+ 
to 


1 2 pt t’ 
+ (=) / at [ dt” Uo(t, t’) Hy; U(t', t”) Hy Uo(t”, to) (A-14) 
a to to 


Contrary to (A-12), the right-hand side of (A-14) only has three terms, and not an infinity. 
It is, however, the perturbed evolution operator U, and not Up, that appears in the last 
term on the right-hand side of (A-14), in between the two interaction Hamiltonians H;. 
This form of the evolution operator U will be used in § E-2. 


A-2. Interaction picture 


For the following computations, it will often be useful to write Schrédinger’s equa- 
tion in the interaction picture. Let |¢(t)) be the Schrédinger state vector. Setting: 


[sb(t)) = Up (t, to) |(t)) = exp [6 (t — to) Ho/A] |w(e)) (A-15) 
the new state vector |¢(t)) obeys the time evolution equation: 


in p(t) = Hr(H9(O) (A16) 
where H;(t) is defined as: 
A(t) = Ug (t, to) HUVolt, to) (A-17) 
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The evolution operator U(t,to) in the interaction representation yields the evolu- 


tion of |y(t)): 
|*()) = U(t, to) |Y(to)) (A-18) 


From equations (A-1) and (A-15), we can deduce the relation between evolution operators 
in the two points of view: 


U(t, to) = Us (t, to)U(t, to) = exp [i (t — to) Ho/h] U(t, to) (A-19) 


In addition, insertion of (A-18) into (A-16) shows that: 
fe ee ee 
tha Ult, to) = Hy (t)U(E, to) (A-20) 


which leads to the following series expansion for U(t, to) (perturbation expansion): 


U(t, p)=ats fi dt’ Ay(t 0+ (5 ty fw fl dt” H,(t')H,(t") 4+... (A-21) 
v to to 


to 


The great advantage of the interaction picture is that the state vector only evolves 
under the effect of the interaction — since H 1(t) is the only operator appearing on the 
right-hand side of (A-16). We shall see that this point of view also allows expressing the 
transition probabilities in terms of time correlation functions of dipole and field operators, 
i.e. as average values of products of physical quantities taken at two different instants, 
and evolving freely (under the effect of only Ho). Finally, when trying to calculate 
the transition probability between two eigenstates |y;) and |yy) of Ho, with respective 
energies H; and EL, it is often convenient to use the interaction picture since, according 

o (A-19), the transition amplitude is of the form: 


(s| U(E, to) lpi) = (esl exp [-i(t — to) Ho/h] Ut, to) |i) (A-22) 
= Bre t0)/2 (9 5] OE, to) |e) (A-23) 


As the phase factor e~*”s(t-*o)/” disappears from the probability (modulus squared of 
the amplitude), it can be ignored; this allows simply replacing the evolution operator U 
by U and directly using the more compact expansion (A-21). 

In this entire chapter and its complements, we describe the interaction between 
atom and field by the electric dipole Hamiltonian H; = —D- E, (R) introduced in § C-4 
of Chapter XIX. For the sake of simplicity, we assume that to = 0. In the interaction 
picture!, this operator becomes: 


Hy(t) = —D(t)- E(B, t) (A-24) 
where: 

D(t) = exp (iHot/h) D exp (—iHot/h) (A-25a) 

E, (t) = exp (iHot/h) Ey exp (—iHot/h) (A-25b) 





lHere, the atom’s external degrees of freedom are treated classically. The atom is supposed to be at 
rest at point R, meaning R is not modified when going to the interaction picture. 
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A-3. Positive and negative frequency components of the field 


In the present chapter, we assume the system is contained in a cubic box of volume 
L°. The transverse electric field is given by relation (B-3) of Chapter XIX. It is a linear 
combination of annihilation a; and creation al operators, and can be expressed as the 


sum of two terms: 











E,(R) = BY) (R)+ BY (R) (A-26) 
where 
1/2 
(+) hwo thy -R 
Ey (ht). = x (sts aiEi€ 
- 5 hw, ate *« —ik;- t 
E”(R)=-i)- (ss atete the R _ [EYP (R)| (A-27) 


Operator ER), obtained by keeping only the annihilation operators a; in the expan- 
sion of E.(R), is called ? the electric field “positive frequency component”. As for the 
operator E“(R), it is the “negative frequency component”. These two operators are 
not Hermitian, and do not commute. In a product of field operators, the order is said 
to be normal if the creation operators are to the left of the annihilation operators, as in 
EE. the order is said to be antinormal for a product in the inverse order, as in 

(+) pC) 
EVE. . 

In the interaction picture, the annihilation and creation operators become: 

a;(t) = exp (iHot/h) a; exp (—iHot/h) = aye7*** 

al (t) = exp (iHot/h) a! exp (—iHot/h) = alet™** (A-28) 
(these equalities can be verified by computing the matrix elements in the Fock state 
basis, eigenvectors of Ho, and using the fact that the only action of operator a; is to 


annihilate a photon in the mode 7). The positive and negative frequency components of 
the field are thus: 


Bch) hw, \1/? i(kj-R—wit 
EV (R,t) = id (ss ajee he Rw!) 


hus a = t 
E\(R,t) = 2 (sts) alete thi R-wit) — [E(B] (A-29) 





Suppose now that we wish to study the lowest order process of photon absorption 
by atoms. To compute the action of H;(t) on the system’s initial state, we can keep 





?The positive frequency component annihilates a photon, the negative frequency component creates 
one. Furthermore, in the Heisenberg picture, we shall see that the free evolution of the positive component 
goes as e~’“*, and that of the negative one, as et*”*. This labeling as “positive frequency” may seem 
somewhat counter intuitive, but is widely preceded: 
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only the terms in H(t) that annihilate one photon, i.e. the Hamiltonian terms contain- 
ing a;(t). This amounts to keeping only the positive frequency component of the field 
operator, and using the simplified interaction Hamiltonian: 


H,(t) ~ —D(t)- ES (R,t) (absorption) (A-30) 


In a similar way, to study the lowest order photon emission process, we can use the 
expression: 


H,(t) ~ —D(t)- ES (R,t) (emission) (A-31) 


B. Photon absorption between two discrete atomic levels 


We start with monochromatic radiation (§ B-1), and will study later the broadband 
radiation case (§ B-2). The base of the computation is the study of the transition rate 
between stationary states of the non-perturbed Hamiltonian Hp; Complement Dx x will 
present a more detailed study in terms of wave packets propagating in free space, built 
from coherent superpositions of stationary states. 


B-1. Monochromatic radiation 
B-1-a. Probability amplitude (absorption) 


We call a and b two discrete levels with respective energies E, and Ey, and set: 
Ey — Eq = hwo (B-1) 


where wo/2m is the atomic eigenfrequency, assumed to be positive (the b level has an 
energy higher than the a level). For the sake of simplicity, we shall ignore the external 
variables, which amounts to considering the atom as infinitely heavy and at rest’. 

We assume the radiation is at the initial time t; = 0 in a state |¢2) = |n;,) 
containing n; photons i with wave vector k,, polarization e; and frequency w;/27; it is a 
monochromatic radiation. The initial state of the system atom + radiation is written: 


|Win) = Ja; n;) with energy Ein = Eq + nihw; (B-2) 


We are trying to compute the probability amplitude for the atom to absorb a photon 
and be in the excited state b at instant tf = At. The final state of the system must then 
be: 


Win) =|b;n;-1) with energy Egn = Ey + (ni — 1)hiu,. (B-3) 
As mentioned above, when |qin) and |Win) are eigenstates of Ho, it is easier to 


carry out the calculation in the interaction representation. In the expansion (A-21) of U, 
the lowest order term that can link those two states is the first order term in H;. Calling 





3Complement Ax1x shows how taking into account the external variables and momentum conser- 
vation allows introducing the Doppler effect and the recoil effect in the absorption and emission of a 
photon. It also shows how the confinement of the atom in a region of space by a trapping potential 
allows controlling those effects. 
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At the duration of the interaction, the probability amplitude for the system, initially in 
the state |win) at time to = 0, to be at time t = At in the final state |Wgn) is: 


c 1 At ‘ 4 / : 
(Wrin|U (ty, ti) |Win) aaa dt’ (Wen le2o% [PFT e—tHot /Pabin) 
ih Jo 


1 At wpe Sha 
jy vial Arlyn) J dt! peepee? (B-4) 
0 


I 


or else, taking into account the relation Egn — Ein = A(wo — wi): 


= 1 At 
(Yrin|U (At, 0) in) = ap vin | Alvin) | dt! etwo-wit 


Yo hed acts (B-5) 
i n val in}s 7 E07 Be —1 
(inl in) ay [° 
which leads to: 
= 1 2 sin (wo — w;) At/2 
(anlO(At, 0) lin) = — © WainlHrlbin) evo eae [28m (Wo — wi) AZ] ey 
h (wo — wi) 
The absorption probability is the squared modulus of that expression: 
= 2 1 Asin? (wo — w;) At/2 
nl (At, 0) fbn) [? = soy Hanlin) PA Co — 8) B4/? (B-7) 
(wo — wi) 


Taking relations (A-24) and (A-27) into account, the matrix element of H;, appearing 
in the amplitude (B-5), can be written: 


huss iky-R 
zVni (ble; - Diaje’™ (B-8) 


(Yin|H7|Yin) = —4 Den LS 


so that the probability becomes: 


P w ble; - Dla)? sin (wo — w;) At/ 


(onl (AE, O)fbia)[? = sepa lh ea (B-9) 


It is proportional to the number of incident photons n,, i.e. to the incident intensity in 
the state |in), aS well as to the squared modulus of the atomic dipole matrix element 
between the states a and b (since D is an odd operator, the absorption of the photon 
can only occur between two states of different parity). This probability is an oscillating 
function of the time At. 


B-1-b. Energy conservation 


The presence in the denominator of (B-9) of the factor (w; — wo)” means that, the 
closer w; gets to wo, the larger the absorption probability will be. A photon absorption 
is said to be resonant when the absorbed photon energy is exactly equal to the energy 
the atom must gain to go from a to b (energy conservation). The width of the resonance 
described by (B-9) is of the order of Aw; = 1/At or, in energy, of the order of AF = h/At. 
This is consistent with the time-energy uncertainty principle: in a process extending over 
a length time At, the energy is only conserved to within h/At. 
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Actually, when the variable is the angular frequency w;, one may consider the 
function within brackets in (B-6) to be an approximate delta function 649 (wo — w;), 
having a non-zero width of the order of 1/At. As relation (10) of Appendix II in Volume 
II shows that the integral over w; of sin[(wo — w;)At/2]/(wo — w;) is equal to 7, and since 
(wo — w;) is proportional to the difference in total energy between the final and initial 
states, equation (B-6) can be written (ignoring the phase factor): 


(Wan|U (At, 0)|Pan) & —2im (ben|Hr|pin) 5 (Ean — Ein) (B-10) 


B-1-c. Limits of the perturbative treatment 


The lowest order perturbative treatment in H; that we have used cannot remain 
valid for arbitrarily long times. To understand why, imagine for example that the res- 
onance condition w; = wo is satisfied. Since sin(wAt)/x tends toward At when x goes 
to 0, the absorption probability predicted by (B-9) becomes proportional to At?, which 
gets very large as the time interval At increases. Now a probability can never be larger 
than one; it is therefore obvious that expression (B-9) is no longer valid for long times. 
The same is true if w; gets close to wo without being strictly equal to it: it is then quite 
possible for the oscillation amplitude of the right-hand side of (B-9) to be larger than 
one. The previous results can thus only be used for short enough times, ensuring the 
validity of the perturbative treatment. 

We shall use in Complement Cx x the “dressed atom method” to get a more precise 
treatment of the coupling effects between a two-level atom and a single mode of the field. 
The coupling intensity will be characterized by a constant 2; called the “Rabi frequency”. 
At resonance, one shows that the probability amplitude presents a “Rabi oscillation”4 
in sinQ,At. The quadratic behavior in At? found above for the absorption probability 
at resonance is simply the first term of the series expansion of sin?(Q,At) in powers of 
Q, At. We shall also discuss the extent to which relation (B-9) can be used far from 
resonance. 


B-2. Non-monochromatic radiation 


We now study the absorption and emission processes when the radiation is no 
longer monochromatic. The transitions are still between two discrete atomic levels a and 
b; the case of a continuum of atomic levels is discussed in Complement Bxx. 


B-2-a. Absorption of a broadband radiation 


We now assume the initial state of the system atom + radiation to be of the form: 


|Win) = |a; of) (B-11) 


The atom is still in the internal state of lower energy a, but the radiation is now in a 
state |) where photons occupy several modes with different frequencies. The radiation 
frequency distribution is characterized by a certain spectral band Aw. We shall see below 
(very last part of § B-2-a-y) the condition Aw must satisfy for the results obtained in 





4We shall also show how this Rabi oscillation is modified when taking into account the width of the 
excited level due to spontaneous emission. 
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this section to be valid. The calculations will be carried out in the same way as in § B-1, 
while focusing more on the time correlation properties of the incident field. 
We introduce the notation: 


(b|D\a)=D with: D=De, (B-12) 


where eg is the unit vector® (a priori complex) parallel to D, and D the (real) modulus 
of that vector. In the interaction picture (with respect to the free atom Hamiltonian), 
this equality becomes: 


(b|D(t)|a) = (b|e’#°* De~*#04|a) = Det (B-13) 


Q. Transition probability 

Let us insert expression (A-24) for H(t) into (A-21). The first order term in H;(t) 
yields the probability amplitude for the system, starting at t; = 0 from the state | a; 6), 
to be found at time ty = At in the state |b; ¢2,). Taking (B-13) into account, we obtain: 


= 1 at _ = 
(inl (ey tin) = — Ze fat! (| D(C la) - (| Ba (Rt) [9) 


Dp at ash 
=-5 ] ate" (68 BY (R,t’) |62) (B-14) 
wn Jo 
where we have included only the positive frequency component of the field, which is the 
only one involved since oe) contains less photons than |of) (we are dealing with an 
atomic absorption process); in this equality and the following, we shall use the convenient 
notation: 


(Rt) =e. BYR) 5 ED (Rt) =e} ED (R,1) (B-15) 


where EC (R, t) and EC (R, t) are the field operators in the interaction picture defined 
n (A- 29); the atom is supposed to be fixed at point R. The corresponding transition 
orebebity Pabs (At) is obtained by squaring the modulus of amplitude (B-14), and then 


a—>b 
summing over all possible radiation final states. Replacing in (B-14) the integral variable 


t’ by t”, we obtain: 


At At 
PPP (ii ee = dt’ [ de ete ani a!) (B-16) 
where GY (t’, t”) is defined as: 


GR") = So (RED (B,t’) [68,) (oF, | BY? (Bt) 168) 
|98,) 
= (of | BD (R, t') EW (R, t”)|62) (B-17) 





5The matrix elements Dz,y,z Of the three components of D are three a priori complex numbers. We 


set D = \/|De|? + |Dy|? + |Dz|? and introduce the vector eg = D/D. It is a unit vector since e*4-eg = 1; 


we have D = e* -D = (ble - Dia). 
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This function characterizes the role of the incident beam in the absorption process under 
study. It is the average value in the initial state of the product of two field operators, 
arranged in normal order (§ A-3), and taken at two different times. 

Changing the integral variable t” for 7 = t” — t’ (the jacobian of this change of 
variables is equal to unity), equation (B-16) becomes: 


D2 At At-t’ 
Pats, (At) = 2 | dt! i dr e7GN (4, +7) (B-18) 
0 


—t! 


The transition probability is therefore proportional to the time integral of the Fourier 
transform® with respect to 7 of the function GN(t’,t/ + 7), limited to the time interval 
[—t’, At —¢’]. 


B. Excitation spectrum 


If the radiation initial state |oz) is an eigenstate of the free radiation, the function 
GR (t’,t’’) depends only on the difference t’ — t’’. For example, if |o%) is a Fock state’: 


|e) = Wiig Mi sont) (B-19) 


where the populated modes have the polarization €;, inserting expansions (A-29) for the 
field operators leads to: 








hw; 1 2 Hess yoy 
GHW — 0") = > Ef lala] 8) lea ei? etre—# 
‘ =(ni) 
= [awh wee (B-20) 
where: 
(nj) hw; 2 
Taw) = Do Det lea - €;|" 5(w; — w) (B-21) 


If the radiation is initially in the Fock state (B-19), the value of (n,) is simply n,, the 
number of photons in that state. On the other hand, if the radiation is in a statistical 
mixture of such states (see note 7), (n;) represents the corresponding statistical average. 

Expression (B-20) thus appears as the value at ¢’ — t” of the Fourier transform 
of a function I (w) of w, which depends on the initial photon populations (n;). As 
(ni) hw; is the average energy of mode i with frequency w;/27, the function I (w) actually 
gives the variation of the energy density of the radiation as a function of frequency; this 
function is also referred to as the spectral distribution of the incident radiation (excitation 
spectrum). This distribution can have, a priori, any shape, but the energy density often 
presents a single peak of width Aw, with no other particular structure. Its Fourier 
transform GY (t’ — t’”) is then a function of width ~ 1/Aw; as a result, when |t’ — t”| 





6 The components of the field BY vary in e~*”*, This is why the Fourier component of Gy at —wo 


appears in (B-18). 
TInstead of a Fock state as the initial state, one could choose a statistical mixture of such states with 
arbitrary weights; this would not significantly change the following calculations and conclusions. 
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Figure 1: The function to be integrated in expression (B-16) yielding the absorption 
probability is significant only in a band along the first bisector, of width 1/Aw, where Aw 
is the width of the incident radiation spectrum. If At >> 1/Aw, the area of the domain 
actually contributing to that integral increases linearly with the diagonal of the square, 
and hence with At (and not with its square). 





becomes large compared to 1/Aw, the correlation function GX (t’ — t’’) goes to zero and 
can be neglected. We shall see that in such a case the probability becomes proportional 
to At, which naturally leads to introducing a probability per unit time. Our reasoning 
will be similar to that of Complement Exqy7 for a classical perturbation, but here the 
radiation is treated quantum mechanically. 


Y. Probability per unit time 


The integration domain of the double integral in (B-16) is plotted in Figure 1. As 
G}} (t’ —t”’) goes to zero as soon as |t/ —t!’| is large compared to 1/Aw, the portion of that 
domain where the function to be integrated is not negligible is a band of width 1/Aw, 
along the first bisector; the width of this band is very small compared to the domain 
extension if At >> 1/Aw. To make use of that property, we again replace the integral 
variable t” by 7 = t” — t’ (the associated Jacobian for this change of variables in the 
double integral is equal to 1): 


At At At At—t’ 
i dt’ , d= | dt’ / dr (B-22) 
0 0 0 -t! 


In the second integral, the values of 7 that actually yield a non negligible contribution 
are of the order of the correlation time 1/Aw of GN(t' — t”). If we assume At > 1/Aw, 
we can replace the limits of that second integral by —oo and +oo. Inserting then (B-20) 
into (B-18) yields the integral: 


At +00 +00 ; 
if at’ f arf dw eto-o)7 TN (3) = It At IN (wo) (B-23) 
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since the summation over dr yields the function 276(w9 — w), which allows integration 
over dw; we get a function independent of t’ whose integration is proportional to At. 
We finally obtain: 





abs, (At) = oT Al D? IN (wo) = =e At “pa Jeg ei|7 6(wi—wo) (B24) 


ss 


This means that P2>s,(At) increases linearly with At, which leads us to define an 


absorption probability per unit time (absorption rate): 


pats (At D? 
Wee = Feel) _ ) on —_ IN (wo) (B-25) 


(remember that, for monochromatic radiation, we found an absorption probability in- 
creasing not linearly but as the square of At). This absorption rate is proportional to 
the radiation energy density at the atomic transition frequency wo. Formulas (B-21) 
and (B-25) give the dependence of the absorption rate on the various parameters of the 
incident radiation (populations of the modes, polarization e;). 

Our calculation is perturbative since it was carried out to the lowest order in Hy. 
It is therefore only valid for times At such that P2>s, (At) = W2>s, At < 1, ie. such that 
At < 1/W2s,. In addition, we saw above that the linear variation of abs (At) with At 
is apie: aay if At >> 1/Aw. These two inequalities are compatible if Aw >> Were... 
The approximation to lowest order is thus valid only if the broad band radiation has a 
spectral width large compared to the absorption rate. 


B-2-b. A specific case: isotropic radiation 


The previous calculations can be pushed a step further when the radiation is 
isotropic, meaning when (n;), the average number of photons in mode 7, depends only 
on w;, and neither on the direction of the wave vector k; nor on the polarization e€;. The 
results we shall obtain for this specific case will be useful for later computations (§ C- 
4) on the spontaneous emission rate, as well as for the isotropic radiation at thermal 
equilibrium. 

Consider the limit of (B-25) when the volume L? containing the system goes to 
infinity. The summation over the index i can be replaced by an integral: 


aa | k? dk dQ y~ (B-26) 


elk 


where, for isotropic radiation, a sum is taken over two linear polarizations perpendicular 
toak. We assume that the vector eg is real as well, and choose an Oz axis that is parallel 
to it’. We first calculate, for a given direction of k, the sum of the quantities <?, for the 
two polarizations. We take two polarization vectors, €; and €2, both perpendicular to 
k, and perpendicular to each other. Imagine the first one is in the plane containing k 
and the z axis, so that ¢,, = sin@, where @ is the angle between k and the z axis; the 





SIf eg is complex, it is easy to see that the contributions of its real and imaginary part simply add 
in (B-24). The sum of these two contributions then gives (B-27) again. 
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second is necessarily perpendicular to that plane, which means ¢2, = 0. We then have 
ek Er = sin? 0. The integral over all the directions of k is then trivial: 


/ dQ sin? @ = 2 if dé sin? @ = " (B-27) 
- 0 


We are left with the integral of the modulus k of k. Using (B-25), (B-26), (B-27) and 
changing the variable k into the variable w = ck, we finally obtain: 


Wwabs _ 


a+b = 3 ined (n(wo)) (B-28) 


C. Stimulated and spontaneous emissions 


C-1. Emission rate 


We now assume that the atom is initially in the upper state b, and that the radiation 
is in the initial Fock state (B-19); we study the emission processes where the atom falls 
back into the state a while emitting a photon. We still assume that the spectrum of the 
incident radiation is broad, so that its correlation function tends to zero in a time that 
is much shorter than At. The computations are then similar to the one we just did for 
the absorption process, but with a certain number of changes. First of all, we must now 
use expression (A-31) for the interaction Hamiltonian, the one that contains the negative 
frequency component of the field operator (with solely creation operators). Secondly, 
concerning the electric dipole operator, we must only keep the term connecting b to a, 
which amounts to replacing (B-13) by the complex conjugate expression: 


(a|D(é)|b) = D*e—ot = D ef ett (G1) 


The correlation function (B-17) of the field in normal order is now replaced by the 
correlation function in antinormal order G4(t’, t’’): 


GA ,t”) = (62 | BYP (Re) ED (BR, 0’) |62) (C-2) 


For the radiation state (B-19), this function is given by: 





hw; —iw;(t!—t” 
GRU —t") = 2eoL3 (nj |aza{| ni) lea- es)” ee) 
(ni) )+1 hw; iw, (t! —t" 
~ sible eo L3 lege, ee) (C-3) 


In the present case, it is now a,at that is present in (C-3), and not ala; as in (B-20). 
Since a; and al do not commute, this leads to an important difference compared with 
expression (B-20) for GR(t! — t” ) the number of photons (n,;) initially populating the 
mode 7 is replaced by (n;) +1. It is the quantum character of the field (non-commuting 
operators) that is responsible for these essential differences between the absorption and 
emission processes. 
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The emission rate is obtained by computations similar to those that led to the 
absorption rate (B-25) (with a change of sign for wo and for the w;). We obtain: 





Pom (At) _ (ng) +1] Fes, : 
Wo. = = =i "2 a 2€0 L3 lea ‘1 Ej J(w3 ~ wo) (C-4) 


This result differs from the absorption rate only by the replacement of (n;) by (nj) + 
1. This formula gives the general expression of the emission rate as a function of the 
population (n;) of the modes and of their polarization €;. We shall now discuss its two 
components, one proportional to (n;), and one that does not depend on (n;). 


C-2. Stimulated emission 


We first consider the terms in (C-4) that contain (n,), ie. the contribution of the 
modes containing initially at least one photon. These terms correspond to an emission 
induced by the incident radiation; their rate is proportional to the incident light intensity. 
For this reason it is called stimulated emission. Its rate is the same as the absorption 
rate, since the terms depending on (n;) are identical in (B-24) and (C-4): 

We _ Wwabs (C-5) 


a—b 


In particular, for isotropic radiation, we get a result identical to (B-28): 


Dw? 
wstim. em __ 0 
boa = Se n(wo)) 


(C-6) 

A photon resulting from stimulated emission is created in the same mode i as the 
photons inducing that emission: the number n,; of photons in that mode goes from n,; to 
n;+1. The added photon has the same energy, same direction and same polarization as 
the initial n; photons. If the incident radiation is coherent, one can show that radiation 
emitted by stimulated emission has the same phase as the incident one. This results 
in a constructive interference effect (in the direction of the incident radiation) between 
the radiation emitted by the induced dipole and the incident radiation, hence leading to 
an amplification effect. For this phenomenon to occur, the atomic populations must be 
inverted, meaning that the probability of occupation of the upper level b must be larger 
than that of the lower level a. However, if this is not the case, the interference is destruc- 
tive, which explains the attenuation of an incident beam by the absorption process. The 
coherent amplification by stimulated emission of an incident beam propagating through 
atoms with an inverted population plays an essential role in laser systems. The word 
laser is an acronym of “Light Amplification by Stimulated Emission of Radiation”. 


C-3. Spontaneous emission 


If all the (n;) are equal to zero, the radiation is initially in the vacuum state; the 
absorption rate (B-25) is then equal to zero. On the other hand, the emission rate (C-4) 
is not, because of the term 1 in (nj |a;a!|n;) = (n;) +1. It follows that an atom, initially 
in the upper state b and placed in a vacuum of photons, has a non-zero probability per 
unit time of emitting a photon and falling back into the lower state a. This is called the 
spontaneous emission process. 
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The term 1 appearing in (C-4) is the same for all the modes, as opposed to the 
term (n;) that only exists for the modes already containing photons. As this term 1 does 
not favor any particular direction or polarization, the situation is similar to that where 
the radiation is isotropic; the calculations leading to (B-28) remain valid provided we 
replace (n(wo)) by 1. This leads to the rate of spontaneous emission: 


Dae 
wspont.em. = D Wo 
bree 3eqhrc3 


This result could also be obtained by Fermi’s golden rule (see Chapter XIII, § C-3- 
b) in the following way. The system atom + radiation starts from the initial state |b; 0) 
(atom in state b, photon vacuum). This discrete state is coupled to an infinity of final 
states |a;1,;), atom in state a with one photon in mode 7. The golden rule enables one 
to compute the probability per unit time of the transition from the discrete initial state 
towards the continuum of final states, which is simply the spontaneous emission rate: 


(C-7) 


wamsvont: — ST S™ (a; 15|Hrlb;0))? (Rus: — Re) (C-8) 
a 

Using (b; 0|Hy|a; 1;) = iD(eq - €;) (hw; /2eoL3)'/?, for a real polarization, as well as equa- 

tions (B-26) and (B-27), we get the same result as (C-7). 

This equation shows that the spontaneous emission rate increases as the cube of 
the atomic transition frequency; this explains why spontaneous emission is negligible in 
the radiofrequency domain, becomes important in the optical domain, and even more so 
in the ultraviolet or X ray domain. This w@ factor has two origins: on one hand, the 
square of the w!/? factor appearing in the electric field expression, on the other, the w? 
factor present in the density of final states. 

The spontaneous emission rate Wa is also called the “natural width” of the 
excited state b, and noted [. The inverse of I is the “radiative lifetime” of the excited 
state, which is the average time necessary for the atom to undergo radiative decay: 


1 
T= wspont.em. er (C-9) 


ba TR 


It is instructive to compare the rate W;P°""*™ to wo. It follows from (C-7) that: 


T Due 

ee ge Oe C-10 

wo  ds€ohme? ( ) 
The dipole D is of the order of gag where q is the electron charge and ag the Bohr radius. 
This yields the quantity q?/(3meohc) which, within a factor 4/3, is the fine-structure 
constant a ~ 1/137 multiplied by agw%/c?. Since aowo is of the order of the electron 
velocity in the first Bohr orbit, which is a times smaller than the speed of light c, agw? /c? 
is of the order of a”, so we finally have: 

—-a (C-11) 

wo 


The natural width of the excited level is therefore much smaller than the atomic tran- 
sition frequency: the atomic dipole may oscillate a great number of times before these 
oscillations are damped. Typically, in the optical domain, I is of the order of 107 to 10° 
s~! whereas wo/2m is much larger, of the order of 10!4 to 10% s7}. 
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C-4. Einstein coefficients and Planck’s law 


Let us now assume the radiation is at thermal equilibrium at temperature T (black 
body radiation). In this case, it is current practice to use another notation for the 
various absorption and spontaneous or stimulated emission rates: the Einstein A and 
B coefficients from his 1917 article. In that article, he introduces for the first time the 
concept of stimulated emission: 

wars, = Bas yen = Bo-+a wspont.em. = Bipct (C-12) 


a ba 


One can then write the change per unit time of the populations op) and gq of the 
b and a levels due to the various absorption and emission processes: 


Oyo = Ba+v0aa — Boao — Ab+aFod 
Caa = —Ba+vFaa + Bosatvp + Ap-saTbb (C-13) 


As an example, on the right-hand side of the first line of (C-13), the first term describes 
how level 6 fills up when a absorbs a photon, the second term how it is emptied by 
stimulated emission towards a, the third one how it is emptied by spontaneous emission. 
Similar explanations can be given for the second line. 

In a steady state, there is a balance between the various processes, and we have: 


aa = Fy = 0 (Cs) 


We then get from the first equation: 


ne — as (C-15) 


Boysa ot Apa _ 


Now, according to the Boltzmann distribution law, o4,/caq must be equal to e~ (hwo/keT) 
Relations (B-28), (C-6) and (C-7) then show that, at equilibrium, the populations op, 
and dgq obey the relation: 





Ovo) _ -(hwo/kaT) — Barb __(n(o)) (C-16) 
Caa Boat Aba (n(wo)) +1 


which means that: 


e— (hwo/keT) 1 
(n(wo)) = 1 — e-(iwo/keT) — ¢(hwo/keT) — | 





(C-17) 


Multiplying the average energy per mode hwo(n(wo)) by the mode density 8rvg/c? in 
the vicinity of wo, yields Planck’s law for the energy density per unit volume of the black 
body radiation, as a function of the frequency v9 = wo/2r: 


_ &rhiy 1 


wo) = seve) — 1 (C-18) 


In other words, when an ensemble of two-level atoms reaches Maxwell-Boltzmann equi- 
librium through absorption and spontaneous or stimulated emission of radiation, that 
radiation must necessarily obey Planck’s law. This is the essence of the argument used 
by Einstein to establish this law’. 





*Rinstein could not reason in 1917 in terms of the quantum theory of radiation, which was not 
available. The heuristic introduction of the A and B coefficients illustrates his remarkable intuition. 
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D. Role of correlation functions in one-photon processes 


The probabilities associated with one-photon processes can be expressed in terms of atom 
and field correlation functions. 


D-1. Absorption process 


Let us write aae) the probability amplitude for the system, starting at t; = 0 
from the state | a; $/), to end up at time ty = At in the state |b; ¢£,) after undergoing 
a one-photon transition — see (B-14): 


e 1 fo _ = 
(Wain|U (ty, ti) pin) = ad, de’ (b|D(t')\a) » (Pin 1 CR, t’) Gin) (D-1) 
When dealing with an absorption of radiation by the atom, the number of photons in 


the final state |¢f,) is lower than in the initial state |4/); only the positive frequency 


component of the field BM), which can destroy photons, yields a contribution to the 


matrix element (of, E,(R,t') |o%). Let us start with a radiation initial state containing 
photons with a single given polarization €;,; only modes with this particular polarization 
are involved in the matrix element. If the polarization is not linear (circular for instance), 
€iy is complex, and we must replace it by its complex conjugate e%, is all negative 
frequency components of the field. Moreover, since €*, - €in = 1, the ein polarization 


components are obtained by a scalar product of e#, by the field. We then have: 


At 
(Wan|U (ty, ti) Yin) = —> a | dt! (bl ein D(t')|a) (PB lez, - BYP (RB, t)|62) — (D-2) 


The probability Pb’, (At) of the absorption process is then: 


a—b 


P® Ss 1 ne * r 1 ( — 
PRA S h2 if dt’ (a Ein * D(t')|b) (of ein i EC CR, t')|o8,) 


At 
x fat" bein: DU) Iay (Of lety- BYR, e108) (D-3) 
0 
To obtain the probability of finding the atom in any final state b other than a, whatever 
final state |@£,) the radiation is in, we must sum this result over all possible |b) and |¢#,) 


states. This yields two closure relations, one in the atom state space!®, the other in the 
radiation state space. This leads to the following result: 


‘ 1 At At re 
Do Pa) = Fa [ at! [ at” Ga(t',t") Ge,” (D-4) 


with the definitions: 


Ga(t’,t”) = (a| [e}, - D(t’)] [ein -D(t")] la) (D-5) 





10Tm the summation over b, the initial atomic state a can be included since the matrix element of the 
atomic dipole in that state is zero (because of a parity argument). 
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and: 
GH(e,t") = (O8| fem B(R,t)] [ets BPR, t')] [o8) (D-6) 


The two functions we just defined correspond, respectively, to the correlation function of 
the atomic dipole and to that of the electric field expressed in normal order. 

In the more general case where the field initial state includes several polarizations, 
(D-1) must now include the matrix elements: 


De (| Dit!) la) (fin E(B, ¢) |i) (D-7) 
with: 
D,(t) =e;°- D(t) and E;(R, t) =e€e;° E,(R, t) (D-8) 


where e, is the unit vector of each of the three j = x,y, z axes. Probability (D-4) then 
becomes: 


At At 
D Pasto(A Le OS 2 a) dt! | de” Gi (t',t”) GAZ (t,t) (D-9) 


J,j'=2L,Y,z 


with the following definitions of the 9 dipole correlation functions, and the other 9 field 
correlation functions (the vectors e,; are real) : 


“) = (a| [e; - D(’)] fe; - D(t”)] |a) 
GH t,t") = (68 le; BD (R,2)| ley BYP (R it)| |e (D-10) 


We thus get a correlation tensor, which slightly complicates the equations, but does not 
change the essence of the results. 


D-2. Emission process 


For the photon emission processes, spontaneous or stimulated, we can make sim- 
ilar computations. The main difference is that the BD and ED) operators must be 
interchanged, which yields antinormal instead of normal field correlation functions; fur- 
thermore, we must use the more general formula (D-9) instead of (D-4) since an emission 


process does not favor any specific polarization. 


E. Photon scattering by an atom 


We now consider a photon scattering process where the initial state includes an atom in 
state a and an incident photon, and where in the final state the atom is still in state a, 
but the incident photon has been replaced by another one. This is a two-photon process, 
since one photon disappears, and is replaced by another one. 
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E-1. Elastic scattering 


As in § B, we shall treat classically the center of mass of the atom, supposed to be 
fixed at the origin of the reference frame (see however the comment on page 2094). The 
initial state |wi,) of the system atom + radiation at time ¢; corresponds to an atom in 
state a in the presence of a photon in mode 7, with wave vector k;, polarization ¢; and 
frequency w; (we assume the radiation to be monochromatic): 


|Win) = |a; ki, €:) with energy Ein = Eq + hw; (E-1) 


At the final time t;, the scattering process has replaced the initial photon k;,¢; by a new 
photon ky,é, with wave vector ky and polarization e. The final state of the system is: 


lin) = la; kp, ef) with energy Efin = Eq + hus i?) 


Conservation of total energy requires w,; = wy. This scattering thus occurs without 
frequency change and is called for that reason “elastic scattering”. We shall study in 
§ E-3 the case where the final atomic state is different from the initial atomic state. This 
different process is called “Raman scattering”. 

As the electric dipole interaction Hamiltonian (A-24) can only change the photon 
number by one unit, the system must go through an intermediate state often called a 
“relay state” where the atom is in state c and the radiation in a state different from its 
initial state. The lowest order term of the series expansion (A-12) that contributes to 
the scattering amplitude is of order two. 


E-1-a. Two possible types of relay state 


There are two possible types of relay states: those corresponding to processes we 
shall label (a), where the photon k;,€; is absorbed before the photon ky,¢, is emitted; 
and those corresponding to processes labeled (8), where the photon ky,ey is emitted 
before the photon k;, €; is absorbed. In the first case, the relay state is the state |y%)) = 
\c;0), where c is an atomic relay state and 0 is the radiation vacuum, since the photon 
k;,€; present in the initial state has been absorbed; the energy of this relay state is 
ES, = E,. In the second case, the relay state is (2) = |c ki,e;;ky,e7), since the 
photon ky,é7 has been emitted before the photon k;,¢; was absorbed: the energy of 
this relay state is B = E+ hu; + hwy. Figures 2 and 3 show two different diagrams 
representing these same two processes. 

In Figure 2, the horizontal lines represent the atomic levels; an upwards arrow 
represents an absorption, whereas a downwards arrow represents an emission. The ad- 
vantage of this representation is to directly show the energy difference between the initial 
state and the relay state, equal to Ei, — E&%, = Eq + hw; — E, for the (a) processes, and 
to Ein — Be = E, — hwy — E, for the (8) processes: this difference is simply the dis- 
tance between the height of the dashed line and the height of the line representing the 
atomic relay state c. In particular, these two lines coincide for the (a) processes when 
EF, + hw; = E., ie. when the absorption of the incident photon is resonant for the 
transition a © c (resonant scattering, which will be studied later on). 

In Figure 3, an incoming arrow represents an absorption, whereas an outgoing one 
represents an emission. Reading the diagram from bottom to top, one clearly sees which 
atomic state and photons are present in the initial state, the relay state and the final 
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c Cc 
ho, 
a a 
(a) (B) 


Figure 2: First diagram representation of the scattering processes labeled (a) and (£3) 
in the text; these processes have a different chronological order for the absorption of 
the incident photon and the emission of the scattered photon. The full horizontal lines 
represent the atomic levels, and the upwards arrows represent absorption processes and 
downwards arrows, emission processes; the horizontal dashed lines clearly show the energy 
differences that will appear in the denominator of the transition amplitude expression. 





state. For the (a) processes, no photons are present in the relay state, whereas both 
incident and scattered photons are present in that state in the () processes. 


E-1-b. Computation of the scattering amplitude 


The computation of the scattering amplitude is of the same type as the calcula- 
tions already presented above. In addition, it is almost identical to the computation of 
the two-photon absorption amplitude explained in detail in § 1 of Complement Axx. 
Consequently, it will not be explicitly carried out here, but we shall merely highlight the 
differences with the computation of that complement. The reader interested in more de- 
tails may want to read that complement before continuing with this paragraph. Relations 
(13) and (14) of that complement are written here: 


(VanlO (ty, te) lin) = —2im [AF,(Bin) + A(Bin)] 5°” (Bin — Bn) 


= —2in [AFi(Bin) + AS, Fin)| 549 (wp — Rwy) (E-3) 





where we have introduced the probability amplitudes: 


) 
$i (Hin) — ye (Wfin|D - EC ) ape) (ab ralD - E‘ a |Win) 








Ein _ ES 
re 
iL hh fwiwy pe (ale; - Dic) (cle; - Dla) (4) 
2e9L? Ea t+ hw, - E, 
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a kys&, a 
kyy€, 
¢ c 
K€; 
a a 
k,,€; 
(a) (B) 


Figure 3: Another possible diagram representation of the scattering processes (a) and (8). 
The state of the atom is shown on the vertical full line. As for the photons, the incom- 
ing arrows (wiggly arrows pointing towards the vertical full line) represent absorption, 
whereas outgoing ones (wiggly arrows leaving the vertical full line) represent emissions. 
The bottom to top reading of each diagram shows the chronological succession of the states 
of the system atom + photons. 











D- EO WE) UilD - EO |vin) 
Ae Ein) = (Wan| rel rel in 
il n) 2 Ey, =A 
wen e 
_ hyfwiws (ale; - Dc eri - Dia) 
~ QeqL3 oe Ey — hw; — E ee) 


The two amplitudes A;(Ein) and At (Ein) correspond to the two types of relay states 
considered above. In (E-3), the delta function expressing the energy conservation is 
proportional to 649 (wy — w;) since Egn — Ein = h(wy —w;). To write (E-4) and (E- 
5), we have replaced in relation (13) of Complement Axx the interaction Hamiltonian 
H, by —D- E or —D- E‘), depending on whether it pertains to an absorption or 
an emission process. In the numerator of the fractions on the right-hand side of (E-4), 
operator E+) (which absorbs the incident photon) acts before operator E‘—) (which 
creates the scattered a) this is to be expected for an (a) type process. The order 
of the two operators E+) and E‘) is reversed in (E-5), as expected for a (8) type 
process. The \/wiwy coefficients on the second lines of these equalities come from the 
plane wave expansion (A-27) of the electric field; L is the edge of the cubic cavity used to 
quantize the field. We could have added a factor \/niny, where n; and ny are the photon 
numbers in the initial and final states; for the sake of simplicity, we have assumed that 
my =n =. 
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E-1-c. Semiclassical interpretation 


Elastic scattering can also be explained by a semiclassical treatment, where the 
quantum treatment only applies to the atom; the incident wave is described as a classical 
field of frequency w;. This wave induces, in the atom, an oscillating dipole at the same 
frequency. This dipole radiates into the entire space a field oscillating at that frequency. 

The semiclassical approach also enables a simple interpretation of the absorption 
of the incident beam as resulting from a destructive interference, in the direction of the 
incident field, between that field and the field scattered by the induced dipole. One can 
also use such a description to account for the amplification of an incident beam by an 
ensemble of atoms whose population has been “inverted”, meaning atoms for which the 
population of an excited level is larger than the population of a lower energy level. The 
scattered field then has the opposite phase of that it would have without population 
inversion, so that the interference becomes constructive. 


E-1-d. Rayleigh scattering 


Assume that the frequency w; of the radiation is much smaller than all the atomic 
frequencies |E, — E,|/h. One can then ignore w; and wy in the denominators on the 
second lines of (E-4) and (E-5). The only w; dependence of the scattering amplitudes 
comes from the prefactor \/wjwy, equal to uw; since wy = w,;. The scattering cross section 
involves the product of the squared modulus of that amplitude, proportional to w?, by 
the density of the radiation’s final states at frequency wf = w;, also proportional to w?. 
The scattering cross section therefore varies as w}, much higher for blue light than for 
red light. 

One usually calls “Rayleigh scattering” the elastic scattering when uw; < |E, — 
E,|/h. It explains the scattering of the visible solar light by the atmospheric oxygen 
and nitrogen molecules, which have much higher resonant frequencies, in the ultraviolet 
domain. This rapid variation with frequency of the Rayleigh scattering cross section is 
a reason for the sky being blue. 


E-2. Resonant scattering 


Assume now that the frequency w; of the incident photon is very close to the 
frequency: 


Wea = (Ee = E.)/h (E-6) 


of a transition between a state a and a state c having a higher energy. The absorption 
of the incident photon is then resonant for the transition a © c and the amplitude (E-4) 
becomes very large when the state c becomes the atomic relay state — it even diverges if 
the resonant condition is exactly satisfied. In that case, one can neglect all the (G) type 
processes; in addition, even if there are other possible atomic relay states d, e,.., one 
can keep only the term involving c. 

To avoid the difficulties related to the divergence of (E-4) when w; = Wea, it is 
convenient to use the exact expression (A-14), which only involves three terms, instead of 
an infinity as in expansion (A-12) for the evolution operator. Only the last of those three 
terms plays a role, since it can destroy a photon and create another one. A computation 
similar to that leading to relation (6) of Complement Axx, but using (A-14) instead of 
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(A-12), then yields: 
(btn |U (ty, ti) Yin) 
1 2 ty t 
i @ / at | dt’ (Wan|Uo(ty,t) Hy U(t, t') Hr Uo(t', ti) Win) (E-7) 
ty ti 


Note that it is now U(t,t’) that appears in the middle of the matrix element in (E-7), 
and not Uo(t, t’). Starting from |Win) = |a;k;, €;), the first interaction Hamiltonian H; 
of (E-7) brings the system to the state |c;0). In a similar way, if the system starts from 
(Wen| the second interaction Hamiltonian of (E-7) brings it to the state (c;0|. Expression 
(E-7) can then be written: 


1 2 ty t , 
(WanlU Cer ttn) = (Ga) fae ff ae (ky. e,lUoltyst) Hr les 0) 
x (5 OU (t,t) 





c; 0) (c; O| Hy Uo(t', ti) |a; Ki, €) (E-8) 


Had we used (A-12) instead of (A-14), the central matrix element of relation (E- 
8) would be (c; 0|Uo(t, t’)|c; 0) = exp(—iE,(t — t’). In our case, using (A-14) leads 
to (c; O|U(E,t’)|c; 0) which is the probability amplitude for the system, starting from 
the state |c; 0) at time t’, to still be in that same state at time t. The calculation of 
that amplitude appears in the study of the radiative decay of the excited state through 
spontaneous emission of a photon, hence the decay of a discrete state |c; 0) coupled 
to a continuum of final states |a;k,e). Those states represent the atom in state a in 
the presence of a photon with any wave vector k and polarization ¢. Now we showed 
in Complement Dxi1 (§ 4) that it was possible to obtain a solution of Schrédinger’s 
equation yielding the amplitude (c; 0|U(t, t’)|c; 0) at long times (and not only at short 
times, as for the perturbative solution). This solution is written: 


(c; O|U (t,t) |G; 0) = exp [-i(E, + 5E,)(t — t’)/fi] exp [-T’.(¢ — t’) /2] (E-9) 


where OF, is the energy shift of the state |c; 0) due to its coupling with the continuum of 
final states'!, and [, the natural width of the excited state c (the inverse of the radiative 
lifetime of that state). We shall assume from now on that the shift dF, is included in 
the definition of the energy E, of the state c. Starting from the more precise expression 
(A-14) instead of (A-12) thus leads to a very simple result: we just have to replace, in 
all the computations of the scattering amplitude, E, by EF, — ihT’./2. 


E, > E, — ikl ,/2 (E-10) 


Once this replacement has been made, we get, keeping only the amplitude (E-4) 
and a single relay state c, the following scattering amplitude: 
hw, (ale - Dic) (clei - Dia) 
~ Qeqk? = i(wy — Wea + Te /2) 





Ayi(Ein) (E-11) 


This resonant scattering amplitude no longer diverges when w; = Weq; as w; is scanned 
around w,,q, it exhibits a resonant behavior over a range equal to I.. 





11This shift is related to the “Lamb shift” of the excited atomic states. 
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E-3. Inelastic scattering - Raman scattering 


We now consider a scattering process where, as before, an incident photon is ab- 
sorbed and another emitted, but the final atomic state a’ is now supposed to be different 
from the initial atomic state a. 


E-3-a. Differences with elastic scattering 


Figure 4 shows an example of such a process, called “Raman scattering”, where 
the energy of the scattered photon is different from that of the incident photon!?. The 
initial state of the scattering process is, as before, the state |Win) = |a; k;,€;), with energy 
Ein = Eq + fw;; the final state, however, is now |Wgn) = la’; ke,e7¢) where a’ ¥ a, with 
energy En = Eq + hwy. 








Figure 4: Raman scattering: an atom in state a absorbs an incident photon, with energy 
hw,; a photon hwy ts then spontaneously emitted by the atom, which ends up into a final 
state a’ different from the initial state a. 





Conservation of total energy requires: 
Eq + hw; = Eq + hwy (E-12) 


If Ey > Eq, the Raman scattering is called “Raman Stokes scattering”; the energy 
of the scattered photon is lower than that of the incident photon. If Ey, < Ey, the Raman 
scattering is called “Raman anti-Stokes scattering”; the energy of the scattered photon is 
higher than that of the incident photon. As we assumed here that the mode (ky, €/) was 
initially empty, the scattered photon is emitted spontaneously. The process is then called 
“spontaneous Raman scattering”. We shall study later the case where (ky,¢s) photons 
are initially present, a situation resulting in “stimulated Raman scattering”. 

Equation (E-12) shows that the angular frequency of the scattered light is different 
from that of the incident light by a quantity waa = (Ea — Ea’) /h, equal to the frequency 
of the atomic transition a + a’. This means that Raman light spectrum provides infor- 
mation about the eigenfrequencies of the scattering system; this is the base of Raman 





12This figure only shows a type (a) process, where the incident photon is absorbed in the first place. 
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spectroscopy. The systems under study are often molecules and the states a, a’ are vibra- 
tional or rotational sublevels of the ground state, which means that the wg, frequencies 
belong to the microwave or infrared domain. Instead of measuring directly these fre- 
quencies using spectroscopic techniques in a frequency domain where detection might be 
a problem, it is sometimes more convenient to illuminate the medium with an optical or 
ultraviolet frequency beam, and to measure the wg, frequency via the frequency shifts 
of the Raman scattered light. Raman spectroscopy developed considerably once laser 
sources became available, yielding much higher signal intensities. The detection condi- 
tions have also been greatly improved by focusing the incident laser light on very small 
volumes. The analysis of the scattered light spectrum is now a very powerful tool for 
analyzing the chemical composition of any scattering media, since each molecule can be 
identified by its specific vibration-rotation eigenfrequencies. 

To keep things simple, we have limited our discussion to Raman scattering by 
atoms or molecules in a dilute medium, where each scattering entity acts individually. 
Raman scattering is also used in condensed media such as liquids, crystals, surfaces, etc. 
and provides valuable information on the dynamics of these structures. 


E-3-b. Scattering amplitude 


The computation of the Raman scattering amplitude is very similar to the one 
leading to (E-3), (E-4) and (E-5), and yields: 


(ein |U (ty, ts) lin) = —2mi [AF (Bin) at AS, (Fin)| 54) (Ein — Ein) 


—2ni | AG, (Hin) + AG, (Hin) | 5 (Har + Roop — Ea — fis;) (E-13) 

















where: 
(an|D - E\ pe i) rel D - E |Win) 
a Ein — re re 
Fil ) x E. a EX 
pre 
_ hfeiw (a’|e% - D\c) (cle; - Dla) 
= E-14 
2eoL3 re Eu + hwo; — Ee ( ) 
n|D- EO Wha ELD EO |Win) 
AP Ex = (ve | rel rel 
fil n) Ss Ein SF ose 
we o 
_ heme a’ je; - Dic)(cle+ - Dia) 
= E-15 
Qe L 5 Ea - hws — Ey ( ) 


When the photon frequency w,; is close to the a > c transition frequency, Raman scat- 
tering becomes resonant and amplitude (E-14) can become very large. As we did for the 
resonant elastic scattering, to avoid the divergence of (E-14), we just have to replace FE, 
by EF, —i0./2, where [, is the natural width of the c state. 


E-3-c. Semiclassical interpretation 


As in § E-1-c, let us consider the dipole induced by the incident field on the scatter- 
ing object. When that object is a molecule which vibrates and rotates, its polarizability 
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changes with time, and is modulated by its rotation and vibration frequencies. The 
dipole’s oscillations induced by the incident field have an amplitude modulated at the 
rotation and vibration frequencies of the molecule. The Fourier spectrum of the dipole’s 
motion contains lateral bands at frequencies shifted from the incident field frequency; 
these frequency shifts are equal to the molecule’s rotation and vibration frequencies. 
This semiclassical interpretation accounts for the essential properties of the Raman scat- 
tering spectrum. 


E-3-d. Stimulated Raman scattering. Raman laser 


We now assume the Raman photon appears in a mode that is not initially empty, as 
ny # 0 photons already occupy the mode (ky,¢,). Similarly, we assume several photons 
(n; for example), initially occupy the mode (k;,¢,;). To compute the Raman scattering 
amplitude |a;n;,nf) > |a’;n; —1,n¢ +1), we must include the factor ,/n;(ny +1) in 
expressions (E-14) and (E-15). Stimulated emission now comes into play: the factor 
ny + 1 appearing in the probability expresses the fact that the initial presence of ny 
photons in mode (ky, €f) stimulates the emission probability of a Raman photon in that 
mode. 

Consider now (right-hand side of Fig.5) the inverse scattering process symbolized 
by |a’;n; —1,np¢ +1) > Ja;ni,ny). The corresponding scattering amplitude is simply 
the complex conjugate of the previous one, meaning that the probability of these two 
processes are equal. If we start with the same number of atoms in state a and state a’, the 
number of photons created in one of the processes is equal to the number of photons that 








Figure 5: The left-hand side of the figure represents a stimulated Raman process where 
an atom in level a absorbs a photon w;, and ends up in state a’ after the stimulated 
emission of an wr photon. The right-hand side of the figure shows the inverse process, 
where an atom starting from state a’ absorbs an ws photon, and falls back in state a after 
the stimulated emission of an w; photon. These two processes have, a priori, the same 
probability. However, if the population of state a (shown as a large dot on the left-hand 
side of the figure) is higher than that of the state a’ (shown as a small dot on the right- 
hand side of the figure), the number of processes resulting in the stimulated emission of 
an wr photon is bigger than the number of processes where that photon is absorbed. The 
radiation at frequency wy is thus amplified by stimulated emission, which allows creating 
a “Raman laser” at this frequency. 
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disappear in the inverse process. What will happen now if we start with an ensemble of 
atoms where the populations of states a and a’ are not equal? If, for example, level a has 
a lower energy than level a’, the relaxation mechanisms leading to thermal equilibrium 
tend to create a larger population in a than in a’. The number of scattering processes 
|a;ni,n¢) > |a’;n; —1,ny¢ +1) is then larger than the number of the inverse processes 
|a’;n; —1,ny¢ +1) > |a;ni,n¢), leading to an amplification of the number of wy photons. 
This amplification mechanism is the basis of Raman laser operation. This type of laser 
is different in two major ways from lasers involving a transition between an upper level, 
populated by a pumping process, and a lower level (with no relay level). First of all, they 
do not require a population inversion; the atomic media can be at thermal equilibrium, 
since the stimulated Raman scattering at the origin of the amplification starts from the 
atomic state with the largest population. They do require, however, a high intensity 
radiation at frequency w;, furnished by another laser called the “pump laser”. Secondly, 
the wy frequency of the Raman laser oscillation can be scanned by changing the “pump 
frequency” w;, whereas lasers using a two-level system necessarily oscillate at a frequency 
very close to the atomic transition, and have thus a very small tuning range. 


Conservation of total momentum 

If the position R of the atomic center of mass is no longer treated classically, and placed at 
the origin as we have done until now, we must keep the exponential functions exp(ik; - R) 
and exp(—iky - R) in the interaction Hamiltonian describing the absorption of an wu, 
photon and the emission of an wy photon. The matrix element of the product of those 
two operators must be taken between an initial state of the center of mass, with momentum 
RK jy and a final state with momentum hK gn. This yields a 6(Kgn—Kin—ki+ky) function 
expressing the global momentum conservation in a Raman process: the momentum of the 
atom increases by the quantity h(k; — ky) during that process. It often happens that 
the two atomic states a and a’ are two sublevels of the same electronic ground state, 
so that the frequency weg = (Ea — Ea)/h falls in the microwave domain; it is then 
much smaller than the frequencies w; and wy, which are optical frequencies. The energy 
conservation equation (E-12) then shows that the moduli of the two wave vectors k; and 
ky are practically the same. If the two wave vectors k; and ky have opposite directions, 
the momentum gained by the atom during a Raman process is equal to h(k; —ky) ~ 2hk;. 
The interest of such a Raman process is to couple two states a and a’, energetically very 
close to each other, by transferring to the atom in one of the two states a very large 
momentum 2hk;, equal to twice that of an optical photon. On the other hand, if the 
two states a and a’ were to be coupled directly by absorption of a single photon in the 
microwave domain, the momentum transfer would be much smaller. This possibility of 
coupling two sublevels of the ground state (hence having long lifetimes) by transferring a 
large momentum to the atom in one of these two states, has interesting applications, in 
particular in atomic interferometry. 


To remain concise, in this chapter we have not treated a certain number of inter- 
esting related problems. Among them are multophotonic processes, photoionization, the 
dressed atom method that facilites the study of light shifts, or the use of photon wave 
packets. All these subjects are treated in the complements of this chapter. 
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COMPLEMENTS OF CHAPTER XX, READER’S GUIDE 


Axx A MULTIPHOTON PROCESS: TWO- 
PHOTON ABSORPTION 


In a multiphoton absorption process, an atom 
This 
complement focuses on the simplest case where 


simultaneously absorbs several photons. 


two photons are absorbed, while presenting gen- 
eral ideas that also apply to processes involving 
a larger number of photons. Monochromatic and 
broad band excitations are successively consid- 
ered. The very short time the system spends 
in the relay state violating energy conservation 
is proportional to the inverse of that energy 
mismatch. 





Bxx : PHOTOIONIZATION 


In a _ photoionization process, a photon can 


remove an electron from an atom, which then 


becomes an ion (photoelectric effect). This 
complement studies this process by using a 
quantum theory of radiation that no longer 


couples two discrete atomic states but rather 
a discrete (ground) state to a continuum of 
(excited) Two 
considered: a quasi-monochromatic 


states. important cases are 
incident 
In that 


second case, this study provides a justification 


radiation, and a broad band excitation. 


for Einstein’s equation of the photoelectric effect. 
Lastly, we consider the case where the radiation 
field is so very intense that the atomic ionization 
no longer occurs through the absorption of one 
or several photons, but rather by the tunnel effect. 





Cxx TWO-LEVEL ATOM IN A MONOCHRO- 
MATIC FIELD. DRESSED ATOM APPROACH 


The dressed atom approach is a powerful tool for 
describing and interpreting higher order effects 
that appear as a two-level atom interacts with 
It is valid both in 
the weak coupling domain (low field intensity) 


a quasi-resonant radiation. 


and the strong coupling domain (very high field 
intensity). An essential parameter is the ratio of 
the Rabi oscillation (characterizing the coupling 
with the field) and the natural width of the 
atomic levels. This general approach allows, in 
particular, a full understanding of the various 


properties of light shifts. 





Dxx : LIGHT SHIFTS: A TOOL FOR MANIPULAT- 
ING ATOMS AND FIELDS 


Using light shifts has become a basic tool in 
atomic physics, as it allows manipulating atoms 
and photons. A number of applications of such 
methods are briefly described in this complement: 
laser trapping of atoms by dipole forces, mirrors 
for atoms, optical lattices, “Sisyphus” cooling, 


and one by one detection of photons in a cavity. 
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Exx : DETECTION OF ONE- OR TWO-PHOTON 
WAVE PACKETS, INTERFERENCE 
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Just as for a massive particle, on can build wave 
packets for a photon by the coherent superposition 
of states, each having a different momentum; this 
leads to a description of radiation propagation in 
free space, and we have the possibility to model 
the arrival of a photon on an atom. We obtain a 
description of the photon absorption or scattering 
processes that is more realistic than that given 
in Chapter XX, where the incident radiation is 
described by a Fock state having a well defined 
number 


of photons (and hence without any 


spatial propagation). We introduce for the 
photon a function that is not its wave function, 
but rather yields the probability amplitude that 
it might be detected at a given point. Absorption 
and scattering of wave packets are studied, as 
well as the one- or two-photon detection signals; 
the case of two entangled photons (parametric 
down-conversion) is treated at the end of the 


complement. 


@ <A MULTIPHOTON PROCESS: TWO-PHOTON ABSORPTION 





Complement Ax x 


A multiphoton process: two-photon absorption 





1 Monochromatic radiation. ...............2..206. 2097 

2 Non-monochromatic radiation. ..............4.2- 2101 

2-a Probability amplitude, probability ............... 2101 

2-b Probability per unit time when the radiation is in a Fock state 2103 

3 DiSCUSSION gx. 8.6 ghee, ANS es SS See LS A dh Se 2105 

3-a Conservation laws ..........-02 0002 eee eee 2105 
3-b Case where the relay state becomes resonant for one-photon 

ADSOTPtiOliesc 2 aye ee Sn ee ER Soe et a ee 2106 





In the process studied in this complement the atom absorbs, not one, but two 
photons of energy fw;, to go from a discrete level a to another discrete higher energy 
level b'; this process is schematized in Figure 1. For the moment we shall ignore the 
external degrees of freedom and suppose the atom to be infinitely heavy”. Conservation 
of total energy then requires: 


Ep = Ea — hwo = 2hw; (1) 


The calculation of the transition amplitude will explicit the role played by this conser- 
vation law. 


1. Monochromatic radiation 
Studying this process involves the computation of the transition amplitude: 

(Wain|U (tp, ts) | Yin) (2) 
The initial state at time t; of the system atom + radiation is: 

|Win) = la; nr.) with energy Ein = Ea + nyhiw; (3) 


It describes an atom in state a in the presence of n; photons in mode 7, with wave vector 
k;, polarization ¢; and frequency w; (we assume the radiation is monochromatic). After 
the absorption process, at time ty, the photon number is lowered by two units, going 
from n; to n; — 2. The final state of the system is: 


Win) = |b; ni — 2) with energy Egn = Ey + (ni — 2) fiw; (4) 


The atom-radiation interaction is described, as before, by the electric dipole Hamil- 
tonian (A-30) of Chapter XX, which lowers the photon number by a single unit. This 





lIn Complement Bxx, we shall see how multiphoton processes can also make an atom go from a 
discrete state to a final state belonging to a continuum of states (photoionization). 

?When the atom’s mass is finite, there are interesting physical effects arising from the conservation 
of total momentum; these will be studied later on (cf. § 3; see also § 2 of Complement Axyx). 
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Figure 1: During a two-photon transition, the atom goes from state a to state b by 
absorbing two photons of energy hw;. The horizontal dashed line represents the energy 
half-way between the a and b levels. A third level, the relay level c, is also involved in 
the transition; its energy is not necessarily between those of levels a and b and it is not 
shown in the figure. However, we assume that the energy of that relay atomic level c is 
so far from the dashed line that no one-photon resonant transition can occur between a 
and c. 





means that in the expansion (A-21) of Chapter XX for U(t f ti), the lowest term that 
gives a non-zero contribution to the transition amplitude (2) is of order two, hence con- 
taining two operators H;. The first brings the system atom + radiation from the initial 
state |%in) = |a,n;) to an intermediate “relay state” 


lWret) = |e, ni — 1) with energy Exel = Eo + (ni — 1)hw; (5) 


where c is any atomic state; the second operator H; brings the system from this relay 
state |qye1) to the final state |Wan) = |b, n; 2). One must of course sum over all accessible 
intermediate states c. Nevertheless, to keep the computation simple, we shall only take 
into account a single intermediate state (the summation of the probability amplitudes 
over several such states does not pose a serious problem). If we insert relation (A-21) of 
Chapter XX between the bra (Wgy| and the ket |qin), the first two terms on the right-hand 
side yield zero, and the third one becomes?: 


rs t\3 
(Wein |U (At, 0) |Win) = (=) S° (Wan! HrlYrer) (Wrei|H |Win) x 
rel 
At v . / - t wt . wt 
x | at f dt” et Eant /h et Breit —t )/h e Hint /h (6) 
0 0 


Let us write explicitly the argument of the exponents appearing in the integral on 





3We assumed that the two absorbed photons were identical. If the two absorbed photons 1 and 2 were 
different, either by their energies, their wave vector directions, or their polarizations (albeit satisfying 
the conservation of energy hw, +hw2 = E, — Eq = hwo), this would lead to a situation similar to that of 
§ E-l-a of Chapter XX. Two types of processes should then be considered, those where photon 1 is first 
absorbed, photon 2 next, and those where the photons are absorbed in the inverse order (cf. Figure 2). 
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the second line: 

[By + (ni — 2) hun] t! — [Ee + (ni — 1) fiw] (t' — t”) — [Ea + nih] t” (7) 
The terms in n,t’ and n,t” cancel out, leaving the expression: 

[By — Eq — 2hw] t’ — [Ba — Ee + hu] (t” — #’) (8) 


Choosing t’ and 7 = t” —t’ as the integral variables, the second line of (6) becomes the 
double integral: 


At 0 
| dt! nee dr etlEe— Ea —hwi]r/h (9) 
0 —t’ 
or else: 
aes {[Ey—Eq—2hw,]t’ /h oh i[Eq+hw;—B.]t!/h 
dt’ 4| fy — Ba —2hw; E — ptlLa Wi — Le 10 
| ¥ Baie (10) 


We are dealing with situations where the frequency w;/27 of the photons is close 
to the two-photon resonance expressed by the conservation of energy (see relation (1)). 
In addition, we assume that the process is a real direct two-photon transition, and not 
successive one photon absorptions. In other words, we assume level a cannot absorb 
a photon in a resonant way and get to the intermediate level c; this means that the 
energy E, of that intermediate level c must be very different from the half-way energy 
(Eq + Ey) /2 shown as the horizontal dashed line in Figure 1. It is easy to see that the 
first term 1 in the bracket of (10) does correspond to a two-photon resonant absorption, 
since its probability amplitude is written: 


ih Bu , 
it! i[ Ey -—2hw,;—Ea|t’ /h 
[Eq + hw; — Eg] ve 

a 4 c 0 


Qinh? 
‘ema ee) vn 


(the sign ~ simply means we have ignored an irrelevant phase factor), with: 


_ Lsin(B At/2h) 


§(A9 (BE) a 
7 


(12) 
The function 5‘ tends towards a delta function when At —> 00, as shown by relation 
(10) in Appendix II; it expresses an energy conservation satisfying condition (1), within 
h/At. On the other hand, the second term in the bracket of (10) introduces, in the sum 
over t’, an exponential e’l2+—2e—hwi]t'/P that oscillates rapidly as a function of t’/ when 
condition (1) is (exactly or approximately) satisfied*. This term yields a non-resonant 
contribution, hence negligible. Its physical significance (sudden branching of the coupling 
between atom and field) will be discussed in comment (ii) below. We shall ignore it for 
the moment because of its non-resonant character. This leads us to: 


(Wein|H7|Ure1) (Yret| Hr |vin) 5(A0) 
Eat hw; — E. 


i[Ep—Ec—hw;]t'/h w ei[EptEa—2Ec]t’ /2h 





(Win|U (At, 0)|vin) = —2ém (Ey — Eq —2hw;) (13) 





4In that case, e , whose exponent is necessarily large since we 
assumed that E, is very different from the half-sum of Eq and Ey. 
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Comparison with relation (B-10) of Chapter XX shows a great similarity between 
the probability amplitude of a one-photon absorption process and that of a two-photon 
transition. We go from the first to the second by substituting the variable in the function 
6(4*) by the one relevant for the two-photon energy conservation written in (1), and by 
replacing the matrix element (¢%gn|H7|Win) by?: 


(din|Ar|Yre)(Yrei|Hr|pin) — hay Gay (ble; - Dic) (clei - Dla) (14) 


Ein — Evel  QegL8 E, + hw; — E. 








This means that we just have to replace, in relation (B-6) of Chapter XX for the transition 
amplitude, the matrix element H,; by a product of matrix elements divided by an energy 
difference. 


Comments 


(i): Characteristic time of the intermediate transition 


The transit of the physical system through the intermediate relay state occurs without 
energy conservation, since it involves a difference 06F = Ea + hw; — E. with the initial 
energy. Mathematically, this results in the presence, in the second time integral of (9), 
of an oscillating term; the larger the energy difference, the more rapid the oscillation. 
Once that integral is performed, we obtain the bracket appearing in (10), multiplied by 
a prefactor. This bracket starts from zero at time t’ = 0, then oscillates as a function of 
the intermediate time ¢’. After a time t’ = h/5E, which corresponds to one oscillation 
period, its average value over time equals one, precisely the value we have used for the 
computation of the probability amplitude. 


The transit through the relay state brings in a characteristic time 67 = h/OE, after which 
the modulus of the integral over time 7 no longer increases. The larger the departure 
from energy conservation, the shorter that time is (this short transit through such a 
relay state is sometimes referred to as a “virtual transition”). The integral over time 
7 thus behaves completely differently from the integral over t’, which, at resonance, 
increases linearly with time as shown from (11) and (12); this latter integral over t’ 
may accumulate contributions over much larger times. The limitation of the times r 
that actually contribute to the probability amplitude has a natural interpretation in the 
context of the Heisenberg time-energy uncertainly relation dE x é7 > h. 


(ii): Physical meaning of the term left out of the transition amplitude 


We have left out the second term in the bracket of relation (10). Its origin is nevertheless 
interesting, as it arises from the sudden branching of the coupling between atom and field 
at time t = 0, as assumed in the computation. To see this, we can use a model where 
the interaction Hamiltonian Hy; is replaced by an operator f(t)H7; the time dependence 
of the function f(t) allows introducing an adiabatic turning on of the coupling. It can 
be shown that the term we had ignored does disappear when turning on the interaction 
very slowly. 


A more rigorous description can be obtained by describing the field as a wave packet 
propagating in space (Complement Exx), and overlapping the atom only during a limited 
time. In that case, the interaction Hamiltonian only acts during that overlap time, even 





>We use for Hy expression (A-24) of Chapter XX, as well as expression (A-27) for the electric field. 
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though the operator itself is time independent. For a wave packet with a progressive 
wave front, this approach shows that the term we have ignored does not even come into 


play. 


As for the transition probability, the computation is the same as for a one-photon 
transition. We get for the transition probability P® V(t): 





Pe = 
fis” Fa tm, — ty] | Mole Plecles + Dla) |? Asin? (wo = 24) At/2 (15) 
Qheo L oe Ea + hw; — E, (wo — Qu)” 


At short times, it is proportional to the square of (At)?. 

Finally, if several relay states are involved in the two-photon transition, one must 
sum expressions (13) and (14) over all the possible intermediate states |t,.1) (taking into 
account the fact they each have different energies E,<1); on the right-hand side of (14), 
this amounts to summing over all accessible intermediate atomic states c with energy 
E,. Interference effects between amplitudes associated with different intermediate states 
c may then appear in the probability (15). 


2. Non-monochromatic radiation 


Consider now what happens when the initial state of the system |1);,) contains photons 
of different frequencies. We are going to show that, just as for one-photon transitions, 
the two-photon transitions can lead to a transition probability per unit time; however, 
this probability involves a higher order correlation function (order 4 instead of 2). 


2-a. Probability amplitude, probability 


The computation of the probability amplitude is similar to that discussed in § 1; 
it is based, as before, on the expression of U to second order in H;. We will carry out 
the calculation so as to highlight the properties of the time correlation functions of the 
incident electric field. The radiation initial state is | #), its final state | o#,), and | 6%,) 
is its intermediate state when the atom is in the relay state c. The two-photon transition 


is described by the sequence of the following states for the system atom + photon: 


| a; bf) = | c; bf1) => |b; of.) (16) 
corresponding to the transition amplitude to the lowest order: 
_ 1\2 At 7 : 
(of GAL oases) = (5) fo ae ODE le) (6 BPR] 68) 


t! 
x i dé" (c|[D(t”)|a) - (8, | BO (R, #)| 8) (17) 


(R is the atom’s position). By analogy with relation (B-13) of Chapter XX, we set: 
(c |D(t) |a) Dea eB Ba)t/h with: Dea = Dea Cca 
(b|D(£)|c) = Dy (Bo Fe*/% with: =~ Dye = Doc Cte (18) 
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We then get: 
(6; dfn |U(At,0)| a; bin) = 


ae ! 
b ie dt/ eB B/W GR le, BY (R,t')| 6%) 








f° dt”e i(Ee—Ea)t! fi oie lCca 5 EW (R, t")| on) (19) 
0 


Expression (A-29) of Chapter XX for the electric field operator Bo (R, t) isa 
sum of modes’ contributions, each including the exponential e~*** aacecinted with its 
eigenfrequency. Let us focus on the contribution of mode i in E”(R, t’) and mode 7 in 
EW (R, t’’). It involves the time integrals: 


At 
i: der P erie’ f dt’e i(E. —Ea)t"/he—iw;t”” (20) 
0 0 


with an exponent containing: 
[Ey — Ec — fu] t! + [E, — Eq — fiw, t” 
= [Ey — Eq — fw; — fhw,\t' + [E. — Eq — fw,| (t” — t’) (21) 


reminiscent of result (8) obtained for monochromatic excitation. The computation is 
then very similar to that of § 1, assuming that the relay state is not half-way between 
levels a and b, and that the frequency distribution of the incident photons does not 
include any of the resonance frequencies for the one-photon transitions a 4 cand c # b. 
We make the usual change of variable 7 = ¢” — ¢’, and, in the integral over 7, we only 
keep the upper boundary contribution, as we did going from (10) to (13): 

0 . 

i[E.— Ea —hw; |r /hi ah 

he dre => ieee tiep = (22) 
(we discussed in comment (ii) at the end of § 1 the significance of the lower boundary 
contribution, and why it is justified to ignore it). In addition, we assume the width of 
the frequency spectrum of the incident photons to be small compared to the one-photon 
resonance detuning Ey + fiw; — E.; consequently, the denominator of (22) does not vary 
significantly in relative value, and can be replaced by the constant value Eg + hwex — Ec, 
where wex/2m is the central excitation frequency. We note A,. the distance from the 
resonant absorption of a photon in the intermediate state: 


E hi ex E. 
Nac = aes (23) 


The replacement of the integral over 7 by i/Aqgc yields an exponential depending 
on the variable t’, with argument 1[E, — E, — hw; — hw;| t'/h. Each summation over 
the modes i and j with the exponential factors e~*#./" 
EW (R, t’), which leads to: 


reconstructs the electric field 


_~R FF J R\ tDocP ca 
(b; Pfn | U(At, 0)| a; Pin) ss hh? Nac 


At 
xf atic" Of, lene BOR, £9] OF N08 leon BL(R,t)| 68) (24) 
0 
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where wo was defined as wo = (Ey — E,) /fh. Finally, the summation over all the radiation 


intermediate states | ¢%,) yields a closure relation and we obtain: 


Ra ~AR\ tDycDea 
yy (b; Pfin | U(At,0)| a, Pin) =o hh? Nae 
| of) 
At a Sj = (+) Fa(+ 
xf atieo M68, | [ete BORE] [een BOR, L)] 148) (25) 
0 


This result is similar to the probability amplitude for a one-photon transition, written 
on the second line of (B-14) in Chapter XX, provided we make the substitution: 


— Dok, |eg- BE (R,t')| 62) 


DocPea mr mn 
(68 | [eve B{P(R,t)| [cca BY (R,¢)] 168) (26) 





We then follow the same line of reasoning as for a one-photon transition. In equality 
(B-17) of Chapter XX, we must now substitute: 


R(t") = (OR [eta BY (R,t)] [ese BLUR, )| 
x [ete BYP R,0)] [eco BYP (R,t)] 168) (27) 


which is then inserted in (B-18) to yield the transition probability. This probability is 
given by the Fourier transform, at the angular frequency wo of the atomic transition, of a 
correlation function of the field in the initial state, and which involves four field operators 
(4-point correlation function). This function is in general different from a product of 
correlation functions involving two field operators (those determining the absorption 
probability of a single photon). This means that measurements of two-photon transition 
probabilities yield access to characteristics of the quantum field that are different from 
those measured in single photon transitions. 


2-b. Probability per unit time when the radiation is in a Fock state 


Let us assume now that the radiation is initially in a Fock state such as that 
described by (B-19) in Chapter XX. In (25), we replace the positive frequency components 
of the electric fields by their expressions (A-27) of Chapter XX. Only the occupied modes 
in state | 6) now come into play, since each annihilation operator yields a factor equal 
to the square root of the mode’s initial population; the other modes give a zero result. 
We then consider two modes, k; and ko, initially occupied in the incident radiation. 
They yield two contributions (Figure 2) to relation (25): in one of them (term i = ky 
and j = kg), the photon k is absorbed first and brings the atom from the ground state 
to the relay state, then photon kz completes the two-photon transition and brings the 
atom to level b; in the other (term 1 = kg and j = ky), the order of the two absorptions 
is inverted. These two contributions interfere in the probability: once the amplitude 
modulus is squared, four terms arise from the cross contributions of the two modes (to 
which we must add two non-crossed contributions 1 = 7 = k1,2 where only one mode is 
involved). 
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Figure 2: Two diagrams schematizing a two-photon transition with a multimode source 
where two modes k, and kz are initially occupied. In the left-hand side diagram, photon 
ky is absorbed first, bringing (in a non-resonant fashion) the atom from the initial sate 
a to the relay state c; photon kz then completes the (resonant) two-photon transition. In 
the right-hand side diagram, the order of absorption of photons k, and kz is inverted. 
These two diagrams describe probability amplitudes that interfere when computing the 
two-photon transition probability. 





The same line of reasoning as in § B-2-a of Chapter XX, and summarized in Figure 1 
of that chapter, can be followed here. We assume that the 4-point correlation of the field 
goes rapidly to zero when ¢” — t’ is larger that a value 1/Aw that is small compared to 
At. One can then show that the transition probability becomes proportional to At, and 
that the two-photon transition probability per unit time can be written: 





2-3p(At) 
Weoe= Fass( At) 
_2n D ic ca 
nt a a 46216 2 [2 ( mang) — big (ni(ms + ») (fiw;) (hw) 


x les ; &;) (Cca . e;)|? 5(w; + Ws — wo) (28) 


The delta function at then end of this expression obviously expresses total energy con- 
servation: for the atomic transition to occur, the sum of the energies of the absorbed 
photons must be equal to the energy of the transition. As expected, the probability 
includes the photon populations that satisfy this condition. A general property is that, 
for 1 # j (photons absorbed from two different modes), it is the average value (n,n;) 
of the product of the mode populations that appears in the two-photon transition prob- 
ability, and not the product of the average values which different in general (they are 
nevertheless equal in the special case of a Fock state of the radiation). For 1 = 7 (two 
photons absorbed from the same mode, as in § 1), it is the average value (n;(n; — 1)) 
that comes into play; this value equals zero if only one photon is present in the mode, as 
obviously one single photon cannot induce a two-photon transition. 
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Comment: There also exists 3- ,..., n-photon transitions, corresponding to an energy 
conservation relation FE, — Ea = nhw;. The corresponding transition rates are propor- 
tional to field correlation functions of order 6, .., 2n. 


3. Discussion 


Even though the transition amplitudes for one- and two-photon absorption processes are 
similar, the second type of processes has a number of specific features we now discuss. 


3-a. Conservation laws 


a. Total energy conservation 


As we just saw, the function 649 (E, — E, — 2hw;) appearing in (13) expresses 
the conservation of total energy. When the atom absorbs two photons to go from state 
a to state b, its gain in energy E, — Eq equals the sum 2fw,; of the energies of the two 
absorbed photons. 


B. Total momentum conservation 


In the computation leading to the two-photon transition amplitude, the external 
variables have been ignored. To take them into account, we must assume the atomic 
center of mass is at point R and keep the exponentials exp(ik,; - R) appearing in the 
operators E+)(R) in the two interaction Hamiltonians Hy; as these two exponentials 
are multiplied by each other, they yield the operator exp(2ik;-R). We must also include in 
the initial and final states the quantum numbers K;, and Kg, characterizing the initial 
AKiy, and final hg, momenta of the center of mass. We then get in the transition 
amplitude an additional term: 


(Kgn|exp(22 kh; - R)| Kin) = 6(Kgn — Kin — 2k;) (29) 


which shows that the atom’s momentum increases by 2hk; when it absorbs two photons. 


Comment: 


Imagine the atom is excited by two light beams 1 and 2, having the same frequency 
w;/2nx but propagating in opposite directions. The previous computations must then 
be generalized to the case where the two photons absorbed by the atom belong, one to 
beam 1, and the other to beam 2. The momenta +hk; and —hk,; of these two photons 
are then opposite and the total momentum gained by the atom during the transition 
is zero. As the Doppler effect and the recoil effect are linked to the variation of the 
atomic momentum during the transition (see Complement Axrx), it follows that the 
two-photon absorption line does not present any Doppler broadening nor any recoil shift. 
Such a situation presents many advantages for high resolution spectroscopy, and is used 
for example in the study of the two-photon transition between the 1s and 2s states of 
the hydrogen atom. 
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y. Conservation of total angular momentum and parity 


Expression (14) appearing in the two-photon absorption amplitude is a product 
of two matrix elements of a component of the atomic electric dipole — which is a vector 
operator — and an energy denominator. In a rotation of the atom, this expression will 
be transformed as the product of two vectors, since the energy denominator is rotation 
invariant. Vectors are irreducible tensor operators (Complement Gx, exercise 8) of or- 
der K = 1. Consequently, expression (14) may be expanded® as a sum of components 
with total angular momentum F = 0,1,2. Using the Wigner-Eckart theorem (Comple- 
ment Ex), we can show that the two-photon absorption amplitude between two levels 
with quantum numbers F, M and F’, M’ (where M and M’ are the components of F' on 
the Oz axis) is different from zero only if: 





F — F’ = +2,41,0 
M — M’ = +2,+1,0 (30) 











In addition, the electric dipole operator appearing in (14) is an odd operator, as 
it is proportional to the electron position operator. Consequently, the initial and final 
states of the two-photon transition must have the same parity, and a parity inverse to 
that of the relay state. 

These selection rules can be applied to the 1s © 2s transition of the hydrogen atom, 
that occurs between two states having the same parity and a total angular momentum 
difference equal to +1 at most (the 1/2 spins of the electron and the proton are taken 
into account). For electric dipole transitions, a two-photon transition 1s © 2s is allowed, 
whereas it is forbidden for a one-photon transition. 





3-b. Case where the relay state becomes resonant for one-photon absorption 


In the denominator of expression (14), we have the quantity: 
hAac = Eg + hu; — E. (31) 


which is the difference between the energy of the atomic state a, increased by hw;, and the 
energy of the relay sate c. If Ag. goes to zero, we get a divergence and the expressions 
we have obtained become meaningless. In the computation, we did explicitly assume 
that the intermediate level was not resonant for a one-photon absorption, so that this 
divergence should not occur. Let us examine, however, what would be involved if Ag, 
were to go to zero. As the resonance condition for the two-photon transition is written 
Ey, = Eq + 2hw;, the condition A,, = 0 means that the atomic relay level’ c is exactly 





6The product of two irreducible tensor operators K and K’ can be decomposed as the product of 
two kets with angular momentum K and K’, hence involving Clebsch-Gordan coefficients. This means 
that, according to the general results of Chapter X on the addition of angular momenta, a product of 
irreducible tensor operators can be decomposed as the sum of other irreducible tensor operators of order 
kK", where K” varies between |K — K’| and K + K’. In the particular case where K = K’ = 1, we get 
three possible values F' = 0,1, 2. 

7We assume here that the relay state c is discrete. If it belongs to a continuum, the sum over this 
relay state c in (14) becomes an integral over E~. An adiabatic branching calculation then introduces a 
fraction 1/(Ea+hw;+in—E-) with n > 0, which can then be expressed in terms of 6(Eg +hw;—E,) and 
P(1/(Ea + hw; — E-)), where P is the Cauchy principal value. This calculation yields, after integration 
over E., functions of Ein = Eq + 2hw; which have no reason to diverge in the vicinity of Fin ~ Egn. 
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half-way in energy between a and 8, the initial and final atomic levels. This means that, 
starting from level a, a resonance would occur for both a two-photon and a one-photon 
process. 

Is it possible to study the case where Aj, is zero or very small, while avoiding the 
divergence of the two-photon absorption? A method to overcome this difficulty is to note 
that state c has a finite lifetime 7,, because of spontaneous emission of photons from that 
state. As we did before in § E-2 of Chapter XX, when studying the resonant scattering 
of a photon by an atom and where similar divergences appeared, we can show that it is 
legitimate to replace the energy FE, of state c by E, — ih(T,/2), where [. = 1/7, is the 
natural width of level c. The denominator of the transition amplitude no longer goes 
to zero and the divergence disappears. The transition amplitude still varies significantly 
over an interval of width [, when EF, varies around Ey + hu. 

Replacing FE, by E. — i(AT./2) leads to valid results only if the matrix elements 
(e;n4 — 1|Hyla;n;i) and (b;n; — 2|Hz\c;n; — 1), characterizing the coupling of the field 
with the atom for the c 4 a and b 4 ¢ transitions, are small compared to AI,. If this 
is not true, we cannot limit the computation to the lowest field order. We must then 
diagonalize the Hamiltonian of the global system atom + field within the subspace € of 
the states which, in the absence of coupling, are very close to each other’. When no 
relay state is resonant, the subspace € is two-dimensional; it is spanned by the two states 
|a;n;) and |b;n; — 2). When one relay state c becomes resonant, we must include the 
state |c;n; —1) in the subspace € — which then becomes three-dimensional. To study the 
dynamics of the system, we must diagonalize the matrix: 





Ea + nghw; (a; n;|H7|c;n; — 1) 0 
(coni —lArlajni) Bet (nmi-Vha;, (oni —1)H7|b;n; - 2) (32) 
0 (bn; —2|Hrloni-—1) Ey + (ny; — 2) hw; 


This general treatment allows taking into account simultaneously the one- and two- 
photon transitions. 


Concluding this complement, let us emphasize that the two-photon transitions 
involve a physical process different from the mere succession of two one-photon absorp- 
tions. We stressed in the discussion of § 1, and in particular in its two comments, the 
difference between populating the final state, which is cumulative in time and conserves 
the energy, and a transit through an intermediate relay state, which can only last a very 
short time Ar, limited by the non-conservation of energy. It is also noteworthy that the 
two-photon transition amplitude can take a form very similar to that of a one-photon 
transition; the only major change is the replacement of the matrix element to first order 
in the interaction, by a second order matrix element, divided by an energy defect factor 
in the relay state. These concepts can be generalized to higher order processes: similar 
techniques can be used to evaluate three-, four-, etc.. photon transition amplitudes. 





8Such a description of the atom + radiation interactions is called the “dressed atom method” (see 
for example Chapter VI of reference [21]). In Complement Cxx, this method is applied to the problem 
of a two-level atom interacting with a strong field. The eigenstates of the total Hamiltonian restricted 
to the subspace € are called the “dressed states”. 
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All the atomic processes of absorption, emission or scattering of photons studied in 
Chapter XX involved transitions between two discrete states of the atom. In addition to 
discrete levels, atoms also have continuums of energy levels. The most directly accessible 
one is the simple ionization continuum, which corresponds to the loss of a single elec- 
tron by the atom (ionization). This continuum starts at an energy threshold Ey; above 
the ground state energy, and extends over all energies larger than this threshold. This 
energy E7 is called the “ionization energy”. The aim of this complement is to study the 
“photoionization” process where incident radiation takes the atom from its ground state 
to a state belonging to the ionization continuum. 

Once the atom’s electron has reached the ionization continuum, it can travel an 
arbitrary distance from the remaining ion; it has been ejected from the atom by the inci- 
dent radiation. Such a process is reminiscent of the photoelectric effect where radiation 
ejects an electron from a metal. This is why we shall review in § 1 a few properties of 
the photoelectric effect to underline its analogies with photoionization. 

We shall then use quantum theory to compute, in § 2, the probability per unit 
time for the incident radiation to photoionize an atom. We shall assume that the inci- 
dent radiation spectrum is entirely above the ionization threshold, so that no resonant 
absorption can bring the atom to a discrete excited state. Since the emitted electron can 
be amplified in a photomultiplier, the atom can play the role of a photodetector. In the 
case where only one photodetector D is used (§ 2-a), the computations are very similar 
to those exposed in Chapter XX; the only differences arise from the continuous character 
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of the final atomic state. Another interesting situation occurs when two detectors D1 
and D2 are placed in the radiation field at points Ry and Rg (§ 2-d) and when we focus 
on the correlations between their signals. For example, we shall compute the probability 
per unit time to observe a photoionization at R, at time t, and another one at Rp at 
time to. 

One may wonder if a quantized radiation theory is needed to quantitatively account 
for the photoionization processes. Could a semiclassical theory suffice to describe the 
ionization of one or several quantized atoms by a classical field? In other words, can the 
photoelectric effect be explained “without photons” [45]? This question will be discussed 
in § 3. 

The atom can also be photoionized by the absorption of a number of photons 
n, larger than one. These processes are called “multiphoton ionization” and play an 
important role in experiments using high intensity laser sources. In § 4, we shall give 
an idea of how to compute the rates of those processes for n = 2. We shall then briefly 
mention in § 5 another mechanism for atoms’ ionization, based on a tunnel effect, and 
occurring when the incident radiation electric field becomes of the order of the Coulomb 
field between an atom’s electron and the nucleus. 


1. Brief review of the photoelectric effect 


In 1905, Albert Einstein [43] introduced for the first time in physics the concept of 
“light quanta”, which we now call photons. Considering the great analogy between 
certain statistical properties of black body radiation and those of an ideal gas of particles, 
Einstein proposed the idea that radiation was in fact composed of discrete quanta, each 
having an energy hy. In view of the successes of the wave theory of light, this return to 
a particle description seemed totally unrealistic for most physicists at the time. Energy 
quantization had indeed been introduced a few years earlier by Max Planck to account 
for the spectral distribution of black body radiation, but it was the exchanges of energy 
between matter and radiation that were quantized, not the radiation itself. 


l-a. Interpretation in terms of photons 


In that same 1905 article, Einstein used the concept of light quanta to give a new 
description of the photoelectric effect. In this process, an electron is ejected from a metal 
irradiated by light. Einstein postulated that the energy hv of a light quantum from the 
incident beam was absorbed by an electron in the metal, hence allowing it to escape from 
the metal. This escape requires an energy at least equal to that of the binding energy 
Ey, of the electron in the metal. The frequency v of the light beam must therefore be 
larger than a threshold value given by hy = Ey. If hv < Ez, no electron can be ejected. 
If hy > Ey, the energy surplus hv — Ey, provides the electron with a kinetic energy 
Exin = mv? /2. This interpretation leads to Einstein’s equation: 


1 
zm =hv—E, if hv>E, (1) 


giving the kinetic energy of the ejected electron as a function of v. It means, in particular, 
that the kinetic energy of each electron depends only on the frequency of the light beam, 
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Figure 1: Photoionization of an atom. State a is the ground state, state c one of the 
discrete states. The continuum of states belonging to the continuous part of the spectrum 
(ionization continuum) starts at an energy Ez above the ground state. Energy Ey is 
called the “ionization energy”. As the atom in state a absorbs a photon with frequency 
vy such that hv > E7,, it goes into a state b, which is part of the ionization continuum. 
The electron is ejected, and its kinetic energy Exin (when it is far enough from the ion 
formed as it left the atom) is equal to the difference between hy and Ey. 





and not on its intensity!(which, on the other hand, determines the number of ejected 
electrons per unit time). Equation (1) also tells us that if v is varied and one plots 
the variation of mv?/2 as a function of v, one should get a straight half-line with slope 
h, starting from the abscissa axis at point E,/h. All these predictions generated a 
certain skepticism and it was not until several years later (1913) that an experimental 
confirmation of the predictions of equation (1) was obtained by the work of R. Millikan 
and H. Fletcher on the photoelectric effect [44]. 


1-b. Photoionization of an atom 


Figure 1 represents the ground state a of an atom, one of the states c from the 
discrete part of the spectrum, and the continuum part of the spectrum which starts at 
a distance E; above the ground state. The origin of the energies is often chosen at the 
beginning of the continuum, and hence the discrete states have a negative energy. When 
it is in the positive energy states, belonging to the continuum and called “scattering 
states”, the electron is no longer bound to the nucleus, although it is still attracted to it. 

Consider an atom in the ground state a. A photon with energy hy has different 
ways to bring energy to the atomic electron. If hy < E7, this photon can be absorbed 
only if v coincides with the frequency 1%. = (LE. — Eq)/h of a transition between state a 





1A classical theory would tend to predict that the higher the light intensity, the more energy could 
be furnished to the electron, thereby increasing its acceleration. 
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and state c belonging to the discrete spectrum. This is the absorption process between 
two discrete states already studied in Chapter XX. On the other hand, if hy > E7, the 
atom can always absorb the photon and end up in a state within the continuum. The 
electron is no longer bound and can move away from the remaining ion formed once 
the electron has left. When the electron is far enough from the ion for their Coulomb 
interaction energy to be neglected, its kinetic energy is given by: 


1 

gm = hy — Ey if hv > E; (2) 
This is the photoionization process of an atom. Equation (2) is the generalization for an 
atom of equation (1) introduced by Einstein for the photoelectric effect in a metal. 


2. Computation of photoionization rates 


Let us now see how to adapt the computations of Chapter XX to the calculation of a 
photoionization rate. 


2-a. A single atom in monochromatic radiation 


We start from expression (B-7) of Chapter XX for the probability that the system, 
leaving at ¢ = 0 the initial state |w%in) = |a;n;) (atom in state a in the presence of n; 
photons w;), ends up at time At in the final state |Wen) = |b;n; — 1) (atom in state b 
with an energy wo above a, and one photon less in mode 2) : 


, Asin? [(wo — w;)At/2] 
[(wo — ws) /2}” 


In Chapter XX, we used this expression for studying the case where states a and b are 
both discrete states. It is nevertheless still valid when b belongs to a continuum; its 
interpretation, however, is different. Whereas the probability of finding the atom in 
a discrete final state makes sense, from a physical point of viewn, when dealing with a 
continuum we must compute the probability of finding the atom within a non-zero energy 
interval. We must then sum probability (3) over states b. 

As b varies, wo = (Ey — Eq)/h varies, and so does the matrix element of Hy. 
However, for large enough At, the variation of the H; matrix element is much slower 
than that of the ratio in the right-hand side of (3). This ratio is the square of a diffraction 
function, whose maximum equals At? for wo = w; and whose width is of the order of 
1/At. The area under this function is thus of the order of At? x (1/At) = At. Compared 
to functions of wo with slow variations over an interval of the order of 1/At, this function 
behaves, within a proportionality factor, as the product Atd(wo — w;). It follows that 
the sum over b of (3) is proportional to At, meaning we can define a probability per unit 
time for the atom to reach the continuum, i.e. a photoionization rate. 

The proportionality factor between a diffraction function and a delta function is 
given by relation (11) in Appendix II, which is written: 


: 1 
(hein |U (At, 0) thin)? = ge Yein| Hz| Pin) (3) 


sin? [(wo a w;)At/2| 


(2 — Wy 
Atco [(wo — wi) /2]? 


=n Até ) = 2nh At 6( Ey — Eq — fiw;) (4) 


2112 


@ PHOTOIONIZATION 





Inserting (4) into (3), summing over b, and dividing by At, finally yields the photoion- 
ization rate: 


aD Mun (At, 0) bin)? = = S| (Gn Hin) |P5(Hs ~ Ba ~ Pex) 
b b 


21 


=F [rin Hr lbin)|? p(Ea + hws) (5) 
e—_—>SP_-_“__Y 


Ey=Ea thu; 


where p(E, + fiw;) is the density of states in the continuum around the energy Eq + fiw. 
This expression is just a consequence of the Fermi golden rule (Chapter XIII, § C-3-b) 
applied to the coupling between the discrete level | a;n;) and the continuum | b;n; — 1). 
It is also reminiscent of expression (C-37) of Chapter XIII which yields the transition 
probability per unit time between a discrete atomic state and a continuum, with an 
excitation induced by a classical wave described by a time-dependent sinusoidal function. 
This point will be discussed further in § 3. 


2-b. Stationary non-monochromatic radiation 


We now consider a single atom interacting with non-monochromatic radiation, 
described by a spectral distribution I(w). We first assume that the field statistical prop- 
erties are time-invariant. We shall consider the case of non-stationary radiation in § 2-c. 


a. Field and atomic dipole correlation functions 


In § D-1 of Chapter XX, we obtained the expression for the probability 5°, pers (At) 
for the atom to go, through the absorption of a photon, from state a to any state b dif- 
ferent from a, after a time At. This probability is given by relation (D-4) of that chapter 
as a double integral of a sum of products of field and atomic dipole correlation functions. 

We first examine the correlation functions of the atomic dipole. As in relation 
(B-13) of Chapter XX, we write the matrix elements of this dipole, in the Heisenberg 
picture (with respect to the Hamiltonian of the free atom), as: 


(b|D(t)|a) = (b|Dla)et* = Dy, eat “ 
with: 
Dba = Dba ed (7a) 


where eg is the unit vector parallel to the vector (b|D|a). Since e4 - eq = 1, we have: 
Doa = €4* Poa = (bleq- Dia) (7b) 


For the sake of simplicity, we shall assume the unit vector eg to have the same 
direction for all the states b. 


Comment: 


This vector eg is, a priori, not the same for all the states b related to a by matrix elements 
of D. The direction of that vector actually depends on the rotation symmetry properties 
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of the two states?. One can sort the different b states by categories having the same 
symmetry (hence the same direction for eg) and for which the computations presented 
hereafter are valid. One must then add all the ionization probabilities calculated for each 
category. 


Since the field always appears in a scalar product with D, assuming that eg has the 
same direction for all states 6 implies that only the scalar products BY) (and BY) of 
the fields with eg (and with e*) appear in the correlation functions of the field. 

The calculation is then very similar to that of § D-1 of Chapter XX, and we obtain: 


1 At At 
SPE) = Ge fae fae" Gale —4) GR 1) (8) 
b 
where: 
Gra" os t') = S [Dyq|[Zetoalt”-#) (9) 
b 


GR" -t) = (G8 [ey BO(R,t)] [ea BO (R,t”)| 148) 
1 B(- ma(+ 
= (oR ELD (BR, t) BY) (R,t”)|68) (10) 
In this last equality, |¢) is the radiation initial state. As this state is stationary, its 
properties are invariant under time translation; consequently, the correlation function 


depends only on the difference t” — t’. 
The atomic correlation function (9) can also be rewritten as: 


Ga(t”-t')= rw Gaye!) (11) 
where: 
Ga(w) = S© [Doal?5(w — wea) (12) 
b 


The quantity G4 (w) represents the spectral sensitivity of the “photodetector atom”, that 
is the variation with w of the transition intensities from the ground state a to a level b in 
the ionization continuum, at an energy hw above a. We shall assume here that the width 
Aw, of the function Ga(w) is much larger than the bandwidth Aw, of the incident 
radiation. 


Aw, > AwpR (13) 





?The ground state a is an eigenvector of the angular momentum component along the quantization 
axis Oz, with eigenvalue mah; for the state b, the eigenvalue is mph. The a to b transition thus corre- 
sponds to a variation Am = mp — mq. If Am = 0, symmetry arguments show that eg is parallel to Oz; 
if Am = +1, eg is in the plane perpendicular to Oz: eg = (ez = iey)/V2; we note that the complex 
conjugate of this vector appears in the matrix element (7b). 
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Such a condition defines what we shall call a “broadband photodetector”. 

The field correlation function (9) has already been calculated in § B-2-a-G of Chap- 
ter XX assuming the radiation initial state is a Fock state |n1,...,;,...), or a statistical 
mixture of such states with weights p(n1, ...,;,...) — see equations (B-20) and (B-21) of 
Chapter XX. For the problem we are studying now, i.e. stationary non-monochromatic 
radiation, we can use the same assumption for the radiation initial state. 


B. Photoionization rate 


To transform equation (8), it is useful to study in more detail the t’’ —t’ dependence 
of GX(t” — t’). We assume that the spectral distribution is centered around a non-zero 
value Wex, and that this distribution is entirely above the ionization threshold. Since the 
field BY) varies in e~*“*, and the field BY? in e*, we can then write: 


Gu! > i’) ee ee EIN el ae t') (14) 


where CH (t””—t’) is an “envelope” function whose Fourier transform is a function centered 
at w = 0 and of width Awrz. This envelope function varies very slowly over time intervals 
short? compared to 1/Aw,. For t” = t’, i.e. for t” — t’ = 0, equation (14) leads to: 


CN (0) = GN(0) 
= (ORB (RY) BO (R, 062) =1 (15) 


where I is the radiation intensity (which is time-independent since the radiation state is 
supposed to be stationary). We shall see in the next section how to generalize our results 
to non-stationary radiation. 

Let us go back to the double integral of (8) and assume that the integration interval 
At satisfies the condition At >> t¢4 where tc, = 1/Aws, is the detector correlation time. 
In the plane t’, t”, the function to be integrated in (8) is different from zero only in a band 
along the first bisector (Figure 1 of Chapter XX), of width tc¢4 very narrow compared 
to At. If we change the integral variables t’ and t” to the variables t’ and 7 = t” — t’, 
we can neglect the variation of C4 (r) since, according to (13), Toca < 1/Awp, and use 
(15) to rewrite (14) as 


Guie _ t') = eee TION Ce" fe: t') 
as eivex(t!—) ON (9) = [eivex(t’—t") (16) 
The double integral of (8) is easily performed with the new variables t’ and r. Using 
expression (3) for GR(t” — t’), the integral over t’ of a function that no longer depends 


on this variable introduces a simple factor At. We are then left with the integral over 7 
which leads to: 


+00 
So rasta = / dr e-#*7G 4(r) (17) 
a 
=27G 4 (Wex) 





3This is not the case for GN (t’ — t’), because of the exponential eivex(t’—t"”) that varies a lot over 
time intervals of the order of 1/Awp, since wex > Awp. 
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As this ee is ee to At, we can define a photoionization rate: 
W phot. — At 2 pars (A “TI Galwex) (18) 


This rate is proportional to the incident intensity I and to the spectral sensitivity G4 (Wex) 
of the photodetector, evaluated at the radiation central frequency Wex. 


2-c. Non-stationary and non-monochromatic radiation 


For non-stationary radiation, the initial radiation state is no longer a Fock state or a 
statistical mixture of Fock states; it is rather a linear superposition of such states, creating 
wave packets such as those described in Complement Dxx. The radiation correlation 
function G}(t’, t’’) is no longer a function of the single variable t” — t’, but depends on 
both t’ and t’”. One can still assume that the frequencies appearing in GN(t',t’”) are 
centered around we, in an interval of width Awpr, which permits generalizing expressions 
(14) and (15) to 


CNG Sete en aH) (19) 
and?: 
GR et¢) = @h| BO (Rte (Bt) (62) = C80) = 18) (20) 


where [(R, t’) is the intensity at point R and at time t’. 

Using the expansions in a; and al for the field operators appearing in (10), we 
get an expression for GN (t’,t”) that generalizes equation (B-20) of Chapter XX to non- 
stationary fields: 


GRE: _ = 


wi; * = oe a7 y 4 ae wi uw 
my Soe (€4-ef)(ea- 21) (OR labaglah) ets Rowse’) tee Rot") (21) 


For fixed values of k; and w;, the summation over i of (21) represents a wave packet 
of central frequency wex, and whose envelope passes by a point R in a time interval of 
the order of 1/Awr. If t’ varies over a time interval At < 1/Awp, the variation of 
the envelope can be neglected. Similar conclusions are valid for a summation over 7 of 
relation (21), with fixed values for k; and w,. 

Let us now go back to the double integral in (8). As the phenomenon now depends 
on t, the integration interval will be taken between t and t + At (instead of between 0 
and At). We assume that At satisfies the condition : 


1 1 
— <A —— 22 
Aw, Ses Aw (22) 


which is possible when (13) is taken into account. Since At < 1/Awpr, we can neglect 
in (19) the variation of CX (t’,t”) when t’ and ¢” vary in the integration domain; we 
therefore replace C# (t’, t!’) by: 


OR t,t) = (@2 ED (R, NES (R,t)|¢2) = I(R, t) (23) 


4From now on, we simplify the notation by omitting the bar over operators in the Heisenberg picture, 
since the explicit time dependence is sufficient to indicate this point of viewn. 





2116 


@ PHOTOIONIZATION 





Using this equality in (19) we get, in the integration interval between ¢ and t + At: 
GN (t!,t”) ~ eve —-EY TR, t) (24) 


The computations are then quite similar to those carried out above for a stationary field: 
the integral over t’ leads to a At term; the integral over 7 = t” — t’ is equal to: 


+00 
is dr eT Ga(r) = 27Ga(wex) (25) 
We call W7(R, t) At the probability that a photodetector atom, placed at R, will undergo 
a photoionization between times t and t + At. We get the result: 


W7(R,t) = 5 (62 |B (R, ES (R, t)|62) (26) 


where s = 27G4(wex)/h? is a factor characterizing the photodetector sensitivity at the 
radiation central frequency wex. The atomic photoionization rate is thus a signal that 
constantly follows the time variations of the incident radiation intensity, written in (20). 


2-d. Correlations between photoionization rates of two detector atoms 


The previous computations can be generalized to analyze other experiments where 
two detector atoms are placed at R, and Ro, and where we study correlations between 
the photoionizations observed on those two atoms at times t; and tz. More precisely, 
let us call W7;(Ro, te; Ri,t,)At; Ate the probability to detect a photoionization at Ry, 
between t, and t; + At, and another one at Ry between ty and tz + Aty. Computations 
very similar to those performed above, and which will not be explicited here (for more 
details, see Complement Ay; of [21]), lead to: 


Wr1(Re, to; Ri, ti) = 
$*(¢R | ED (Ri, tr EW (Ro, te) BY” (Ro, t2) BY? (Ri, ti) |62) (27) 
It is easy to understand why two operators EW preceded by two operators E\ 
appear in (27). The double photoionization rate W7; is computed from a probability that 
is the modulus squared of a probability amplitude for a photon to be absorbed at Rj, 1 
and another one at Ro, tz. This amplitude must contain a product of two operators BS? 
Its conjugate must contain two operators EO arranged in inverse order. We therefore 
should find in (27) two operators EO followed by two operators EW) with different 
orders of R,,t, and Rg, to. 
There is a great analogy between the simple and double photoionization rates 
W, and Wy; given by equations (25) and (27) and the correlation functions G and 
G2 studied in Chapter XVI. The functions G; and G2 give the probability densities of 
finding a particle at r1,t, for G1, or a particle at r,,t; and another one at r,t for 
G2. Note, however, that G, and G2 give the probability of finding one or two particles 
at specific points, whereas we are now dealing with the probability of photoionization 
of atoms placed at specific points. The field operators appearing in (26) and (27) are 
the positive or negative frequency components of the electric field, since these are the 
operators describing the emission or absorption of photons. 
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3. Is a quantum treatment of radiation necessary to describe photoionization? 


In a semiclassical treatment of photoionization, the radiation field is described as a 
classical field, while the atom follows a quantum treatment. The atom-field coupling 
is then a time-dependent perturbation that can induce transitions between a discrete 
atomic state, such as the ground sate a, and a state b, part of the ionization continuum. 
Does such a treatment yield the same results as those obtained in a quantum treatment? 
We are going to show that, while this is often the case, this is not always true. 


3-a. Experiments with a single photodetector atom 


In the simple case of an oscillating monochromatic classical field, with frequency 
w;, the transition probability per unit time takes a form that is reminiscent of the Fermi 
golden rule, valid for a constant perturbation coupling a discrete state to a continuum”. 

In the more general case where the classical field is non-monochromatic but sta- 
tionary, one can follow the same line of computations that led to equation (8). This 
shows that the transition probability from a discrete state a to any state of the contin- 
uum can still be expressed as the integral of the product of two correlation functions: 
one, Ga(t” — 1’), for the atomic dipole, another, Gr(t” — t’), for the radiation. In both 
cases, the field appears in the transition probability only via a correlation function. For 
the classical case, the quantum average value (10) must be replaced by the product of 
the negative and positive frequency components of the classical field: 


CR yao RP eP Re)) (28) 


Note that in this relation, in order to distinguish the quantum fields from the classical 
fields, these latter fields are written with curly letters; the subscript d means that the 
field has been projected onto the polarization unit vector defined in (7a). 

Expression (28) has been obtained for a perfectly known classical field. Another 
possibility is that the classical field is only known in a probabilistic sense, as is the case 
with a classical statistical mixture of fields, with given probabilities. The transition 
probability (8), where the correlation function GN(t” — t') is replaced by GN (t" — t’), 
must then be averaged over all the states of the statistical mixture, which amounts to 
replacing (28) by: 


GR” —¢) =e (RB, 0+) ef (BR, t”) (29) 


where the bar above the product of the two fields symbolizes the statistical average. It 
seems that for all signals involving one single photodetector atom, the quantum predic- 
tions are identical to those of a semiclassical theory, using a classical field with the same 
correlation function as the quantum field. In particular, for a stationary field, the Fourier 
transform of the field correlation function is simply the spectral distribution Ir(w) of that 
field. For a quantum field, this property was established in Chapter XX - see relation 
(B-20). For a classical field, this property is a consequence of the Wiener-Khintchine 
theorem. It follows that the photoionization probability of an atom is the same, whether 
it is computed with a stationary quantum or classical field, as long as they both have 
the same spectral distribution. 





>See for example § C-3 of Chapter XIII, and relation (C-37) in particular. 
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Comment 

The equivalence of the predictions of the two theories is also valid for a non-stationary field. 
The semiclassical theory predicts that the photoionization rate at time t’ is proportional to 
the classical field intensity ES (R, t! JEM (R, t’), which now depends on ?’ since the field 
is no longer stationary. We shall see in Complement Dxx that a similar result is obtained 
in quantum theory: the photoionization probability at time t’ of an atom receiving a 
one-photon wave packet is again given by the modulus squared of a function, which can 
be considered to be the photon wave function, evaluated at t = t’. 


3-b. Experiments with two photodetector atoms 


The same line of computations that led to equation (27) can be followed for a clas- 
sical field. It leads to an expression similar to (27), where the field quantum correlation 
function is replaced by the statistical average of the product of two negative frequency 
components and two positive frequency components of the classical field: 





eS (Ri, wey? (Ro, tes? (Ro, ‘ee (Ry, ti) (30) 


As classical fields commute with each other, expression (30) can be rewritten as: 


T(Ri, ti)L(Ro, t2) (31) 
where: 
T(Ry, ti) = €D (Ry, rE (Rr, t1) (32) 
1,41) — Cg 1,41)/¢q 1,41 


is the classical field intensity at point R, at time t; and with a similar equation for 
T(Ro, tz). Correlations between the photoionization rates of the two photodetector atoms 
thus involve, in the semiclassical theory, the product of the intensities arriving on both 
photodetectors. The correlation function of the field amplitude is replaced by the corre- 
lation function of the intensity. 


Q. Situations where a semiclassical treatment is adequate 

A first situation where quantum and semiclassical predictions agree is the case 
where the field state is a coherent state |{a;}) described by the set of classical normal 
variables {a,;} (Chapitre XIX, § B-3-b). Each mode ? is in a coherent state |a,;), meaning 
the state |{a;}) is an eigenket of the operator E+) (R, t) with eigenvalue € ({a;}, R, t) 
equal to the classical field corresponding to the set of classical normal variables {a;}. Ina 
similar way, the bra ({a;}| is an eigenbra of E‘~)(R, t) with eigenvalue €‘—)({a;}, R, t). 
For a coherent state of the field, the rate W;; written in (27) therefore becomes: égal a: 


Wrr( Ro, to; Ri, tr) 
= s?({aj}| BOD (Ri, tr) BLD (Re, te) EG (Reo, te) BY) (Ri, tr) [{as}) 
= 8’) ({as}, Ri, ti) € {ai}, Re, te) E ({ai}, Ro, te) EM ({as}, Ri,ti) (33) 


The quantum result for W;; does coincide with the semiclassical prediction. The same 
conclusion holds when the state of the quantum field is a statistical mixture of coherent 
states |{a;}) with statistical weights P({a;}). 
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Another situation where the quantum and semiclassical predictions agree is the 
case of a thermal field. In the quantum description, Wick’s theorem (Complement Cxy1) 
allows expressing the four-point correlation function appearing in W7; as the sum of 
products of two-point correlation functions. In a similar way, in the semiclassical theory, 
the thermal field is a Gaussian random field, and here again, the classical four-point 
correlation function is the sum of products of two-point correlation functions. Provided 
we use the same two-point correlation functions in both theories, their predictions agree. 


Comment 

The interferometric analysis of the electric field of the light emitted by the stars (to mea- 
sure their angular diameter) is confronted with the problem of atmospheric fluctuations, 
which introduce a random phase shift between the two arms of the interferometer. The 
analysis of intensity correlations is much less sensitive to these fluctuations. As differ- 
ent parts of the stars emit incoherent waves, the total field received from the star is 
Gaussian, and the result we just established shows that analyzing intensity correlations 
allows obtaining two-point correlation functions and hence the same information as the 
one contained in a field correlation measurement. The validity of such a method, based 
on intensity correlations, was experimentally demonstrated in 1956 by Robert Hanbury 
Brown and Richard Twiss [46]. 


B. Situations requiring a quantum radiation treatment 


An example of a situation where a quantum treatment of the radiation becomes 
essential is shown in Figure (2). A one-photon wave packet is emitted by atom 4A; this 
wave packet is described by ¢ (cf. Complement Dx x). It then goes through a beamsplitter 
LS that divides it into two wave packets: a transmitted wave packet ¢7 and a reflected 
wave packet dr, which then arrive on two detectors D; and Dg. 





Figure 2: Atom A emits a photon described by a wave packet ¢. This wave packet goes 
through a beamsplitter that divides it into a transmitted wave packet dr and a reflected 
wave packet dr, which then arrive on two detectors D, and Dz. The quantum and 
semiclassical predictions concerning the correlations between the signals detected on D, 
and Dz are significantly different (see text). 
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In a quantum description of the radiation, the radiation state w after crossing the 
beamsplitter is still a one-photon state, described by the linear superposition of the two 
one-photon wave packets ¢p and @p, that is: 


|) = cr|ér) + cr\dr) (34) 


In the expression (27) for the rate Wy; giving the probability of a photoionization at 
time t, of detector D, at R,, and a photoionization at time to of detector Dz at Ro, 
appears the squared norm of the ket: 


E\O (Ro, t2) BY? (Ra, tr) |e) (35) 


where w is given by (34). The first operator EY) (Ri, t1), which destroys a photon, 
yields the vacuum |0) when it acts on state |q) that contains only one photon. The 
second destruction operator EY) (Rp, t) will then yield 0 when acting on the vacuum. 
The two detectors D, and D2 cannot both undergo a photoionization. This result was, 
a priori, obvious: a single photon cannot produce two photoionizations. 

If, on the other hand, the radiation emitted by the atom is described classically, 
the two wave packets ¢r and ¢p are classical wave packets which can ionize the detectors 
D, and Dp they encounter. 

Single photon sources are not easy to fabricate. An experiment close to the sit- 
uation in Figure 2 is described in reference [47]. Instead of the atom A in Figure 2, it 
uses as a light source atoms emitting pairs of photons in a radiative cascade: the atom 
emits a photon of frequency v, going from a state a to a state 8, then a photon vg going 
from state 6 to a state y. If we call 7g the radiative lifetime of state 8, photon vg is 
emitted after photon y, in a time window having a width of the order of 7g. Imagine 
we add to the experimental set-up of Figure 2 a third detector (not shown in the figure) 
that detects the va photon and can trigger a departure time: after each detection of a 
Vq photon, detectors D, and Dg are activated, but for a short time interval of the order 
of tg. The probability of detecting a single photon vg during that time window is much 
higher than in a time window of the same length, but not triggered by the detection 
of a vg photon. This trigger method provides an equivalent of a single photon source, 
and was used to observe that a single yg photon could not simultaneously excite both 
detectors D; and Dg. 


y. Resonance fluorescence of a single atom. Photon antibunching 


Another experiment clearly shows the need for a quantum description of radiation: 
the study of the second order correlation function W7,; of the fluorescent light emitted 
by a single atom or ion, and excited by a resonant laser beam. 

Imagine the emitting object A in Figure 2 is a single trapped ion®. Submitted to 
the resonant laser excitation, the ion emits a series of photons which enter the set-up 
of Figure 2. The distances between the beamsplitter and the detectors D; and D2 are 
equal, so that the two wave packets associated with each photon arrive at the same time 
on D, and Do. 





STon trapping is now a well mastered technique. The results presented in Figure 3 have been obtained 
on a single ?4Mgt ion [48]. The first experimental evidence for photon antibunching in the fluorescent 
light from a single atom were obtained on a sodium atomic beam at very low intensity, with an observation 
volume small enough for the probability of its containing more than one atom to be negligible [49]. 
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For a continuous laser excitation with a constant intensity, the statistical properties 
of the fluorescent light are invariant under time translation; consequently, the quantum 
correlation function W77;(Re, ta; R1,t1) characterizing the photoionizations detected on 
D, and Dz depends only on Tt = tz — ty. It shall be noted g®@)(r). Figure 3 plots the 
variations of g(r) as a function of 7, for increasing values (from bottom to top) of 
the laser intensity. This figure shows that g)(r) is zero for r = 0; in other words, the 
detected photons are “antibunched” in time (one cannot detect simultaneously a photon 
at D, and another one at D2). 

The quantum interpretation of that result is as follows. Each photon emitted by 
the ion is detected either by D,, or by Dg. Right after the emission of a photon, the 
ion is “projected” into the ground state a of the a — b transition excited by the laser. 
This means it cannot immediately emit another photon as it must first be re-excited by 
the laser, and that takes a certain time. This is why g°)(r) is zero for 7 = 0. Actually, 
after it emits a photon, the atom starting from g will oscillate between the state a and 
the excited state b at the Rabi frequency characterizing the atom-laser coupling, and 
proportional to the laser field amplitude. The Rabi oscillations explain the oscillations 
of g?)(r) that appear in Figure 3 at frequencies higher and higher as the laser intensity 
increases. 








ees 
es 


7=0 7 =40 ms 








Figure 3: Intensity correlations in the resonance fluorescence of a single ion excited by 
a laser. The figure shows the time correlations g°)(r) between the signals from the two 
detectors D, and De as a function of the delay tT between two detections. The three curves 
correspond to increasing intensities (from bottom to top) of the laser beam exciting the 
resonant fluorescence of the trapped ion. It shows that g)(r) is zero for t =0 and, for 
small positive values of rT, it increases with rt (figure adapted from [48]). 





Let us examine now the predictions of a theory that classically treats the field 
emitted by the ion. We established above that the correlations between the photoioniza- 
tion rates of the two detectors are described by the correlation function Z(t)Z(t + 7) of 
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(2) 


the classical intensity Z(t). For a stationary field, this classical correlation function g°) 


depends only on 7: 
THLE + 7) = g(r) (36) 


In addition, writing that (Z(t) - Z(t + 7))? > 0, we get: 





(Z(t))? + (Z(t + 7))? S 2 T(t)Z(t+ 7) 
that is, taking into account the field stationarity and relation (36): 


gq (7 = 0) > g(r) (37) 
The semiclassical theory therefore predicts that gf (7) should not be an increasing func- 
tion of 7 in the vicinity of r = 0. This is contradicted by the experimental results shown 
in Figure 3, and hence proves that the fluorescent light emitted by a single ion excited 
by a resonant laser beam cannot be described as a classical field. 

The radiation quantum theory is thus essential to account for all photoionization 
experimental results. This remains true even though the simple photoelectric effect 
observed on a single photodetector can be described by a semiclassical theory (without 
photons). 


4. Two-photon photoionization 


4-a. Differences with the one-photon photoionization 


We now consider a two-photon absorption process similar to those studied in Com- 
plement Axx, but where the final state b of the two-photon absorption process is now 
part of the atomic ionization continuum. This continuum starts at an energy E; (ion- 
ization energy) above the energy of the ground state a (Fig. 4). This process is called 
two-photon photoionization. 

The photoionization process transforms the atom into an ion and an electron, 
which moves away. When the distance between the electron and the ion is large enough, 
their Coulomb interaction energy becomes negligible and the electron energy is just its 
kinetic energy. Total energy conservation tells us that this kinetic energy is equal to: 


Bia = Dh 8; (38) 


If we plot the variations of Eyjn as a function of w;, we get a straight half-line with slope 
2h, which starts from the abscissa axis at point FE, /2h. This result is a generalization of 
the photoelectric law established in 1905 by Einstein. 

The previous result clearly shows that it is not necessary for the incident photon 
energy fw; to be larger than the ionization energy for the atom to undergo photoioniza- 
tion. Figure 4 shows that Aw; is lower than FE; whereas 2hw,; is larger than E;. This 
result can be generalized: if phw; < E;, with p = 1,2,...q—1, but if qhw; > E;, we 
have a qg-photon photoionization. The kinetic energy of the photoelectron, once it is far 
enough from the ion, is equal to Exin = qhw; — Ey. 
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4-b. Photoionization rate 


We first assume the radiation is monochromatic, and use expressions (13) and (14) 
of Complement Axx for the two-photon absorption probability amplitude, whose mod- 
ulus squared yields the probability. As the final state b now belongs to a continuum, 
we must sum this probability over b and use Fermi’s golden rule to compute the pho- 
toionization probability per unit time. Since the modulus squared of equation (14) is 
proportional to n;(n; — 1), where n,; is the number of incident photons, the photoioniza- 
tion rate increases as the square of the incident radiation intensity (for n; >> 1). Ina 
similar way, it can be shown that a q-photon ionization increases as the qth power of the 
incident radiation (for n; > 1). 

Consider now the case of non-monochromatic stationary radiation. As in section 
§ 2-b, we assume the radiation spectral density is centered around a frequency wex with 
a width Awr much smaller than the spectral bandwidth Aw, of the detector. The field 
correlation function G(t’ — t”) that appears in the two-photon absorption probabil- 
ity is still given by relation (27) of Complement Axx. The two operators E(R, t’) 
appearing in this equation have a predominantly exponential etext’ time dependence. 
Similarly, the two operators E\(R, t’’) have a predominantly exponential etiwext” time 
dependence. With the same reasoning as in § 2-b-8, which led to (14), we set: 


Gu _ t’) = pre = oN yl i t') (39) 


where Ci (t” — t’) is an “envelope” function with a much slower dependence in t” — t’, 
and on a time scale of the order of 1/Aw,. In the double integral of (8), the correlation 








Figure 4: Two-photon photoionization. The atom goes from state a to state b, which is 
part of the ionization continuum, through the absorption of two photons, with energy hw,. 
The unbound electron produced at the end of that process leaves the atom with a kinetic 
energy equal, when the electron is far enough from the atom, to Exin = 2hw; — Ey. 
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function G,(t” — t’) is different from zero only for |t” — t’| < to4 where tc, is the 
correlation time of the atomic dipole, much shorter than 1/Awp. We can therefore, as in 
§ 2-b-G, take ¢” =?’ in the envelope function C(t” — t’) defined in relation (39) which 
yields GR. We obtain for the field correlation function appearing in the two-photon 
ionization rate: 


GR G2 fy Sete Oy 
(@8| [et BD (R,t)] [es BY (R,¢)| 
[ese BLP (R,t)] [eca BPR.) 1688) (40) 


Note that the average value appearing in this equation is independent of t’ since the 
radiation is supposed to be stationary. 


4-c. Importance of fluctuations in the radiation intensity 


Even when the radiation is monochromatic, i.e. when only a single mode 7 is 
populated, its intensity can take different values, spread out around an average value; 
the only case where the radiation intensity is well defined is when the radiation is in 
a Fock state |n;). If we only consider stationary monochromatic radiation, the most 
general state is a statistical mixture of Fock states |n;) with weight p(n,). 

As an example, if the mode 7 is in thermal equilibrium at temperature T, the 
probability of its containing n; photons is: 


1 _ (ng t1/2)hw,y 


p(ni)= pe *s7 (41) 


where kg is the Boltzmann constant and Z the partition function given by: 


_ (ng t1/2) hwy 


GA Go eR (42) 


From these two equations one can easily compute the average value (n) of the number of 
photons n in this mode, as well as the average value (n?) of n”, for radiation at thermal 
equilibrium (see demonstration below). In particular, we can show that: 


(n*) = (n) + 2(n)? (43) 


According to the previous results, the two-photon photoionization rate is proportional 
to (n(n — 1)) = (n?) — (n). If the radiation has a well-defined intensity, i.e. if it is in a 
Fock state |n), we have (n”) = (n)* and the photoionization rate is proportional to (n)? 
if (n) >> 1. On the other hand, if the radiation is in thermal equilibrium with the same 
average value (n), the photoionization rate is, according to (43), proportional to 2(n)?, 
i.e. twice as large as for a state with no dispersion in intensity but same average value (n). 
An intensity fluctuation, keeping the average value (n) constant, considerably increases 
the photoionization rate. This result is to be expected for a nonlinear phenomenon: the 
values of n above the average value (n) contribute much more than the values below. 
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Demonstration of relation (43) 


This calculation has already been explained in §§ 2-b and 3-b of Complement Bxy. We 











briefly recall its principle. We note x = hw;/kgT and eliminate the irrelevant factor ete 
from the partition function by setting: 
Z(ax) =e"*/?K(z) (44) 
The function K(z) is easily computed, since: 
1 
K(a) Spier e a eats oo Bene re 1T_—e-= (45) 
We also know that: 
1 Nyx 
(n) = ym p(ni) = K@ aM e 
—1 dK(z) 
= 46 
K(x) da ae) 
This leads to: 
(n)= > (47) 
. e= —1 


A similar calculation permits computing (n”) using the second derivative d?K(a)/da, 
which leads to relation (43), the equivalent of relation (42b) of Complement Bxv. 


If the radiation is no longer monochromatic, but still stationary and at thermal 
equilibrium, we can use the field correlation function (40) and Wick’s theorem (Comple- 
ment Cxy1) to rewrite this function as the sum of products of second order correlation 
functions: 


GN (4 — t!) =e?iwex(t—#) x 
{ol [et BY (R,t')] [eca BL (R, #1] 168) 
x (#8 [es EL (R,t)| [ere BYR, 1] 16) 
+ (8) fet, -BO(R.t)] [eve BL (R,¢)] 168) 
x (oI [es BL (R,t)] [eca -EYP(R,t’)| |) } (48) 


We thus get a sum of two terms, each proportional to the square of an average intensity. 


5. Tunnel ionization by intense laser fields 


As high power lasers became available, studies of multi-photon ionization processes led 
to the discovery of many new physical phenomena. In particular, when the instantaneous 
laser field becomes of the order of the Coulomb field binding the electron to the nucleus, 
ionization no longer results from a multi-photon ionization process, but from a tunnel 
effect. The laser field, yielding a potential that varies linearly as a function of the electron- 
nucleus distance, lowers the Coulomb potential sufficiently to allow the electron to escape 
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Figure 5: Effective potential seen by an electron undergoing tunnel ionization. The elec- 
tron leaves the ion by tunneling through the potential barrier, sum of the ionic Coulomb 
potential and the linear potential —qEx associated with the laser electric field, assumed 
to be linearly polarized along the x azis. 





via a tunnel effect (see Fig.5). Once the electron has left the ion, it is accelerated by the 
laser field. As the oscillating laser field changes sign, the acceleration produced by the 
laser field is inverted, the electron comes back toward the ion and emits, as it passes close 
to the ion, a “bremsstrahlung” radiation (braking radiation). It can be shown that the 
frequency of this radiation is an odd harmonic of the laser frequency. The order of this 
harmonic is very high and can reach several hundred. As the fraction of the period of the 
laser field where the electron can escape by the tunnel effect is very small, the electron 
wave packet that leaves the ion has a very short time extension. The bremsstrahlung 
radiation it emits when it comes back to the ion also extends over a very short time, 
expressed in tens of attoseconds (one attosecond is equal to 10~'8 sec). The interested 
reader can find an up to date review of these developments in Chapters 10 and 27 of 
reference [24]. 


2127 


@ TWO-LEVEL ATOM IN A MONOCHROMATIC FIELD. DRESSED-ATOM METHOD 





Complement Cx x 


Two-level atom in a monochromatic field. Dressed-atom method 
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Introduction. 


The probability amplitude for an atom, subject to monochromatic radiation, to absorb 
a photon and go from a discrete state a to another discrete state b was calculated in 
§ B of Chapter XX. We used, however, a perturbative treatment limited to lowest order 
with respect of the interaction Hamiltonian. The predictions of such an approximate 
calculation are, a priori, only valid for times that are sufficiently short for the higher 
order corrections to remain negligible. This complement presents another approach to 
atom-photon interactions, called the “dressed-atom approach”, which does not have those 
limitations. It considers the atom and the mode of the quantum field it interacts with 
as a single quantum system. As this unified system is described by a time-independent 
Hamiltonian!, one can study its energy diagram to obtain very useful information. 





!This would obviously not be possible in a classical description of the radiation (even with a quantum 
treatment of the atom), since the field varies sinusoidally with time, and its coupling Hamiltonian with 
the atom is time-dependent. 
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This will allow us to improve the results of Chapter XX. The dressed-atom method 
yields a non-perturbative description of the physical processes under study, and hence 
remains valid even for intense fields. It provides new insights into several important 
physical phenomena: atoms’ behavior in an intense electromagnetic field, spectral dis- 
tribution of the light spontaneously emitted by an atom in such an intense field, time 
correlations between the emitted photons, origin of the forces exerted on an atom by 
radiation with a space-varying intensity. 

As is usual in the literature, and as we already did in Complement Cx ;x, we shall 
note g the atomic ground state and e the atomic excited state (instead of using our 
previous notation of a and b for the two atomic levels). For the same reason, rather than 
keeping the notation w; of Chapter XX for the angular frequency of the exciting beam, 
we shall use w,, that refers more explicitly to a laser beam, which can have a very high 
intensity. 

We start in § 1 with a brief description of the dressed-atom method?. We assume 
the frequency wz to be close to resonance with the atomic frequency, noted wo = (E. — 
E,)/h, but far enough from all the other atomic transition frequencies. The radiation- 
atom interaction will be characterized by a frequency called the “Rabi frequency”. It 
is the equivalent, in this radiation quantum treatment, of the precession frequency of a 
spin turning around a classical radiofrequency field in a magnetic resonance experiment 
(Complement Fyy). Establishing the energy diagram of the unified atom-photon system 
will enable us to study both the weak coupling regime (Rabi frequency small compared 
to the natural width T° of state e or to the detuning |wz — wo| between the field and 
atomic frequencies) and the strong coupling regime (Rabi frequency large compared to 
the natural width and to the detuning). 

The weak coupling regime is studied in § 2. We show that the ground state’s 
energy undergoes a “light shift”, by an amount that is proportional to the field intensity, 
and whose value as a function of the detuning follows a Lorentzian dispersion curve. The 
ground state also undergoes a radiative broadening, proportional to the field intensity, 
and which can be interpreted as a probability per unit time of leaving the ground state 
through the absorption of a photon. 

We focus in § 3 on the strong coupling domain, where the Rabi oscillation between 
sates g and e appears, although damped because of the radiative instability of e. The 
energy diagram of the dressed-atom allows interpreting phenomena that are specific to 
the strong coupling regime, such as the fluorescence triplet and the temporal correlations 
between the photons emitted in the lateral components of that triplet. 

The atom-field coupling perturbs, not only the atom, but also the field. We show in 
§ 4 that the real and imaginary parts of the refractive index, associated with the atom’s 
presence, are actually perturbations of the field, just as the light shifts and radiative 
broadening are perturbations of the atom. 


1. Brief description of the dressed-atom method 


Let us call “laser mode L” the quantum field mode that is populated by photons with 
frequency wy. In the absence of coupling between the atom A and this laser mode, the 
Hamiltonian of the total system A+ L is equal to H4 + Hz,, where Hy is the atomic 
Hamiltonian, and Hy; the Hamiltonian of the radiation in laser mode L. The energy levels 





2A more detailed description can be found in Chapter VI of [21]. 
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of H4+ Hy are labeled by two quantum numbers: e or g for the atomic internal state®, 
N for the photon number in the only radiation mode that is not empty and contains 
photons of frequency wy. 


1-a. State energies of the atom + photon system in the absence of coupling 


Consider the two states |g, N) and |e, N — 1), whose energies with respect to the 
photon vacuum state are: 


Eg,n = E+ Nhwy Ee,N-1 = E.+(N —1)hwy (1) 
Their energy difference is: 


Ey,n = Ee,N-1 => hwy =r (Ee = E,) 
= h(wr — wo) = hd (2) 


where: 
6= Wr — Wo (3) 


is the frequency detuning between the field frequency wy and the atomic transition 
frequency wo = (E. — E,)/h. For a resonant field, i.e. when wy = wo, the two states are 
degenerate. Here we consider very small detunings (in absolute value) compared to wo: 


|3| K wo (4) 


Consequently, even if the field is not exactly resonant, the two states |g, N) and 
le, N — 1) can be grouped in a two-dimensional multiplicity €(V): 


E(N) = {l9,N), le, N — 1)} (5) 


which is far from all the other states of the system atom + field. There is an infinity of 
other multiplicities, for values of N going from 1 to infinity. As an example, Figure 1 
shows the three multiplicities €(N —1), €(N) and €(N +1); there are N —1 others with 
lower energies, and an infinity with higher energies. Each multiplicity is separated from 
the next one by the distance hwz, and the spitting between the two levels inside one 
multiplicity equals hd. The multiplicity €(1) corresponding to N = 1, includes the two 
states |g,1) and |e,0); on the other hand, the state |g, 0) is isolated. 


1-b. Coupling matrix elements 


The coupling H; between the atom and the mode wy is proportional to the product 
of the atomic dipole moment D and the wz mode component of the radiation electric 
field E. We can choose the origin of the coordinates so as to be able to write e*"'? = —j 
where R is the position of the atomic center of mass. We then get for H;: 


hwy es 
Hy =— ey L? D-(épaz,+ ezal) (6) 





3The atomic external degrees of freedom are treated classically by assuming that the atom is fixed 
at point R. 
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Figure 1: Energy levels of the system atom + photon in the absence of coupling. Only 
three adjacent multiplicities E(N —1), E(N) and E(N +1) are shown in the figure; many 
more exist below or above, corresponding respectively to smaller or larger values of N. 
Each vertical arrow links a pair of states having an energy difference indicated nezt to it. 





The only non-zero matrix elements of the odd operator D are those between e and 
g. The annihilation and creation operators az and al, change N by +1. It follows that 
|g, N) is coupled to |e, N — 1) and |e, N+ 1), whereas |e, N — 1) is coupled to |g, N) and 
|g, N—2). The two states |g, N) and |e, N — 1) of the multiplicity €(N) are thus coupled 
to each other by the matrix element: 





AQ. 
(e,N ~1|Hr|g,N) = —*, (7) 


where Qy is the “Rabi frequency” defined as: 
Qn=VN OY (8) 


with: 


2 | hwy 
h=5 deo L? et: (e| Dg) (9) 


We assume 1); is real and positive. If this is not the case, it suffices to change the relative 
phase* of the kets |g) and |e), which modifies the phase of the matrix element (e| D |g); 
a suitable choice of that phase will make Q; real and positive. 

As operator H; changes both the photon number by one unit and the atomic 
internal state, it does not have matrix elements between the kets of multiplicity € (NV) 
and those of multiplicities €(N +1). On the other hand, it can couple these kets with 
those of multiplicities €(N +2) and, to higher order, to those of multiplicities even 











4Such a phase change will affect the non-diagonal elements of the density matrix, leaving the physical 
predictions unchanged. 
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further away. However, the distances (in energy) between these multiplicities and € (N) 
are of the order of 2hwz, (or of a multiple of that energy), whereas we have assumed that 
the interaction matrix elements are very small compared to hw,. The multiplicities other 
than € (NV) have therefore energies too different from those of € (N) to play a significant 
role. We shall ignore their non-resonant coupling, which has a negligible effect for a 
quasi-resonant excitation. 


1-c. Outline of the dressed-atom method 


At the beginning of section § 1, we have described the quantum states of the system 
A+ L (atom + laser mode) in the absence of coupling; we showed they can be grouped 
into multiplicities €(N), with N = 0, 1, 2, .... well separated from each other when 
condition (4) is satisfied. As an example, Figure 1 shows that the multiplicity € (NV) for 
an atom with two levels g and e includes the states |g, N) and |e, N — 1) separated by 
an energy fd. Relation (7) tells us that these two states are coupled by an operator Hy 
describing the interaction between A and L, and that the corresponding matrix elements 
equal AQ) /2. We also discussed why, for a quasi-resonant excitation, the couplings 
between different multiplicities were negligible, so that one can separately study each 
multiplicity € (N). 


Qa. Dressed states and energies 


The first step in the dressed-atom approach is to study the energy levels of the 
system A+ L inside a multiplicity € (NV), taking into account the coupling Hy, restricted 
to €(N). We must diagonalize the Hamiltonian H,4+ Hy, + Hy, inside this sub-space. For 
a two-level atom, the restriction of that Hamiltonian to € (IV), noted HW), is represented 
in the base of the kets written in (5) by a Hermitian 2 x 2 matrix equal to: 


N E, + Niw AQ /2 
(a?) = ( AQ /2 : E. + (v— Ace 
= [Be +(N = 1h] 1+ A ( 9970 ae) (10) 


where 1 is the identity operator in E(NV). 

Because of the coupling created by the non-diagonal elements Qy/2, the states 
|g, N) and |e, N — 1) whose non-perturbed energies are separated by fi6 (left-hand side 
of Figure 2) are transformed into two states |~,(N)) and |w_(N)) with energies hA+ 
(right-hand side of the figure): 


7 fd: es 
hat = [Ee + (N — 1)hwz] + a+ a V2N +6 (11) 


The new states |q4(N)) and |~_(NV)) are linear superpositions of the initial states; they 
are called “dressed states”, and their respective energies hA+ the “dressed energies”. This 
complement will show that a great number of interesting physical phenomena occurring 
when an atom is coupled to a laser mode can be interpreted in terms of these dressed 
states and their energies. 
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Figure 2: Energies of the states of the system A+ L within E(N), in the absence of 
coupling (left-hand side of the figure), and in the presence of a coupling of intensity 
hOQn /2 between the two initial states (right-hand side of the figure). 





B. Rabi oscillation 


Let us consider first a particularly simple application of the dressed-atom method. 
Imagine, for example, that the system is, at time t = 0, in the state |g, N): 


[b(t = 0)) = |in) = |9,.N) (12) 
and let us try to find the probability that it will be found at a later time ¢ in the state: 
Ibn) = |e, N — 1) (13) 


We are dealing with the evolution of a system with two levels coupled by a static per- 
turbation hOy/2. This problem was studied in detail in § C of Chapter IV. We must 
first expand the initial state on the states |¢1(V)), and multiply each of them by an 
exponential e~+' whose argument is proportional to its energy hA+: 


[bCt)) = eT FE LCN) |g.) IC) + eM" (CN) |g, N) |-(N)) (14) 
The probability amplitude of finding the system in state |e, N — 1) is then: 


(e, N = 1 |(t)) x ew"? (4 (IN) |g, N) (e, N -1 |b4(N)) 
+ e/? (_(N) |g,N) (e,N —1 |b-()) (15) 











where we introduced the Bohr frequency: 


A=Ay—A_ = 1/2, + & (16) 


In (15), the sign « simply means that we omitted a global phase factor e~*A++—)#/?, 


with no physical significance. The probability of finding the system at time t¢ in the final 
state (13) is therefore: 


P(t) =|(e,N —1|¥(#))/? 
= |c2|’ |cs|? + |o2|? jez |? + 08 (Cg)* (C2) Ce cP ¥ 4c. (17) 
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where the C are the scalar products: 





CL=(ve(N) |g,N) and = C$ = ((N) |e, N-1) (18) 








and c.c. means the complex conjugate. 

We see that the probability P (t) is an oscillating function of time, with a frequency 
» that is the only Bohr frequency \/%, + 6? of the system within the multiplicity Ey. 
This frequency can obviously be expanded to all orders of the perturbation 2%, but 
the result we obtained is not perturbative. The oscillation we found concerns the total 
system formed by a two-level atom placed in a monochromatic radiation field that can 
be intense and resonant: starting from state |g, N), the atom absorbs a photon and goes 
to state |e, N —1); it then comes back to state |g, N) by stimulated emission of a photon, 
and so on. 





1-d. Physical meaning of photon number 


The situation is different depending on whether the atom is placed in a real cavity 
or in free space. 

If the atom is placed in a real cavity, as in some experiments, the field modes are 
the cavity eigenmodes. Such a situation will be discussed in § 4; the photon number NV 
then has a perfectly clear physical meaning. The volume L?, appearing in the modal 
expansion of the fields, and which is found in expressions (6) and (9) above, is simply 
the volume of the cavity containing the photons. 

If the atom is in free space, the volume L*, introduced to obtain discrete modes, 
is simply used in the computation, without any precise physical meaning. On the other 
hand, the energy density in the vicinity of the atom, proportional to Nhwz,/L°, does 
have a physical meaning. Provided we keep N/L° constant, we can change N and L3 
arbitrarily without changing the coupling between the atom and the field; this is because 
the coupling is characterized by the Rabi frequency 2, which depends on \/N/L?. In 
that case, the photon number N does not have an intrinsic physical meaning. 

Imagine, for example, that the field is in a coherent state (Complement Gy). 
The values of N are then distributed around an average value (N) in an interval of 
width AN = \/(N), very small in relative value compared to (N), but very large in 
absolute value. If both N and L? go to infinity, keeping the ratio N/L? constant, the 
Rabi frequency Q.y will barely change in relative value even when N varies over a large 
interval around (N). The frequency Q,y can thus be replaced in (10) by a constant Or 
(which does not depend on N): 


Qn & QR (19) 
This will be done in what follows and in § 3. 


l-e. Effects of spontaneous emission 


We have ignored, until now, all the field modes others than the laser mode. How- 
ever, when the atom is in the excited state e, it can spontaneously emit a photon in 
another mode. This means that, in addition to the atom A and the laser mode L, we 
must take into account the system R including all the modes that, initially, did not 
contain any photons. As R is a very large system (sometimes called “reservoir” for that 
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reason), the coupling effects between A+ L and R must be described by a so-called 
“master equation”; this equation describes the evolution of the density operator 04+, of 
A+L under the effect of the coupling with R (see part D of Chapter VI in [21]). Though 
we shall not introduce this master equation here, we shall merely discuss the physical 
interpretation of the results it leads to. 

As the frequency spectrum of the reservoir R has a width Aw of the order of the 
optical frequency, its associated correlation time 7, ~ 1/Aw is much shorter than all 
the other characteristic times of the problem. It is, in particular, much shorter than the 
radiative lifetime Tr: 

1 

R= > (20) 
where I is the natural width of the excited state e; it is also shorter than the inverse of 
the Rabi frequency, which yields the characteristic time of the coupling to the laser mode. 
This means that, when the system A+ L is in the state |e, N — 1) and a spontaneous 
emission occurs, it lasts for a time interval too short for the atom to have sufficient time to 
couple with L. The system then goes quasi-instantaneously from state |e, N — 1), which 
belongs to € (NV), to state |g, N — 1) in the lower multiplicity € (N — 1) — see Figure 1. 
As a consequence (see § C-3 of Chapter III in [21], as well as Complement Dxq1), the 
evolution within €(N) can still be described by the same equations as above, provided 
we simply add an imaginary term to the energy FE. of the excited state: 


r 
E, => EB. — ih; (21) 


This means that, to describe the evolution of the system A+ within? €(N) while 
taking into account spontaneous emission processes, we must replace the Hamiltonian 
HW) written in (10) by the effective non-Hermitian Hamiltonian: 


(#2) = [B+ (W - iyhun]1 + (9% Le (22) 
Because of the imaginary term —<I’/2 appearing in the matrix, the two eigenvalues of 
H, - ) also have an imaginary part: the two dressed states are now unstable as a result 
of spontaneous photon emission, which can occur in any of these states. 

Within a constant factor, given by the term proportional to 1 on the right-hand 
side of (22), the eigenvalues hA+ of Heg are obtained by diagonalizing the 2-dimensional 
matrix that follows on the right-hand side of (22). The exact solution is written®: 











Ti a Beer ry 
Me= ig +545 a4, + (5445 ] (23) 


We now discuss the physical meaning of these results in two limiting cases. 





5The coupling with the reservoir induces other important effects leading to transitions between 
different multiplicities. This is what happens, for example, in the fluorescence phenomenon studied in § 
3-c. 

6For brevity, we use a slighlty incorrect mathematical notation, since the square root sign must in 
principle be applied on a real and positive number. What we mean with the square root sign written 
on the right-hand side of (23), is either one of the two complex numbers whose square is equal to the 
complex number under the root sign. 
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2. Weak coupling domain 


We start with the weak coupling domain, which is more directly related with the results 
of Chapter XX. 


2-a. Eigenvalues and eigenvectors of the effective Hamiltonian 


Consider first the case where the non-diagonal coupling ANr/2 between the two 
non-perturbed states of E(N) is small compared to the differences between the energies 
of these two states (including the imaginary term associated with the natural width of 
e). As this difference is complex, we must take its modulus: 


T 
Qe < +5 | (24) 


This inequality is satisfied if: 
OQr<T or QR < |6| (25) 


The weak coupling domain is thus obtained for low light intensities, or large frequency 
detunings. 

For weak coupling, we can apply perturbation theory to obtain the energy correc- 
tions for the states |g, N) and |e, N —1), to order 2 in Nr. Starting from (22), we obtain 
in this way the correction dE, 7 to the energy of state |g, N): 


(QR/2)? ela 
Eg.n = hh = hd, — ih 2 
aS an eS 25) 
where: 
6 2 r 2 
6; = 1p FP OR and Ya = 752 TP Op (27) 


A similar calculation yields for the correction to the energy of state |e, N — 1): 
6Ee,y—1 = —hidy + inte (28) 


We can write the approximate eigenvalues of the effective Hamiltonian (22) in the form: 
Vo 


en oe 
A ~—bg—tg tig +. (29) 


which coincides with an expansion in powers of Qr/T of the exact result (23). 
Perturbation theory also allows computing the eigenstates of Heg to first order in 
Qr. The state |g, N), which tends towards |g, N) when Qp goes to zero, is written: 


(Qr/2) 
6+40/2 
This means that state |g, N) is “contaminated” by state |e, N—1). A similar computation 
for state |e, N — 1), which tends towards |e, N — 1) when 2) goes to zero, yields: 


 (Qr/2) 
5+i/2 





Ig,.N) =|9,.N) + le, N — 1) (30) 


le, N —1) = |e, N —1) |g, N) (31) 


2137 


COMPLEMENT Cxx @ 











Yq 
_—_ Or ~ 
gN) saerwens | hbg 
\ AQ, /2 
cN-)) 
AL LL 


Figure 3: Non-perturbed states (left-hand side of the picture) and perturbed states (right- 
hand side) in the E(N) multiplicity. The coupling, characterized by the Rabi frequency 
Qr, shifts state |g, N) by a quantity hd, (representing the light shift of the ground sate 
g); its wave function is “contaminated” by the unstable wave function of state |e, N —1), 
meaning that the ground state also becomes unstable as shown by its radiative broadening 
hyg. State |e, N—1) is shifted in the opposite way, compared to |g, N); its width is reduced 
from kT to A(T — 7). 





2-b. Light shifts and radiative broadening 


The real parts of dF, 7 and 6E.,n—1 represent shifts in the energy levels induced 
by the coupling with the light and called for that reason “light shifts”. The imaginary 
part of dE, n represents a radiative broadening of state |g, N), which becomes unstable 
under the coupling effect. The imaginary part of dK. y—1 describes a reduction of the 
radiative broadening AI of state |e, N — 1). 


Figure 3 shows, in its left-hand side, the non-perturbed states |g, N) and |e, N —1) 
in the €(N) multiplicity. They are separated by the gap fd; if 6 is positive, state |g, N) 
is above state |e, N — 1); conversely, if 6 is negative, state |e, N — 1) is now above state 
|g, N). The thickness of the line representing state |e, N —1) symbolizes its natural width 
AY. The right-hand side of the figure represents the states perturbed by the interaction 
with light. The two states |g, N) and |e, N — 1) repel each other, meaning that they 
undergo light shifts of opposite signs. The fd, shift of |g, N) is positive if |g, N) is above 
le, N), ie. if 6 is positive; it is negative if 6 is negative. The stable |g, N) state is also 
“contaminated” by the unstable state |e, N —1), which makes it unstable as shown by its 
radiative broadening hy. An atom in state g cannot stay there indefinitely: it will leave 
that state with a probability per unit time equal to y,, which can be interpreted as the 
photon absorption rate of an atom in state g. Conversely, due to the “contamination” 
of the unstable state |e, N — 1) by the stable state |g, N), state |e, N — 1) becomes less 
unstable and its width is reduced from AI to h(T — yq). 
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Figure 4: Plots of the light shift hd, (dashed line curve) and of the radiative broadening 
hy (solid line curve) as a function of the detuning 6 between the laser frequency and the 
atomic frequency. 





2-c. Dependence on incident intensity and detuning 


The shifts id, and radiative broadenings hy, given by equation (27) are all pro- 
portional to 2%, hence to the number of incident photons, meaning to the light intensity. 
Their variations with the detuning 6 follow respectively Lorentzian dispersion and ab- 
sorption curves (Fig. 4). 

When the detuning is very large (in absolute value) compared to the natural width 
of e (|6| >> T), we can neglect [? compared to 46? in the denominators of expressions 
(27), which yields: 


2 020 
|5g| = 73] Ye = ar (32) 
This leads to: 
T 
Ag alg < |6,| (33) 


For large detunings, the light shifts are thus much larger than the radiative broadenings. 


2-d. Semiclassical interpretation in the weak coupling domain 


In this weak coupling domain, the atom responds linearly to the incident field; the 
results we just discussed can be interpreted semiclassically, in terms of a dipole induced 
by the incident field (see for example [50]). This dipole has a component in phase with 
the field and a quadrature component, related to the field by a dynamic polarizability 
a(w). 

The quadrature component absorbs energy from the field. It varies with the de- 
tuning 6 as an absorption curve; it is responsible for the absorption rate associated with 
the radiative broadening y,. The in-phase component of the dipole yields a polarization 
energy. Its variation with the detuning follows a dispersion curve. It is responsible for 
the light shift, just as the Stark shift results from the interaction of a static electric field 
with the static dipole it induces. This is why this light shift is often called a “dynamic 
Stark effect”. 
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2-e. Some extensions 


We now discuss some direct, important extensions of the previous study. 


Q. Non-monochromatic incident radiation 


Imagine the radiation state is now a Fock state |n1,n2,...,:,..), or a Statistical 
mixture of such states; the radiation spectral distribution is then described by the func- 
tion (wz). To second order perturbation theory (weak coupling domain), the processes 
that come into play in the light shifts and radiative broadenings are stimulated absorp- 
tion and re-emission of photons. When several modes contain photons and the radiation 
state is a Fock state, the photon must be re-emitted by stimulated emission in the same 
mode it was absorbed from (otherwise the matrix element describing the second order 
coupling would be zero). This means that the effects of the different field modes can be 
added independently; we then get for 6, and 7g: 


6 
dg x jf evciDegP ten) 462 +72 


r 
Yq & jf evcIDgP ter) 462 472 (34) 





B. Degenerate ground state 


Assume the ground state g has a non-zero angular momentum J, and therefore 
contains several Zeeman sublevels m,; one can then show [51] that the sublevels of g 
having a well-defined light shift and radiative broadening are obtained by diagonalizing 
the Hermitian matrix whose elements are: 


S— (mg| €7, - D |me) (me| ex - D |m),) (35) 


Me 


where the states m, are the sublevels of e. The eigenstates |gq) of this matrix, with 
eigenvalues ., undergo light shifts proportional to 4.6, and radiative broadenings pro- 
portional to Way, (where 6, and yg are the shifts and broadenings for a two-level atom). 

Reference [52] studies the symmetry properties of matrix (35), and discusses the 
equivalence between the light shifts and the effect of fictitious magnetic and electric fields 
acting on the ground multiplicity of the atom. We shall simply focus here on the simple 
case of a Jy = 1/2 4 J. = 1/2 transition such as, for example, the hyperfine component 
F=1/2 6 F=1/2 of the 61S © 6°P, transition of the 199-isotope of mercury (A,= 
253.7 nm). It is on such a transition that light shifts were observed for the first time [53). 

The left-hand side of Figure 5 shows the components a+ and o_ of this transition, 
that link respectively mg, = —1/2 to me = +1/2 and m, = +1/2 tom. = —1/2. If 
the beam polarization is o,, level my = —1/2 has a non-zero and well defined light 
shift, since the absorption and re-emission of a 04 photon can link sublevel m, = —1/2 
only to itself. On the other hand, level m, = +1/2 is not shifted because there is no 
o+ optical transition starting from m, = +1/2. We get opposite conclusions for a o_ 
polarization of the light beam: the light shift of sublevel m, = +1/2 is well-defined and 
sublevel m, = —1/2 is not shifted. Now, by symmetry, the Clebsch-Gordan coefficients 
(Complement Bx) for the 01 and c_ transitions are equal; the light shifts have the same 
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Figure 5: The left-hand side of the figure represents the Jg = 1/2 > Je = 1/2 transition, 
and the light beam polarizations that can induce transitions between its Zeeman sublevels. 
The diagram on the right-hand side plots in its center the ground state energy levels in 
the absence of any light beam (Zeeman levels in a static magnetic field); the two lateral 
extensions depict their light shifts by a non-resonant light beam with polarization a+ (on 
the right), or a— (on the left). In the first case, the light selectively shifts the sublevel 
Mg, = —1/2, in the second case, it shifts the sublevel mg = +1/2. This is why, depending 
on whether the beam polarization is a+ or o_, the variation in the gap between the two 
Zeeman sublevels changes sign. 





value for a a4 excitation of sublevel m, = —1/2 and for a o_ excitation with same 
intensity of sublevel m, = +1/2. 

In the presence of a static magnetic field, there is an energy gap between the 
two atomic sublevels m, = +1/2 (Zeeman effect). The right-hand side of Figure 5 
shows that a non-resonant light excitation changes this gap by the same amount, but 
in the opposite directions’ depending on whether it has a o, or o_ polarization. The 
ground state magnetic resonance line, detected by optical methods using a resonant 
beam (Complement Cxzx, § 2-b), is thus shifted when a second non-resonant beam is 
applied; this shift has opposite directions, depending on whether that beam has a o + or 
o_ polarization. As relaxation times can be very long in the ground state, its magnetic 
resonance line is very narrow, which allows detecting very small light shifts, of the order 
of a few Hz. This is how the existence of light shifts were demonstrated in 1961, when 
laser sources were not yet available in laboratories [53]. With laser sources, one routinely 
observes shifts of the order of 10° Hz, and even more. 





3. Strong coupling domain 
We now examine how the previous results are modified in the strong coupling regime. 


3-a. Eigenvalues and eigenvectors of the effective Hamiltonian 


A strong coupling regime means that the non-diagonal element hO p/2 of the effec- 
tive Hamiltonian written in (22) is large compared to the difference between two diagonal 
elements: 


QR > |d| and Qr >IT (36) 





“We assume the detuning 6 is large compared to the Zeeman splitting. 
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For the sake of simplicity, we shall only consider the resonant case (6 = 0). Equation 
(23), which yields the eigenvalues of the 2x2 matrix of (22) for any value of Or, then 
becomes: 

Teil go 


a= —7— + -4/0 
AES eS RS oy 





(37) 





where, as we did above, we use the concise notation for the square root of a number that 
is not always positive (see note 6). 

As long as Qe < I'/2, the last term on the right-hand side of (37) is purely 
imaginary. The same is true for the two eigenvalues \+, which are equal to: 





AL =-i 











T 1 /T? 
rea r-%,| (38) 


If, in addition, Qe « I, a limited expansion of (38) in powers of QR/T yields Ay = 
—iyg/2 and A_ = —i(T — y,)/2; as expected, we confirm the results of the previous § 
for the weak coupling regime. As Qp increases, while remaining lower than [/2, the 
eigenvalue A; increases whereas \_ decreases, but their sum (A; + A_) remains constant 
and equal to —7I'/2. When (p reaches the value '/2, both eigenvalues A+ are equal to 
iT /4. 

As soon as Qr goes beyond I'/2, the last term in (37) becomes real. The two 
eigenvalues A+ have opposite real parts and the same imaginary part, equal to —iT'/4; 
the two dressed levels now always have the same width ['/4. As the coupling becomes 
strong (Qr >>T ), the energies are equal to: 
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and the eigenvectors tend toward symmetric and antisymmetric linear combinations of 
|g, N) and |e, N — 1): 


1 
+(NV)) + —=||g,N)+]le,N-1 40 
[y+ (N)) a lg )+| )] (40) 
Such states can no longer be considered to be a result of a light mutual contamination of 
the non-perturbed states of multiplicity E(/). They are actually entangled, and hence 
impossible to consider as products of an atomic state and a field state. These states of 
the global atom + field system are commonly called atom-field dressed states. 





3-b. Variation of dressed state energies with detuning 


The solid lines in Figure 6 show the energies of the dressed states |~i(N)) as a 
function of hwz,. The energies are defined with respect to the energy of the non-perturbed 
state |e, N — 1), chosen to be equal to hwo, and represented by a horizontal line with 
ordinate hwo. Compared to this energy, state |g, N) has an energy equal to fiw, which 
varies, as a function of hw z, as a straight line of slope unity. This line intersects the 
horizontal line representing the energy of |e, N — 1) at a point with abscissa hw. 

At resonance (wz = wo), the two dressed states |~.(NV)) are separated by an 
energy iQ, since we assume we are in the strong coupling domain where Qr > T. Let 
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Figure 6: Energies of the dressed states |Ws(N)) (solid lines) and of the non-perturbed 
states |g, N) and |e, N—1) (dashed lines) as a function of hwy. The energies are defined 
with respect to the energy of the non-perturbed state |e, N—1), chosen to be equal to hwo. 
As hwy, varies, the energies of the dressed states follow a hyperbola whose asymptotes are 
the straight lines representing the energies of the non-perturbed states (anticrossing). 





us first completely neglect [. Leaving resonance, and as the detuning becomes larger and 
larger (in absolute value), one finally reaches regions where |6| is larger than QR, which 
corresponds to a weak coupling regime. Varying the detuning, one then continuously 
goes from a strong coupling to a weak coupling region. The energies of the dressed levels 
|~4(N)) follow a hyperbola whose asymptotes are the energies of the non-perturbed 
states |g, N) and |e, N — 1) (Figure 6). As they come close to their asymptotes, the 
dressed states become very close to the non-perturbed corresponding states, and the 
distance between the hyperbola and its asymptote is simply the light shift 6, defined in 
(27). 





To take into account the natural width T of the excited level e, one should add a 
width to the dressed levels shown in Figure 6. Far away from the anticrossing center, close 
to the asymptotes, the width would be I — y, for the dressed states that are close to the 
horizontal asymptote, and yg for the dressed states that are close to the asymptote with 
slope one. Following one hyperbola branch continuously, the width will progressively 
change from one of these values to the other, and take the value [’/4 at the center of the 
anticrossing. 

Another interesting phenomenon occurs when the system continuously follows one 
of the hyperbola branches. Imagine it follows the lower branch, from left to right, for 
instance because the excitation frequency is slowly varied. If the transit is slow enough 
to neglect any non-adiabatic transition to the other dressed state, i.e. to the other 
hyperbola branch, one continuously goes from state |g, N) to state |e, N —1). This is 
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another convenient way to go from g to e: instead of applying a resonant field during 
the time necessary for the Rabi oscillation to bring the system from g to e (7 pulse), 
one slowly scans the field frequency through resonance, from a lower to a higher value. 
Note however that this scanning cannot be too slow, since it must occur on a time scale 
that is too rapid for the dissipative processes to be able to change the atomic internal 
state. Such a transit is often referred to as an “adiabatic fast passage”, as it must be slow 
enough to remain adiabatic and fast enough to avoid any dissipation during the transit 
time. The dressed-atom approach allows clearly specifying the conditions for transferring 
the atom from one level to another. 


3-c. Fluorescence triplet 


With the dressed-atom approach, we can also simply explain the spectrum of the 
lines spontaneously emitted by an atom subjected to intense radiation. When studying 
elastic scattering in § E-1 of Chapter XX, we showed that, when the exciting radiation 
had an intensity low enough to allow a perturbation treatment, the radiation emitted 
spontaneously by the atom had the same frequency as the exciting radiation. We now 
show that the situation is different in the case of an intense excitation radiation: new 
frequencies appear in the light emitted by the atom®. 

We assume the exciting radiation to be resonant and intense, so that the two 
dressed states |¢4(N)) of multiplicity E(.N) are separated by an energy interval hQR 
(Figure 7). These two states are linear superpositions of the states |g, N) and |e, N — 1); 
consequently, they both have a non-zero projection onto |e, N — 1). Similarly, the two 
states |a+(N—1)) of multiplicity €(N—1) are linear superpositions of the states |g, N—1) 
and |e, N — 2); they both have a non-zero projection onto |g, N — 1). The lines emitted 
spontaneously by the atom are those that link two energy levels between which the atomic 
dipole operator D has a non-zero matrix element. Since D does not change the photon 
number N and can link e to g, the matrix element (g, N —1|D|e, N —1) is non-zero; each 
of the two states |Ws(.V)) can be linked via D to each of the two states |W4(N-—1)). The 
four radiative transitions represented by the curly arrows in Figure 7 are thus possible 
and correspond to three distinct frequencies: frequency wr + Qpr for the |wi(N)) > 
|p_(N —1)) transition; frequency wz for both the |w+(N)) > |y%+CN — 1)) and the 
|p_(N)) > |p_(N — 1)) transitions; frequency wy — Op for the |y_(N)) > |wi(N -1)) 
transition. We get a frequency triplet for the spontaneously emitted light, which was 
first predicted by Mollow [54] by using a semiclassical treatment. 














Autler- Townes doublet 


Imagine that one of the two atomic states we considered until now, for example g, is 
connected via an allowed transition to a third state c, meaning that (c|D|g) is non- 
zero. Let us also assume that the radiation frequency wy that is resonant for the g — e 
transition, is completely off-resonance for the g — c transition; consequently, it does not 
perturb state c, so that the sates |c, N) can be considered as eigenstates of the total 
Hamiltonian, even if they are slightly shifted. The two states |7+(NV)), which both have a 
non-zero projection onto |g, N), can therefore be connected via D to |c, N). This means 
that, because of the presence of an intense radiation exciting the g — e transition, the 
transition g — c is split into two lines separated by hOQr, called the “Autler-Townes 
doublet” [55]. 








8This is not Raman scattering as we assume there are no other atomic states except e and g. 
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Figure 7: Radiative transitions between one of the two states |Ws(N)) of multiplicity 
E(N) to one of the two states |w.(N —1)) of multiplicity E(N — 1), whose energy is 
lower than that of E(N) by the quantity hw,. We assume the exciting radiation to be 
exactly at resonance, so that the energy interval between the two states |\y+) of each 
multiplicity is equal to ROR. 














3-d. Temporal correlations between fluorescent photons 


We now study the characteristics of the radiation spontaneously emitted by an 
atom that interacts continuously with the electromagnetic field of a laser. 


Qa. Radiative cascade of the dressed atom 


We saw that a dressed atom, spontaneously emitting a photon, goes from the 
multiplicity E(.N) to the one just below, €(.N —1), located at an energy distance hw ,. We 
shall not study here the precise evolution of the physical system as it leaves multiplicity 
€(N), which requires the master equation, already mentioned in § 1-e. Our discussion 
will remain qualitative, but the interested reader will find a more detailed approach in § 
D of Chapter VI in [21]. 

Once it reaches E(N — 1), the atom can spontaneously emit a new photon, which 
brings the dressed atom to E(N — 2), and so on. The series of photons spontaneously 
emitted by the atom in continuous interaction with the laser radiation can be viewed as 
a “radiative cascade” of the dressed atom descending its energy diagram. 

This image of a radiative cascade permits studying the time correlations between 
the photons emitted by the atom. As we shall see, the observed correlations depend on 
the spectral resolution of the photodetectors used. 
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B. High spectral resolution photodetection 


With a high enough spectral resolution, one can observe the time-correlations 
between photons emitted in the two side-bands of the triplet. Suppose we place filters 
in front of the photodetectors, so that each can receive only one of the components of 
the fluorescent triplet, centered at frequencies wr, wy + QR and wy — QR. This means 
that the spectral resolution of the apparatus is better than the splitting frequency Qr 
of this triplet, but it does not imply that it is lower than the natural width I of each 
components. If we call dw this spectral resolution, we then have: 


I< dw < Op (41) 


Imagine that at a given time, a detector registers a photon emitted for example in 
the lateral band centered at wr+Qp, as the system undergoes the transition |UV4 (N)) > 
|@_(N—1)) (curly arrow on the left-hand side of the Figure 7). The next photon is 
emitted as the system, starting from |Y_ (N — 1)), undergoes either the |¥_ (IV — 1)) > 
|\¥_(N —2)) transition, emitting a photon of frequency wz, or the |¥_(N-—1)) > 
|\¥, (N — 2)) transition, emitting a photon of frequency wr — QR. This means that a 
second photon with the same frequency wz, +QR as the first one, cannot be emitted right 
after the first one. 

If the frequency of that second photon is w,,, the system ends up in state |U_ (N — 2)); 
from that state, it can emit either a third photon with frequency wy, or a third photon 
with a lower frequency wz — Qe. If, on the other hand, the frequency of that second 
photon is wz — QrR, the system ends up in state |¥, (N — 2)); from that state, it can 
emit either a photon with a higher frequency wz + Qr, or a photon of frequency wy. 
As opposed to the second photon, the third photon may thus have the same frequency 
wr +Qp as the first one. Following the same line of reasoning one can argue that, if the 
first photon has a frequency wz — QR, this cannot be the case for the second photon; one 
must wait until the third photon to eventually obtain the same frequency wy, —OQR. This 
means that, if photons with only the two extreme frequencies wy; + QR are selectively 
observed, the detected emission processes will necessarily alternate in time (but these 
events may be separated by any number of photon emissions at the central frequency 
wry). 


Comment: 


Taking a Fourier transform to return to the time domain, relation (41) imposes a limit 
to the temporal resolution 6t of the detection system: 6¢t > 1/Qr. This means that it is 
not possible to measure the exact time at which a photon is emitted with a precision of 
the order of the Rabi precession period. 


y. Photodetection with high temporal resolution 


We now study the opposite case where the detectors have a temporal resolution 
better than the Rabi precession period. This allows a precise determination of the time 
at which the photon is emitted, but one can no longer distinguish the frequencies of the 
three triplet components. 

We have seen above (§ l-e) that the elementary spontaneous emission processes 
have a correlation time that is very short compared to all the other characteristic times 
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of the problem (because of the large spectral width Aw of the empty modes’ reservoir). 
A spontaneous emission from €(N) thus corresponds to a very short “quantum jump” 
taking the system from state |e, N — 1) in E(N) into state |g, N — 1) in E(N — 1). Once 
the atom has reached this second state, it cannot emit a second photon right away, since 
no spontaneous emission can occur from a ground state g. A certain time must elapse for 
the atom-laser interaction to bring the system from state |g, N — 1) to the state |e, N — 2) 
it is coupled with, and from which another photon can be spontaneously emitted. The 
system then falls back to state |g, N — 2), and the previous process repeats itself (with an 
N value lowered by one unit). It therefore becomes clear why one observes a “temporal 
antibunching” of the photons emitted by a single atom, as they must be separated by a 
time interval at least of the order of 1/Qp; this antibunching was already referred to in 
§ 3-b-y of Complement Bxx. 


4. Modifications of the field. Dispersion and absorption 


We now study how the field is modified by its interaction with the atom. 


4-a. Atom in a cavity 


The atom-field interaction does not solely perturb the atom; it also changes the 
field. In order to study this effect, it is convenient to imagine the atom being placed in 
a real cavity assumed to be perfect, meaning that its losses can be ignored (they occur 
on a time scale much longer than all the other relevant times of the experiment). As 
opposed to what we did before, we shall keep the N dependence of the Rabi frequencies 
Qy given by equations (8) and (9), since in a cavity the photon number WN has a physical 
meaning (§ 1-d). 

Figure 8 shows the first multiplicities E(N) of the system atom + field for low 
and increasing values of the photon number N, starting at N = 0. Multiplicity €(0) 
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Figure 8: Energy levels of the system atom + field for low values of the photon number 
N (in angular frequency units, meaning the energies are divided by h). States |g, N) and 
le, N—1) of E(N) undergo opposite shifts, proportional to N. State |g,0) is not shifted. 
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contains a single state |g,0). Multiplicity €(1) contains the two states |g,1) and |e, 0). 
Multiplicity €(2) contains the two states |g,2) and |e, 1), and so on. 

We shall assume we are in the weak coupling regime, so that we can use the 
perturbative results of § 2 for the light shifts of the different energy levels. State |g, 0) 
is not shifted as it is not coupled to any other state?. States |g,1) and |e,0) of &(1) 
undergo opposite light shifts, respectively +héd, and —hd,, where 6, is given by equation 
(27), where we have replaced Qr by 1, the Rabi frequency for N = 1 (see (8)). Setting: 


do = 23 é 


1752472 ) 


the light shifts of states |g,1) and |e,0) are, respectively, +hdy and —hdp. According to 
(8), the squares of the Rabi frequencies 0. characterizing the atom-field coupling in the 
multiplicities E(.NV), are proportional to N; this means that states |g,2) and |e, 1) of €(2) 
undergo light shifts respectively equal to +2fd69 and —2fid9. More generally, states |g, N) 
and |e, N — 1) of E(N) undergo shifts respectively equal to +Niido and —Nhdo. 

A similar reasoning can be applied to the radiative broadening. It shows that the 
radiative broadenings of states |g, N) and |e, N — 1) of E(N) are respectively equal!” to 
+N and [ — N+, where yo is given, according to (27), by: 


T 
= Qs) ee 8 4 
0  4§2 472 ) 


4-b. Frequency shift of the field in the presence of the atom 


Consider the left column in Figure 8. The gap between the perturbed energies of 
states |g,1) and |g,0) is equal to (wz + 60); the gap between the perturbed energies 
of states |g,2) and |g,1) is equal to A(wz + 269 — 60) = (wr + 60), and so on. As the 
light shifts of the states |g, N) are proportional to Noo, increasing linearly with N, the 
perturbed levels in the left column of Figure 8 have a constant gap between them, even 
in the presence of the coupling; the distance between consecutive levels simply goes from 
hwy to h(wy + dg). In other words, the presence in the cavity of an atom in its ground 
state g changes the field frequency from wz to wy + dg. As the light shifts of the levels 
in the right column of Figure 8 have an opposite sign, a similar argument shows that the 
presence in the cavity of an atom in the excited state e changes the field frequency from 
WE to wy = do. 

The atom-field interaction thus shifts the field frequency inside the cavity by a 
quantity that changes sign, depending on whether the atom is in the internal state g or 
e. Let us assume this interaction lasts a time T’, as will be the case if an atom is introduced 
into the cavity and takes that time to traverse it. Compared to the free oscillation in 
the absence of the atom, the field oscillation will be out of phase by an amount @; this 
phase shift is equal to ¢ = +d0T if the atom is in state g, and to ¢ = —do0T if the atom 
is in state e. 

This change in the field frequency is a phenomenon similar to that described by the 
real part of the refractive index: a light beam going through an atomic media changes 





°There is actually a coupling between state |g,0) and state |e, 1), but is highly non-resonant; we shall 
ignore it since, as stipulated above, our computation is to zeroth order in QrR/wy. 
State |g,0) does not undergo any radiative broadening. 
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its propagation velocity without any changes in its frequency. In a cavity, the field 
wavelength cannot change as it is fixed by the boundary conditions on the cavity walls, 
and hence by the cavity size. The phase shift compared to the free evolution cannot 
accumulate in space but must accumulate in time (resulting in a frequency change of the 
field). Note that if one varies the wz; frequency of the field around the atomic frequency 
wo, the sign change of the light shift 69 is reminiscent of the sign change of the real part 


of the refractive index in the vicinity of an atomic resonance!!. 


4-c. Field absorption 


Consider an atom in its ground state g in the presence, at time t = 0, of an wy 
mode of the field in a quasi-classical coherent state |~) (Complement Gy). The state of 
the total system reads: 


oo N 
[3b(0)) = |g) @ la) = S> Sele??? Wg, NY. (44) 
g X Twi g 


The time evolution in the presence of coupling changes the energies of the states |g, N) 
to: 


En = Nii(wz + 60 — i70/2). (45) 


and the state of the system at time t becomes: 





Po) = De ge exp —iN Won + bo — Sn/2}] Lo) 


x |g) @ |wexp[—a(wz + 0 — 770/2)t)). (46) 


The atom is still in the presence of a quasi-classical coherent state. However, compared to 
the free field evolution of that state in the absence of coupling, the atom-field interaction 
has introduced a phase shift dot (as already discussed above) as well as a decrease in 
amplitude e~%*/?, resulting in an attenuation of the amplitude of the field. This is 
reminiscent of the radiation absorption described by the imaginary part of the refractive 
index. 

To sum up, we showed that the atom-field coupling produces light shifts and ra- 
diative broadening of the atomic levels, corresponding to the well-know field dispersion 
and absorption phenomena in optics. 


Conclusion. 


In conclusion, we showed for many various situations that the dressed-atom approach 
brings strong clarifications while keeping the calculations simple. Considering the atom 
and the field mode with which it interacts as a quantum system described by a time- 
independent Hamiltonian allows introducing true energy levels for the global system; this 
leads to a new, broad overview of the stimulated absorption and emission of photons. 
As an example, this approach makes it very clear how the atom-photon coupling 
changes the energy diagram of the dressed atom at high field intensity; this leads to a 





11 This effect is sometimes referred to as “anomalous dispersion.” 
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very simple interpretation of the new frequencies appearing in the atomic fluorescence 
spectrum in the strong coupling domain. As the energy diagram of the dressed atom 
is a succession of multiplicities separated by an energy equal to a photon energy, the 
spontaneous emission of a photon is viewed in this approach as a quantum jump of 
the dressed atom from one multiplicity to the one just below (radiative cascade). This 
approach allows a simple calculation of the delay function yielding the distribution of the 
time intervals between two successive quantum jumps; this permits studying the time 
correlations between fluorescent photons. Let us also mention that this delay function 
allows simulating the temporal evolution of an atom, hence obtaining individual quantum 
trajectories, which can be used to get an averaged atomic evolution. Several experimental 
applications of the dressed-atom method are presented in the next complement. 
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Light shifts studied in § 2-b of Complement Cxx exhibit a number of important 
properties leading to numerous applications; these will be briefly discussed in this com- 
plement. 

As these light shifts are proportional to the laser intensity, their magnitude can be 
space-dependent if the laser intensity is not homogeneous in space. These shifts can be 
used to create either potential wells (§ 1) to trap atoms once they are cold enough (laser 
trapping), or potential barriers (§ 2) reflecting atoms (mirrors for atoms). A particularly 
interesting example involves periodic optical potential wells created at the nodes and 
antinodes of a laser standing wave in an off-resonant condition (§ 3). This situation is 
reminiscent of that encountered by electrons trapped in the periodic potential of a crystal 
lattice. Neutral atoms trapped in optical lattices can thus serve as models for condensed 
matter problems. 

For low enough values of the detuning 6 between the laser frequency and the atomic 
frequency, and if the ground state has several Zeeman sublevels, non-dissipative effects, 
such as light shifts, can coexist with dissipative effects, such as optical pumping between 
Zeeman sublevels. We explain in § 4 how correlations between these two types of effects 
can lead to new cooling mechanisms, such as Sisyphus cooling, allowing the atoms to 
reach temperatures much lower than with Doppler cooling. 

Finally, we show in § 5 how the light shifts undergone by an atom crossing a 
highly detuned cavity allows determining the number of photons present in the cavity, 
by performing measurements on the atoms at the cavity exit, without absorbing any of 
the cavity photons. 


1. Dipole forces and laser trapping 


When the light intensity varies in space, as with a focalized laser beam or a standing 
wave, the light shifts also become space-dependent. If the detuning 6 between the laser 
frequency and the atomic frequency is large compared to the natural width T of the 
excited level, it is then justified to ignore the dissipation due to spontaneous emission, on 
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the characteristic time scales of the experiment. The light shift hd,(R) of ground state 
g depends, as does the light intensity, on the position R of the atomic center of mass; it 
can therefore be considered as a potential energy V(R) = hd,(R) that affects the atomic 
motion. This potential has the same sign as the light shift, and hence depends on the 
sign of the frequency detuning 6. 

The potential V (r) gives rise to a force: 


Faip (R) = —VrV (R) (1) 


called the “dipole force”, or sometimes the “reactive force” (§ 11-4 in [24]). It is dif 
ferent from the radiation pressure forces studied in § 1-d of Complement Axrx, which 
come from momentum exchanges as the atom absorbs photons that are spontaneously 
reemitted. The dipole forces introduced here arise from the spatial variations of the 
light shifts undergone by the dressed-atom levels. One could say they are caused by the 
redistribution of photons between the different plane waves composing the laser beam!: 
the atom absorbs a photon from one plane wave and re-emits it, by stimulated emission, 
in another plane wave; this process changes the atom’s momentum, and hence giving rise 
to a force. 


Comment: 


As is the case for light shifts, the intensity of the dipole forces, as a function of the 
frequency detuning 6 between the laser frequency and the atomic frequency, follows a 
dispersion curve. In addition, the light shifts of the two dressed levels in multiplicity 
E(N) have an opposite sign for a given detuning 6; the dipole force thus changes sign 
from one dressed state |W (V)) to its associated state |U_ (N)). When the detuning 6 is 
not too large, and if spontaneous emission processes can occur, the dressed-atom radiative 
cascade can lead to sign changes of the dipole force, as the atom goes from states |V4 (N)) 
to |W+ (N — 1)); this is the origin of the fluctuations of the dipole forces. 








An important application of dipole forces is the implementation of laser traps. 
Consider first a laser beam detuned toward the red (wz, < wo) and focalized at point O. 
The light shift, zero outside the laser beam, is negative inside the laser beam; it increases 
in absolute value as one gets closer to the focal point, where it reaches its maximum 
value. This creates a potential well that could trap a neutral atom; this will indeed 
happen if the atom’s kinetic energy, of the order of kgT, is lower than the depth Up of 
the potential well. This is why these laser traps have been built only since the 1980’s, 
once atomic cooling techniques (Complement Axrx, § 2) allowed slowing down atoms to 
temperatures of the order of a microkelvin [56]. 


Comment: 


The trapping forces involved in laser traps are of the order of an atomic dipole multiplied 
by the gradient of a laser field. They are much weaker than the forces exerted by a static 
electric field on a charged particle. This explains why laser traps for neutral atoms are 
much shallower than ion or electron traps. There exist, however, other types of traps for 





1A single plane wave does not have an intensity gradient, and cannot exert a dipole force. These 
forces, due to intensity gradients, require the presence of several plane waves with different wave vectors. 
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neutral atoms, using different physical mechanisms (for a short review, see for example 
§ 2-c of Complement Axrx, and Chapter 14 of reference [24] ). 


2. Mirrors for atoms 


A laser detuned toward the blue (wz > wo) gives rise to repulsive potentials. Imagine 
for example that the laser wave propagates within a bloc of glass, and undergoes total 
internal reflection at the boundary between the glass and the vacuum (Figure l-a). An 
evanescent wave appears outside the glass, with an amplitude decaying exponentially in 
a direction perpendicular to the boundary, becoming negligible over a distance of the 
order of the laser wavelength. This evanescent wave creates a potential barrier of height 
Up, which reflects atoms? arriving with an energy E < Up (Figure 1-b). This set-up can 
be used as a mirror for neutral atoms [57]. 


(a) (b) 42 
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Figure 1: (a) A laser beam traveling within a block of glass (shaded in grey in the figure) 
undergoes total internal reflection at the boundary. Outside the glass, an evanescent 
wave appears. (b) If the laser is detuned toward the blue (wr > wo), this evanescent wave 
creates a potential barrier of height Up. Atoms falling on this barrier with an energy E 
lower than Uo are reflected by the barrier and turn around. 








3. Optical lattices 


When laser beams form a standing wave, the light intensity is modulated in space, with 
a periodicity /2: the intensity is zero at the nodes, and maximal at the antinodes. 
This creates periodic potential wells, located at the antinodes of the wave for a negative 
detuning (wy < wo), and at the nodes for a positive detuning (wz > wo). Figure 2 shows 
a two-dimensional optical lattice created by two standing waves, along two orthogonal 
axes, 

The study of optical lattices is interesting for several reasons, in particular because 
the motion of a neutral atom in an optical lattice is reminiscent of that of an electron in 





2 Atoms falling on a solid surface would stick to it, rather than being reflected. 

3The frequencies wz; and wz2 of the two standing waves are in general sufficiently far apart for 
the interference terms between the two waves to have a negligible effect on the atom’s motion; the 
potentials created by the two waves can then be independently added. This requires |wz1 — wy2| to be 
large compared to all the characteristic frequencies of the atom’s motion, such as it’s vibrational motion 
inside a well; in that case, the interference terms oscillate too fast to have a significant effect. 
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Figure 2: Schematic representation of a two-dimensional optical lattice: placed in a 
superposition of two standing laser waves along two orthogonal axes, the atom is subjected 
to a potential periodic in space, represented by the undulating surface in the figure. These 
periodic potential wells, located at the antinodes of the standing waves for wr < wo, and 
at the nodes for wr > wo, form an optical lattice. The spheres above the surface indicate 
the positions where the atoms can be trapped. 





a crystal lattice. Granted the order of magnitudes involved are quite different, since the 
spatial period of an optical lattice is of the order of a micron, whereas the period of a 
crystal lattice is of the order of a fraction of a nanometer. Nevertheless, optical lattices 
offer a large number of possibilities not available to crystalline lattices: 
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One can easily change the intensity of the laser waves forming the standing waves, 
hence modifying the depth of the potential wells; this allows controlling the tunnel 
effect between adjacent wells. This method was used to explore the transition 
between a deep well regime where the atoms are localized at the bottom of the 
wells, and a shallow well regime where the atoms’ wave functions are delocalized 
over the entire lattice [58]. 


One can abruptly switch off the trapping laser beams (which obviously cannot 
be done for a crystal lattice) and study the resulting behavior of the liberated 
atoms. Studying the expansion velocity of the clouds of atoms yields information on 
their velocity distribution, and hence on their temperature (time-of-flight method). 
Studying their spatial distribution and the possible appearance of a diffraction 
pattern allows determining whether the matter waves trapped in distinct potential 
wells of the optical lattice were coherent or not. 


One can use two different frequencies wz; and wy2 for the two laser waves coun- 
terpropagating to form the one-dimensional standing laser wave. This leads to a 
“standing” laser wave, moving with constant velocity if wr — wy2 is fixed, or with 
an acceleration if wz, — wy2 increases linearly with time. In this latter case, the 
atom experiences a constant inertial force in the rest frame of the standing wave; its 
motion is then similar to that of an electron in a crystal lattice periodic potential, 
subjected in addition to a static electric field. The motion of such a particle, in 
a periodic lattice and subjected to a constant force, is predicted to be oscillatory, 
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following the so-called Bloch oscillations; the experimental observation of such os- 
cillations is facilitated in an optical lattice, as the atom’s relaxation time can be 
much longer than the oscillations’ period [59]. 


Cold atoms trapped in an optical lattice are a model system for “simulating” a 
number of situations encountered in solid state physics. Cold atom studies involve inter- 
actions between atoms much weaker than the Coulomb interactions between electrons. 
Furthermore, they can be controlled thanks to resonance effects occurring as atoms col- 
lide with each other. 

Note finally that optical lattices are a good example highlighting the importance of 
light shifts. One may wonder if it might not be simpler to shift atomic levels by Zeeman 
or Stark effects in static magnetic or electric fields, rather than using an off-resonance 
light beam to produce a light shift. The advantage of the light shifts is that they can 
be used to form potentials varying over very short distances, of the order of an optical 
wavelength, which is much more difficult to attain with static fields. 


4. Sub-Doppler cooling. Sisyphus effect 


We described, in § 2-b of Complement Axyx, a cooling mechanism for the atoms, based 
on the Doppler effect, and called for that reason “Doppler cooling”. We computed the 
friction and diffusion coefficients associated with that mechanism and showed that the 
lowest temperature Tp that could be reached by Doppler cooling was of the order of 
AL /kp (where [ is the natural width of the atoms’ excited states, and kg the Boltzmann 
constant). Actually, the first measurements of the temperatures reached by laser cooling, 
and based on the time-of-flight method [60], showed that temperatures much lower than 
Tp could be obtained; furthermore, their dependence on the detuning 6 between the laser 
beams’ frequency and the atomic frequency did not follow the prediction of the Doppler 
cooling theory. This implied the existence of other cooling mechanisms for the atoms, 
leading to temperatures lower than the Doppler limit Tp; as expected, these mechanisms 
were called “sub-Doppler” mechanisms. One of them, called the “Sisyphus effect”, will 
be described in this section. 

The theory of Doppler laser cooling, exposed in § 2-b of Complement Axyx, does 
not take into account several important characteristics of laser cooling experiments. 


e In most experiments performed in three-dimensional space, the polarization of the 
laser field cannot be uniform. The spatial variations of this polarization should not 
be ignored. 


e The atoms under study have several sublevels, in the lower g state and in the 
excited e state. The two-level atom approximation of § 2-b in Complement Ax yx 
is therefore not sufficient. 


e As there are several sublevels in the lower state g, one should include the effects 
of the optical pumping between these sublevels, effects whose characteristic time 
constants (pumping times) are longer than the lifetime 1/T of the excited state. 


e As the detuning 6 between the laser beams’ frequency and the atomic frequency is 
different from zero, one must take into account the light shifts of the lower level g, 
which can take on different values for the different sublevels. 
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Before describing the Sisyphus effect, we first show on a simple example how these 
different effects come into play. 


4-a. Laser configurations with space-dependent polarization 


Laser configurations with a space-dependent polarization do not necessarily involve 
three pairs of laser beams counterpropagating along the Oz, Oy and Oz axes. They can 
be achieved in one-dimension, and are easier to study, as long as the two counterpropa- 
gating laser waves have different polarizations. As an example, Figure 3 represents two 
laser waves propagating in opposite directions along the Oz axis and having linear orthog- 
onal polarizations e, and e,. The polarization of the total field changes from right-hand 
circularly polarized (o, with respect to the quantization axis Oz) to left-hand circularly 
polarized (o_) in planes separated by a distance A/4, and is linear at +45° of the Ox 
and Oy axes, half-way between these planes. 


A=O\970= 
4 \/4 








Figure 8: Laser configuration with a space-dependent polarization: two laser waves prop- 
agate in opposite directions along the Oz axis, having linear orthogonal polarizations ey 
and ey. 





4-b. Atomic transition 


Many of the laser cooling experiments use transitions between a lower state g 
with angular momentum J, and an excited state e with an angular momentum equal to 
Je = J,+1. Here, we shall consider the simplest possible case Jy = 1/2, where the lower 
state contains only 2 sublevels 91/2. We then have J, = 3/2 and the excited state has 
4 sublevels e+; /2 and e43/2. 











4-c. Light shifts 


Consider first a point in space where the laser field polarization is o, (with respect 
to the quantization axis Oz). We saw in § 1-b of Complement Cx1x that photons with 
a ox (o_) polarization have a spin angular momentum +h (—A) along the Oz axis. 
Conservation of total angular momentum in the photon absorption process leads to the 
selection rule me — mg = +1(—1) for the absorption of a o4(o_) photon, where m. and 
mg, are the magnetic quantum number of the states involved in the transition. Figure 4 
represents the 2 transitions g_1/2 + €41/2 and g41/2 ++ €43/2 (Me — mg = +1) that can 
be excited by the laser field. The numbers 1/3 and 1 shown next to these 2 transitions 
are the squares of the Clebsch-Gordan coefficients of these transitions (Complement Bx); 
they indicate that the g,1/2 + e43/2 transition is 3 times more intense than the g_j/2 
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Figure 4: Transition 1/2 < 3/2. The oblique upwards arrows show the transitions excited 
at a point where the laser field polarization is 01, the vertical downward arrow indicates 
the spontaneous emission transition from sublevel e41/2 toward sublevel g41/2. The light 
shifts of states g_1/2 and g41/2 are noted —hd,/3 and —hé,. At a point where the laser 
polarization becomes o_ instead of a+, the shifts of the two sublevels are interchanged, 
by symmetry. 





€41/2 transition. As the detuning 6 between the laser beams’ frequency and the atomic 
frequency is negative in a laser cooling experiment, both states g41/2 have a negative 
light shift, but with a modulus 3 times larger for state 91/2 than for state g_1/2. These 
light shifts are written in the figure as —hd, and —hd,/3, where 6, is positive. 

At a point in space where the polarization is o_, the previous results are inter- 
changed. It is now the g_1/2  e_3/2 transition that is 3 times more intense than the 
941/2  €_1/2 transition, yielding light shifts equal to —hd, and —hd,/3 for the states 
g—1/2 and g41/2, respectively. 

Finally, at a point where the polarization is linear, the two light shifts are identical 
for symmetry reasons, and proportional to the square of the Clebsch-Gordan coefficient 
(equal to 2/3), indicated in the figure for the g,1/2 «+ e41/2 transition. Consequently, 
they are both equal to —2h6,/3. 

This means that as one moves along z axis, the positions of the 2 Zeeman sublevels 
g-1/2 and g41/2 oscillate, with opposing phases, between the values —hdg and —hd,/3 
(taking the energy of the unperturbed ground state equal to zero). 





4-d. Optical pumping 


Let us focus on a point where the laser field polarization is 01 and there is an atom 
in state g41/2- The atom can absorb a a; photon and end up in state e43/2. From this 
state, it can only fall, by spontaneous emission, back to its initial state g41/2; optical 
pumping (§ 1-b of Complement Cxyx) does not lead, in this case, to any population 
change. On the other hand, if the atom is initially in state g_,/2 and absorbs a photon 
o+ that brings it to state e41/2, it can then fall back, by spontaneous emission, into state 
9+1/2; optical pumping takes place from the least shifted sublevel g_1/2 towards the most 
shifted sublevel g,1/2. A comparable situation is found at a point where the laser field 
polarization is g_. Optical pumping can only occur from the least shifted sublevel 941 /2 
toward the most shifted sublevel g_; 2. As for a point where the laser field polarization 
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is linear, since the Clebsch-Gordan coefficients of the g_1/2 © e-1/2 and gy1/2 © e41/2 
transitions are equal, as are those of the e_1/2  g41/2 and e41/2  g_1/2 transitions, 
optical pumping cannot favor one of the the populations of the 2 sublevels g_;/2 and 
g41/2- To sum up, optical pumping can only transfer population from the least shifted 
sublevel to the most shifted sublevel, with a maximum efficiency at points where the 
laser field polarization is circular. 


4-e. Sisyphus effect 


We now show how the correlations between the light shifts and the optical pumping 
effects studied in the last two sections can reduce the atom’s kinetic energy, and hence 
cool it down. 

Figure 5 shows, for an atom moving along the z axis, the energies of its 2 sublevels 
g-1/2 and g41/2, shifted by the light. Let us assume the atom starts from the bottom 
of a potential valley, at a point where the laser field polarization is 01, and is initially 
in its most shifted state g41/2. As it moves toward the right, it climbs a potential well, 
and looses some kinetic energy. If the optical pumping time is long enough, it will have 
time to reach the top of the hill, where the laser field polarization is o_; it then has 
a high probability to undergo an optical pumping cycle and be transferred to the most 
shifted sublevel, which is now sublevel g_1/2. The whole cycle we just described can 
repeat itself, and each time the kinetic energy of the atom is lowered by a quantity of the 
order of the maximum energy difference between the two sublevels in Figure 5, equal to 
(2/3)hé,. The atom is facing a situation similar to that of the hero of Greek mythology, 
Sisyphus: it must endlessly climb a potential hill since it is sent back to the bottom as 
soon as it reaches the top, hence the name Sisyphus effect given to this mechanism. 

The temperature reached by such a mechanism can be estimated by a simple 








Gaz -~~., 


94412 


Figure 5: Principle of Sisyphus cooling: an atom in state g,1/2 moving from a point 
where the laser field polarization is 04 must climb a potential hill of height 2hd,/3, 
which decreases its kinetic energy. When it reaches the top of the hill, where the laser 
field polarization is o_, it has a strong probability to fall back, by spontaneous emission, 
to the state g_1/2. As the cycle repeats itself, the atom is for ever climbing potential hills, 
like the hero Sisyphus in Greek mythology. Its kinetic energy diminishes constantly. 
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argument. The atom’s kinetic energy decreases during each Sisyphus cycle, until it is 
low enough for the atom to be trapped at the bottom of a potential well. At that 
point its kinetic energy must be of the order of hd,. The ultimate temperature T's that 
can be reached by Sisyphus cooling is expected to be Ts ~ hé,/kg. In laser cooling 
experiments, the laser intensities are generally low and the atomic transitions are not 
saturated; consequently, hdg < AV and hence Ts <« Tp. This explains why the measured 
temperatures can be two orders of magnitude lower than the Doppler temperature, and 
reach values of the order of 10-°K, opening the way to numerous applications. 

All these qualitative predictions have been confirmed by more quantitative models, 
see ([61]) and ([62]). Experiments have confirmed the theoretical predictions, in particu- 
lar those concerning the dependence of Ts; on the various experimental parameters, such 
as laser intensity and detuning [63]. 


5. Non-destructive detection of a photon 


Consider now an experiment where the atoms of a beam cross, one after the other, a 
cavity containing radiation whose quantum state is described by a Fock state; the number 
of photons in the cavity mode is fixed, equal for example to 0 (radiation vacuum) or 1 
(single photon). The atoms are prepared in a coherent superposition of the two states g 
and e: 


fbi) = Ze(la) +e) (2) 
While each atom interacts with the photons, its levels undergo light shifts resulting in 
different phases for the two atomic states as the atom crosses the cavity; note, however, 
that if the detuning 6 between the laser frequency and the atomic frequency is sufficiently 
large, no photon will be absorbed or emitted. As the atom exits the cavity, the radiation 
state is the same initial Fock state, whereas the atomic state is modified by this phase 
factor. The final atomic state can be written (within a global phase factor of no physical 
significance): 


Henn) = Sa (la) + €~*e)) (3) 
The phase ¢ is simply the integral over time of the energy difference between the dressed- 
atom levels that come into play as the atom crosses the cavity. It is given by the energy 
diagram of the dressed-atom. 

Figure 8 of Complement Cxx shows that the gap between states |e ,0) and |g ,0) 
is reduced from hwo to h(wa — 69) by the light shifts. For a cavity with no photons 
(N = 0), when the atom exits the cavity, the coherence between its states e and g has 
been dephased by: 





do = — [ bot’) de! (4) 
where 6do(t’) is obtained by replacing in (42) of Complement Cxx the Rabi frequency 
Q, by a function of time that accounts for the motion of the atom in the cavity mode, 


where it is subjected to a time-dependent light intensity; remember that we assumed the 
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detuning 6 between the atomic frequency and the laser frequency to be large enough for 
no real photon absorption by the atom to occur*. If now the cavity contains one photon 
(N = 1), Figure 8 indicates that the gap between states |e , 1) and |g, 1) is reduced by the 
light shifts to A(wz — 269 — do), ie. to A(wz — 369). When the atom exits the cavity, the 
coherence between its states e and g is now shifted by three times the amount obtained 
in (4). This means that an atom, traversing the cavity in a superposition of states g and 
e, keeps in the phase of that coherent superposition a trace of the number of photons 
present in the cavity; this occurs without any photon absorption (since the detuning 6 is 
too large). To sum up, if N = 0, the state of the atom at the cavity exit is: 


=a 
a) 


whereas if N = 1, this state is: 


[Wrin(N = 0)) (Ig) + e~**|e)) (5) 


jena(V = 1)) = Ta(la) +e-*"|e)) (6 
How can we make use of this trace left on the atom by the possible presence of a 
photon in the cavity, and determine if this cavity contains zero or one photon? The time 
taken by the atom to cross the cavity can be adjusted by changing the atom’s speed. 
Imagine that this time is tuned so that ¢9 — ¢, = 7; this means that the two states 
(5) and (6) are now orthogonal. As the atom exits the cavity, we can apply to it a 7/2 
laser pulse adjusted to transform |ws(NV = 0)) into |g). That same pulse will transform 
|w (NV = 1)) into the state orthogonal to |g), that is to |e). This means that measuring 
the atomic state after this 7/2 laser pulse allows concluding that N = 0 if the atom is 
found in state g, and that N = 1 if the atom is found in state e. The measurement can be 
repeated several times by sending a stream of atoms, one after the other, and applying 
to each of them the same procedure; one can measure several times in a row the same 
value N, which proves the number of photons in the cavity did not change during the 
measurements. As opposed to photoionization where a photon is absorbed giving rise to 
a photoelectron (Complement Axx), this method is non-destructive: the presence of the 
photon is detected without it being absorbed. This experiment, generalized to the case 
where the photon number is larger than one, is described in more detail in reference [64]. 


Conclusion. 


For a long time, light shifts have been considered as an interesting physical phenomenon 
without specific applications, and even as an undesired perturbation for high resolution 
spectroscopy, since they modify the atomic transition frequencies one is trying to measure 
with the highest possible precision. These shifts must be taken into account to extract 
from the measurements the non-perturbed frequencies of atomic transitions; most of the 





4We also assume that the field variation encountered by the atom as it crosses the cavity is slow 
enough for non-adiabatic transitions from e to g, or from g to e, to be highly improbable. We also 
suppose that the natural width TI of the excited state e, and the time T the atom takes to cross the 
cavity, are small enough for [T < 1, meaning spontaneous emission from state e does not have time to 
occur while the atom crosses the cavity. 
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time, several measurements at different light intensities must be performed to extrapolate 
the results to zero light intensity. 

This complement clearly shows how much the situation has changed, by presenting 
the large variety of experimental methods using light shifts of atomic energy levels, and 
their great number of applications. These methods were implemented more than 20 
years after these shifts were theoretically predicted and experimentally demonstrated; 
this illustrates the long term practical impact of fundamental research. These methods 
allow acting both on the internal and external atomic variables; they also permit using 
atoms as a very sensitive non-destructive probe for the properties of a field composed 
of only a few photons. These methods made it possible to trap atoms in a standing 
laser wave, or to obtain periodic lattices of neutral atoms trapped in such a wave. It 
also led to laser cooling methods that allowed reaching temperatures previously totally 
inaccessible for atomic gases, millions of times lower than the lowest temperatures found 
in the interstellar or intergalactic space of the Universe. 
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Introduction 


In Chapter XX the initial and final states of the atom + photon(s) system were chosen as 
states that, in the absence of interaction, had a well defined energy; before the interaction, 
such states do not evolve in time, as if the photon were not propagating in space. As an 
example, in the scattering process of a photon by an atom, the chosen initial radiation 
state is a photon with momentum Ak; and energy hw; = hck;, which spreads over the 
entire space; similarly, the final state is also a photon with momentum hk, and energy 
hw, = hek;. The interaction was “turned on” at time ¢t;, which allowed computing the 
probability amplitude for the atom + photon(s) system to go from one state to the other 
between ¢; and ty. This is clearly a phenomenological approach: what actually happens 
is that the interaction operator remains constant but only comes into play to change the 
state vector when the atom is in the presence of radiation. A more realistic description of 
the process should involve the propagation of wave packets, with the incident radiation 
being described by a wave packet initially very far away from the atom, but going towards 
it. Their interaction then gives rise to a scattered wave packet moving away towards 
infinity, while the incident wave packet, modified by the interaction, also continues on 
its way. 
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Note however that introducing a wave packet for a photon cannot be done by the 
standard method used for a massive particle. As already pointed out at the end of § B-2 in 
Chapter XIX, a photon does not have a position operator. One cannot obtain its spatial 
wave function by projecting its state vector onto the eigenvectors of that operator, and 
then squaring this wave function’s modulus to get the probability of finding the photon 
in any given region of space. One could then imagine using the spatial variations of the 
electric and magnetic fields to infer the photon localization. But for radiation states with 
exactly one, two, etc. photons, the average value of theses fields at any point in space 
is zero (it is the sum of zero average value creation and annihilation operators in each 
mode). Consequently, for a single photon, this average value cannot be directly used for 
building a wave packet localized in space. This is why we shall use another approach: we 
shall assume the photon interacts with detectors, well localized in space, and compute 
the probability of its detection by these apparatus. This will lead us to introduce an 
amplitude for the photon detection (by photoionization) at a given point, which presents 
close analogies with the spatial wave function of a massive particle in non-relativistic 
quantum mechanics. 

We start in § 1 by exposing the general idea of this approach; we introduce a 
function €(r,t) that allows localizing a single photon in space through its probability of 
being absorbed by a broadband detector. This leads to the concept of wave packets, even 
though the average value of the electric field remains zero throughout the entire space. 
In the perturbative computations, one can also introduce initial and final radiation states 
that are wave packets, described by linear superpositions of photon states with different 
momenta and energies. 

In § 2, we show how the detection amplitude €(r,t) allows studying light inter- 
ference phenomena involving one or two photons. These phenomena are interpreted in 
terms of interference between the transition amplitudes associated with different paths 
leading the quantum field from a given initial state to a given final state. Starting first 
(§ 2-a) with a general discussion of the interference signals, we then focus in § 2-b on the 
interference involving one photon being simultaneously in two modes of the field. Finally, 
we examine interference involving two photons in the simple case where the system is 
described by the product of two one-photon wave packets (§ 2-c). 

In § 38, we replace the broadband detector by an atom with discrete energy levels. 
Without having to assume that the coupling between the atom and the field is turned 
on abruptly (which is hard to justify from a physical point of view), a number of results 
of Chapter XX are confirmed with, in addition, the possibility of studying the temporal 
aspect of the absorption phenomenon. In § 4, we extend this method to study the 
scattering of photons by an atom. Here again, we will confirm the results of Chapter XX, 
while enriching our understanding of the temporal aspects of the physical process. 

Finally, in § 5, we consider “real” two-photon wave packets that are entangled 
wave packets. Parametric down-conversion is an example of a situation leading to strong 
temporal correlations between two entangled photons. Such correlations are impossible 
to understand in terms of a classical treatment of the radiation. 

In this entire complement, we have limited our studies to one- or two-photon wave 
packets, but the computations can be extended to wave packets containing a larger 
number of photons!. 





10r even an undetermined number, as in a coherent state. 
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1. One-photon wave packet, photodetection probability 


A one-photon wave packet is described by a state |), where the photon number is 
precisely equal to one (eigenstate of the photon number operator, with eigenvalue equal 
to 1). We build this wave packet? as a linear superposition of states with different 
momenta /ik: 


jw) = f abe c(ke abo) = f ae e() [ky (1) 


State |y) is not stationary (it is not an energy eigenstate). It is of the type considered 
in § B-3-c of Chapter XIX, an eigenket of operator N (total number of photons) with an 
eigenvalue equal to one. It is assumed to be normalized: 


[ee le(k)|? = 1, (2) 


which allows interpreting |c(k)|? as the probability density for the photon momentum to 
be equal to hk. 


L-a. Photoionization of a broadband detector 


Imagine we place an atom playing the role of a photodetector at point r in the 
radiation field described by state (1). According to relation (26) of Complement Bxx, 
the probability W;(r,t)dt for observing a photoelectron emission between times ¢ and 
t + dt is given (to the interaction’s lowest order) by: 


Wirt) = s(H|EO (r, NEM (r, t)ly) (3) 
where s is a constant depending on the photodetector sensitivity. E(—) (r,t) and EC) (r,t) 


are the negative and positive frequency components of the electric field operator appear- 
ing in its plane wave expansion as given by (A-7) in Chapter XIX: 


= t 3 d®k hw ibpes 
EO (r,t) = [E' (r,2)| =i | oom os a(k) ciller—wne) (4) 
with: 
we, =cx|k| =cxk (5) 


where c is the speed of light. Remember that expression (3) was established in the 
interaction representation, where the state vector |~) evolves only under the effect of 
the atom-radiation interaction; the operators evolve freely only under the effect of the 
atomic or radiation Hamiltonians (i.e. without mutual interaction). However, as we are 
performing a computation to lowest order, we can consider in (3) that |) is actually 





*For the sake of simplicity, we ignore in this complement the degrees of freedom of the radiation 
polarization, which do not play a significant role in the effects under study. This amounts to assuming 
that all the vectors k appearing in (1) have almost the same directions and that they are all associated 
with the same polarization e. 
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constant. The annihilation operator E+) (r,t) in (3) acting on the one-photon state |) 
yields the vacuum, and we can rewrite (3) as: 


Wi(r, t) = s(H|EO (r, t)|0) OBO (7, t) |p) = 3| |B (rr, t)|b)? (6) 


that is: 
2 


Wy(r,t) = Ss lon hook c(k) et r—eet) (7) 


In)s/2 V Deo 








For a massive particle of mass m, the probability to find it at point r and at time t 
is given by the squared modulus |U(r, t)|? of its wave function U(r, t). This wave function 
is the Fourier transform of the probability amplitude g(k) that a measurement of the 
particle’s momentum gives the value hk. For a free particle, this probability amplitude 
g(k) has a time variation in e~“’**. Equality (7) is thus reminiscent of this probability 
for a massive free particle; however, in view of the \/w, factor (proportional to Vk) in 
front of c(k) in the integral of (7), W7(r,t) is not proportional (at a given instant t) to 
the modulus squared of the spatial Fourier transform of c(k, t) = c(k)e~*”**. This means 
that, limiting ourselves to one-photon states, we can indeed consider the function c(k) 
appearing in (1) as a wave function in momentum space, since |c(k)|? is a probability 
density for the photon momentum. However, the probability to detect a photon at point 
r and at time t with a photodetector is not simply the modulus squared of the Fourier 
transform of that “wave function in momentum space” c(k)e~*”*!. This confirms that 
it is not possible, for a photon, to introduce a spatial wave function that is exactly 
equivalent to that of a massive particle. 


1-b. Detection probability amplitude 


The right-hand side of (6) is the squared modulus of the function: 
E(r,t) = (EO (r, t) |v) (8) 


which plays an important role in all the computations to follow; it has the dimensions of 
an electric field. For the wave packet written in (1), its expression is: 


dk hw il(k-r—w 
ern =i f om ge meer (9 


It should not be confused with the average value in state |) of the operator E+) (r, t) 
written in (4), since that average value is zero, as we mentioned above. Nor is it, as 
already pointed out, a wave function for the photon in position space; it is a probability 
amplitude for the detection (and not the presence) of the photon at point r and time t. 
When we mention, in this complement, the space time wave packet associated with the 
photon in state (1), we will always be referring to the amplitude (8). 

Note, however, that in the particular case where the function c(k) in momentum 
space is well centered around a value k,, with a dispersion Ak very small compared to 
km, one can neglect in (7) the k variation of Vk and replace Vk by Vkm; the integral in 
(7) will therefore involve the spatial Fourier transform of c(k)e~*“*'. This approximation 
will often be used in what follows. 
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Comments: 


(i) In this section, we have ignored the radiation polarization, assuming that all the plane 
waves in relation (1) are associated with the same polarization vector ¢. When this is 
not the case, the detection amplitude becomes a three-component vector function. Its 
component along any given axis yields the detection probability amplitude by a pho- 
todetector preceded by a polarization analyser letting through only the light polarized 
linearly along that axis. This vector detection amplitude is similar to the wave function 
of a spin 1 particle, which also has three components. 


(ii) In this complement, we shall study only wave packets containing a well defined photon 
number, 1 or 2, which allows directly generalizing the computations of Chapter XX. Wave 
packets can, however, be built many different ways, without exactly fixing the photon 
number. It often happens, for example, that one wishes to reproduce a classical field for 
which each field mode k has a given amplitude a(k); it is then natural to use a state 
where each quantum mode is in a coherent state with eigenvalue a(k). In that case, only 
the average photon number is fixed, not its exact value. 


1-c. Temporal variation of the signal 


When the photodetector is placed at r = 0, it delivers a signal that is given, 
according to (7), by: 


W(r = 0,t) « [eve Vk c(k)e~ rt (10) 


This signal is proportional to the squared modulus of the Fourier transform of Vk c(k). 
Let us assume that c(k) is a real positive function of k, and that |c(k)|? is a function of k 
centered at k = ky, with a width Ak. If this width Ak of the wave packet is very small 
compared with the average wave number k,,, one can replace Vk by \/km, and the signal 
becomes proportional to the modulus squared of the Fourier transform of c(k). At time 
t = 0, and since we assumed all the c(k) to be positive, all the waves forming the wave 
packets are in phase and the signal observed on the photodetector is maximum; it is zero 
for t = too, and takes on significant values only during a time interval At ~ 1/cAk 
around t = 0. This signal describes, in a way, the passage of the wave packet at the 
detector’s position. 

To study the detection probability at a point r # 0, we just have to replace 
eWtckt by etler—kct) in the integral of relation (10). As an example, imagine we have 
a one-dimensional wave packet, all the wave vectors k being parallel to the Oz axis 
(kz = ky = 0); the exponential reduces to e*k(z—ct)| The phenomena observed at a 
point in space of coordinate z # O are thus deduced from those observed at z = 0 by 
a simple time shift equal to z/c: the wave packet moves along the Oz direction with 
velocity c and without any deformation. 








2. One- or two-photon interference signals 


We now discuss in terms of wave packets what happens in light interference experiments 
involving one or two photons. 
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2-a. How should one compute photon interference? 


In non-relativistic quantum mechanics, a particle with a non-zero mass m is de- 
scribed by a wave function (r,t) whose squared modulus |w(r, t)|? yields the probability 
density of finding the particle at point r and time t. In a Young’s type interference ex- 
periment, the wave function, after going through the two slits pierced into a screen, is 
a linear superposition of two wave functions ~(r,t) and y2(r,t) originating from the 
two slits. These two waves overlap in a region of space where the probability density of 
finding the particle at point r and time t, which is equal to |q1(r, t) + %2(r, t)|?, contains 
a term 2Re{i(r,t)w3(r,t)} oscillating in space and time; this results in interference 
fringes. 

However, we recalled in § 1 why we cannot, in general, introduce a spatial wave 
function for a photon that would be strictly analogous to (r,t), and whose squared 
modulus would yield the probability density for the presence of the photon at a given 
point. This led us to define an amplitude E(r, t) in (8), whose squared modulus yields the 
probability density for photodetecting the photon at point r and time t. We are going to 
show in § 2-b that such amplitudes can actually be used to interpret interference fringes; 
as an example, we shall study the fringes appearing in the single photodetection signal 
wy(r,t) observed on a one-photon wave packet after it goes through a screen pierced with 
two slits. As already underlined, it is important not to confuse €(r,t) with the average 
value of the electric field in the quantum state under study — which in any case is zero 
in a one-photon state. In classical electromagnetism, the electric (or magnetic) fields 
directly interfere; in quantum electromagnetism, one must reason in terms of probability 
amplitudes. 

For field states containing at least two photons, the double photodetection signal 
wri(rp,te,ra,ta) is different from zero. To interpret it in the simplest possible case, 
we assume (in § 2-c) that the radiation is described by a tensor product of two one- 
photon wave packets?. We will show that interference fringes observable on wy; can also 
be interpreted in terms of products of detection probability amplitudes; these fringes 
result from interference between transition amplitudes associated with two different paths 
leading the field from its initial state (where it contains two photons) to the vacuum. 
Here again, one should reason in terms of interference not directly between average values 
of electric or magnetic fields, but between paths. 


2-b. Interference signal for a one-photon wave packet in two modes 


We start with the simplest photon interference experiment, the well-know Young’s 
double slit experiment, but in a case when only one photon at a time passes through the 
screen pierced with the two slits. The state vector of this single photon is then the sum 
of two components associated with the passage through one or the other of the two slits. 
When the photon reaches the interference region, these two components are associated 
with two different radiation modes. 





3A simple example of a two-photon entangled state, which is not a product of two one-photon states, 
will be studied in § 5. 
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a. One-photon wave packets, after passage through a two-slit screen 


We now focus on the radiation state after it passed the two-slit screen. This state 
is described by a one-photon wave packet, which, in the interaction representation, is of 
the form: 


|b) = erly) + c2|y2) with: |e1|? + |e? = 1 (11) 


In this expression, the ket |y1) describes the wave packet emerging from the first slit; 
as in (1), it can therefore be written with a function c;(k) that is peaked around the 
value k,. The ket |wW2) describes the wave packet emerging from the second slit, and its 
function c2(k) is peaked around the value k2. Since before going through the slits the 
two wave packets came from the same source, they must be centered around a common 
frequency wy, = ck, = cko; consequently k, and ky have the same modulus, but their 
directions can be different. We shall finally assume that the wave packets emerging from 
the two slits arrive at the same time in the interference region (meaning the optical paths 
along the two trajectories are equal) and that each wave packet is sufficiently long for 
the frequency Ww, to be well defined. 
As in (8), for each wave packet |2;) we introduce a detection amplitude €;(r, ¢): 


(JE (r, t)|vi) = Ex(r,t) where: i=1,2 (12) 


In the interference region, we assume the two modes* to be close to plane waves with 
wave vectors k; and ky. We then set: 


Ex(r,t) = F,(r, t) ethi rem) (13) 


where the function F;(r,t) has a much slower space and time variation than the expo- 
nential e#(i-T—wmt) 


B. Calculation of the single photodetection signal 


We assume that the field is contained in a box of volume L°; we use a complete 
orthonormal set of field modes, with wave vectors {k;}, which includes both k; and ke. 
Relation (B-3) of Chapter XIX indicates that the positive frequency component of the 
electric field can be written ° as: 


: hw; 4 TP —w; 
E (r,t) = id V QeoL? € a " ay (14) 


with w; =c x k;. When this operator acts on the ket (11), all the i terms lead to a zero 
result, except for the 7 = 1 and i = 2 terms. For these two terms, we have a;|1)1,2) = |0), 
so that (11) and (12) lead to: 





E)(r, t)|) = [er Ex(r, t) + ce Ea(r, t)] |0) (15) 





4 Another possibility would be to use Gaussian wave packets with the same focal point, having in the 
vicinity of that point plane wave structures with wave vectors k; and kg, and lateral extensions very 
large compared to the wavelengths 27/k, and 27/k2. 

5For the sake of simplicity, we ignore polarization variables of the field. 
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The probability for detecting the photon at point r and time ¢t is proportional to the 
square of norm of this ket, written as: 


(EO (r, DEO (r, )hb) = |er€r(r,t) + eo€a(r,t)| (16) 


The equality includes square and cross terms. The square terms can be written, taking 
(13) into account: 


leiEi(r, t)? = leFi(r, t)/? (17) 
and they vary slowly as a function of r and t. The crossed terms are expressed as: 
ccs Ex(r, HES (r,t) +e.c. = cick Fi(r,t) Fy (r,t) exp{i[(ki — ke)-r)]}+c.c. (18) 


and exhibit spatial modulations characteristic of interference phenomena (c.c. stands for 
complex conjugate). 


Y. Discussion 


Relation (16) shows that the photodetection signal is the squared modulus of the 
sum of two amplitudes, c,E1(r,t) and c2€2(r,t), which interfere. Amplitude c,€,(r,t) is 
the amplitude for detecting at point r and time t the photon in mode |1)1); it is equal to 
the amplitude c; of finding the field in state |y), multiplied by the amplitude €;(r,t) for 
detecting the photon at point r and time t when the field is in state |¢,). The amplitude 
c2€(r,t) is interpreted in a similar way. During the detection process, the field goes 
from state |q) written in (11) to the vacuum state |0) following two possible paths: the 
photon is absorbed either while in mode |w1), or while in mode |wW2). As nothing allows 
deciding which path the system followed, the two corresponding amplitudes interfere. 
This confirms what we stated above: in the quantum theory of radiation, the interfer- 
ence fringes observed on a photodetector signal are associated with the interference, not 
between two classical electromagnetic waves, but rather between two transition ampli- 
tudes corresponding to different paths (leading the system from the same initial state to 
the same final state). 


2-c. Interference signals for a product of two one-photon wave packets 


Let us generalize this type of interpretation, in terms of transition amplitudes, 
to interference experiments involving two photons and where one measures correlations 
between signals coming from two photodetectors. 


Q. State vector for the two photons 


We now assume the field contains two photons, and can be described as the product 
of two wave packets such as the one written in (1): 


lia) = f ae cit) pave co(k’) ata, [0) (19) 


Is it possible to observe spatial and temporal modulations on the signals wy; and wy; 
coming from one or two detectors placed in that field? We are going to show that the 
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answer to that question is “no” if one considers only single photodetections, but “yes” if 
one takes into account the correlations between double photon detections. 

We assume the two wave packets in (19) to be well separated: there exists no 
overlap between the domain D, where the function c;(k) is different from zero and the 
domain D2 where the function c2(k) is non-zero. Let us introduce the matrix element 
that generalizes relation (8) to the two-photon case: 


O/B (r,t) BO (r',t) bi) (20) 


We now insert in that expression the plane mode expansion (14) for both electric field 
operators. To yield a non-zero result, the annihilation operators appearing in these fields 
must act on a mode that, according to (19), contains one photon. This means that 
either the mode selected in E‘*)(r,t) belongs to the D,; domain and the one selected in 
E“)(r’,t') to the Dz domain, or the inverse. In the first case, the scalar product of the 
vacuum bra and the modes that came into play yields the detection amplitude €2(r’, t’) 
associated with the second wave packet, multiplied by the detection amplitude €1 (r,t) 
associated with the first one. In the second case, the wave packets are inverted. The 
final result is: 


(EO (r,t) EO (n't) biz) = Ex(r,t) Ea(r’t') + Ea(r,t) Err’ t+) (21) 


where the functions €; and €2 are the detection amplitudes associated, as defined in (8), 
with the two individual wave packets included in |q)j2). 


GB. Single photodetection signal wr(r,t) 


To get the single photodetection signal, we first compute the result of the action 
on state (19) of the field positive frequency component E+) (r’, t’). As we argued above, 
to yield a non-zero result, this operator must destroy a photon, either in a mode for 
which c;(k) is non-zero, or in a mode for which c2(k) is non-zero. In the first case, the 
summation over all the modes involved reconstructs the function €(r’,t’) multiplied by 
the vacuum ket associated with these modes; the modes of the other wave packet remain 
unchanged. In the second case, the two wave packets exchange roles and it is now the 
function €2(r’,t’) that is reconstructed. This leads to: 


EO (r',t)|\bi2) = 


fete’) fare co(k’) al,|0) + Ea(r’, t’ pee c1(k) ab |0) (22) 


The probability per unit time to detect a photon at point r’ and time ?’ is the square of 
this ket’s norm. The terms in |€,(r’,t’)|? and |€2(r’,t’)|? contain the square of the two 
wave packets’ norms, each equal to one; these terms do not oscillate, neither in space, 
nor in time. The cross terms are the only ones that could yield spatial and temporal 
modulations; they contain, however, the scalar product of the two wave packets, which 
is zero since we assumed the wave packets were orthogonal (there is no overlap between 
the two D,; and Dp domains). This means that, when the field is described by state (19), 
no interference fringes are observable in the signal of a single photodetector. 

The interpretation of this result is similar to the one we gave before. The system 
can follow two paths: either an absorption of a photon from the first wave packet, or an 
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absorption of a photon from the second. However, as opposed to what happens when 
the system started from the initial state (11), the final state of the field is not the same 
for these two paths: if a photon from the first wave packet has been absorbed, the final 
state includes a photon from the second wave packet. Consequently, the two final states 
associated with the two paths are orthogonal, and observing the field’s final state one 
could (in principle) determine which path the system has followed; this is why the two 
amplitudes cannot interfere. 


Comment: 


One could consider other states for the two modes, each containing several photons, as 
for example states |a1) ® |a2) where each mode is in a coherent state, characterized by a 
classical normal variable, a1 for mode {ki}, a2 for mode {kz}. We then know that state 
|a1) is an eigenstate of operator E‘+) (r,t) with an eigenvalue value EM (ar, r,t) equal 
to the positive frequency component of the classical field in mode {ki}, corresponding 
to the classical normal variable a; (Chapter XVIII, § B-2). A similar result is valid for 
state |a2): 


E (pr, t)lax) = EP (air, t)las) i= 1,2 (23) 
This leads to: 
BM (r,t)Jer,a2) = [EL (a,x, 8) + £5 (a2,7,1)] lar, a2) (24) 


The probability of detecting a photon at point r and time t is equal to the square of the 
norm of ket (24). It is proportional to: 


2: 
EM (an, r,t) + EQ? (a2, 7,1) 





As this is the squared modulus of the sum of two classical fields, it is the usual interference 
signal of classical fields. As opposed to what we found before for the radiation state (19), 
when the two modes are in coherent states, the one-photon detection signal exhibit 
interference. This is an illustration of the quasi-classical character of coherent states. 


y. Double photodetection signal wrr(rp,te,Ta;ta) 


Assuming, as above, the field initial state is given by (19), we now focus on the 
probability wrr(rg,tp,ra,ta) (per double unit time) that a detector, placed at ra, 
detects a photon at time ¢, and that another detector, placed at rg, detects a photon at 
time tg. This probability is proportional to the correlation function (Complement Bxx, 
§ 2-d): 


(i2]EO (ra, taJEO (re, ta)EO (rg, ta)E (ra, ta)lv2) (25) 
Since |y12) contains only two photons, we can insert in the middle of this expression the 
projector onto the vacuum state, which leads to the squared modulus of expression (21). 
We obtain: 


wir(rp,te;ra,ta) « |€2(re,te)E(ra,ta) + Ex(rp, ta)E(ra,ta)| (26) 
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In addition to the square terms |€9(rp,tp)Ei(ra, ta)|? and |€i(rp,tp)€2(ra, fale: which 
have a slow variation with r4, rg, ta, tg, we get cross terms: 


Ei\(rp, tpet(ra, ta)€o(r4,ta)Es (rp, tp) + ¢.c. 


which do have spatial and temporal modulations. If, for example, the first wave packet 
is centered around the values k; and w 1, and the second one around the values kz and 
W2, these modulations are of the form: 


exp {i[(e —ka)- (ra —1p) — (w1 — w2)(ta —ta)| \ +c.c. (27) 


This result is not in contradiction with the fact that the probability of detecting a photon 
at r4, ta, or at rp, tg varies slowly with these variables: once a first photon has been 
detected at r4,t,, the probability to detect another one at rp,tg varies sinusoidally 
with rg —Trp and ty —tp. 


(i) Discussion 

The amplitude whose squared modulus appears on the right-hand side of (26) is 
the sum of two amplitudes associated with two possible paths leading the system from 
the initial state |W12) (containing two photons) to the same final state |0) (where all 
the modes are empty). Along the first path, with amplitude €2(rg,tgp)€1(ra,ta), the 
k, mode photon is absorbed at r4,t,4 and the kz mode photon is absorbed at rg,tp. 
Along the second path, with amplitude €)(rg,tg)€2(r4,ta), the opposite happens: the 
kg mode photon is absorbed at r4,t,4 and the k, mode photon is absorbed at rg,tp. As 
explained before (§ 2-b), interference occurs between the different transition amplitudes 
associated with two possible paths leading the system from the same initial state to the 
same final state, as long as there is no way one can determine which path is actually 
followed. 


(ii) Another interpretation 
The photodetection signal (25) can also be written in the form: 


(balB (rp, tp) EB (rp, ta)|Va) (28) 
with: 
|ya) = BO (rg, ta)|vr2) 
2 [evtrasta) f aes’ cx(k') ah |0) + a(ra,ta) f ae c1(k) at |0) (29) 


where, in the second line, we used relation (22). Signal (28) can be interpreted as the 
probability of detecting a photon when the field is that state |~,4) where the photon has 
a probability amplitude €,(r4,¢4) to be in the wave packet with amplitude c2(k’), and 
a probability amplitude €2(r,4,t,) to be in the other wave packet with amplitude cj(k). 
This situation is quite similar to that encountered in § 2-b-a, where we showed that the 
photodetection probability of a photon in state (11) exhibits modulations. 

In other words, we started from a state |¢12) with no coherence. It is the detection 
of a first photon that introduces the state (29) where a second photon is now in a 
coherent superposition, the coherence arising from the fact that the detected photon 
can come either from the first wave packet, or from the second. The coefficients of the 
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superposition (29) depend on the point r,4 and the instant t4 where the detection of the 
first photon occurred. In this description of the phenomena, it is the first detection that 
introduces quantum correlations between the two modes, and the dependence of these 
correlations on r4 and t, explains why the probability of the second detection oscillates 
as a function of rg — r,g and tp — ty. 


3. Absorption amplitude of a photon by an atom 


We now replace the broadband photodetector by an atom with two discrete levels, a 
ground level a and an excited level b. This atom is placed at r = O, and interacts with 
the same wave packet |w) as that written in (1). We propose to compute the probability 
amplitude for the atom, initially in state a, to absorb the incident photon and be found 
in state b at time t. 


3-a. Computation of the amplitude 


The initial and final states of the process under study are: 


lin) = |a; w) lan) = |b; 0) (30) 


since the absorption of the photon transfers the radiation from state |W) to the vacuum 
|0). According to relation (B-4) in Chapter XX, the amplitude we are looking for is, to 
first order in Hy: 


t 


(eal, —00)l¥in) = = ff at! (Won H(t) fin) (31) 


—co 


where the bar above the operators indicates they are expressed in the interaction picture, 
with respect to the non-perturbed Hamiltonian. 
The interaction Hamiltonian H7 is given by®: 


Hy; = —DE™)(r = 0) (32) 
The matrix element of H;(t’) appearing in (31) equals: 
(sin H(t’) |tbin) = —De™*" (0, EM (r = 0, t’) |) (33) 


In this equality, D = (b|D|a), wo = (E_— E,)/h is the frequency of the atomic transition, 
and E+)(r = 0,t') the electric field positive frequency component in the interaction 
representation. Using notation (8) for the matrix element on the right-hand side of (33), 
we get: 


(rin H(t!) |thin) = —D eo" E(r = 0,1’) (34) 
which allows rewriting the absorption amplitude (31) as: 


t 
(UinlT(t, -co)lvin) =—-Z fat! eM Er = 0,2" (35) 


—Co 





6 As we have ignored the radiation polarization degrees of freedom, we also ignore here the vector 
character of the atomic dipole D. Operator D appearing in (32) is actually the projection of D onto 
the radiation polarization vector. 
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The quantity —D€(r = 0,t’) that appears in this expression can be considered to be the 
interaction Hamiltonian between the atomic dipole D and a classical field E(r = 0,t’). 
The field E(r = 0,¢’) thus appears as the classical field that would yield the same 
transition amplitude between the two atomic states a and b as a quantum field, when 
the radiation is in a one-photon wave packet described by c(k). 


3-b. Properties of that amplitude 


Let us return to the wave packet in infinite space (1) and use relation (8) to get 
the probability amplitude for the detection of the photon at point r = 0. Describing 
the field operator (4) with an integral over d°k’ instead of d°k, and using it in (1), the 
commutation of operators a(k’) and at(k) leads to a 6(k — k’) function. This leads to: 


(JE (r = 0,t') |) = E(r = 0,t') = ani [eve 4/ = c(k)e~ (36) 


where w, = ck. As c(k) is centered around an average wave vector k,,, assumed very 
large compared to the width Ak of c(k), amplitude (36) can be written as: 


E(r =0,t') = em" F(t’) (37) 


which is the product of a carrier wave of frequency wy», = ckm by an envelope F(t’). This 
latter function has a ¢’ variation that is slower than the preceding exponential; it can, 
for example, follow a bell-shaped curve, centered at t = 0 and with width At ~ 1/cAk. 
Inserting (37) into (35), we get: 


t 


GOGO a / dt! ei(o—¥m)t” 0, (4!) (38) 


where (; (t’) is the instantaneous Rabi frequency defined as: 
AQ, (t') = —DF(t’) (39) 


Equation (38) allows understanding the behavior of the absorption amplitude of 
the photon when t increases from —oo to +00. As long as t < —At, both functions E(t’) 
and 2; (t’) are zero; the incident wave packet has not yet reached the atom’s vicinity and 
no photon absorption can occur. As ¢ increases from —At/2 to +At/2, the wave packet 
crosses the atom, and the integral in (38) becomes larger. When t >> +At, the wave 
packet has left the atom; the absorption amplitude remains constant and equal to: 


ins +00 / ’ 
Cees ( dt! eilo—em)"" 0 (4) (40) 


— oo 


This expression yields the probability amplitude for a photon to have been absorbed once 
the wave packet has crossed the atom. This confirms the results of Chapter XX, but in 
the present approach we did not have to artificially introduce any initial or final times 
for the process. 

Let us evaluate an order of magnitude for the amplitude (40). Assume first that 
Wm = Wo (resonant wave packet). The integral in (40) is then of the order of (Q7**At, 
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where (}°°* is the maximum value reached by the Rabi frequency when the atom is at 
the center of the wave packet, and the envelope F(t’) takes on its largest value. When 
Wm # Wo (off-resonance wave packet), the absorption amplitude is weaker. According to 
(40), this amplitude is actually the Fourier transform of )(t’) at frequency wo — wm. 
This result simply expresses energy conservation: for the incident photon to be absorbed, 
its frequency must be equal to the atomic transition frequency. However, as the field 
envelope varies over time intervals of the order of At, the photon average frequency does 
not have to be strictly equal to the atomic frequency; the two frequencies must be equal 
to within Aw ~ 1/At. 


4. Scattering of a wave packet 


We now study a process involving two atoms: a wave packet impinges on an atom A 
placed at r4 on the z axis; after interacting with it, the wave packet is scattered in all 
directions, and then interacts with a second atom B placed at rg. The incident wave 
packet, propagating along the Oz direction, is described by the function c(k)e~*. As 
before, we have two main goals. The first one is, while assimilating atom B with a 
device for measuring the photon scattered by A, to confirm the interpretation of E(r, t) 
as a detection amplitude of a photon at point rg. The second goal is to study the time 
dependence of the scattering process itself. 

We shall first study the spatial and temporal dependence of the scattered wave 
packet, in particular when the central frequency w,, of the incident wave packet is close to 
the resonant frequency wo of the scattering atom. We shall then compute the probability 
amplitude for the scattered wave packet to have excited at time t the atom B from its 
ground state a to its excited state b. As in § 1, we will associate with this amplitude a 
spatial wave packet describing the passage of the scattered wave packet by point rz. 


4-a. Absorption amplitude by atom B of the photon scattered by atom A 


We first consider a photon with a wave vector k,; parallel to the z axis, and a 
frequency w; = ck;. We are looking for the probability amplitude (k;|S|k,;) for this 
photon to be scattered by atom A located at r4 from state k; to state kp. This amplitude 
is given by relation (E-3) of Chapter XX, where we only take into account the resonant 
@ processes (we assume the incident photon frequency to be fairly close to the atomic 
resonant frequency): 


(ks|S|ki) = (Wan|U (At, 0)|hin) 
= —27i AY,(Bin) 649 (Bin — Hin) = BSA (wy — wi) (41) 


In this relation, Af;(Hin) is obtained from relation (E-4) in Chapter XX (here again we 
assume that the radiation is contained in a box of volume L?): 





h /oiwy (aley - D\c)(cle; - D\a) Ripe foe, 
etl a f) A 


° (Ey) = 42 
fi(Fin) QeoL Bo hiag Es, ?) 
where we have assumed that only one level c contributes, which explains why the sum 
over c has been suppressed; this is correct if the frequency of the radiation is close to the 


resonance frequency of one a + c transition, but far from all the other resonances. Note 
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that we have added to the right-hand side an exponential factor that comes from the 
spatial dependence of the electric field: in this complement, as in Chapter XX, we treat 
the atom’s position r, classically, but we no longer assume the atom to be placed at the 
coordinate origin. Expression (42) is a product of two matrix elements of the interaction 
Hamiltonian, one for the absorption of the k; photon, the other for the emission of the ky 
photon, divided by a common energy denominator. The function 64 (ws — w;) simply 
expresses energy conservation, within h/At, for the elastic scattering process, as was the 
case, for example, in §§ B-1-b and E-1-b of Chapter XX. We assume that the interaction 
time At is sufficiently long for this function to be assimilated to a real delta function 
b(wy — w;). 

The coefficient B introduced in the second equality (41) is proportional to expres- 
sion (42); it contains the product of two matrix elements, which depends on the polar 
angles § and of the vector ky with respect to the direction of k;. We characterize this 
dependence by a function f(k,6,y), with: 


k = |ka| = |k| (43) 


As we assumed the frequency w,; of the incident photon to be close to resonance, we can 
use the results of § C-2 in Chapter XX concerning resonant scattering. As in relation 
(E-11) of that chapter, we write the energy denominator in the form w,; — wo + «I'/2, 
where [ is the natural width of the excited state of the scattering atom A. Amplitude 
(41) then becomes: 


f(k, 9, ) 


k k;) = oo 
( #0] i) Ck Ww; — Wo + 10/2 


eil(ki—ky) 7] 5 (wy — ws) (44) 
where Cy is a coefficient proportional to k. 

We now move to the next stage, the interaction of atom B with the ky photon. 
As in (33), it is described by a matrix element (here again, we must add an exponential 
factor to account for the fact that atom B is not at the coordinate origin, but at point 
rp): 


—Deivot! JEM (rp, t')\a; kp) x ebkr ta ei(wo—wys)t! (45) 


We are now looking for the amplitude at time ¢ of the complete process, scattering by 
A of the k; photon, with an amplitude given by (44), and absorption by B, with an 
amplitude given by (45). Consequently, we multiply these two amplitudes and sum the 
product over all the possible ky vectors for the scattered photon, and over the linear 
combination of states k; forming the incident wave packet. 


4-b. Wave packet scattered by atom A 
To study the properties of the wave packet scattered by atom A, we successively 


carry out the two summations. 


Qa. Summation over all possible directions of the scattered photon 


Let us start with the summation over k;. Taking into account the function 6(w — 
w;) appearing in (44), the summation over the modulus of ky leads to: 


kp =k =k (46) 
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Regrouping the ky dependent terms in (44) and (45), we find that the summation over 
the directions of ky introduces the angular integral: 


/ dO f(RiG)e) ef Was) (47) 


The summation over the polar angles 0, y of the exponentials describing the phase shift 
between r4 and rg of all the plane waves ky yields a spherical wave centered at r 4: 


tkr 





[eo FRO, Cen CB Pal ick f(k, 0p, 0B) — with r=(|rg-Ta| (48) 


7 
where 6g and yp are the polar angles of vector rg —r, with respect to the direction k,; 
of the incident photon. The right-hand side of (48) is reminiscent of a classical result in 
collision theory — see for example relation (B-12) of Chapter VIII. This means that the 
sum of all the plane waves scattered by atom A located at r,4 has the structure of an 
outgoing spherical wave with the same wave number k as the ky waves it is composed 
of. The amplitude of this spherical wave varies as 1/r, which ensures that the outgoing 
energy across a sphere of radius r and surface 4rr? does not depend on r. 

The fact that the polar angles 6g and yg appearing on the right-hand side of (48) 
are those of vector rg —r, can be understood by stationary phase arguments. The phase 
factor e’*s'(re-"4) associated with the scattered wave ky is equal to e*" °° °F, where af 
is the angle between ky and rg — rag. Since kr > 1, this phase factor has a very rapid 
variation with ay, except in the vicinity of points where cos ay is stationary with respect 
to af, i.e. when af = 0 for the outgoing wave. The angular integral (47) therefore gets 
most of its contribution from values of the angles that are close to the polar angles 6g 
and yp of vector rg — ry. 

Taking (48) into account, we deduce from (44) and(45): 


= etkr 1 : : 

b:O|/H7(t')la: kr) (k k; k.0 Se Bt rg pi(wo—w)t 
See: Sh) & Fb Bo, 8) ay 

f 


(49) 


where we have replaced w; and wy by w. 


B. Summation over the energies 


The initial state of the scattering process is a superposition of states |k;) multiplied 
by c(k,;). We consider a one-dimensional wave packet, propagating along the Oz axis. 
With a proper choice of the coordinate origin, we can assume atom A is located at r = 0, 
which amounts to replacing r4 by 0. As before, we assume c(k) is real, so that at t = 0, 
the wave packet is centered at the position r = 0 of the scattering atom A. 

We now multiply (49) by c(k), integrate over k, and over the time t’ from —oo to t. 
The amplitude of the absorption by atom B, at time ¢, of the photon scattered by atom 
A is therefore proportional to: 


iwr/c 1 sta 
< ae (50) 


t 
dt’ cio" J dwe 6 a 
iz : / alee Tee ee) r w—wotil/2 
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where we have replaced the integral variable k by w = ck. 

Let us compare (50) and (35). The integral over w appearing in the integral over 
t’ in (50) can be interpreted as the classical field scattered at time t’ and at a distance r 
from point O along an axis with polar angles 03, yp: 


iwr/c 1 ta 
i 6 t! dw ¢ 0 ee 5 eet 51 
Eait(T, OB, 9B, )x | w cw)w f(w, 4B, yz) e omg * (51) 


It will be useful for what follows to regroup the two exponentials of (50) and to set: 
t=t'—r/e (52) 


We then get: 


1 1 wg 
Eaiee(1, Oz, YB, t’) a [rw c(w)w f(w, Oz, YB) a (53) 


rw wo +i/2~ 


which means that the wave packet scattered along the direction 0g, 8 moves at velocity 
c, and that its amplitude decreases as 1/r. 


Y. Spatial and temporal dependence of the scattered wave packet 


We now assume that the frequency width Aw of the incident wave packet is much 
smaller than its average frequency Wn: 


Aw K Wm (54) 


but we do not make any hypothesis concerning the relative values of Aw and I. The 
factor \/w appearing in the previous relations can now be replaced by \/wm, and comes 
out of the integral. We can also neglect the variations with w of f(w,4p, yg) over the 
I. interval where the function (w — wo + i'/2)~! varies significantly. The scattered 
field Eaig(r,#) can then been seen as the temporal Fourier transform of the product of 
two functions c(w) and (w — wo + iT'/2)~+. This field is the convolution of the Fourier 
transforms of these two functions of w. Taking into account (36) and (37), the Fourier 
transform of the first function is: 


ew) <> E(t) = e~* F(E) (55) 


For the second function, we get: 


1 


Be —iwot 0 i —Tt/2 56 
wut re (te (56) 


where @(t) is the Heaviside function, equal to 1 for t > 0, and to 0 for t < 0. This leads 
to: 


hs 1 +00 ; / 7 _ : 
Eaise(1, t) x - | dre “’™™ Fir) ge) O(t —T) grt? (57) 
r 


—oo 
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é. Study of two limiting cases 


Two interesting cases occur when the width Aw of the incident wave packet is 
either very large or very small compared to the natural width T of the excited state of 
atom A. 


Aw > T limit 
The incident wave packet passes through a given point in a time 1/Aw that is very 
short compared to the radiative lifetime 1/T of the excited state. The envelope F(r) of 
the incident wave packet is different from zero only during a time interval much shorter 
than the characteristic times of the Fourier transform of (w— wo +iI'/2)~'. We can thus 
set T = 0 in the last two terms of (57), which yields: 


is 1 HO 4 Seek . 
Eaist(r, t) x Z / dr ei(wo-wm)r F()| jee A(t) eh) (58) 


—co 


The term in the first bracket is proportional to the excitation amplitude of the scattering 
atom by the incident wave packet. The second bracket describes a free oscillation at the 
atomic frequency wo, starting at time t = 0 and damped over a time 2/T. 

The physical meaning of this result is as follows. The incident wave packet spends a 
very short time near atom A, and hence excites it in a percussive manner before moving 
away with velocity c. Once the incident wave packet is gone, the atomic dipole thus 
excited oscillates freely at frequency wo, until it is damped by spontaneous emission. This 
situation is the analog of the percussive excitation of an oscillator in classical mechanics. 


Aw <T limit 
We can now replace in (57) the function F(r) by F(t) as t—7 cannot be larger, in 
modulus, than 1/I’. This is because of the presence of the last exponential term in (57) 
and the fact that, when Aw <I, the envelope of €(é) varies very slowly over that time 
interval. One can then rewrite (57) in the form: 


pte sant - : 
Eaist (1, t) x Roe ey dr eltm(t—7) e-twolt—7) Of — 7) e-TE-7)/2) (59) 


—oo 


Let us make the change of variable r’ = t — 7 in the integral over r. Taking (56) into 
account, we see that this integral is actually the Fourier transform of e~*#°7 (r/)e~!7 /? 
calculated at w»,, which is (wm, — wo + i /2)~+. This leads to: 


1 


Eat (1, t F(t SE a a 
add)oe We Wm — Wo + iT /2 


(60) 


The physical meaning of this result is as follows. When Aw <I, the wave packet 
takes a long time passing atom A, whose dipole undergoes forced oscillation at the fre- 
quency Wy. It thus emits radiation at the same frequency, with an amplitude that follows 
adiabatically the slow variation of the envelope F(t) of the incident wave packet; this 
explains the first term in (60). The second term describes the linear response of the 
dipole with eigenfrequency wo and damping time 2/T to an excitation of frequency wy. 
In this case, the oscillator’s amplitude follows adiabatically the excitation’s amplitude. 
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5. Example of wave packets with two entangled photons 


In § 2-c, we considered two-photon states that were tensor products of two one-photon 
wave packets; the two photons described by these states were not entangled. There 
obviously exist a number of two-photon states that cannot be described in the form of 
a product of two one-photon states, and which thus describe entangled photons. In this 
last section, we shall focus on such an example where the entangled photons appear in 
an optical nonlinear process, called parametric down-conversion. This process has the 
advantage of producing pairs of photons bunched in time. Detecting one photon of the 
pair at a given time t allows predicting the second photon will be detected to within a 
very short time interval. 


5-a. Parametric down-conversion 


Computations involved in parametric down-conversion are similar to computations 
we already discussed. We shall simply outline the general ideas allowing a physical un- 
derstanding of the process, without going into details that would unnecessarily lengthen 
the present complement. 


Q. Description of the process 


In § E-1 of Chapter XX, we studied the elastic scattering of a photon by an atom. 
Figures 2 and 3 of Chapter XX show two possible diagrams representing such a process: 
an incident photon with angular frequency w; is absorbed and an wy photon emitted 
while the atom goes back to its initial level. Energy conservation of the total system 
atom + photon requires that w; = wy. In the present complement, we study a nonlinear 
scattering process during which, as before, an incident photon of angular frequency wo 
is absorbed by an atom in state a, but where there are now two photons with angular 
frequencies w,; and wz that are emitted. At the end of the scattering process the atom 
returns to state a; energy conservation now requires that wo = w; + w2. Figure 1 gives 
two possible representations of such a process, analogous to those of Figure 2.a and 3.a 
in Chapter XX. 

Several temporal orders are possible for the absorption and emission processes. For 
example, Figures 3.a and 3.6 of Chapter XX do not have the same temporal order for the 
absorption and emission occurring in the scattering of one photon. For the three-photon 
process considered here, including one absorption and two emissions, 3! = 6 possible 
temporal orders should, a priori, be considered; Figure 1 represents only one of these six 
possible orders. 


B. Scattering amplitude 


The principle for calculating the scattering amplitude of parametric down-conversion 
is similar to the one that led us to formulas (E-3) to (E-5) of Chapter XX, but involves 
now three, instead of two, interactions with the field; two relay states (instead of one) 
come into play. As an example, for the process represented in Figure 1, we must consider 
the following states: 

e initial state: |a;wo), with energy Fi, = Eq + hwo 


e first relay state: |b;0), with energy Fy 1 = Ep 
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Figure 1: An incident photon, with angular frequency wo is scattered by an atomic system 
in the initial state a. At the end of the scattering process, the atomic system has returned 
to state a, while two new photons have appeared with angular frequencies w, and wo. 
Energy conservation requires that wo = w, + wa. In the left hand side of the figure, the 
absorption (emission) processes are represented with upwards (downwards) arrows; in the 
right-hand side, these processes are shown with incoming (outgoing) wiggly arrows that 
also symbolize the photon propagation. 





e second relay state: |c;w1), with energy Eye 2 = FE. + hwy 
e final state: |a;w1,w2), with energy Egn = Ey + hwy + hw 


The probability amplitude associated with this process is obtained by generalizing rela- 
tion (E-4) of Chapter XX. Within a constant and non-significant factor, it is the product 
of a function 6(w1+w2 —wgy), imposing energy conservation’, by the following expression: 


fos (ale3 - D\c) (cle{ - D|b)(bleo - Dia) 
—({>—s}  Veowiwe 1 
(sz) aes » (Ea + fun — E.)(Ea + fury — Ey) 6) 


where €9, €; and €2 are, respectively, the polarizations of the photons of frequencies wo, 
w, and wz. Compared to relation (E-4) of Chapter XX, expression (61) now contains 
three (instead of two) matrix elements in the numerator, and two (instead of one) energy 
denominators containing the differences in energy between the initial state and either the 
relay 1 or the relay 2 state. 

Six similar amplitudes can be written, generalizing equations (E-3) to (E-5) of 
Chapter XX and corresponding to different temporal orders for the absorption and emis- 
sion processes. Once they have been added, one must also sum these amplitudes over all 








7 As in § 4-a, we assume the total interaction time At to be sufficiently long for the function 6(44 
to be assimilated to a real delta function. 
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the atomic relay states b and c. All the contributions to the total amplitude contain the 
same function 6(w1 + w2 — wo). 

The final state of the system “atom + radiation” at the end of the scattering 
process is the sum over w, and w» of the components thus obtained, with the condition 
W1 + W2 = wo. It can be written: 


|) = |a) @ lve) (62) 
where: 
lee) = D> d(w1 + w2 — wo) g(ki, ke)|ki, ke) (63) 
ki, ko 


with w12 = c|ki,2|. This state cannot be written as the product of two field states; it is 
therefore entangled (see Chapter XXI). 

The function g(k;,k2) characterizing the field state is the result of the w; and we 
dependence of the scattering amplitudes, as well as of the density of final states appearing 
in the summations over the continuums® w; and we (summation over the moduli of the 
two vectors k; and kz). We assume here that the energies of all the relay states are 
far away from any resonance, so that the g(ki,k2) dependence on |k;| and |k2| does 
not present any kind of narrow structure. In other words, all the energy differences 
AE = Eix — Eye, in the denominators of the scattering amplitudes are of the order of 
a fraction of an optical frequency. We mentioned in comment (i) at the end of § 1 in 
Complement Axx that the time spent in a relay state during the scattering process is, 
according to the time-energy uncertainty relation, of the order of h/|AE|. This means 
that the times separating the emission of the two photons w; and wz cannot differ by more 
than a few optical periods, i.e. a few tens of femtoseconds. This qualitative argument 
shows that the two photons w; and wz are emitted quasi-simultaneously. 


Comment: 


If the interaction Hamiltonian appearing in the three matrix elements of the scattering 
amplitude is the electric dipole Hamiltonian, and if the atomic states have a well defined 
parity, this atomic parity changes with each interaction. After the three interactions, the 
parity is therefore changed, which forbids the final atomic state to be the same as the 
initial state. Consequently, the parametric down-conversion process we just studied can 
occur only when the atomic states do not have a well defined parity. Such a situation is 
encountered when the atomic Hamiltonian is not invariant upon reflection. This happens 
for example when the atom is inserted in a crystal where the local crystalline field, which 
has the symmetry of an external electric field, is not invariant upon spatial reflection. 


5-b. Temporal correlations between the two photons generated in parametric 
down-conversion 


We now compute the double detection signal from the two photons generated in 
parametric down-conversion. The experiment we analyze is schematized in Figure 2. An 
incident pump beam, with frequency wo, propagates along a direction with unit vector 





8Two continuums of final states come into play in this problem, but the condition wi + we = wo 
reduces it to one. 
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Figure 2: A pump beam with angular frequency wo, propagating along a direction with unit 
vector Ug, impinges on a nonlinear crystal placed in O. The parametric down-conversion 
process generates two beams of frequencies w, and we, with w, + wz = wo. Diaphragms 
allow fixing the directions u, and Ug of these two beams. The two detectors D, and D2 
register the arrivals of the photons and permit studying their temporal correlations. 





ug, and impinges onto a nonlinear crystal O containing atoms performing the conversion. 
Two diaphragms placed in front of the two detectors D, and Dz, allow selecting two 
directions, with unit vectors wu; and ue, for the two beams generated by parametric 
down-conversion. 

We focus on the temporal, rather than spatial, aspect of the phenomenon. For the 
sake of simplicity, we assume that the three field states appearing in Figure 2 are plane 
waves, infinite in the two transverse directions. The only variable characterizing the 
modes involved is therefore the longitudinal component of the vector k or, equivalently, 
the frequency w. The incident photon is described by a wave packet, characterized in 
frequency space by a real function c(wo), centered at w®, and of width Awy < w?,. The 
center of the incident wave packet arrives at crystal O at time t = 0, and passes through 
it in a time of the order of: 


At ~ 1/cAk = 1/Awo (64) 


The two-photon wave packet generated by parametric down-conversion is described by 
an expression similar to (63), in which we now use the variables w; 2 = c|kj,2|; this wave 
packet depends, to a certain extent, on w; and we via the function g(wy, we). 


Q. Double photodetection signal wr1(11,t; r2,t + T) 


We first compute the absorption amplitude of the two photons®, one at time t by 
detector D, located at r;, the other at time t+ 7 by detector Dz located at ra: 


h 
|B (ro, t+ 7) BO (r,t) br) = QeoL3 » SS c(wo) Vwiwe g(w1,w2) 


Wo W1,W2 


x eilk2 r2—-wa(tt7)] gine 6(wy + We —- wo) (65) 





©The signal wz; is the squared modulus of this amplitude. 
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In this equation, k, and kg are the wave vectors of the two photons propagating freely 
along uw; and uz. We note L; and Lz the distances between O and D,, O and Dz, and 
define T; = L,/c and T2 = L2/c as the times taken by the photons to travel these two 
distances. We have: 


I 


Wy 
ky ry = — Ly = 1 T 
c 


ko “T2> Lp = wT (66) 


so that (65) can be rewritten in the form: 


(EM (ra, t+r)Et ry, t)|vr) = DE on S- ye C(wo) Vwiwe g(w1, we) 


WO W1,W2 


x eiv2lTa—t—7] piu [Ti —¢] 6(wy + we — wo) (67) 


We now replace the two variables w; and wz by a single variable dw by setting: 


w 
wi = > + bw 


Condition w, + wg = wo is then automatically satisfied, so that the delta function ap- 
pearing on the second line of (67) is no longer necessary. The summation over w; and 
wa becomes a summation over dw, and the function g(w1,w2) is replaced by a function 
g(dw). If we assume, for the sake of simplicity, that T; = T> = T, we finally obtain: 


i 
+) two[T—t—T]/2_iwo[T—t] /2 
(EO (rg, t+ TBO (ry, t)]W) x % 5 78 2. clo) ol 1/2 eiwolT-t]/ 
Wo 
>> (> + dw) FP — 6w) G(dw) eb 7 (69) 
dw 


B. Discussion 


The 7 dependence of the on Sa signal is given by the summa- 
tion over dw on the second line of ( une to the continuous limit, it is there- 
fore the Fourier transform of ,/($% + “ — dw) x g(dw). Nevertheless, the product 

(S2 + dw) (SP — dw) varies - “iGaly iA dw and can be taken as constant, as can 
be the state densities introduced when replacing the discrete summation by an inepial, 
We also saw above (§ 5-a-@) that the variation of g as a function of w; and we, hence the 
variation of g(dw), is very slow as long as no resonant (or quasi-resonant) relay states are 
involved in the scattering process. We must thus take the Fourier transform of a func- 
tion of dw that has a very large width, of the order of a fraction of the optical frequency. 
This means that the double photodetection signal is different from zero only if the two 
photodetections are separated by a time interval of the order of a few optical periods. In 
other words, the two detections are always quasi-simultaneous. 

Consider now the summation over wo in the first line of (69). We are going to 
see that the t dependence of the signal involves time scales much longer than those 
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characterizing the variation with 7 of the signal w;;. To show this, we replace 7 by 0 on 
the right-hand side; after going to the continuous limit, we get: 


[oo c(wo) eo(T-*) (70) 


which is the Fourier transform of the incident wave packet. This packet arrives at point 
O at t = 0, and for the entire packet to pass that point, it takes a certain time Ag; 
this time interval At is much longer, in general, than the time characterizing the r 
dependence of signal w7;. Relation (70) thus indicates that both detectors yield (almost 
simultaneously) a signal at any time ¢ within a time interval At centered around t = T; 
this time corresponds to the arrivals at D, and D2 of the photons generated at O by 
the incident wave packet. But once a photon is detected by one of the detectors, the 
other photon is detected practically at the same instant by the other detector. Such a 
temporal correlation could not be predicted by a semiclassical treatment. 

These results remain valid when the parametric down-conversion process is pro- 
duced, not by a single incident photon described by a wave packet, but rather by a con- 
tinuous laser excitation. The two beams generated by the parametric down-conversion 
process then contain a series of pairs of photons, that are detected at the same instant; 
they are referred to as twin photons. 

Such twin beams can excite two-photon transitions in a much more efficient way 
than ordinary beams. This is because, in the absence of resonant relay states in the two- 
photon absorption process, an argument similar to that presented above shows that the 
two absorptions must be separated by a very short time interval (the two photons must 
interact quasi-simultaneously with the absorbing atom). The two incident photons must 
impinge on the atom at exactly the same time, which can be the case for twin beams 
(with ordinary beams, one can only observe two-photon absorptions due to accidental 
coincidences) 

In practice, radiation parametric down-conversion is often performed, not on an 
isolated atom, but rather on atoms or molecules in a solid. It is then imperative to take 
into account the interference between beams generated in different parts of the solid, 
and identify the conditions for getting a constructive interference. The refractive optical 
index of the medium in which the beams propagate then plays an important role, which 
leads to the so called phase matching condition. This discussion, outside the scope of the 
present complement, is treated in detail in quantum optics books [65] [66]. 
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CHAPTER XXI QUANTUM ENTANGLEMENT, MEASUREMENTS, BELL’S INEQUALITIES 





We discuss in this last chapter an essential concept of quantum mechanics, entan- 
glement. This will highlight a number of aspects of quantum mechanics that have no 
equivalent in classical physics. 


A. Introducing entanglement, goals of this chapter 


Consider two physical systems A and B, each having a state space €4 and Ep; they can 
be grouped into a total system A+B, whose state space is the tensor product E4 ® Ep. 
If we assume system A is described by a normalized quantum state |y,4) belonging to 
Ea, system B by a normalized quantum state |yg) belonging to its space state Ep, the 
ket |®) describing the total system is the tensor product: 


|®) = |) ® |xz) (A-1) 


In this case, each of the three physical systems A, B, and A+ B is described by a state 
vector, which is the most precise possible description in quantum mechanics. 

The situation is different when the state vector of the global system is no longer a 
simple product. Let us note |y,), |¢4), .., orthonormalized quantum states belonging to 
the state space Ey of the first system, and |x), |€g),..., orthonormalized quantum states 
belonging to the state space Eg of the second. We can then build products different from 
(A-1) for the state of the global system, for example: 


|®’) = |Ca) ® [fz) (A-2) 


Now, we can also, in view of the superposition principle, form any linear combination 
|W) of |®) and |®’), which will no longer be a simple product: 


|Y) = a|pa) ® Ixe) + 8 |Ca) @ [Ea) (A-3) 


In this relation, the complex coefficients a and 6 can take on any value, as long as they 
obey the normalization condition: 


lal? + |B|? =1 (A-4) 


We shall assume, however, that neither of these coefficients is zero so that (A-3) is not 
reduced to a simple product: 


af £0 (A-5) 


A state such as (A-3), which contains a coherent superposition of two (or more) com- 
ponents, each component being a product, is called an “entangled state”. The general 
property associated with these states is called “quantum entanglement”. It expresses the 
fact that the quantum state of each subsystem is, in a way, conditioned by the state of 
the other. 

In Complement Ey, we introduced the concept of a density operator, which pro- 
vides a more general description of a physical system than a state vector. The density 
operator of the total physical system A+ B, whose state vector is known, is simply the 
projector onto |W): 


pare = |¥) (| (A-6) 
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whose trace is equal to one: 
Tr {pasa} = (Y|V) =1 (A-7) 


When a physical system can be described by a state vector, it is said to be in a “pure 
state”. Its density operator obeys the relation: 


[patel = pare (A-8) 
and thus: 
Tr {[earal’} =1 (A-9) 


Under such conditions, we can choose to describe the total physical system either by its 
state vector |W), or by the density operator p44. We are going to show that this is no 
longer the case for the two subsystems A and B, for which only the density operator can 
be used. 

Imagine, for example, that we are only interested in measurements performed on 
subsystem A. We saw in § 5-b of Complement Eq that, when the total system is 
entangled as in (A-3), there generally does not exist any state vector belonging to E4 
that allows computing the probabilities of measurements performed solely on A. Instead, 
one must necessarily use a density operator p4 obtained by taking a partial trace (taken 
over the state space Eg of the non-observed system — we recall in § B-1 below how to 
compute the matrix elements of a partial trace): 


pa = Trp {pa+B} (A-10) 


Like operator (A-6), this operator is Hermitian, non-negative, and its trace is equal to 
one; it is however not the projector onto a single state vector. When the system is 
described by the entangled state (A-3), this density operator is given by: 


pa = lal’ lea) (pal + I6P IGa) (Cal (A-11) 


which is actually the sum of two projectors. Consequently, subsystem A is in state |y4) 
with a probability |a|*, and in state |¢4) with a probability ||’: as opposed to the state 
of A+ B, the quantum state of A is not known with certainty, but only with a certain 
probability. The density operator p, can be called a “statistical mixture”, underlying 
the fact that the results of measurements performed on A are predicted by computing 
averages on the (non-observed) properties of B. We then get the inequality: 


Tr {[pal’} <1 (A-12) 


where the equality occurs only if one of the two coefficients @ or 6 is zero; the equivalent 
of relation (A-9) is, in general, not satisfied by p4. Inequality (A-12) expresses the 
fact that, as the quantum state of A is known only in a statistical way, the quantum 
description of A is less precise than the description of the total system A+ B. This 
discussion can be easily generalized to the case where |W) is the superposition of, not 
only two components as in (A-3), but of three or more. 

We find ourselves in a situation that might look rather surprising, as it does not 
have any equivalent in classical physics. We do know that a perfect classical description 
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of the total system A+ B automatically implies that each of its two subsystems is also 
perfectly described. This is because a complete description of the state of the total 
system is simply the collection of all the complete descriptions of its subsystems. As an 
example, a perfect classical description of the solar system is simply the knowledge of all 
the positions and velocities of the planets, satellites, and all their constituent particles. 
In quantum mechanics, things are drastically different: the most precise description 
of the total system by a state vector (pure state) does not imply, in general, that its 
subsystems can be described with the same precision. This difference radically changes 
the usual relation between the parts and the whole of a physical system. Schrédinger, 
who first introduced in 1935 the words “quantum entanglement” commented on this new 
concept [67]: “As far as I am concerned, I would not call this property one but rather the 
characteristic trait of quantum mechanics, the one that enforces its entire departure from 
classical lines of thought. By the interaction, the two representatives [the quantum states] 
have become entangled... Another way of expressing the peculiar situation is: the best 
possible knowledge of a whole does not necessarily include the best possible knowledge of 
all its parts, even though they may be entirely separate and therefore virtually capable 
of being ‘best possibly known’ i.e., of possessing, each of them, a representative (state 
vector) of its own.” 

In a general way, when the state vector of a global system is not a simple product, 
and quantum entanglement occurs, the quantum predictions for observations on part of 
the system can become rather unexpected. This chapter will discuss a number of special 
physical effects related to quantum entanglement. As a general introduction, § B studies 
the simple case of two spin-1/2 systems entangled in a singlet state. This example is 
generalized, in § C, to any physical system, and we present some of the properties of 
entangled quantum states. The relations between entanglement and quantum measure- 
ments is discussed in § D, using in particular the ideal measurement scheme proposed by 
von Neumann. In § E, we describe an experiment where one tries to observe interference 
fringes of a particle going through a two-slit plate while determining at the same time 
which slit the particle went through; if this were possible, one would face a contradiction. 
However, a partial trace operation on an entangled state of the particle and the plate 
allows proving the coherence of the quantum formalism and illustrates an aspect of com- 
plementarity. Finally, § F discusses the relations between entanglement and quantum 
non-locality, in the framework of the general Einstein, Podolsky and Rosen argument, 
and of Bell’s theorem. 


B. Entangled states of two spin-1/2 systems 


We first discuss a very simple case, which will prove useful for the rest of the chapter: 
each of the two systems A and B is a spin 1/2; each state space €4 p is then spanned 
by the two eigenstates |+) of the spin component on the Oz axis. We assume these 
two states are entangled in a singlet state, such as the one written in relation (B-22) of 
Chapter X: 





\w) = [l4:+)@|B:-)-|4:-) @|B: +) 


2 
Hs -) = I-,+)] (B-1) 


Si- SI 
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(on the second line, we have simplified the notation, assuming that the first index in the 
ket refers to spin A, and the second to spin B). 


B-1. Singlet state, reduced density matrices 
In the basis of the 4 kets |+,+), |+,—), |-,+), |-,—) taken in that order, the 
matrix representing the density operator p4;p is written: 
0 0 00 
1] 0 1-10 
(pa+B) = 2 0-1 10 (B-2) 
0 0 00 


It is easy to check, performing a matrix product, that (p4.~)” = (pa,g), hence that 
relation (A-9) is verified: this means the total system is in a pure state. 

As indicated in § 5-b of Complement Ey, the matrix representing the density 
operator p, is obtained by taking a partial trace, i.e. by adding the matrix elements of 
(pa+p) that are diagonal with respect to the quantum numbers of the second spin (this 
amounts to summing over the states of the non-observed spin): 


(ma| palms) = 5° (ma,ma| pate |m'4,mp) (B-3) 


MB 


This leads to: 


(pa) = ; (4 :) (B-4) 


We then get: 
Sie 
(oa) =3 (61) (B-5) 


and thus Tr {( p aot = 1/2; this means that spin A is not in a pure state. By symmetry, 
the same result would obviously be found for (pg). Note that after taking the partial 
trace, all the non-diagonal elements (coherences) of (B-2) have completely disappeared. 
When they are considered as an isolated system, each of the two spins is in a “completely 
depolarized” state, and measuring its Oz spin component (or any of its spin component, 
for that matter) will yield the results + or — with the same probability 1/2. At the 
level of each individual spin, the minus sign that characterizes the entanglement of the 
state vector (B-1) becomes irrelevant; on the other hand, we are going to show that 
this entanglement yields very strong correlations between the results of measurements 
pertaining to both spins. 


B-2. Correlations 


Imagine now that we perform simultaneously measurements on both spins, the 
first one along a direction in the plane xOz, making an angle 64 with the Oz axis, the 
second along a direction in that same plane, making an angle 0g with Oz. The results 
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we are about to obtain will be important for the discussion of Bell’s theorem in § F-3-a. 
Relations (A-22) of Chapter IV (taking the angle » equal to zero and 0 = 64 z) yield 
the expressions for the eigenvectors of the measurements in the state spaces E4 and Ep: 


0 _ 6 
I+) = cos § |+) + sin § |-) 
_ 8 0 
lI-), = sin 5 |+) 4 cos 5 | ) (B-6) 





In the space of the two-spin states, the ket corresponding to a double + result of the 
measurement is written: 


04 Op 04 5 OB 
I+)o, @lt+)o, = cos Fe a |+,+) + cos op Sills |+,—) 


. Oa Op . O04 . OB 
+ sin —- cos = |—, +) + sin sin >-|-, -) (B-7) 


This means that, when the system is in the singlet state (B-1), the probability amplitude 
for obtaining this double result is: 





_ i 94., On .. Oa OB 
[(+lo, @ +lon| |v) = Fa cos = sin = — sin > cos > 
— — sin 94 — 9B oe (B-8) 


The probability of the result (+,-+) when measuring the components of both spins along 
the 64 and @, directions is therefore: 
1 04-86 
P14 (04,08) = 3 sin* —— (B-9) 
One can redo the same calculations for the three other possible pairs of results, 
(+,—), (-,+) and (—,—). This does not present any difficulty but it is easier to note 
that changing 04 into 04 +7 exchanges the two eigenkets of (B-6), and hence the results 
+ and — for the first spin A; the same operation can be done with the second spin B. 
We then make these changes in (B-9) and get the probabilities for the 4 possible results 
in the form: 





1 = 

Pee (04, 9B) = Pes (6.4, OB) = 5 sin” fa — tn 
1 = 

Peps 04, 9B = P_4+ 64,98 = | pg? G4 = OB B-10 
2 


2 


When both spins are measured, strong correlations between the results appear!. 
These correlations are the direct consequence of the entanglement present in the singlet 
state vector (B-1). 





1The probabilities cannot, in general, be factored. As an example, relation (B-10) shows that 
P++/P_+ is different from Py_/P__. This means that the ratio of the probabilities of obtaining 
for the first spin the result + or the result — depends on the state of the second spin, clearly showing 
correlations. 
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C. Entanglement between more general systems 


The concept of entanglement is obviously not limited to the singlet state of two spin-1/2 
particles. We now study how to characterize the presence of entanglement when the total 
system is in a pure state. 


C-1. Pure entangled states, notation 


We consider two quantum systems A and B belonging, respectively, to state spaces 
E, (with dimension P) and €g (with dimension Q). The normalized state vector |W) 
describing the total system A+ B belongs to the tensor product space €4 ® Eg, with 
dimension PQ. Some of the states |W) can be written as a simple product: 
|Y) = lea) ® lee) (C-1) 
where |p) and |yg) are any normalized kets of €4 and Eg, respectively. In such a case, 
the two physical subsystems A and B are not entangled; each of them, as well as the total 
state, can be described by a state vector (pure state). On the other hand, the majority 
of the states |W) cannot be factored this way, and must necessarily be written as a sum 
of products (the singlet state studied above is such an example); the two subsystems A 
and B are then entangled. 
It is not always obvious to guess from the expression of any given state vector |W’) 
if it can actually be written as a simple tensor product. This ket has, in general, P x Q 
components, and is expressed as: 
P Q 
[W) = Sod ene Ix) @ IB) (C-2) 
p=1q=1 
where the |%) as well as the |&%) are orthonormalized kets. Now if we expand the kets 
pa) and |p), appearing in the tensor product (C-1), onto the kets |y%) and |€4) as 


P Q 
lea) = Sep Ixy) and les) = >> 4q |€B) (C-3) 
p=1 q=l 


we obtain for a ket |) of the type (C-1): 


P Q 
|v) = xs ye Yq |x‘) ® |&B) (C-4) 
p=lq=l 
It is not obvious at all, just from the knowledge of the coefficients cp 4 of |W’), to know 
if they can be factored into an expression of this type, leading to a product as in (C-1). 
We present in the next section a systematic method for asserting if this factorization is 
possible and actually performing it. 


C-2. Presence (or absence) of entanglement: Schmidt decomposition 


It can be shown (see the demonstration below) that any pure state |W) describing 
the ensemble of the two physical systems A and B can be written in the form: 


IY) = Dai lei, we) (C-5) 
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where the |u;) are a set of orthonormal vectors in the state space of the first system, 
and the |w;) another set of orthonormal vectors in the second state space. This ex- 
pression is the Schmidt decomposition of a pure state, also called the “biorthonormal 
decomposition”. 

Whether the state of the total system |W) is entangled or not, it always has a 
corresponding density operator, written in (A-6). By taking partial traces, each of the 
subsystems can be described by the density operators: 


pa=Tre{pars} 3 pp =Tra {pars} (C-6) 


Performing these partial traces using (C-5), we get two symmetric expressions: 
pa = ><a: us) (us| (C-7) 
i 


and: 


PB DM |wi) (wil (C-8) 


This means that, when the total system is in a pure state, the two partial density oper- 
ators always have the same eigenvalues”. In the particular case where they are all zero 
except one, each of the two subsystems is in a pure state and state |W) can be factored: 
no entanglement exists in the total system. Most of the time, however, several eigenval- 
ues are non-zero, in which case (p ay is obviously not equal to p,4, and the same is true 
for pp; entanglement is then present in the pure state |W). 


Demonstration of relation (C-5): 


As the two operators pa and pg are Hermitian, non-negative and have a trace equal to 
unity, their corresponding matrices can be diagonalized to yield real eigenvalues included 
between 0 and 1. We call |u;) the normalized eigenvectors of p,4 (the index i takes on 
P different values, where P is the dimension of subsystem A) and q; the corresponding 
eigenvalues, all positive or zero (but not necessarily different. Similarly, the eigenvectors 
of pg are noted |v) (where J takes on Q different values, Q being the dimension of the 
second subsystem B), and r; the corresponding eigenvalues. The two partial density 
operators can then be expanded as: 


P. Q 
pa= > ai lus) (ul and — pa = Dorr [on (ui| (C-9) 
w=1 l=1 


with 0 <q, <1. 


State |W) can then be expanded on the basis of the tensor products {|A : ui) ® |B: w)}, 
that we shall simply note {|u;,v)} assuming the first ket represents a state of A and the 
second a state of B; we call c;,, the components of |W) in this basis and get: 


|v) = S> Sah |ui, v2) (C-10) 


2Note that this is not necessarily the case if the total system is described by a statistical mixture 
rather than a pure state. As an example, we can assume that p4+p equals a tensor product p4 ® pp, 
where py, and pp can be chosen arbitrarily, and hence have different eigenvalues. 
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We now introduce the ket |w;), belonging to the state space Eg (this ket is not necessarily 
normalized), as: 


|w.) = S> Ci, 


t=1 





v1) (C-11) 
Expansion (C-10) for |¥) now simply becomes: 


)Y) = So ju, Wi) (C-12) 


We also know that the matrix elements of the partial trace p4 are: 


(uil pa uj) = S— (ui,0m |W) (G] uj, Um) (C-13) 


m 


Now expression (C-12) for |W) leads to: 
Y) (Y= a Jus, Wer) (Uy, W5"| (C-14) 
a,j! 


Inserting this result into (C-13), we are only left with terms for which i’ =i and j’ = j, 
which yields: 


(uil pa |uj) = x (Um| Wi) (W;| Um) = (W;| Wi) (C-15) 


m 


This means that: 


pa = >> |ui) (uil ea [uy) (usl = S > fue) (ual x (Wi; |20s) (C-16) 


Now in the basis {|u;) } we have used, we know that p, is diagonal and given by expression 
(C-9); the comparison with (C-16) shows that we must necessarily have: 


(w; |Wi) = 415 XG (C-17) 


For non-zero eigenvalues q;, this relation shows that one can define a set of orthonormal 
vectors |w;) belonging to the state space of system B as: 


|wi) = Va wi) (C-18) 


For all the values of the index i associated with eigenvalues gq; equal to zero, that same 
relation shows that the kets |w,) are zero. 


Replacing in (C-12) the [w;) by \/q@i|wi), we complete the demonstration of equality 
(C-5), and of relations (C-7) and (C-8) which follow directly. 
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C-3. Characterization of entanglement: Schmidt rank 


The number of non-zero q; eigenvalues, i.e. the number of non-zero terms in (C-5), 
is called the “Schmidt rank” of |W) and noted R. When R = 1, the state of the total 
system is not entangled, the two subsystems each being in a pure state. When R = 2, 
we are in the case studied in § B where the two subsystems are entangled, when R = 3 
we get a more complex entanglement, etc. This gives us a criterion for deciding whether 
a general ket (C-2) is entangled or not. We just have to compute a partial density 
operator for one of the subsystems and the number of its non-zero eigenvalues (for the 
sake of simplicity, we shall obviously choose the subsystem whose state space’s dimension 
is the smallest). If that number equals 1, the eigenvector associated with that non-zero 
eigenvalue becomes one of the factors of the decomposition, which makes it easy to find 
the other. If that number is greater than 1, however, the decomposition into a single 
tensor product is no longer possible. 

In a way, entanglement is symmetrically shared between A and B. For example, 
it is not possible for one of the two subsystems to be in a pure state and the other in a 
statistical mixture. The rank R must be lower than the smallest of the dimensions P and 
Q of the state spaces of A and B; to allow a high rank entanglement, the two subsystems 
must thus have state spaces with high enough dimensions. 


Comment: 


When all the q eigenvalues of pa (and of pg) are distinct, the Schmidt decomposition 
is unique. This is because decompositions (C-9) and (C-8) of pg on the projectors onto 
its eigenvectors must then necessarily coincide; the set of eigenvectors |w;) is identical 
to that of the |v;). In this case, the eigenvectors of the partial density operators directly 
yield the unique Schmidt decomposition. On the other hand, when certain q; eigenvalues 
are degenerate, this is no longer true. As an example, we saw that for the singlet state (B- 
1), the two partial density matrices have two eigenvalues, both equal to 1/2; this singlet 
state, decomposed in (B-1) into products of eigenvectors of the Oz spin components, 
can equally well be decomposed into products of eigenvectors of the spin components on 
any spatial direction. There are an infinity of possible Schmidt decompositions for that 
state. 


D. Ideal measurement and entangled states 


Entanglement also plays an essential role in any quantum measurement process, as it 
generally appears while the measured system S' and the measuring apparatus M interact. 
Furthermore, we shall see that it even propagates further and brings the environment of 
the measuring apparatus into play. 


D-1. Ideal measurement scheme (von Neumann) 


Von Neumann’s quantum measurement scheme proposes a general framework that 
allows characterizing the quantum measurement process in terms of entanglement ap- 
pearing (or disappearing) in the state vector describing the total system S + M. The 
two systems S$ and M are initially described by a factored state |W); however, as they 
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interact during a certain time, they reach an entangled state |W’). After the measure- 
ment, we assume they no longer interact, imagining for example they have moved far 
away from each other. 

In the state space of S, with dimension Ng, the physical quantity measured on 
S' is described by an operator O, whose normalized eigenvectors are the kets |a,) with 
eigenvalues a, (that we shall assume non-degenerate, to simplify the notation): 


Oa lax) = ak |ax) (D-1) 
Initially, state |yo) of S is any linear combination of the |a,): 


Ns 


Ivo) = So cx lan) (D-2) 


k=1 


with complex coefficients cz, having only the constraint that the sum of their squared 
moduli be equal to 1 (normalization condition). As for the measuring apparatus M, we 
assume it is, initially, always in the same normalized quantum state |®o). The initial 
state of the total system is then: 


|%o) = |vo) @ |®o) (D-3) 


D-1-a. Basic process 


We start with the particular case where the measurement result is certain and 
where the system S is initially in one of the eigenstates associated with the measurement: 
ly~o) = |ax). In that case: 


|Wo) = lax) @ |®o) (D-4) 


Once the measurement is done, S' stays in the same state |a,), but the measuring appa- 
ratus reaches a state |®,) different from |®o) and which depends on k: this is a necessary 
condition for the result to be experimentally accessible. This is because the position of 
the “pointer” used for the reading of the result (a needle in a macroscopic apparatus, 
the recording of the result in a memory, etc.) must necessarily depend on k to allow for 
the acquisition of the data. It is also natural to assume that the different states |®,) 
are orthogonal to each other, since the pointer necessarily involves a large number of 
atoms whose different states will allow a macroscopic observer to read the result. The 
measurement process for the total system can be summed up, in this simple case, as 
follows: 


|Yo) = lax) @ [Bo) => |W") = lax) @ |®,) (D-5) 


where |®j,) is a normalized state of M. At this stage, no correlation or entanglement 
has appeared between the measuring apparatus and the measured system. This is what 
happens in the simple case where the measurement result is certain. 

In the general case, the initial state of system S' is a superposition (D-2) of eigen- 
states |a,). In this case, state (D-4) must be replaced by the linear combination, with 
the same coefficients: 


|o) = So ce Jax) ® |®o) (D-6) 
k 
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As Schrédinger’s equation is linear, we get: 


|Wo) = |’) = Dae lax) @ |®4) (D-7) 


which now becomes a state in which the measuring apparatus is entangled with the 
measured system S. The states of S and M are therefore strongly correlated: when 
the “pointer’s position” is associated with one of the state vectors |®/,), the state of the 
system S$ must be described by the ket |a,) associated with a definite eigenvalue of O4. 
After the measurement, one can no longer attribute a state vector (pure state) to 
the system S$, which can only be described by a partial density operator. As the states 
|®).) are normalized and orthogonal to each other, this density operator is given by: 


p's = Tra {{©) (W'} = So eel? lax) (ax (D-8) 
k 


This relation was to be expected: it simply states that the system has a probability 
lce|” of being in the state |ag) associated with the measurement result az, which is in 
agreement with the Born rule for the usual probabilities. This useful formula sums up in 
a simple way a number of characteristics of the quantum measurement postulate. Note, 
however, that at this stage, all the possible results are still present in the partial trace, 
as they are considered possible, even after the measurement. Nothing at this point tells 
us that only one result is actually measured when the experiment is performed, nor that 
the squares of the coefficients |c;,| can be interpreted as classical probabilities associated 
with mutually exclusive observations. The evolution predicted by Schrédinger’s equation 
cannot, by itself alone, explain the uniqueness of the results observed at the macroscopic 
level. This is why von Neumann introduced the postulate of the state vector’s reduction 
(also called the “wave packet reduction” or “wave packet collapse”, cf. Chapter III, § B- 
3-c); more detail on this point will be given in § D-3. 


D-1-b. Dynamics of the entanglement process 


A simple interaction Hamiltonian between systems S' and M can explain the ap- 
pearance of entanglement between these systems, and lead to relations (D-5) or (D-7). 
As an example, imagine this interaction Hamiltonian H;,; can be written as: 


Hint = g Oa ® Pu (D-9) 


where Og is the operator (acting only on S$) already introduced above, Py, an operator 
acting only on M, and g a coupling constant. We shall also assume that, in the state 
space of M, there exists a Hermitian conjugate operator Xjy of the operator Py: 


[Xur, Pu] = ih (D-10) 


This commutation relation means that Py, generates the translation operators with re- 
spect to Xjz. In other words, the action of e~*4*%?™/" on any eigenvector |anr) of Xu: 


leads to a translation by Az of the eigenvalue xy: 


e AtPu/® las) = lag + Aa) (D-12) 
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where Az is any real number ~ see relation (13) of Complement Eqy. 

We assume that |®o) (state of the measuring apparatus before the measurement) 
is a normalized eigenstate of Xjy with eigenvalue xo, and we ignore? any other source 
for the evolution of the total system other than the interaction between S and M. The 
evolution operator between the time t = 0 before the measurement, and the time t = rT 
when the interaction is over, is: 


U(r, 0) = e7*9704Pu/h (D-13) 
Its action on the ket (D-4) yields: 
U(r,0) lax) ® |Bo(xo)) = lax) ® |Po(xo + grax) (D-14) 


where the variables in parentheses in the states of the measuring apparatus‘ refer to the 
eigenvalues of X),,. This means that the states |@/,) introduced in (D-5) are the kets: 


|®j,) = |®(@o + grax)) (D-15) 


These relations show that, as far as the measuring apparatus M is concerned, the eigen- 
value of X has been shifted by a quantity gra, that depends on the eigenvalue a, of S. 
The observable X yy therefore plays the role of a “pointer’s position” in the measuring 
apparatus (measuring needle), which yields the measurement result once the two systems 
have interacted. As for the observable O,, it pertains to the system S being measured 
by the pointer’s position. 

If now the initial state is in a coherent superposition as in (D-6), the state after 
the interaction (D-7) is written: 


[©’) = Soc lax) @ [®(wo + grax)) (D-16) 
k 


which is a biorthonormal decomposition such as the one obtained in § C-2. If, initially, 
the system S is not in an eigenstate of O,, the interaction with the measuring apparatus 
changes its state into a statistical mixture (D-8). On the other hand, if the system is 
initially in an eigenstate of O,, it will stay in the same eigenstate after the measurement: 
the measurement process does not change its state. The measurement is then said to be 
a “quantum non-demolition” measurement, or QND measurement. 


D-2. Coupling with the environment, decoherence; “pointer states” 


We now examine under which conditions the interaction and entanglement process 
we have considered constitutes a good measurement. A first obvious condition to be 
satisfied is for the states |®/,) of the measuring apparatus to store the information about 





3To avoid this hypothesis, the computation could be performed within the interaction point of view 
(exercise 15 in Complement Lyyz) with respect to free evolutions of both S and M; this would somewhat 
complicate the results. However, as we focus here on the dynamics induced by their mutual interaction, 
we shall keep the computations simple and assume that these free evolutions have a negligible effect 
during the duration 7 of the interaction. 

4Needless to say, a measuring apparatus is macroscopic and has many other degrees of freedom apart 
from the pointer’s position. For the sake of simplicity, these other degrees of freedom have not been 
introduced in the notation. 
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the measurement result in a robust way, and prevent it from being destroyed as M 
continues to evolve on its own. This condition will be fulfilled if Xj, is a constant of the 
motion of M or, in other words, if X,, commutes with the Hamiltonian Hy, of M. In 
addition, the measuring apparatus cannot remain isolated from its environment, even at 
a microscopic level. In view of its function, the apparatus must be able to interact and be 
correlated with a measurement recording device, and even with the observer collecting 
the measurement result; it is, by definition, an “open” apparatus, which can interact 
with the outside world. In any case, for this apparatus to be completely isolated, would 
require that none of its atoms, electrons, etc., be in interaction and correlated with any 
of the environment particles, which is obviously impossible to achieve with a macroscopic 
apparatus. 


This means that, as far as the coupling between M and the environment E is con- 
cerned, an entanglement phenomenon occurs, reminiscent of the one discussed for $ and 
M. We must determine which basis, in the state space of M, will lead for the entangled 
state M + E to a biorthonormal decomposition similar to (D-16). The computation of 
the partial density operator of M is similar to the computation that yielded (D-8) for the 
entanglement between S' and M: it is in the basis of this biorthonormal decomposition 
that the partial density operator of M (which plays the role of S) remains diagonal; 
with another basis, the density matrix will have in general non-diagonal elements. As, 
furthermore, the entanglement continues to propagate further and further into the envi- 
ronment, it is necessary that the relevant basis of M remains constant in time. It is thus 
important to find this privileged basis. 


Depending on the circumstances, the coupling between a measuring apparatus and 
its environment can take on various forms, in general complex due to the large number of 
degrees of freedom involved; several time constants come into play. Different models have 
been proposed to account for this coupling and the dynamics it produces. Without going 
into any details we shall make a few general remarks. The measurement process involves 
a whole chain of amplification between S and the macroscopic pointer, which can be com- 
posed of mesoscopic or macroscopic objects sensitive to the environment. Entanglement 
propagates along that chain via local interactions: the interaction potentials are diagonal 
in the position representation, and have a microscopic range. Consequently, they cannot 
couple quantum states corresponding to macroscopically different positions of the objects 
concerned; the branches of the state vector corresponding to different spatial positions 
propagate independently. This means that the coupling with the environment tends to 
favor the basis of states where the positions of the different elements of the measuring 
apparatus, including in particular its pointer, occupy well defined positions in space. 
The corresponding preferred basis in the state space of the measuring apparatus M, in 
which its density matrix remains diagonal over time, is called the basis of the “pointer 
states”. In this basis, and only in this one, defined by pointer localization criteria, the 
entanglement with F is prone to destroy the coherences (non-diagonal elements of the 
density matrix), without changing the diagonal elements (meaning the positions of the 
pointer’s particles). 

To sum up, several conditions are necessary for a device to be considered as an 
acceptable measuring apparatus M for a physical quantity of S. In the first place, the 
coupling between S and M must be capable of transferring the right information from 
one to the other. The transferred information must then be conserved over time, while 
continues its own evolution, and is coupled with the environment EF. Obviously, these are 
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necessary conditions. In practice, an effective measuring apparatus must be conceived 
taking into account many other imperatives, such as high sensitivity, or strong protection 
against unavoidable external perturbation. 


D-3. Uniqueness of the measurement result 


As mentioned above, nothing in the dynamics associated with Schrédinger’s equa- 
tion can explain the uniqueness of the results observed at the macroscopic level. This 
is not surprising as (D-8) is a direct consequence of Schrédinger’s equation, which is 
incapable of stopping on its own the endless propagation of the “von Neumann chain”, 
as we shall now discuss. 


D-3-a. The infinite von Neumann chain 


Let us go back to the ideal measurement scheme of § D-1. After the measurement, 
the state of S+ M is the entangled state (D-7), a superposition of components associated 
with all the possible measurement results. One may wonder if, using a second measuring 
apparatus M, to observe M, one might be able to resolve this superposition and obtain 
a unique result. In fact, the same entanglement process that occurred between S' and M 
will occur again, leading to a final state: 


[W") = So ce lax) @ |) ® |Ee) (D-17) 
k 


where the kets |&),) represent the states of the second measuring apparatus M2, orthog- 
onal to each other for different values of k. Adding a third measuring apparatus M3 will, 
obviously, only continue further the entanglement’s progression, each additional appa- 
ratus playing the role of an environment for the previous one. This chain of measuring 
apparatus may continue all the way to infinity without permitting at any stage the reso- 
lution of the superposition, and the demonstration of the uniqueness of the measurement 
result. This is called the von Neumann chain (and the logical problem it poses is called 
the “von Neumann’s infinite regress”). 

The well-known “Schrédinger’s cat paradox” involves a similar situation. The 
system S' is supposed to be a radioactive nucleus in a superposition of two states, |a1) 
where the nucleus is still in the excited state, and |a2) where it has disintegrated, emitting 
a particle. The kets |®;), |E,), etc. represent the states of the measuring apparatus that 
can detect this particle, and then trigger a mechanical system killing the cat in the case 
of positive detection. The last of these kets |Z) characterizes the cat, which can therefore 
be in state |Z1) where it is still alive, or in state |Z2) where it is dead. Schrédinger points 
out the absurdity of a physical description involving a cat that can be at the same time 
both in an alive and a dead state. 

As we just discussed, the uniqueness of the measurement results cannot be proven 
with Schrédinger’s equation; this equation merely predicts that the pointer of a measuring 
apparatus, and any other macroscopic object, can become superpositions of states located 
at points very far away in space. Because of the linearity of Schrdédinger’s equation, 
nothing prevents the different components of the state vector from propagating further 
and further away, without this infinite chain of entanglements ever reducing into a single 
one of its components. It is precisely to solve this problem that von Neumann introduced 
a specific postulate: the postulate of the reduction of the state vector (Chapter III (§ B- 
3-c) which “forces” the uniqueness of the measurement result. 
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D-3-b. Postulate of reduction of the state vector 


The postulate of reduction (or collapse) of the state vector is also called the “projec- 
tion postulate”, or the “postulate of collapse of the wave packet”. As we saw in Chapter III 
(§ B-3-c, this postulate states that, once the measurement has been performed, one must 
suppress the summations appearing in (D-7), (D-8), and (D-17): one only keeps, among 
all the terms, the component k = m corresponding to the measurement result actually 
observed. After the measurement, the state vector becomes again a simple product from 
which entanglement has disappeared; S is once again in a pure state. This means that 
the entanglement, initially created by the measurement, disappears once the result has 
been recorded. 

This postulate, as efficient as it may be, is somewhat difficult to interpret. Using 
this postulate amounts to considering that the state vector can evolve under the influence 
of two different processes: a “normal” continuous evolution, obeying Schrédinger’s differ- 
ential equation, and a sudden discontinuous evolution upon measurement, governed by 
the von Neumann reduction postulate. Obviously, this duality immediately introduces 
the question of the limit between these two evolutions: from which time on, exactly, 
should we consider that the measurement has been performed? In other words, how far 
does the coherent superposition (D-17) propagate? Which physical processes constitute a 
measurement, as opposed to those leading to a continuous Schr6édinger evolution? These 
difficult questions were the motivation for introducing other interpretations of quantum 
mechanics. As an example, there are “non-standard” interpretations where Schrédinger’s 
equation is modified by the adjunction of a small stochastic term. This term is chosen 
so as to be totally negligible at the microscopic level, while coming into play at a certain 
macroscopic level; its role is to suppress all the macroscopically different components of 
the state vector, except one. Both Schrodinger and von Neumann dynamics are then uni- 
fied into a single equation for the evolution of the state vector. Many other interpretations 
have been proposed: additional variables, modal interpretation, Everett, all suggesting 
different solutions for the problem. The interested reader may consult reference [68]. 


E. “Which path” experiment: can one determine the path followed by the 
photon in Young’s double slit experiment? 


Let us now return to a question already discussed in Complement Dy. In Young’s double 
slit experiment where the photon may follow two different paths to reach the detection 
screen, is it possible to observe interference fringes between these paths and simulta- 
neously obtain information as to which path the photon followed? Figure 1 of Com- 
plement Dy, reproduced here in the above Figure 1, shows an interference experimental 
set-up using a plate pierced with two slits F, and F; this plate is mobile in a direction 
perpendicular to the incident photon. As it receives momentum transfers Ap; and Ap2 
that will be different, depending on whether the photon goes through F) or F>, one could 
naively imagine observing interference while knowing through which slit the particle went 
through. However, using the momentum-position uncertainty relations applied to this 
mobile plate, we showed that the interference fringes were blurred as soon as the momen- 
tum transfers Ap; and Ap2 were sufficiently different to provide this information. The 
reason is that if we want to be able to distinguish these two momentum transfers, the 
momentum uncertainty of the mobile plate must be less than the modulus of Ap; — Apo. 
A simple calculation then shows that when this condition is met, the uncertainty in the 
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Figure 1: Young’s double slit experiment using a plate P, mobile along the x axis, and 
pierced with two slits F, and Fy. A photon, emitted by a source S assumed to be far away 
at infinity, reaches the detection screen at point M. The x component of the momentum 
transferred by the photon to the plate P depends on whether it goes through slit F or slit 
Fo. 





position of the plate must necessarily be larger than the fringe spacing, which blurs out 
the fringes. It is impossible to know which of the slits the photon went through without 
destroying at the same time the interference pattern. 

We shall take the analysis a step further and consider the entanglement between the 
plate and the paths followed by the photon. This should allow us to envisage intermediary 
situations where partial information on the particle’s path can be obtained. 


E-1. Entanglement between the photon states and the plate states 


Consider the path F, M followed by the photon if it goes through F; and arrives 
at M on the detection screen (Figure 1). We call |) the photon state when it follows 
that path and transfers a momentum Ap, to the mobile plate as it goes through F). In 
that case, after the photon’s transit, the state of the plate is: 


|B) = exp(tAp; X/h)| Eo) (E-1) 
where |F) is the initial state of the plate and exp(zAp; X) the momentum space trans- 
lation operator, by a quantity Ap,. The state of the global system photon + plate, 
along the path FM, is therefore |W) ®@|£1). A similar reasoning would yield the result 


|W2) ® |E2) along the path F)M. As Schrédinger’s equation is linear, the state of the 
global system after the photon has crossed the plate is: 


|) = t1) @ |E1) + |th2) @ | Ee) (E-2) 
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which clearly shows the entanglement between the photon? and the plate. 


E-2. Prediction of measurements performed on the photon 


Measurements performed only on the photon after its crossing the plate can be 
predicted from the reduced density operator p, which is the partial trace over the plate 
variables of the global system density operator |W)(W|. The matrix elements of p are 
obtained via the standard calculation of a partial trace (Complement Ey, § 5-b) and 
lead to the operator expression: 


p = |b1) (bil + |e) (hal + [h1) (hal (Ba| Ex) + |e) (hi |(Fi| £2) (E-3) 


(in this equation we did not write the factors of | )(q1| and |w~2)(wW2|, which are the 
scalar products (F,|E,) and (F2|F2), both equal to 1 if the state |Eo) is normalized). 
The interference between the two paths is described by the terms in |y 1) (¢2| and |q2) (41 |, 
which are multiplied by the scalar products (£2|E) and (£1|E2). 

Two extreme cases then appear. If the two states |) and |F2) are very close 
to each other, the two scalar products are practically equal to 1 and the interference 
terms in (E-3) are barely modified by the presence of the factors (E2|E1) and (£,|E2): 
the interference is then quite visible on the detection screen. In that case, however, the 
states |f,) and |E2) are too close to give any information as to whether the photon went 
through F or F2. In the other extreme case where |) and |£2) are very different from 
each other, their scalar product is practically zero: the interference terms disappear from 
(E-3), but one can, in principle, determine which of the two slits the photon went through. 
The present calculation allows studying intermediate situations where the scalar products 
(£2|E1) and (£;|E2) take on values included between 0 and 1. They describe how the 
contrast of the fringes diminishes when (E2|£) and (£;|E2) continuously decrease from 
1 to 0. 

Actually, these scalar products can easily be computed from (E-1) and the equiv- 
alent relation for |F2). This leads to: 


(£2|E1) = (Eo| exp [#(Api — Ap2)a] |Eo) (E-4) 


Using the expression of Ap; — Ap2 (noted p; — pe in Complement Dy) and equations 
(6) and (7) of that complement, we can show that (E2|E)) and (E\|E2) are equal to the 
overlap integrals between the plate initial wave function, and that same wave function 
translated in momentum space by the amount h/a where a is the fringe spacing. 


F. Entanglement, non-locality, Bell’s theorem 


We now present two important theorems, the EPR (for Einstein, Podolsky and Rosen) 
theorem, and Bell’s theorem, which are related, the second actually being a logical con- 
tinuation of the first. The EPR theorem was presented in an article published in 1935 
by these three authors [69], and is one of the episodes of the famous discussion between 
Einstein and Bohr concerning the foundations of quantum mechanics (in particular dur- 
ing the Solvay conferences). Einstein’s position was that the entire physical world had 





5 All the conclusions of this section remain valid for Young’s interference type experiments performed 
with a massive particle instead of a photon. 
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to be expressed in the general framework of relativity, where the concept of space-time 
events is fundamental. Bohr had a different point of view, and considered that quantum 
theory demanded abandoning a description of microscopic events in space-time terms, 
while of course conforming to the actual predictions of relativity. 


F-1. The EPR argument 


The EPR theorem can be stated as follows: “If all the predictions of quantum 
mechanics are correct (even for systems made of several remote particles) and if physical 
reality can be described in a local (or separable) way, then quantum mechanics is nec- 
essarily incomplete: some ‘elements of reality’ exist in Nature that are ignored by this 
theory ”. 

To demonstrate their theorem, Einstein, Podolsky and Rosen imagined an experi- 
ment where two physical systems, originating for example from a common source S and 
described by an entangled quantum state, are then measured in remote regions of space. 
Historically, EPR developed their argument for correlated particles whose position and 
momentum are measured. It is however simpler to present an equivalent version of the 
argument concerning spins and discrete results, a version initially proposed by Bohm 
(and often called for that reason EPRB). 


F-1-a. Exposing the argument 


Imagine that two spin 1/2 particles are emitted by a source S in a singlet state 
(B-1), which is an entangled state where the spins are strongly correlated. The particles 
then move towards two remote regions of space, without their spins interacting with the 
outside world; the initial spin entanglement remains unchanged. In these remote regions 
of space, the particle spin components are measured along a direction defined by angle a 
for the region on the left, and by angle b for the region on the right (Fig. 2). One often 
calls Alice and Bob the two observers who perform the measurements in the two different 
laboratories, which can be very far away from each other. Alice chooses the direction 
a freely, which defines her “measurement type”. With a spin 1/2, she can only obtain 
two results, that we will note +1 or —1, whatever measurement type was chosen. In a 
similar way, Bob chooses the direction 6 arbitrarily and obtains one of the two results 
+1 or —1. In the thought EPRB experiment, one assumes for simplicity that the two 
spins, once they have been emitted by the source, will only interact with the measuring 
apparatus (without having any free evolution, as was the case above). Standard quantum 
mechanics then predicts (§ B) that the distances and instants at which the measurements 
are performed do not play any role in the probability of obtaining the different possible 
double results. 

To keep things simple, let us assume Alice and Bob limit their choices to a finite 
number of directions a and b for their respective measurements. It may then happen, 
by chance, that their chosen directions are parallel. Now if the angles a and 6b are 
chosen to be equal (parallel measurement directions), relations (B-10) indicate that the 
results will be always opposite for the two measurements: each time Alice observes +1, 
Bob observes the opposite value +1. This remains valid even if the measurements are 
performed at points greatly separated in space, whatever the choice a = b, and even if 
the two observers operate in totally independent ways, in their own regions of space; for 
example, they could make their choice at the last moment, even after the emission and 
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Figure 2: In an EPRB experiment, a source S emits pairs of particles in a singlet spin 
state (entangled quantum state). These particles then propagate along the Oz azis, to- 
wards two remote regions of space A and B, where Stern-Gerlach apparatus are used by 
observers Alice and Bob to measure the components of their spin along directions perpen- 
dicular to Oz. For the first particle, the measurement direction is defined by angle a, and 
for the second, by angle b. Each measurement yields a result +1 or —1, and one looks 
for correlations between these results when the experiment is repeated a great number of 
times. 





propagation of the pair of particles. 

Let us assume Alice performs her measurement along a direction a before Bob 
starts doing his own measurement. When Alice finishes her measurement, it becomes 
certain that, should Bob decide to chose a direction b parallel to a, he will observe the 
opposite result; the result is certain in that particular case. Such a certainty can only 
come from the fact that the particle measured by Bob possesses a physical property that 
determines this certain result; this property (called “element of reality” by EPR) will 
influence the way that particle interacts with the measuring apparatus in B and will 
determine the result. On the other hand, the particle propagating towards Bob cannot 
be influenced by events occurring in Alice’s laboratory. This means that this physical 
property we are discussing existed before the measurement performed by Alice. 

The reasoning is obviously symmetrical and establishes that, before any measure- 
ment, the particles already possessed physical properties that determined the outcome of 
the future measurements. As the direction a chosen by Alice was random, it means that 
the particles must possess enough properties to determine the results for any analysis di- 
rections chosen by the observers. Now quantum mechanics does not predict the existence 
of such properties, as it only gives a description of the particles via a singlet state vector, 
which always predicts a totally random result for the first measurement. Furthermore, 
there exists no quantum state for which all the spin components on arbitrary directions 
can be simultaneously determined (the corresponding operators do not commute with 
each other). This means that quantum mechanics accounts only partially for the physical 
properties of the system; it is therefore incomplete. 


F-1-b. Assumptions and conclusions 


Let us discuss in more detail the logical structure of the EPR argument. 
(i) It starts by assuming that the predictions of quantum mechanics for the proba- 
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bilities of measurement results are correct. The argument thus assumes that the perfect 
correlations predicted by this theory are always observed, whatever the distance between 
the two measuring apparatus. 

(ii) Another essential ingredient of the EPR argument is the concept of “elements 
of reality” defined with the following criterion [69]: “if, without in any way disturbing a 
system, we can predict with certainty the value of a physical quantity, then there exists 
an element of physical reality corresponding to this physical quantity”. In other words, a 
certainty cannot be built on nothing: an experimental result known beforehand can only 
be the consequence of a preexisting physical quantity. 

(iii) And last, but not least, the EPR argument brings in the notion of space-time 
and locality: the elements of reality they discuss are attached to regions of space where 
the experiments take place, and they cannot suddenly vary (and certainly not appear) 
under the influence of events occurring in a very distant region of space. Einstein wrote 
in 1948 [70]: “Physical objects are thought of as arranged in a space-time continuum. 
An essential aspect of this arrangement of things in physics is that they lay claim, at 
a certain time, to an existence independent of one another, provided these objects are 
situated in different parts of space”. To sum up, one can say that the basic conviction of 
EPR is that regions of space contain their own elements of reality (attributing distinct 
elements of reality to separated regions of space is sometimes called “separability”), and 
that their time evolution is local — one often refers to “local realism” in the literature to 
qualify the ensemble of the EPR hypotheses. 

Basing their argument on these hypotheses, EPR show that, for any chosen values 
of a and b, the measurement results are functions: 

(i) of the individual properties of the spins the particles carry with them (the EPR 
elements of reality); 

(ii) and of the orientations a, b of the Stern and Gerlach analyzers (which is 

obvious). 
It follows that the results are given by well defined functions of these variables, meaning 
that no non-deterministic process occurs: a particle with spin brings along all the nec- 
essary information to yield the result of a future measurement, whatever the choice of 
the orientation a (for the first particle) or b (for the second). This implies that all the 
components of each spin must have simultaneously well determined values. 


F-2. Bohr’s reply, non-separability 


Bohr rapidly replied [71] to the EPR article presenting their argument. In Bohr’s 
view, the only physical system to be considered is the entire experimental set-up, includ- 
ing the measured quantum system and all the measuring apparatus, which are treated 
classically. It is thus meaningless to try and select among this ensemble subsystems hav- 
ing individual physical properties. The physical system Bohr considers is a whole that 
one should not attempt to separate into parts. This is often called the “non-separability” 
rule. In other words, Bohr considers that spatial separation does not lead to separability. 

It is not the EPR reasoning that Bohr criticizes, but he considers that their start- 
ing assumptions are not relevant in the framework of quantum physics. From Bohr’s 
point of view, the EPR criterion for elements of reality “contains an essential ambiguity 
when applied to quantum phenomena”. Along the same line, more than ten years later 
(in 1948), Bohr made his point of view explicit [72]: “Recapitulating, the impossibility 
of subdividing the individual quantum effects and of separating a behavior of the objects 
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from their interactions with the measuring instrument serving to define the conditions 
under which the phenomena appear implies an ambiguity in assigning conventional at- 
tributes to atomic objects, which calls for a reconsideration of our attitude towards the 
problem of physical explanation ”. It is thus the very need for a physical explanation 
involving such a subdivision that is questioned by Bohr. 

Bohr refutes Einstein’s basic idea, namely that one can attribute distinct physical 
properties to two objects located in very remote space-time regions. He believes that 
“quantum non-separability” applies, even in such a situation. It is understandable that 
Einstein was unwilling to abandon concepts that are the pillars of special and general 
relativity (gravitation). 


F-3. Bell’s inequality 


In 1964, more than thirty years after the publishing of the EPR argument, an 
article by Bell shed an entirely new light on the question [73]. This article, in a way, 
took up the EPR argument from the point at which its authors had left it. Taking at 
their face value the existence of the EPR elements of reality, and using the same local 
realism considerations, Bell showed that there is actually no way to complete quantum 
mechanics without changing its predictions, at least in some cases. This means that 
one must either accept that certain predictions of quantum mechanics are sometimes 
incorrect, or abandon certain EPR hypotheses, however natural they may seem. 


F-3-a. Bell’s theorem 


Following Bell’s idea, let us assume that » represents the “elements of reality” 
associated with the spins; » is, actually, just a concise notation that could represent a 
multiple component vector, so that the number of elements of reality contained in X is 
totally arbitrary. One can even include in A components that play no particular role in 
the problem; the only important hypothesis is that \ must contain enough information 
to yield the results of all the possible spin measurements. For each pair of spins emitted 
in the course of the experiment, A is fixed. 

Another commonly used notation for the two measurement results is A and B, 
not to be confused with the small letters a@ and 6b used for the parameters of the two 
measuring apparatus. As expected, A and B are functions not only of A, but also of 
the measurement parameters a and b. However, locality requires that b has no influence 
on result A (since the distance between the two measurements’ locations is arbitrarily 
large); conversely, a has no influence on result B. We shall note A(a, A) and B(b, A) the 
corresponding functions, which can take on two values, +1 or —1. Figure 3 schematizes 
the experiment we are discussing. 

To establish Bell’s theorem, it is sufficient to take into account only two directions 
for each individual measurement; we shall then use the simpler notation: 


A= A(a,.) A’ = A(a’, d) (F-1) 
and: 
B = B(b,d) B' = B(b',d) (F-2) 


For each emitted pair of particles, as is fixed, the four above numbers have well defined 
values, which can only be +1. 
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Figure 3: Source S emits particles toward two measuring apparatus located far away 
from each other, each being set up with its own measurement parameter, respectively 
a and b; each apparatus yields a +1 result. The oval under the source symbolizes a 
fluctuating random process, which controls the particles’ emission process, and hence 
their properties. Correlations between the measured results are observed; they are due 
to the common random properties the particles have acquired upon their emission by the 
fluctuating process. 








Consider then the sum of products: 
M(A\) = AB — AB’ + A'B + A'B’ (F-3) 
that can also be written as: 
M(A) = A(B — B’)+ A'(B+ B’) (F-4) 
If B = B’, the above expression reduces to 2A’B = +2; if B = —B’, it reduces to 
2AB = +2. In both cases, we see that M = +2. 


If we now take the average value M of M(A) over a large number of emitted pairs 
(average over A), we get: 














M = AB, — AB’) + AB) + AB’) (F-5) 


where AB), denotes the average value over of the product AB = A(a,)B(b, ), and a 
similar notation has been used for the 3 other terms. As each M(A) value can only be 
+2, we necessarily have: 





-2< M <+2 (F-6) 


This result is the so called BCHSH (Bell, Clauser, Horne, Shimony et Holt) form of Bell’s 
theorem. This inequality must be satisfied by all sorts of measurements yielding random 
results, whatever mechanism creates the correlations, as long as the locality condition is 
obeyed: A does not depend on the measurement parameter b, and B does not depend 
on a. 

This means that any theory that fits in the framework of “local realism” must 
lead to predictions satisfying relation (F-6). Realism is necessary since we used in the 
demonstration the concept of EPR elements of reality to introduce the functions A and 
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B; locality is also essential as it forbids A to depend on b and, conversely, B to depend 
on a. 

The simplicity of this demonstration is such that the inequality may be expected 
to remain valid in many situations. This actually happens any time the observed correla- 
tions can be explained by fluctuations having a past common cause; they are then referred 
to as “classical correlations”. In such cases, each time the experiment is performed, this 
common cause is fixed, and the 4 numbers A, B, A’ and B’ take on well-defined values 
(even though they are, a priori, unknown) all equal to +1; the number M is therefore 
also well defined, equal to —2 or +2. Whatever the M values found in a random series 
of N measurements, it is mathematically impossible for the sum of these M values to 
be greater than 2N or smaller than —2N. Consequently, the average value obtained by 
dividing this sum by N necessarily obeys (F-6): the mere existence of these 4 numbers 
is sufficient to obtain the inequality. 





F-3-b. Contradictions 

It would seem natural for any reasonable physical theory to automatically lead 
to predictions satisfying this inequality. Now, surprisingly enough, this is not the case 
for quantum mechanics and, furthermore, this contradiction has been experimentally 
confirmed. 


Q. Contradictions with quantum mechanics predictions 





Relations (B-10) allow computing the average value of the product of the +1 results 
obtained in the measurements of the two spins along directions making an angle 0,5 with 
each other. This average value is given by (we write A and B to emphasize that these 
letters now denote operators, not numbers): 


(A(a)B(0) ) =P + Pix. = Pyne = Pas SH coe yy (F-7) 


This expression is the quantum equivalent of the average value over the » variable of 
the product of results A(a, A) B(b, A) in a theory with local realism. To get the quantum 
equivalent (Q) of the combination of the four products of results as they appear in (F-3), 
we must compute the same combination of average values of these products of results, 
which yields: 


(Q) = (A@B0)) - (A@B()) + (Ale) BO) + (A) BO)) 
= — CoS Aap + COS Ogy — COS Ia'h — COS Oar (F-8) 


Imagine now that the four directions are in the same plane, and that the vectors, 
arranged in the order a, b, a’ and b’, all make a 45° angle with the preceding vector 
(Fig. 4); all the cosines are then equal to 1//2, except for cos@,y that is equal to 
—1/./2. We then get (Q) = —2./2; exchanging the directions of b and b’, we get 
(Q) = 2\/2. In both cases, BCHSH inequality (F-6) is violated by a factor V2, ie. by 
more than 40 %. In spite of the seemingly simple cosine variation of expression (F-7), 
we just showed that no theory with local reality is able to account for it, as this would 
violate inequality (F-6). This means that the EPR-Bell argument leads to an important 
quantitative contradiction with quantum mechanics, proving it to be a theory that does 
not comply with local realism in the sense of EPR. 
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a 


a’ 


b’ 


Figure 4: Position of the four vecteurs a, b, a’ and b! leading to a maximum violation of 
BCHSH inequalities for two spin-1/2 particles in a singlet state. These vectors define the 
spin components to be measured, along a or a’ for the spin on the left, and along b or b’ for 
the spin on the right. This means that the entire experiment needs four different set-ups. 
The only pair of vectors leading to a negative correlation between the two measurement 
results is (a, b'), as the angle between the corresponding directions is larger than 90°. 





How is it possible to encounter such a contradiction and how come such an appar- 
ently flawless argument does not apply to quantum mechanics? Several answers can be 
given: 

(i) Had Bohr been aware of Bell’s theorem, he would very likely have rejected the 
existence of the 4 preexisting numbers A, A’, B, B’. If these numbers do not exist, the 
argument of § F-3-a is no longer possible and the BCHSH inequality disappears. Bohr 
would have considered Bell’s theorem as mathematically correct in probability theory, but 
totally irrelevant in quantum mechanics, as being improper for the quantum description 
of the experiment under study. 

Even if he had accepted to reason about these numbers, as unknown variables to 
be determined later as is often the case in algebra, would the inequality have survived? 
The answer is no, still reasoning with Bohr’s logic. As already mentioned in § F-2, 
Bohr’s point of view is that the entire experiment must be considered as a whole. One 
cannot distinguish two separate measurements that would be performed, each on one of 
the particles: the only true measurement process concerns the ensemble of both particles 
together. A fundamentally indeterminist and delocalized process occurs in the whole 
region of space containing the entire experiment. 

The functions A and B then both depend on both the measurement parameters, 
and must be written as A(a, b) and B(a, b); this immediately forces an abandon of locality. 
Instead of the 2 numbers A and A’, we now have 4 numbers, A = A(a,b), A’ = A(a’,d), 
as well as A” = A(a,b’) and A’” = A(a’,b’); the same is true for B and B’, which must 
be replaced by 4 numbers. We now must deal with a total of 8 numbers instead of 4. The 
demonstration of the BCHSH inequality is then no longer possible and the contradiction 
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disappears. 

(ii) One may prefer a more local point of view for the measurement process, which 
allows keeping the concept of a measurement on a single particle. To avoid the contradic- 
tion with quantum mechanical predictions, one must then consider that it is meaningless 
to attribute four well defined values A, A’, B, B’ to each pair. Since only a maximum 
of two of them can be measured in a given experiment, we should not be able to talk 
about these four numbers or argue about them even as unknown quantities. A well know 
phrase of Péres [75] very clearly sums up this point of view: “unperformed experiments 
have no results”. Wheeler [76] expresses the same idea as he writes: “no phenomenon is 
a real phenomenon until it is an observed phenomenon.”. 


B. Contradictions with experimental results 


The question was: does Bell’s theorem allows pointing out very particular sit- 
uations where quantum mechanics is no longer valid? Or, on the contrary, are the 
predictions of quantum mechanics always valid, which immediately entails that certain 
hypotheses leading to the inequalities must be abandoned? A great number of experi- 
ments have been performed from 1972 on; they all confirmed the predictions of quantum 
mechanics, measuring, sometimes with great precision [77], the violation of Bell’s in- 
equalities. 

After a moment of doubt, it now seems well established that quantum mechanics 
yields perfectly correct predictions, even in situations where it implies a violation of Bell’s 
inequalities. However plausible they might look, one must abandon at least one of the 
hypotheses that led to these inequalities. 


Conclusion 


The concept of quantum entanglement is quite essential; it leads to situations where 
certain types of correlations, totally impossible in classical physics, can be produced and 
observed. These situations can occur even when the observations are performed in regions 
of space arbitrarily remote from one another. A fundamental idea of quantum mechanics, 
without any classical counterpart, is that the most precise description of a whole does 
not necessarily entail an equivalently precise description of its parts. This means that 
there exists no theory both local and realistic, for describing a system containing two 
remote and entangled particles (it would contradict quantum mechanics). 

Entanglement also plays an essential role in the measurement processes, and comes 
into play at different levels: entanglement between the measured system S and the 
measuring apparatus M, between M and the environment FE, between two environments 
E and E’, and so forth. We also discussed how entanglement determines the contrast of 
the fringes observed in an interference experiment where a particle has to cross a plate 
pierced with two holes. 

In addition to these important aspects, entanglement also plays an essential role in 
quantum computing: one seeks to take advantage of the parallel evolution of the various 
entangled branches of the state vector to perform computations. This domain of research 
has undergone intense development in recent years, but is too extensive to be treated in 
the present volume. The reader may want to consult specialized books on the subject, as 
for example that of D.Mermin [78]. Entanglement also plays a central role in quantum 
cryptography, whose aim is to fabricate devices for secure quantum key distribution that 
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cannot be spied on, as any eavesdropping is detectable; a review on this subject can be 
found in the article by N.Gisin, G-.Ribordy, W.Tittel and H.Zbinden [79]. 

There still remains the fact that, in the presence of entanglement, and in partic- 
ular during a measurement process, the standard interpretation of quantum mechanics 
may present some difficulties. Schrédinger’s evolution equation does not predict the 
uniqueness of the measurement result observed in the macroscopic world. To obtain 
this uniqueness in the framework of the theory, one can introduce an ad hoc postulate, 
such as the von Neumann postulate of reduction of the state vector. It then raises the 
question of where to set the border: when exactly should one stop using the continuous 
evolution of Schrédinger’s equation and impose the reduction of the state vector? How 
can one reconcile the intrinsic irreversibility of this ad hoc postulate with the reversibility 
of Schrédinger’s equation? 

Another open question concerns the status of the state vector. We have used it 
throughout this book as a mathematical tool, good for computing probabilities, but what 
does it really represent? Does it directly describe physical reality? Or does it simply 
give information about physical reality? A number of quantum mechanics interpretations 
have been proposed (see reference [68]) that discuss this fundamental difficulty. 
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AxxI DENSITY OPERATOR AND CORRELA- 
TIONS; SEPARABILITY 


AxxI This complement introduces von Neu- 


mann statistical entropy associated with a 


density operator, discussing its properties and 
establishing some important inequalities it mus 
satisfy. Also discussed are the differences between 
classical and quantum correlations (arising from 
quantum entanglement effects). The concept o 


“quantum non-separability” is introduced. 





Bxxr : GHZ STATES; ENTANGLEMENT SWAP- 


PING 


GHZ 
between quantum mechanics 


states provide an example of conflic 
and the 


The contradiction is 


usua 
concept of local realism. 
even stronger than for Bell’s inequalities, as it is 
expressed as an opposition in signs. Entanglemen 





swapping allows entangling particles withou 


them ever having to interact with each other. 





Cxx1 MEASUREMENT INDUCED RELATIVE 
PHASE BETWEEN TWO CONDENSATES 





When two Bose-Einstein condensates overlap, 
their relative phase is a priori totally undeter- 
mined. However, such a phase may appear, in- 
duced by a measurement process sensitive to that 
phase. As measurements proceed, this relative 
phase will progressively acquire a more precise 


value. 





Dxx1 EMERGENCE OF A RELATIVE PHASE 
WITH SPIN CONDENSATES; MACROSCOPIC 
NONLOCALITY AND THE EPR ARGUMENT 


This complement is an extension of the previous 
one, studying the case where the two conden- 
The 
the emergence of a 


sates are formed of particles with spins. 
same phenomenon occurs: 
relative phase, but in a context where the EPR 
argument is harder to refute because of the 
macroscopic character of the measured quantities. 
Furthermore, situations may arise where Bell’s 
inequalities are violated, which proves that the 
measurement induced phase between the two 


condensates is of a non-classical nature. 
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In Chapter XXI, we mainly considered global systems A+ B described by a state 
vector (pure state). This complement will examine what happens when these global 
systems are described by a density operator (statistical mixture); we shall study the 
correlations quantum mechanics predicts in that case between the two subsystems A and 
B. We start by introducing, in § 1, the concept of statistical entropy, which yields a useful 
measure of their degree of correlation. We then analyze, in § 2, the differences between 
classical correlations (introduced at the probability level) and the quantum correlations 
(which can arise from the coherent superposition of state vectors). Finally, in § 3, we 
will come back to the important concept of separability already introduced in § F-2 of 
Chapter XXI. 


1. Von Neumann statistical entropy 

The statistical entropy introduced by von Neumann permits, in a straightforward way, 
to distinguish between a pure state and a statistical mixture; in the latter case, it also 
yields a measurement of the statistical character of the information known about the 


physical system. It is also a useful tool for studying in a quantitative way the amount of 
correlation between two physical systems. 


L-a. General definition 


With any density operator p, we associate a statistical entropy S by the relation: 


S = —kpTr {p Inp} (1) 


where kg is the Boltzmann constant. As p is Hermitian, this operator can be diagonal- 
ized. Noting n, its eigenvalues, we get: 


S=-—-kp Sone In nz (2) 
k 
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Since all the nz are included between 0 and 1, we necessarily have: 
S>0 (3) 


where the equality occurs only if p has one eigenvalue equal to 1, all the others being equal 
to zero. The entropy associated with p is therefore equal to zero only if this operator 
is a projector, and hence corresponds to a pure state. On the other hand, whenever p 
describes a statistical mixture, S is different from zero. It takes on its maximum value 
when the density operator p has equal populations in all the system’s accessible states, 
i.e. if it is proportional to the identity operator in the state space. To prove this, let us 
vary each nz by an amount dnz, and impose a zero variation for the sum over k of (2), 
while maintaining constant the sum of all n, using a Lagrangian multiplier 4. We then 
get: 


ds — Ake Y > dng = —ke S| [1+ Log ng + Al dng = 0 (4) 
k k 


For this expression to be zero for any dn, means that all the In nz, and hence all the nz 
themselves, must be equal. 

One can associate a concept of information, or rather a lack of information, with the 
entropy S. When the physical system is in a pure state, that state provides the maximum 
information on the system, compatible with quantum mechanics. In this situation, there 
is no lack of information and S = 0. On the other hand, when the system is spread over 
several pure states with comparable probabilities, a large value of S means that a lot of 
information about the system is lacking. 


Comment: 


The statistical entropy S' characterizes the populations of the density matrix nz (§ 4-c of Com- 
plement Eq7z), but not the corresponding eigenvectors. Moreover, the same density operator can 
in general be obtained from several different statistical mixtures of pure states (cf. comment at 
the end of §4-a of Complement Eyy7); the value of the entropy does not distinguish between these 
different mixtures. 


A statistical mixture of several density operators can only increase the entropy of 
the system. Imagine, for example, that the density operator p is actually the combination 
of several density operators p, with probabilities p,, (all positive, and whose sum over n 
is equal to 1), written as: 


p= a Pn (5) 


Noting S;, the entropies associated with p,: 


Sp, = —kpTr {pn Inp,} (6) 


we can write!: 


S> J pn Sn (7) 





1This properties is often called “entropy concavity”. 
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Demonstration: 


In § 1-b of Complement Gxv, we showed that, when p and p’ are two density operators 
with traces equal to 1, one always has the following inequality: 


Tr {p Inp} > Tr {p Inp’} (8) 


(the equality occurring only if p’ = p). We can then write: 


Ss 
Spe S pn Tr {on Inp} 


1 
<D/Pn Tr {on Inpn} = —7— Pn Sn (9) 
which establishes relation (7). 
1-b. Physical system composed of two subsystems 


We now compare the entropies S'4,,, $4 and Sp associated, respectively, with 
the total density operator p4+p and with the partial density operators p4 and pgp. We 
are going to show that S4 + Sg = S41; , when the systems A and B are not entangled, 
and that S4+ Sg > S4+p otherwise. 


Q. Pure state 


Imagine first that the total system is in a pure entangled state. We have seen that, 
in that case, the two subsystems A and B are not described by pure but by statistical 
mixtures of states, so that: 


Sa = —kgTr{pa Inpa} > 0 


Sp = —kpTr {pe Inpp} > 0 (10) 
As the entropy S4+8p associated with a pure state is zero, it follows that: 
Sa+Sp> Sars (11) 


(the equality corresponds to the special case where the pure state |W) is a product, 
without entanglement, and where the Schmidt rank is equal to 1; see Chapter refch21, 
§ C-3). 

We can also use the Schmidt decomposition for |W), which yields relations (C-7) 
and (C-8) of Chapter XXI, to get: 


Sa=-kp > alng = Sp (12) 


Both entropies of the two subsystems are thus always equal whenever the total system 
is in a pure state. 
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B. Statistical mixture 


When the total system is described by a density operator p4,p, not necessarily 
corresponding to a pure state, its entropy S4,, may not be equal to zero. We are going 
to show, however, that this entropy S4;, always remains lower or equal to the sum of 
the entropies of each subsystem, meaning that relation (11) remains valid in this more 
general case; this property is referred to as the “entropy subadditivity”. The equality in 
(11) is obtained solely in the case where p4;p is a product: 


PAB = PA® PB (13) 


which corresponds to the case of two subsystems, separately described by statistical 
mixtures, while remaining uncorrelated. The difference $4+Sp—S,4+ yields an estimate 
of the loss of precision between the quantum description of the total system, and the 
separate quantum descriptions of the two subsystems. 


Demonstration: 


According to inequality (8), we can write: 


Tr {p Inp} > Tr {p In(pa @ pz)} (14) 


We note |u;) the eigenvectors of p4 with eigenvalues q;, and |v) the eigenvectors of pg 
with eigenvalues s;. Let us now compute the trace of the right-hand side of (14) in 
the basis {|ui,vz)} of the tensor products of the eigenvectors of the two operators, with 
respective eigenvalues q; and s;; we get: 


Tr{p Log (pa ® pz) } = S- (ui, vi| p Log (pa ® pp) |ui, %) 
al 


= $5 (ui, ui] p Log (qi x st) (us, 0) 


al 


= S5 (ui, v1] p lui, v1) Log (qi) + 5 > (ui, v1] p Jus, v1) Log (s1) (15) 
al 


a,l 


Let us now choose p = pa+s. The first term on the right-hand side can be written as: 


So (wi, vil pate lui, v1) In(qi) = S > (wil pa lus) In (qi) 


al a 
= 55 (ul pa Inpa |us) 
= Tr {oa npa} (16) 


The second term on the right-hand side of (15) yields a similar expression, where B 
replaces A. Finally, inequality (14) can be written as: 


Tr {pa+e Inpa+e} 2 Tr {pa Inpa} + Tr {pe Inpp} (17) 


and leads to (11). The equality occurs if and only if (14) becomes an equality, ie. if 
pA+eB is equal to the product (13). 
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2. Differences between classical and quantum correlations 


Quantum mechanics offers more possibilities than classical physics for describing corre- 
lations between physical systems. We now briefly discuss such examples. 


2-a. Two levels of correlations 


The concept of correlation is not, intrinsically, a quantum notion, and it is well 
known in classical physics. It is then based on probabilistic calculations, which results 
in the linear weighting of a certain number of possibilities. In this classical context, one 
introduces a distribution yielding the probability for the first system to occupy a certain 
state, and the second system, another state; the two systems are correlated when this 
distribution is not a simple product. If, on the other hand, the distribution turns out to 
be a product, the two systems are not correlated; a measurement on one of the systems 
does not change the information about the other. In particular, this is what happens if 
the states of the two systems, and consequently that of the total system, are perfectly 
well defined, a case where the notion of correlation between the two systems becomes 
irrelevant. This means that the notion of correlation between two classical systems is 
closely linked to an imperfect definition of the state of the total system. 

In quantum mechanics, things are totally different. To begin with, even if a physical 
system is perfectly well defined by a state vector, many of its physical properties are not 
so precisely defined: during several realizations of the experiment, their measurement can 
provide fluctuating results. These results can nevertheless be correlated: as an example, 
we saw in § B of Chapter XXI that the components of each of the two spin-1/2 particles 
are completely indeterminate but perfectly correlated. Such correlations appear directly 
at the level of the state vector itself, which can be written as a linear superposition of 
states where the spins have various orientations. The correlations are therefore related 
to the the quantum mechanical superposition principle; this is totally different from 
the combinations of probabilities, which are quadratic functions of that state vector. 
Letting correlations appear directly at the probability amplitude level, one has access to 
a level that is, in a way, “a step ahead” of the linear weighting of classical probabilities, 
and maintains the possibility of quantum interference effects. Note, however, that the 
existence of this level of combinations does not exclude classical probabilities from coming 
into play. One can also assume, in quantum mechanics, that the state of the total system 
is only known in a probabilistic way, so that the two probability levels may coexist. To 
sum up, it is clear that the concept of quantum correlations covers many more possibilities 
than correlations in classical physics?. 


2-b. Quantum monogamy 


Another purely quantum property is that, if a physical system A is strongly entan- 
gled with a physical system B, it cannot be strongly entangled with another system C. 
Such a property does not have any equivalent in classical physics, where, obviously, noth- 
ing prevents correlating a third system C' with two others A and B, all the while keeping 





?We shall introduce, in § 3, a criterion (negativity of the coefficients of the total density operator 
expansion into a sum of products) for confirming the quantum nature of the correlations between two 
subsystems. 
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their initial correlation. This quantum property is often referred to as “entanglement 
monogamy”. 

Let us assume, for example, that two spins are in a state of the same type as the 
singlet state (B-1) of Chapter XXI: 


1 
a 


(the singlet state is obtained for € = 7). How can we add an additional spin without 
destroying the correlation between the first two? One could imagine the three spin state 
to be written as: 


|Wap) = [|A:+;B:—-)+e% |A: -;B:+)] (18) 


1 
us 


where |6) is any normalized state for the third spin. This ket obviously conserves the 
same entanglement between spins A and B as in state (18), but the third spin is then 
totally uncorrelated with the first two. 

Another possibility is to choose as a state vector: 


1 
|Wapc) = aD [|A:+;B:-;C:601:)+e%|A:-;B:+;C: 0)] (20) 


Vasc) =|Vas) @|C: 0) = [|A:+;B:-C:0)+e*%|A:-;B:4;C:6)] (19) 


The density operator pag describing spins A and B is obtained by taking the partial 
trace (Complement Eq, § 5-b): 


pas = Tre {|Wasc) Wascl} (21) 


Computing the matrix elements of this partial trace shows that: 


pan=5 (9, 0:1) |A:+;B:-)(A:4+;B:-| 

+ (02 |@2) |A:-;B:+)(A:-;B:4| 

+e (0, |02) |A: -;B:+)(A:4+;B:-| 

+ e~€ (@)|1) |A:4+;B:-) (A: 5B: 41] (22) 





One can then distinguish several cases: 
—If |0:) = |@2), we find again (19), and the third spin is not entangled with the 
first two. The density operator pap is then written: 
pap=|A:+;B:-)(A:4;B:-| + |A:-;B:4+)(A:-;B:4| 
+e8|A:—9B:4+)(A:4+;B:-| + &*|At+;B:—-) (A: -7B:4| (23) 
which is simply the projector onto state (18); it conserves all the entanglement of spins 
Aand B. 


— The opposite case is when |6;) and |62) are orthogonal, so that |W 4gc) becomes 
a so called GHZ state (Greenberger, Horne and Zeilinger; cf. Complement Bxx1: 


1 ; 
Wonz) = 7 [Ai Bi C2 +) +e |A: Bi +30: -)] (24) 
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where, when one goes from the first component to the second, the three spins switch 
from one state to the orthogonal one. The second line in (22) then cancels out and the 
partial trace p4p becomes: 





pap = 5 [|A: HB: )(A:4+;B:-|+|A:-;B:+)(A:-;B:4|] (25) 


which is a statistical mixture of two possibilities, with probabilities 1/2: the two spins are 
either in the state |A:+;B:—), or in the state |A: —; B: +). The quantum coherences 
between these two states (terms dependent on the phase €) have totally disappeared. 
The correlation between the two spins A and B is then of a classical nature?, and no 
entanglement comes into play. 

~ In the intermediate situation where |6;) and |62) are neither parallel nor orthog- 
onal, we see from (22) that a certain coherence remains (non-diagonal elements). The 
more parallel |@,) and |@2) are, the more the partial density operator resembles that of 
the two initial spins which remain entangled, whereas the third one becomes less and 
less entangled with the first two; conversely, the more orthogonal they are, the more the 
initial spins lose their correlation, which becomes entirely transmitted to the three spin 
level. 

This is actually a general property: when two physical systems are maximally 
entangled, a principle of mutual exclusion makes it impossible to entangle them with a 
third system. Mathematically, this property is expressed by the Coffman-Kundu-Wooters 
inequality [80]. 


3: Separability 


From Bohr’s point of view (§ F-2 of Chapter XXI), one must give up the notion of 
separability. Even when two physical subsystems are well separated in space, it does 
not infer that they have, each of them separately, their own physical properties (as 
EPR assumed); only the total system, including the measuring apparatus, can have such 
properties. On the other hand, we saw in § 2 that in quantum mechanics, there are two 
ways for introducing correlations between two systems: a classical way (by assuming they 
have given probabilities to be found in such or such individual correlated states), and a 
quantum way (by assuming entanglement directly at the level of a common state vector). 
We also know that, even though there are situations where quantum mechanics predicts 
violations of Bell’ inequalities and hence of local realism, there are many others where 
its predictions obey these inequalities; a violation is, in a way, the signature of an ultra- 
quantum situation. It is thus interesting to look for a criterion allowing a distinction 
between these two types of correlations. 


3-a. Separable density operator 


Consider a total system described by a density operator p4,g and composed of 
two subsystems A and B. Let us assume that p4;p can be expanded as a series of 
density operators p’, and p% pertaining to each of the two subsystems, with real and 





3The density operator is separable in a sense that will be defined in § 3, and therefore cannot lead 
to violations of Bell’s inequalities. 
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positive 7, coefficients whose sum equals to one, and can be assimilated to probabilities: 


PAtB = >_Tn P'4@ PB (26) 
with: 
O<m<1 and Som=l (27) 


Intuitively, one can guess that the correlations contained in p4,, must then be 
of a classical nature. The total system is, with a probability 7,, described by a density 
operator that is a product, without correlations, of density operators each describing one 
of the subsystems. The correlations between these subsystems are therefore introduced 
in a classical way, even if nothing prevents each subsystem from exhibiting strongly 
quantum individual properties. 

Any density operator that can be decomposed as in (26) with positive 7, coef- 
ficients is, by definition, said to be “separable” [81, 82]. On the other hand, if any 
decomposition of p44, such as (26) necessarily includes 7, coefficients that are not real 
and positive, the density operator p4;g contains quantum entanglement and is said to 
be non-separable. When the total system A+ B is separable, correlation measurements 
between physical properties of the two subsystems A and B can never lead to violations 
of Bell’s inequalities. These violations are thus a sure sign of the non-separability of the 
density operator. 


Demonstration 


To show this, let us assume we perform two simultaneous measurements on the systems 
A and B, the first one depending on the measurement parameter a, and the second, on 
the measurement parameter b. We note P, (Ra) the projector acting in the state space 
of A and corresponding to the measurement result R4 (this projector is the sum of the 
projectors onto the eigenvectors associated with that measurement). In a similar way, 
we note P, (Rg) the projector in the state space of B corresponding to the measurement 
result Rg. When the total system is described by the density operator (26), the joint 
probability of obtaining both results R4 and Rez is: 


P (Ra, Re) ie ) x Py (Re) (28) 


with: 


Pa (Ra) = Tra {p'aPa (Ra)} 
Py (Re) = Tre {pp Ps (Re) } (29) 


As all the numbers appearing on the right-hand side of (28) are positive, this equality 
has a natural interpretation in classical physics, which is the framework of our present 
argument. We are dealing with two levels of probabilities. At one level, the total system 
is prepared, with probability 7,,, in a state where the two subsystems are uncorrelated. 
At a second level, for each value of n, the individual states of the subsystems are only 
known in a statistical way via the probability P? (Ra) of a result R4, and the probability 
Pi (Re) of a result Re. 


2224 


e DENSITY OPERATOR AND CORRELATIONS; SEPARABILITY 





We now show that if a relation of the type (28) is verified for all the measurement 
parameters a and b, with any positive probabilities P? (Ra) and P;’ (Re), and with 
positive values for all the 7, Bell’s inequalities are always satisfied. Let’s assume both 
results R4 and Rg can take on the values +1. 





To start with, we assume that the physical properties of each pair of systems A and B 
depend on a classical random variable y; this variable takes on a series of values Un, 
corresponding to each term in the summation over n appearing in (28), each with the 
probability 7,. This means that this summation over n can be interpreted as an average 
value over the random variable pu. 


We then assume that the properties of the classical system A depend on a different 
random variable v4, which determines the result of the measurement performed on A. 
As an example, one can imagine that v4 is regularly distributed on the segment [0, 1]; 
result Ry is a function of v4, and takes the value +1 on a fraction of the segment of length 
Pz (Ra = +1), and the value —1 on the rest of the segment. This function models the 
probability written on the first line of (29); the measurement result is thus a function of 
va, of the measurement parameter a, and of yz (which replaces n). Finally, we introduce 
the random variable vg, which determines the result of the measurement performed on 
B, with a distribution modeling in a similar way the probability written on the second 
line of (29), for any value of n and any choice of the measurement parameter b. 


If we now regroup the three variables 4, v4 and vg, as being the three components of 
a single variable A, we reproduce the exact same hypotheses stated at the beginning of 
§ F-3-a in Chapter XXI: the measurement results are functions, the first one of A and a 
and the other one of A and b. The same reasoning then leads to Bell’s inequalities. Note 
that, at no point in this classical reasoning, did we have to consider the ensemble A+ B 
as a whole; it was thus to be expected that Bell’s inequality would be established in this 
case. 


3-b. Two spins in a singlet state 


Let’s go back to the example of two spin-1/2 particles in a singlet state: 


1 
W) = —)|+,-)-|-3.4+ 30 
|W) a a= ath) (30) 
In the basis of the 4 kets |+,+), |+,—), |-, +), |-,—) taken in that order, the matrix 
representing the density operator p4+p is written: 
00 00 
1/01 -10 
(pats) = |¥) (Y= 910-110 (31) 
00 00 


This matrix density (p44,) has non-diagonal elements between states |+,—) and |—,+), 
as, for example: 


-1= oe | PA+B ee) (32) 


To obtain such a non-diagonal term by a sum of products such as (26), will require: 


—1= Som (+10%1-) (“lB |+) (33) 
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This demands introducing at least one term n that contains partial density operators 
p’ and p}, both having non-diagonal elements. Now each of these two operators is a 
positive-definite operator. This means, for p% for example, that it must have popula- 
tions (diagonal matrix elements) (+|% |+) and (—|%|—) in the two individual spin 
states, and the same is true for pj. The corresponding n term will necessarily intro- 
duce in (44g) populations in the 4 states |+,+), |+,—), |-,+), |-,—); it will then 
be impossible to cancel those populations by adding other products of density operators 
(whose populations are positive) with positive 7, coefficients. Consequently, this den- 
sity operator (9442) is non-separable, and this is why it can lead to violations of Bell’s 
inequalities. 
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Greenberger, Horne and Zeilinger (GHZ) showed in 1989 [83, 84] that violations 
of local realism even more spectacular than violations of Bell’s inequalities could be 
observed on systems containing more than two correlated particles. These violations 
involve a contradiction in sign (and hence a violation of 100 %) for perfect correlations 
between measurement results, as opposed to inequalities violated by 40% for imperfect 
correlations. Observation of these violations requires creating an initial entanglement 
between three particles or more, as will be discussed in § 1. Another example, involving 
the entanglement of more than two particles, is the “entanglement swapping” method, 
explained in § 2. This method highlights a surprising property of entanglement: the 
possibility of entangling together two quantum systems, without them ever having to 
interact with each other. 


1. Sign contradiction in a GHZ state 


We consider a system composed of three spin-1/2 particles, as it is the simplest case for 
explaining how the GHZ contradiction can appear. 


L-a. Quantum calculation 


The three-spin system is described by the normalized quantum state: 


NW) =e [Ht] (1 
In this equality, the states |+) symbolize the eigenstates of the spin components along the 
Oz axis in an Oxyz reference frame; to simplify the notation of the three particle ket, the 
spins are not numbered: the first sign corresponds to the state of the first spin, the second 
to that of the second, and similarly for the third spin. The number 7 stands for either 
+1, or —1. We now look for the quantum probabilities of measurement results of the 
components of each of the spins o1,2,3 of the three particles along two possible directions: 
either along the Oz direction, or along the perpendicular Oy direction (Fig. 1). 

We start with the measurement of the product ojy g2y 032. AS we now show, |W) 
is an eigenvector of this operator product, with eigenvalue —7, which means that the 
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measurement result is certain. The action of the first operator! is written: 


ose [W) = 5 [os (3) +. (3)]) 
7 x [no (3) |-,-, -) + (3) 4,4, 4)] 
= Saacaiihihs teak) (2) 


V2 


The second operator then yields: 
1 
03y03x |B) = 5-[o4 (2) - 9- (2)] 03x |) 
1 
=e [n|-,+,+) -|4+,-,- 3 
WD [7 | p= | )] (3) 


Finally, the product of the three operators yields: 


O1yI2y03x |V) = » [o+ (1) — o_ (1)] cayoae |¥) 
=—phhtt 4) th 
=-7 |) (4) 


The probability of observing the result —7 is: 
P(O1y C2y 032 => —7) = 1 (5) 


whereas the probability P(o1, c2y 032 => +1) of observing the other result is zero. 

As the three spins play the same role, it is clear that |W) is also an eigenvector 
of the two operator products oj, d2y 03, and djy 027 03,, With eigenvalues —n. The 
corresponding probabilities are therefore: 


P(x O2y O3y —> —n) | 
P(O1y Con Oxy => —n) = 1 


(6) 


It is thus certain that the three products take on the value —7. 
We now consider the measurement result of the product of the three spin compo- 
nents along the same Ox axis. We use again (2), but (3) is now replaced by: 


022050 |W) = 5 [os (2) + o- (2)] 30 1B) 


sgl) + HI (7) 
and (4) by: 
012022032 |B) = 5 [04 (1) +o (1)] o2e0s0 |) 


1 
7 rrr ad (8) 
1The Pauli matrices are defined in Complement Ary; the operators o4 
ox |F) = 21+). 








tiay obey the relation 


H 
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c=11 © 


Figure 1: Schematic set-up for observing the GHZ contradictions. Three spins, initially 
in state |V) written in (1), are measured in three different regions of space. In each of 
these regions a measuring apparatus is placed, with a setting enabling the local observer 
to choose between two possible spin component measurements, either along Ox, or along 
Oy. Whatever choices the three observers make, the results given by the three apparatus 
are A=+1, B=+1 andC=dcH1. 

















This shows that |W) is also an eigenvector of the operator product 017 027 03x, but this 
time with the eigenvalue +7. It follows that: 


P(x 027 032 => +n) = (9) 


One can conclude, with certainty, that the measurement result of this product will be 
equal to +7). 


Quantum mechanical measurement of a product of commuting operators: 


Three operators such as o1y, d2y and o3z, acting on different spins, commute with each 
other; they form a CSCO (Complete Set of Commuting Observables) in the state space 
of the three spins. One can thus build a basis of eigenvectors |€1, €2,€3) common to the 











three operators, labeled by the eigenvalue €; = +1 of o1,, the eigenvalue 2 = +1 of oa, 
and the eigenvalue €3 = +1 of 03. Any vector |W) can be decomposed onto this basis 
as: 
Iv) = So c(€:,€2,€3) |r, &,€) (10) 
€1,€2,3 


The action of the operator product o1y02y03z on any ket is therefore to simply multiply 
each of its component c (£1, €2,€3) by the product 1 €2 €3. Now the vector |W) written in 
(1) is an eigenvector of that operator product, with the eigenvalue —n. The uniqueness of 
decomposition (10) then means that the only non-zero c (£1, €2, €3) coefficients are those 
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for which: 


1 €2&3 = —7 (11) 


Suppose we measure, in a first experiment, the component o1, of the first spin. The 
result €; = +1 is random. After the measurement, the projection postulate leads to a 
state that depends on this result, obtained by keeping in (1) only half of the components 
— those that correspond to the observed €; value. The components of the projected 
state vector still obey relation (11), where €, is now fixed. Similarly, if we continue the 
experiment and measure o2y for the second spin, the result 2 = +1 is also random, but 
the components of the new projected state vector still obey that same relation. As now 
€; and &2 are both known, the same is true for £3, whose value is determined by the first 
two measurements. 








To sum up, the results observed for each spin component measurement fluctuate from 
one experiment to another, but these fluctuations are correlated and the product of the 
three results remain constant. One can obviously do the same analysis for the other sets 
of operators considered above, o12, 02y and 03, for example. 


1-b. Reasoning in the local realism framework 


Let us leave, for a moment, standard quantum mechanics and examine what a local 
realistic theory (in the EPR sense of these words) would predict in such a situation. As 
we are in a particularly simple case where the initial quantum state is an eigenvector of all 
the observables coming into play (all the results are certain), one could expect nothing 
particular to happen. On the contrary, we now show that a complete contradiction 
appears between local realism and the predictions of quantum mechanics. 

The local realism argument we present is a direct generalization of that used to 
obtain Bell’s inequalities in § F-3-a of Chapter XXI. We first notice that the perfect 
correlations imply that the measurement result of a spin component along Ox (or Oy) 
of any particle can be deduced from the results of measurements performed on other 
particles, at arbitrarily large distances. The EPR argument then requires the existence 
of elements of reality corresponding to these two component directions, that we shall 
note Az = +1 for the first spin, B, , = +1 for the second, and finally C,,, = +1 for the 
third. According to the EPR argument, for each experiment (i.e. for each emission of 
a group of three particles), these six numbers have well determined values, even though 
they are a priori unknown. These numbers are simply the results that shall be obtained, 
should measurements be performed later on. As an example, a measurement on the first 
spin will necessarily yield A, if the chosen analysis direction is along Oz, or A, if it is 
along Oy, independently of the type of measurements performed on the other two spins. 

To have an agreement with the three equalities (5) and (6) imposes that: 











AyByCy = —-n 
A;ByCy = —-7 (12) 
AyB,Cy = —n 


Now, in the logic of local realism, the same values of A, B and C can also be used for an 
experiment where the three spin components are measured along the same Oz direction: 
the result should simply be the product A,B,C,. As the squares of the numbers At, 
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etc., are always equal to +1, we can obtain that product by multiplying the lines of (12), 
which yields: 


A, B,C, = —n (13) 


That is where the contradiction shows up: equality (9) predicts that the measurement of 
O1x 027 03, Must always yield the result +7, which has the opposite sign! There could not 
be a greater contradiction between local realism and quantum mechanical predictions. 


1-c. Discussion; contextuality 


Compared with the violations of Bell’s inequality, the GHZ contradiction seems far 
more spectacular, since a 100 % contradiction is obtained with 100 % certainty. From an 
experimental point of view, however, the necessity to bring into play three remote and 
entangled particles is a complex challenge. 

To easily identify the three spins (deciding which measurement pertains to spin 
noted A, to spin noted B, and to spin noted C), and to be sure the three measurements 
are performed far from each other, let us assume the spins each occupy a different region 
of space. When the spatial variables are taken into account, the ket (1) can be rewritten 
more explicitly in the form: 


|) ) 2s ap) |B ue) @ [Ls 522453824) +m [L222 38: -) (14) 


= 35 |L : Ua 
where |ta,b,-) are three orbital states whose wave functions do not overlap. They can for 
example be entirely localized in separate boxes where the measurements are performed. 
One then assumes that none of the particles will be left unmeasured and that each of 
them is separately observed. The experimental procedure is to first choose, for each box, 
a component Ox or Oy, then perform the three corresponding measurements in each 
box, obtain the three results Az, Bz, and Cz,,, and finally compute their product. 

A first necessary verification is to perform a large number of experiments and 
measure successively the three productsA,ByC,, AzByCy and AyB,Cy, to be sure that 
the perfect correlations predicted by quantum mechanics are indeed observed (it is an 
essential step for the EPR argument, which infers from it the existence of 6 separate el- 
ements of reality). One then measures the product A,B,C, and, if quantum mechanics 
is right, one will observe a sign opposite to the EPR prediction. This means that the 
value obtained in a measurement of 01, (for example) depends on the Ox or Oy compo- 
nents measured on the other spins; this remains true even if the corresponding operators 
commute with o1,. This leads us to the general concept of “quantum contextuality”: in 
an experiment where several commuting observables are measured, one must take into 
account, according to Bohr’s prescription, the ensemble of the experimental set-up (the 
whole context of the system to be measured); it would not be correct to reason as if these 
measurements were independent processes. 

Experimental tests of GHZ equalities have been performed [85, 86]. These ex- 
periments require three particles to be placed in the quantum state (14), which is not 
an easy task. Nevertheless, using elaborate quantum optics techniques, the correctness 
of quantum mechanical predictions has been verified in such a case, with experiments 
involving 3 or 4 entangled photons, as well as with NMR (Nuclear Magnetic Resonance) 
techniques. 
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2. Entanglement swapping 


We now describe the “entanglement swapping” method, which enables entangling parti- 
cles coming from independent sources (i.e. having no common past) through a quantum 
measurement process. 


2-a. General scheme 


Consider two sources $2 and S34 each creating a pair of entangled photons (Fig. 
2). The first one creates a photon with momentum k, and another one with momentum 
ko, whose polarizations are entangled in states H (horizontal polarization, in the plane 
of the figure) and V (vertical polarization, perpendicular to the plane of the figure). In 
a similar way, the second source creates a photon with momentum k3 and another one 
with momentum k,, whose polarizations are entangled in the same way. The initial state 
describing the two pairs is the tensor product of two states, each describing two particles: 


1 
|W) = 5 iki, Hs ko, V) + ki, V; ko, H)] @ [ks, H; ka, V) + |k3, V5 Ka, H)] (15) 
While the two photons emitted by a given source are strongly entangled, no entanglement 


exists between the two pairs of photons, emitted by each of the two sources. It is useful 
to introduce the four different states pertaining to the wave vectors k,, k;: 


1 
Paes = Va (ki, H;k;, 1) + n|ki,V;k;,V)] 
1 
B a : . 
Sea fy lle Hakan V) + Mies Vide BD) (16) 
with, here again, 7 = +1. These states (often called “Bell states” in the literature, hence 





the superscript B) form an orthonormal basis of the state space associated with particles 
i and j. One can show that (the computation is straightforward but a bit tedious and 
will not be detailed here): 


Pa) cosy @ IPPs) yyy — IPRA) oa @ MPP) = VIVE) + (Vi HGV) (07) 
and that: 
|OPa) 1) @® |O23) 41) = |OPa)a ® |O2'3) 1) = |H;V;H;V)+ |V;H;V; H) (18) 


(to simplify the notation, it is implicitly assumed, on the right-hand side of both equa- 
tions, that the order of the particle’s momenta is always k), k2, k3 and k,). We can 
then write state (15) in the form: 


1 
|v) = 2 NOP a) ca 8 P23) 41) r [Pra (1) ° P23) ¥ 
+ lO%a) aa 8 |O23) a1) |Ora) 1) . \Fs)] os 


Figure 2 schematizes the experiment to be performed. After they are emitted, 
the particles with momenta kz and k3 undergo a measurement in which they interfere. 
This is achieved by sending these two particles to a beam splitter BS, followed by two 
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Figure 2: Schematic diagram of the “entanglement swapping” method. Two sources S12 
and S34 each emit a pair of entangled particles, with wave vectors k; and kg for the first 
one, k3 and ky for the second. These sources are independent. A beam splitter BS is 
inserted in the path of particles kz and kz; tt is followed by two detectors D, and D, that 
measure the particle number in each of the exit channels a and b. This measurement has 
the effect of projecting the state vector, hence bringing the two particles k, and k, into 
a totally entangled state, even though these particles have never interacted. 





detectors D, and Dy measuring which exit channel were followed by the particles. If the 
two particles exit through two different channels, the corresponding eigenvector for this 
measurement result is the state |O?) (ay! this is because, as we show below, the three 
other states |OF3) ua: |O23) 41) and |223) (a) correspond to situations where the two 
particles exit through the same channel. The measurement thus projects state (19) onto 
the last of its four components. The net result is that if the two particles with momenta 
ks and kg exit through different channels (which happens one out of four times), the 
two particles with momenta k, and ky reach the state |o? 4) (-1)° This means that the 
two non-observed particles reach a totally entangled state though they can be arbitrarily 
far from each other. It is worth noting that the initial entanglement concerns the two 
particles k; and kg, and, separately, the two particles k3 and k,. Performing a suitable 
measurement on a particle of each pair, one projects the two remaining particles into a 
strongly entangled state, even though they never interacted at any stage of the process. 


Demonstration: 


Let us show that loz 3) a is an initial state of two interfering particles that will lead to 


their exiting through different channels. We introduce for that purpose the two creation 
operators a y and al. y in the individual state with wave vector kz and polarization 
HT or V, as well as the two operators a, y and ay, y in the individual state with wave 


vector ks and polarization H or V. The state |O23) 1) can be written: 


1 
B 
|O2'3) 4) = 7) [ae gpl g) = aya | |0) (20) 


As the particles go through the beam splitter, their polarizations are not modified, but 
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their wave vectors are. In terms of creation operators, this leads to the unitary transfor- 
mations: 


1 
i t oe 
a, HS Va let + ial, | 


1 fy. 
Cc => a [pa + Gi (21) 


where the 2 factors come from the phase change in a light beam as it undergoes internal 
reflection. Similar equalities are obtained for the V polarization, so that: 


tT t t t 
OKs H Uks,V ~ U,V %k3,H 
ly 4 _t _t i 
rg (ah, + tah, a) (éaky vy + ax, v) 


- (Gav aD iab.v) (tak, + Ge) (22) 


As creation operators in different modes commute with each other, this operator is equal 
to: 


+ 
lesa ans Vo a as | (23) 


so that state fore) ey is transformed, after the beam splitter, into: 


1 

B i t at 

|O2'3) 1) > V2 [eta an, vy — Oh 7 Ah, tt | |0) (24) 
This shows that if the state before crossing the beam splitter is |or ays the two 


photons are still in two different exit channels after the crossing. 


If now the state before crossing the beam splitter is jo? 3) we must replace (22) by: 


(+1)? 


t oof t oot lr; + ot _t t 
gy HM k3,V + Ue, Veg, = 9 [ (Kc. zr os ia, #1) (iaK,.v a av) 


+ (ale, y + fal.) Cae + as in) | 


=t [oho # QhV + Os H av] (25) 


which means that the two photons always exit the beam splitter through the same chan- 
nel. In the same way, for the state |223) we get the operator: 





£1)? 





t oof aot oof ley ¢ it _t t 
Vk. ,H ks, H + Uo, Vks,v 7 5 [ (atc, zr + tks i) (ity tr + Oks 71) 


+ (Ga + ial, y) (Gal, + Oe.) | 


=i[(¢han)? + (ahaa) * (hav)? + (hav) | (26) 











It shows again that for each term the photons exit through the same channel. The state 
|oz 3) eats is therefore the only one that will lead to the photons exiting through different 


channels. 
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2-b. Discussion 


In classical physics, it is also possible to obtain correlations between two objects 
initially totally independent, by sorting objects with which each of them is correlated. To 
underline the fundamental difference with entanglement swapping, we now discuss such 
a classical experiment. Imagine that two independent sources emit pairs of correlated 
objects, numbered 1 and 2 for the first source, 3 and 4 for the second, as in Figure 2. 
Each time the experiment is performed, each source emits two classical objects sharing a 
common property (such as, for example, the same color, or opposite angular momenta, 
etc.). The two sources are nevertheless totally uncorrelated (the objects emitted by two 
different sources present no correlations between their colors, their angular momenta, 
etc.). If, however, one selects particular experiments where particles 2 and 3 present a 
certain correlation (for example identical colors, or else parallel or antiparallel angular 
momenta, etc.), it is clear that the particles 1 and 4 will also be correlated, even if they 
never interacted in the past and if they are very far apart. It is a mere consequence of the 
selection performed in a classical probability distribution, and could be called “classical 
correlation swapping”. 

Note, however, that this selection remains purely classical; no entanglement can 
be produced by this method. Should a Bell experiment be performed on the objects 1 
and 4, the correlations obtained will necessarily obey Bell’s inequalities since we are in a 
classical physics context. The entanglement swapping method, however, allows creating 
by selection a true entanglement leading to strong violations of Bell’s inequalities. This 
method is a way of producing stronger correlations than classical correlation swapping, 
and has been demonstrated in several experiments [87, 88]. 


Conclusion 


The two examples we discussed illustrate the variety of situations where quantum entan- 
glement produces significant physical effects, even when the entangled quantum systems 
are arbitrarily far from each other. In each situation, it is essential to follow the basic 
rules of quantum mechanics, and perform the computations with a global state vector, 
including all the physical systems under study. Any attempt to perform separate compu- 
tations in different regions of space, and then add correlations using classical probability 
calculations, will necessarily lead to predictions ignoring numerous non-local quantum 
effects, in contradiction with experimental results. 
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Introduction 


Referring to Bose-Einstein condensation (Complement Cxy, a system of identical bosons, 
all occupying the same individual state |u;) is called a “condensate”. It is described by 
a Fock state such as the one given by (A-17) of Chapter XV, where all the occupation 
numbers are zero, except for n;, whose value N can be very large: 





Jju;: N) = [at 


|0) (1) 


The operator al, is the creation operator of a particle in the individual state |u;), and 
|0) is the vacuum state (for which all the occupation numbers are zero). In a similar 
way, a “double condensate” is described by a Fock state where N; particles are in the 
individual state |u;) and Nz particles in the individual state |u;); its normalized state is 
written as: 


1 


No2 
coe anes & pon at 
Jo) = fue | Nas ay © Na) = Tees [al] [al] 1) (2) 
We shall focus on the case where the individual states u; and u; are states with well 


defined but opposite wave vectors +k: 





| (eee (aa oa he 
Jo) = |B: Mis —k: Ne) = Tea [al] fat] 10) (3) 


In such a state, while the occupation numbers are perfectly well defined, the relative 
phase between the two condensates is completely undetermined; we will confirm this 
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Figure 1: The left-hand side of the figure represents two groups of particles prepared in- 
dependently. The first one is composed of a large number of particles, Ni, all in the same 
individual state with momentum +k along the Ox axis, and propagating towards the right; 
the second group includes Nz particles, in the other individual state with opposite —k mo- 
mentum, propagating towards the left. Each of these groups of independent particles is 
in a “condensate” The right-hand side of the figure shows that, after a certain time, the 
two condensates overlap in space; this allows measuring the positions of the particles in 
the overlap region. For clarity, the computations are limited to one dimension, taking 
into account only the x coordinate. 

The first position measurement is totally random, but as measurements continue, there 
appear a periodic bunching of the observed positions, progressively forming a sharper 
fringe pattern. These fringes result from the emergence of a relative phase between the 
two condensates, which can only be a consequence of the position measurements, as it 
was totally absent at the beginning of the experiment. 

If the whole process is repeated from the beginning, fringes appear with a position generally 
different from the first experiment: the phase appearing in each new experiment is totally 
independent of the one observed in previous experiments. 





later (§ 2-a) by showing that measuring the position of a single particle with such a state 
does not lead to any observable interference fringes. 

Now, recent experiments [89] have shown that when the positions of many particles 
are measured, interference fringes can indeed be observed in the region where the two 
condensates overlap (Figure 1). This remains true even if the condensates have been 
created in a totally independent way. This fringe pattern corresponds to a well defined 
value of the relative phase of the two condensates; one may then wonder about the 
origin of this observed phase. The object of this complement is to study the mechanism 
responsible for the emergence of this relative phase. We will show that it results from 
the successive detections of particles, which progressively modifies the initial state: as 
more and more particles are detected, it produces a progressively increasing entanglement 
between the two condensates, defining their relative phase in a more and more precise 
way. 
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During the course of one experiment, the position of the fringes is determined. 
However, should one repeat the experiment, preparing the condensates in exactly the 
same way, a new relative phase will progressively appear during the successive particle 
detections; its value is, in general, completely different from the one previously obtained. 
This means that if one averages observations over a large number of independent succes- 
sive experiments, the fringes will be blurred and eventually completely disappear. The 
emergence of the phase is clearly observable only in the course of one specific experiment. 

We first compute, in § 1, the probability of measurements concerning the positions 
of one, two, and more particles; we will show that these probabilities are proportional to 
spatio-temporal correlation functions of field operators of the various particles. Starting, 
in § 2, from two condensates in an initial state described by a simple juxtaposition of 
two Fock states, we will see how the successive particles’ position measurements create 
an increasing entanglement between the two condensates. A more general study of the 
system’s evolution is presented in § 3, showing, in particular, how this growing entan- 
glement leads to a better and better definition of the relative phase between the two 
condensates. The computations presented in this complement are limited to the case 
where the number of measured positions remains small compared to the total number 
of particles in the condensates. Complement D xx, will go a step further and relax this 
hypothesis. 


1. Probabilities of single, double, etc. position measurements 


As we start the successive measurements of the particles’ positions, we begin by com- 
puting the probability of finding a first particle in an interval! of infinitesimal width A 
around position « = x1, then a second particle in the interval of width A around posi- 
tion x = x2, etc. The computations we present here are valid for any state |®o) of the 
identical particle system. They are, actually, the equivalent of those encountered in the 
general study of correlation functions in § B-3 of Chapter XVI; nevertheless, we will go 
through them again in the specific context of the present complement. The results will 
be applied, in § 2, to the particular case where |®g) is a double Fock state. 


1-a. Single measurement (one particle) 


With a measurement of the position yielding a result included in the interval 
D, = [v1 — 4, a+ 4] we can associate the Hermitian operator: 


ait 
Pa (a1) = / dx Wi (x) U (x) (4) 


A 
Mi-F 


where W(z) is the field operator destroying a particle at point x, and Wt (zx) its Her- 
mitian conjugate, creating a particle. The average value of Pa (x1) yields the average 
particle number in the interval D,. In what follows, we shall, most of the time, assume 
that A is small enough compared to the other dimensions of the problem to justify the 
approximation: 


Px (21) ~Ax wt (21) WU (21) (5) 





1To keep the notation simple, we consider a one-dimensional problem and note 21, X2,..,Lp, the 
particles’ positions. Generalizing to three dimensions only requires replacing all the x; by the vectors r;. 
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Operator P, (xz,) is a symmetric one-particle operator of the type described in 
relation (B-1) in Chapter XV. It can also be written as: 


N i+ 
Pa(n)= Sof de |g) (asa (6 


which is the sum over all the gq = 1, 2, .., N particles of the projectors into the interval 
Dy, of the positions of each of them. As all these projectors commute with each other, 
and since they each have eigenvalues 1 and 0, the eigenvalues of Pa (21) are equal to 0, 
1, 2, .. N. Now, if A is small enough, there can be no more than one particle in the 
interval D1; this means that the only accessible eigenvalues are 0 and 1, so that Pa (21) 
becomes the projector associated with the measurement of a particle’s presence in the 
interval Dj: 


[Pa (a1)]? = Pa (21) if A +0 (7) 


Suppose now the system is in state |®9). The probability Pp, of finding a particle 
in the infinitesimal interval D, of length A is: 


Po, (#1) = (®o| Pa (21) |®o) 
=A (| UF (21) (21) |®o) (8) 


Right after the detection of this first particle, the system is now, according to relation 
(E-39) of Chapter II (postulate of wave packet reduction), in the normalized state: 


|B) = a Py (2) |®o) (9) 


1-b. Double measurement (two particles) 


Let us now focus on the probability Pp, p, (2,21) of detecting a first particle in 
an interval of width A around point x1, then a second one in an interval A around point 
2x2; we assume the system does not have time to evolve in between the two measurements. 

We start by computing the conditional probability? Pp, p, (x2/a1) of detecting a 


particle in the interval [x2 — 4,22 +4] noted D2, knowing that a particle has been 





4, ryt 4] already noted D,. This probability equals: 


detected in the interval [v1 — 
Pp, D2 (42/21) = (®| Pa (£2) |®) 


= Bain) (®o| Pa (#1) Pa (22) Pa (21) |®o) (10) 


where, in the second line, we have used (9); the projector Pa, (x2) may be obtained by 
replacing x, by x2 in expression (4). We assume that the two detection intervals do 





2Note the different notation used for the conditional probability PD, D2 (2/21), with a fraction bar 
between the variables, and the simple probability (a priori probability) Pp, p,(x2,21) of obtaining the 
two results. These two probabilities are related by expression (14). 
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not overlap in space, so that all the operators appearing in Pa (2,) commute with those 
appearing in P, (x2). We then have, taking (7) into account: 


Py (21) Py (2) Pa (21) = [Pa (21)]? Pa (x2) 
= Px (x1) Pa (x2) (11) 


If A is small enough, we can replace Pa (x1) and Pa (x2) by their expressions (5); this 
leads to: 


Py (a1) Pa (a2) = A? VT (21) U (21) UT (x2) U (x2) 
= A? UT (21) UT (az) U (ag) U (21) (12) 


where, in the second line, we again used the fact that field operators defined in non- 
overlapping regions of space commute with each other. Inserting this result in (10), we 
get: 


A2 


Peay (®o| Wt (x1) UT (x2) Y (x2) W (21) |®o) (13) 


Pd, Dz (#2/%1) = 

Now, the probability of detecting a particle at point x, then a particle at point 

£2, is the product of the probability Pp, (a1) of detecting a particle at point x; and the 

conditional probability Pp, p, (%2/x1) of detecting a particle at point x2 knowing that a 
particle has been detected at point 71: 


Pd, Dz (#2, 1) = Pp, (1) X Pp, Dg (#2/21) (14) 
Taking (13) into account, this leads to: 


Pb, Ds (#2, €1) = A? (®o| VU! (x1) UT (x2) U (x2) W (21) |®o) 
= (®21 |®21) (15) 


where |®21) is the non-normalized state: 
|B21) =AxwYV (2) Ww (21) |®o) (16) 


The probability we are looking for is simply the squared norm of the ket obtained by 
destroying in the initial state a particle at point 2;, and a second one at point zo, 
multiplied by the width A of the infinitesimal measurement interval. 


1-c. Generalization: measurement of any number of positions 


The previous computations deal with simple and double density measurements; 
we now generalize them to measurements of higher order densities. From now on and to 
simplify the notation, we shall omit the D subscript in the probabilities P. 

To compute the probability associated with a triple measurement, we start from 
the expression of the state vector right after the detection of the second particle at x2. 
Taking (10) into account, and similarly as for (9), this normalized state is written: 

1 1 


@") — py (ge) (1) = —__—____ Py (5) |? ‘ 
ou (®| Pa (x2) |}) 4 (#2) |®0) P(x2/21) 1s (a2) |®o) (17) 
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or else, if we insert (9) and use (14): 


A \ ! == x xv 
|®5) = Paaluiy)Plan Px (a2) Pa (21) |®o) 


= = Py (2) Pa (121) |®0) (18) 


The probability of the third measurement at x3, knowing that the first two mea- 
surements gave results at 2; and 22, is thus: 


P(a3/x2, 21) = (®6| Pa (x3) |®o) 


“s ee (®o| Pa (#1) Pa (x2) Pa (ws) Pa (#2) Pa (a1) |®o) (19) 


As before, we consider that the position measurement zones do not overlap, so that all 
the projection operators commute with each other: 


P(2x3/22, 21) = 


3 
= Bani (®o| UT (a1) UT (x2) WT (ws) Y (23) Y (w2) Y (21) |®o) (20) 


BG a) (®o| Pa (a3) Pa (a2) Pa (a1) |®o) 


In the second line, we assumed A was small enough to use the approximate relation (5). 
As the law of conditional probabilities indicates that the probability of the three 
measurements at x1, © and x3 is given by: 


P(x3, 22,21) = P(x2, 01) x P(a3/r2, 01) (21) 
we simply get: 
P(a3, 2,01) = A® (Go| WT (21) VI (x2) UF (ag) U (ag) U (ag) W (x1) |®o) (22) 


which is a direct generalization of (15). 

The same line of reasoning allows showing that the probability associated with the 
measurement of Q positions is proportional to the average value in the system’s state 
of a product of 2Q field operators Vt and WV arranged in normal order, and evaluated 
at 21, £2,...eq. The probabilities are therefore equal to the spatio-temporal correlation 
functions of the field operators arranged in normal order (and multiplied by A®). 


2. Measurement induced enhancement of entanglement 


We have reasoned until now in a general way, without specifying the initial state |®o) 
of the system under study. We now assume we are dealing with a double condensate, 
as in (3), and for simplicity we shall take Nj = N2 = N (actually the computation that 
follows only requires the hypothesis N, ~ N2). We thus have N particles occupying the 
individual state |k) with a well-defined momentum Ak, and an equal number of particles 
occupying the state |—k) with opposite momentum: 


Ibo) =|+k:N;-k: N) = x [at] fet] 10) (23) 
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We propose studying the interference signals that may occur in the single and double 
counting rates measured on such a state. We shall need the probabilities calculated above 
as well as expressions (A-3) and (A-6) of Chapter XVI for the field operators: 


1 ; ‘ 
V(r) = Tip [e** a, +e 7*g pt és 








= ea + great + | (24) 


where ax (or a_x) and at (or at. ,) are the annihilation and creation operators of a particle 
in mode k (or —k), and where L is the edge of the box used to normalize the plane waves. 
The dots on the right-hand side of these formulas stand for the other terms present in 
the field operator expansions of these operators. Because of the choice of the initial state 
(23), these additional terms do not play any role in the following calculations, as will be 
shown below. 


2-a. Measuring the single density P(x) 


Relation (8) now becomes: 
P(ai1) =A (4k: N;—k: N| Wl (a1)U(a1) |4+k: N;—k: N) (25) 
Using expressions (24) for the field operators, and the fact that the cross terms al Ok 
and ala_ x; have a zero average value in the double Fock state (23), we get: 


A 2NA 
P(a1) = E (+k: .N;-k: N\atay + al_,a_x [+k :N;-k:N)= T (26) 


This means that there is no interference in the single density measurement signal. This 
was to be expected since the initial double Fock state includes no phase that could help 
determine the eventual position of such fringes. 


2-b. Entanglement between the two modes after the first detection 


Relation (9) yields the ket |®6), right after the first measurement. It can be written 
as: 


zit4 


wales 
zit 
re x 


Taking (23) into account, and for an infinitesimal A, we get: 


|®o) = dx Wt (x) U(x) |®0) 


x here + eal + | [e*** ai, ep aaa ..] |®o) (27) 


|B)) o {2 [Bo) + VN (N +1) [e~**1 |e: N4+1;-k: N-1) 


4 ezikes Je: N-1;-k: N+))] +..} (28) 


2243 


COMPLEMENT Cxx, @ 





where +.. stands for the components of |®5) where a particle occupies an individual state 
other than k and —k; these components do not play any role in what follows. Relation 
(28) shows that the entanglement of state |®) has increased as a result of the detection 
of the first particle. This state now contains a linear superposition of the initial state and 
two additional states of the global system, |N —1:+k;N:—k)and|N :+k;N—-—1:—k); 
the coefficients of this superposition, and in particular their relative phase, depend on 
the point x, where the first particle has been detected. 


2-c. Measuring the double density P (x2, 71) 


We now compute the probability P (x2, 21) associated with a double density mea- 
surement. Relations (15) and (16) show that the probability is the squared norm of the 
ket: 


|Bo;) =A x W (xg) U (a1) |N : +k; N : —k) (29) 


Inserting in this equality the first relation (24), the terms symbolized by the dots .. 
disappear (as they involve annihilation operators yielding zero when acting on the +k 
and —k states, the only initially populated states). We obtain: 


|®o1) = i x [et**? a, + oo a 5] lets + eas] |N: +k; N : —k) (30) 
or else: 


A 
ba) = > x { N(N—1) jens |N —2:-+k;N:—k) 





+eH(+22) |W: +h; N- 2: -)| 
+ N [ettee-as) + eftle.—#2)| IN 1:44; N — 1: -K)} (31) 
The squared norm of this state vector yields the probability: 
A2 
P (w2,"1) = Fy {2N (N — 1) + 4.N? cos? [k (x2 — 1)]} (32) 


The presence of the cosine of k (x2 — x1) reveals the existence of a spatial dependence, 
contrary to what happened for P(x): once a first particle is detected at x71, the most 
probable positions x2 for the second detection are those for which k (x2 — x1) is a multiple 
of 7. In other words, fringes appear in the double density measurement. 


2-d. Discussion 


One may wonder which objects interfere in the double counting signal. They 
are not waves but transition amplitudes associated with two different paths leading the 
system from the initial state (23) to the same final state |N — 1,+k;N —1,—k), where 
each of the two modes has lost one particle. In the above computation, the first path 
corresponds to the term (e~***2a_,) (e’**!a,), where one particle with momentum +k 
disappears as it is detected at x; and the —k particle disappears as it is detected at 
2; the second path corresponds to the term (e'**?a;,) (e~***!a_;,) where it is now the 
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particle with momentum —k that disappears as it is detected at x; and the +k particle 
that disappears as it is detected at x2. 

The double counting signal observed on a double condensate is very similar to the 
double photodetection signal obtained, in § 2-c-y of Complement Exx, in the study of 
a product of two one-photon wave packets. In both cases, the signal spatial dependence 
comes from a quantum interference between the amplitudes of two different paths between 
the same initial and final states. The difference between the paths comes from a different 
“switching” between one of the two components of the initial state and one of the two 
components of the final state. 


3. Detection of a large number Q of particles 


We now extend the previous reasoning to the case where any number Q of particles’ po- 
sition measurements are performed; we shall limit ourselves to the case where Q remains 
much smaller than the total particle number N of each condensate. 


3-a. Probability of a multiple detection sequence 


Generalizing relation (22) allows writing the probability P(xg,..,v2,21) for de- 
tecting a particle at x1, a particle at x2, .. a particle at xg, in the form: 


P(xQ,.-,%2,01) =A? (N: +k; N: —k| Ut (a 1) UT (ae).. WT (ag) 
V(xqQ).. U(x) (x1) |N : +k;.N : —k) (33) 


As before, we use relations (24) to replace the field operators and their adjoints by linear 
combinations of annihilation operators a,, a_, and creation operators al, al ,- We then 
get: 
Ae ; ; 
P(xQ, 2,21) = Za (N : +k; N : —k| (ate tr + al et)... 
alates Fa + al ,et*2) (a, etre +. a_pe 7°)... 


. (ape™*?? + ape *™) Ns +ky.N : —k) (34) 


Q. Simplifying hypothesis 


When several annihilation operators act successively on the right on the initial ket, 
each of them introduces a varying factor \/N — p; this factor depends on the number p of 
particles already annihilated by the other operators. In the same way, when the creation 
operators act on the left on the initial bra, they also introduce varying factors. To keep 
things simple, we shall ignore these variations, assuming that the total detection number 
Q is always very small compared to the total particle number N in each individual state: 


Q<N (35) 
One can then replace all the factors /N—p by VN: 
J/N—-p~VN (36) 
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Apart from multiplication by a fixed factor VN, the only effect of each operator 
is to vary by one unit the occupation number; this result does not depend on the pre- 
vious actions undergone by the state vector (all the operators commute, once the above 
approximation has been made). One can then freely move the annihilation and creation 
operators in the product of operators appearing in (34). Regrouping all the operators 
associated with the same values of x;, we get the operator: 


D(s;) = ( Le Ones Ay al ge age fs a_pe***3) 


= al ax + al ,a_% + ala_,e72#has + at ape™**s] (37) 


and expression (34) becomes: 


Q 


: (N: +k; N : —k| [| D(a;)|N :+k;N : -k) (38) 


P(@oy 02,01) = Ta 


j=l 


We are then left with the computation of the average value in the initial state of 
a product of operators D(z,;). Expanding each of them according to the second line of 
(37), we get the sum of 4° products, most of them having, nevertheless, a zero average 
value in the double Fock state |® 9). This is because the only products having a non-zero 
average value are those for which the repeated effect of the annihilation operators a, is 
exactly balanced by the effect of an equal number of operators al (the particle number 
in the individual —k state is then also constant, since the total number of particles must 
be conserved). 

Consider then one of those non-zero products. Still using approximation (36), the 
contribution of each operator D(x;) will be one of the three factors NFy,(«;), with 
qj = 0, +1 and: 





Fo(aj) = 2 
F4i(x;) ertika; (39) 








The contribution of Fo leaves the particle numbers unchanged, the contribution of Fy, 
replaces a +k particle by a —k particle, and finally that of F_, performs the opposite 
substitution. Relation (38) then becomes: 


Ae 2 
P(xQ,--02,21) = Fe J] S~ NF,,(2,)| with S=0 (40) 
j=l q 





where, when we expand the product in the right hand side of the equation, we retain 
only the terms for which the sum of all g; vanishes: 


Q 
S= oy =0 (41) 
j=l 


This constraint simply expresses the conservation of the particle number in each individ- 
ual state. 
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B. Simple expression for the multiple detection probability 


An easy way to impose constraint (41) on all the q; is to introduce a Kronecker 
delta 65,9, and write: 


Ae = 
P(aQ, ..€2, £1) = Le Sy 53,0 | | NFi,(a;) (42) 
41592 5+-59Q j=l 
where the summation over the q; is now free of constraint. We can then use relation: 
20 
d : 
| Bt ahs, (43) 
0 


T 


which amounts to multiplying each term Fy,(a;) in (40) by exp(tq;€) and summing over 
dé. We then get: 


= ee 
P( to, .«%3;21) = ag 6 TTY even, (aF) (44) 
9 Ye 1 gj 
Each summation over q; then yields the quantity: 
N [Fo(a;) + Fy (as)e + F_(x;)e"] 
= N [2+ exp(2ika; + i€) + exp(—2ikax, — i€)] (45) 


which can be written as: 
2N [1 + cos(2ka,; + €)] = 4N cos?” (kx, + 5) (46) 


Finally, we obtain the following simple analytical expression for the multiple de- 
tection rate: 


afAAN\® Pr ge. 4 é 
P(g, ann) = (S) , an LL (ke) +§) (47) 


3-b. Discussion; emergence of a relative phase 


Relation (47) allows understanding how the successive measurements enable the 
progressive emergence of a relative phase. 


Q. Detecting the first particles 


Let us start with the very first detection at 2 = x1. Equation (47) yields the 
probability of such an event: 


Qn 
Pin) & [ oF cos?(kos + 8) (48) 


The term in cosine appearing in the integral yields the fringes that one expects from the 
interference between two waves, with wave vectors +k and —k along the x axis, and a 
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phase shift €. However, the summation over € indicates that the interference pattern 
must be averaged over all the possible values of €, uniformly distributed between 0 and 
2m: this means that the fringes are completely blurred out. 

The double detection rate at 71 and x2 is obtained by keeping the terms 7 = 1 and 
j = 2 in (47). It is equal to: 


iting oon 
P(a2,21) « | = cos*(kxg + =) cos*(ka1 + =) (49) 
0 20 2 2 
As the first detection has already occurred, 2 is fixed in this equation, and the product of 
the two cosines yields the probability of finding the second particle at x2. But the integral 
over dé, which yields the x2 dependence of the probability, is no longer over a phase € 
uniformly distributed between 0 and 27, because of the presence of the cos?(ka1 + €/2) 
associated with the first detection; the blurring of the fringes is not as radical as before. 
For this second detection, the function cos?(kx,; + €/2) actually plays the role of an 
x; dependent phase distribution; the two detections are no longer independent. This 
confirms the qualitative discussion of § 2. 
This mechanism can be generalized to higher order measurements. As an example, 
the triple detection rate at 11, x2 and x3 is equal to: 


iat ee ee ee ee 
P(x3,22,21) x | — cos*(kx3 + =) cos*(kx2 + =) cos*(kx1 + =) (50) 

9 20 2 2 2 
Once the first two detections have been made at x, and 22, the relative phase distribu- 
tion that comes into play for the third detection is the product of two cosine functions 
cos*(kx2+£€/2) cos*(kx1 +£/2) — and no longer a single one as was the case before. As the 
product of two cosine functions yields a sharper curve than a single cosine function, the 
relative phase is better defined for the third detection than for the second. The process 
continues in the same way with the following detections, and the phase is more and more 
precisely defined. This means that it is the first detections that determine the positions 
of the fringes appearing in the following detections, each of them contributing to a more 

and more precise definition of the relative phase distribution. 

This argument is of course only valid for a given experiment. If one performs a 
new experiment with the same experimental conditions, the first detections will not, in 
general, happen at the same places as in the first experiment. Consequently, after a large 
number of detections, a fringe pattern will appear, shifted with respect to the pattern 
observed in the first experiment. Finally, if one adds up the positions measured in a large 
number of successive experiments, the fringes average to practically zero, and one gets a 
quasi-uniform position distribution. 


B. Emergence of a well-defined relative phase after a large number of detections 


After a large number of detections, Q, the relative phase distribution for the (Q + 
1)** detection is given by the product of a large number Q of cosine functions, yielding 
a very narrow phase distribution, centered at a value €;y. One can then replace in (47) 
all the [1+ cos(2ka,; + &)] by [1 + cos(2kx,; + €yz)], so that the probability becomes a 
product: the detections are now independent, the interference pattern becomes stable 
with a sharper and sharper contrast. These predictions have been confirmed by numerical 
simulations based on equation (47). 
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Narrowing of the relative phase distribution 


The narrowing of the relative phase distribution can be explained by an analytical cal- 
culation. Let us assume that after Q detections this distribution can be approximated 
by a Gaussian curve centered at €j,, and with a width og: 


Wo(€) ~ eo E-mu)? /0 (51) 
After the (Q+1)*" detection, the new distribution will be given by: 
—(€-Em)?/ 0? 
Wows (é) ~ e7E-£"/98 [1 + cos(2kro41 + §)] (52) 


As the function 1 + cos(2krQ41 + €) is much broader than Wg+1(€), it can be expanded 
in powers of €—€y in the vicinity of £=€,, where the distribution Wa(é) takes on 
significant values: 


1+ cos(2krg4i + €) =1+4 cos(2krgQ4i + Emu) 
‘ 1 
~ (€ —&m) sin@kag41 + Em) — 5(E — Em)* cos(2krq41 + Em) (53) 
One can also expand Wo(€) in the vicinity of €=€yy: 


2 
en -ém)?/o%, _ , _ (E =m) (54) 
%% 


We then multiply (53) and (54) and obtain an expansion for Wa+1(€): 
Woa41(€) ~ 14 cos(2krg4i + Em) — (€ — Emr) sin(2kxQ41 + Em) 


—(€-£u) 





1 1 
5 cos(2kag41 + €u) + a, (1 + cos(2kzg41 + =) (55) 


We note that Wo+1(€) depends on the position rg+41 of the (Q+ 1) detection. We 
can obtain an average value for Wo41(€) by weighting Wo+1(€) by the probability 
[1 + cos(2kaQ+41 + €x)] for the (Q +1) detection to occur at z = xQ41, and integrate 
LEQ+1 Over a spatial period of the interference pattern: 





Qn /2k 
Wonlé = if ASSL coheed Sem Woe). (56) 
0 


Since: 





cos(2kzQ41 + Em) = sin(2krg41 + Emu) 








= cos(2krg41 + €m) sin(2krg41+ Eu) =0 (57) 
and: 
com Ohtani + Eu) = 5 (58) 
we finally obtain: 
Won ~ 5 1 (€- eu)? (3 : :) | ae eis (59) 
Q 
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where: 
1 


2 
PQH1 


1 1 
=—azt+-s. (60) 
2 
% 6 





Equation (60) shows that og41 < og, meaning that the distribution curve becomes 
narrower after each detection. One can easily iterate equation (60) to obtain: 


1 meet 


1 
aot (61) 
Qt+n Q 
where n is a positive integer. This shows that if n > 1 /od, the width of the relative 
phase distribution decreases as 1/,/n. 


A similar computation can be made to study the position of Wg+1()’s maximum when 
Q increases. One finds that the center of the relative phase distribution is shifted by a 
quantity proportional to 1/n. 


Finally, it is interesting to note the link between the uncertainty on the relative 
phase (which decreases as the detection number Q increases) and the uncertainty on 
the difference N, — N_ between the numbers N+ of particles in the +k condensates 
(which, on the contrary, increases). At the beginning of the experiment (before the first 
detection), we have Ny = N_ = N. After the first detection, we saw in § 2 that the state 
of the system contains a linear superposition of states Ny = N+1 and N_ = WN #1: 
the difference Ni — N_ between Ni and N_ is no longer fixed and equal to zero, but 
can take on several values 0, +2. After the second detection, the state of the system 
contains a superposition of states having always the same value of N, + N_, but values 
of N, — N_ that can be equal to 0, +2, .. and so on. After Q detections, the values of 
N, — N_ spread out between —2Q and +2Q. This result is an illustration of the fact 
that the relative phase and the difference between the particle numbers between the two 
condensates are conjugate quantities. 














Conclusion 


This complement illustrates how successive measurements on a system having compo- 
nents on two individual states, each with N particles, can build up (from zero) a relative 
phase between these components; for this to happen, the measurements must depend on 
the relative phase between those two components. Mathematically, relation (47) shows 
that the results obtained for an ensemble of Q position measurements (with Q < N) are 
exactly the same as if an initial well defined phase € had existed from the beginning of 
the experiment, even though it was totally unknown (and could have taken on any value 
uniformly distributed between 0 and 27). The measurements did indeed introduce en- 
tanglement and its associated relative phase, but the quantum predictions are equivalent 
to those obtained by assuming that the measurements only reveal a preexisting phase 
(as in quantum theories with so-called “additional variables”). 

The process we have discussed is, however, of an essentially different nature: it is 
indeed each individual measurement that contributes to a better and better definition 
of the relative phase for the measurements to come; these will occur at points x whose 
probability distributions depend on the results of all the previously performed measure- 
ments. We shall see in Complement Dxxy that if, instead of measuring a fraction of 
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all the particles, they each undergo a measurement, the phase properties can no longer 
be understood as that of a classical preexisting (but unknown) phase; these properties 
clearly become quantum, as shown by the possibility of violations of Bell’s inequalities. 
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Emergence of a relative phase with spin condensates; macroscopic 
non-locality and the EPR argument 





1 Two condensates with spins ...............00e66. 2254 
l-a Spin 1/2: a brief review .. 2... 2. ee 2254 
1-b Projectors associated with the measurements ......... 2255, 
2 Probabilities of the different measurement results. ..... 2255 
2-a A first expression for the probability .............. 2256 
2-b Introduction of the phase and the quantum angle. ...... 2258 
3 Discussion. ise 4: go fe, ae es te ea eS, Gee, BP ee! 2259 
3-a Measurement number Q K2N .............204. 2259 
3-b Macroscopic EPR argument... .............0.. 2261 
3-c Measuring all the spins, violation of Bell’s inequalities . . . . 2263 





This complement continues the discussion of Complement Cxx;z on the measure- 
ment induced emergence of a relative phase between condensates, but in a more general 
case. We established in Cxx; that as more and more measurement results are obtained, 
their number still remaining smaller than the total particle number, the relative phase 
of the two condensates becomes better defined. It soon reaches a classical regime where 
it is (almost) perfectly determined. This necessarily comes with large fluctuations of the 
numbers of particles occupying the two individual states (or more precisely of their dif- 
ference), as required by the uncertainty relation between phase and occupation numbers. 
In the present complement, a first important difference is that we no longer assume that 
the number of measurements remains small compared to the total particle number. This 
will enable us to follow the evolution of the phase properties during the whole series 
of measurements, including the last moments when the number of particles remaining 
to be measured is just a few units. For these few remaining particles, the fluctuations 
in the difference of the occupation numbers is necessarily limited to a few units, mean- 
ing that the phase can no longer be precisely determined. The phase then comes back 
to a quantum regime, where one can no longer interpret the measurement results in 
a classical context (preexisting but totally unknown phase). Another difference with 
Complement Cxxy is that we now assume the two condensates correspond to different 
individual spin states. Instead of position measurements yielding continuous results, we 
can now perform measurements on the spin directions, which yield discrete results. This 
will make it easier to discuss the quantum effects, which can lead to violations of Bell’s 
inequalities (Chapter XXI, § F-3). Another advantage of dealing with spins is that we 
can go back to the EPR argument (Chapter XXI, § F-1) in a case where the elements 
of reality, introduced by EPR, are macroscopic and have, in addition, a simple physical 
interpretation (spin angular momentum). 
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1. Two condensates with spins 


We now assume that the two individual states populated in the condensates are the two 
states |u, +) corresponding to two different internal states noted |+), but to the same 
orbital state |u): 


|u, +) = |u) @ |+) (1) 











If (au,4)' and (Gx,—)* are the creation operators associated with these states, the state 
|®o) of the system formed by the juxtaposition of the two condensates can be written as: 





1 aN aN 
Io) = [leu] [(eu)"] 10) (2) 
which replaces relation (23) of Complement Cxxz; the total particle number is 2N. 

By commodity, we will often call “spin states” the two states |+), and reason as if 
they were indeed the two accessible states of a spin-1/2 particle. This is just a manner of 
speaking: according to the spin-statistic theorem (Chapter XIV, § C-1), bosons cannot 
be half-integer spin particles. The system we consider is actually an ensemble of bosons 
that have access to only two internal states; these can be, for example, the two m = 0 
and m = 1 states of a spin equal to 1, or not necessarily spin states. 





1-a. Spin 1/2: a brief review 


For the reasoning that follows, it may be useful to recall a few relations (Chap- 
ter IV, § A-2) concerning a spin 1/2 (with no orbital variables). As pointed out above, we 
are dealing with a fictitious spin, whose operators act on any two internal states, noted 
|+) by pure commodity. Operator o,, associated with the first Pauli matrix (Comple- 
ment Ary), is the difference between the projector onto the state |+) and the projector 
onto the state |—): 


pe eh alee el (3) 


whereas operators oz, and oy are expressed as a function of the two non-diagonal operators 
|+) (—| and |—) (+| as: 





Cg Tee er ll) Oe 
Cpt EA) Ape) Cr (4) 


As for the fictitious spin component along a direction Ow in the xOy plane, making an 
angle y with the Oz axis, the corresponding operator is written: 





oy = Cosy Je +8in p oy =e |+) (-| + ef |-) (+ (5) 
Its eigenvalues are 7 = +1, and its eigenvectors can be expressed as: 
1 : : 
a1) =z [e“*#/? |4) + ef¥/? |-)] 
JPnata) =e [eo 1+) +”? |-) 
1 
ee ee ero -)| 6 
Wyant) sq [e177 4) + e'#/?|-) (5 
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as can be easily checked by applying operator (5) to these relations. The projector onto 
the ket with eigenvalue 7 can thus be written: 


P,(y) = [lL + 10%] 


2 
1 a 
Sale ele l)| (7) 
1-b. Projectors associated with the measurements 


For an ensemble of identical bosons having orbital variables, we note V(r) the 
two field operators associated with the two internal states +. The operator associated 
with the total particle density at point r is the sum of the local densities, Ut (r) U(r) 








corresponding to the + spin state, and U1 (r)W_(r) corresponding to the — state: 
n(r) = Vi (r) U(r) + Ut (r)W_(r) (8) 


As for the operator associated with the a, spin component along the Oz quantization 
axis, relation (3) indicates that it is the difference: 


o.(r) = Wi (r)¥4(r) — U1 (r)b_() (9) 


According to (5), the operator associated with a measurement performed along a direction 
Ov of the zOy plane making an angle y with the Ox axis is written as: 


op(r) =e Wl (r)b_(r) + e'? UT (r) U(r) (10) 


The measurements we are interested in pertain both to the position of the particles 
and their spin: for each measurement, the position is measured in an infinitesimal volume 
A centered at point r; and, when measuring the direction of the spin along the Oy, 
direction, we obtain the result n; = +1. By analogy with (7), the projector associated 
with such a measurement can be written: 


1 
Pee) = . [avr [n(r’) + thy Oy; (r’)] 





A 
=F [n(r;) +7; %, (r4)] (11) 
where n(r) and o,(r) are given by (8) and (10). Operator P,,,(rj,y;) projects both 
the orbital variables onto this small domain and the spins onto the eigenstate of the 
component along the Oy; axis, with eigenvalue n; = +1. 


2: Probabilities of the different measurement results 


Consider now a system of 2N bosons in the state (2). Spin measurements are performed 
in a series of regions of space, which cover the whole extension of the orbital wave 
function u(r) without overlapping. The measurements are supposed to be ideal, so that 
every particle is detected. The regions are supposed to be sufficiently small to obtain 
a negligible probability of double detection in any of them. Those where a particle is 
actually detected are centered at r; (with 7 = 1, 2, .., 2N), as illustrated in Figure 1. 
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Figure 1: Two condensates, each having N particles, the first one with + spins, and the 
other with — spins, share the same orbital wave function u(r), represented by the oval 
in the figure. Measurements of the transverse direction of the spins are performed in 2N 
non overlapping regions of space, centered at points r; (with j = 1, 2, .., 2N). In each 
region, the measurement is performed along a transverse direction (perpendicular to the 
quantization axis), defined by an angle y;, which may depend on j; the corresponding 
result is nj = +1. 








In each of these regions, one performs a measurement of the spin component along a 
transverse direction (perpendicular to the quantization axis), defined by the angle ,, 
and the measurement result is 7; = +1. We now calculate the probability of getting a 
series of results 7; = +1 in those 2N regions. 





2-a. A first expression for the probability 


The associated projectors P,,,(rj,y;) all commute with each other, since they con- 
tain field operators (and their adjoints) at different points in space (we assume that all 
measurements are done simultanously, or separated by a very short time). The proba- 
bility P2y of a result is therefore the average value in the state |®o) of the product of 
projectors: 


Pon ({m, Vi}) = (Pol TPs (15,95) |®o) 


= Ga) col T1{ (xj) Wy (ry) + WE (ei) G_ (rg) + mye Wh ()U_ (04) 


+ nye'?sW! (rj)W(r,)} Po) (12) 


where {7;, i} symbolizes the ensemble of the variables (71, ¢1,..,.7N, Nn). As the oper- 
ators commute, we can also move all the field operators V4(r,;) towards the right, and 





their adjoints wih (r;) towards the left. We now introduce a basis u,;(r) for the wave 
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functions, its first element being the wave function of the populated states (1). This 
basis allows expanding the field operators according to relation (A-14) of Chapter XVI, 
and we can write: 


Wil(rj) = yw (rj) Qu,,+ (13) 














where a,,,+ is the annihilation operator of a particle in the individual state |u,;, +). Now 
the only term that actually plays a role in this expansion is the i = 1 term: all the other 
i # 1 terms yield zero when acting on the state |®9), which only contains particles in 
the orbital state u; (r) = u(r). One can simply replace Vi(r;) by w(r;) au4. The same 
is true for the adjoint of the field operators which, acting on the bra placed on their 
left, can only destroy particles in a state previously populated; consequently, we can also 
replace wh (rj) by u* (rj) Ge. Once these replacements have been performed, we get 
an expression that can be written, in a symbolic way, as: 


Pon ({m, pif) = 


A 2N 2N 
2 
(F) ols TD totes? [al gan. + alan, 
j=l 














+nje~Pial, ju, + nje"al, aut] :|®o) (14) 


The two dots surrounding the product over j in this symbolic writing express the following 
convention, which originates from the rearrangement of the operators UVi(r,) and wi (r;) 
mentioned above: in each of the 47% terms of the product of sums, all the annihilation 
operators a,,4 are regrouped towards the right, and all the creation operators gue 
towards the left. To obtain the probability we are looking for, we have to compute the 
average values in the state |®g) of 42% products, in normal order (Complement Bxvr, 
§ 1-a-a), of creation and annihilation operators in the two states |u;=1, +). 

The situation now becomes very similar to that leading to relation (37) in Com- 
plement Cxx;. The computation that follows is indeed similar, except for the fact that 
we no longer use the approximation (35) of that complement (number of measurements 
small compared to the particle number): we now assume that all the particles are mea- 
sured. Actually, most of the terms of the product over 7 appearing in (14) have a zero 
average value in the state |®)). The only relevant terms are those that contain exactly 
N annihilation operators a,,; and N other annihilation operators a,,_, in which case 
their action yields the vacuum, hence a normalized ket; if this is not the case, the result 


is zero. For a similar reason, they must also contain exactly N creation operators al, 4 
and N other Gh. otherwise the result is zero. All these non-zero terms have the same 


average values, since the product of operators in the normal order introduces each time 
2 
the same factor (vm x VMI) , that is (N!)?; we also get the product of 2N coefficients 














Faya'> which can take one of these 4 values: 

Fyi41= F1-1=1 (15) 
and: 

Fyi-1 = nye! F_yii = ne? (16) 
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Now F',1,41 corresponds to a term associated with a particle destruction in |u, +), 
followed by a particle creation in that same state. In the same way, F_1,-1 corresponds 
to an annihilation-creation in the individual state |u, —). Finally, F41,-1 corresponds to 
an annihilation in state |u,—) followed by a creation in state |u,+), and the opposite 
for F_1,41. All the non-zero terms therefore correspond to products of 2N numbers 
Fad such that the sum of the g; and the sum of the qj are both zero; this condition 
automatically ensures the conservation of the particle number in each individual state. 
The final result is: 





Pav two) (wy? TT [uel Fy] withs=s'=0 (07) 


97 59;=+1 


where, in the right hand side, we retain only the terms satisfying the double condition: 


ys Ge s=0 

j 

G=s =0 (18) 
j 


2-b. Introduction of the phase and the quantum angle 


Because of the summation constraints, expression (17) is not easy to handle. This 
is why we introduce two delta functions 65 and dg-,9, which obey: 


+1 d / 
ds,0 = / = ets 


__ 27 


+r / 
63°,0 =| de ei é (19) 


= 25 


This amounts to multiplying in (17) each Fa; by el(uét+as’) and integrating over the 
two angles € and €’. This enables us to write the probability in the form: 


Pan ({ni, Gif) = 


2N “g Hep ON 
(F) on [PS [OE Then? Deer) F, 9 (20) 


2n J_, 27 7 : j 
a 959; 


where the summations over q; and qj are now independent, thanks to relations (19) 
that automatically ensure the constraints are obeyed. For each value of j, each sum 
contributes the factor: 


Fyisi else’) + Fy -1 eons) + Fyi-a ei(&-€’) + Foi eils’-8) (21) 
= 2cos (€ + &’) + 2n; cos (€ — &’ — ;) 
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We finally make the change of variables?: 


A=€+€ 
A=E-€ (22) 


This leads to the simpler expression: 


Pan ({ni, Vit) = 


EAS of eh 
A)?" (NY) a Bee 7 Ilo r;)|° [cos A + 7; cos (A — 9;)] (23) 


The following discussion is entirely based on this result. For reasons that will be explained 
below, A is called the phase, whereas A is called the “quantum angle”. 


Comment: 


It will be useful in what follows to note that the right-hand side of the above equality 
stays the same if we make the change: 


+7 +n /2 
é =>2 ae (24) 
__ 20 —x/2 20 


To show this, we can decompose the integral over dA in a sum I = J, + Iz, where 
is the integral between —7/2 and +7/2, and I2, the integral between 7/2 and 37/2 (as 
the period of the function to be integrated is 27, any integration domain covering the 
entire circle is equivalent). Now I2 is just equal to I1. This is because the function to 
be integrated is multiplied by (ay = 1 when one changes A to A’ = A — 77 as well as 
\ to ’ = \— 7. Consequently, changing the integration variables A, 4 to A’, ’ allows 
giving to Iz the same integration domain as J,. 


3. Discussion 


Let us examine first the case where the number of measurements is negligible compared 
to the particle number in each condensate; this will enable us to compare the results 
obtained with those of Complement Cxxy. 


3-a. Measurement number Q < 2N 


We first recall a general property of quantum mechanics concerning compatible 
observables (Chapter III, § C-6-a). When several operators A, B, C, etc. commute with 
each other, one can build a basis with their common eigenvectors. The scalar product 
of these eigenvectors and the system state vector yields the probability amplitude for 
finding the system in each of these eigenvectors. If the eigenvalues are non-degenerate, 
the squared modulus of this amplitude yields the probability of finding the corresponding 
eigenvalues upon a series of simultaneous measurements associated with all the operators 





lThe Jacobian of this change of variables is equal to 2, and this factor should be introduced in 
the denominator. Nevertheless, since the integrated function is periodic, this factor can be taken into 
account by reducing the integration domain of the two variables \ and A to the interval —7, +7, which 
reduces the area of the integration domain by a factor 2. 
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A, B, C, etc. If they are degenerate, we just have to sum the probabilities over all the 
orthogonal eigenkets. This is the rule we have followed until now in this complement. 

Imagine now that we ignore the measurement results associated with one or several 
operators of the series, for example B and C; the probabilities of the measurement results 
we still consider relevant are then simply the sum over the possible results associated with 
the ignored measurements (sum of the probabilities of exclusive events). One can also 
imagine another situation where the quantities associated with B and C are actually 
never measured. The possible series of eigenvalues of the measured operators are then 
less numerous than in the previous case (since a smaller number of measurements is 
performed), which increases the degree of degeneracy of these eigenvalues. As for the 
eigenvalues of B and C, even though they do not correspond to actual measurements, they 
can still be used as indices to distinguish between the different orthogonal eigenvectors 
associated with measurement results of operators A, D, etc. Consequently we still have 
to sum the probabilities on these different eigenvalues, just as we did in the case where 
these measurements were ignored. This means that quantum mechanics yields the same 
probabilities whether we assume that the measurement results of B and C are ignored 
or have never been measured. 

Let us now compute the probability Pg of obtaining results 7, ..,7@q when perform- 
ing Q measurements on the spins. As we already know the probability (23) corresponding 
to the case Q = 2.N, we can consider that all the 2N measurements have been performed, 
but that we ignore the results of 2N —Q among them. As we just discussed, this amounts 
to summing in (23) the probabilities of the two possible results for each of these 2N — Q 
ignored measurements, i.e. the probabilities associated with two opposite values of the 
n,;- It follows that in the product over 7 in (23), cos (A — y,;) will disappear from all the 
2N —Q terms, leaving only cos A. We get for Pg the following expression (omitting from 
now on the numerical factors, which are not relevant for our discussion): 


Q ({m, vif) « 


erg, td 
if oe [cos ey A a Ju(r;)|? [cos A + 7; cos (A — ¥;)] (25) 


—1/2 T —T 
In this expression, the notation ({7;,y;}) now stands for Q pairs of variables (1, y), 
instead of 2N as before. The integral over dA contains the function cos A to the power 


2N — Q; if Q « 2N, this power is very high, and the function becomes a very narrow 
peak centered at A = 0. This allows us to write: 


‘a ({ni, vit) «fs al Ju(r;)| Prat nj Cos (A — ~5)] (26) 


This result is very similar to the one obtained in relation (47) of Complement Cxxz, 
namely a product of two positive individual probabilities?: 


3 (Xs 93) = 5 ules) PLL + ny 608 (A — 93) (27) 








?Thanks to the factor 1/2, the sum of the two probabilities (7; = +1) is normalized to the probability 
of presence of a particle in the detection volume. 
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This product is then averaged over the angle A, which can take on any value between —7 
and +7. As we show below, probability (27) is actually the probability of finding the 
result 7; when measuring the component of a single spin along an axis with direction yj, 
assuming that spin was initially polarized along a direction defined by the angle A. 


Demonstration: 


We call Oz the spin quantization axis, and consider a spin polarized in the (transverse) 

direction in the plane rOy, making an angle A with the Oz axis. Relation (6) indicates 

that its state is then: 

il 
V2 


When measuring the spin component along an axis defined by the angle y, the state 
associated with the 7 = +1 measurement result is: 


Ia) lee enee sa) (28) 


1 





Se e te/2 +4 4 etiv/? 3 29 
he) i [ |+) |-)| (29) 
Consequently, the probability of that result is: 
a = 
Prat = dela)? =5 feenneye + efO-)/2)? gt A-9Y (30) 
1 
== [1+cos(A — ¢)| (31) 


2 


As for the probability of the 7 = —1 result, it is simply the complementary probability, 
obtained by changing the sign in front of cos(A—y). In both cases, we get the probability 
given by (27). 


This means that \ can be interpreted as the relative phase between the two conden- 
sates. In this case, the predictions of quantum mechanics are identical to the predictions 
of a theory where the phase would be considered as a classical quantity, perfectly deter- 
mined but as yet unknown at the beginning of the experiment. From such a point of view, 
this phase would be revealed more and more precisely by the successive measurements, 
instead of being created as assumed in the standard quantum mechanics interpretation. 
Therein lies a link to the heart of the EPR argument. 


3-b. Macroscopic EPR argument 


The EPR argument was presented in § F-1 of Chapter XXI. It is based on the 
double hypothesis of reality and locality, as well as on the assumption that all quantum 
mechanical predictions are correct. The conclusion of the argument is that quantum 
mechanics is necessarily incomplete; to render it complete, “elements of reality” must 
be added to it. In an EPRB experiment, involving two spins in a singlet state, these 
elements of reality can be spin directions, well defined even before any measurements has 
been performed. 

Such an addition necessarily falls outside the framework of standard quantum 
mechanics. Bohr was opposed to it; he argued that the concept of elements of reality 
proposed by EPR could not be relevant for microscopic systems, since it was meaningless 
to try and dissociate them, conceptually, from their experimental surrounding. As we 
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discussed in Chapter XXI, this position is logically sound; it allows invalidating the 
conclusions of the EPR argument. However, we are going to show that the double 
condensates offer another context for applying the EPR reasoning, particularly interesting 
as it involves macroscopic quantities (as well as the conservation of angular momentum). 
These physical quantities can, in principle, be on our scale, thereby making it more 
difficult to deny them an independent physical reality. 

We consider a physical system in a quantum state similar to (2), where the two 
|+) internal states of the particles are eigenstates of the spin components along the Oz 
quantization axis, for example the m = 0 and m = 1 states of a spin S = 1. For 
the clarity of the discussion, we will assume that the orbital wave functions of each 
condensate are distinct but overlap in two regions of space, as schematized in Figure 2. 
In each of these two regions (which may be separated by an arbitrarily large distance), two 
observers, Alice and Bob, perform measurements of the spin components along transverse 
directions?, N4 measurements for Alice, Ng for Bob. For each measurement performed, 
each of the observers chooses an arbitrary direction defined by an angle y;; Alice’s choices 
are completely independent of those of Bob, and vice versa. A first series of measurements 
(1 < i < Na) is performed by Alice in a first region of space; right after that, Bob 
performs another series (N4 +1 <i< Na+ Nz) in his own laboratory, located very far 
away. 





Now we saw that, as soon as Alice has measured the spins of a few particles, 
the relative phase of the two condensates in the entire space is fixed with a fairly good 
precision (the larger the number of measurements, the better the precision). These 
measurements also fix the transverse direction of the spins. Alice cannot, however, decide 
what this direction will be, as it is fixed in a totally random way in the measurement 
process. Standard quantum mechanics then predicts that when Bob will perform his 
own measurements, it is practically certain (within a negligible error) that he will find 
the same relative phase. As he can perform a large number of measurements, he can 
find out, practically instantaneously, the spin direction created and observed by Alice. 
The EPR argument underlines that, as no interaction had time to propagate from Alice 
to Bob, it is not possible for this transverse orientation to have been created by Alice’s 
measurements: it necessarily existed prior any measurements. 

What is new in our case, compared to the two-spin case, is that Bob’s observa- 
tions may concern an arbitrarily large number of spins; his experiment then amounts to 
measuring the angular momentum direction of a macroscopic spin system, which has an 
arbitrarily large angular momentum. As we are now dealing with macroscopic quantities, 
one can no longer argue, as Bohr did, that the microscopic world is accessible neither 
to human experimentation nor to human language description. In our present case, it 
seems more artificial to refuse, as suggested by Bohr, to consider separately the physical 
properties of systems located in distinct regions of space. The EPR argument becomes 
harder to refute. Reference [90] contains a discussion of this unexpected situation in 
terms of conservation of angular momentum. 





3The longitudinal direction is the direction of the spin polarization in the initial state (2), the 
transverse directions are all the perpendicular directions. 
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Figure 2: Scheme of an experiment on a double spin condensate, one in a + internal 
state, the other in a — state. The two condensates have distinct orbital wave functions, 
overlapping in two regions of space where two observers, Alice and Bob, perform mea- 
surements. These two regions can be separated by an arbitrarily large distance. Alice and 
Bob measure the spins one by one, choosing each time a transverse component (perpen- 
dicular to the Oz quantization axis) defined by an angle y. Whereas, initially, the two 
condensates have no relative phase, the first measurements performed by Alice create one. 
The paradoz is that this phase propagates instantaneously to the remote region where Bob 
performs his measurements. This is reminiscent of the EPR argument, but in a more 
striking case where the EPR “elements of reality” can be macroscopic. 





3-c. Measuring all the spins, violation of Bell’s inequalities 


Imagine now that we measure all the spins; the selective effect around the A = 0 
value does not occur any longer. The interpretation in terms of probabilities of individual 
events is no longer possible: the factor [cos A + y; cos(A — y;)] in (23) can sometimes 
take on negative values, which rules out its possibility to be considered as a standard 
probability. Actually, it is not unusual in quantum mechanics that purely quantum 
effects arise through “negative probabilities ”, as in this case. The angle A is called the 
“quantum angle ”, which underlines that its role is to introduce such quantum effects, 
such as non-locality effects and violations of the Bell’s inequalities. 


To prove that such violations occur for any value of N requires using relation 
(23), which involves many parameters (all the measuring angles, which are arbitrary); 
it is easier to perform a numerical calculation as explained in the second reference of 
[90]. Our objective here is to simply show that the phase does not always behave in a 
classical way. This is why, without presenting the numerical calculation, we shall study 
the behavior of expression (23) for the simple case of two measurements on two spins 
(Q =2 and N = 1). This will enable us to show that this expression does predict the 
existence of violations of the inequalities, for certain cases (more general cases are treated 
in the above reference). Clearly, in the case of two spins we could have carried out this 
computation in a simpler and more direct way. 


Using definition (A-7) of Chapter XV for the Fock states, the state (2) can be 
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written in the form: 


PB) = Coun) (aa)! 1O) = elk ay 2s) + [Ly 2s a 4] 
Seo ne Nie ee ies Aa) (32) 





V2 


This leads to an entangled spin state, very similar to the one considered in § B of 
Chapter XXI. The only difference is the + sign in the present spin state, instead of 
the — in the singlet state considered in that chapter, but this difference is of no great 
consequence (we shall come back to this point more precisely — see note 4). Such a 
state can be expected to lead to significant quantum effects, as for example to situations 
violating Bell’s inequalities. 

We can also go back to the general relation (23) to show that it indeed leads to 
violations of Bell’s inequalities in this simple case. For N = 1, this relation becomes: 


Po (m, 015 N2, Y2) 


+r dA +7 q 
el oy — [cos A + 1 cos (A — 1)] [cos A + 2 cos (A — Y2)] 


a) rt + m2 cos 1 COs ya + m2 sin Y1 sin 2] (33) 


where we have used the fact that the average value on the circle of cosine squared or sine 
squared is equal to 1/2, whereas the average value of the product of cosine and sine is 
zero. We obtain: 


1 
Po (m, P15 12, 2) x 5 [1+ min2 cos (v1 — ¥2)] (34) 








Normalizing to unity the sum of the 4 probabilities obtained for 7, = +1 and m2 = +1, 
we finally get: 


Ry 


1 = 
+1, +1) = P2(-1,-1) = 5 008” (25%) 


Po (+1, —1) = Pa (—1, +1) = 5 sin? (458 ; 2) (35) 





These relations are very similar to equalities (B-10) of Chapter XXI, if we make the 
change’*: 


yi > Oat 
p2 => Op (36) 


The angles y; and yo now play the role of the analyzer orientation angles in Figure 
2 of that chapter. Now we know (Chapter XXI, § F-3) that these equalities lead to 
significant violations of Bell’s inequalities (by a factor /2), hence to marked non-local 
quantum effects; such effects should therefore be expected in our present case. 





4This change results from the + sign in the spin state (32), instead of the — sign in the singlet state. 
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In the general case where N can take on any value, measuring the totality of 
the spins may lead to strong violations of Bell’s inequalities, provided the measurement 
angles are judiciously chosen (for large N, the angular domain leading to such violations 
decreases as the inverse of the square root of that number [90]). Note however that 
these violations will disappear as soon as certain spins are no longer measured (or their 
corresponding results no longer taken into account, which amounts to the same thing). 


Conclusion 


This complement is an illustration of the limits of the phenomenon studied in the previous 
complement: the process of successive measurements builds up a phase that has all 
the properties of a classical phase, but only up to a certain point. If all the particles 
are measured, and for certain particular choices of the measuring angles, in an ideal 
experiment the phase should exhibit some distinctly quantum properties. 

Furthermore, one could have expected that the extreme quantum properties, as for 
example their non-local aspects discussed in §§ F-1 and F-3 of Chapter XXI, would only 
concern systems with a small particle number, or in singlet spin states (these having 
a special status among all the states accessible to a physical system). The present 
complement shows that this is not at all the case: in principle, the same properties 
should exist for systems composed of a very large number of particles, in a fairly simple 
quantum state (a double condensate). 
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Appendix IV 


Feynman path integral 
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In Chapter III, we introduced the postulates of quantum mechanics using the 
Hamiltonian approach, with quantization rules applied to conjugate Hamiltonian vari- 
ables. It is however possible to introduce quantum mechanics and its quantization rules 
in an entirely different way, starting from a classical Lagrangian, and using Feynman 
path integrals. This approach provides an interesting insight to the relationship between 
classical and quantum physics, reminiscent of the connections between geometric and 
wave optics. Furthermore, this approach is preferable in a certain number of cases, in 
particular for situations where we know the classical Lagrangian but not the conjugate 
variables necessary to define a Hamiltonian!. 

This appendix is an elementary introduction to Feynman path integrals, and some 
of their properties, without too much concern for mathematical rigor. We first study in 
§ 1 the quantum propagator of a particle, and then show in § 2 how to express it as the 
sum of contributions coming from different classical histories (possible evolutions) of the 
physical system. Once these results have been established, we discuss in § 3 how to take 
the inverse point of view, and start from these classical histories to derive the usual form 
of quantum mechanics, its quantization rules, its propagators and, in § 4, its operators. 
For the sake of simplicity, we shall only consider an ensemble of particles interacting via 
a position dependent potential; for the study of more general cases (vector potential, 
commutative or non-commutative gauge invariance), the reader may consult references 
[91], [92], or [93). 


1. Quantum propagator of a particle 


Consider a spinless particle. The propagator G(r’, t’; r,t) of this particle is defined as: 
G (r',t37) 2) = '|O 0) ir) (1) 





1 This happens, for example, if the Lagrangian does not depend on the time derivative of a coordinate 
qi, in which case one cannot define the conjugate momentum p;. 
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where the kets |r) are the eigenkets of the position operator, and U (t’,t) the evolution 
operator between the initial time ¢ and the final time t’ (Complement Fy,;). This prop- 
agator gives the probability amplitude for the particle, starting at time t from a state 
localized at point r, to be found at a later time t’ at point r’. 


1-a. Expressing the propagator as a sum of products 


We can split the time interval [¢, t’] into NV equal smaller segments by setting: 


t—t 
2 
~ (2) 
We therefore introduce NV — 1 intermediate times t), to, .., te, -.tw—1 (see Figure 1), 
which are equal to: 


ot = 





th =t+k 6t k=1,2,.,N-1 (3) 


It will also be useful for what follows to set tg = t and ty = t’. We can then express 
U (t’, t) as a product of NV terms: 


U (t’,t) = U (tw, ty_1) ... U (tk, te-1) ... U (ta, t1) U (t1, to) (4) 


Between each evolution operators, we introduce a closure relation in the {|r)} basis: 


U (t’, t) = ein fair. fain. fairy 


U (tv, ti) [tw—-1) (tava U (ti, twa) [Pav—2) -- 
(rx.| U (te, te—1) [Pe—1) --. 1] U (t1, to) (5) 


Inserting this equality in (1), the propagator is expressed as: 


G(r’, t’;r,t) = fen fer. fer. fara 


(r'| U (ty, ty—1) [ew—1) rav—al U (ti, ta) [tv—2) -- 
(tx U (te, te—1) |[Pe—1) -- (ta U (£1, to) |r) (6) 


We now let ot tend towards zero (or, equivalently, NV towards infinity). The number of 
integrations over the d°r,, will then tend towards infinity but the matrix elements are 
now those of the evolution operator over an infinitesimal time dt. 


1-b. Calculation of the matrix elements 


We now compute the matrix elements (r;|U (tx, tx—1) |fex_1) of the evolution oper- 
ators, with t, = t,_1 +t. The particle’s Hamiltonian A is the sum of the kinetic energy 
and the energy associated with an external potential: 

p2 
H=—+4+V(R 7 
= +V(R) (7) 
where P and R are, respectively, the momentum and position operators of the particle; 
m is its mass. 
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to ty te tr-1 tr tw-1 tw 





Figure 1: To express the evolution operator as a product of operators, one introduces 
between the initial time t and the final time t’ a whole series of intermediate times ty, 
ta, .., te, -.,t~—1; an evolution operator is associated with each of the N time intervals. 
Introducing at each time ty a closure relation then leads to a summation over all the 
possible positions rz, of the particle at that time. 





Q. Free particle 


For a free particle, the Hamiltonian is simply the kinetic energy. Introducing a 
closure relation on the momentum eigenstates, we can write: 


: 1 : 
(rz| eo iP?6t/2mh [rx—1) = one pee eik-(te—Te-1) en ihk? 5t/2m (8) 


We show below that this propagator can be computed exactly, whether the time interval 
ét is infinitesimal or finite; its expression is: 





-p2 3/2 - : 2 
(r;,| etP 6t/2mh lr~—1) = (<5) e7 3in/4 eim(te—Pe—-1) /2h6t (9) 
Imagine for a moment that in the argument of the last exponential function the factor 7 is 
replaced by a simple minus sign (this amounts to switching to an imaginary time). Within 
a numerical factor, the propagator of the free particle becomes a Gaussian function, 
decreasing rapidly as soon as the distance |r, — rz—;| becomes large compared to its 


width \/2hét/m. 


Comment: 


This result is not surprising since if one replaces, in Schrédinger’s equation, the real time 
t by an imaginary time it, one gets the diffusion equation whose propagator is indeed a 
Gaussian. The width of that Gaussian goes to zero as dt > 0: as expected, the shorter 
the time 6t, the smaller the distance covered by the particle. It is worth noting, however, 
that this distance is not proportional to dt, but to the square root of this time; in other 
words, during very short times, the particle may propagate much further than if it had a 
constant velocity. This situation is characteristic of a random motion whose correlation 
time and mean free path tend simultaneously to zero, in a way where the diffusion 
coefficient remains constant: such a process lead to the classical diffusion equation, and 
its propagator therefore has the same property. 


As for Schrédinger’s equation itself (without switching to an imaginary time), when 
the distance |r, — r,—1| increases, instead of a decrease of the propagator’s modulus, we 
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get an oscillation that gets faster as the distance gets greater; these oscillations are also 
faster as dt gets shorter. We discuss below how all these phases interfere, as well as the 
particular role played by the phases associated with classical paths. 


Demonstration of relation (9): 


We modify the exponent of the function to be integrated in (8) to introduce a perfect 





square: 
h ot 2:4 = h ot m 2 m 2 
Se EE) oO poe m-1)| ~ 35 gg TPR) (10) 


Making the change of variables: 


m 
q=k+ Aa te —Yx-1) (11) 
leads us to: 
; 1 : ’ 2 
(rg| eo P Be/2mk has ; : | fo eee s eim(te—te-1) /2hét (12) 
7 


The integral that still remains between the brackets on the right-hand side is now a 
number independent of rz, and rx,_1. As the three components of the vector q yield the 
same contribution, this number is the cube of the integral: 


+oo 
[= i dqz eT ihe 6t/2m (13) 


co 


Following a classical procedure, we compute the square of that integral J using the polar 


coordinates where p = \/q? + s?: 
+o0o +00 
p= i a. f dsz e M(aetsz)5t/2m 
—oo —oco 


a inp? 2im i 
-2 d —ihp~ dt/2m = —too 14 
[pave a ee (14 


Now, writing the number e**° is mathematically meaningless: as M — oo, the imaginary 


exponential e’™” oscillates indefinitely between +1 and —1, around a zero average value. 
We shall simply take this number equal to its zero average value”, so that: 


2mm —in/4 


[T= 
h ot 


(15) 


Replacing by J° the integral over d°q in (12), we get relation (9). 





?One can reach this same result by adding a small imaginary part —ie to the coefficient hh? 5t/2m of 
p” in the exponent. Thanks to this imaginary part, which can be arbitrarily small, the oscillating term 
does disappear. 
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B. Effects of the external potential 

We must now compute the matrix elements of the exponential operator e~*75t/? 
when H is the sum of two non-commuting operators. We shall only consider the case 
where 6¢ is infinitesimal. In that case, the exponential of a sum of non-commuting 


operators A and B can be written: 
ét? 
~W(AtB)8 — 1 _4[A+ Bl ot — [A? + AB + BA+ B?] > +0 (6e") (16) 
We can also expand the following product of exponentials as: 


et Ast /2 et Bét et Ast /2 = c -iaX ate. | x 





2 
1 re ee + 4 c a iam - a a +.| (17) 
This leads to: 
eo tAbt/2 Q-iBSt ,—iAdt/2 
A? A* B? B? ét? 
=1-i[A4 “a : 
i[A + B] ot Ss af tage 5 +AB+ Bal 5 + 0 (6t") 
= e WATB)6t +0 (st?) (18) 


Setting A = P?/2mh and B = V (R) /h we get, assuming that é¢t is infinitesimal 
so that we can neglect the dt? terms: 


2 sa. 
(rp| U (gs tea) lr~—1) = (rz| eV (R)st/2h e iP bt/2mh eV (R)6t/2h lrx—1) 


eT lV (te FV (rx—1)]5t/2h (r,| oP 8t/2mh [r~—1) (19) 


This result is simply the product of an exponential including the potential and a term 
that is the propagator of the free particle. Taking (9) into account, we can write: 


(tp U (te-1, te) |Pe-1) 


3/2 : : : 
= (<5) e 3t7/4 ei? —PR-1)” /2hdt x eT UV a) +V x-1)]5¢/2h (20) 


The effect of the external potential is straightforward: it adds an exponential including 
half the sum of the two potential energies associated, one with the position of the bra, 
the other with the position of the ket. 


Y. Final expression 


Inserting (20) into (5), we get the following expression for the propagator: 


evi? m\ NP 3 3 3 
ote tin.) = (Se) Jan fan. [an [awa 
7 


oof) Ss |e PET i)" ee "ad | (21) 


k=1 





This equality is valid in the limit where 6t + 0 (or NV — oo) since, to establish (19), we 
neglected the ot? terms. 
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Figure 2: A Feynman path is obtained by associating a position rz, with each time tr. 
The path thus obtained is continuous, but looks in general like a zigzag (the velocity is 
discontinuous at each time ty). Nevertheless, one can associate a classical action with 
each of these paths, and get the quantum propagator by summing exponentials of the 
actions along all these classical paths: while keeping the two end positions r and r’ fixed, 
the summation is performed on all the intermediate positions r,, Yo,.-.,.°R;--VN—1- 





2. Interpretation in terms of classical histories 


The probability amplitude (6) is obtained by inserting, as many times as necessary, 
the propagator matrix elements (20). It thus contains as many sums over intermediate 
positions as there are intermediate times t,, and this number goes to infinity as dt > 0. 
This expression, somewhat complicated at first sight, actually has a simple interpretation 
in terms of classical paths the particles can follow between the initial and final times. 


2-a. Expressing the propagator as a function of classical actions 


Let us go back to classical physics and consider for a moment all the rz, as being 
fixed, and a particle that goes through these successive positions at the different times 
t,. In between two consecutive times, we assume the particle keeps a constant velocity 
equal to: 

Ye —Vk-1 
i 22 
w= ES (22) 
This defines a classical path T, with a linear interpolation for times between the discrete 
instants t, (cf. Figure 2). The particle’s Lagrangian CL is written: 
1 
L= amy —V(r) (23) 


For any classical path [ followed by the particle between the initial time t and the 
final time t’, the position and velocity are both functions of time, and so is the Lagrangian 
L(t). The corresponding action is written (Appendix ITI, § 5-b): 


t! 
sr= f dt” L(t") (24) 
t 


2272 


FEYNMAN PATH INTEGRAL 





Let us compute this integral using Riemann’s method by introducing, between the times 
t and t’, N time intervals of length 6t. We consider that during an infinitesimal time 
interval 6t¢, the potential energy can be approximated by half the sum of its values at 
each end of the interval. We then get: 


av m (rp — Pests 
Sr~ > ot Tae 
k=1 


This approximate equality becomes exact in the limit 6¢ > 0. 

On the right-hand side of this equality, we find (to within a factor 7/#) the argument 
of the exponential appearing in expression (21) for the quantum propagator. This means 
that this quantum propagator contains the exponential of an approximate value of the 
classical action, multiplied by 7/A. When 6¢ > 0 (and hence MN — oo), the approximate 
value becomes exact, and the sums over d°r,, d?rg,.., d?ryv_1 on the right-hand side of 
(21) introduce a summation over all the paths going from r,t to r’,@’: 


SS” exp Ea (26) 


paths [ 





; (25) 





V (ve_-1) + V (tx) 


For this summation over the paths to be meaningful, we must now choose a “path den- 
sity”; we therefore assume that the number of paths in a “path interval”, determined by 
the set of d?rz, is given by the product C8%/? xd3r,d3rq..d°rz..d°ryv_1, where C is the 
constant (inverse of a length): 





= —in/4 m 
Ca Qh ot eo 


This allows us to write: 





G(r',tU;r,t) = (r'|U (t,t) |r) = s exp Ea (28) 


paths [ 











In the limit dt — 0, the sum over the paths is no longer discrete. This is why, instead of 
(28), one often writes: 


= a 


(e'|U 8) Ie) = / Dir ()] exp [ee 


where the notation D |r (t)] symbolizes the limit of a sum over the paths: 


3N/2 
D{r(t)] = lim |e7*7/4 ae ein fair. fer. faery (30) 
N-0o 2Qrh ot 








3Remember that this complement does not pretend to be mathematically rigorous. This would entail 
a more careful study of the classical as well as quantum expressions, and of the effects of the simultaneous 
limits 6¢ goes to zero and N (number of terms in the products) goes to infinity, keeping in mind that 
these approximations are done on functions that are arguments of exponentials. 


2273 


APPENDIX IV 





2-b. Generalization: several particles interacting via a potential 


The previous considerations can be directly generalized to a system with several 
particles interacting via a potential depending on their positions. Since the system Hamil- 
tonian is, as above, the sum of two non-commuting terms, we again use the approximate 
expression (18) for the evolution operator. But rather than inserting the closure relations 
for a single position, one must now use a basis involving the positions of all the particles: 
each integral over d°r is then demultiplied into as many integrals as there are particles 
in the system. 

We will not include here the case where the particles are charged and subjected to 
a magnetic field, which would include terms such as gv- A (r), where A (r) is the vector 
potential. Even though it is an interesting case, in particular for its relation to gauge 
invariance, it will not be considered here for the sake of brevity. The interested reader 
should consult the references given in the introduction. 


3. Discussion; a new quantization rule 


The path integral approach is particularly fit for developing an analogy with classical 
optics. In addition, it allows building new quantization rules. These two points will be 
discussed successively. 


3-a. Analogy with classical optics 


Relations (28) and (29) allow making a link between two a priori unrelated quan- 
tities: the classical mechanics paths with their associated actions, and the quantum 
propagator. Knowing the wave function V (r,t) at a given time t, it is this quantum 
propagator that enables computing that wave function at a later time t’ as follows: 


U(r’, t’) =r! |W (t’)) = '|U (, t) |Y ()) 
_ per (e| U (t', t) jr)  |Y (2) (31) 


Taking into account definition (1) of the propagator, the above expression can be rewrit- 
ten as: 


U(r’, t') = per G(r’, t’';r,t) WV (r,t) (32) 


The propagator is thus the kernel of the integral equation expressing the temporal prop- 
agation of the wave function. Now, equality (28) shows that this propagator is equal 
to a sum of exponentials of the actions corresponding to all the classical paths. There- 
fore, whereas in classical mechanics a single path (or in certain cases a finite number 
of paths) is selected by the stationarity condition of the action, in quantum mechanics 
all the paths come into play to determine the propagation amplitude, each one with its 
particular phase. In a manner of speaking, one can say that, in quantum mechanics, the 
particle goes through all the possible intermediate positions r, and hence follows all the 
possible histories between the two end points. 

It is worth noting that all these histories (even highly unlikely histories involving 
totally arbitrary positions) contribute with the same amplitude. On the other hand, the 
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phases associated with the histories are different from each other and allow understanding 
how the different histories come into play. This situation can be analyzed in terms 
of stationary phase conditions. It is easy to understand that in the summation, the 
histories corresponding to a stationary action will play a particular role since all the 
neighboring histories will add their contribution in a coherent way. On the other hand, 
in the vicinity of histories for which the action varies rapidly, the phase oscillates quickly 
and the corresponding contributions will cancel out through destructive interference. 
Consequently, classical histories play a privileged role, which becomes more prominent 
as the phase oscillations become more rapid. In the limit where h —> 0, these oscillations 
become infinitely rapid and only the classical histories prevail. 

Finally, this situation reminds us of classical optics and the Huyghens-Fresnel 
principle, where a light wave is computed as the sum of waves radiated from each point 
of an intermediate surface, taking into account the phases linked to the propagation 
along each path. In the geometrical approximation, where the wavelength tends towards 
zero, the trajectories of the light rays correspond to paths having a stationary phase, 
i.e. which does not change for infinitely close paths. Geometrical optics is the analog of 
classical mechanics, whereas Huyghens wave optics is the analog of quantum mechanics. 
The Feynman integral path is therefore a useful tool to study the link between classical 
and quantum mechanics, and in particular the semiclassical limit of quantum mechanics 
(WKB approximation, etc.). 


Comment: 


The preceding analogy is well founded for a single particle. For a system with N particles, 
the histories no longer propagate in the ordinary three-dimensional space, but in a 3.N- 
dimensional configuration space. The analogy with optics described above is no longer 
as adequate, since in classical optics, electromagnetic waves propagate in ordinary 3D 
space. 


3-b. A new quantization rule 


At this stage, we can invert the approach. Until now, starting from the rules of 
Hamiltonian quantum mechanics, we deduced an equivalent expression for the propa- 
gator, ie. another way for finding the solutions of Schrédinger’s equation. It is also 
possible to consider this equivalent expression as the starting point and postulate that 
the propagator is defined ab initio by a sum over all the classical paths T, each con- 
tributing an exponential exp(iSp/h). This yields another method for the quantization of 
a physical system, which offers several advantages. First of all, as we just saw, it high- 
lights the relation of quantum mechanics with classical mechanics, where only a single 
classical path exists (or sometimes a finite number of paths), as opposed to an infinite 
number of possible paths in quantum mechanics. Furthermore, it is remarkable that the 
probability amplitudes thus computed only depend on classical functions (involving only 
numbers and not operators), the only explicit quantum component being the presence of 
h in the denominator of the phase. We shall see in § 4 how the concept of operators can 
be introduced in this approach. In addition, the expressions involving path integrals are 
symmetric with respect to time and space, since both type of coordinates are integrated 
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in a similar way*. Reasoning directly in space-time makes it easier to include Einstein’s 
relativity, since one can replace the time differential é¢ by a proper time differential 67. If 
now the Lagrangian £ is a space-time scalar, so is the action, and the theory acquires rel- 
ativistic invariance. Finally, Feynman’s quantization method only requires the existence 
of a Lagrangian, with its associated variational principle. Now all the physical systems 
that have a Lagrangian do not necessarily have the conjugate variables permitting the 
definition of a Hamiltonian. For such systems, the Feynman path integral method is 
powerful and this is why it is so important in quantum field theory. 


4. Operators 


Feynman paths also permit computing the matrix elements of operators in the Heisenberg 
picture, where they are time-dependent. We shall mostly consider the simplest case where 
the operators are functions of the position operator R. 


4-a. One single operator 


Let us insert any operator A “in the middle” of the evolution operator (1) by 
splitting the time interval [¢,¢’] into two adjacent intervals [t,t’”] and [t”,t’], with t < 
t” <t'. We get the expression: 


(r'|U(t',t") AU (”,t) |r) = (0 (0', 2”, t')| AO, t,t) (33) 
with: 
| (r,t, t)) = U (t",t) |r) 
la(e’,t",t')) =U tr) =U t+) Ir’) (34) 


In this matrix element of A, the ket |6(r,t”,t)) is obtained by the evolution until 
the time t” of a state localized at r at time t; the bra (0 (r’, t”, t’)| corresponds to the ket 
\6 (r’, t’”, t’)) which, as it evolves between t” and t’, becomes a ket localized at r’: 


U (t',t") 0 (r',t",¢')) =U (7, t") U (0, €+) |r’) = |r’) (35) 


Qa. Operator function of the position 


We now assume operator A is a function A(R) of the particle’s position operator. 
Inserting a closure relation on the positions, we can write the left-hand side of (33) as: 


(r'|U (i, t") A(R) U(t", 6) |r) = per (Ue) |e”) A") OU, 8) Ir) 
(36) 





4The sum over all the paths introduces an integral over all the positions rz in Figure 2, hence 
differentials of the three space coordinates; in addition, the integral over the times introduces a differential 
dt = t, —tx_1. The product of three space differentials by a time differential thus allows one to introduce 
a differential of space-time volume. 
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Using the general relation (28), we can then write the two propagators appearing under 
the integral as the sum over all the paths [; or T2: 





("Ut") It) = SD exp = ; 
paths Ty 

wut) = Sl exp ee] (37) 
paths [2 


where [, is a path linking the initial position r at time ¢ to the intermediate position 
r” at time ¢’””, and Ig the path linking thereafter the intermediate position r” at time ¢” 
to the final position r’ at time ¢t’. If ¢” coincides with the intermediate time t,, relation 
(36) becomes: 


(r’|U (t', th) A(R) U (tx, t) |r) 


= fa'n S- exp [S®] Ae)ex Ee (38) 


paths [T; and Tg 








Now the product of the two exponentials yields a single exponential exp[i.Sp //i] associated 
with the action Sp of a path T consisting of the two paths [Ty and Tg joined together end 
to end at rz. The sum over d®rz reconstitutes the ensemble of all paths going from the 
initial position r at time ¢ to the final position r’ at time ¢’, the only difference being that 
now each exponential exp[iSp/f] is multiplied by the value A (r;) taken by the function 
A at the intermediate point at time tx. 

We finally obtain: 


(r'|U(t,t") A(R) U(t",t)|r) = S$) A(r”) exp Ea (39) 


h 
paths [ 


where A(r”) is the value of A(r) at position r” which the path T traverses at time t”. 
The matrix elements of the operator in the Heisenberg picture (special case t’ = t) are 
thus given by the same summation over the histories as for the propagator, the only 
difference being that the contribution of each path is now multiplied by the value taken 
by the operator at the position r” at the intermediate time ¢”. 

As before, we can now invert the approach and consider relation (39) as the defi- 
nition of an operator in the framework of the Feynman path quantization method. Here 
again, it is remarkable that this relation involves only classical functions, without any 
operator. 


B. Velocity operator; canonical commutation relations 


In order to define an operator W associated with the particle’s velocity at time t”’ 
(we use the notation W to avoid any confusion with the potential V), and taking (22) 
into account, a natural extension of (38) leads to setting: 


(r’|U (t',t”) WU (t", t) |r) 


= fa'n S> exp [| S> (7 a) exp =] (40) 


paths T2 paths T, 
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where the paths T; are all those going from the initial position r to the intermediate 
position r; (the preceding intermediate position r,_; does depend on the path), whereas 
the paths I, are all those going from r, to the final position r’. Introducing in the middle 
of the left-hand side a closure relation on the kets {|r,)}, this relation becomes: 


[en (r’|U (t',t”) [re) (rg| W OU (t”, t) |r) 





= f any (r’|U ( (t’ st) [rx) Uw (rz, t”) (41) 
with: 
” ! te Ur us: 1 
Uw (re, t”) = (rel W Ut", t) |r) = SO (==) ow | | (42) 
paths Ty y 


This wave function is the result of the action of operator W on the wave function at time 
t”, equal to: 


W (rp, t”) = (re| U (t”, 8) |r) (43) 


Let us compare the sum over the paths Ty in relation (42) and in the relation (28) 
used to build the propagator between the times t and t’”’. In these two equalities, the 
actions are given by the summations (25) over the intermediate positions. Concerning the 
contributions of the paths between the initial time and the intermediate time t,_1 (the 
last time over which the summation runs), the two sums in (42) and (28) are identical. 
Actually, their only difference concerns the very last time interval (between t,_1 and 
ty = t”), which in (42) is multiplied by the factor (r, — r,—1) /6t. Now this multiplicative 
factor can also be found by taking the derivative of (28) with respect to rz, since, using 
(25), we have: 


i6t Ye —YrR-1 1 iSr, 
Vr, (re|U (t”, t) |r) = ys fm (HE) + 5¥n.¥| exp ; | (44) 


t2 
paths Ty 





As ry is a final fixed point, the term in V;,V on the right-hand side can be taken out of 
the summation over the paths. It yields a contribution in dt x V;,V which goes to zero 
in the limit dt > 0. We are left with: 


Vex eel (eter = SD (TES ) exp |B (5 


paths [, 





so that relation (42) becomes: 
h 
Uw (tet!) = 2 Vey (rel U (t",¢) |r) = Vi © (rx, t”) (46) 


This means that the action of the velocity operator W is simply proportional to a deriva- 
tive? with respect to the position r;, which is the variable of the wave function at the 





>The demonstration pertains to a wave function at the instant t’’ that is issued from a wave function 
localized at point r at time t. By linear superposition, it can be generalized to any wave function at 
time t, hence confirming the same derivation property. 
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instant t’”. In other words, if P = mW is the particle’s momentum operator, its ac- 
tion on the wave function is (4/7) times the gradient with respect to the position. We 
have established a basic result of the usual quantum mechanics, starting from operators 
introduced in the path integral approach. 

The canonical commutation relations between R and P are easily derived, since: 


O O 

a, [e¥ (x)| = x2 [W (2)] + U (2) (47) 
Ox Ox 

These commutation relations can also be considered as consequences of the path quan- 
tization rules. 


4-b. Several operators 


Feynman postulates also permit introducing products of several operators, acting 
at the same instant or at different times. 


Qa. Several operators at different times 


The previous argument can be generalized to several operators A(R), B(R), etc. 
acting at intermediate times t”, t’”, etc. As before, we can split the evolution operator 
into several parts corresponding to the successive time intervals, and insert position 
closure relations at the intermediate times. Each operator introduces a factor dependent 
on the corresponding intermediate position, and the time propagation is a sum over 
histories between successive time intervals. For instance, for two operators, the same 
reasoning followed above leads to: 


(’|U tt") B(R) Ue", t") A(R) Ut", t) Ir) 


= (48) 


= S> Bie") A(e")exp| j 


paths [ 


where A(r”) is the value of A for the position r” crossed by the path T at time t”, B (r’”’) 
the value of B for the position r’” crossed by the path T at a later time t’”. The result 
is easily generalized to any number of operators. Note the order in which the operators 
are arranged in the matrix element on the left-hand side: it corresponds to the order in 
which the times t”, t’”, etc. are arranged in the classical histories used to calculate the 
actions. The quantum operators are automatically arranged in decreasing times from 
left to right, even if A(r”) and B(r’”) are numbers that commute in the right hand side 
of relation (48). 


B. Position and velocity operators, symmetrization 


Imagine now we want to introduce, for example, the operator corresponding to 
the product R.- P of the position and momentum. We will then proceed as in (41) and 
(42), however with an added precaution: should we multiply (r, — rz_1) /dt by rz, or by 
r,—1 (the order does not matter, since we are dealing with numbers). For the sake of 
symmetry, we multiply by half their sum, so that in (42) (r_, — rz_1) /6t is replaced by: 


lr,p trp 1 
Ry te te) = gg Pe: (te — tea) + (Pe — Pea) “Pea (49) 
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On the right-hand side, we wrote the two terms so that the times are always decreasing 
(or stationary) from left to right. Because of the order of the k indices, the first term 
on the right-hand side introduces the operator RW, whereas the second introduces 
W -R, i.e. the same operators but in the inverse order. This is an example of how the 
path integral method leads quite naturally to a symmetrization of the operator order, 
which automatically ensures the hermiticity of their product. 


Conclusion 


To be able to use two complementary approaches, the Hamiltonian method and the path 
integral method, is often quite valuable in the study of numerous physical problems. 
As an example, path integrals play a fundamental role in field theory. They are for 
a large part at the base of the implementation of symmetry groups (Abelian or non- 
commutative) in this theory, which allows building a theory for elementary particles and 
their interactions. There are, however, other cases where the path integral formalism 
is very useful, as for example, in the computations of quantum interference with cold 
atoms. Conceptually, the path integral approach can shed new light on the relations 
between quantum mechanics and classical mechanics, as well as classical optics as we 
saw in § 3-a. 

In this appendix, we only used path integrals as a method to compute the time 
propagator of a quantum physical system, which involves imaginary exponentials of the 
Hamiltonian. Path integrals can also be used in quantum statistical mechanics (Ap- 
pendix VI), and involve real exponentials of the Hamiltonian (multiplied by the inverse 
of the temperature). It is the basic tool for many numerical calculations; the interested 
reader can consult Zinn-Justin’s book [92], or reference [94] where, in particular, the 
PIMC (Path Integral Quantum Monte Carlo) methods are described. 
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Lagrange multipliers 





1 Function of two variables ............0.20200080086 2281 
2 Function of N variables ...........00 2000202 e eee 2283 





When a function F depends on non-independent variables (i.e. which are related 
by constraints), its extrema (maxima or minima) can be found by the Lagrange multiplier 
method. A brief summary of this method is proposed in this appendix. The first part 
concerns functions of two variables, and the second part will generalize the concept to 
any number of variables. 


1. Function of two variables 


Consider first a real function F' (21,22) of two independent variables 11 and x2. We 
assume the fonction F' to be regular, continuous, differentiable with continuous deriva- 
tives. The extrema of F correspond to values of the variables for which the two partial 
derivatives are zero: 


OF (21, £2) OF (21, #2) 
Ox Oxr2 


These two relations amount to stating that the gradient of F must be zero: 
VF =0 (2) 


Two equations with two unknowns x; and x2 generally admit a finite number of solutions 
(pairs of values for x, and x2); this number can even be zero if the function F' does not 
present any extrema. 

Let us now look for the extrema of F' when the variables are no longer independent, 
but must obey a constraint: 


E (21, 2) =C (3) 


=0 ; =0 (1) 


where C is a constant and F (x1, #2) a regular function (continuous, differentiable, etc.). 
When this constraint is satisfied, the point M with coordinates x; and x2 is forced to 
follow a curve in the plane (solid line in Figure 1). Imagine we place the point close to 
an arbitrary point M of the curve, and move it by varying slightly its coordinates by da, 
and dz. For E to remain constant, dx; and dx2 must necessarily obey: 


dg — OF (#1, 22) dz, + CH @u%) TB. av =0 (4) 
Ox} Ox2 


The point M therefore necessarily moves along the tangent to the curve, i.e. perpendic- 


ularly to its gradient VE, as shown in Figure 1. As for the variation of F’, it is given 
by: 


dF = VF -.dM (5) 
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Figure 1: When the constraint E(x1,x2) = C is satisfied, the point M, with coordinates 
x1 and x2, is forced to move along a curve in the plane, shown as a solid line. The 
tangent to this curve is perpendicular to the gradient VE of the function E, meaning 
that any small displacement of point M along the curve must be perpendicular to this 
gradient. When the displacement starts from an arbitrary point M, the vectors VE and 
VE are not parallel, and the function F varies to first order in dF = V dM. However, 
if the variation starts from a point, such as Mo, where the two gradients are parallel, the 
function F is stationary. Geometrically, this parallelism means that the solid line is 
tangent to a contour line of the surface representing the function F (x1, 22). 





As in general the vectors VE and VF are not parallel, this scalar product is not zero. 
The function F thus varies to first order in aM , meaning it is not stationary at that 
point. 

If, however, we start from a point Mp on the curve where the two gradients are 
parallel (or antiparallel), condition (4) means that the variation (5) is zero, and station- 
arity is attained. In such a case, M moves (at constant E) along a curve that is tangent 
at Mo to a contour line of the surface representing the function F’. Geometrically, it is 
easy to understand that a displacement along a contour line keeps F’ constant to first 
order. Algebraically, imposing the gradients to be parallel amounts to writing that there 
exists a constant 4, called “Lagrange multiplier”, such that: 


VF=\VE (6) 


which is equivalent to saying that the differential of the function F' — XE is zero: 





d(F— XE) = V(F—-dE)-dM 
_ O[F-AE], , O[F-AF] 
=> Oxi dz, T Axe dz2 
2G (7) 
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This means that one must simply replace the function F' by the fonction F — AF with an 
arbitrary Lagrange multiplier 4 to obtain the stationarity of F when its variables obey 
the constraint (3). 

When J is fixed, we get as before two equations with two unknowns, so that the 
variables x; and x2 are determined. Inserting them into (3) yields a value for C, which 
is thus fixed. If, however, the Lagrange multiplier A is allowed to vary, the constant 
C becomes a function of A, and can be adjusted by changing ». As an example, when 
studying the canonical equilibrium (Appendix VI, § 1-b), one maximizes the value of 
the entropy S' (which plays the role of the function F’) while keeping the average energy 
value EF constant. A Lagrange multiplier 3 is then introduced to impose the stationarity 
of S — BE; changing § allows controlling the value of E. 


2. Function of N variables 


We now consider a function F (21, 22,...,2n) of N supposedly independent variables 
X21, £2,... ,2n. The extrema of F are obtained by annulling the N components of the 
gradient of F (each component being the partial derivative of F with respect to one of 
the variables): 


VF =0 (8) 


We get N equations to determine N unknown variables, yielding a finite number of 
extrema. 

Imagine now that the N variables are no longer independent, but linked by P < N 
conditions: 


Eis t3,.40n) = Cp with p= 1,2,...,P (9) 


Consider a point M in an N-dimensional space, with coordinates x1, %2,...,2n. If these 
N coordinates satisfy the P conditions (9), their infinitesimal variations obey the P 
relations: 


VE,-dM=0 with p=1,2,...,P (10) 


For all the functions E, to remain constant, the displacement dM of point M in the 
N-dimensional space must be orthogonal to all the gradients VE,. Two cases are then 
possible: 

(i) either the gradient VE belongs to the sub-space generated by the VE,, in 
which case the orthogonality condition (10) implies that dM is also orthogonal to VE. 
Consequently the variation dF = VE'-dM is zero and the stationarity is ensured. 

(ii) or the gradient VE is not contained in that subspace, and it possesses a non- 
zero component VF’, orthogonal to that subspace. One can then choose dM parallel to 
VF, and obtain a first order variation of F’, while satisfying the P constraints. 

In conclusion, the stationarity of F' is equivalent to the condition that the gradient 
VF be contained in the subspace generated by the VE,. This amounts to stating that 
there exist Lagrange multipliers A, (with p = 1,2,...,P) such that: 


VE VE SaV Eo Pap Vp (11) 
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In an equivalent way, the stationarity condition can be obtained by annulling the differ- 
ential: 


d(P = bya bps 2. HAP ess 0 (12) 


and then treating the variables x1, x2,...,cy as if they were independent. 

When the Lagrange multipliers 4, are fixed, each component of relation (11) yields 
an equation, so that we have as many equations as variables x1, r2,...,2y. One therefore 
obtains for the function F' a finite number of extrema linked by the constraints, yielding 
fixed values for the functions F,, F2, ..., Ep. A variation in the Lagrange multipliers 
will change the values of these functions, which can therefore be adjusted to a value that 
has been chosen in advance. 
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Brief review of Quantum Statistical Mechanics 





1 Statistical ensembles ............2.200 02000 eee 2285 
l-a Microcanonical ensemble... ...........2. 20000 2285 
1-b Canonical ensemble ...........0.00 00002 ee eee 2289 
l-c Grand canonical ensemble ................0004 2291 
2 Intensive or extensive physical quantities ........... 2292 
2-a Microcanonical ensemble... .............20084 2293 
2-b Canonical ensemble ...........0.0 0000 ee eee 2294 
2-c Grand canonical ensemble ................0004 2295 
2-d Other ensembles ... 2.0.0.0... 00 eee ee ee 2295 





In quantum mechanics, as in classical mechanics, it is not possible to describe a 
system having a very large number of degrees of freedom (for example a system containing 
a number of particles that is of the order of the Avogadro number) with highest precision. 
Such a description would in particular include the value of many quantities, for instance 
many particle correlations, which fluctuate rapidly and are not necessarily of interest. A 
less detailed and more probabilistic description must be used, in which the state of the 
system in known only statistically. The system occupies one on a series of possible states, 
with a certain probability. One then says that the system is described by a “statistical 
ensemble”. The use of a density operator (Complement Ey) to describe the physical 
system is particularly convenient in this case. 

We do not attempt in this appendix to give a general introduction to statistical 
mechanics and its postulates. We simply summarize a number of quantum statistical 
mechanics results used in several complements. For example, most of the complements 
of Chapter XV, as well as Bxyy and Dxvyqy, use the concept of chemical potential « or 
of “grand potential” ©; their interpretation in the framework of the different statistical 
ensembles will be given in this appendix. 


1. Statistical ensembles 


Several “statistical ensembles” are commonly used to describe physical systems at equi- 
librium. We shall focus here on the three main ones: the microcanonical, the canonical 
and the grand canonical ensembles. The first of these ensembles provides the general 
setting for introducing the two others. 


L-a. Microcanonical ensemble 


Consider a physical system containing N particles in a box of volume Y. The 
energy E’ of the system lies within an interval: 


E-AE/2< E'< E+AE/2 (1) 
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with AF < E. The system is isolated from its surroundings preventing any exchange of 
particles or energy. We note |E’,q) the eigenstates of its Hamiltonian H, where gq is an 
index reflecting the possible degeneracy of each eigenvalue E’ of this Hamiltonian. 


Qa. Density operator, entropy 


The system is supposed to have the same probability of being in any state whose 
energy falls within the interval (1); no state is favored over any other. The microcanonical 
density operator of the system at equilibrium is then: 

1 
Peq = giaz (E) (2) 
where Pag (£) is the projector onto the subspace containing all the accessible states: 
E+52 


Par (E) = S> SIE 49) (E",q| (3) 


E'=E-4SE 4 
and where Z is the microcanonical partition function defined as: 
Z =Tr {Par (E)} (4) 


What relation (2) means is that the occupation probabilities of the states |E’,q) are 
all equal to 1/Z. Relation (3) shows that each of the projectors onto a state |E’, q) 
contributes one unit to the trace of relation (4); the partition function Z is simply the 
number of terms in the summation (3), ie. the number of levels in the energy interval 
(1). If D(E) is the density of states, we can write: 


Z=D(E)xAE (5) 
As in § 1 of Complement Axx1, we define the entropy S as: 
S = —kp Tr {Peq In peg} (6) 


where kg is the Boltzmann constant. The |E’,q) are eigenvectors of peq, with an eigen- 
value equal to 1/Z if E” belongs to the interval [EF — AE , b+ AE], and equal to zero 
otherwise. If E’ belongs to the interval, we have: 


InZ 
Peq IN feq |E",a) = a a |E",q) (7) 


If E’ does not belong to the interval, since lim,_,9 x Inz = 0, we get: 
Peq IN Peq |E",q) =0 (8) 


We now multiply the two previous relations by the bra (E’,q| and sum over E’ and q to 
get a trace. Only the bras whose energy falls within the interval will yield a non-zero 
contribution. As there are Z of them, we obtain: 


Tr {Peq Mpeg} = —InZ (9) 
The equilibrium value of the entropy is therefore: 
S= kp InZ (10) 
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B. Temperature, chemical potential 


Suppose we now change the equilibrium energy EF by an infinitesimal amount dE, 
keeping the volume Y and the particle number N constant. Since no work is exchanged 
with the outside (the external walls are fixed), this amounts solely to a heat change: 


dQ =dE=Tds (11) 


where we have used the usual thermodynamic definition of the entropy dS = dQ/T. In 
the microcanonical ensemble, the temperature is thus defined as: 

1 Os 

SS (12) 

T OE\yy 
where we have used the partial derivative notation to emphasize that the changes are 
made keeping both N and VY constant. 

Let us now change the particle number N, keeping the volume and the energy FE 

constant. We then define the “chemical potential” 4 (which has the dimension of an 
energy) as: 


Os 


po -T 
ON Ry 


(13) 


At fixed temperature, the faster the entropy (which depends on the number of 
accessible levels in the energy band AE) grows with the particle number JN, the larger 
the absolute value of y. The chemical potential plays an essential role in the grand 
canonical equilibrium as we shall see (§ 1-c). The third partial derivative of S (with 
respect to the volume) will be determined in § 2-a. 


Comment: 


Let us insert (5) in relation (10), but first multiplying D(£) by kgT and dividing AE 
by this same quantity (this has the advantage of providing dimensionless arguments for 
the logarithmic functions). This yields: 


Ss 


a 


In[D(E) keT| -+1n | (14) 
kpT 

In a macroscopic system, the particle number is very large, of the order of the Avogadro 
number. Let us see then what happens when the particle number N goes to infinity. We 
assume that the energy F as well as the volume are proportional to N (thermodynamic 
limit). We then expect the entropy to also be proportional to N. This linear variation 
of the entropy cannot come from the second term in (14): even if the energy interval 
AE is proportional to N, it will only yield a much slower logarithmic variation. Most 
of the variation of S' actually comes from the first term of (14), and from the fact that 
the density of states increases with N in an exponential way: as the exponent of D(E£) 
contains N, this variation is phenomenally rapid. In the limit of large systems, the first 
term in (14) largely dominates the second. This is why it is often said that the entropy 
characterizes the density of states of a physical system (or more precisely the number of 
its quantum energy levels in a microscopic energy interval, chosen here to be equal to 
kpT). 


2287 


APPENDIX VI 





Y. Entropy maximization 


We now choose for g an arbitrary Hermitian density operator, with positive or 
zero eigenvalues whose sum is equal to 1. We denote |6,) its eigenvectors and p,, its 
eigenvalues (0 < pp < 1) which obey: 


Se py =1 (15) 


We assume that p is restricted to the energy band (1): all the |6,,) for which p, 4 0 are 
arbitrary linear combinations of the eigenvectors |E,q) obeying (1). 
An entropy can be associated with p: 


S, = —kp Tr {p Inp} (16) 


where kg is the Boltzmann constant. We are going to show that among all possible p 
operators, the equilibrium one, peq, maximizes this entropy. We can write: 


and therefore: 


S, = —kp Tr { Inpn |On) ai} = —kp S "Pn Inpn (18) 
Any variation of the p, results in a variation of S written as: 


ds = —kp Y~[1+Inpn] dpn (19) 


However relation (15) requires the sum of the variations dp, to be zero. To write 
that relation (19) is zero while taking into account this constraint, we use a Lagrange 
multiplier \ (Appendix V) and obtain the equation: 


y [A +1+Inp,] dp, =0 (20) 


n 


which must be satisfied for any dp,. Canceling the corresponding coefficients leads to: 
In pn = -—A-1 (21) 


This means that all the non-zero p, must be equal. Operator p is therefore proportional 
to the projector (3). Once we normalize its trace to 1, we get (2): the microcanonical 
density operator corresponds to an entropy extremum. As all the p, are between 0 and 
1, relation (18) shows that this extremum is positive. To find out if it is a maximum or 
a minimum, we consider another p operator, whose eigenvalues are all zero except one, 
equal to 1; its associated entropy S, is zero. Consequently the extremum of S,, obtained 
for the microcanonical equilibrium is an absolute maximum. 

This result proves an important theorem: the density operator that maximizes the 
entropy is the sum of the projectors onto all the accessible states, with equal eigenvalues 
(the probabilities of finding the physical system in each of these states). 
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1-b. Canonical ensemble 


We now consider a physical system -” no longer isolated but in contact with a 
reservoir R with which it exchanges energy; for example .Y and R could be coupled 
through a wall conducting heat but remaining fixed so that no work can be exchanged 
between them. Let us call Nez, Ep and Vr the particle number, the energy and the 
volume of the reservoir R. 


Qa. Density operator 

Assuming the reservoir # to be much larger than the system .7, its temperature 
remains constant as it exchanges energy with .7. According to relation (12), this implies 
that its temperature Tp, defined as: 








1 
Rye ORR (22) 
Tr OER Ng ve 
is a constant. It will be characterized by the constant (: 
1 1 OSR 
B (23) 


~ kpTr kp OER Nr.Vr 


As relation (10) showed that Sr = kg nZp, where Zp is the number of the reservoir’s 
accessible levels in an energy band AF around ER, we deduce: 


OlnZR 
OER 





= (24) 


Nr VR 





This means that this number of levels varies exponentially as a function of the energy 
(keeping Ne and Vr constant): 


Zp x ePER (25) 


The total system .Y% + R is described by an equilibrium microcanonical density 
operator. Its energy eigenvectors are the tensor product! of the energy eigenvectors 
|E,q) of the system .Y and the energy eigenvectors |E-R, gr) of the system R: 


|E,q) ® |Er, gr) (26) 


The microcanonical density operator of Y + R, with a total energy Eyo, = E’ + Ep is 
given by: 


Exot t+ SE 


Dey 2 (|E',4) @ |B’, an) )((E',41 ® (ER, ari ) (27) 


E'+ Ei, =Etor— 52 DIR 


1 
ZLILR 





PS+R = 


We get the density operator pcg of the system .Y by taking a trace over the reservoir: 


Peq = Trr {p.¥+R} (28) 





lWe assume that the coupling between .Y and R is weak, so that its contribution to the total energy 
is negligible. 
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In (27), the trace over R of each projector |ER, gr) (ER, ¢R| is just equal to one. 
The density operator peg is simply a sum of projectors onto the energy eigenstates 
|E’,q) (E", q|, multiplied by the number of levels of R with an energy Exo: — EL’ within an 
energy band AE. Relation (25) shows that this number of levels varies exponentially as 


BER — ¢B(Bror—B’) Omitting the proportionality factors 1/Z.y1. and e?”t, we get: 
peax >) de PF |E'.g) (Bgl =e # (29) 
E’ @q 


where Hf is the Hamiltonian of the system -”. Normalizing the trace of p, we obtain: 


1 nee 
Pie (30) 











where Z, is the “canonical partition function” defined as: 








Zo=Tr here (31) 








These two relations define the density operator of Y in the canonical thermal equilibrium. 
Contrary to what happened in the microcanonical equilibrium, the energy of the system 
S is no longer restricted to a small interval AF, but may spontaneously fluctuate outside 
this energy band under the effect of the coupling with the reservoir. 

The thermodynamic potential of the canonical equilibrium is defined by the func- 
tion F called the “free energy”: 














P= (7) =T5 (32) 
At equilibrium, when p is given by (30), this free energy is equal to: 

F= (#1) 4+ kpT Tr { pq -nZ. a BA \ = (ft) = (#) _kpT InZ, (33) 
and we obtain: 

F=-—kpT |nZ, (34) 
B. Minimization of the free energy 


Starting from an arbitrary density operator p of unit trace, let us show that its 
associated free energy will be minimal when p is equal to its value at the canonical 
equilibrium (30). We first compute the variation of F: 


dF =Tr { li +keT (1+ np) | dp} (35) 


This variation is zero for any dp only if the operator between the inner brackets is zero, 
which means: 


Inp=-1- BH (36) 


This indicates that p « e~°", which is the canonical equilibrium operator. Finally, if 
we choose for p the projector onto a state having a large positive energy, S will be zero, 


H ) arbitrarily very large, and consequently F’ will be very large as well. It is thus clear 


that the extremum of F’, which occurs when p takes the equilibrium value, is a minimum. 
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1-c. Grand canonical ensemble 


We now assume that the physical system .~% can exchange not only energy but 
also particles with the reservoir R: .7 and R must be coupled through an interface the 
particles can cross. As above, this reservoir is supposed large enough for its temperature 
to remain constant when it exchanges energy with .7. We also assume it contains a 
very large number of particles, which barely changes in relative value during the particle 
exchanges with .Y. Its chemical potential therefore remains constant: 


OSR 


= —T — 
@ aN 


= constant (37) 
Er,VR 


Q. Density operator 


As the particle numbers N of system .Y and Nr of the reservoir are no longer 
constant, their state spaces are now Fock spaces (Chapter XV). We must add indices N 
and Np respectively to the kets |E,q) and |Fr, qe) and there are now two summations 
over these indices in the expression for the microcanonical density operator p.7+R written 
in (27). The microcanonical density operator of the total system is then: 


A 
Evo +52 


a B 


E'+ ES =Etor— 52 N’+NR=Mtot 


> (12.N'.9) @ 1B, Near) ) ((E',N',a1@ (ER, Nps ael) (38) 


DqR 





ZILR 


where Fio¢ and Niot are respectively the energy and the particle number of the total 
system .Y + R. The argument then follows the same lines as in § 1-b-a. A partial trace 
over the reservoir leads to the density operator of .%, which is a linear combination of 
projectors: 


|E",N',q) (E', N‘q| (39) 


with weights corresponding to the number of states of the reservoir in an energy band 
centered around ER = Exot — E’, the number of particles in the reservoir being Nz = 
Ntot —N’. Two reservoir variables change simultaneously, instead of one for the canonical 
equilibrium. As js and 6 remain constant in (24) and (37), the entropy Sz varies linearly 
with respect to these variables: 

1 Lt 


Sr =Srt+pin- a 


: Nk = 99, + kpB (Bh — uNh) (40) 


where S% is a constant that is of no importance in what follows. Using again relation 
(10) to relate the reservoir entropy to the number of states Zp accessible to this reservoir, 


we get: 


Zi = eS2I*B ox e( PRN) — Bl Bror-Nict)  ¢~ (E10) (41) 
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where ys and 8 remain constant. The same argument as above shows that the trace over 
the reservoir variables lead to the following density operator p for the system .7: 








pea = OR) (42) 


gc 








with: 


Zee = "Tr jee \ (43) 














where N is total particle number operator of 7. 


B. Grand potential 


The thermodynamic potential for the grand canonical ensemble is the “grand po- 
tential” ® defined as: 
® = (#) —TS — p(N) (44) 


Following the same demonstration as for F in the canonical ensemble, we can show that 
the equilibrium value of this potential is: 








® = —kpT InZ ge (45) 








If we let vary, we can show, as above, that this potential reaches a minimum when p is 
equal to (42); a detailed demonstration is given in § 1 of Complement Gxvy. 


2. Intensive or extensive physical quantities 


Take a macroscopic physical system -Y at equilibrium, and divide it into two subsystems 
of equal sizes .Y’ and .7”; one can imagine that a wall separates .“’ from .7”. Certain 
physical quantities associated with .Y’ or S”, taken separately, are half of what they were 
for Y: the volumes, the energies, the particle numbers, the entropies, etc. Such quantities 
are said to be “extensive”. Inversely, other physical quantities do not change upon this 
division: the particle number per unit volume, the temperature, the chemical potential, 
etc. Such quantities are said to be “intensive”. In a general way, when a macroscopic 
physical system of volume Y is divided into several macroscopic parts of volumes V1, V2, 
etc., the physical quantities measured in each part and which are proportional to their 
respective volume are said to be extensive, and those which remain constant are said to 
be intensive. 

As for the ensembles studied above, their description involves a mixture? of exten- 
sive and intensive variables: 

(i) In the microcanonical ensemble, the three independent variables describing the 
physical system at equilibrium are the three extensive variables V, N and the system’s en- 
ergy E; the other physical quantities (temperature, entropy, chemical potential, etc.) are 





2including at least one extensive variable, otherwise the system’s size would not be determined. 
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considered functions of these variables. The thermodynamic potential is the entropy S, 
extensive and directly related to the logarithm of the microcanonical partition function. 

(ii) In the canonical ensemble, the three independent variables include two exten- 
sive variables VY and N as well as an intensive variable T (or 8). The thermodynamic 
potential is the free energy F’, an extensive function directly related to the logarithm of 
the canonical partition function. 

(iii) In the grand canonical ensemble, there is only one independent extensive vari- 
able, the volume V, and two intensive variables T and yp. The thermodynamic potential 
is the function ®, extensive and directly related to the logarithm of the grand canonical 
partition function. 

For a macroscopic system, the three ensembles are generally considered equivalent. 
The statistical descriptions are, however, different. In the canonical equilibrium, for 
example, the energy is not restricted to an interval AF but can fluctuate and take 
on values outside this interval. However, for a macroscopic system, the fluctuations in 
energy are very small compared to its average value. Assuming that the system’s energy 
is confined within a fixed band AE is a valid approximation and allows taking for (H) 
the microcanonical energy E: 


(H)=E (46) 


Another example, in the grand canonical ensemble, is the particle number, which fluctu- 
ates around its average value (NV). For a macroscopic system, the relative value of these 
fluctuations is in general? very small, and the average value (N) is practically equal to 


the particle number N of the microcanonical or canonical ensembles: 
(N)=N (47) 


2-a. Microcanonical ensemble 


Relations (12) and (13) give the partial derivatives of the entropy S$ with respect 
to the variables FE and N; we now compute that derivative with respect to the volume 
y. 

Let us change the physical system volume V by a small quantity dV, keeping the 
particle number N constant, and without any heat exchange (the system is surrounded 
by isolating walls). The system, having an internal pressure P, is doing the work PdV, 
which means that its internal energy varies as: 


dB = —Pdy (48) 


As there is no heat exchange, dQ = 0, and the thermodynamic relation dQ = TdS means 
that the entropy does not change either: 


oO?! gyal! wees (49) 


ds = = 
OV Ing OE |ny 





3There are exceptions to this rule: for a Bose-condensed ideal gas, the grand canonical fluctuations 
of the particles’ number remain large for a macroscopic system. This is a very special system for which 
the canonical and grand canonical ensembles are not equivalent for certain physical properties. 
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Inserting relation (12) in this result and multiplying by T, we obtain: 


po2|| -aykan sn (50) 
OV ea 


As relation (48) shows that the pressure P is given by —dE/dV and taking (10) into 
account, we finally get: 
Os OlnZ 


P=T — = kpT 
OV gg = OW Ine 





(51) 


which defines the pressure in the microcanonical ensemble. 

We already studied, in § 1-a-8, the entropy changes due to variations of either 
E (keeping V and N constant) or N (keeping E and VY constant). The present calcu- 
lation is the last step for obtaining the three partial derivatives of the microcanonical 
thermodynamic potential, and we can express its total derivative as: 








1 P Lb 
dS = —d —dVy——d 2 
S pik + pdv— dN (52) 








2-b. Canonical ensemble 


For a macroscopic system, we just saw that (H) could be replaced by the micro- 
canonical energy FE in the definition (32) of the free energy. Taking the differential of 
(32) then leads to: 


dF =dE —TdS — SdT (53) 


Using (52) in the TdS' term of this equation, the dE terms cancel out and we get: 





dF = —SdT — PdV + pdN (54) 











This is the total differential of the thermodynamic potential in the canonical ensemble. 
This relation allows a physical interpretation of the chemical potential: it is the 

gain in free energy when one particle is added to the system*, keeping constant the 

temperature and the volume of the system. As for the pressure P, it is given by: 





P=- es (55) 
Viner 
or, using (34): 
OlnZ, 
P=kpT 56 
bre OV Alen (56) 





which is similar to (51). We have obtained the pressure of the physical system as a 
function of its volume and its temperature, i.e. its “equation of state”. 





4When the temperature is zero, the free energy is just the energy E, and p is the increase of energy 
when one particle is added. 
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To compute the average energy (fi ; we can use relations (30) and (31), which 
yields: 


~ 1 ~ = -10 a 
H) =r (ft eO#} —- — {eo} 57 
( Z, r e Z. OB rye (57) 
where the partial derivative is taken keeping N and Y constant. We then have: 


a AZ. alnZ, 
( \=-3 5 = i 








(58) 


2-c. Grand canonical ensemble 


In a macroscopic system, as the particle number generally fluctuates very little 
in relative value, we can replace (N) by N in the definition (44) of the thermodynamic 
grand potential ®. This leads to: 


dé = dF — pdN — Ndu (59) 


Using (54) in this relation, the wdN terms cancel out and we are left with: 





dé = —SdT — Pav — Ndu (60) 











In this ensemble, the volume Y is the only extensive variable. For a fixed tempera- 
ture and chemical potential, and for a large volume, we get a macroscopic system whose 
energy, entropy and particle number are proportional to V. We simply get: 


®=-PY (61) 
The grand potential divided by V yields the pressure directly, without any partial deriva- 


tive. 
Taking (45) into account, the average particle number and the pressure obey: 


D i 
ape. 22 peg on aa 
Ob lyr On \yer 
® kpT 
P= -G = MZ ge (62) 


Using these two equalities to eliminate the chemical potential , we get the particle 
number in a given volume as a function of the pressure P and the temperature T (equation 
of state for the physical system). 


2-d. Other ensembles 


We have studied the three most commonly used statistical ensembles, but there are 
others, as for example the isothermal-isobaric ensemble. In this ensemble, the system 
is coupled with a reservoir allowing exchanges of energy and volume, but not particles; 
the number N remains fixed. The only extensive variable is precisely this variable N, 
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the other two, the temperature T and the pressure P, being intensive. The thermody- 
namic potential associated with this isothermal-isobaric ensemble is the Gibbs function 
G defined as: 


G=E+PV-TS (63) 


As before, we take the differential of this function and note, using (52), that the terms 
dF and Pdy cancel out. We then get: 


dG = VdP — SdT + pdN (64) 


The function G is extensive. It increases as the particle number N gets larger (for fixed 
pressure and temperature), and for a macroscopic system it is proportional to the system 
size: 


G=uN (65) 


Varying both the temperature and the pressure of an ensemble of N particles, we can 
get the resulting variation of the chemical potential y by dividing (64) by N and then 
setting dN = 0. This yields the Gibbs-Duhem relation: 





du=Vap-Sar (66) 











This ensemble is particularly useful in the study of a two-phase equilibrium such as a 
liquid and its vapor, both at the same pressure and temperature. 


We have presented a brief review of the general principles of statistical mechanics. 
For more details, the reader may consult, for example, the following references [95, 96, 
97, 3]. 
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Introduction 


In classical mechanics, it is possible to specify with an arbitrary precision both the po- 
sition r and the momentum p (and hence the velocity) of a particle. If the state of the 
particle is defined in a statistical way, one describes the classical particle by a distribution 
Pci (Y, Pp) in the phase space (Appendix III, § 3-a) , which can be any positive function, 
normalized to unity. This distribution can, for example, include correlations between 
the particle’s position and velocity. In quantum mechanics, the situation is different. 
It is true that one often uses two representations, one in position space, the other in 
momentum space, and that we go from one to the other via a Fourier transformation. 
But in quantum mechanics these two representations are exclusive: in the position rep- 
resentation, one loses all information on the particle’s momentum, and conversely, in 
the momentum representation one loses all information on the particle’s position; conse- 
quently, no information on an eventual correlation between position and momentum can 
be obtained. 

It is interesting to introduce a quantum point of view intermediate between these 
two extremes, to keep at the same time information about position and momentum, 
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while obeying the general rules of quantum mechanics; these rules impose a limitation 
on the information precision. The Wigner transformation offers this intermediate point 
of view as it introduces a quantum mechanical function py (r,p) that allows computing 
average values in the same way as with a classical distribution p.(r,p). Historically, 
this transformation was introduced! in 1932 by Wigner [98, 99] as he was working on the 
quantum corrections to thermal equilibrium, but it turned out to be a much more general 
tool. It yields very naturally semiclassical expansions in powers of fi while studying, for 
instance, the temporal evolution of a quantum system. We shall also show that it provides 
a quantization method, leading in particular to correctly symmetrized expressions for 
quantum operators starting from classical functions of the positions and momenta. There 
are numerous domains in physics where the Wigner transform has proven useful, and 
sometimes indispensable. 

This appendix will show how to associate with any quantum density operator 
a Wigner distribution pw (r,p), sometimes called a “semiclassical distribution”, and 
we will discuss a certain number of its properties. In a similar way, to any operator 
(observable) acting in the state space, we can associate a Wigner transform Ay (r,p) 
that is a simple function of r and p. 

In classical or semiclassical situations (i.e. when the spatial variations of physical 
quantities occur over large enough distances), the function py (r,p) possesses all the 
properties of a classical distribution: it is a positive function that, multiplied by Aw (r, p) 
and then integrated over the variables r and p, does yield the average value of the 
operator A. In this case, we will show that the Wigner distribution simply describes the 
flow of the probability fluid (Chapter III, § D-1-c-6). As py (r,p) allows keeping track 
of the correlations between position and momentum, this function is particularly useful 
in a number of cases, such as in the theory of quantum transport, with its numerous 
applications. 

In the general case where the quantum effects are important (rapid spatial vari- 
ations), the classical relations between the distribution and the average values are still 
valid, meaning the Wigner distribution continues to be quite useful. This distribution 
shows, however, a significant difference with a probability distribution: the function 
pw (r,p) can sometimes take on negative values. Furthermore, as we shall point out 
later, it can sometimes present “ghost” components where it is different from zero at 
points where the probability of finding the particle is zero. It is thus not possible to 
interpret the product py (r, p)d°rd%p as the probability for the particle to occupy an 
infinitesimal cell d°rd*p of the phase space centered at (r,p); moreover, when dealing 
with infinitesimal volumes such an interpretation would be in clear contradiction with 
Heisenberg’s uncertainty relations. Therefore, one should consider py (r,p) to be a 
“quasi-distribution”, a tool for computing all the average values without being a real 
probability distribution, even though we shall use the word distribution, following com- 
mon usage. 

This appendix introduces the tools necessary for the study of these different situ- 
ations. We shall obtain, in particular, gradient expansions directly yielding expansions 
in powers of h. We first introduce in § 1 a convenient form for the delta function of an 
operator. This form will be useful, in § 2, for defining the Wigner distribution of a spin- 
less particle density operator. Several of its characteristics will be studied, in particular 





1 Wigner does mention in his article that the same transformation had already been used by L. Szilard, 
but in another context. 
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when dealing with a Gaussian wave packet. We then focus in § 3 on the Wigner trans- 
form of operators and show how it can be associated with the Wigner distribution of the 
density operator, leading to computations similar to those corresponding to a classical 
distribution. An important step will be the computation of the Wigner transform asso- 
ciated with a product of operators. Generalization of these concepts to take into account 
the spin, as well as the possible presence of several interacting particles, is discussed in 
§ 4. Finally, we focus in § 5 on the physical properties of the Wigner transformation, 
using it to analyze a quantum interference experiment. We will show, in particular, how 
“ghost components” of the Wigner transform can appear, rapidly change sign, and are 
the signature of quantum effects. 


1. Delta function of an operator 


Consider a Hermitian operator A having a continuous spectrum, and whose eigenvalues 
are noted a. We define the operator D, (a), depending on a real continuous parameter 
a, as: 

1 


Da(a) = - fu ga (1) 


It is, in a way, a “delta function of an operator” associated with the difference between 
operator A and the constant a. We note |a, s) the eigenvectors of A; the index s (assumed 
to be discrete) accounts for the possible degeneracy of the eigenvalue a. In a quantum 
state defined by the density operator p, the average value of this operator is: 


1 : 
= ix(A—a) 
(Da (a)) x f ae Tr {pe \ 
1 : 
= iz(A-—a) 
= 5, f ax f ao > (a, |e lo, 8) (a, s| p |, 8) 
1 ; 
= iz(a—a) 
= 5, f ax f aa » e (a, s| p|a, $) (2) 


The integral over dx yields 276 (a — a), and we obtain: 


(Da (a)) = >) (a, | pla, s) = P(a) (3) 


Ss 


where P(a) da is the probability, in a measurement associated with operator A, of finding 
a result in the interval [a, a+ da]. 


2. Wigner distribution of the density operator (spinless particle) 


Imagine now that the physical system under study is a spinless particle, described by 
a density operator p. Our purpose is to introduce a function py (r,p) yielding simul- 
taneously information on the probability of measurement results on either the position 
operator R, or the momentum operator P. As these are incompatible observables, we 
should not expect to make highly accurate predictions concerning both types of mea- 
surements: the precision is limited by Heisenberg’s uncertainty principle. This function 
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will have to make a compromise between the two types of information, resulting from an 
unavoidable quantum uncertainty. As already mentioned in the introduction, this func- 
tion is actually a “quasi-distribution”, even though it is commonly called the “Wigner 
distribution”. 


2-a. Definition of the distribution, Weyl operators 


By analogy with (1), we can introduce the “Weyl operator”, which will be noted 
W (r,p). It is, in a way, a “delta function” of an operator, associated at the same time 
with the operators R — r and P — p. We set: 


1 dk ar 
zai wilt: (Rr) +x-(P—p) /h] 4 
WieP) Piles ce : 4) 


where the integration variable & has the dimension of a wave vector (the inverse of a 
length), and x the dimension of a length. This operator is Hermitian, as can be shown by 
changing the sign of the two integration variables. For each quantum state, the Wigner 
distribution py (r, p;t) is defined as the average value in that state of the Wey] operator: 








pw (t,p;t) = (W (r,p)) (5) 











If the system under study is characterized by a density operator p(t) whose trace equals 
1, this definition amounts to: 


pw (r,p;t) = Tr {p(t) W (x, p)} (6) 


On the other hand, if the system is described by a normalized state vector |W), this 
definition becomes: 


pw (r,p;t) = (Y (t)| W (r, p) |W (¢)) (7) 


Note that the density operator as well as the state vector are dimensionless. Taking into 
account the factors # introduced in (4), W (r,p) and py (r,p) have the dimensions of 
h-; the product pw (r, p)d°rd?p is thus dimensionless, as a probability should be. We 
are now going to show that this distribution has numerous useful properties. 

Later, we shall need the matrix elements (r,| W (r, p) |r2) of the operator W (r, p) 
in the position representation. As demonstrated below, they are written: 


seminonin 5 (HER) « 





(ti| W (r,p) |r2) = (any 


Demonstration: 


The demonstration uses relation (63) of Complement Br, which expresses the exponential 
of the sum of two operators A and B as a product of exponentials, provided both operators 
commute with their commutator [A, B]: 


A+B _ A.B —$[A,B] (9) 


€ e e 
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We choose: 

A=i(R-r)-k and B=i(P—-p)-x/h (10) 
The commutator of these two operators: 

[A, B] = -ink-x (11) 


is a number, so that both A and B commute with their commutator. Inserting relation 
(9) into (4), we get: 








1 d® a3 ’ 
(ri| WwW (r,p) |r2) = 7 i, K / x eit x/2 (ri| ei(R-r)-6 (i(P—p)-x/h Ir) (12) 


(2m)° J (2n)° 
Now relation (13) of Complement Ex, tells us that the action of operator EP x/h ig ag 
simple translation of the position eigenvalue by —x, which means that: 
el(P—P) x/h jro) =e 'P*/F Io — x) (13) 


The function to be integrated in relation (12) then becomes: 


ee */2 (r1| ei R-Fr) -« pi(P—p)-x/f |r2) = ei */2 ella —*—2) 6 eo lh 6 (ri —ro+ x) (14) 


The delta function, integrated over d?x in (12), leads to replacing in the exponent x by 
ro —11, and re — x by r;. We then get: 


(ra|W (rp) [r2) = our | 


ae | oh OP) 


(am) * 


The integration over d°« then yields a delta function, and we obtain relation (8). 


(15) 


2-b. Expressions for the Wigner transform 


Definition (5) of the Wigner transformation may lead to various expressions for 
the Wigner transform, depending on the representation used in the state space. 


Qa. Position representation 


Using the position representation to calculate the trace appearing in (6), we get: 


pw(rspit)= fd’ra fairy (ra|p(e) en) a] W (rp) le) 
=p ae 3 y _» ees y 
= far fay (R+ Zoo |R Y\ (rR -¥|wo,p)|R+%) (16) 
where, on the second line, we used the integration variables R = (r1 + r2) /2 and y = 


rg —1r,. Using relation (8) in this expression, we get the function 6(R—r), to be 
integrated over d?.R, which leads to: 





1 
(20h)° 





[eu ep y/h (r + | p(t) lr—>) (17) 


ei = 
Pw (r, Dp; ) 2 
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This relation is often used as a definition of the Wigner distribution. Its integration over 
dp/(2nh)* yields a function 6 (y), which leads to: 


i. dp pw (r,p:t) = (r| p(t) |r) =n (r,2) (18) 


We confirm a property of the classical distributions in phase space: the integral of the 
distribution over the momenta yields the probability density n (r, t) of finding the particle 
at point r. 

In the particular case where the particle is described by a pure state |W) — see 
relation (7) — the definition of the Wigner distribution becomes: 





i Ay: y y 
w (v,p;t) = ——s | Bye P¥/* 254) b* (r—2; 1 
pw (r,p;t) ae ye (r+ >t) (r Bit) (19) 











where W (r;¢) is the wave function in the position representation: 


V(r; t) = @ |W) (20) 


B. Momentum representation 


As position and momentum play symmetrical roles in the argument, we expect to 
find a similar relation for the Wigner distribution, involving now the matrix elements of 
the density operator p in the momentum representation. This is indeed the case, and we 
are going to show that: 





i a 1 3 iq-r/h | | q 
pw (r,p;t) = nh Je qe (p+ 5 p(t) |p +) (21) 











This expression is the exact analog of (17); it can be considered as an alternative definition 
of the Wigner distribution. As for the analogy of the property expressed by (18), it is 
easy to show that: 


[or ew p84) = (Plo) |p) (22) 
Just as for a classical distribution, the integral over the positions of the Wigner distri- 
bution yields the probability density of finding a given momentum p. 

Demonstration: 


Inserting in the matrix element of (17) two closure relations on normalized momentum 
plane waves q/ and q”, yields the two scalar products: 











y ! 1 iq’ (r+%) /h ( " x) 1 ~iq'’(r-¥)/f 
r+% lq’) =——a5e 2 q |r-=)=—,re 2 
( 2 (2nh)?/? 2 (2nh)?/? 
(23) 
and we can write: 
1 3 —ip-y/h 3 Me 30 
r,p;t) = dy e PY” Fd d 
pw (rp; t) a ei. y i; Gand 
go ee he Oa a a @ila”) (24) 
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The summation over d*y yields a delta function: 





1 5 s(t" -p) y/h q’ + q” 
——, | dye 2 = 6 | —— —- 25 
sae |v a (25) 
so that if we take Q = (q’ + q”) /2 and q = q’ — q” as integration variables, we obtain 
(21). 


In the particular case where the particle is described by a pure state |W), relation 
(21) becomes: 








pw (rp; t) = ae pes ety (p+ 3 \w (p-3:t) (26) 








where W (p;t) is the wave function in the momentum representation: 


W (p;t) = (p |W (¢)) (27) 
If the wave function is factored?: 
W (p;t) = Pz (Dest) x Py (Dy; t) x Hz (p25 t) (28) 


relation (26) shows that the Wigner transform is also factored: 


with: 
1 : ; = q —x* qd 
x of = d ign /h ( i 1, ) ( pens ) 
Pw (2, Past) = 5% f dg etl" Wy (Pe + 53t) Ve (Pe ait (30) 


The other two components pj, (y,py;t) and pjy (z,pz;t) are defined in a similar way. In 
this particular case, one can reason independently for the three dimensions. 


Y. Inverting the relations 


We just saw that to each density operator corresponds a unique and well defined 
Wigner distribution. Inversely, starting from this distribution, one can reconstruct the 
corresponding density operator via its matrix elements. To take the inverse Fourier 
transform of (17), we multiply this relation by e*??/” and integrate over d°p: 


a) i sess y y 
d3p cipe/h ee d3 d3y cip (@-y)/h of at 1 
/ pe pw (r,p;t) = Sail Pp ye (r+ 5 | P(t) Ir >) (31) 





On the right-hand side, the integral over d*p yields a function (20h)° 6(z—y), so that 
this equality becomes: 


i Z Z 
i, dp? *!" pw (r,pst) = (r+ 5 p(t) |r-5) (32) 





?Whether the wave function is factored in the momentum or position representation is equivalent. 
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Setting r) =r+z/2 and rg =r — z/2, we obtain the matrix elements of p in the position 
representation: 











mi+r 
(lo@) le) = fap eh py (2E™ pt) (33) 








Knowing the Wigner distribution py (r,p) thus defines the operator p in a unique way. 

In a similar way, multiplying (21) by e~*P’*/", integrating over d?r, then setting 
p’ = pi — p2 and p = (pi + pe2)/2, yields the inversion relation in the momentum 
representation: 





2 





+ 
(Pi) p(t) [pa) = far POM pyy (« PrP.) (34) 








2-c. Reality, normalization, operator form 


Let us take the Hermitian conjugate of relation (17). As the density operator is 
Hermitian, the matrix element on the right-hand side becomes: 


slop) = Floto ho 
—|p(t)|r- =) =(r—=| p(t = 35 
(r+ 2] p(t) [r-2) = (r- 2] 0) fr+3 (35) 
Changing the sign of the integration variable y then yields again relation (17); the dis- 
tribution py (r,p) is therefore equal to its complex conjugate, meaning it is real. 

We now compute the integral of py (r,p) over the entire phase space. Summing 
(18) over d3r, we get: 


[eer fee ow pit) = far (elo ir) = Tol} =1 (36) 


where the last equality comes from the fact that the density operator has a trace equal to 
one. The Wigner distribution of the density operator is thus a real function, normalized 
to one in phase space, as is the case for a classical distribution. 


Comment: 


The density operator must obey a stronger constraint than having its trace equal to 
unity. It is defined as positive definite, meaning that for any ket |y), we must have: 


(y| p(t) |v) = 0 (37) 


Now this condition is not merely equivalent to a positivity condition for the Wigner 
transform. In fact, we shall see below that the Wigner distribution of a density operator 
can become negative at certain points of phase space. However, the only Wigner dis- 
tributions pw (r,p;t) acceptable for describing quantum systems are those that lead to 
a density operator obeying constraint (37). To know if a distribution in phase space is 
acceptable or not, is thus more difficult to decide in quantum mechanics than in classical 
mechanics. 
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We now show that relations (33) and (34) can be written in a simple operator 
form: 


p(t) = (2nh)® ih ar / reve wep (38) 


In this relation, pw (r,p;t) is the Wigner distribution, hence a function of position and 
momentum, but W (r,p) is the Weyl operator defined in (4). To prove relation (38), we 
calculate the matrix element of this equality between the bra (r;| and the ket |r2) to 
verify that we indeed obtain relation (33). Taking (8) into account, the matrix elements 
of the right-hand side are: 


(2nn)? far fap pw (r,p;t) (r1| W (x, p) |r2) 
- [er [er pac (Cepia) eR Cro eS (A -r] 


de [ee fy (= _ it) e7tP (r2—11)/h (39) 





which is equivalent to the right-hand side of (33). 


2-d. Gaussian wave packet 


A particular case where the computation can be completed is the one-dimensional 
Gaussian wave packet, studied in Complement Gy. Relation (1) of this complement yields 
the normalized wave function w, (x) of such a wave packet in the position representation. 
We slightly modify it to center the wave packet at an arbitrary non-zero position x9, and 
replace the variable k by p = hk (setting in particular pp = hky). We obtain: 


be (0) = VO [ 2? 6-0? (p—po)?/4n? gip(e—e0)/n 


(27)3/4 h 
1/4 
aa (=) eiPo(a—xo)/h e7(e—#0)? /a? (40) 


where the second equality corresponds to relation (9) of Complement Gy (within an 2 
translation along Ox). The wave functions (20h)—\/ * eipt/R correspond to plane waves 
with momentum p (normalized with respect to that momentum); looking at the first 


equality in (40) we recognize the wave function in the momentum representation: 


= 1 a 2 244 %2 ; 
2 (0) = aay |S cP PO AN? eminso/t (41) 


The Wigner distribution (30) can then be written (to simplify, we temporarily 
ignore the time dependence): 


a =. 
Pw (2; Px) = oa | age 
- (2m)? K2 


a2 q? .q(x—a 
= Ona a sory a e€ 82 eae (42) 
20 


a [(p- —po+$)’ +(pe -po- 4)’ | eae 
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The integral over dq is a Fourier transform whose value can be obtained by replacing a 
by a/V2 in relation (50) de l’Appendice I. We get: 


mee ee Te siete 
Ply (@, Pe) = apy ye EP PY” x VOI x 7 Mea) / 
ee (a/V2) 
= oe PoP) 9 PE (43) 
wh 


Taking (40) and (41) into account, we see that the Wigner distribution is simply 
the product of the probability densities in the position and momentum spaces: 


Pw (2, Px) = [We (2)? x |e (p)/? (44) 


This result is particularly simple and shows that the Wigner transform of a Gaussian wave 
packet (40) contains no correlations between the variables x and p. It can be factored 
into two Gaussian functions, one concerning the momentum, the other the position. The 
first one is centered on the average momentum po, and has a width of the order of h/a; 
the second, on the average position x9, with a width of the order of a. These two widths 
are within the boundaries imposed by Heisenberg relations. Note that, in this case, the 
Wigner transform remains positive for all the values of its variables, as will also be the 
case for the semiclassical situations we consider in § 2-e. 


Comment: 


In the preceding paragraph, we ignored the time dependence of the wave packet. To take 
it into account and assuming we are dealing with a free particle, one can multiply, in 
(41), p, (p) by e~“#?", with: 
Wp = pe 
Pp Imh 





(45) 


where m is the mass of the particle. This introduces, in the integral on the second line 
of (42), an additional exponential e~’?*7/("") whose effect on the Fourier transform is 
to make the following substitution: 


a>ac-Pe tf (46) 
m 
This simply corresponds to the motion of the particle with a velocity p/m. Making 
this substitution in (43), we find that the Wigner distribution is still a product of two 
Gaussian functions, but no longer the product of a function of momentum by a function 
of position: correlations have appeared between the momentum and position variables. 


2-e. Semiclassical situations 


To what extent is it possible to consider the Wigner transform to be a true prob- 
ability distribution? Relations (18) and (22) seem to be in favor of it, as they show that 
integrating that distribution over the momenta (or over the positions) actually yields 
a probability distribution of finding the particle at a given point (or with a given mo- 
mentum). These two “marginal distributions” thus obtained by integration are both 
probability distributions. But this is not sufficient to ensure that the function py (r, p) 


2306 


WIGNER TRANSFORM 





itself (before integration) has the same property. Actually, we already mentioned in the 
introduction that it is not possible, in general, to interpret the product py (r,p) d?rd®p 
as yielding directly the probability for a particle to occupy an infinitesimal cell d?rd°p of 
phase space, centered at (r,p). Such a probability distribution is meaningless in quan- 
tum mechanics, as Heisenberg’s relations forbid the existence of a quantum state defined 
with an arbitrary precision both in position and momentum spaces. 

There are, however, some simple cases, that we shall call “semiclassical”, where the 
Wigner transform is very similar to a classical probability distribution. They correspond 
to situations we will now study, where the physical quantities vary sufficiently slowly 
in space compared to a scale we shall define explicitly. In the following section, we 
will consider more general situations, where the properties of the Wigner transform are 
radically different. In particular, the Wigner transform can become negative, which 
immediately excludes any interpretation in terms of probability density. 


Qa. Wave packet with slow spatial variations 


Consider the wave function: 
b(t) = C(x) (47) 
where C (r) is the modulus of the wave function and S (r) its phase. The probability den- 


sity of presence is then [C (r)]?, while relation (D-17) of Chapter III yields the probability 
current J (r): 


I(r) = — (C(x)? VS (x) (48) 


3|> 


The matrix elements of the corresponding density operator are written: 
'l p(t) in) = Ce) Cw”) lS) (49) 


We assume that, in the vicinity of each point r, the wave function behaves locally as a 
plane wave: 


w(r) Y C(r) KO) THe) in the vicinity of each point r (50) 


and that the two functions C'(r) and K(r), as well as the phase a(r), vary slowly 
in space: their variations are negligible over distances of the order of the de Broglie 
wavelength 27/k(r). When r’ and r” are close enough, one can expand the argument 
of the exponential in (49); the matrix elements (r’| p (¢) |r”) of the density operator are 
then written: 


e'| p(t) In") Cr) C(x") eC") (51a) 
where K is defined as: 


ry’ + yr” 
2 





K =VS(r = ) (51b) 
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B. Density operator; link with the probability fluid 


To characterize a semiclassical situation in a more general way, we will now reason 
in terms of a density operator, without restricting our study to a pure state as we did 
earlier. To start, we assume there is no long-range non-diagonal order®: 


l(e"| p(t) ir”)| +0 if fr’ —r"| >I (52) 


where / is a macroscopic coherence length. For a pure state, | would be determined by 
the size of the domain where the wave function has a non-zero modulus C(r). For a 
statistical mixture of states, we have a different situation: the phases of the various wave 
functions may interfere destructively at shorter distances, so that | can be much smaller. 
Nevertheless, we shall assume that | remains larger than a few de Broglie wavelengths 
2r/k(r’) and that when |r’ —r”| < 1, the non-diagonal matrix elements of the density 
operator vary in a similar way as (51a): 


|p (t) |e") x Fr") KO") if fr’ -e"| SI (53) 


This expression is simply the generalization of (51a), only valid for a pure state; 
the real function F (r’,r’’) replaces the modulus product C (r’) C (r”). Both functions 
F (r’,r”) and K are supposed to remain practically constant as the variables r’ and r” 
vary by a quantity of the order of J. 

With these assumptions, the values of the integration variable giving a significant 
contribution to the integral in relation (17) correspond to |y| <1, so that we can write: 

1 if 3,, .-ip-y/h y y iK(r)- 
w (v,p) ~ —— | d’ye"P¥/ F(r+3,r-=) every 54 
pw P= oe | Ue (54) 
where the integration domain D is centered at y = 0 and extends over a few coherence 
lengths /. As the function F is practically constant in this domain, and since F (r,r) = 


(r| p(t) [z), we get: 


pw (t,p) ~ so (r] p(t) r) We d®y el )y-py/t (55) 
or else: 
pw (r,P) & (rl p(t) Ir) x g[P — Po(r)] (56) 


To write this expression, we have used the following definitions: 


a = = oe ike ep y/h 

30) = a fa y (57) 
and: 

Po(r) =h K(r) (58) 





3The concept of long-range non-diagonal order is introduced in Complement Axyt, §§ 2-a and 3-c, 
where, in particular, its relation with Bose-Einstein condensation is established. The present hypothesis 
concerning the absence of long-range order prevents p(t) from being the one-body density operator of a 
system of condensed bosons. 
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The function g(p) is a momentum distribution centered at p = 0, with a width 
Ap ~ hi/l. It is normalized to unity as the integral of g(p) over the momenta yields a 
function 6(y), which integrated over d°y is equal to one. Note that in (56) this function 
takes on its value for a momentum equal to p — po(r), which means the momentum 
distribution is centered at the value po(r). As this momentum value depends on r, 
correlations between position and momenta are now introduced in py (r, p). 

Expression (56) for the distribution py (r,p) can be interpreted as a classical 
distribution in the probability fluid phase space: it is the product of the local probability 
density (r| p(t) |r) by a function of momentum 9[p — po(r)] centered around the value 
Po(r) defined in (58). Now this po(r) value is precisely the momentum value that, divided 
by m (to go from momentum to velocity) and multiplied by the probability density, 
yields the fluid probability current J(r). Note that the distribution keeps a certain 
width around po(r), of the order of f/I, as required by Heisenberg’s uncertainty relation. 
To sum up, in such semiclassical situations, the Wigner distribution directly reflects the 
spatial variation of the probability, and of its associated local current. It simply describes 
the flow of a “probability fluid” (ITI, § D-1-c-8), as does the distribution in phase space 
of an ensemble of classical particles forming a moving fluid. 


2-f. Quantum situations where the Wigner distribution is not a probability distribution 


In the previous examples, the properties of the Wigner distribution are very similar 
to those of a classical distribution. This is, however, not always the case: as surprising 
as it may seem, the Wigner transform can, in general, become negative. 


Qa. Odd wave function 


A very simple case offers such an example. In a one-dimension problem, imagine 
that the system has an odd wave function, as is the case for example for the first excited 
state of the harmonic oscillator. We then have, according to relation (19): 


I 


Piy (@ =O,pe=0) = 5 f dy ve (5) 02 (-$) 


1 y\ |? 
--dg five) 
ack | oY [ee (5 (59) 
which is obviously negative. As odd wave functions often occur in quantum mechanics, 
we see that there exist numerous situations where the Wigner distribution has some 
properties unexpected for a distribution. Strictly speaking, the term “quasi-distribution” 
should always be used. 


B. Two-peak wave function 


Imagine now the particle wave function is the sum of two wave packets, one local- 
ized around x = +b, the other around x = —b: 


1 


Ye (x) = a [p(x —b) +e*X p(x +b) (60) 


where the wave function » (x) is normalized; the relative phase factor y is arbitrary. For 
the sake of simplicity, we assume that y (x) is zero when |x| > a and that it is even. We 
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also suppose that in our case b >> a, meaning that the two wave packets forming the 
total wave function are well separated. 

Let us compute the Wigner distribution at point x = 0, therefore at a point where 
the wave function w, (x) is zero. In one dimension, relation (19) is written as: 


noted) gg favo (8) roto (E8) 
x le" (-3 - b) +e Xp" (-3 + b) | (61) 


In this expression, the functions y are zero if their argument’s modulus is larger than a. 
As an example, y (¥ — 6) is different from zero only if y ~ 2b, whereas y* (—¥ — 6) is 
different from zero only if y ~ —2b; consequently their product is always zero. Actually, 
in the product of the two brackets, only the “crossed” terms are non-zero, and we obtain 
(with our assumption that the function ¢ is even): 
2 
p (2+ 2) (62) 


Changing the sign of the integration variable y for the second term in the bracket, we 
can write: 





1 
x = 0, Dz 
Py (x Pz) = ich 


dy e —ipry/h . —ix ly (o- u)/ + ex 


Pw (t= 0,pz) = ‘dy cos (= +x) lp (o- uy (63) 


Qnh 2 


In the limit where the width a becomes very narrow, the squared modulus of the wave 
function y in the integral behaves as a delta function 6 (b — y/2), and we get: 


“ " 1 2bp, 
ply (e = O,p,) ~ 00s (PE +] (64) 





This result illustrates two properties of the Wigner distributions that both seem 
quite surprising. The first is that the distribution is non-zero at point « = 0, whereas 
the probability of finding the particle at this position is strictly zero. The second is that 
the distribution is an oscillating function of momentum, taking successively positive and 
negative values, whereas a classical distribution always remain positive or zero. These 
two properties are actually related: integrating the distribution over all possible momenta 
pz yields zero, which is in agreement with relation (18) stating that the integral of the 
Wigner distribution over the momenta yields the probability of the particle’s presence at 
each point. More details on the properties of a two-peak wave function will be given in 
§ 5-a. 


3. Wigner transform of an operator 


Consider now any operator A acting in the particle state space. We define its Wigner 
transform Aw (r,p) in the same way as for a density operator, but without the prefactor 
1/(2nh)* that appears in front of the integrals in (17) and (21): 


= 3, eT iP y/h a | ae 
Aw (r,p) [eve (r+Z)Alr >) 


= fag eiae/h (p+ 4] A|p- a (65) 
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To simplify the notation, this definition does not include a time dependence; one can, 
however, directly replace A by A(t) and Aw (r,p) by Aw (r,p;t), without any other 
change. The inversion relations (33) and (34) now become: 


1 3 ip:(ri—re)/h Yr, +Yo 
fr] Ales) = Gis fp me 2)/ Aw ( ; p) 
(Pil Alpa) = ay f abr P+ Ay (1, PEPE) ee 
(2nh)? i 


Taking the complex conjugate of relation (65) shows that the Wigner transform of a 
Hermitian operator A is necessarily a real function. Similarly, the fact that the complex 
conjugate of (66) is real indicates that it is a sufficient condition for hermiticity. 

As the te 1/ (2h)° is no longer included in the definition (65), the equivalent 
of relation (38) is now: 


ee eee (67) 


We saw previously that the operator W (r,p) is Hermitian. The above relation then 
allows building a Hermitian operator A from any real function Ay (r, p) of position and 
momentum. In other words, we found a quantization procedure for any classical function, 
often called “Weyl quantization” or “phase space quantization” {100, 101, 102]. Starting 
from two functions Aw (r,p) and By (r,p), whose product obviously commutes, this 
procedure yields two operators A and B that, in general, do not commute. Such an 
operation, which introduces in phase space a non-commutative structure, is sometimes 
referred to as “geometric quantization”. 





3-a. Average value of a Hermitian operator (observable) 


We can now compute the average value of operator A in the quantum state defined 
by the density operator p(t): 


(4)=Te{o(QAy= fair: fare | eC) 2) ol Ales) (68) 


We are going to show that: 








= fer fee pw (r,p;t) Aw (r,p) (69) 








This relation is the exact analog of the relation one would obtain with a classical distri- 
bution. It is the reason the Wigner transform of the density operator is referred to as a 
“quasi-classical distribution”, or more simply as a “distribution”. 


Demonstration: 


Inserting in - ) the equalities (33) and (66) leads to: 

















dri d®ro ae iP (ry—ro)/h - d°p , eT tP (r1—82)/h 
x pw (=5=. pit) Aw (==) (70) 
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We now replace the integration variables r; and r2 by the following variables: 








ro ; r’=r1—Yre (71) 
The summation over d?r’ introduces a delta function: 
= ¥ 
(2m)? 5 (? 7 ) = (2nh)® 5 (p—p’) (72) 


which takes care of the integration over d?p’. We then finally obtain (69). 


3-b. Special cases 


In the special case in which the operator A depends only on the position operator: 


A= F(R) and hence: (ri|A|re) = F(r1) 6 (41 — re) (73) 
the first line of (65) leads to: 
Aw (r,p) = F(t) (74) 


The Wigner transform of the operator is then simply the function F (r), which does not 
depend on the momentum p. 
In a similar way, if A depends only on the momentum operator: 


A=G (P) and hence: (p1| A |p2) =G (Pi) 6 (pi = P2) (75) 
the second line of (65) leads to: 
Aw (t,p) = G(p) (76) 


As a further illustration, let us find an operator A whose Wigner transform involves 
both position and momentum, for example: 


Aw (r,p)=r-p (77) 


Relation (66) yields its matrix elements: 


1 i rj+r 
Ale = == gig air Cie cee 
(r1| A [r2) one | : : 
hri+r 
— 5S . Vr,6(r1 — Yo) (78) 


We recognize in this expression the matrix elements of the operator P, equal to the 
gradient of a delta function of the positions, multiplied by h/i. Note, in addition, that 
r, is the result of the action of the position operator on the bra, whereas r2 is the result 
of the action of the position operator on the ket. This means that: 


A=5(R-P+P-R] (79) 


We thus get a Hermitian operator, as expected since its Wigner transform is real. It 
is however remarkable that building a quantum operator via the Wigner transforms 
spontaneously introduces an arrangement of the operators’ order leading to the necessary 
symmetry. This property is quite general: starting from real classical functions, the 
Wigner transform allows building operators symmetrized with respect to position and 
momentum. This method is a real quantization procedure. 
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3-c. Wigner transform of an operator product 


We are going to show that, in general, the Wigner transform associated with the 
product of two operators A and B is not simply the product of the Wigner transforms 
of each operator. 


Qa. General expression 


Let us apply relation (65) to obtain the Wigner transform of a product of two 
operators A and B. Inserting a closure relation on the kets |z) leads to: 


[AB] y @, Pp) = fev ew fate (r + | A 2) (2| B lr-) (80) 


We can then replace the matrix elements of A and B by their expressions (66), which 
leads to: 








[AB] (r,P) 
= age fu fete 2 fap, fap oor ertadmgonretenyn 
7 
r+Z sy r+zZz y 


Instead of using the position representation, one can use the momentum representation; 
we then must use the relations on the second lines of (65) and (66). A reasoning similar 
to that used before leads to: 











[AB] y (r,P) 
~ Q aT [ea carl fay fate fay ei(a’—P—3) */hei(p-3—a’)-¥/h 
TT 
an roa 
civ (EP ay (WEP 8) 


Depending on the case, it will be easier to use either (81) or (82). These two expressions 
are exact, but fairly complicated. They can be simplified, however, in a certain number 
of cases. 


B. A few simple cases 


As a first example, imagine that operator A is simply the position operator R 
while B can be any operator. As Aw is no longer dependent on py, the integration over 
d°p; /(27h)° in (81) yields a delta function 6 (r + ¥ —z); this allows integrating over d°z 
to obtain: 


[RB]y (r,p) = 





a3 elt Is ipe-y/h y B 83 
a ye p2 € x [r+ 4 w (¥, P2) (83) 


For the term in r, the integral over d?y of exponential e*P2-P)¥/" introduces a function 
r6 (p2 — p) with the coefficient (27h)°. As for the term in y/2, it yields Vp. (p2 — p), 
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with the coefficient (i/2i) (27h)°. After integrating over d°p2, we get: 


IRBlyy (",p) = Bw (tp) — 5: Vp Bw (rp) (84) 


If we now reverse the order of the operators R and B, the roles of p; and pz are 
interchanged in (81); the integration over dp2/(2mh)* yields a function 5 (-r + ¥ +2) 
and the integration over d°z leads to: 





[BR] yy (r,p) = [eye fain 9! x Bw (py) [r- 3] (85) 


(2nh)° 
Compared to (83), the only change is the sign of y in the final bracket, so that we simply 


obtain the final result by changing the sign of the gradient on the right-hand side of (84). 
This means that the Wigner transform of the commutator is: 


IR, Bly (r,p) =~ 7 VpBw (,p) (86) 


Starting from (82), the same reasoning leads to: 


h 
This relation can now be iterated to obtain: 
h 
[P?B] Ww (r,P) 7 p? Bw (r,p) + 2-P i V Bw (r,P) a WA, Bw (r,p) (88) 


We then get the expression for the Wigner transform of the commutator of the momentum 
squared and any operator B: 


2h 
[P? Ble. ep) ~ aie p: VrByw (r, Pp) (89) 
This relation will be useful for what follows. 


7. Gradient expansions 


We now show that relation (81) can be expressed as a series expansion of higher 
order derivatives of the two functions Aw and By, of the form: 


[ABly (rp) = Aw (8p) x Bw (8p) + = {Bw (",p), Aw (",P)} + (90) 


where we have used the classical definition of the “Poisson bracket” [103, 104] of classical 
Lagrangian mechanics: 
{Bw (r, Pp) ’ Aw (r, p)} 
= V Bw (r, p) : VpAw (r,p) a VrAw (r,p) . VpBw (r,p) (91) 
This shows that, to lowest order in h, the Wigner function of an operator product is simply 


the product of the Wigner transforms of these operators. To first order, a correction 
must be added, which contains the Poisson bracket of the two Wigner transforms. It 
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is remarkable that purely quantum considerations bring in this classical Poisson bracket 
definition; this explains why these results are well suited for the study of the classical 
limit of quantum mechanics. 

n (90), the expansion is limited to the contribution of the first order derivatives of 
the two functions. The following terms involve higher order derivatives and, consequently, 
higher powers of f (the corresponding result is called the “Groenewold’s formula”; see 
for example [99}). 


Demonstration: 


Let us make in (81) the following change of momentum integration variables: 


Pi+Ppe2 
2 
q=Ppi-p2 (92) 


P= 


(despite the notation with a capital letter, P is a classical variable, not an operator). 
This leads to the new expression: 


ABly (P) (27nh)° mm | y fas fe P faa el(P—P)-¥/F gia (rz) /h 


nee +¥p+4 3) Bw (* = ‘Pp 3) (93) 








2 


If the two Wigner transforms Aw and By vary slowly with position and momentum, we 
can use the expansions: 














r+zissy a) _ r+z q 
Aw ( 2 +P 4 9) Aw ( 3 .p)+% VrAw +2 -V pAw +.. 
r+z sy q\ _ r+zZz y. _ 4a. 
Bw ( 5 oe 4) Bw ( 5 .P) 7 VrBw 3 VpBwt... (94) 


Keeping only the first term in each of these two expansions (zero-order term in the gra- 
dient expansion), the integrals over d°y and d°q introduce the delta functions 6 (P — p) 
and 6 (r — z) respectively, each with a coefficient (27h)*. We then get: 


[AB]y (r,P) = Aw (r,p) x Bw (r,p) +... (95) 
In this approximation, the Wigner transform of the product of two operators is thus 
simply the product of the Wigner transforms. 


We now take into account the first order terms in the gradient expansion (94). The 
V,Aw term on the first line contains a summation over d?y modified by the presence of 
y in the integral: 





1 3. i(P—p)-y/h h 
; fa P)¥/h y = 2 ps (P - 96 
samp | ve y= "vps(P —p) (96 


The integral over d?P in (93) is now modified and leads to a derivation with respect to P 
of the function to be integrated, a multiplication by the coefficient —h/i, and finally the 
replacement of P by p. On the other hand, the integral over d?q/ (27h)? is unchanged 
and leads to the replacement of z by r. The corresponding term is therefore written: 

h 


— qe: [Bw (r, p) Ve Aw (7, p)] (97) 
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As for the Vp Aw term on the first line of (94), it can be handled in the same way. The 
presence of the variable q transforms 6 (r — z) into Vz6 (r — z), with a coefficient —fi/i, 
where the sign change of this coefficient comes from the —z in the exponent q- (r — 2); 
the integral over d?P is unchanged. This yields the term: 

h 

2 V2: [Bw (r,p) VpAw (r,)] (98) 
which, added to (97), leads to the contribution (the terms involving a double derivation 
of Aw cancel each other): 

h 
a (V? Bw (,P) - VeAw (1, Pp) — Vr Aw (0, p) - Vp Bw (r,P)] (99) 
Finally, the terms coming from the second line of (94) are obtained by exchanging the 
roles of Aw and By, and changing the signs because of the opposite values of y and q 
in the of relation (94). We thus double the result (99), and finally obtain expression (90) 
to first order in the gradients. 


3-d. Evolution of the density operator 


The Schrédinger evolution of the density operator obeys the von Neumann equa- 
tion: 
d 


thee (t) =[H (2), p(d)] (100) 


Taking its Wigner transformation, this equation becomes: 





inSpw (Pit) = ae [Holy (sit (101) 


27h)? 
where, on the right-hand side, is written the Wigner transform associated with the com- 
mutator of H(t) and p(t); the factor 1/(27h)? comes from the definition of the Wigner 
distribution of the density operator, remembering that no such coefficient appears in the 
transform of an arbitrary operator. We already saw that the general expression of the 
Wigner transform of an operator product is somewhat complex, and the same is of course 
true for their commutator. 


Qa. Classical limit 


If we only keep, as in (90), the first order terms in the gradients, we see that the 
zero-order terms disappear, and that the terms in H (t) p(t) and p(t) H (t) double up; in 
addition, factors h on each side of the equations cancel out. Using this approximation, 
we get: 


O 

ayew (Pst) = {Hw (1, pst), pw (r,s t)} +h... (102) 
where the Poisson bracket of Hw (r,pi;t) and pw (r, p1; ¢t) is defined in (91). As noticed 
earlier in § 3-c-y, the neglected terms are proportional to #, and vanish in the classical 
limit i > 0. We find in this limit, where the gradients of the Wigner transforms with 
respect to position and momentum are small, the usual equations of classical dynamics. 
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B. Particle in an external potential 


An exact calculation can be made if the particle’s Hamiltonian is simply the sum 
of a kinetic energy and an external potential energy: 
Pp? 
H = —+V(R;t) (103) 
2m 
where m is the mass of the particle. The contribution of the kinetic energy to the 
right-hand side of (101) comes directly from relation (89): 


O 


en pw (r,p;t) = —© - Vepw (r, pit) (104) 
m 


kinetic 
The evolution of the Wigner distribution induced by the kinetic energy operator is thus 
given by a “drift term” just as in classical physics. 

As for the contribution of the potential energy, the computation is very similar to 
the one conducted at the beginning of § 3-c-G, except that instead of dealing with the 
operator R itself, we are now dealing with a function V (R) of that operator. Taking 
B = pin relations (83) and (85), they become: 


[V (R) ply @P) = 
d 


1 
(anh ee [er ere (r + = t) pw (¥, P25 t) (105) 





and: 


[eV (R)|w (Pp) = 


1 
Onns fey all | By PY X pw (r,pi;t)V (r-2;2) (106) 
TT 





Finally, the evolution of the Wigner distribution py (r,p;t) obeys the following 
equation: 


O p 1 1 3 3 i(p'—p)- 
male af SNe t= d3y! etlP p) y/h 
ay PW (r,p; t) + V rpw (¥,p3t) = ih (Qn)? nye fa vf pe 


x lv (r+ 530) -V (e332) ] ow (r, p’;t) (107) 


This is an exact equation. It contains all the quantum effects that play a role in the 
particle’s evolution. It obeys a local conservation law for the probability: 


on (rt) +V,-J(r,t) =0 (108) 


where the local probability density n (r,t) is defined in (18), and its associated current 
J (r,t) is defined as: 


J (r,t) = pee ® pw (¥, pst) (109) 
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This can be shown by integrating (107) over d°p, as the left-hand side then becomes 
identical to the left-hand side of (108), just as in classical mechanics; as for the right- 
hand side, the integration over d°p introduces a function 6 (y) that cancels the bracket 
in the remaining integral. 

When the external potential varies slowly enough, one can use in (107) the following 
approximation: 


Yi.) _ oe) eee 
V (r+3;8) V(r zt) y -VirV (0; t) +. (110) 
The integration over d?y/(27h)° then leads to a function (f/i) Vp/d (p! — p) and we get: 
0 
aye (Pit) + ® - Vrpw (1,3 t) = VeV (1; t)- Vppw (0, pit) +» (111) 


One recognizes here the Liouville equation of classical mechanics. The dots at the end 
of the equation symbolize the possible contributions of terms containing higher order 
spatial derivatives of the potential V (r;t). They come with a power of fh increasing with 
the order of the derivative. This means that they correspond to quantum corrections: 
the faster the potential varies in space, the more terms need to be taken into account. 
On the other hand, when the potential varies slowly, only keeping the classical evolution 
term is a good approximation. 


4. Generalizations 


The above considerations can be directly generalized to particles with spin, or to an 
N-particle system. 


4-a. Particle with spin 


For a particle with spin, a basis in state space is formed by the kets |r,v), where 

r is the eigenvalue of the position operator, and v the eigenvalue of the spin component 
on the quantization axis. The matrix elements of the density operator are then written: 
(r,v| p(t) |r’, v') (112) 


For each value of vy and v’ we can perform a Wigner transformation and define, as in 
(17), the functions: 


i 1 3. -ip-y/hi y yoy 
Ww (r,pit -— fa eel (r+ %,y] p(t) fr-3,0') 113 
pit (Pi) = Bo | Py Y. »| p(t) |r-¥ (113) 
As an example, for a spin 1/2 the two indices vy and v’ can take on two different 
values, noted +. We thus define four Wigner functions, which can be arranged in a 2 x 2 
spin matrix: 
ee (r,p;t) py (Pst) ) (114) 
Pw (r, Pp; t) Pw (r, p; t) 
It is easy to show that this matrix is Hermitian: 
low (r,pst)]” = py* (©, Pst) (115) 


Such a matrix is frequently used when studying the quantum properties of spin polar- 
ization transport in fluids (spin waves for example). 
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4-b. Several particles 


For two spinless particles, relation (17) is easily generalized to: 


1 : 
pw (11, P1;T2,P23t) = ——s| [ew [ew ere at arabs ga/e 
(27h) 


x (ri + 202+ | p(t) |r - yr - 2) (116) 


Actually, any number of particles can be treated this way. Including the spin can be done 
as in the previous section, but it rapidly leads to a great number of Wigner functions 
(4% for N particles each having a spin 1/2). 

The Wigner distribution for a system including a large particle number N therefore 
depends on 6N variables when the particles have no spin; when the particles have a spin 
1/2, it is no longer a single distribution that must be studied, but rather 4% distributions 
which are the matrix elements of a spin operator. In practice, one usually uses the Wigner 
distribution of the one-particle density operator, resulting from the partial trace over the 
N —1 other particles, or sometimes the Wigner distribution of the two-particle density 
operator. 


5. Discussion: Wigner distribution and quantum effects 


Knowledge of the Wigner distribution allows computing the average values of observables, 
as seen from relation (69). It can be used to obtain the probability of any measurement 
result, since this probability is simply the average value of the projector onto the eigen- 
subspace associated with this result. We simply have to compute the Wigner transform 
of this projector, multiply it by pw (r,p;t), and integrate the result over the two vari- 
ables. From a practical point of view, all the information is contained in py (r, p;t). 
However, and as already underlined with the examples given in § 2-f, that does not mean 
we should attribute too much physical content to the Wigner distribution itself. Strictly 
speaking, the Wigner distribution is rather a useful and powerful computation tool than 
a direct representation of the physical properties of the system. 

To highlight the behavior of the Wigner transform in a situations where quantum 
effects are predominant, we now study an interference experiment. 


5-a. An interference experiment 


When the wave function of a particle goes through a screen pierced with two holes, 
it is split into two coherent wave packets propagating in space, and interfering when 
they overlap. Figure 1 represents these two wave packets after the screen, as they both 
propagate towards the region R where they will interfere. As they propagate in free 
space, the Wigner distribution associated with the particle simply obeys relation (104), 
which is just a classical equation of motion. What causes the interference effects in region 
R? To answer this question, we shall use relation (19), or its equivalent (26), which allow 
computing the Wigner transform associated with the particle’s wave function. 

This wave function is now the sum of two components, Wy, (r,t) for the wave packet 
emerging from the first hole in the screen, and W2(r,t) for the wave packet emerging 
from the second hole: 


W (r,t) = V; (r,t) + Vo (r,t) (117) 
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Figure 1: The wave function of a quantum particle can be split into two coherent com- 
ponents 1 and 2, after passing, for example, through a screen pieced with two holes, or 
through an interferometer. As long as the two wave packets do not overlap, the Wigner 
distribution is the sum of three components, schematically drawn in ordinary space in 
the figure: a first one localized with wave packet 1, a second with wave packet 2, and 
finally a third one (circled with dashed lines) remaining at mid-distance from the two 
wave packets. This third component ts called the “ghost component”: when measuring 
its position, the particle can never be found in this component. The value of the ghost 
Wigner distribution oscillates rapidly as a function of the momentum p. 

Later on, as the two wave packets 1 and 2 overlap, the three components are different 
from zero in the same region of space; in addition, the momentum oscillations of the 
ghost component slow down and even vanish. This component now plays an essential 
role: as it is added to the terms 1 and 2, it is responsible for introducing the density 
oscillations producing the fringe pattern (schematized as horizontal lines in region R). It 
plays a virtual role as long as the wave packets are well separated, but an essential one 
when they overlap, as it leads to quantum interference effects. 





A similar situation has already been studied in § 2-f. Inserting (117) into relation (19), 
which is quadratic in WV, four contributions will come into play: 


pw (r,p;t) = piy (r, Pit) + py (Pst) + pyr (2, Pit) + pw (Pst) (118) 
In this equality, py, (r, p; t) is obtained when we replace in (19) the functions W (r, t) and 
W* (r,t) by VW; (r,t) and WF (r,t) respectively. The contribution pj, (r, p;t) is obtained by 
replacing them by W. (r,t) and W3 (r,t) respectively. Finally, the “crossed” contributions 
Dur (r,p;t) and pe (r,p;t) come from replacing W (r,t) by VW, (r,t) and W* (r,t) by 
Wé (r,t), and conversely. For example, relation (19) leads to: 


1 
py (r,p;t) = ona? fey ePy/h yy, (r+ 7;t) US G = ;t) (119) 
Tv 


whereas the equivalent relation (26) yields another expression as a function of the Fourier 
transforms W, and W,. It can easily be shown that the two distributions pj’ (r, p;t) and 
i (r,p;t) are complex conjugates of each other. Their sum is real, as is, consequently, 
Pw (r, Pp; t) * 
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As an example, imagine that the two wave packets are Gaussian, as were the 
wave packets studied in § 2-d. We saw in Complement Gy; shows that a Gaussian wave 
packet, as it propagates in free space, remains Gaussian at all times; its momentum 
dispersion remains constant, while its spatial width changes with time. For the sake of 
simplicity, we shall consider a one-dimensional problem and will not explicitly write the 
time dependence. We assume one of the wave packet to be centered at +2 9, and the 
other at —zo. Relation (41) then leads to: 


aye 1 a —a2 _ 2 2 DA 

Vy (pz) = (an Hh € (p2—po)”/4h* ,—ipx xo /h 
T 

he 1 a ~a? = 2 2 i % 

We (pz) = aa ae e€ (Pe—po)” /4h e P2xo/h (120) 
T 


(a factor 1/\/2 has been added to ensure the normalization of the total wave function; 
we assume a < Xp, so that the spatial overlap of the two wave packets is negligible, and 
the squared norm of the sum is the sum of the squared norms). The same computation 
as in § 2-d then yields: 


1 seat 
pw (£,P2) = re (p2—po)” ,—2 = 

= 1 an (ata 2 
piv (7, Ps) rr ae (Pe— Po)! 9 (121) 


As for the crossed contributions, the computation is slightly different. Since the two 
lines of relation (120) have different signs in front of xo, the product P, (pe + q/2) U5 (px — q/2) 
contains the exponential e~2?%»/", whereas the product #; (pz + q/2) Wo (pe — q/2) con- 
tains e?’?%0/h_ The computation of (42) then becomes: 


1,2 2,1 
Pye (erie) Pp Cbs) 


a dq en ba [(p—Pot+ $)"+(p—po—$)"] ian/h jewel Kin peal 
2 (2n)3/? A? 











2,2 
= on? a 5 008 Fe fete) fag eo ant ek (122) 
27 h 
or else: 
1.2 21 2pxLo _ a? (p—po)? _ 2a? 
Pw (@, Pc) + py (©, P2) = cos ae Dn ea? (123) 
Finally, the total Wigner transform is: 
1 a2 (e=29) (e+e)? 2 a? 
pw (#,P2) = 5—e anz (Pz Po)” < oe gee ge eh Degg Bae |) ada) 
TT 


The first two terms in the bracket are easy to understand: they are simply half the 
sum of the Wigner transforms associated with each of the wave packet. Each of these 
two terms is centered on the wave packet it corresponds to, that is at x = +29. The 
third term is the crossed term, which corresponds to an interference between the two 
wave packets, and is centered at x = 0, half way between them. In addition, this term 
oscillates as a function of p, with a frequency proportional to the distance between the 
two wave packets. 
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5-b. General discussion; “ghost” component 


The distribution pj, (r, p;t) propagates as if it were the distribution of a free parti- 
cle described by the single wave packet Wj (r,t); the distribution pj, (r, p; t) corresponds 
to the second wave packet, here again as if it were isolated. If these were the only contri- 
butions, when the two wave packets overlap these two Wigner distributions would simply 
add to each other, since they follow a classical evolution; no quantum interference effects 
would result from this addition. 

However, we saw that in (118) we must also include crossed terms (interference 
terms) whose properties are radically different from the first two terms. A first significant 
difference comes from their oscillations as a function of momentum, which necessarily 
involves positive and negative values of the distribution. This is definitely a quantum 
effect since a classical distribution must always be positive or zero. Another difference 
is that this crossed term in the Wigner transform propagates in a region of space where 
the wave function is zero, and consequently cannot correspond to any probability of the 
particle’s presence; the integral over momentum of the last term on the right-hand side 
of (124) is indeed zero (in the limit x9 >> a of well separated wave packets corresponding 
to the assumption made for our computation). The sum pur (x, De) + be (x, Dx) is 
sometimes called the “ghost component” of the Wigner distribution (or sometimes, in 
quantum optics, the “tamasic component”); when measuring the particle’s position, it 
can never be found in this component*. Its value is always real, but not necessarily 
positive, because of its oscillations. 

This means that, as long as the two wave packets 1 and 2 are well separated, 
the Wigner transform associated with the particle is the sum of three independent com- 
ponents: two components separately associated with each wave packet and propagating 
with them; one “ghost component”, also propagating but remaining at mid-distance from 
the two wave packets. However, when the wave packets meet in region R, the three com- 
ponents of the Wigner transform overlap in space. The ghost component, which has 
a changing sign, combines with the other two components to modulate the particle’s 
probability of presence, hence producing the interference pattern predicted by quantum 
mechanics. In a certain sense, one can say that the ghost component carries the quantum 
effects associated with the particle. 


Conclusion 


Quantum mechanics and classical mechanics are two very different theories. It was not 
obvious that, using the Wigner transforms, one could write the quantum equations in 
a form so akin to the classical equations of a distribution in phase space. Furthermore, 
we showed that any real classical function of position and momentum could be used 
in this formalism to generate a Hermitian operator acting in state space. In the limit 
where h — 0, the quantum equations of motion lead to the same Poisson brackets as 
the classical equations; quantum and classical theories then show strong similarities. 
Quantum effects, however, can manifest themselves in several ways: 

- the evolution of the Wigner distribution can be significantly different from the 
classical evolution when the potentials vary rapidly on a scale on the order of fi/p (de 





4It is also known as the “empty component” stressing the fact that this component contains no 
particle. 
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Broglie wavelength), as higher order terms in the gradient expansion become essential. 

- the Wigner transform is not always positive. We saw an example of this with the 
ghost component in an interference experiment, which, in a manner of speaking, carries 
the quantum effects to the usual components. 

- whereas in classical physics any distribution in phase space, as long as it is posi- 
tive and normalized, can be accepted, this is no longer the case in quantum mechanics. 
The only acceptable Wigner distributions are those which correspond to a density op- 
erator that is positive definite, a condition that is not expressed simply in terms of the 
distribution. 

The Wigner transformation is frequently used in quantum physics. We already 
mentioned that it was introduced in 1932, while studying quantum corrections to ther- 
mal equilibrium [98]. It probably plays an even more important role in the study of 
transport properties where Boltzmann type equations contain simultaneous information 
on particles’ positions and momenta. Furthermore, the Wigner transform is also useful 
for understanding and characterizing quantum effects, as its negativity in certain regions 
of phase space is a sensitive indicator of the existence of such effects. One can even use 
the Wigner transforms to introduce a “phase space formulation of quantum mechanics” 
(100, 101], totally equivalent to the usual formalism in terms of state space and operators, 
and which is a real quantization procedure. In a general way, the Wigner transformation 
belongs to the class of the so-called Liouville formulations of quantum mechanics [105], 
which have many uses. 

Finally, there are many domains of physics (such as signal processing, in particu- 
lar) in which the Wigner transformation is part of a larger class of mixed time-frequency 
transformations. Numerous types of such transformations exist (such as sliding window 
or envelope transforms, wavelets, etc.) chosen to best fit the problem at hand. Even in 
quantum mechanics there are other quasi-classical transforms, beside the Wigner trans- 
form, as for example the Husimi or the Kirkwood transforms, or the Glauber transform 
expressed in terms of creation and annihilation operators of the electromagnetic field; 
a review on that subject can be found in [99]. The Wigner transform still remains one 
of the most useful transforms, allowing, in particular, analytical calculations for many 
interesting cases. 
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Index [The notation (ex.) refers to an exercise] 


Absorption 
and emission of photons, 2073 
collision with, 971 
of a quantum, a photon, 1311, 1353 
of field, 2149 
of several photons, 1368 
rates, 1334 
Acceptor (electron acceptor), 1495 
Acetylene (molecule), 878 
Action, 341, 1539, 1980 
Addition 
of angular momenta, 1015, 1043 
of spherical harmonics, 1059 
of two spins 1/2, 1019 
Adiabatic 
branching of the potential, 932 
Adjoint 
matrix, 123 
operator, 112 
Algebra (commutators), 165 
Allowed energy band, 381, 1481, 1491 
Ammonia (molecule), 469, 873 
Amplitude 
scattering amplitude, 929, 953 
Angle (quantum), 2258 
Angular momentum 
addition of momenta, 1015, 1043 
and rotations, 717 
classical, 1529 
commutation relations, 669, 725 
conservation, 668, 736, 1016 
coupling, 1016 
electromagnetic field, 1968, 2043 
half-integral, 987 
of identical particles, 1497(ex.) 
of photons, 1370 
orbital, 667, 669, 685 
quantization, 394 
quantum, 667 
spin, 987, 991 
standard representation, 677, 691 
two coupled momenta, 1091 
Anharmonic oscillator, 502, 1135 
Annihilation operator, 504, 513, 514, 1597 





Annihilation-creation (pair), 1831, 1878 
Anomalous 
average value, 1828, 1852 
dispersion, 2149 
Zeeman effect, 987 
Anti-normal correlation function, 1782, 
1789 
Anti-resonant term, 1312 
Anti-Stokes (Raman line), 532, 752 
Antibunching (photon), 2121 
Anticommutation, 1599 
field operator, 1754 
Anticrossing of levels, 415, 482 
Antisymmetric ket, state, 1428, 1431 
Antisymmetrizer, 1428, 1431 
Applications of the perturbation theory, 
1231 
Approximation 
central field approximation, 1459 
secular approximation, 1374 
Argument (EPR), 2205 
Atom(s), see helium, hydrogenoid 
donor, 837 
dressed, 2129, 2133 
many-electron atoms, 1459, 1467 
mirrors for atoms, 2153 
muonic atom, 541 
single atom fluorescence, 2121 
Atomic 
beam (deceleration), 2025 
orbital, 869, 1496(ex.) 
parameters, 41 
Attractive bosons, 1747 
Autler-Townes 
doublet, 2144 
effect, 1410 
Autoionization, 1468 
Average value (anomalous), 1828 
Azimuthal 
quantum number, 811 


Band (energy), 381 
Bardeen-Cooper-Schrieffer, 1889 
Barrier (potential barrier), 68, 367, 373 
Basis 
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change of bases, 174 
characteristic relations, 101, 119 
continuous basis in the space of states, 
99 
mixed basis in the space of states, 99 
BCHSH inequalities, 2209, 2210 
BCS, 1889 
broken pairs and excited pairs, 1920 
coherent length, 1909 
distribution functions, 1899 
elementary excitations, 1923 
excited states, 1919 
gap, 1894, 1896, 1923 
pairs (wave function of), 1901 
phase locking, 1893, 1914, 1916 
physical mechanism, 1914 
two-particle distribution, 1901 
Bell’s 
inequality, 2208 
theorem, 2204, 2208 
Benzene (molecule), 417, 495 
Bessel 
Bessel-Parseval relation, 1507 
spherical Bessel function, 944 
spherical equation, 961 
spherical function, 966 
Biorthonormal decomposition, 2194 
Bitter, 2059 
Blackbody radiation, 651 
Bloch 
equations, 463, 1358, 1361 
theorem, 659 
Bogolubov 
excitations, 1661 
Hamiltonian, 1952 
operator method, 1950 
phonons, spectrum, 1660 
transformation, 1950 
Bogolubov-Valatin transformation, 1836, 
1919 
Bohr, 2207 
electronic magneton, 856 
frequencies, 249 
magneton, see front cover pages 
model, 40, 819 
nuclear magneton, 1237 
radius, 820 
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Boltzmann 
constant, see front cover pages 
distribution, 1630 
Born 
approximation, 938, 977, 1320 
Born-Oppenheimer approximation, 528, 
1177, 1190 
Born-von Karman conditions, 1490 
Bose-Einstein 
condensation, 1446, 1638, 1940 
condensation (repulsive bosons), 1933 
condensation of pairs, 1857 
distribution, 652, 1630 
statistics, 1446 
Bosons, 1434 
at non-zero temperature, 1745 
attractive, 1747 
attractive instability, 1745 
condensed, 1638 
in a Fock state, 1775 
paired, 1881 
Boundary conditions (periodic), 1489 
Bra, 103, 104, 119 
Bragg reflection, 382 
Brillouin 
formula, 452 
zone, 614 
Broadband 
detector, 2165 
optical excitation, 1332 
Broadening (radiative), 2138 
Broken pairs and excited pairs (BCS), 
1920 
Brossel, 2059 
Bunching of bosons, 1777 


C.S.C.0., 183, 137, 153, 236 
Canonical 
commutation relations, 142, 223, 1984 
ensemble, 2289 
Hamilton-Jacobi canonical equations, 
214 
Hamilton-Jacobi equations, 1532 
Cauchy principal part, 1517 
Center of mass, 812, 1528 
Center of mass frame, 814 
Central 
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field approximation, 1459 
potential, 1533 
Central potential, 803, 841 
scattering, 941 
stationary states, 804 
Centrifugal potential, 809, 888, 893 
Chain (von Neumann), 2201 
Chain of coupled harmonic oscillators, 611 
Change 
of bases, 124, 174, 1601 
of representation, 124 
Characteristic equation, 129 
Characteristic relation of an orthonormal 
basis, 116 
Charged harmonic oscillator in an elec- 
tric field, 575 
Charged particle 
in an electromagnetic field, 1536 
Charged particle in a magnetic field, 240, 
321, 771 
Chemical bond, 417, 869, 1189, 1210 
Chemical potential, 1486, 2287 
Circular quanta, 761, 783 
Classical 
electrodynamics, 1957 
histories, 2272 
Clebsch-Gordan coefficients, 1038, 1051 
Closure relation, 93, 117 
Coefficients 
Clebsch-Gordan, 1038 
Einstein, 1334, 2083 
Coherences (of the density matrix), 307 
Coherent length (BCS), 1909 
Coherent state (field), 2008 
Coherent superposition of states, 253, 301, 
307 
Collision, 923 


Commutation, 1599 
canonical relations, 142, 223 
field operator, 1754 
of pair field operators, 1861 
relations, 1984 
Commutation relations 
angular momentum, 669, 725 
field, 1989, 1996 
Commutator algebra, 165 
Commutator(s), 91, 167, 171, 187 
of functions of operators, 168 
Compatibility of observables, 232 
Complementarity, 45 
Complete set of commuting observables 
(C.S.C.O.), 133, 137, 236 
Complex variables (Lagrangian), 1982 
Compton wavelength of the electron, 825, 
1235 
Condensates 
relative phase, 2237 
with spins, 2254 
Condensation 
BCS condensation energy, 1917 
Bose-Einstein, 1446, 1857, 1933 
Condensed bosons, 1638 
Conduction band, 1492 
Conductivity (solid), 1492 
Configurations, 1467 
Conjugate momentum, 214, 323, 1531, 
1983, 1987, 1995 
Conjugation (Hermitian), 111 
Conservation 
local conservation of probability, 238 
of angular momentum, 668, 736, 1016 
of energy, 248 
of probability, 237 
Conservative systems, 245, 315 


between identical particles, 1454, 1497(ex.) Constants of the motion, 248, 317 


between identical particles in classi- 
cal mechanics, 1420 

between two identical particles, 1450 

cross section, 926 

scattering states, 928 

total scattering cross section, 926 

with absorption, 971 

Combination 
of atomic orbitals, 1172 


Contact term, 1273 
Contact term (Fermi), 1238, 1247 
Contextuality, 2231 
Continuous 
spectrum, 133, 219, 264, 1316 
variables (in a Lagrangian), 1984 
Continuum of final states, 1316, 1378, 
1380 
Contractions, 1802 
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Convolution product of two functions, 1510 
Cooling 
Doppler, 2026 
down atoms, 2025 
evaporative, 2034 
Sisyphus, 2034 
sub-Doppler, 2155 
subrecoil, 2034 
Cooper model, 1927 
Cooper pairs, 1927 
Cooperative effects (BCS), 1916 
Correlation functions, 1781, 1804 
anti-normal, 1782, 1789 
dipole and field, 2113 
for one-photon processes, 2084 
normal, 1782, 1787 
of the field, spatial, 1758 
Correlations, 2231 
between two dipoles, 1157 
between two physical systems, 296 
classical and quantum, 2221 
introduced by a collision, 1104 
Coulomb 
field, 1962 
gauge, 1965 
Coulomb potential 
cross section, 979 
Coupling 
between angular momenta, 1016 
between two angular momenta, 1091 
between two states, 412 
effect on the eigenvalues, 438 
spin-orbit coupling, 1234, 1241 
Creation and annihilation operators, 504, 
513, 514, 1596, 1990 
Creation operator (pair of particles), 1813, 
1846 
Critical velocity, 1671 
Cross section 
and phase shifts, 951 
scattering cross section, 926, 933, 953, 
972 
Current 
metastable current in superfluid, 1667 
of particles, 1758 
of probability, 240 
probability current in hydrogen atom, 
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851 
Cylindrical symmetry, 899(ex.) 


Darwin term, 1235, 1279 
De Broglie 
relation, 10 
wavelength, see front cover pages, 11, 
35 
Decay of a discrete state, 1378 
Deceleration of an atomic beam, 2025 
Decoherence, 2199 
Decomposition (Schmidt), 2193 
Decoupling (fine or hyperfine structure), 
1262, 1291 
Degeneracy 
essential, 811, 825, 845 
exchange degeneracy, 1423 
exchange degeneracy removal, 1435 
lifted by a perturbation, 1125 
rotation invariance, 1072 
systematic and accidental, 203 
Degenerate eigenvalue, 127, 203, 217, 260 
Degereracy 
lifted by a perturbation, 1117 
parity, 199 
Delta Dirac function, 1515 
potential well and barriers, 83-85(ex.) 
use in quantum mechanics, 97, 106, 
280 
Density 
Lagrangian, 1986 
of probability, 264 
of states, 389, 1316, 1484, 1488 
operator, 449, 1391 
operator and matrix, 299 
particle density operator, 1756 
Density functions 
one and two-particle, 1502(ex.) 
Depletion (quantum), 1940 
Derivative of an operator, 169 
Detection probability amplitude (photon), 
2166 
Detectors (photon), 2165 
Determinant 
Slater determinant, 1438, 1679 
Deuterium, 834, 1107(ex.) 
Diagonalization 
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of a 2 x 2 matrix, 429 
of an operator, 128 
Diagram (dressed-atom), 2133 
Diamagnetism, 855 
Diatomic molecules 
rotation, 739 
Diffusion (momentum), 2030 
Dipole 
-dipole interaction, 1142, 1153 
-dipole magnetic interaction, 1237 
electric dipole transition, 863 
electric moment, 1080 
Hamiltonian, 2011 
magnetic dipole moment, 1084 
magnetic term, 1272 
trap, 2151 
Dirac, see Fermi 
delta function, 97, 106, 280, 1515 
equation, 1233 
notation, 102 
Direct 
and exchange terms, 1613, 1632, 1634, 
1646, 1650 
term, 1447, 1453 
Discrete 
bases of the state space, 91 
spectrum, 132, 217 
Dispersion (anomalous), 2149 
Dispersion and absorption (field), 2147 
Distribution 
Boltzmann, 1630 
Bose-Einstein, 1630 
Fermi-Dirac, 1630 
function (bosons), 1629 
function (fermions), 1629 
functions, 1625, 1733 
functions (BCS), 1899 
Distribution law 
Bose-Einstein, 652 
Divergence (energy), 2007 
Donor atom, 837, 1495 
Doppler 
cooling, 2026 
effect, 2022 
effect (relativistic), 2022 
free spectroscopy, 2105 
temperature, 2033 


Double 
condensate, 2237 
resonance method, 2059 
spin condensate, 2254 
Doublet (Autler-Townes), 2144 
Down-conversion (parametric), 2181 
Dressed 
states and energies, 2133 
Dressed-atom, 2129, 2133 
diagram, 2133 
strong coupling, 2141 
weak coupling, 2137 


E.P.R., 1225(ex.) 
Eckart (Wigner-Eckart theorem), see Wigner 
Effect 
Autler-Townes, 2144 
Mossbauer, 2040 
photoelectric, 2110 
Effective Hamiltonian, 2141 
Ehrenfest theorem, 242, 319, 522 
Eigenresult, 9 
Higenstate, 217, 232 
Eigenvalue, 11, 25, 176, 216 
degenerate, 217, 260 
equation, 126, 429 
of an operator, 126 
Eigenvector, 176 
of an operator, 126 
Einstein, 2110 
coefficients, 1334, 1356, 2083 
EPR argument, 297, 1104 
model, 534, 653 
Planck-Einstein relations, 3 
temperature, 659 
Einstein-Podolsky-Rosen, 2204, 2261 
Elastic 
scattering, 925 
scattering (photon), 2086 
scattering, form factor, 1411(ex.) 
total cross section, 972 
Elastically bound electron model, 1350 
Electric 
conductivity of a solid, 1492 
Electric dipole 
Hamiltonian, 2011 
interaction, 1342 
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matrix elements, 1344 
moment, 1080 
selection rules, 1345 
transition and selection rules, 863 
transitions, 2056 
Electric field (quantized), 2000, 2005 
Electric polarisability 
NHs, 484 
Electric polarizability 
of the 1s state in Hydrogen, 1299 
Electric quadrupole 
Hamiltonian, 1347 
moment, 1082 
transitions, 1348 
Electric susceptibility 
bound electron, 577 
of an atom, 1351 
Electrical 
susceptibility, 1223(ex.) 
Electrodynamics 
classical, 1957 
quantum, 1997 
Electromagnetic field 
and harmonic oscillators, 1968 
and potentials, 321 
angular momentum, 1968, 2043 
energy, 1966 
Lagrangian, 1986, 1992 
momentum, 1967, 2019 
polarization, 1970 
quantization, 631, 637 
Electromagnetic interaction of an atom 
with a wave, 1340 
Electromagnetism 
fields and potentials, 1536 
Electron spin, 393, 985 
Electron(s) 
configurations, 1463 
gas in solids, 1491 
in solids, 1177, 1481 
mass and charge, see front cover pages 
Electronic 
configuration, 1459 
paramagnetic resonance, 1225(ex.) 
shell, 827 
Elements of reality, 2205 
Emergence of a relative phase, 2248, 2253 
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Emission 
of a quantum, 1311 
photon, 2080 
spontaneous, 2081, 2135 
stimulated (or induced), 2081 
Energy, see Conservation, Uncertainty 
and momentum of the transverse elec- 
tromagnetic field, 1973 
band, 381 
bands in solids, 1177, 1481 
conservation, 248 
electromagnetic field, 1966 
Fermi energy, 1772 
fine structure energy levels, 986 
free energy, 2290 
levels, 359 
levels of harmonic oscillator, 509 
levels of hydrogen, 823 
of a paired state, 1869 
recoil energy, 2023 
Ensemble 
canonical, 2289 
grand canonical, 2291 
microcanonical, 2285 
statistical ensembles, 2295 
Entanglement 
quantum, 2187, 2193, 2203, 2242 
swapping, 2232 
Entropy, 2286 
EPR, 2204, 2261 
elements of reality, 2205 
EPRB, 2205 
paradox/argument, 1104 
Equation of state 
ideal quantum gas, 1640 
repulsive bosons, 1745 
Equation(s) 
Bloch, 1361 
Hamilton-Jacobi, 1982, 1983, 1988 
Lagrange, 1982, 1993 
Lorentz, 1959 
Maxwell, 1959 
Schrédinger, 11, 12, 306 
von Neumann, 306 
Essential degeneracy, 811, 825 
Ethane (molecule), 1223 
Ethylene (molecule), 536, 881 
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Evanescent wave, 29, 67, 70, 78, 285 
Evaporative cooling, 2034 
Even operators, 196 
Evolution 
field operator, 1765 
of quantum systems, 223 
of the mean value, 241 
operator, 313, 2069 
operator (expansion), 2070 
operator (integral equation), 2069 
Exchange, 1611 
degeneracy, 1423 
degeneracy removal, 1435 
energy, 1469 
hole, 1774 
integral, 1474 
term, 1447, 1451, 1453 
Excitations 
BCS, 1923 
Bogolubov, 1661 
vacuum, 1623 
Excited states (BCS), 1919 
Exciton, 838 
Exclusion principle (Pauli), 1437, 1444, 
1463, 1484 
Extensive (or intensive) variables, 2292 


Fermi 
contact term, 1238 
energy, 1445, 1481, 1486, 1772 
gas, 1481 
golden rule, 1318 
level, 1486, 1621 
radius, 1621 
surface (modified), 1914 
, see Fermi-Dirac 
Fermi level 
and electric conductivity, 1492 
Fermi-Dirac 
distribution, 1486, 1630, 1717 
statistics, 1446 
Fermions, 1434 
in a Fock state, 1771 
paired, 1874 
Ferromagnetism, 1477 
Feynman 


path, 2267 


postulates, 341 
Fictitious spin, 435, 1359 
Field 
absorption, 2149 
commutation relations, 1989, 1996 
dispersion and absorption, 2147 
intense laser, 2126 
interaction energy, 1764 
kinetic energy, 1763 
normal variables, 1971 
operator, 1752 
operator (evolution), 1763, 1765 
pair field operator, 1861 
potential energy, 1764 
quantization, 1765, 1999 
quasi-classical state, 2008 
spatial correlation functions, 1758 
Final states continuum, 1378, 1380 
Fine and hyperfine structure, 1231 
Fine structure 
constant, see front cover pages, 825 
energy levels, 1478 
Hamiltonian, 1233, 1276, 1478 
Helium atom, 1478 
Hydrogen, 1238 
of spectral lines, 986 
of the states 1s, 2s et 2p, 1276 
Fletcher, 2111 
Fluctuations 
boson occupation number, 1633 
intensity, 2125 
vacuum, 644, 2007 
Fluorescence (single atom), 2121 
Fluorescence triplet, 2144 
Fock 
space, 1593, 2004 
state, 1593, 1614, 1769, 2103 
Forbidden, see Band 
energy band, 381, 390, 1481 
transition, 1345 
Forces 
van der Waals, 1151 
Form factor 
elastic scattering, 1411(ex.) 
Forward scattering (direct and exchange), 
1874 


Fourier 
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series and transforms, 1505 
Fragmentation (condensate), 1654, 1776 
Free 

electrons in a box, 1481 

energy, 2290 

particle, 14 

quantum field (Fock space), 2004 

spherical wave, 941, 944, 961 

spherical waves and plane waves, 967 
Free particle 

stationary states with well-defined an- 

gular momentum, 959 
stationary states with well-defined mo- 
mentum, 19 

wave packet, 14, 57, 347 
Frequency 

Bohr, 249 

components of the field (positive and 

negative), 2072 

Rabi’s frequency, 1325 
Friction (coefficient), 2028 
Function 

of operators, 166 

periodic functions, 1505 

step functions, 1521 
Fundamental state, 41 


Gap (BCS), 1894, 1896, 1923 
Gauge, 1343, 1536, 1960, 1963 

Coulomb, 1965 

invariance, 321 

Lorenz, 1965 
Gaussian 

wave packet, 57, 292, 2305 
Generalized velocities, 214, 1530 
Geometric quantization, 2311 
Gerlach, see Stern 
GHZ state, 2222, 2227 
Gibbs-Duhem relation, 2296 
Golden rule (Fermi), 1318 
Good quantum numbers, 248 
Grand canonical, 1626, 2291 
Grand potential, 1627, 1721, 2292 
Green’s function, 337, 936, 1781, 1786, 

1789 

evolution, 1785 

Greenberger-Horne-Zeilinger, 2227 
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Groenewold’s formula, 2315 
Gross-Pitaevskii equation, 1643, 1657 
Ground state, 363 

harmonic oscillator, 509, 520 

Hydrogen atom, 1228(ex.) 
Group velocity, 55, 60, 614 
Gyromagnetic ratio, 396, 455 

orbital, 860 

spin, 988 


H} molecular ion, 85(ex.), 417, 1189 
Hadronic atoms, 840 
Hall effect, 1493 
Hamilton 
function, 1532 
function and equations, 1531 
Hamilton-Jacobi canonical equations, 214, 
1532, 1982, 1983, 1988 
Hamiltonian, 223, 245, 1527, 1983, 1988, 
1995 
classical, 1531 
effective, 2141 
electric dipole, 1342, 2011 
electric quadrupole, 1347 
fine structure, 1233, 1276 
hyperfine, 1237, 1267 
magnetic dipolar, 1347 
of a charged particle in a vector po- 
tential, 1539 
of a particle in a central potential, 
806, 1533 
of a particle in a scalar potential, 225 
of a particle in a vector potential, 
225, 323, 328 
Hanbury Brown and Twiss, 2120 
Hanle effect, 1372(ex.) 
Hard sphere 
scattering, 980, 981(ex.) 
Harmonic oscillator, 497 
in an electric field, 575 
in one dimension, 527, 1131 
in three dimensions, 569 
in two dimensions, 755 
infinite chain of coupled oscillators, 
611 
quasiclassical states, 583 
thermodynamic equilibrium, 647 





INDEX [The notation (ex.) refers to an exercise] 





three-dimensional, 841, 899(ex.) 
two coupled oscillators, 599 
Hartree-Fock 
approximation, 1677, 1701 
density operator (one-particle), 1691 
equations, 1686, 1731 
for electrons, 1695 
mean field, 1677, 1693 
potential, 1706 
thermal equilibrium, 1711, 1733 
time-dependent, 1701, 1708 
Healing length, 1652 
Heaviside step function, 1521 
Heisenberg 
picture, 317, 1763 
relations, 19, 39, 41, 45, 55, 232, 290 
Helicity (photon), 2051 
Helium 
energy levels, 1467 
ion, 838 
isotopes, 1480 
isotopes *He and *He, 1435, 1446 
solidification, 535 
Hermite polynomials, 516, 547, 561 
Hermitian 
conjugation, 111 
matrix, 124 
operator, 115, 124, 130 
Histories (classical), 2272 
Hole 
creation and annihilation, 1622 
exchange, 1774 
Holes, 1621 
Hybridization of atomic orbitals, 869 
Hydrogen, 645 
atom, 803 
atom in a magnetic field, 853, 855, 
862 
atom, relativistic energies, 1245 
Bohr model, 40, 819 
energy levels, 823 
fine and hyperfine stucture, 1231 
ionisation energy, see front cover pages 
ionization energy, 820 
maser, 1251 
molecular ion, 85(ex.), 417, 1189 
quantum theory, 41 


radial equation, 821 
Stark effect, 1298 
stationary states, 851 
stationary wave functions, 830 
Hydrogen-like systems in solid state physics, 
837 
Hydrogenoid systems, 833 
Hyperfine 
decoupling, 1262 
Hamiltonian, 1237, 1267 
Hyperfine structure, see Hydrogen, muo- 
nium, positronium, Zeeman ef- 
fect, 1231 
Muonium, 1281 


Ideal gas, 1625, 1787, 1791, 1804 
correlations, 1769 
Identical particles, 1419, 1591 
Induced 
emission, 1334, 1366, 2081 
emission of a quantum, 1311 
emission of photons, 1355 
Inequality (Bell’s), 2208 
Infinite one-dimensional well, 271 
Infinite potential well, 74 
in two dimensions, 201 
Infinitesimal unitary operator, 178 
Insulator, 1492 
Integral 
exchange integral, 1474 
scattering equation, 935 
Intense laser fields, 2126 
Intensive (or extensive) variables, 2292 
Interaction 
between magnetic dipoles, 1141 
dipole-dipole interaction, 1141, 1153 
electromagnetic interaction of an atom 
with a wave, 1340 
field and particles, 2009 
field and atom, 2010 
magnetic dipole-dipole interaction, 1237 
picture, 353, 1393, 2070 
tensor interaction, 1141 
Interference 
photons, 2167 
two-photon, 2170, 2183 
Ton HJ, 1189 
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Ionization 
photo-ionization, 2109 
tunnel ionization, 2126 

Isotropic radiation, 2079 


Jacobi, see Hamilton 


Kastler, 2059, 2062 
Ket, see state, 103, 119 

for identical particles, 1436 
Kuhn, see Thomas 


Lagrange 
equations, 1530, 1982, 1993 
fonction and equations, 214 
multipliers, 2281 
Lagrangian, 1530, 1980 
densities, 1986 
electromagnetic field, 1986, 1992 
formulation of quantum mechanics, 
339 
of a charged particle in an electro- 
magnetic field, 1538 
particle in an electromagnetic field, 
323 
Laguerre-Gaussian beams, 2065 
Lamb shift, 645, 1245, 1388, 2008 
Landau levels, 771 
Landé factor, 1072, 1107(ex.), 1256, 1292 
Laplacian, 1527 
of 1/r, 1524 
of Y;"(6, y)/r't*, 1526 
Larmor 
angular frequency, 857 
precession, 394, 396, 410, 455, 857, 
1071 
Laser, 1359, 1365 
Raman laser, 2093 
saturation, 1370 
trap, 2151 
Lattices (optical), 2153 
Least action 
principle of, 1539 
Legendre 
associated function, 714 
polynomial, 713 
Length (healing), 1652 
Level 
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anticrossing, 415, 482 
Fermi level, 1621 
Lifetime, 343, 485, 645 
of a discrete state, 1386 
radiative, 2081 
Lifting of degeneracy by a perturbation, 
1125 
Light 
quanta, 3 
shifts, 1834, 2138, 2151, 2156 
Linear, see operator 
combination of atomic orbitals, 1172 
operators, 90, 108, 163 
response, 1350, 1357, 1364 
superposition of states, 253 
susceptibility, 1365 
Local conservation of probability, 238 
Local realism, 2209, 2230 
Longitudinal 
fields, 1961 
relaxation, 1400 
relaxation time, 1401 
Lorentz equations, 1959 
Lorenz (gauge), 1965 


Magnetic 
dipole term, 1272 
dipole-dipole interaction, 1237 
effect of a magnetic field on the lev- 
els of the Hydrogen atom, 1251 
hyperfine Hamiltonian, 1267 
interactions, 1232, 1237 
quantum number, 811 
resonance, 455 
susceptibility, 1224, 1487 
Magnetic dipole 
Hamiltonian, 1347 
transitions and selection rules, 1084, 
1098, 1348 
Magnetic dipoles 
interactions between two dipoles, 1141 
Magnetic field 
and vector potential, 321 
charged particle in a, 240, 771 
effects on hydrogen atom, 853, 855 
harmonic oscillator in a, 899(ex.) 
Hydrogen atom in a magnetic field, 
1263, 1289 
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multiplets, 1074 
quantized, 2000, 2005 
Magnetism (spontaneous), 1737 
Many-electron atoms, 1459 
Maser, 477, 1359, 1365 
hydrogen, 1251 
Mass correction (relativistic), 1234 
Master equation, 1358 
Matrice(s), 119, 121 
diagonalization of a 2x2 matrix, 429 
Pauli matrices, 425 
unitary matrix, 176 
Maxwell’s equations, 1959 
Mean field (Hartree-Fock), 1693, 1708, 
1725 
Mean value of an observable, 228 
evolution, 241 
Measurement 
general postulates, 216, 226 
ideal von Neumann measurement, 2196 
of a spin 1/2, 394 
of observables, 216 
on a part of a physical system, 293 
state after measurement, 221, 227 
Mendeleev’s table, 1463 
Metastable superfluid flow, 1671 
Methane (molecule), 883 
Microcanonical ensemble, 2285 
Millikan, 2111 
Minimal wave packet, 290, 520, 591 
Mirrors for atoms, 2153 
Mixing of states, 1121, 1137 
Model 
Cooper model, 1927 
Einstein model, 534 
elastically bound electron, 1350 
vector model of atom, 1071 
Modes 
vibrational modes, 599, 611 
Modes (radiation), 1974, 1975 
Molecular ion, 417 
Molecule(s) 
chemical bond, 417, 869, 873, 878, 
883, 1189 
rotation, 796 
vibration, 527, 1137 
vibration-rotation, 885 


Mollow, 2144 
Moment 
quadrupole electric moment, 1225(ex.) 
Momentum, 1539 
conjugate, 214, 323, 1983, 1987, 1995 
diffusion, 2030 
electromagnetic field, 1967, 2019 
mechanical momentum, 328 
Monogamy (quantum), 2221 
Mossbauer effect, 1415, 2040 
Motional narrowing, 1323 
condition, 1323, 1398, 1408 
Multiphoton transition, 1368, 2040, 2097 
Multiplets, 1072, 1074, 1467 
Multipliers (Lagrange), 2281 
Multipolar waves, 2052 
Multipole 
moments, 1077 
Multipole operators 
introduction, 1077, 1083 
parity, 1082 
Muon, 527, 541, 1281 
Muonic atom, 541, 839 
Muonium, 835 
hyperfine structure, 1281 
Zeeman effect, 1281 





Narrowing (motional), 1323, 1408 
condition, 1398 

Natural width, 345, 1388 

Need for a quantum treatment, 2118, 2120 
Neumann 

spherical function, 967 

Neutron mass, see front cover pages 
Non-destructive detection of a photon, 
2159 

Non-diagonal order (BCS), 1912 
Non-locality, 2204 

Non-resonant excitation, 1350 
Non-separability, 2207 

Nonlinear 

response, 1357, 1368 

susceptibility, 1369 

Norm 

conservation, 238 

of a state vector, 104, 237 

of a wave function, 13, 90, 99 
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Normal 
correlation function, 1782, 1787 
variables, 602, 616, 631, 633 
variables (field), 1971 
Nuclear 
multipole moments, 1088 
Bohr magneton, 1237 
Nucleus 
spin, 1088 
volume effect, 1162, 1268 
Number 
occupation number, 1439, 1593 
photon number, 2135 
total number of particles in an ideal 
gas, 1635 


Observable(s), 130 
C.S.C.O., 133, 137 
commutation, 232 
compatibility, 232 
for identical particles, 1429, 1441 
mean value, 228 
measurement of, 216, 226 
quantization rules, 223 
symmetric observables, 1441 
transformation by permutation, 1434 
whose commutator is ih, 187, 289 
Occupation number, 1439, 1593 
operator, 1598 
Odd operators, 196 
One-particle 
Hartree-Fock density operator, 1691 
operators, 1603, 1605, 1628, 1756 
Operator(s) 
adjoint operator, 112 
annihilation operator, 504, 513, 514, 
1597 
creation and annihilation, 1990 
creation operator, 504, 513, 514, 1596 
derivative of an operator, 169 
diagonalization, 126, 128 
even and odd operators, 196 
evolution operator, 313, 2069 
field, 1752 
function of, 166 
Hermitian operators, 115 
linear operators, 90, 108, 163 
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occupation number, 1598 
one-particle operator, 1603, 1605, 1628, 
1756 
parity operator, 193 
particle density operator, 1756 
permutation operators, 1425, 1430 
potential, 168 
product of, 90 
reduced to a single particle, 1607 
representation, 121 
restriction, 165 
restriction of, 1125 
rotation operator, 1001 
symmetric, 1628, 1755 
translation operator, 190 
two-particle operator, 1608, 1610, 1631, 
1756 
unitary operators, 173 
Weyl operator, 2300 
Oppenheimer, see Born, 1177, 1190 
Optical 
excitation (broadband), 1332 
lattices, 2153 
pumping, 2062, 2140 
Orbital 
angular momentum (of radiation), 2052 
atomic orbital, 1496(ex.) 
hybridization, 869 
linear combination of atomic orbitals, 
1172 
quantum number, 1463 
state space, 988 
Order parameter for pairs, 1851 
Orthonormal basis, 91, 99, 101, 133 
characteristic relation, 116 
Orthonormalization 
and closure relations, 101, 140 
relation, 116 
Oscillation(s) 
between two discrete states, 1374 
between two quantum states, 418 
Rabi, 2134 
Oscillator 
anharmonic, 502 
harmonic, 497 
strength, 1352 


Pair(s) 
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annihilation-creation of pairs, 1831, 
1874, 1887 
BCS, wave function, 1909 
Cooper, 1927 
of particles (creation operator), 1813, 
1846 
pair field (commutation), 1861 
pair field operator, 1845 
pair wave function, 1851 
Paired 
bosons, 1881 
fermions, 1874 
state energy, 1869 
states, 1811 
states (building), 1818 
Pairing term, 1878 
Paramagnetism, 855 
Parametric down-conversion, 2181 
Parity, 2106 
degeneracy, 199 
of a permutation operator, 1431 
of multipole operators, 1082 
operator, 193 
Parseval 
Parseval-Plancherel equality, 20 
Parseval-Plancherel formula, 1511, 1521 
Partial 
reflection, 79 
trace of an operator, 309 
waves in the potential, 948 
waves method, 941 
Particle (current), 1758 
Particles and holes, 1621 
Partition function, 1626, 1627, 1717 
Path 
integral, 2267 
space-time path, 339 
Pauli 
exclusion principle, 1437, 1444, 1463, 
1481 
Hamiltonian, 1009(ex.) 
matrices, 425, 991 
spin theory, 986 
spinor, 993 
Penetrating orbit, 1463 
Penrose-Onsager criterion, 1776, 1860, 1947 
Peres, 2212 


Periodic 
boundary conditions, 1489 
classification of elements, 1463 
functions, 1505 
potential (one-dimensional), 375 
Permutation operators, 1425, 1430 
Perturbation 
applications of the perturbation the- 
ory, 1231 
lifting of a degeneracy, 1125 
one-dimensional harmonic oscillator, 
1131 
random perturbation, 1320, 1325, 1390 
sinusoidal, 1311 
stationary perturbation theory, 1115 
Perturbation theory 
time dependent, 1303 
Phase 
locking (BCS), 1893, 1916 
locking (bosons), 1938, 1944 
relative phase between condensates, 
2237, 2248 
velocity, 37 
Phase shift (collision), 951, 1497(ex.) 
with imaginary part, 971 
Phase velocity, 21 
Phonons, 611, 626 
Bogolubov phonons, 1660 
Photodetection 
double, 2172, 2184 
single, 2169, 2171 
Photoelectric effect, 1412(ex.), 2110 
Photoionization, 2109, 2165 
rate, 2115, 2124 
two-photon, 2123 
Photon, 3, 631, 651, 2004, 2005, 2110 
absorption and emission, 2067 
angular momentum, 1370 
antibunching, 2121 
detectors, 2165 
non-destructive detection, 2159 
number, 2135 
scattering (elastic), 2086 
scattering by an atom, 2085 
vacuum, 2007 
, see Absorption, Emission 
Picture 
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Heisenberg, 317, 1763 
interaction, 1393, 2070 
Pitaevskii (Gross-Pitaevskii equation), 1643, 
1657 
Plancherel, see Parseval 
Planck 
constant, see front cover pages, 3 
law , 2083 
Planck-Einstein relations, 3, 10 
Plane wave, 14, 19, 95, 943 
Podolsky (EPR argument), 297, 1104 
Pointer states, 2199 
Polarizability 
of the 1s state in Hydrogen, 1299 
Polarization 
electromagnetic field, 1970 
of Zeeman components, 1295 
space-dependent, 2156 
Polynomial method (harmonic oscillator), 
555, 842 
Polynomials 
Hermite polynomials, 516, 547, 561 
Position and momentum representations, 
181 
Positive and negative frequency compo- 
nents, 2072 
Positron, 1281 
Positronium, 836 
hyperfine structure, 1281 
Zeeman effect, 1281 
Postulate (von Neumann projection), 2202 
Postulates of quantum mechanics, 215 
Potential 
adiabatic branching, 932 
barrier, 26, 68, 367, 373 
centrifugal potential, 809, 888, 893 
Coulomb potential, cross section, 979 
cylindrically symmetric, 899(ex.) 
Hartree-Fock, 1706 
infinite one-dimensional well, 74 
operator, 168 
scalar and vector potentials, 1536, 
1960, 1963 
scattering by a, 923 
self-consistent potential, 1461 
square potential, 63 
square well, 29 
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step, 28, 65, 75, 284 
well, 71, 367 
well (arbitrary shape), 359 
well (infinite one-dimensional), 271 
well (infinite two-dimensional, 201 
Yukawa potential, 977 
Precession 
Larmor precession, 396, 1071 
Thomas precession, 1235 
Preparation of a state, 235 
Pressure (ideal quantum gas), 1640 
Principal part, 1517 
Principal quantum number, 827 
Principle 
of least action, 1539, 1980 
of spectral decomposition, 11, 216 
of superposition, 237 
Probability 
amplitude, 11, 253, 259 
conservation, 237 
current, 240, 283, 333, 349, 932 
current in hydrogen atom, 851 
density, 11, 264 
fluid, 932 
of photon absorption, 2076 
of the measurement results, 9, 11 
transition probability, 439 
Process (pair annihilation-creation), 1878, 
1887 
Product 
convolution product of functions, 1510 
of matrices, 122 
of operators, 90 
scalar product, 101, 141, 149, 161 
state (tensor product), 311 
tensor product, 147 
tensor product, applications, 441 
Projection theorem, 1070 
Projector, 109, 133, 165, 218, 222, 1108(ex.) 
Propagator 
for the Schrédinger equation, 335 
of a particle, 2267, 2272 
Proper result, 9 
Proton 
mass, see front cover pages 
spin and magnetic moment, 1237, 1274 
Pumping, 1358 
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Pure (state or case), 301 


Quadrupolar electric moment, 1082, 1225(ex.) 


Quanta (circular), 761, 783 
Quantization 

electrodynamics, 1997 

electromagnetic field, 631, 637, 1997 

of a field, 1765 

of angular momentum, 394, 677 

of energy, 3, 11, 71, 359 

of measurement results, 9, 216, 398 

of the measurement results, 405 

rules, 11, 223, 226, 2274 
Quantum 

angle, 2258 

electrodynamics, 1245, 1282, 1997 

entanglement, 2187, 2193 

monogamy, 2221 

number 

orbital, 1463 
principal quantum number, 827 

numbers (good), 248 

resonance, 417 

treatment needed, 2118, 2120 
Quasi-classical 

field states, 2008 

states, 765, 791, 801 

states of the harmonic oscillator, 583 
Quasi-particles, 1736, 1840 

Bogolubov phonons, 1954 

Quasi-particle vacuum, 1836 


Rabi 
formula, 440, 460, 1324, 1376 
formula), 419 
frequency, 1325 
oscillation, 2134 
Radial 
equation, 842 
equation (Hydrogen), 821 
equation in a central potential, 808 
integral, 1277 
quantum number, 811 
Radiation 
isotropic, 2079 
pressure, 2024 
Radiative 
broadening, 2138 


cascade of the dressed atom, 2145 
Raman 

effect, 532, 740, 1373(ex.) 

laser, 2093 

scattering, 2091 

scattering (stimulated), 2093 
Random perturbation, 1320, 1325, 1390 
Rank (Schmidt), 2196 
Rate (photoionization), 2115, 2124 
Rayleigh 

line, 752 

scattering, 532, 2089 
Realism (local), 2205, 2209 
Recoil 

blocking, 2036 

effect of the nucleus, 834 

energy, 1415, 2023 

free atom, 2020 

suppression, 2040 
Reduced 

density operator, 1607 

mass, 813 
Reduction of the wave packet, 221, 279 
Reflection on a potential step, 285 
Refractive index, 2149 
Reiche, see Thomas 
Relation (Gibbs-Duhem), 2296 
Relative 

motion, 814 

particle, 814 

phase between condensates, 2248, 2258 

phase between spin condensates, 2253 
Relativistic 

corrections, 1233, 1478 

Doppler effect, 2022 

mass correction, 1234 
Relaxation, 465, 1358, 1390, 1413, 1414(ex.) 

general equations, 1397 

longitudinal, 1400 

longitudinal relaxation time, 1401 

transverse, 1403 

transverse relaxation time, 1406 
Relay state, 2086, 2098, 2106 
Renormalization, 2007 
Representation(s) 

change of, 124 

in the state space, 116 
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of operators, 121 
position and momentum, 139, 181 
Schrédinger equation, 183-185 
Repulsion between electrons, 1469 
Resonance 
magnetic resonance, 455 
quantum resonance, 417, 1158 
scattering resonance, 69, 954, 983(ex.) 
two resonnaces with a sinusoidal ex- 
citation, 1365 
width, 1312 
with sinusoidal perturbation, 1311 
Restriction of an operator, 165, 1125 
Rigid rotator, 740, 1222(ex.) 
Ritz theorem, 1170 
Root mean square deviation 
general definition, 230 
Rosen (EPR argument), 297, 1104 
Rotating frame, 459 
Rotation(s) 
and angular momentum, 717 
invariance and degeneracy, 734 
of diatomic molecules, 739 
of molecules, 796, 885 
operator(s), 720, 1001 
rotation invariance, 1478 
rotation invariance and degeneracy, 
1072 
Rotator 
rigid rotator, 740, 1222(ex.) 
Rules 
quantization rules, 2274 
selection rules, 197 
Rutherford’s formula, 979 
Rydberg constant, see front cover pages 


Saturation 
of linear response, 1368 
of the susceptibility, 1369 

Scalar 
and vector potentials, 321, 1536 
interaction between two angular mo- 

menta, 1091 

observable, operator, 732, 737 
potential, 225 
product, 89, 92, 101, 141, 149, 161 
product of two coherent states, 593 
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Scattering 
amplitude, 929, 953 
by a central potential, 941 
by a hard sphere, 980, 981(ex.) 
by a potential, 923 
cross section, 933, 953, 972 
cross section and phase shifts, 951 
inelastic, 2091 
integral equation, 935 
of particles with spin, 1102 
of spin 1/2 particles, 1108(ex.) 
photon, 2086 
Raman, 2091 
Rayleigh, 532, 2089 
resonance, 954, 983(ex.) 
resonant, 2089 
stationary scattering states, 951 
stationary states, 928 
stimulated Raman, 2093 
Schmidt 
decomposition, 2193 
rank, 2196 
Schottky anomaly, 654 
Schrédinger, 2190 
equation, 11, 12, 223, 306 
equation in momentum representa- 
tion, 184 
equation in position representation, 
183 
equation, physical implications, 237 
equation, resolution for conservative 
systems, 245 
picture, 317 
Schwarz inequality, 161 
Second 
quantization, 1766 
harmonic generation, 1368 
Secular approximation, 1316, 1374 
Selection rules, 197, 863, 2014, 2056 
electric quadrupolar, 1348 
magnetic dipolar, 1098, 1348 
Self-consistent potential, 1461 
Semiconductor, 837, 1493 
Separability, 2207, 2223 
Separable density operator, 2223 
Shell (electronic), 827 
Shift 
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light shift, 2138 

of a discrete state, 1387 
Singlet, 1024, 1474 
Sinusoidal perturbation, 1311, 1374 
Sisyphus 

cooling, 2034 

effect, 2155 
Slater determinant, 1438, 1679 
Slowing down atoms, 2025 
Solids 

electronic bands, 1177 

energy bands of electrons, 1491 

energy bands of electrons in solids, 

381 
hydrogen-like systems in solid state 
physics, 837 

Space (Fock), 1593 
Space-dependent polarization, 2156 
Space-time path, 339, 1539 
Spatial correlations (ideal gas), 1769 
Specific heat 

of an electron gas, 1484 

of metals, 1487 

of solids, 653 

two level system, 654 
Spectral 

decomposition principle, 7, 11, 216 

function, 1795 

terms, 1469 
Spectroscopy (Doppler free), 2105 
Spectrum 

BCS elementary excitation, 1923 

continuous, 219, 264 

discrete, 132, 217 

of an observable, 126, 216 
Spherical 

Bessel equation, 961 

Bessel function, 944, 966 

free spherical waves, 961 

free wave, 944 

Neumann function, 967 

wave, 941 

waves and plane waves, 967 
Spherical harmonics, 689, 705 

addition of, 1059 

expression for 1=0,1,2 , 709 

general expression, 707 


Spin 
and magnetic moment of the proton, 
1237 
angular momentum, 987 
electron, 985, 1289 
fictitious, 435 
gyromagnetic ratio, 396, 455, 988 
nuclear, 1088 
of the electron, 393 
Pauli theory, 986, 988 
quantum description, 985, 991 
rotation operator, 1001 
scattering of particles with spin, 1102 
spin 1 and radiation, 2044, 2049, 2050 
system of two spins, 441 
Spin 1/2 
density operator, 449 
ensemble of, 1358 
fictitious, 1359 
interaction between two spins, 1141 
preparation and measurement, 401 
scattering of spin 1/2 particles, 1108(ex.) 
Spin-orbit coupling, 1018, 1234, 1241, 1279 
Spin-statistics theorem, 1434 
Spinor, 993 
rotation, 1005 
Spontaneous 
emission, 343, 645, 1301, 2081, 2135 
emission of photons, 1356 
magnetism of fermions, 1737 
Spreading of a wave packet, 59, 348 
Square 
barrier of potential, 26, 68 
potential, 26, 63, 75, 283 
potential well, 71, 271 
spherical well, 982(ex.) 
Standard representation (angular momen- 
tum), 677, 691 
Stark effect in Hydrogen atom, 1298 
State(s), see Density operator 
density of, 389, 1316, 1484, 1488 
Fock, 1593, 1614, 1769, 2103 
ground state, 363 
mixing of states by a perturbation, 
1121 
orbital state space, 988 
paired, 1811 
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pointer states, 2199 
quasi-classical states, 583, 765, 791, 
801 
relay state, 2086, 2098, 2106 
stable and unstable states, 485 
state after measurement, 221 
state preparation, 235 
stationary, 63, 359, 375 
stationary state, 24, 246 
stationary states in a central poten- 
tial, 804 
unstable, 343 
vacuum state, 1595 
vector, 102, 215 
Stationary 
perturbation theory, 1115 
phase condition, 18, 54 
scattering states, 928, 951 
states, 24, 63, 246, 359 
states in a periodic potential, 375 
states with well-defined angular mo- 
mentum, 944, 959 
states with well-defined momentum, 
943 
Statistical 
entropy, 2217 
mechanics (review of), 2285 
mixture of states, 253, 299, 304, 450 
Statistics 
Bose-Einstein, 1446 
Fermi-Dirac, 1446 
Step 
function, 1521 
potential, 28, 65, 75, 284 
Stern-Gerlach experiment, 394 
Stimulated 
(or induced) emission, 1334, 1366, 
2081 
Raman scattering, 2093 
Stokes Raman line, 532, 752 
Stoner (spontaneous magnetism), 1737 
Strong coupling (dressed-atom), 2141 
Subrecoil cooling, 2034 
Sum rule (Thomas-Reiche-Kuhn), 1352 
Superfluidity, 1667, 1674 
Superposition 
of states, 253 


2350 


principle, 7, 237 
principle and physical predictions, 253 
Surface (modified Fermi surface), 1914 
Susceptibility, see Linear, nonlinear, ten- 
sor 
electric susceptibility of an atom, 1351 
electrical susceptibility, 577, e1223 
electrical susceptibility of NH3, 484 
magnetic susceptibility, 1224 
tensor, 1224, 1410(ex.) 
Swapping (entanglement), 2232 
Symmetric 
ket, state, 1428, 1431 
observables, 1429, 1441 
operators, 1603, 1605, 1608, 1610, 
1628, 1631, 1755 
Symmetrization 
of observables, 224 
postulate, 1434 
Symmetrizer, 1428, 1431 
System 
time evolution of a quantum system, 
223 
two-level system, 435 
Systematic 
and accidental degeneracies, 203 
degeneracy, 845 


Temperature (Doppler), 2033 
Tensor 

interaction, 1141 

product, 147, 441 

product of operators, 149 

product state, 295, 311 

product, applications, 201 

susceptibility tensor, 1224 
Term 

direct and exchange terms, 1613, 1632, 

1634, 1646, 1650 

pairing, 1878 

spectral terms, 1467, 1469 
Theorem 

Bell, 2204, 2208 

Bloch, 659 

projection, 1070 

Ritz, 1170 

Wick, 1799, 1804 
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Wigner-Eckart, 1065, 1085, 1254 
Thermal wavelength, 1635 
Thermodynamic equilibrium, 308 

harmonic oscillator, 647 

ideal quantum gas, 1625 

spin 1/2, 452 
Thermodynamic potential (minimization), 

1715 
Thomas precession, 1235 
Thomas-Reiche-Kuhn sum rule, 1352 
Three-dimensional harmonic oscillator, 569, 
841, 899(ex.) 
Three-level system, 1409(ex.) 
Three-photon transition, 1370 
Time evolution of quantum systems, 223 
Time-correlations (fluorescent photons), 
2145 
Time-dependent 

Gross-Pitaevskii equation, 1657 

perturbation theory, 1303 
Time-energy uncertainty relation, 250, 279, 

345, 1312, 1389 
Torsional oscillations, 536 
Torus (flow in a), 1667 
Total 

elastic scattering cross section, 972 

reflection, 67, 75 

scattering cross section (collision), 926 
Townes 

Autler-Townes effect, 1410 
Trace 

of an operator, 163 

partial trace of an operator, 309 
Transform (Wigner), 2297 
Transformation 

Bogolubov, 1950 

Bogolubov-Valatin, 1836, 1919 

Gauge, 1960 

of observables by permutation, 1434 
Transition, see Probability, Forbidden, Elec- 

tric dipole, Magnetic dipole, 

Quadrupole electric dipole, 2056 

magnetic dipole transition, 1098 

probability, 439, 1308, 1321, 1355 

probability per unit time, 1319 

probability, spin 1/2, 460 

three-photon transition, 1370 


two-photon, 2097 
virtual, 2100 
Translation operator, 190, 579, 791 
Transpositions, 1431 
‘Transverse 
fields, 1961 
relaxation, 1403 
relaxation time, 1406 
Trap 
dipolar, 2151 
laser, 2151 
Triplet, 1024, 1474 
fluorescence triplet, 2144 
Tunnel 
effect, 29, 70, 365, 476, 540, 1177 
ionization, 2126 
Two coupled harmonic oscillators, 599 
Two-dimensional 
harmonic oscillator, 755 
infinite potential well, 201 
wave packets, 49 
Two-level system, 393, 411, 435, 1357 
Two-particle operators, 1608, 1610, 1631, 
1756 
Two-photon 
absorption, 1373(ex.) 
interference, 2170, 2183 
transition, 1409(ex.), 2097 


Uncertainty 
relation, 19, 39, 41, 45, 232, 290 
time-energy uncertainty relation, 1312 
Uniqueness of the measurement result, 
2201 
Unitary 
matrix, 125, 176 
operator, 173, 314 
transformation of operators, 177 
Unstable states, 343 


Vacuum 
electromagnetism, 644, 2007 
excitations, 1623 
fluctuations, 2007 
photon vacuum, 2007 
quasi-particule vacuum, 1836 
state, 1595 

Valence band, 1493 


2351 


INDEX [The notation (ex.) refers to an exercise] 





Van der Waals forces, 1151 
Variables 
intensive or extensive, 2292 
normal variables, 602, 616, 631, 633 
Variational method, 1169, 1190, 1228(ex.) 
Vector 
model, 1091 
model of the atom, 1071, 1256 
observable, operator, 732 
operator, 1065 
potential, 225 
potential of a magnetic dipole, 1268 
Velocity 
critical, 1671 
generalized velocities, 214, 1530 
group velocity, 23, 614 
phase velocity, 21, 37 
Vibration(s) 
modes, 599, 611 
modes of a continuous system, 631 
of molecules, 885, 1137 
of nuclei in a crystal, 534, 611, 653 
of the nuclei in a molecule, 527 
Violations of Bell’s inequalities, 2210, 2265 
Virial theorem, 350, 1210 
Virtual transition, 2100 
Volume effect, 544, 840, 1162, 1268 
Von Neumann 
chain, 2201 
equation, 306 
ideal measurement, 2196 
reduction postulate, 2202 
statistical entropy, 2217 
Vortex in a superfluid, 1667 


Water (molecule), 873, 874 
Wave (evanescent), 67 
Wave function, 88, 140, 226 
BCS pairs, 1901, 1909 
Hydrogen, 830 
norm, 90 
pair wave functions, 1851 
particle, 11 
Wave packet(s) 
Gaussian, 57, 2305 
in a potential step, 75 
in three dimensions, 53 
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minimal, 290, 520, 591 
motion in a harmonic potential, 596 
one-photon, 2168 
particle, 13 
photon, 2163 
propagation, 20, 57, 242, 398 
reduction, 221, 227, 265, 279 
spreading, 57, 59, 347, 348(ex.) 
two-dimension, 49 
two-photons, 2181 
Wave(s) 
de Broglie wavelength, 10, 35 
evanescent, 29 
free spherical waves, 961 
multipolar, 2052 
partial waves, 948 
plane, 14, 19, 943 
wave function, 11, 88, 140, 226 
Wave-particle duality, 3, 45 
Wavelength 
Compton wavelength, 1235 
de Broglie, 10 
Weak coupling (dressed-atom), 2137 
Well 
potential square well, 29 
potential well, 367 
Weyl 
operator, 2300 
quantization, 2311 
Which path type of experiments, 2202 
Wick’s theorem, 1799, 1804 
Wigner transform, 2297 
Wigner-Eckart theorem, 1065, 1085, 1254 


Young (double slit experiment), 4 
Yukawa potential, 977 


Zeeman 
components, polarizations, 865 
effect, 855, 862, 987, 1251, 1253, 1257, 
1261, 1281 
polarization of the components, 1295 
slower, 2025 
Zeeman effect 
Hydrogen, 1289 
in muonium, 1281 
in positronium, 1281 
Muonium, 1284 
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Zone (Brillouin zone), 614 
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